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ABSTRACT. We consider first-order definability and decidability questions over
rings of integers of algebraic extensions of QQ, paying attention to the uniformity of
definitions. The uniformity follows from the simplicity of our first-order definition
of Z. Namely, we prove that for a large collection of algebraic extensions K/Q,

{re Ok :Veec 0535 0 suchthat —1=(e—1)z (mod (¢ —1)*)} =7

where 0k denotes the ring of integers of K. One of the corollaries of our results
is undecidability of the field of constructible numbers, a question posed by Tarski

in 1948.
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1. INTRODUCTION

We consider first-order definability and decidability questions over rings and
fields of integers of algebraic extensions of Q, paying attention to the uniformity
of the manner in which definability is established.

Let K be an algebraic, possibly infinite, extension of Q and let 0k be the ring
of integers of K.
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Question 1.1. Is there a first-order definition of Z over 0k in the language of
rings?

Question 1.2. Is the first-order theory of 0 in the language of rings undecid-
able?

Question 1.3. Is the first-order theory of K in the language of rings undecidable?

It is well-known that if 0k is definable over K and the first-order theory of 0
is undecidable, then the first-order theory of K is undecidable. In this paper
we concentrate on the first-order theory of rings of integers of infinite algebraic
extensions of Q and then use some existing results on definability of the rings of
integers of these fields over the fields to obtain undecidability results for fields.

In particular, we answer a question of A. Tarski concerning (un)decidability
of the first-order theory of the field of constructible numbers (see [Tar48|, Notes
#10 and see Corollary [1.11 below) and a question posed by C. Martinez-Ranero,
J. Utreras and C. Videla concerning undecidability of K(?, the compositum of all
extensions of degree less or equal to a fixed integer d of a number field K (see
[IMRUV20]).

1.1. The language of rings. The first-order language (0,1, +, x) of rings is es-
sentially the language of polynomial equations. For a fixed ring R, a sentence in
this language can be shown to be equivalent to one that has the form:

l
(1.4) By ... Ea, [\ P21, 2) =0,

i=1

where each E; is either the universal or the existential quantifier ranging over R
and each P, is a polynomial with coefficients in Z.

The first-order theory of a countable ring R is the set of all sentences of the
form that are true over R.

Using this language we can define subsets of our ring:

¢
(1.5) A:{aER|E1:z:1...Erxr/\Pi(a,xl,...,xr):O},

=1

where as above each F; is either the universal or the existential quantifier ranging
over R and P, are polynomials over Z. That is, an element a € R is in A if and only
if the sentence E,x; ... E,z, /\f:1 P(a,z1,...,z,.) = 0is true over R. If holds for
a set A we say that the set A is (first-order) definable over R.

If the sentence has existential quantifiers only, then it is in what is called
the existential language of rings and we say that the set A satisfying is exis-
tentially definable over R. The problem of deciding whether a sentence is true in
this language over a ring R is essentially Hilbert’s Tenth Problem for the ring.

Sometimes we expand the language of rings by adding countably many con-
stant symbols to allow the coefficients of the polynomials to be in R.
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Given two rings R; C R, such that R; has an undecidable first-order theory
and has a first-order definition over R, as in (1.5), we can conclude that the
first-order theory of R, is undecidable. For, if R, were decidable, combining the
algorithm giving first-order decidability in R, with the first-order definition of R,
over R, would then give us an algorithm for decidability of R, a contradiction.

Applying this reasoning wiith R; = Z shows that if the answer to Question
above is “yes”, then the answer to Question is “yes” as well.

1.2. Uniform definitions.

Definition 1.6 (Uniform definitions over rings of algebraic integers). Let K be
a field of algebraic numbers, . a collection of extensions of K in the algebraic
closure K, and A a subset of 0z. We say that A has a uniform first-order definition
over rings of integers of all fields in . if there is a single polynomial P(t,z) €
Oklt,z] in 1 + r variables (t and = = (z1,x2,...x,), for some r € Z>,) and a first-
order formula
Q(t) :== Erxy ... B2, P(t, %),

where E; is either a universal or an existential quantifier and ¢ is the only free
variable, such that Q(¢) is a first-order definition of AN&, over &, for every L € .Z.

Remark 1.7. Since Z is existentially undecidable, if Z has a uniform first-order
definition over rings of integers of all fields in ., then we have a single formula
giving us a “uniform” way of showing that these rings of integers are first-order
undecidable.

1.3. Brief history. The first result showing that a first-order theory of a ring is
undecidable was due to J.B. Rosser [Ros36] building on results of A. Church
[Chu36] and K. Goédel [G6d31]. The ring in question was Z. J. Robinson [Rob49]
produced a definition of Z for the rings of integers of every number field, thus
showing that the first-order theory of these rings is undecidable. Her definition
was of a simple form V3...3 but depended explicitly on the degree of the exten-
sion. Later in [Rob62] she produced a uniform definition of Z across all rings of
integers of number fields, but the uniform formula was much more complicated.
(See Definition for our interpretation of the notion of uniformity.) In this pa-
per we construct a definition of Z, without parameters, over the rings of integers
of all number fields and some classes of infinite algebraic extensions of Q. This
definition has the form Vv3...3.

