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ABSTRACT

While machine learning is nowadays used in essentially all natural sciences, the timeline of adapta-
tion in the different disciplines, and the subfields within each discipline, varies widely. Theoretical
Physics and Mathematics are among the latest adopters of machine learning techniques, which is
in part due to differing requirements that these fields have as compared to others. In this article,
we discuss recent developments in artificial intelligence that are specifically geared towards appli-
cation and scientific discovery in theoretical and mathematical physics. Along the way, we point out
other phenomena at the intersection of Physics and Al, including chaos theory, phase transitions,
spin glasses, symmetries, classical and statistical mechanics, and quantum theory.

1. Al and physics

Artificial Intelligence (AI) is everywhere nowadays,
even though there is no clear, universally agreed upon
definition what AI actually means. Especially among
non-domain experts, the term is often used synony-
mously with Machine Learning, which in turn is mostly
used synonymously with Neural Networks (NNs). While
this is not doing justice to the developments outside of
Neural Networks (NNs), in the interest of brevity, this
article will focus only on applications of NNs to ques-
tions in theoretical and mathematical physics, and vice
versa. However, even this is too broad a field with too
many developments to cover, so we will illustrate a few
sample applications only.

Before getting into these details, however, we want to
give a brief overview of research at the intersection of
Physics and NNs more broadly. The two fields share a
rich and successful history. In the ‘Physics for ML’ direc-
tion, there are multiple ways in which physical models
and ideas have entered the study of machine learning.
We will outline how Physics ideas and techniques have
been used to study NNs and how they learn. This pro-
cess, as we will see in more detail in Section 2, is nothing
but a (extremely) high-dimensional parameter optimisa-
tion problem. Indeed, it is proven that neural networks
can learn any function (with very mild technical assump-
tions) if they just have enough parameters, which is
known as the Universal Approximation Theorem [1, 2].
This means that one need not worry about NNs being
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too restrictive to solve the problem at hand; instead, one
should worry about these other two questions:

(1) If the NN can learn any function, how do I get it
to learn the function I am interested in, instead
of all the other functions that look similar over
some ranges of inputs, but are markedly different
on others?

(2) Can the NN learn the function in practise, i.e.
given finite resources?

These two questions are not independent, and their
answer depends on how the NN parameterises the tar-
get function, and how the optimisation process selects
the function among all possible functions. As we will dis-
cuss in more detail in Section 2.2, the latter question is
phrased in terms of the so-called ‘loss landscape’, which
is a name for how much the function learned by the
NN deviates from the target function we actually want
to learn. This deviation depends on the parameters of the
NN, and finding the right function becomes a question of
finding values for the NN parameters such that the differ-
ence between the learned and the target function is small.
If we think of the loss landscape as a rugged energy land-
scape that depends on the NN parameters, minimising
the deviation is akin to letting physical systems evolve
towards states where they minimise the energy. The study
of complicated energy landscapes with (exponentially)
many local minima is a classical subject in Condensed
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Matter Physics, for example in spin glass systems, and a
lot of insight has been provided by using statistical tools
developed in this context, see e.g. [3-6] for early work
and [7] for a review.

The way in which the NN parameterises the target
function is known as NN architecture. It impacts the
shape of the loss landscape, and hence which minima
are found, and how fast they can be found. Ideas from
Physics have motivated NN architectures, with important
contributions coming again from statistical or condensed
matter Physics. Indeed, the 2024 Nobel Prize in Physics
was awarded to Hopfield and Hinton ‘for foundational
discoveries and inventions that enable machine learning
with artificial neural networks,” more precisely Hopfield
Networks [8] and Boltzmann Machines [9].!

