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The spectroscopic study of black hole quasinormal modes in gravitational-wave ringdown observations is

hindered by our ignorance of which modes should dominate astrophysical signals for different binary

configurations, limiting tests of general relativity and astrophysics. In this work, we present a description of

the quasinormal modes that are excited in the ringdowns of comparable mass, quasicircular precessing

binary black hole coalescences—a key region of parameter space that has yet to be fully explored within the

framework of black hole spectroscopy. We suggest that the remnant perturbation for precessing and

nonprecessing systems is approximately the same up to a rotation, which implies that the relative amplitudes

of the quasinormal modes in both systems are also related by a rotation. We present evidence for this by

analyzing an extensive catalog of numerical relativity simulations. Additional structure in the amplitudes is

connected to the system’s kick velocity and other asymmetries in the orbital dynamics. We find that the

ringdowns of precessing systems need not be dominated by the ðl; m; nÞ ¼ ð2;�2; 0Þ quasinormal modes,

and that instead the ð2;�1; 0Þ or (2, 0,0) quasinormal modes can dominate. Our results are consistent with a

ringdown analysis of the LIGO-Virgo gravitational wave signal GW190521, and may also help in

understanding phenomenological inspiral-merger-ringdown waveform model systematics.

DOI: 10.1103/PhysRevD.111.064052

I. INTRODUCTION

According to general relativity, the coalescence of two

black holes results in the formation of a perturbed remnant,

which equilibrates to a Kerr black hole by emitting

gravitational waves, in a process called the ringdown

[1–3]. Ringdown emission can in general consist of a

transient burst that is succeeded by a spectrum of

quasinormal modes (QNMs), which then themselves decay

to reveal a power-law tail [4,5]. The QNMs are exponen-

tially damped sinusoids with complex frequencies that are

uniquely determined by the mass and spin of the remnant

black hole [1,6–10] and complex amplitudes that are

nontrivially related to the initial conditions of the system

[11,12].

Much remains to be understood about how the progen-

itor properties of coalescing black holes map to the QNMs

radiated by the remnant black hole. Numerical relativity

(NR) studies of the ringdowns of comparable mass

quasicircular binary black hole coalescences have largely

*
Contact author: hengrui.zhu@princeton.edu

†
Contact author: hs3152@columbia.edu

‡
Contact author: kmitman@caltech.edu

PHYSICAL REVIEW D 111, 064052 (2025)

2470-0010=2025=111(6)=064052(12) 064052-1 © 2025 American Physical Society



been confined to nonprecessing systems, where the black

hole spins are perpendicular to the orbital plane. These

studies have shown empirically that some progenitor

information, such as the mass ratio and spin magnitudes,

is encoded in the QNM amplitudes [13–19].

For precessing systems [20–23], where the progenitor

black holes possess spin components parallel to the orbital

plane, the picture becomes more complicated. In the

extreme mass-ratio case, the relative amplitude ratios

between QNMs are dictated by the spin magnitude of

the heavier black hole and a small number of orbital

parameters [24–27], which could be related to the con-

nection between geodesics and QNMs in the eikonal limit

[28–32]. For comparable mass systems, waveform models

exist which map nonprecessing waveforms to precessing

ones through a time-dependent, noninertial frame rotation

to the coprecessing frame [23,33–36], and these mappings

have been extended to ringdown waveform modeling in,

e.g., Refs. [34,37–40]. Studies of the mismatch between

NR waveforms and explicit QNM models, building on

Ref. [41], have also been performed for precessing

systems [42].

In this work, we analyze the ringdowns of precessing

black hole binaries and present a description of QNM

excitations from the perspective of observational black

hole spectroscopy and perturbation theory. We fit the

amplitude of each individual QNM in the canonical frame

for perturbation theory—the superrest frame of the rem-

nant [43–46]. This means that any large amplitudes we

recover will correspond to large contributions of the

associated QNM frequencies in LIGO-Virgo-KAGRA

[47–49] data, and correspond to a physically distinct state

of the remnant after the merger. We analyze the ringdown

within 250 NR simulations of both precessing and non-

precessing binary black hole coalescences [50].

We argue that the remnant perturbations in both precess-

ing and nonprecessing systems share approximately the

same geometry, but are rotated away from the z-axis with
respect to each other. The angle of this rotation is deter-

mined by the misalignment of the total angular momentum

flux dJ=dt near the time of merger with the final spin χ f of

the remnant black hole. Because precessing systems can

also have asymmetric inspiral emission on either side of the

orbital plane, there should also be further structure in the

QNM amplitudes related to properties of the system’s kick

velocity [27].

We show that in some precessing systems, unlike

commonly assumed in spectroscopic studies, the domi-

nant QNM will not be an ðl; m; nÞ ¼ ð2;�2; 0Þ QNM, but

rather the ð2;�1; 0Þ or (2, 0, 0) QNMs. We also find that

the precession-induced asymmetry in the gravitational

wave emission can, in extreme cases, result in Oð10Þ
amplitude differences between �m QNMs that share the

same frequency. Our findings have broad implications

for the interpretation of ringdown signals in data from

LIGO-Virgo-KAGRA and future detectors, and may also

inform investigations into the nonlinear aspects of the

ringdown. Furthermore, our work provides insight into

how some systematic errors may arise in current phe-

nomenological inspiral-merger-ringdown (IMR) wave-

form models [51,52].

