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ABSTRACT

Estimation of the conditional independence graph (CIG) of high-
dimensional multivariate Gaussian time series from multi-attribute
data is considered. All existing methods for graph estimation for
such data are based on single-attribute models where one associates
a scalar time series with each node. In multi-attribute graphical
models, each node represents a random vector or vector time se-
ries. In this paper we provide a unified theoretical analysis of multi-
attribute graph learning for dependent time series using a penalized
log-likelihood objective function. We consider both convex (sparse-
group lasso) and non-convex (log-sum and SCAD group penalties)
penalty/regularization functions. We establish sufficient conditions
in a high-dimensional setting for consistency (convergence of the in-
verse power spectral density to true value in the Frobenius norm),
local convexity when using non-convex penalties, and graph recov-
ery. We illustrate our approach using numerical examples utilizing
both synthetic and real data.

Index Terms— Sparse graph learning, multi-attribute graphs,
time series, undirected graph, inverse spectral density estimation.

1. INTRODUCTION

Graphical models are a useful tool for analyzing multivariate
data where conditional independence is a central concept [1-4].
Consider a graph G = (V, &) with a set of p vertices (nodes)
V ={1,2,---,p} = [p], and a corresponding set of (undirected)
edges £ C [p] x [p]. Also consider a stationary (real-valued),
zero-mean, p—dimensional multivariate Gaussian time series a(t),

t = 0,£1,£2,---, with ith component x;(¢), and correlation
(covariance) matrix function Ru.(7) = E{x(t + 7)z7 (1)},
T = 0,£1,---. Given {x(t)}, in the corresponding graph G,

each component series {x;(t)} is represented by a node (¢ in V),
and associations between components {z;(t)} and {x;(t)} are rep-
resented by edges between nodes ¢ and j of G. In a conditional
independence graph (CIG), there is no edge between nodes % and j
(i.e., {i,7} & &) if and only if (iff) z;(¢) and z; (¢) are conditionally
independent given the remaining p-2 scalar series z((t), £ € [p],
£ # i, £ # j. (This is a generalization of CIG for random vectors
where {i,j} € £iff Q;; = 0; Q@ = (E{z(t)xz (t)})~" is the
precision matrix.)

Denote the power spectral density (PSD) matrix of {@(¢)} by
S.(f), where So(f) = 320 Ruo(7)e™?™ ™ and . = /1.
In [5] it was shown that conditional independence of two time se-
ries components given all other components of the time series, is
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encoded by zeros in the inverse PSD, that is, {7, j} ¢ £ iff the (¢, j)-
th element of S, (f), [S;*(f)]i; = 0 for every f. Hence one can
use estimated inverse PSD of observed time series to infer the as-
sociated graph. Nonparametric approaches for graphical modeling
of time series in high-dimensional settings (sample size n is smaller
than or of the order of p) have been formulated in frequency-domain
in [6-11] using group lasso penalties. A sparse-group non-convex
log-sum penalty is investigated in [12] to regularize the problem,
motivated by [13].

In many applications, there may be more than one random vari-
able (or scalar time series) associated with a node. This class of
graphical models has been called multi-attribute graphical models
in [14,15]. Such models have been considered in the literature only
for random vectors, not for time series graphical models. The ob-
jective of this paper is to fill this gap. In this paper we provide a
unified theoretical analysis of multi-attribute graph learning for de-
pendent time series using a penalized log-likelihood objective func-
tion. We consider both convex (sparse-group lasso [16,17]) and non-
convex (log-sum [13] and Smoothly Clipped Absolute Deviation
(SCAD) [18,19] group penalties) penalty functions. It is well-known
that use of non-convex penalties can yield more accurate results, i.e.,
they can produce sparse set of solution like lasso, and approximately
unbiased coefficients for large coefficients, unlike lasso [13, 18, 19].