There are of course existential definitions of Z over rings of integers of some
number fields and some infinite algebraic extensions of QQ (see, for example,
[Den75], [DL78], [Den80], [Phe88], [SS89], [ShI89], [Vid89], [CPZO05], [Shl07],
[Sh108], [Sh109], [GFP20], [MRS22]) and some well-known conjectures imply that
Z has an existential definition over rings of integers of every number field (see
[MR10], [MP18], [Pas23]). However, these definitions are not uniform across all
number fields, and by Corollary they cannot be.

While we now have a pretty good understanding of the first-order theory of
rings of integers of number fields, the situation is quite different when it comes
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to infinite algebraic extensions of Q. For example there are infinite extensions
whose ring of integers has decidable first-order theory ([Rum86| and [vdD88]),
and other infinite extensions whose ring of integers has undecidable first-order
theory.

J. Robinson was the first person to produce examples of infinite algebraic ex-
tensions of (Q where the first-order theory of the ring of integers is undecidable.
She developed a method for constructing a first-order definition of Z for rings of
totally real integers and a method for constructing a first-order model of Z and
thus proving undecidability for some rings of integers that are not totally real.
See for example [VidOODb], [VV15], [VV16], [GR19], [CVV20], [MRUV20], [Spr20],
[CF21], [Spr23] for results using J. Robinson’s method applied to rings of totally
real integers and rings of integers of extensions of degree 2 of totally real fields.

The first important results showing that rings of integers of some infinite al-
gebraic extensions of Q are first-order definable over their fields of fractions are
due to C. Videla (see [VidOOa], [VidOOb]). These results were generalized by the
third author in [Sh118].

1.4. Totally real algebraic numbers versus totally real algebraic integers.
The rings of integers and their fields of fractions do not always behave in the
same fashion with respect to decidability/undecidability of their first-order the-
ories. A remarkable result due to M. Fried, D. Haran and H. Vo6lklein in [FHV94]
shows that the first-order theory of the field of all totally real algebraic numbers
is decidable. This field constitutes a boundary of sorts between the “decidable”
and “undecidable”, since J. Robinson showed in [Rob62] that Z is first-order de-
finable over the ring of all totally real integers and therefore the first-order theory
of the ring of all totally real integers is undecidable.

1.5. Non-big fields of algebraic numbers. Our formula for defining Z is not
dependent on whether the ring in question is real or not. Rather it depends on
whether the field in question is “big” or not (see [MR20]).

Definition 1.8. Let K be a field of algebraic numbers. We say that K is big if
K:Q = [] »™
p prime
Equivalently, K is big if for every positive integer n, K contains a number field F
with [F': Q] divisible by n.
Our main theorem, which will be proved in §4, is the following.

Theorem Let </ be the collection of all non-big fields of algebraic numbers.
There exists a first-order formula of the form “vv3...3” uniformly defining Z over
the rings of integers of all fields in </. In particular the first-order theory of these
rings can be uniformly shown to be first-order undecidable.

Definition 1.9. Let {F;},i € Z., be a sequence of fields such that F; C F,;; and
F;;1/F; is Galois. Then we will call the sequence {F;} a tower of Galois extensions.
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Corollary 1.10. The following fields have an undecidable first-order theory.

(1) A non-big union of a tower of Galois extensions of a number field.

(2) A non-big Galois extension of a number field.

(3) A union of a tower of extensions of degree less or equal to d € Z-..

(4) A compositum of all extensions of degree less or equal to d € Z~, of a number
field.

(5) The closure of a number field under taking of n-th roots or under taking 2n-th
roots of positive elements.

Proof. If M is a tower of Galois extensions (or a Galois extension) of a number
field K and is not big, then for some prime p the field M is uniformly p-bounded
in the sense of [Shl18], so ¢, has a first-order definition over M. (See [Shl18] for
the proof and note that in that paper the term “¢g-bounded” is used in place of
“p-bounded”.) By Theorem , we have that Z is first-order definable over &),.
So Z is first-order definable over M and therefore the first-order theory of M is
undecidable.

In the case of the last three assertions of the corollary, the field in question
is clearly non-big and uniformly p-bounded for any p > d in the case of the
compositum or a tower of extensions of degree less or equal to d and for any
p > 2n in the case of the closure under taking n-th roots or 2n-th roots. The rest
of the argument is the same as for the first two assertions of the corollary.

O

The last item in the corollary implies the following corollary answering a ques-
tion of Tarski.

Corollary 1.11. The first-order theory of the field of constructible numbers is un-
decidable.

Proof. The field of constructible numbers is the smallest subfield of the field of
algebraic numbers that is closed under the operation of taking a square root of
positive elements of the field.

O

Our methods also provide a potential approach to proving undecidability of the
ring of integers of the maximal abelian extension of Q (see Corollary [2.14).