Our paper is organized as follows. In Sec. II, we discuss

our QNM fitting procedure, and define parameters quanti-

fying precession dynamics which we make use of through-

out the paper. In Sec. IV, we present our main results. We

conclude in Sec. V. In the appendices, we discuss more

technical aspects of our fitting procedure, and suggest an

example of how our work may help to inform phenom-

enological IMR waveform modeling.

Our fitting and plotting codes, as well as an example

simulation output, can be found in Ref. [53].

A. QNM conventions

Throughout this work, we will refer to individual QNMs

by four indices ðp;l; m; nÞ, following the notation in

Ref. [54]. The angular structure of the QNMs is described

by spin-weighted spheroidal harmonics with angular indices

l andm. The radial structure of the QNMs is denoted by the

index n, and is also tied to the lifetime of the QNMs: the

longest-lived, n ¼ 0, QNMs are referred to as fundamental

QNMs; and faster-decaying, n > 0, QNMs are called

overtones. For a given set of ðl; m; nÞ, when m ≠ 0, there

are two distinct QNMs which are labeled by an index

p≡ sgn½mReðωÞ�, where ReðωÞ is the real part of the

complex QNM frequency ω, and whose phase fronts are

either corotating (p ¼ þ) or counterrotating (p ¼ −) with

the black hole; solutions with m ¼ 0 are azimuthally

symmetric, so that there is no notion of co vs counterrotating

fronts and the two possible signs of ReðωÞ directly encode

the polarization degrees of freedom. We define Aðp;l;m;nÞ as
the norm of the complex amplitude for a given ðp;l; m; nÞ
QNM at the time of peak luminosity.

II. METHODS

A. Extracting quasinormal modes

We analyzed simulations of 226 precessing and 24

nonprecessing binary black hole coalescences, with mass

ratios q ≤ 8 and component spin magnitudes χ ≤ 0.8,

created with the spectral Einstein code (SpEC) [50]. We

computed the strain h and the five Weyl scalars at future

null infinity using the SpECTRE code’s Cauchy-character-

istic evolution (CCE) module [55–57]. With this asymp-

totic data, we mapped the simulated systems to the

superrest frame of their remnant black hole 250M past

the peak of the strain’s luminosity (where M is the total

Christodoulou mass of the binary), using the BMS frame

fixing procedure outlined in Ref. [45] and the code SCRI

[58–61]. Consequently, each simulation has been trans-

formed such that its remnant black hole is at rest at the
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origin, has its spin in the positive-ẑ direction, and has no

Moreschi supermomentum [43–45]. This postprocessing is

necessary in order to robustly extract physical QNM

amplitudes [44,45].

For each simulation, we simultaneously fit the strain

using a QNM model with all fundamental modes

ðp;l; m; 0Þ for p∈ fþ;−g, l∈ f2; 3g, and m∈ f−l;
−lþ 1;…;lg. This model is fit over the two-sphere using

a linear least-squares routine [16,62,63] and the following

procedure
1
:

(i) Fit the waveform from t0 to 100M past tpeak, where t0
is the start time of the fit and is evenly varied from

20M to 80M, in increments of 0.5M, past tpeak—note

that tpeak is the time at which the strain’s luminosity

reaches its maximum value [see Eq. (2.8) of

Ref. [68]].

(ii) Over a series of windows in t0 with a length of 20M,

compute the fractional uncertainty for each of the

QNM amplitudes.

(iii) Compute the mean of these fractional uncertainties

over the fitted QNMs.

(iv) Check to see which t0 window has the minimum

mean fractional uncertainty and use this window to

extract the amplitude (as a mean over the window) of

each of the QNMs in the ringdown model.

This routine ensures that the QNMs are extracted over the

window of start times in which their recovered amplitudes

are all, on average, the most stable. We do this rather than

simply fitting at a fixed time because the timescales of the

QNMs vary from system to system, depending on the

magnitude of the remnant’s spin. Over our entire catalog,

this routine results in fits that have window start times

t − tpeak ≈ 33M � 7M and relative errors over the two-

sphere of ∼0.8% (see Appendix A). Fitting at such late

times enables us to avoid having to consider overtones and

nonlinearities in our analysis. Nonetheless, for complete-

ness we checked and confirmed that the inclusion of the

first overtone for each QNM does not impact our results.