Notation. The superscripts *, T and H denote the complex con-
jugate, transpose and Hermitian (conjugate transpose) operations,
respectively, and the sets of real and complex numbers are denoted
by R and C, respectively. Given A € CP*P, we use ¢min(A),
Dmax(A), |A], tr(A) and etr(A) to denote the minimum eigenvalue,
maximum eigenvalue, determinant, trace, and exponential of trace of
A, respectively. Weuse A > 0 and A > 0 to denote that Hermitian
A is positive semi-definite and positive definite, respectively. For
B € CP*9, we define the operator norm, the Frobenius norm and
the vectorized ¢1 norm, respectively, as | B|| = \/@max(B7B),
|Bllr = y/tr(B”B) and |B||1 = E” | Bij|, where B;j is the
(4, j)-th element of B, also denoted by [B];;. For vector @ € CP?,
we define ||0]]y = >°F_, |6:] and ||0]2 = /> _F_; |6:], and we
also use ||@|| for ||@||2. The notation & ~ N, (m, X) denotes a com-
plex random vector @ that is circularly symmetric (proper), complex
Gaussian with mean m and covariance 3, and © ~ N, (m, X) de-
notes real-valued Gaussian & with mean m and covariance 3.

2. SYSTEM MODEL

Consider p jointly Gaussian, zero-mean stationary, vector sequences
{zi(t)}rez, 2zi(t) € R™, i € [p]. In a multi-attribute time se-
ries graphical model, we associate {z;(t) }+cz with the ith node of
an undirected graph G = (V,€) where V' = [p] is the set of p
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nodes (vertices) and £ C V x V is the set of undirected edges
that describe the conditional dependencies among the p sequences
{{zi(t)}tez, ¢ € V}. Similar to the scalar case (m = 1), edge
{1,j} & & iff the sequences {z;(t)} and {z;(¢)} are conditionally
independent given the remaining p — 2 vector sequences {z¢(¢)},
€e VA{i,j}.

Define the mp-dimensional sequence

xz(t) = [z;r(t)7 Z;(t), e, Z;(t)]—r cR™ . )

Associate {(t)}iez with an enlarged graph G = (V,€) where
V = [mp]and € C V x V. The £th component of {z;(¢)}, denoted
by {[z;]¢(t)}, associated with the node j of G, is the scalar sequence
{zq(D)}, 2q = []g g = ( —1)m + £, j € [p]and £ € [m].
The scalar sequence {z4(t)} is associated with node g of enlarged
graph g Corresponding to the edge {j,k} € V x V in G, there
are m? edges {q,7} € V x V in G where ¢ = (j — 1)m + u and
r=(k—1)m+ v withu,v € [m].

As in Sec. 1, denote the power spectral density (PSD) matrix of
{x(t)} by Su(f), where So(f) = Y2 Ruu(7)e *™7 and
R,.(7) = E{x(t + 7)x” (t)}. Here f is the normalized frequency,
in Hz. Given a matrix A € C™P)*(™P) 'we use AU to denote the
m X m submatrix of A whose (u, v)th element is given by

[ AR Juw =

[A](j—l)m+u,(k—1)m+v ) u,v S [m] (2)

By [5, Theorem 2.4], in the conditional independence graph (CIG)
G = (V, &) of the multi-attribute time series {a(¢) }+cz originating
via (1), we have

Gk ge & (S =0 3)

provided S, (f) = 0 Vf. (Note that while most of the discussion
and all of the numerical results in [5] pertain to scalar time series per
node, the theory is shown to apply to vector series per node also.)

2.1. Problem Formulation

Given time-domain data {a(t) };—,
stationary Gaussian sequence, our objective is to first estimate the
inverse PSD S (f) at distinct frequencies, and then select the edge
{4, k} in the multi-attribute time series graphical model G based on
whether or not (S; Lt ))<Jk) = 0 for every f. The single attribute
case (m = 1) has been discussed in [11] with group lasso penalty
and in [12] with group log-sum penalty. Since for real-valued time
series, S.(f) = SE(—f), and S (f) is periodic in f with period
one, knowledge of S.(f) in the interval [0, 0.5] completely spec-
ifies Sz (f) for other values of f. Hence, it is enough to check if
(S;l(f))“k) = 0 forevery f € [0,0.5].

Given (t) fort = 0,1,2,--- ,n — 1. Define the (normalized)
DFT d..(f¢) of 2(t), (t = v/—1),

Z ) exp (—127 fot) 4

where
fe=12/n,

Since {x(t)} is Gaussian, so is

{=0,1,---,n—1 )
d.(fe). As discussed in [11], the
set of complex-valued random vectors {d.( fe)}?i 2, n even, is a
sufficient statistic for any statistical inference problem, including our
problem of estimation of inverse PSD.