1.6. Using units. One of the main ideas behind our use of units is a simple
algebraic identity £=! = nmod (z — 1) in Z[z] for z # 1. If z is a unit of a ring of
integers, then so is 2" leading to our Definition

The first use of units exploiting this algebraic identity for the purposes of (ex-
istential) definability in the form of Pell equation belongs to J. Robinson (see
[Rob69]) and M. Davis (see [Dav73]). The Pell equation over Z is after all just
a norm equation of the units of a quadratic extension. Later, J. Denef and L.
Lipshitz adapted this idea for algebraic extensions (see [Den75], [Den80],[DL78]).
Following their lead T. Pheidas ([Phe88]), C. Videla ([Vid89]) and the third author

([Sh189]) used this particular unit method for another collection of number fields.
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The third author used units, S-units and more generic norm equations of units
to define Z over big subrings of number fields and infinite algebraic extensions
of Q (see for example [Sh194], [Sh102], [Sh104]).

C. Martinez-Ranero, J. Utreras and C. Videla in [MRUV20] and C. Springer in
[Spr20] and [Spr23] also make use of units of the field under consideration but
their methods are entirely different from ours.

2. FIRST-ORDER PASSAGE FROM SUBMONOIDS TO SUBRINGS

For any algebraic extension K of Q let 0 denote the ring of integers of K and
Uk = O the group of units of 0.

Definition 2.1. Let K be a field of algebraic numbers, and M C 0k a multiplica-
tive monoid. Define

Ry ={x € Ok :¥e € M 36 € M 3w € Ok such that § — 1 = (¢ — 1)z + (¢ — 1)*w}
={r € O :Ve€ M35 € M suchthat§ —1= (¢ —1)x (mod (¢ —1)*)}.
When M = Uk we will denote Rk y,, simply by Rg.
Lemma 2.2. Suppose ¢, x1,xs,...,%,,01,...,0, € O for somen > 1, and for every i
§i—1=(c—1Dx; (mod (e —1)%).
Then
[[oi-1=¢-1)> 2 (mod (e-1)%.

Proof. By induction it is enough to prove the lemma for n = 2. Since §; — 1 =0
(mod (¢ — 1)), when n = 2 the lemma follows from the congruence

=0 -1+ —1)=(—Da;+ (e — 1)z (mod (e —1)?).
U

Proposition 2.3. Let M be a monoid in Ok, and let Q(M) be the field generated
over Q by M. Then:

(1) Rk is closed under addition and multiplication (i.e., is a ‘semi-ring’).
(2) If M is a subgroup of Uy then Ry ) is a subring of Ok.
(3) If M contains a unit of infinite order, then Ry C Ogu).

Proof. That Ry is closed under addition follows directly from Lemma @
Suppose z,y € Rk and € € M. Since = € Rg y, there is a 6 € M such that

§—1=(e—1)x (mod (e —1)%.
Since y € Rk v, there is a ¢’ € M such that
§—1=0—-1Dy=(—Da)y (mod (¢—1)%).
It follows that xy € Rk ), which completes the proof of (1).
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Now suppose M is a subgroup of Ux. That Ri ) is a ring will follow from (1)
once we show that —1 € Rg ;. Suppose € € M C Uk. Since M is a group, eteM,
and

el—1l=—(e—=1)+et(e—-10 =—(e6—-1) (mod (¢ —1)?).
It follows that —1 € Rk »/, which completes the proof of (2).

Finally, suppose that M contains a unit ¢ of infinite order. If a is a nonzero
ideal of 0., then the reduction of ¢ has finite order in (0gy()/a)*, i.e., " —1 € a
for some n > 1. Therefore

(2.4) (" -1k C N a0 = 0.

n>1 nonzero ideals a of Og(c)
Suppose z € Ri v, and n € Z~. Since " € M, there is a 6 € M such that
§—1=z("—1) (mod (" —1)%).

If y is any conjugate of = over Q()M), then the same congruence holds with =
replaced by y, and since " # 1 we get

Tr—1YyE (8”-1)ﬁ]{.

Thus = — y € Nyso(e" — 1)0x, which is zero by (2.4). Hence y = x, and it follows
that z € ﬁ@(}\/j). OJ

Remark 2.5. Suppose M is a subgroup of Ux. A priori, the ring Rk ) is not

necessarily the full ring of integers RK’ u in its field of fractions. But }?K, M admits
an existential definition in terms of Rk ):

Proposition 2.6. [f M is a subgroup of Uk, then

Ry ={v € Ok |3y,2 € Rgn,y # 0,20y = 2}
Proof. Note that the set {y € 0k : y # 0} has an existential definition by a result
of Denef ([Den80, Lemma 9]; see also [MRS22, Lemma 4.6]).

Let R denote the right hand side of the equation in the statement of the propo-
sition. Then R C RK, M-

For every number field F' contained in the field of fractions of Rk )/, there is an
element o € Rk ) such that Q(«) = F. For every € O there exists m € Z such
that mp € Z[a] C Rk, and taking x = 3, y = m, and z = mf in the definition of
R we see that § € R. Thus R contains every algebraic integer of F. Since this is
true for every number field F' in the field of fractions of RK u, it follows that R is
integrally closed in its field of fractions, i.e., R = RK, M- O

Corollary 2.7. If M is a subgroup of Ux, and M admits a first-order definition in
Ok, then the rings Rk y and Ry y admit first-order definitions in Ok as well.