B. Precession parameters

In addition to the QNM amplitudes, we also compute

two other precession-induced quantities in the superrest

frame of the remnant: the angle θ between the total angular

momentum flux dJ=dt at tpeak and the final remnant spin χ f,

and the angle ϕ of the remnant kick velocity ν with respect

to χ f. We formally define the remnant spin misalignment

angle θ as

θ ¼ cos−1

"

dJ=dtðt ¼ tpeakÞ
kdJ=dtðt ¼ tpeakÞk

·
χ f

kχ fk

#

; ð1Þ

where dJ=dt is the total angular momentum flux [see

Eq. (2.24) of Ref. [68]], χf is the spin of the remnant black

hole measured at future null infinity [see Eq. (15) of

Ref. [69]], and k · k is the L2 norm. This angle shares

similarities with the precession angles and optimal emis-

sion direction as identified in, e.g., Refs. [33–35,37] but,

crucially, we will only use it to characterize theoretical

predictions of the remnant perturbation’s structure at the

time of peak luminosity and not to track an effective

“coprecessing” frame over time.

The kick angle ϕ is given by

ϕ ¼ cos−1

"

v
remnant
CoM − v

binary
CoM

kvremnant
CoM − v

binary
CoM k

·
χ f

kχ fk

#

¼ cos−1
�

−
v
binary
CoM

kvbinary
CoM k

·
χ f

kχ fk

�

; ð2Þ

where vremnant
CoM ¼ 0 in the superrest frame of the remnant,

and v
binary
CoM is the premerger center-of-mass velocity [see

Eq. (12) of Ref. [69]] of the binary in the same frame.

We extract the latter over a 500M window starting at

t ¼ tpeak − 1000M using the procedure outlined in

Ref. [45].

We make use of the Wigner-D matrices Dl

m0;mðRÞ that
govern the mixing of spin-weighted spherical harmonics

under rotations through the transformation [59,70–72]

sY
0
ðl;m0Þ ¼

X

m

Dl

m0;mðRÞsYðl;mÞ; ð3Þ

where R is some quaternion, sYðl;mÞ is a spin-weight s

spherical harmonic, and primes indicate a rotated frame.

The Wigner-D matrices mix amplitudes of harmonics with

the same l but different m. Because we will be strictly

interested in static rotations off the ẑ axis by the remnant

spin misalignment angle θ, we simplify our notation to

Dl

m0;mðRÞ → Dl

m0;mðθÞ; ð4Þ

where nowDl

m0;mðθÞ represents a rotation by an angle θ off
the ẑ axis, but not about it. If we consider corotating and

counterrotating perturbations, it can be shown that a fully

corotating þm perturbation, when rotated by θ ¼ π off the

remnant spin axis, would instead excite fully counter-

rotating −m modes [73].

III. CONCEPTUAL PICTURE

Before delving into our results, we first provide a

conceptual framework that explains the ringdown ampli-

tudes of precessing binary black hole coalescences by

characterizing the structure of the remnant perturbations.

Evidence from NR suggests that the merger stage of a

comparable-mass binary black hole coalescence is

1
Similar fitting procedures have also been used in

Refs. [64–67].
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generally short-lived [2,74,75]. This implies that the state

of the binary before merger may be directly related to the

structure of the remnant perturbation immediately follow-

ing merger [13,14,17].

In linear perturbation theory, the QNMs are sourced by

perturbations to a fixed Kerr background corresponding to

the final remnant. In keeping with this framework, we must

study the structure of the perturbation sourced by the binary

in a frame whose z axis is aligned with the final remnant

spin χ f.

Because the dominant angular content of the inspiral

emission in the coorbital frame for precessing systems is

similar to that of nonprecessing systems (up to asymmetries

over the orbital plane) [33,35,60,72,76], we assume the

geometry (but not the orientation) of the remnant pertur-

bation is roughly the same in both cases. We assume the

total angular momentum of the perturbation is oriented

along the binary orbital angular momentum L as evaluated

at a time near merger, e.g., tpeak. Because we do not have

direct access to L in our simulations, in practice we use the

total angular momentum flux dJ=dt which is parallel to L

up to 1 post-Newtonian (PN) order [21,22].

In precessing systems, χ f will not necessarily be parallel

to L. This means that, as viewed by the remnant in the

χ f-aligned frame where QNMs are defined, the perturba-

tion is rotated by the angle θ between L and χ f. Therefore,

the QNMs of a precessing system should be approximately

sourced by a rotated version of the perturbation that acts on

the remnant of a nonprecessing system, and the QNM

amplitudes of precessing and nonprecessing systems

should thus be related by a simple rotation of θ at a fixed

time.

Given the above conceptual picture, we can obtain an

approximation for the amplitude ratios of QNMs in

precessing systems by rotating the angular content of the

dominant perturbation expected in a nonprecessing θ ¼ 0

system. For simplicity we assume, to reasonable approxi-

mation for equal mass nonspinning binaries, that the

dominant θ ¼ 0 perturbation is comprised solely of

equal-amplitude corotating ðl; mÞ ¼ ð2;�2Þ harmonics.