Relatedly, Physicists have developed Neural Networks
that behave nicely under symmetry transformations.
Symmetries are perhaps one of the most important guid-
ing principles in Physics, and many breakthroughs in
fundamental Physics are based on symmetry consider-
ations. An important example is that Physics does not
depend on the choice of coordinate system in which it
is described. The underlying concept is called diffeomor-
phism invariance and is at the heart of Einstein’s theory
of General Relativity. We need to be a bit more careful
about what we mean by ‘the Physics does not depend on
the choice’: Consider for example the Lorentz force in
classical electrodynamics:

F=F@,B,E)=qE+7 x B). (1)

If Alice chooses to rotate their coordinate system by a
three-dimensional rotation matrix R € SO(3), the elec-
tric and magnetic field, as well as the velocity point in
the rotated direction, and consequently, the force is also
rotated:

F(Rv,RB, RE) = q(RE + Rv x RB) = q(RE + R(v x B))
= RE(v,B,E). )

Note that we had to use a special property of the rota-
tion group, namely that the determinant of all rotation
matrices is 1, in the second equality. Using this, we find
that applying the rotation to the variables and then com-
puting the force is the same as first computing the force
and then rotating the result. Functions that behave this
way under symmetry transformations are called equiv-
ariant. This case was special since both the variables and
the function were vector-valued, so it was the same 3D
rotation matrix acting on either. In general, we could have
scalar functions that depend on vectors, vector-valued
functions that depend on spinors, etc. This is impor-
tant for example in NNs that classify images as cat and
dog images, say: The result should be invariant under

rotations, translations, and reflections. These symmetries
generate the Euclidean group, and Euclidean-equivariant
neural networks have been proposed in [10, 11].

Concerning finiteness of resources, scientists usually
seek to minimise the following:

e Training Time: Training a NN longer usually
improves its performance but also costs more.

e Model Size: The larger the model, the better its
performance. But this also increases the compute
resources for training the model and for querying
it. Nowadays, this is especially a problem for Large
Language Models with billions or even trillions of
parameters.

e Dataset Size: The larger the training set, the better
the accuracy. In some disciplines, data is expen-
sive to generate or annotate. In such cases, domain
experts are needed for annotation, or (often very
expensive) experiments are needed to run to gen-
erate the data.

Interestingly, fixing two of these and varying the third
often leads to a power-law dependence of the error on
the varying parameter. This phenomenon is known as
neural scaling laws [12, 13]. While the scaling laws them-
selves seem to be somewhat independent of the choice of
model architecture, their offset seems to depend on these
choices, meaning that better results can be achieved ear-
lier by improving the architecture. Recently, scaling laws
were studied using tools from theoretical Physics, namely
random matrix theory, and Feynman graphs, in [14].
Interestingly, the training of NNs in the limit where the
number of their independent parameters goes to infinity
(known as the Neural Tangent Kernel regime) becomes
very simple [15-17]: The NNs behave like an ensemble of
random Gaussian functions, and the parameter updates
follow a simple update rule that only depends on the NN
architecture. As soon as one deals with finite NNs, this
approximation breaks down, but it does so in a controlled
way. One can start the analysis from the infinite param-
eter regime, where the theory is simple, and then study
the perturbation theory around this points where per-
turbations are of the order 1/N with N the number of
NN parameters. This is done in perturbation theory in
(Quantum) Mechanics / Field Theory all the time. The
tools developed for perturbation theory in Physics have
first been applied to NNs in [18-21], see [22] for a recent
review.

A final recent development in Al based on a Physics
phenomenon that we want to mention here are diffu-
sion models [23]. Diffusion is the main process by which
images and videos are generated nowadays. The idea is
that one starts with ‘ordered pixels’ that form an image



and then lets the pixels ‘disorder’ or diffuse in multiple
steps into what looks like white (Gaussian) noise. In order
to generate images from white noise, one inverts the nois-
ing steps, i.e. denoises the image. This is done using a NN
(at least until we can recruit Maxwell’s demon [24] for
the job). We illustrate this process in Figure 1, where the
picture on the left was created with the diffusion model
DALL-E, and on the right, we added Gaussian noise with
0 mean and variance 5 for each pixel.

2. Introduction to neural networks, supervised
ML, and RL

Before we describe research at the interface of ML and
theoretical Physics, we review the key concepts and intro-
duce some notation here. There are many textbooks
on the subject, and I will be following [25]. What sets
machine learning apart from other data science tech-
niques (such as genetic algorithms or topological data
analysis) is that something is learning. In the context of
neural networks, this means that we have a map with
parameters, and the learning means that the parame-
ters are adapted to do something useful. While the pre-
cise way in which NNs learn is not understood, there is
empirical evidence that the parameters are adapted such
that NNs extracts features, meaning they find patterns
or learn heuristics from the input data, which they then
represent in some ‘embedding space’. This embedding is
then used to make predictions about the data.