Lemma 2.8. Let ./K be a finite extension. Suppose ¢ € Uk, x € Ok, and 6 € Uy,
satisfy
(e—1Dx=5—-1 (mod (¢ —1)20L).
Then
(e—DIL: K]z =Np(d) —1 (mod (g —1)*C).
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Proof. Let ¥ be the set of embeddings of L/K into the Galois closure L of L/K.
Since = and ¢ lie in K, for every o € ¥ we have that
(e—1Dr=0(6)—1 (mod (e—-1)*0;).
We have [] .y 0(d) = Ny/x(6) and || = [L : K]. Therefore Lemma 2.2] applied with
n = [L : K], the given ¢, all x; equal to the given z, and the §; equal to ¢(9) for
o € % shows that
Npg(6)—1=(e—=1D[L: K|z (mod (¢ —1)*0;).
Both sides of this congruence belong to 0, so the congruence holds modulo
(8 — 1)2ﬁK. O
Recall that we denote Ry y, simply by Rg.

Lemma 2.9. Let W be a subgroup of Uk, let n € Z-y and let a be an ideal of 0.
e M:={u":ueW,u=1 (mod a)}.
Then nRiw C Rk -
Proof. Let © € Rk . We will show nz € Ri . Let e € W. Since © € Riw there
exists 6 € W such that
(e—1r=56—-1 (mod (¢ —1)?)

and it follows that § = 1 (mod a) and §" € M. Therefore by Lemma applied
with this n and ¢, all z; := x, and all §; := 9,

(e—1nz=6"—1 (mod (¢ —1)?).
Thus nx € Rk . ]

Definition 2.10. We call a field K of algebraic numbers a CM-field if K is a
totally imaginary quadratic extension of a totally real field. We include the case
(K : Q] = 0.

Proposition 2.11. Let K be a CM-field that is not an imaginary quadratic field,
and let F' be the maximal real subfield of K. Then R C OF.

Proof. Fix d € Z~, and let M := {u?: u € Ug,u =1 (mod dOk)}. We first claim that
M C Up. Let a — a denote complex conjugation on K. If ¢ € M, we can write
e =u?with u € Ug, u=1 (mod d). Thus

e =u® = (ui)(u/u).
Since u/u € Ux and all of its archimedean absolute values are 1, u/u is a root of
unity. Since v =1 (mod d) we must have u/u = 1. Thus ¢ = uu € Up.

Since K is not an imaginary quadratic field, M contains units of infinite order.
Thus, by Lemma for the first containment and Proposition [2.3(3) for the
second, we have

2Ry C RK,M C ﬁQ(M) C Op.
It follows that Ry C Op. U
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Remark 2.12. We can apply Proposition @ to Q*, the maximal abelian ex-
tension of Q, to conclude that there is a totally real ring (namely, Rg.) that is
first-order definable over 0y... Unfortunately, at the moment we cannot identify
the ring Rgen.

Remark 2.13. Let Q*>* be the the maximal totally real subfield of Q. It is
easy to see that the proof of J. Robinson from [Rob62] showing undecidability
of the ring of integers of the field of totally real numbers applies to the ring of
integers of Q*"*. So, the first-order theory of 0yw.+ is undecidable. Moreover,
she conjectured that the ring of integers of any totally real field is undecidable.
J. Koenigsmann [Koel4] conjectured that g+ has a first-order definition over
Og=» implying via the above mentioned result that Jg.. also has an undecidable
first-order theory. As a corollary of Proposition 2.11 we can add the following
conditions that would imply undecidability of the first-order theory of &gas.

Corollary 2.14. The ring Oy is first-order undecidable if at least one of the fol-
lowing conditions is satisfied:

(1) the ring Rga is undecidable, or

(2) the ring of integers of every real abelian extension of Q is undecidable, or

(3) there exists a non-big subfield of Q** whose ring of integers is first-order
definable over Ogan.

3. COMPUTING Rg IN SPECIAL CASES
Proposition 3.1. Let K be an imaginary quadratic field. Then Ry = 7 + 20k.
Proof. For ¢,6 € Uk let
S.s={r€0k :6§—1=(—-1r (mod (e¢—1)%}.
Then by definition,

(3.2) Ri = [ (U S-s):

eeUk 0eUgk
One checks easily that S, = Ok, S_11 = 20k, and S_;_; = 1+ 20x. When
Ux = {—1,1}, the proposition now follows from (3.2).
Now suppose K = Q(i). In this case
Sip=8i-1=1+1)0k, Sii=58i_i=1+(1+41)0k,
S—i,l = S—i,—l = (1 + Z)ﬁK, S_m' = S—i,—i =1+ (1 + l)ﬁ}(,
S, =81 = 0.