We can also account for larger mass ratios or spins by

additionally rotating odd m perturbations [13,14]. With the

aforementioned assumptions, we predict that counterrotat-

ing QNM amplitudes are large for θ > π=2, and l ≠ m
QNM amplitudes are large for θ ≃ π=2. As we will show

below, these assumptions appear to accurately describe the

behavior of precessing systems. In the case of highly

spinning antialigned binaries, there may also be θ ¼ 0

contributions from ðl; mÞ ¼ ð2; 0Þ perturbative content,

since these binary configurations cause the final state to

more closely resemble a head-on collision, and in principle

these contributions should also be included in our rotated-

perturbation prediction; we do not currently account for

such perturbative content, and leave the study of this part of

parameter space for future work.

As an example, we explicitly show here how we

derive our prediction for the QNM amplitude ratio

Að�;2;�1;0Þ=Að�;2;�2;0Þ, where we have defined

A2

ð�;l;�m;0Þ ¼ A2

ðþ;l;m;0Þ þ A2

ð−;l;m;0Þ

þ A2

ðþ;l;−m;0Þ þ A2

ð−;l;−m;0Þ; ð5Þ

i.e., the norm of a multidimensional amplitude vector. Our

rotated-perturbation prediction is given by

D
l;�
1
0;2ðθ; q; χdiffÞ

D
l;�
20;2ðθ; q; χdiffÞ

; ð6Þ

where

½Dl;�
m0

1
;m2

ðθ; q; χdiffÞ�2 ¼
�

Aðl;m1;0Þ
Aðl;m2;0Þ

D
l;�
m0

1
;m1

ðθÞ
�

2

þ ½Dl;�
m0

1
;m2

ðθÞ�2: ð7Þ

For the ratio of perturbative Aðþ;2;1;0Þ=Aðþ;2;2;0Þ content to
rotate by θ in Eq. (7), we use the result of Ref. [13] for spin-

aligned binaries, i.e.,

Aðþ;2;1;0Þ=Aðþ;2;2;0Þ ≈ j0.43ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4ν
p

− χdiffÞj; ð8Þ

where ν is the symmetric mass ratio,

ν ¼ q

ð1þ qÞ2 ð9Þ

and

χdiff ¼
q

1þ q
χ1 −

χ1 þ χ2

2ð1þ qÞ : ð10Þ

One could also use the results of, e.g., Refs. [15,77]; we use

that of Ref. [13] because it is simpler and nonetheless

validates our argument. Note that in Eq. (7)

½Dl;�
m0

1
;m2

ðθÞ�2 ¼ ½Dl

m0
1
;m2

ðθÞ�2 þ ½Dl

−m0
1
;m2

ðθÞ�2: ð11Þ

IV. RESULTS

In Fig. 1, we show that the rotated-perturbation pre-

diction of Eq. (6) tracks l ¼ 2 fundamental QNM ampli-

tude ratios well as a function of θ. Notably, we observe that

for θ ≃ π=2, the most dominant QNMs in comparable mass

precessing systems will not be the corotating or counter-

rotating ðl; m; nÞ ¼ ð2;�2; 0Þ QNMs, as is often assumed

in spectroscopic tests, but rather the ð2;�1; 0Þ (left) or the
(2, 0, 0) QNMs (right). Even in cases where the ð2;�2; 0Þ
QNMs are intrinsically dominant when measured over the
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entire celestial sphere as we do here, precession-amplified

l ≠ m QNMs can still appear dominant in observational

data due to viewing angle effects and thus may play a

significant role in observational black hole spectroscopy.

Despite overall good agreement, our data does have

some spread around our theoretical prediction. Precessing

systems exhibit asymmetries in their inspiral emission

above and below the orbital plane. The asymmetries of the

binary can be passed on to the perturbations of the remnant

to create differences in the amplitudes of the �m QNMs

[19,27,81]. This is partly responsible for the spread around

our rotated-perturbation prediction in Fig. 1. Asymmetric

emission is associated with nonzero remnant kick veloc-

ities [61,82–88]. In Fig. 2 we show how the kick direction

leaves imprints on the ringdown which neatly correspond

to deviations from our rotated-perturbation predictions. It

might be possible to model such effects by using additional

PN information, as in Ref. [17] for example; we save this

for future work.

In the top panel of Fig. 2 we compare the kick direction

with spreads around our rotated-perturbation prediction for

Aðþ;2;0;0Þ=Aðþ;2;2;0Þ; examining only one sign of m should

make us more sensitive to hemispheric asymmetries. For

θ ≲ π=4, where the ðl; m; nÞ ¼ ð2;�2; 0Þ QNMs domi-

nate, we find that the spread is indeed correlated with the

kick velocity’s direction: a kick in the positive-ẑ direction

corresponds to less radiated power in the (2,2) mode,

while a kick in the negative-ẑ direction corresponds to

more radiated power in the (2,2) mode. However, when

π=4≲ θ ≲ 3π=4, then Aðþ;2;0;0Þ ≃ Aðþ;2;2;0Þ, and the kick

velocity is no longer as strongly correlated with only one

ðl;�m; nÞ QNM.