Noise: + N(0,0)
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Neural networks are just parameterised maps from
some input space (which is typically represented on a
computer as a collection of real numbers, R") to some
output space (again, represented as a collection of real
numbers, R™). For some applications of NN, such as
interpolation or regression, the need to learn an approxi-
mate function is quite intuitive. However, learning maps
can also serve to classify images (by learning a ‘decision
boundary’ that partitions the space into regions belong-
ing to each class), or to generate sentences (by learning
a map from an incomplete sentence onto a word in the
Oxford English Dictionary, which should be added to the
incomplete sentence; this is how Large Language Models
like ChatGPT work). This is illustrated in Figure 2.

2.1. Neural networks

The initial idea behind (artificial) Neural Networks was
to model the human brain: Neurons are connected by
synapses that transport a signal. Once the signal is strong
enough, the neurone ‘fires” and stimulates/activates other
neurones. However, instead of the analogy with biology,
let us introduce NN as parameterised maps fy (x), where
we denoted all parameters of the NN collectively as 6.
Of course, there is a huge freedom in how we param-
eterise the map, but the way it is done in the simplest
NN (known as a feed-forward NN, or a fully connected
or dense NN, or a multi-layer perceptron) is to alter-
nate affine maps and non-linear maps. An affine map

Figure 1. lllustration of image generation via diffusion. An image of Maxwell's demon is diffused by adding Gaussian noise with zero

mean and variance 5, N (0, 5).
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Figure 2. NNslearn maps that can serve as regression of given data, decision boundaries in classification tasks, and next-word-prediction

in autoregessive generative models such as ChatGPT.
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is multiplying the input by a matrix (called the weight
matrix W) and adding a vector (called the bias b),

y=Wx+b, (3)

where x € R" and y € R™. Thus, the weight matrix is an
m x n matrix and the bias is a vector in R™. The param-
eters of this map are the weights (i.e. the entries w;; of
the weight matrix) and the biases b;, & = (wj;, b;). Col-
lectively, these parameterise all affine maps from R” to
IR™, but this is of course a boring, highly restricted class
of functions, which is not very powerful or expressive.
One might try to make it better by stacking multiple affine
maps,

y=w® (W(U} 4 z,(n) + 5O, (4)

but that is just equivalent to a single affine map of the
form (3) with W = WO W and b = w®pW +p®.
Put more formally: affine maps are closed under com-
position. However, if we apply a non-linear function to
(each component of) Wx + b before applying the next
affine map, one cannot simply factor the composition as
in (4), and one obtains a non-trivial and more general
map. The parameters of this map are still all weights and
biases; the non-linearities, also called activation func-
tions a), are typically simple functions such as tanh(x)
that act on each component of the vector independently
(but any non-polynomial activation function will do),
and do not have any parameters. For example a (feed
forward, artificial) NN fy of depth 2 and tanh activation
function would be

fy:R" > R"

h h
X yi= Z Wi(jz) (tanh (Z Wj(kl)?ck + bj(l))

=1 k=1
+ Ei(z)) (5)

This is usually represented as a computational graph
where each node (called a neurone) represents a com-
ponent of a vector on which the non-linear activation

functions act, each affine map adds another layer to the
graph, and the layer connexions in the graph correspond
to the weights and biases. The number of layers (i.e. the
number of affine maps R" — R/+1) is called the depth
of the NN, the ’intermediate’ layers are called hidden lay-
ers (since they are never output), and the dimension h; of
the hidden IR are called the width of the NN. We give
an example in Figure 3(a).

While parameterised maps fy might seem like a
strange way of writing a function, we actually encounter
similar functions in many places in Physics, for example
in Fourier or Taylor expansions of a function (taken from
R — R for simplicity here),

flx) = Z w,(z) cos(wfl)x + bj), (6a)
fo=> w" (x - bﬁl))i, (6b)

where in the Taylor expansion wfl) = m, bgl) = Xp.
The difference to the (deep) NN parametrization is that
the latter is not well-adapted to be understood by a
human (ironically, since NNs were modelled after the
human brain). In contrast, the meaning of the parameters
in the Fourier expansion (amplitude, frequency, phase
shift) and Taylor expansion (expansion point, impor-
tance of higher order corrections) is very intuitive. This
illustrates one of the biggest problems in NNs: Their
parametrization is not human-interpretable (especially
not in modern neural networks with tens of layers and
billions or trillions of parameters), which is why NNs are
often called black box models.