We need the following assumption in order to invoke [20, Theo-
rem 4.4.1], used extensively later.

orlgmatmg from a mp—dimensional

(A1) The mp—dimensional time series {@(t)}+cz is zero-mean
stationary and Gaussian, satisfying

oo

> IR

T=—00

v (T)]ke| < oo forevery k, £ € V.

It follows from [20, Theorem 4.4.1] that under assumption (Al),
asymptotically (as n — 0), dz(fe), £ = 1,2,---,(n/2) — 1,
(n even), are independent proper (i.e., circularly symmetric), com-
plex Gaussian N.(0, S, (f¢)) random vectors, respectively. Also,
asymptotically, d.(fo) and dx (f./2), (n even), are independent real
Gaussian N..(0, Sz (fo)) and N:(0, Sz (f/2)) random vectors, re-
spectively, independent of d.(f¢), £ € {1,2,---,(n/2) — 1}. We
will ignore these two frequency points fo and f,, /2.
Define

D= [di(f1) -

We assume that S, (f¢) is locally smooth (a standard assumption
in PSD estimation [20]), so that S (f¢) is (approximately) constant
over K = 2my + 1, my > 0, frequency points. Pick

do(fnjzy-1)] € COPPX@/D=D ()

o= (k—1DK+m:+1

n

M:{ig_mt_lJ, ®)

k:1727'”7Ma (7)

K

leading to M equally spaced frequencies fk in the interval (0, 0.5),
at intervals of K /n. We state the local smoothness assumption as
assumption (A2).

(A2) Assume that for £ = —my, —m¢ + 1, -+, my,

Su(fre) = Sa(f) )

where fr, = (k—1)K+mi+140)/n. (10)

Under assumptions (A1)-(A2), the joint pdf of D is given by

M my *
fp(D) = pr( g'”_g_’“i) , (11
o) =111 11 sz Gope sz G

gkl =%df(fk,e)551(fk)dz(fk,z)7 (12)

where A™* stands for (A™')*. Parameterizing in terms of the in-
verse PSD matrix ®; := S, ' (f), the negative log-likelihood, up
to some irrelevant constants, is given by

—In fD(D) x L(2) (13)

_Z [m [®4)) + (1 @i) — tr (Sui + 5i87) | (14)

where

Q=[®,, Bo, --- , By € CmP*(mPM) (15)

Sy = K Z o (fe.)dy (fre) - (16)

L=—my

Note that Sy, represents PSD estimator at frequency fr using un-
weighted frequency-domain smoothing [20].
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3. PENALIZED NEGATIVE LOG-LIKELIHOOD

In the high-dimensional case of K < p, to enforce sparsity and
to make the problem well-conditioned, we propose to minimize a
penalized version £(£2) of £(€2) where we penalize (regularize) at
both element-wise and group-wise. We have

L(Q) = L(Q) + aP.(Q) + (1 — a) Py (), 17
M D
P =Y o ([@li]) (18)
k=1 i#j
Po() =mVI Y ps (2] (19
q#l

where QM) ¢ Cm*(mM) g defined as

Q(QU\D = [¢§q€)7 @gﬂ)7 . @S&D} , (20)
@7 i € [M], is defined as in (2), A > 0, a € [0,1], mv/M in
(19) reflects the number of group variables [21], and for v € R,
px(u) is a penalty function that is function of |u|. In (18), the
penalty term is applied to each off-diagonal element of ®, and in
(19), the penalty term is applied to the off-block-diagonal group of
m?2M terms via Q7)) defined in (20). The parameter o € [0, 1]
“balances” element-wise and group-wise penalties [11, 16]
The following penalty functions are considered:

¢ Lasso. For some A > 0,
pa(u) = Alu|, uweR. 21

e Log-sum. For some A > 0Oand 1 > € > 0,

px(u) = Xe In (1 + %) . (22)
» Smoothly Clipped Absolute Deviation (SCAD). For some A >
Oand a > 2,
Al for |u| < A
2 2
palu) = § PRI for A < Ju] <ax (23)

for |u| > aX.