Again it follows from (3.2) that Ry = Z + 2Z[i]. The proof when K = Q(v/—3) is
similar. ]

The following theorem will be used to study the case of unit groups of rank 1.
Its proof can be found in [EG15].
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Theorem 3.3 (Corollary 6.1.2 of [EG15]). Suppose K is a number field. Then the
equation x; + x5 + 3 = 1 has only finitely many solutions with all z; € Ui — {1}.

Lemma 3.4. Suppose K is a number field, ¢ € Uy is a unit of infinite order, and
a,b € Z. Let g := ged(a, b).

(1) Ifb |a then (e — 1) | (e — 1) and (¢* — 1)/(e®* — 1) = a/b (mod (e — 1)).

(2) The ideal of Oy generated by c* — 1 and ¢® — 1 is (9 — 1) 0.

(B) If (e —1)| (e*—1) then (¢* — 1)/(e? — 1) € Uk.

Proof. Assertion (1) follows from the polynomial identity X" —1 = (X — 1) Y7 X*
applied with X := ¢b, n :=a/b.

Let 0 be the ideal of 0 generated by ¢* — 1 and ¢’ — 1. By (1) we have that
0 C (¢9—1)0k. Fix x,y € Z such that az — by = g. Using (1) again we see that 0
contains

(e —1) — (6% — 1) = ™ — ¥ = (g™ _ 1) = M¥(e9 — 1).
Since ¢ is a unit, we have ¢ — 1 € 9, which completes the proof of (2).
By (1) and (2) we have that (¢® — 1)/(s9 — 1) and (¢ — 1)/(¢9 — 1) are relatively

prime integers of K. If in addition (¢’ — 1)/(e — 1) divides (¢ — 1)/(¢ — 1), then
(e® —1)/(¢? — 1) must be a unit. This proves (3). O

Proposition 3.5. Suppose K is a number field, and u € Uy is a unit of infinite
order. There is an N € Z- such that for every a,b € Z-,, and every n > N, the unit
e := u" satisfies
("=1)|(e"=1) < b]a.
Proof. The “«<=" implication holds for every n by Lemma [3.4(1).
Consider the set

S :={d € Zyy : Irz,23 € Ux — {1} such that u® + x5 + z3 = 1}.

By Theorem S is finite, and we set N :=sup(S). Fix n > N and let ¢ = u".
Suppose (e — 1) | (¢ — 1). By Lemma [3.4(3), it follows that § := (" —1)/(s? — 1) €
Uk, where g := gcd(a,b). Thus we have a solution of the unit equation

b — 9+ 5=1.

We have ¢’ = v" with nb > n > N, so by definition of S we must have either
—e9 = 1 or 0 = 1. Suppose —de? = 1. Since v has infinite order, *9 # 1. At the
same time from the definition of § we get that

g9 —1=—0e%(e9 —1) =9(1 — &%) = &9 — &9

and ¢*9 = 1. This contradiction implies that —de? # 1. Therefore § = 1, i.e.,
eb —1 = ¢9 — 1. Again using that v has infinite order we conclude that g = b, so
b| a. O

Proposition 3.6. Let K be a number field and let W be a subgroup of Uk such
that rank W = 1. Then Rgw = Z.
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Proof. Let M := {u" : u € W}, where n is chosen large enough so that ) is torsion-
free, and n is larger than the N of Proposition [3.5] Applying Lemma [2.9|with this
M (and a = Ok) shows that nRg w C Rk u, so to prove the proposition it is enough
to show that Ry v = Z.

Fix a generator ¢ of M, and suppose = € Rg . Choose m € Z-,, and choose
b € Zo such that e =1 (mod m). By definition of Ry, for some a € Z we have

e~ 1= ("= 1)z (mod (e’ —1)?).
In particular (¢® — 1) | (¢* — 1), so by Proposition we conclude that b | a. Then
r=("-1)/("=1)=a/b (mod (¢ —1))

by Lemma [3.4[1), so = — a/b € mOk. In particular, z is divisible by m in the
free Z-module 0k /Z. Since m is arbitrary, we conclude that z = 0 in 0k/Z, i.e.,
x € 2. U

Lemma 3.7. Let p be a rational prime, and K a number field. Suppose j € Z-,
and ¢ € Ux — {1} satisfiese =1 (mod p’*'). Then there exists x € O such that for
every integer n prime to p, the congruence

§—1=(e—1)p'nz (mod p/* (e —1)0k)
has no solutions § € Uk.