In the bottom panel of Fig. 2, we show a similar result

when comparing the counterrotating ð−; 2;−2; 0Þ and

corotating ðþ; 2; 2; 0Þ QNM amplitudes; these amplitudes

should be related as per the discussion in Sec. II. When

θ > π=2, the counterrotating QNMs dominate over the

corotating QNMs [37]. Again, the spread of the amplitude

ratio around the rotated-perturbation prediction is in part

governed by the direction of the kick velocity with respect

to the remnant spin.

The spread of systems near θ ¼ 0 in Fig. 1, even for

nearly equal mass systems, can also be partly attributed to

asymmetric emission. Many of these systems are precessing

despite having zero remnant spin misalignment, as shown in

Fig. 6 in Appendix B. Most have progenitors whose spins

are almost equal and opposite, meaning that the remnant

spin direction is dominated by the direction of L. These

configurations can result in large kicks and consequently

large asymmetries in the QNM excitations.

FIG. 1. Left: summed amplitude ratios defined, in Eq. (5), of the corotating and counterrotating ðl; m; nÞ ¼ ð2;�1; 0Þ and ðl; m; nÞ ¼
ð2;�2; 0Þ QNMs, versus the remnant spin misalignment angle θ, defined in Eq. (1). Color shows the binary mass ratio. One can roughly

predict the QNM amplitude ratio for comparable-mass precessing binaries by rotating an ðl; mÞ ¼ ð2;�2Þ perturbation by θ off the ẑ
axis and taking the resulting ratio of different ðl; mÞ harmonics in the rotated frame. The black curve shows this prediction for q ¼ 1

systems, based on Eq. (6). For systems with a higher mass-ratio and nonzero spins, the θ ¼ 0 perturbation to be rotated will intrinsically

include significant l ≠ m content, dependent on the mass ratio and progenitor spins [13,14,78–80]. The yellow curve shows an example

for the rotation of a q ¼ 8, χdiff ¼ −0.6 perturbation, per Eq. (8). Higher mass-ratio systems can achieve larger values of θ, since the spin

of the more massive black hole contributes a larger fraction of the remnant’s final spin in these systems. Right: identical to the other

panel, but for the (2, 0, 0) QNMs. Here we only show a prediction for a q ¼ 1, nonspinning system because models of the θ ¼ 0

excitation of the (2, 0, 0) QNM as a function of q and χdiff are not as readily available as those of the (2,1,0) QNM [cf. Eq. (8)]. Error bars

are the standard deviation of the QNM amplitudes over the most stable window of fitting start times.
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Not only can precession induce asymmetric excitations

of QNMs, but because the phases and magnitudes of the

precession-induced asymmetries in the inspiral are not the

same for all l and m in the remnant frame, the QNM

amplitude ratio Aðp;l;m;nÞ=Aðp;l;−m;nÞ may vary for all l and

jmj in a given system. PN expansions suggest that the

magnitude of asymmetry in the dominant modes during the

inspiral can becomeOð1Þ close to merger [60]; we show in

Fig. 3 that the degree of asymmetry in certain QNMs can be

Oð10Þ in the most extreme cases, and can be distributed in a

variety of ways, presumably based on the orbital phase and

the particular spin configuration of each system. Note that

these extreme cases of asymmetry emerge in systems which

are astrophysically plausible. As a result of emission

asymmetries, precessing systems can produce radically

different observable QNM amplitude spectra depending

on the viewing angle of any terrestrial detectors.

Lastly, we demonstrate that our conceptual picture seems

to naturally extend to l ¼ 3 modes, and likely applies to

higher l as well. For nonequal mass nonprecessing

systems, the (3, 3) mode typically dominates over the

(3, 2) mode [13]; thus we will assume that we can predict

the l ¼ 3 QNM amplitudes of precessing systems by

rotating a ð3;�3Þ corotating perturbation by θ. In Fig. 4,

we show that the relative amplitudes between the corotating

l ¼ 3, m < 3 fundamental QNMs and the ðþ; 3; 3; 0Þ
QNM follow this prediction. However, the spread around

the prediction is no longer as clearly explained by the kick

velocity angle ϕ, because these modes are not as centrally

tied to the kick direction due to their subdominant

amplitudes.

FIG. 2. Top: amplitude ratio of the corotating ðþ; 2; 0; 0Þ and
ðþ; 2; 2; 0Þ fundamental QNMs, versus the remnant spin mis-

alignment angle θ; see Eq. (1). Color shows the angle between the

kick velocity and the remnant spin direction; see Eq. (2). The

black curve is the prediction for this amplitude ratio based on the

rotation of spin-weighted spherical harmonics assuming q ¼ 1

and a nonspinning binary. Bottom: identical to the top panel, but

for the counterrotating ð−; 2;−2; 0Þ and corotating ðþ; 2; 2; 0Þ
fundamental QNMs. The counterrotating QNMs dominate for

θ ≳ π=2 [37]. Fractional uncertainties here are larger than in the

top panel, since the absolute values of the counterrotating

amplitudes are close to zero for small values of θ.