In the terminology of [22], all of the above three penalties are “-
amenable” for some p > 0. As defined in [22, Sec. 2.2], px(u) is
p-amenable for some p > 0 if

(i) The function py(u) is symmetric around zero, i.e., px(u) =
pxr(—u) and px(0) = 0. (ii) The function py(u) is nondecreas-
ing on R . (iii) The function py () /v is nonincreasing on R .. (iv)
The function py(u) is differentiable for v # 0. (v) The function

px(u) + &u? is convex, for some 1 > 0. (vi) lim,,_, o+ d’;’l\iqff” =\
It is shown in [22, Appendix A.1], that all of the above three
penalties are p-amenable with ¢ = 0 for Lasso and = 1/(a — 1)

for SCAD. In [22] the log-sum penalty is defined as px(u) = In(1+
Alu|) whereas in [13], it is defined as px (u) = A In (1 + M) We
follow [13] but modify it so that property (vi) in the definition of
p-amenable penalties holds. In our case p = % for the log-sum
penalty since % = —Xe/(e + |u])? for u # 0. The above
three penalty functions also have the following properties: (vii) For
some C > 0 and 65 > 0, the function p(u) has a lower bound
pa(u) > Cilul for |u| < 6x. (viil) py(u]) = dfﬁiﬂ‘) < A for
u # 0.

Property (viii) is straightforward to verify. For Lasso, Cy = A
and 05 = oco. For SCAD, C'y = X and 5 = A. Since In(1 + z) >
z/(1+4 z) forx > —1, we have In(1 + z) > z/C; for 0 < z <
C1 —1,Cy > 1. Take C; = 2. Then log-sum px(u) > 3 |u] for
any |u| < ¢, leading to C = % and §), = e. We may and will take
Ch = % for lasso and SCAD penalties as well.

4. OPTIMIZATION

Consider the scaled augmented Lagrangian for this problem [23] af-
ter variable splitting, given by

L,({2} AW} {U}) = L{Q} + aP(W)

M
1 (1—a)Py(W) + g STew - Wi+ Uiz, 4
k=1

M mp
P.W) =33 o ([Wilis]), (25)
k=1 i#j
P
Py(W) =mVML Y px (IW) 26)
q#L

where {W} = {Wy, k = 1,2,---, M} results from variable
splitting where in the penalties we use Wy,’s instead of ®,’s, adding
the equality constraint Wy, = &4, {U} = {Ux, k=1,2,--- ,M}
are dual variables, and p > 0 is the “penalty parameter” [23]. For
non-convex py(u), we use a local linear approximation (LLA) (as
in [19,24]), to yield

pa(u) & pa(Juol) + pa(luol) (Jul — Juol) = ph(Juolul, 27)

where ug is an initial guess, p (|uo|) = Ae/(|uo| + €) for LSP, and
for SCAD, ph (Juol) = A for [u| < X\, = 2= for X < [u| < a),
and = 0 for |u| > a). Therefore, with ug fixed, we consider only
the last term above for optimization w.r.t. u. By [24, Theorem 1], the
LLA provides a majorization of non-convex penalty, thereby yield-
ing a majorization-minimization approach. Thus in LSP, with initial
guess Wy, we replace px ([[Wk]ij|) = e/ (|[[Wilij| + €) =t Akij
and px (|[WED || p) = Ae/(|W M || 5 4 €) =: Agenr, leading
an adaptive sparse-group lasso convex problem. The initial guess
follows from the solution to lasso-penalized objective function.

We follow an ADMM (alternating direction method of multi-
pliers) approach, as outlined in [11], for both lasso and LLA to
LSP/SCAD. The main difference between [11] and this paper is that
in [11], W}, and ®, are p X p whereas in this paper we have Wy,
and ®, as (mp) x (mp) matrices. Therefore, the approach of [11]
is applicable after we account for the dimension difference, and ad-
ditionally for that fact that P,(W) and P, (€2) are penalized slightly
differently in the two papers (the factor m+/M is missing from [11]).
See [11] for further details.For non-convex penalties, we have an it-
erative solution: first solve with lasso penalty, then use the solution
for LLA and solve again the adaptive lasso type convex problem. In
practice, just two iterations seem to be enough.