Proof. Let a = [],, p>®©", where p runs through the primes of K above p. Note
that p’*! divides a by our choice of €. Define groups

Weo={u€Ug:u=1 (modpa)}, V,:=pa/pa

Then W, C Uk is a free abelian group of rank strictly less than [K : Q] (there
are no nontrivial roots of unity congruent to 1 modulo pa), and V, is an F,-vector
space of dimension [K : QQ]. There is a natural homomorphism

A We —V,
defined by
A(u) =u—1 (mod p’™a),

and it follows that the cokernel of A\, has dimension at least one.
The map

Ox/pOx — pa/pa=V, definedby z+— (c—1)p'z

is an isomorphism, so we can choose = € 0k such that for every integer n prime
to p the product (¢ — 1)p/nz is not in the image of \,. But not being in the image
of \, means precisely that there is no § € Ux such that

§—1=(e—1)p'nz (mod p’* (e —1)0k).
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Definition 3.8. Let p be a prime. Let K/Q be a possibly infinite degree algebraic
extension. Then we will say that K is p-finite if ord,[K : Q] < oo, or equivalently if
for some number field L C K no finite extension of L in K has degree divisible by

.

Remark 3.9. An algebraic extension of Q is not big (cf. Definition[1.8) if and only
if there exists a prime p for which it is p-finite.

Lemma 3.10. Suppose K is a number field such that Uy is infinite. Let L be an
algebraic extension of K that is not big. Then for every m € Z-, we have that
mﬁK ¢ RL.

Proof. Since L is not big, we can choose a rational prime p such that L is p-finite.
Fix m > 1, and define

j := 14 ord,(m) + sup{ord,[K' : K]: K’ is a finite extension of K in L}

which is finite by assumption. Since U is infinite, we can fix ¢ € Ux — {1} such
that e = 1 (mod p'*!). Let x € Ok be as in Lemma [3.7] with this choice of p, K, «,
and this j.

Suppose mx € R;. Then there exists ¢ € U;, such that

§—1=(e—1)ma (mod (¢ —1)>0y).
By Lemma [2.8]
Ni@oyxd — 1= (e = 1)[K(5) : Klmz (mod (¢ — 1)*CO).
Write [K(8) : K]m = np®, with n prime to p. Then s < j, and by Lemma [2.2]
(NK((;)/K5)pj_'g —1=(e—-D[K(S): Klp" *mz = (¢ — 1)p’nz (mod (¢ — 1)*0k).
This contradicts our choice of z (Lemma [3.7), so we must have mz ¢ Ry. O

Theorem 3.11. Let K be an algebraic extension of Q that is not big. Then either
Ry =7 or Ry is an order in some imaginary quadratic field F contained in K.

Proof. Let © € Rk, and assume that that Q(z) is neither Q nor an imaginary
quadratic field. In particular Uy, is infinite. Since Ry is a ring we have Z[z] C
Ry, so there exists m € Z., such that m&y,) C Rg. Thus contradicts Lemma
3.10.

Hence for any = € Rx we have that Q(z) = Q or Q(x) is an imaginary quadratic
field. If 21,2, € R generate two different imaginary quadratic fields Q(z;), Q(z2),
then Rk contains an element z such that Q(z) = Q(x;,x2) leading to a contradic-
tion again. Thus either Rx = Z or K is an imaginary quadratic field. O

Corollary 3.12. Suppose K is not big. If K does not contain an imaginary qua-
dratic field, or K is a CM-field, then Rx = Z.

Proof. The case of a field K without an imaginary quadratic subfield follows di-
rectly from Theorem [3.11. The CM-field case follows from Theorem |3.11 and
Proposition [2.11. 0
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Corollary 3.13. Let K be a degree 4 extension of Q. Then Ry = 7.

Proof. If K does not contain an imaginary quadratic field, then the corollary fol-
lows from Corollary|3.12. If K does contain an imaginary quadratic field, then K
has no real embeddings, so rank Uy = 1 and the corollary follows from Proposition

3.6l O

Given a non-big field K that contains more than one imaginary quadratic field,
at most one of these fields can be the fraction field of Rx. This lack of symmetry,
together with Corollaries [3.12 and [3.13, leads us to the following conjecture.

Conjecture 3.14. Let K be a non-big field that is not imaginary quadratic. Then
Ry =Z.

We conclude this section by describing a class of (necessarily big) fields K such
that RK =0 K-

Lemma 3.15. Suppose K is a number field, I C U is a nonzero ideal, and 5 € O
is relatively prime to I. Then there is a finite extension L/K and a unit 6 € U, such
that 6 = (mod [0}). Further, the field L can be taken to be generated by a root of
a polynomial of the form X? 4 a X% ! + b, whered € Z-, and a,b € Ok.

Proof. Without loss of generality (replacing / by a multiple if necessary) we can
assume that [ is principal. Fix a generator y of /.
Let d be the order of —( in (0 /I)* /{image of Ux}. Then we can fix a unit u € Ux
such that (-3)¢ = u (mod I).
Consider the polynomial
f(X) = X"+ aX" + b€ Ok[X]

where a,b € 0 will be chosen later. Let p be a root of f, let L = K(p), and define
another monic polynomial

9(X) == p'f((X = B)/n) € Ok[X].

Then ¢ := pup+ € 0 is aroot of g, and 6 = § (mod 107).

We claim that there are elements a,b € Ok such that ¢(0) = v is a unit. In
that case we will have that § is a unit, so ¢ will have all the desired properties,
concluding the proof of Lemma [3.15.