FIG. 3. Amplitude ratio of corotating�m QNMs, using a small

subset of simulations in our catalog (see Table I; order matches

the order of the legend). Each color denotes a fit from an

individual simulation. In precessing systems there are asymme-

tries in the emission power above and below the orbital plane,

which are correlated with asymmetries in the QNM amplitudes

over the remnant equatorial plane. The asymmetries for a given l

and jmj harmonics can be large, Oð10Þ in the extreme cases

shown here, and distributed in diverse ways for different systems.

Errors in the amplitude ratios are mostly too small to be seen.

TABLE I. Parameters for simulations in Fig. 3.

ID [53] q χ⃗1 χ⃗2

115 1.5 ð−0.55;þ0.41;−0.41Þ ðþ0.29;−0.32;−0.48Þ
124 1.2 ðþ0.14;−0.51;þ0.39Þ ðþ0.32;þ0.67;−0.21Þ
96 1.0 ð−0.73;−0.34;þ0.01Þ ð−0.35;−0.38;þ0.61Þ
97 1.0 ðþ0.07;þ0.80;−0.01Þ ð−0.29;−0.45;þ0.59Þ
162 3.4 ðþ0.19;−0.11;þ0.75Þ ðþ0.33;þ0.60;−0.12Þ
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V. CONCLUSION

By fitting the first-order fundamental quasinormal mode

amplitudes in the ringdowns of 250 numerical relativity

simulations of both nonprecessing and precessing binary

black hole coalescences, we demonstrate in Figs. 1 and 2

that the l ¼ 2 remnant perturbations in precessing systems

are related to those of nonprecessing systems by a rotation

away from the z-axis. By this, we mean that the initial

conditions which determine the loudness of ringdown

frequencies in precessing and nonprecessing systems are

approximately related in a straightforward way. We char-

acterize this time-independent rotation by the misalignment

of two quantities: the total angular momentum flux dJ=dt
near the time of merger and the final spin χ f of the remnant

black hole. In Fig. 4 we demonstrate that our framework

for characterizing the remnant perturbation also extends

to l ¼ 3.

Figures 1 and 2 show that in some precessing systems the

dominant quasinormal mode will not be an ðl; m; nÞ ¼
ð2;�2; 0Þ quasinormal mode, but rather an ðl; m; nÞ ¼
ð2;�1; 0Þ or an ðl; mÞ ¼ ð2; 0; 0Þ quasinormal mode,

contrary to what is commonly assumed in ringdown

analyses of LIGO-Virgo-KAGRA data [89–105].

Additionally, we show in Fig. 3 that precession-induced

emission asymmetries, which are correlated with remnant

kicks and other orbital dynamics, are encoded in the

quasinormal mode spectra. These asymmetries can be large,

such that amplitude ratios of individual �m quasinormal

modes which share the same frequency can be Oð10Þ in

some precessing systems. This implies that, for real mea-

surements, the viewing angle can alter the observed qua-

sinormal mode amplitudes of a precessing system more than

would be possible in a nonprecessing system.

Crucially, the excitation of l ≠ jmj; n QNMs does not

arise as an artifact from operating in a noninertial frame, as

our fitting is performed in the superrest frame of the

remnant, i.e., the inertial frame in which quasinormal

modes are defined by perturbation theory (see Sec. II).

Our fits return the amplitude attached to the specific

frequency of a physical ðp;l; m; nÞ quasinormal mode.

This means that any large amplitudes we recover will

correspond to large contributions of those associated

frequencies in observed LIGO-Virgo-KAGRA data, which

must be taken into account in order to accurately perform

black hole spectroscopy.

Our results are consistent with a recent analysis [106] of

the LIGO-Virgo gravitational wave signal GW190521_

030229 [107], wherein ringdown models with a large

ðl; jmj; nÞ ¼ ð2; 1; 0Þ fundamental quasinormal mode

amplitude were found to produce remnant mass and spin

estimates in agreement with those of the NRSur7dq4

waveform [108].
2
Furthermore, our results are similar to

Ref. [26], where it was found that the excitation of

quasinormal modes in extreme mass-ratio systems is

correlated with the polar angle of plunge of the smaller

mass. The conceptual picture presented in our work may be

valid over all binary mass ratios.

Our work may also help improve understanding of

systematic biases in phenomenological inspiral-merger-

ringdown waveforms [51,52]. As one example, we discuss

in Appendix C how our work highlights where a common

assumption [34] regarding the coprecessing frame optimal

FIG. 4. Amplitude ratio between corotating (3, 2, 0), (3, 1, 0), (3, 0, 0), and the (3, 3, 0) QNMs. The rotated-perturbation predictions

(black curves) are obtained by rotating a ð3;�3Þ spherical harmonic by θ, i.e., by implicitly assuming that the dominant perturbation for

θ ¼ 0 consists solely of corotating ð3;�3Þ content. Because our catalog mostly contains q ≠ 1 precessing simulations, this assumption

is reasonable. The kick velocity is not as straightforwardly correlated with l ¼ 3 QNM amplitudes as it is with l ¼ 2 QNM amplitudes

(see Fig. 2).