4.1. BIC for Tuning Parameter Selection

Given n and choice of K and M, we follow the Bayesian informa-
tion criterion (BIC) as given in [11], to select A (with & = 0.05
fixed), for all penalty functions.
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5. THEORETICAL ANALYSIS

We now allow p, M, K (see (7), (8)), and A to be functions of sample
size n, denoted as p,, M,, K, and \,, respectively. We take p,, to
be a non-decreasing function of n, as is typical in high-dimensional
settings. Note that K, M,, ~ n/2. Pick K,, = a1n” and M,, =
azn*~7 for some 0.5 < v < 1,0 < a1,a2 < o0, so that both
M, /K, — 0and K,,/n — 0as n — oo (cf. [11, Remark 1]).

Recall that we have the original multi-attribute graph G =
(V,€) with |[V| = p, and the enlarged graph G = (V,&) with
|V'| = mp,. We assume the following regarding G.

(A3) Denote the true edge set of the graph by &, implying that
o ={{s,k} + (S5 (/Y™ £0,j#k 0< f <05}
where Sy (f) denotes the true PSD of «(t). (We also use ®o
for Sgl (fk) where fk is as in (7), and use 2o to denote the
true value of €2). Assume that card(Ey) = [(€o)| < sno.

(A4) The minimum and maximum eigenvalues of mp,, X mp,
PSD So(f) > O satisfy

< i .
0< Bmm = ferfél,gﬁ] d)mlﬂ(SO(f))

< max S < max .
_fg[})é}éfs}aﬁ (So(f)) < Bmax < 00

Here Bmin and Bmax are not functions of n (or py,).

Let Q) = arg ming . &0 L£(€2). Theorem 1 establishes local

consistency of €25.
Theorem 1 (Local Consistency). For 7 > 2, let

C() =80 ngan([So(f)]M) No/ln(mpn) (28)
where
No = 21In(16(mpy)" M) . 29)
Define
R =8(1 +m)Co/Bmin , (30)
Tn =v/Mp(mpn, + m2sn0) In(mpn) /K, = o(1), 31)
Ny = arg min {n DKy > No} : (32)
Ny =argmin{n : 7, <0.1/(RBmin)} , (33)
N3 =arg min {n trp < e/R}, 34)
Ane =2Co/In(mpr)/Kn , (35)
_ 1 Jim2 4 MPny In(mpn)
)\nul —CO(l + m)\/(m + Sno ) Kn ) (36)
)\nu2 =min (ana An'u,l) . (37)

Under assumptions (A1)-(A4), there exists a local minimizer Q, of
L(9) in the neighborhood of 0, satisfying

€2 — Qollr < Rry, (38)

with probability greater than 1 — 1/(mp,)™ 2 if

(i) for the lasso penalty px(t) = Alt|, sample size n >
max{N1, N2} and A, satisfies Ay < Apy < Aput,
(ii) for the SCAD penalty p»(t), sample size n > max{ N1, N2}
and the regularization parameter satisfies Apr < Ay < Apu2,
(iii) sample size n > max{N1, N2, N3} and A, satisfies Ane <
An < Apui for the log-sum penalty px (¢).

For the lasso penalty, Qyisa global minimizer whereas for the other
two penalties, it is a local minimizer. e
The proof of Theorem 1 follows for most part from [11, Theorem 1]
which is based on the proof technique of [25].

We follow the proof technique of [22, Lemma 6] in establishing
Lemma 1.
Lemma 1 (Local Convexity). The optimization problem

Q) = argn:rgirém L(), 39)
By, = {@k LBy = 0, | @] < 0.99\/2/ (mu/D,) }
00 : Lasso
2/ (/M) = { \ s ¢ SCAD (40)
— 12;1@ o log-sum,

consists of a strictly convex objective function over a convex con-
straint set, for all three penalties, where C and )\, are as defined in
Theorem 1. o