To prove the claim we have

(8.16) g(0) = p"f(=B/p) = (=B)" + ap(=B)"~" + ub
= u+ ((—=0)" —u) + au(—=B)""" + bu.
Since £ is relatively prime to p, we have
{ap(=p)*  +bu - a,b € Ok} = pOx-.

In particular since (—3)? = u (mod p), we can find a,b € Ok such that

ap(—B)" + bt = u — (—B)°.
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By (3.16) we have ¢(0) = w. This completes the proof of the claim, and the
lemma. O

Proposition 3.17. Let I be a field of algebraic numbers such that for every d € Z-
and every a,b € Oy, the polynomial X? + X% ! + b has a root in F. Then Ry = Or.

Proof. Suppose z € O and ¢ € Up,c # 1. Applying Lemma [3.15 with
K :=Q(z,¢), B:=1+4z(e—-1), I[:=(—1)
we get a unit § € Up satisfying
§—1=x(e6—1) (mod (¢ —1)?
(note that § € Ur thanks to our assumption on F). It follows that x € Rp. O

Remark 3.18. The field Q satisfies the hypothesis of Proposition [3.17; we don’t
know of any other field that does.

Among big fields of algebraic numbers K, which of them have the property that
the field of fractions of Ry is K?

For a big field K denote by Ky, the field of fractions of Rx. We have Ky, C K
by Proposition 2), and we can iterate this operation, denoting by K, the
field of fractions of the ring Rk ,. This tower

QC---K{i}CK{i_l}---CK{l}CK

gives us a first order definition (involving i + 1 universal quantifiers) of the ring of
integers of Ky; in Ok.

Are there examples of big fields K where this descending sequence of fields
doesn’t stabilize? That is, such that Ky, is a proper subfield of K;, for all i?

4. PROOF OF THE MAIN THEOREM

Before proving our main result, Theorem [4.8| we need a lemma to handle the
case where our formula possibly defines an order in an imaginary quadratic field.
In what follows we suppress—i.e., we understand implicitly—equations and/or
variables needed to say that an element of a ring is a unit or that a congruence
holds over a ring.

Let

D(w) = 3%w*(w — 1)*(w — 2)* € Z[w]
be the quantity denoted D(2,w) in [MRS22, §11].

Lemma 4.1 (Cf. §3 of [Den75]). Fix a non-square positive integer d = 3 mod 4. For
F an imaginary quadratic field let .r = Srq(w, s1, 52,11, ta, u1, uz, v1,v2) denote the
system of equations and congruences (4.2) through (4.5):
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(4.2) 0i =8 +t;Vd € Uprygy,  sisti € Op, i=1.2,
(4.3) £ =02 = u; + vi\/g, U, v; € Op, 1=1,2,
(4.4) e1=1 (mod dD(w)OF),

(4.5) gg—1=w(e; —1) (mod (g — 1)?).

Then .y, constitutes a uniform existential definition of Z over the ring of integers
Or of any imaginary quadratic field F.

Proof. Suppose (w, s1, 82, t1, ta, Uy, Us, v1,v2) € O% is a zero of .. Then ¢, and &, are

squares of units by (4.2), (4.3), and congruent to 1 (mod d) by (4.4), (4.5), so by
the same argument as in the proof of Proposition [2.11 we conclude that ¢;,e5 €

ZVd) = Oy va)- Now by Corollary 11.12 of [MRS22] applied to the extension

F(v/d)/Q(v/d) and the ideal I = (¢ — 1) we have that w € 0 N Z[Vd| = Z.
Conversely, suppose w € Z. Let s;,t; € Z be such that §; € UQ(\/(;) - UF(\/E) and

si=1, t1=0 (mod dD(w)).

Let u;,v; € Z be such that ¢; = 67. Then (4.2)- hold for i = 1.
Let sy,t, € Z be such that d, = 6. Let uy, v, € Z be such that e, = 67. Then (4.2)-
(4.4) hold for i = 2. O

Remark 4.6. If we replace 0 by Z then for any integer w we can still satisfy all
equations .#» in the proof of Lemma [4.1]

Remark 4.7. Denefs proof in [Den75], while not formally asserting uniformity
across imaginary quadratic fields, can be easily converted into a uniform proof.

Theorem 4.8. Let </ be the collection of all non-big fields of algebraic numbers.
There exists a first-order formula of the form “vv3...3” uniformly defining Z over
the rings of integers of all fields in <. Thus, the first-order theory of these rings is
undecidable.