This begs the question: If NNs are black box, why
should one choose a parametrization as in (5)?> While I
do not know a great answer to this, the Universal Approx-
imation Theorem at least ensures that we can write our
function in this way. A second, equally little satisfying
answer is that it just works great across many disciplines.
Thirdly, NN show an interesting phenomenon known as
‘double descent’ [27, 28]. A classic result known as the
bias-variance tradeoft in fitting functions dictates that

b) 4 c
(®) Seen data () 4
5 Unseen data Chaotic Phase
A B
Ordered Phase
R3 R? R? # Parameters o (b) "

Figure 3. (a) Computational graph of the NN in (5) with n = 2, h = 5, m = 3. (b) Schematic illustration of double descent. (c) Phase
diagram of the NN parameter space for tanh activation, with the edge of chaos in red, see [26].



one should use just as many free parameters as neces-
sary. If there are too few, the function is not complex
enough to fit all points; if there are too many, the func-
tion is too complex and it fits to noise or is ill-behaved
away from training points. Both lead to poor perfor-
mance on unseen data known as the generalisation gap.
This is particularly pronounced for fitting high-degree
polynomials akin to the Taylor expansion (6b). Assume
that we want to learn a cubic function from a collec-
tion of 100 data points (x, y = x> + €), where € models
small random noise. If we only include 2 parameters in
our polynomial ansatz, we can only learn a linear poly-
nomial, meaning that the parameterised function is not
powerful enough. If we include 100 terms, we have more
than enough parameters to fit all 100 data points exactly.
However, the resulting polynomial is of degree 99, which
means that its derivative is of degree 98 and can thus
have (up to) 98 extrema. This leads to wild fluctuations
in between the 100 fixed data points, the function looks
nothing like a cubic function, and the generalisation error
is huge. Of course, in general it is very difficult to deter-
mine what the right number of parameters is. Luckily for
NN, if one vastly overparameterizes the NN, the error
on unseen data starts to go down again (hence the name
double descent) and the model generalises very well; see
Figure 3(b) for an illustration.

By studying limiting cases, as is often useful in Physics,
we can give some intuition for what the weights and
biases are doing. This also connects to other research
areas in Physics, that of phase transitions and chaos. Con-
sider the limit of very large biases, b > Wx. In this case,
we can neglect Wx against b, which means that the NN
becomes essentially independent of the input x. This is
called the ordered phase, since the NN is well behaved
(it is essentially constant). In the other extreme regime
of large weights, Wx >> b, a tiny change Ax in the input
will be amplified and typically result in huge changes of
the output. This is the hallmark of chaotic systems, and
this phase is called the chaotic phase. As a consequence,
there is a phase boundary in the (W, b) parameter space
between these two regions (the precise shape of which
depends on the activation function). This phenomenon
was described in [29, 30]. The interesting region, where
the NN is neither constant nor chaotic, is at this phase
boundary, which is known as the ‘edge of chaos’, see
Figure 3(c).

2.2. Supervised machine learning

After choosing a NN and initialising the weights and
biases with random numbers, we have a random map.
The next task is to train the NN, i.e. adjust its parame-
ters & such that this random initial map morphs into the
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map we are actually interested in. A classic example for
how to do this is supervised ML, where one has a collec-
tion of (x, y)-pairs. The inputs x are called features and
the outputs )7 are called labels. To train the network, we
need a measure for how far off the current NN prediction
y = fy(%) is from the true values y. These distance func-
tions are called loss functions. There are many choices for
loss functions, but all should be non-negative and only
zero if f/ = ¥. A simple choice is the mean squared error,

N
1 A -
Lvsg = N E Ve — Yal? (7)

a=1

where a = 1,2,...,N labels the different input-output
pairs in the dataset. During training, one updates the
parameters 6 (meaning all weights and biases in all lay-
ers) such that the loss is minimised. While the loss is
a simple, nice, convex function (a parabola) in the out-
puts, it is typically a complicated function in the (millions
of) parameters that are used to compute the outputs.
This complicated function is known as the loss land-
scape, and finding minima in such a high-dimensional
space is very challenging, and only the simplest (first-
order) minimisation methods are feasible. This is why
NN are typically trained using gradient descent optimis-
ers, which back-propagate the error at the output layer
through the network layer by layer, and adjust the param-
eters via steepest descent, meaning the parameters are
adjusted by subtracting the gradient of the loss function.