2
An alternative interpretation of this signal was originally put

forth in Ref. [104], and replicated and commented on at length in
Ref. [106].

BLACK HOLE SPECTROSCOPY FOR PRECESSING BINARY … PHYS. REV. D 111, 064052 (2025)

064052-7



emission direction in these waveform models may break

down. We also note that a model which explicitly fits

QNMs, such as Ref. [109], might benefit from incorpo-

rating our simple rotated-perturbation prediction for the

individual QNM amplitudes.

One might think that at times immediately following the

peak strain, the rapidly changing emission direction of

precessing systems might preclude the application of

perturbation theory [110]. Our work suggests however

that, at least to linear order in perturbation theory,

information from the point of peak luminosity imprints

itself on the ringdown of a precessing system in a

straightforward way.

Software: SEABORN [111], Matplotlib [112], Jupyter [113],

NumPy [114], Python3 [115].
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APPENDIX A: ERROR OF QNM FITS

To characterize the quality of the QNM fits, we define

the following fitting error

Eðt0Þ≡
X

l∈ f2;3g

X

jmj≤l

R

100M
t0

jhðl;mÞ − h
QNMmodel

ðl;mÞ j2dt
R

100M
t0

jhðl;mÞj2dt
ðA1Þ

In Fig. 5, we plot the mean of Eðt0Þ over the most stable

window of each simulation versus the magnitude of the

remnant’s spin, colored by the misalignment angle θ. As can

be seen, the fitting error is on the order of 1% for every

simulation. Furthermore, we find that fitting error decreases

with the magnitude of the remnant’s spin. This is likely

because the QNMs decay faster as the spin magnitude

decreases, which implies that more of the fit to the

numerical waveform is influenced by numerical noise.

As for the connection to the misalignment angle θ,

precessing black hole binaries require less fine-tuning of

their spin configurations to produce slowly spinning rem-

nants, since the spin of the progenitor black holes need not

be aligned with the angular orbital momentum. In the future,

it could be useful to perform fits which have a varying end

time based on the magnitude of the remnant’s spin, but we

save this for future work.

APPENDIX B: PARITY BREAKING OVER

THE REMNANT EQUATOR

One way to quantify the asymmetry of the �m QNMs is

by looking at their behavior under the z-parity operation,

which is defined to act on the strain such that

Pzðhðl;mÞÞ ¼ ð−1Þlh̄ðl;−mÞ; ðB1Þ

where the overbar denotes a complex conjugate. We can

quantify the overall parity violation in the superrest frame

by computing

P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P

l;mjhðl;mÞ − ð−1Þlh̄ðl;−mÞj2
4
P

l;mjhðl;mÞj2

s

; ðB2Þ

as described in [60]. For nonprecessing simulations, P will

be zero, up to numerical noise. However, precessing

systems can exhibit significant parity breaking in the

�m QNMs.

In Fig. 6 we show the parity violation of all the

simulations in our catalog. The nonprecessing systems

are clearly separated from the precessing systems, as

denoted by the vertical axis break. Note that there are

FIG. 5. Relative error of QNM fit, versus the remnant spin,

colored by the misalignment angle θ. We find that the relative

error decreases with increasing spin, as the QNMs are longer-

lived. Precessing binaries in our catalog in general yield remnant

spins smaller than the nonprecessing systems, thereby resulting in

higher error, but the relative error remains on the order of 1%.
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many precessing systems which have a remnant spin

misalignment angle θ ≈ 0 or π. Remnant spin misalignment

is not strictly required in precessing systems: fine-tuning of

the spins, such as is found in superkick configurations [84]

for example, can allow for precessing systems with θ ≈ 0,

and large mass ratio systems can have essentially arbitrary θ.

APPENDIX C: IMPLICATIONS FOR

PHENOMENOLOGICAL WAVEFORM MODELS

Our work may provide a novel way of interpreting

systematic biases associated with the ringdown stages of

current phenomenological IMR waveform models. As one

example, we consider here the way in which some phe-

nomenological waveform models model the coprecessing

frame of the ringdown, and the breakdown of an associated

approximation for the time evolution of this frame.

Phenomenological IMR waveform models of precessing

binary black holes model the ringdown by utilizing a

noninertial “coprecessing frame” in which the angular

harmonic mode decomposition is simplified [33,72,76].