Lemma 1 and Theorem 1 lead to Theorem 2. .
Theorem 2. Assume the conditions of Theorem 1. Then 2 as
defined in Lemma 1 is unique, satisfying |2y — Q0o||r < Rrn
with probability > 1 — 1/(mp,)" "2 if Rry, + 1/Bmin <
0.99+/2/(mu~\/M,, ), as defined in Lemma 1. e
Sketch of Proof. If 1/Bmin < 079; then ®or, € By since
|Bok || < 1/Bmin, and also B, € By, since || @ || < Rry+1/Bmin.
Thus, both ®; and P, hence 2, and o, respectively, are feasi-
ble. O

We now turn to graph recovery. Define

E={{at} : 10)r > 7 > 0.0 £ ¢}, @)
g0 ={{a.0} : 19°1r > 0,07 ¢}, “2)
on =Rry,, (43)

— i (af)

v= i Q" llr, (44)

N4 = arg min {n on < 0,41/} , (45)

where R and r,, are as in (30) and (31), respectively.

Theorem 3. For v, = 0.5v and n > N4, £ = & with probability
greater than 1 — 1/(mp,,)" "2 under the conditions of Theorem 1.
O

The proof of Theorem 3 is omitted for lack of space.

6. NUMERICAL EXAMPLES
We now present numerical results for both synthetic and real data to
illustrate the proposed approach.
6.1. Synthetic Data

Consider a graph with p = 64 nodes, each node with m = 4 at-
tributes. The time series data {x(¢)} is generated using a vector
autoregressive model of order 3 (VAR(3)):

x(t) = ZAim(t —)+w(t), =z()eR™,

i=1

where w(t) is ii.d. zero-mean Gaussian with precision matrix
Q. We create 8 clusters (communities) of 8 nodes each, each
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Fig. 1: Pollution graphs for the Beijing air-quality dataset [27] for year 2013-14: 8 monitoring sites and 11 features (m = 8, p = 11, M =4,
n = 364). Number of distinct edges = 29 and 7 in graphs (a) and (b), respectively. Estimated ||Q(ij M) || is the edge weight (normalized
to have max;«; |2¢)|| z = 1), see (20). The edge weights are color coded , in addition to the edges with higher weights being drawn

thicker.

node with m = 4 attributes, where nodes within a community
are not connected to any node in other communities. We set
@9, = 05" forq = ¢ € [8], u # v, u,v € [m]
(notation as in 2), and it is zero otherwise. For ¢ # ¢, we have
Q@9 = 0. We add YIpmp to €, and choose 7 to make the min-
imum eigenvalue of Q + ~vImp equal to 0.5 . The parameters
of VAR(3) model are generated similarly by having AEQZ) =0
for ¢ # ¢, and only 10% of the entries of Agtm’s are nonzero
with the nonzero elements independently and uniformly distributed
over [—0.6,0.6]. We then check if the VAR(3) model is stable,
a necessary and sufficient condition for which is that the roots
of a(2) = |[Imp — 30 , A;z"| = 0 should all have modulus
< 1; this condition is equivalent to having all eigenvalues of the
corresponding (3mp) X (3mp) companion matrix to have modulus
< 1[26, Sec. 8.2.3]. Additionally, in order to avoid a “long” impulse
response, we require the roots of a(z) to have modulus < 0.95.
Suppose this condition is violated with |zmax| > 0.95 where
|Zmax| = arg max,ezmp){|2¢| : a(z¢) = 0}. In this case, we scale
Asto A; =4 A,y = 0.95/|2zmax|. Itis easy to see that the roots
of @(2) = [Imp — 3.0, Aiz~"| = a(z/7) = 0 now all have mod-
ulus < 0.95. First 100 samples are discarded to eliminate transients.
This set-up leads to approximately 11% connected edges. In each
run, we calculated the true PSD S(f) for f € [0,0.5] at intervals

of 0.01, and then take {q,¢} € €& if \/Zf I(S—1(@|3 >

107 (maxy,cepp) /X, (S~ (F) @ 3). else {q, €} £ .