Before beginning the proof, let K be any field of algebraic numbers and con-
sider the following first-order formula of the form “vv3...3” and the set Zx C Ok

it defines:

Definition 4.9. Define Zx C 0k to be the set of all w € 0 satisfying

Ve € Uk \ {1}, 3u, pa, pio, V1, V2, 1,72, 71, Ta € Uk, S1, S2, 1, ta, Uy, Uz, 01,09 € Ok
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such that

(4.10) wEe—1)=p—1 (mod (¢ —1)?),
(4.11) ui(e —1)=p; —1 (mod (e —1)%), i=1,2,
(4.12) vi(e—1)=v;—1 (mod (e —1)%), i=1,2,
(4.13) sife—=1)=0;—1 (mod (¢ —1)%), i=1,2,
(4.14) tie—1)=7—-1 (mod (¢ —1)%), i=1,2,
(4.15) Fr(w, s1, S2,t1, ta, Uy, Us, Uy, Va),

with .# as in the proof of Lemma [4.1]

Remark 4.16. Unfortunately, we cannot quantify over the group of units. There-
fore, instead of using “Ve € Uk \ {1}” in Definition we will quantify over all
e, € Ok by requiring nothing if ¢f is not equal to 1 or if ¢ = 1 and requiring
(4.10)-(4.15) if ¢5 = 1. More formally, we have the following definition of Z:

VeVB € Ok - (ef=1N[e=1)V (A1) AN..))]) V(B #1),

where we insert equations (4.10)—(4.15) in place of “...”. Essentially we need a
second universal quantifier if ¢ is not a unit. Having a uniform existential defi-
nition of non-units would eliminate the need for the second universal quantifier,
but we do not know how to construct such a definition or even if it exists.

Proof of Theorem|[4.8. Let K be non-big, and Zx as in Definition [4.9] We will show
Suppose w € Zi. Then by Theorem [3.11 we have that either

wvulau27Ulav27817527t1at2 € Z or wv“’lau2yvlav27sl7527tlat2 € ﬁF

for some imaginary quadratic field F'. In either case equations (4.15) imply w € Z.

Conversely, if w € Z, then the proof of Lemma shows that the equations
of (4.15) can be satisfied with all variables ranging over Z. Therefore equations
(4.10)—(4.15) can be satisfied over 0, so w € Zg. O

Remark 4.17. Let &/ denote the set of all algebraic extensions K of Q such that
the set Zx of Definition is equal to Z. Theorem implies that </ contains
all non-big fields, including in particular all number fields. This leads us to the
following questions.

Question 4.18. Does «/ contain any big fields?
Question 4.19. Does &/ contain all abelian fields?

Remark 4.20. The construction we used above can be adapted in the case of
number fields to produce a definition of Z of the form V3...3. Unfortunately
this definition, as in the case of the definition in this form constructed by J.
Robinson, is uniform only across classes of number fields of bounded degree.
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5. NON-EXISTENCE OF UNIFORM EXISTENTIAL OR PURELY UNIVERSAL DEFINITIONS
OF 7Z

Recall the definition of “uniform” (Definition and consider the following
definition.

Definition 5.1. Let R be a ring. Let A C R and assume there exists a polynomial
p(t,z1,...,x,) € R[t,x1, ...,z such that

A={tc R3x,,...,2s € R* . p(t,x1,..., ;) = 0}.
Then p(t, z) is called a diophantine definition of A over R.

Proposition 5.2. Let K be a number field, L an algebraic extension of K, and A a
subset of 0. If there is a diophantine definition of AN 0, over 0, uniform across
the rings of algebraic integers O, for all finite extensions L' of K in L, then there
exists a diophantine definition of A over 0.

Proof. Let p(t,z) € Oklt,z] be a diophantine definition of &, N A for all finite ex-
tensions L' of K in L. Lett € A C 0;. Let ' = K(t). Then there exists an m-tuple
T € 07, C 07" such that p(t,z) = 0.

Now suppose there exists t € ¢, \ A such that for some y € ¢, we have that
p(t,y) = 0. Let L’ = K(t,y). Then p(t,z) is not a diophantine definition of AN &,
over Oy, contradicting our assumption on p(¢,z). Thus, for any ¢t € ¢, we have
that there exists = € ¢, such that p(t,z) = 0 if and only if t € A. O

Corollary 5.3. Let K be a number field and £ the collection of all finite extensions
of K. Then there is no uniform purely existential or purely universal definition of
Ok across rings of integers of elements of £.

Proof. We apply Proposition to A:= A = Ok and A := Ay, = O \ Ok, with
F = K, the algebraic closure of K. If A; has a uniform diophantine definition
across fields in ¢, then 0k has a diophantine definition over ;. If A, has
a uniform diophantine definition across rings of integers of fields in ., then
Ui \ Ok has a diophantine definition over J; or, equivalently, 0 has a purely
universal definition over ;. In either case 0 has a first-order definition over
O . But by the result of J. Robinson ([Rob49]) we know that the first-order theory
of any number field is undecidable and by a result of van den Dries ([vdD88]) we
know that the first-order theory of 0y is decidable. Hence neither A;, nor A, can
have a uniform existential definition across elements of .#. Therefore, there is
no uniform purely universal definition of & across rings of integers of elements
of Z. OJ

Applying the discussion above to K = Q. we get:

Corollary 5.4. There is no existential or purely universal definition of Z uniform
across all rings of integers of number fields.

Finally we note that in view of the results above, the uniform definition of Z
across all number fields we give in Theorem is the best possible as far as the
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arithmetic hierarchy is concerned: the statement of that theorem would be false
if we replaced “vv3...3” by “3...3".
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