In particular, these models take the angular harmonic mode

content in the coprecessing frame to look like a non-

precessing system and then twist this content into an inertial

frame via some time-dependent, noninertial rotation. During

ringdown, some of these models track this rotation via the

coprecessing frame’s Euler angles ðα; β; γÞ, using an ansatz

for α̇ and β̇ [34]

α̇ ¼ Reðω220 − ω210Þ;
β̇ ¼ Imðω220 − ω210Þ; ðC1Þ

where ωlmn are complex frequencies associated with coro-

tating QNMs. If the misalignment angle θ (or equivalently

β) exceeds π=2, counterrotating QNM frequencies are used

instead. For γ̇, some models also adopt the minimal rotation

condition [35]

γ̇ ¼ −α̇ cosðβÞ: ðC2Þ

As discussed in Ref. [34] in its text around Eq. (20),

Eq. (C1) only is a good approximation when the amplitude

of the (2, 0, 0) QNM in the remnant frame (i.e., theFIG. 6. Parity breaking of �m QNMs over the remnant equator

as computed via Eq. (B2), versus the misalignment angle θ.

Nonprecessing systems maintain reflection symmetry over the

remnant equator in the ringdown, whereas precessing systems do

not: here the events with small asymmetries (below the vertical

axis break) are nonprecessing. Note that many precessing

systems have θ ≈ 0 or π, i.e., remnant spin misalignment is

not necessitated by precession. Especially at θ ≈ 0, many

precessing systems are characterized by large kick rapidities:

many of these systems have roughly equal component spins fully

antialigned with each other [84], and thus the total angular

momentum of the binary and subsequently the spin of the

remnant is dominated by L.

FIG. 7. Systematic error associated with the coprecessing frame

prescription for the ringdown Euler angles of Eq. (C1). This

prescription is incorporated in some phenomenological IMR

waveform models, and breaks down if the ðl; m; nÞ ¼ ð2; 0; 0Þ
QNMs are excited. As we show in Fig. 1, the (2, 0, 0) QNMs are

excited in many precessing configurations, and thus Eq. (C1) may

be a source of systematic error that affects current and future data

analyses. On the horizontal axis we show the misalignment angle

θ. On the vertical axis, we show the mismatch [see Eq. (C3)]

between the inertial frame waveform and a waveform that has

been mapped from the coprecessing frame to the inertial frame

using Eqs. (C1) and (C2). Only precessing systems are shown. As

the misalignment angle increases and the (2, 0) modes become

relatively more excited, the mismatch increases due to the

inaccuracy of Eq. (C1). Note that for θ ≥ π=2, we replace the

corotating frequencies in Eq. (C1) with counterrotating frequen-

cies which have opposite-sign real components.
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superrest frame) is zero. Additionally, Eq. (C1) assumes

monotonic evolution of the Euler angles, though oscil-

lations in the angles may occur due to the angular structure

of the spheroidal harmonics and the beating between

different modes (for evidence of this beating, see, e.g.,

Fig. 14 of Ref. [116]).

In Fig. 7, we provide empirical evidence of systematic

bias from Eq. (C1). The vertical axis shows the mismatch

M between ringdown waveforms in the inertial frame of the

remnant; the second waveform, however, has been mapped

to this frame by mapping from the coprecessing frame to the

inertial frame via the Euler angles presented in Eqs. (C1)

and (C2) over the interval ½0M; 100M�. Consequently, the
first waveform is the exact solution while the second

waveform represents a waveform created in a similar

fashion to phenomenological models. All l ≤ 8 modes

are used for producing the data shown in Fig. 7.

The ringdown mismatch is defined as

Mðh1; h2Þj
tf
t0
≡ 1 −

Oðh1; h2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Oðh1; h1ÞOðh2; h2Þ
p ; ðC3Þ

where

Oðh1; h2Þ≡
Z

tf

t0

Z

S2
h1h2dΩdt; ðC4Þ

and t0 ¼ 0M and tf ¼ 100M. Higher mismatches indicate

more of an inability of Eq. (C1) to accurately track the true

coprecessing frame. It can be seen that as the misalign-

ment angle θ increases, the mismatch rises, reaching

Oð10−1Þ in regions where the (2, 0, 0) QNMs dominate.

Systems with θ ∼ π also tend to have high mismatches

due to their unequal mass ratios, which enable more

refined polarizations and excitation of additional modes,

complicating the optimal emission direction’s time-

dependence.

To our knowledge, Eq. (C1) is used explicitly in the

following IMR waveform models, although we note that

this list may not be exhaustive:

(i) TEOBResumS: Eq. (21) in Ref. [117].

(ii) SEOBNRv4PHM: Eq. (3.4) in Ref. [118].

(iii) SEOBNRv5PHM: Eqs. (18)–(22) in Ref. [119], via

the term ωprec.

(iv) IMRPhenomTPHM: Eq. (24) in Ref. [120].

Equation (C1) also appears either explicitly or implicitly

in the following works: IMRPhenomXO4A [121],

IMRPhenomPNR [110], and Ref. [37] [through Eqs. (9),

(10), (13)–(15), and (35), although they also make use of NR

tuning to the frequencies of some of the dominant modes],

and Ref. [116]. Generally, when there are multiple options

implemented for describing the ringdown coprecessing

frame Euler angles α and β in one of the above models,

Eq. (C1) is the default.

A model that explicitly fits QNMs, such as Ref. [109],

might benefit from incorporating our simple rotated-

perturbation prediction for the individual QNM amplitudes.
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