Simulation results based on 100 runs are shown in Table 1 where
the performance measure are Fi-score and Hamming distance for
efficacy in edge detection. The F'-score is defined as F1 = 2 X
precision x recall/(precision + recall) where precision = [ N
&ol/I€), recall = |€ N &|/|&o|, and & and € denote the true and
estimated edge sets, respectively. The Hamming distance is be-
tween £ and &, scaled by 0.5 to count only distinct edges. For
our proposed approach, we consider M = 4 for three samples sizes
n € {128,256,1024}. For M = 4, we used K = 15,31, 127 for
n = 128,256, 1024, respectively. We fixed « = 0.05 and A was
selected by searching over a grid of values to maximize the F-score
(over 100 runs), or via BIC as in Sec. 4.1 ( [11]). We used lasso

Table 1: F scores and Hamming distances for fixed tuning param-
eters, for the synthetic data example, averaged over 100 runs.

n 128 256 1024
M=4: Fy score £o: \’s picked to maximize F}
Lasso 0.579 £0.141 0.765 £0.131 0.968 £+ 0.035

Log-sum 0.707 £0.052 0.868 £ 0.026  0.990 + 0.008
M=4: Hamming distance +o: A’s picked to maximize Fi
Lasso 168.5 £ 040.3 097.4 £ 0440 013.9+014.7
Log-sum 1133 +0124 057.7 +£011.1 004.5 £ 003.3
M=4: F; score +o: A’s picked to minimize BIC
Log-sum 0.439 +£0.011 0.663 £0.050 0.958 + 0.053
M=4: Hamming distance +o: \’s picked to minimize BIC
Log-sum 500.0 £ 0159 214.1 £050.7 017.2 +020.2

(convex) or log-sum (non-convex, ¢ = 0.0001) penalties. It is seen
that the non-convex penalty outperforms the convex penalty.

6.2. Real Data: Beijing air-quality dataset [27]

Here we consider Beijing air-quality dataset [27, 28], downloaded
from https://archive.ics.uci.edu/dataset/501/
beijing+multi+site+air+quality+data. This data set
includes hourly air pollutants data from 12 nationally-controlled air-
quality monitoring sites in the Beijing area. The time period is from
March 1st, 2013 to February 28th, 2017. The six air pollutants are
PMs 5, PM1g, SO2, NO2, CO, and Ogz, and the meteorological data
is comprised of five features: temperature, atmospheric pressure,
dew point, wind speed, and rain; we did not use wind direction.
Thus we have eleven (= p) features (pollutants and weather vari-
ables). We used data from 8 (= m) sites: Changping, Dingling,
Huairou, Shunyi Aotizhongxin, Dongsi, Guanyuan, Gucheng. The
data are averaged over 24 hour period to yield daily averages z;(t),
i € [88]. We used one year 2013-14 of daily data resulting in
n = 365 days. We pre-processed the data as follows. Given z;(t),
we transform it to Z;(t) = In(z;(t)/z:(t — 1)) for each ¢ (leads
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to n = 364), and then detrend it (i.e., remove the best straight-line
fit). Finally, we scale the detrended scalar sequence to have a mean-
square value of one. All temperatures were converted from Celsius
to Kelvin to avoid negative numbers. If a value of a feature is zero
(e.g., wind speed), we added a small positive number to it so that
the log transformation is well-defined. Fig. 1 shows the CIGs for
lasso and log-sum penalties for M/ = 4 where with o = 0.05, A
was selected via BIC: an edge exists iff || QM)||r > 0. It is seen
that lasso yields a much denser graph (29 edges) while the graph
resulting from the log-sum penalty is much sparser (7 edges). Cold,
dry air from the north of Beijing reduces both dew point and PM> 5
particle concentration in suburban areas while southerly wind brings
warmer and more humid air from the more polluted south that el-
evates both dew point and PM2 5 concentration [27]. This fact is
captured by the edge between dew point and PM> 5 in Fig. 1.

7. CONCLUSIONS

Estimation of the CIG of high-dimensional multivariate Gaussian
time series from multi-attribute data was considered. We provided a
unified theoretical analysis of multi-attribute graph learning for de-
pendent time series using a penalized log-likelihood objective func-
tion. Both convex and non-convex regularization functions were
considered. We established sufficient conditions for consistency, lo-
cal convexity when using non-convex penalties, and graph recov-
ery. Our approach was illustrated using numerical examples utiliz-
ing both synthetic and real (Beijing air-quality dataset) data. Non-
convex log-sum regularization yielded more accurate results com-
pared to convex sparse-group lasso regularization for synthetic data,
and sparser graph for real data.
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