This method has the obvious disadvantage that these
updates stop as soon as the gradient vanishes, which is
the case for local extrema or even saddle points. There are
many Physics-motivated optimisation techniques that try
to improve on that by borrowing tricks and techniques
that Nature uses to minimise energy, something that it is
very good at in systems with large degrees of freedom.’
Given how big the field of Physics-inspired optimisa-
tion is, we can only give a small, incomplete overview.
A simple modification is to add a momentum term to
the gradient descent, such that the parameter updates
‘roll past’ a local minima or saddle point instead of
getting stuck there [31]. This is an instance of a class
of optimisers based on classical Physics, more precisely
Hamiltonian or Lagrangian dynamics (see e.g. [32] for a
review). Other ideas include adding friction terms or use
(relativistic) Born-Infeld dynamics and impose energy
conservation [33]. Yet others borrow ideas from thermo-
dynamics and add entropy [34] or noise [35] regularizers,
or use simulated or quantum annealing to find good min-
ima [36]. Quantum tunnelling [37] can help overcoming
local minima, and the algorithm (or the entire NN) can
run on quantum computers [38].
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2.3. Reinforcement learning

Reinforcement learning (RL) is a different branch of ML
where we also train a NN, albeit without explicit labels.
RL is based on behavioural psychology, where the NN
performs actions which are either positively or negatively
reinforced, depending on a predefined goal we want to
achieve. This makes RL ideal for applications where we
know what we want to achieve but do not know how
to achieve it. Perhaps the most famous RL application is
Deepmind’s algorithm that was used to beat the world
champion in the board game Go [39, 40]. Nowadays,
RL is also widely used in robotics and for training large
language models, but we will focus on games.

To be more specific, we will apply RL to problems
in theoretical Physics and Mathematics by ‘gamifying’
the underlying scientific problem. We illustrate how this
works using Go as an example. Go is a two-player game
playedona19 x 19 grid. Players take turns in placing one
stone onto any free grid point, and if a player surrounds
all stones of the opponent with his stones, the opponent’s
stones are removed from the board. The game ends if no
player can or wants to place more stones, and the player
whose stones surround the bigger area wins. We immedi-
ately see that there are 31°%1% ~ 1.7 x 10172 possible Go
boards (since each grid point can have a black stone, a
white stone, or no stone). To put this into perspective,
the visible Universe has about 108 atoms. In contrast, the
number of possible moves at any point in the game is (at
most) 19 x 19 = 361. A naive strategy to coding Go on
a computer would be a search tree, with the root node
being the current Go board. From there, one checks all
possible next moves and the resulting new boards. This
is then repeated for each of the new Go boards, until a
winning strategy is found, meaning a path through the
search tree that ends in a Go board that is winning for
the current player. Of course, this is completely unfeasi-
ble in practise, since the search tree is too big to be stored,
even if each atom in the Universe could store the state of
a Go board. So instead of unrolling (forward-simulating)
the entire search tree, one uses heuristics that decide
which branch to focus on, i.e. which move to play next.
As the reader might guess, this decision is outsourced to
a NN. To describe the algorithm, we introduce the RL
vocabulary that is typically used:

e Agent: The player(s) of the game.

e State space: The set of all possible Go boards. The
elements of this set are called states.

e Terminal states: The subset of all states where the
game ends (either winning or losing).

e Action space: The set of all possible moves. The
elements of this set are called states.

e Reward function: The (positive or negative) rein-
forcement given to the agent for their actions.

e Policy: The function that chooses the next action.

e Episode: A game, ie. a sequence of states and
actions that lead to a terminal state.

Mathematically, RL is solving a (Markov) decision
problem. There are many RL algorithms, which often
involve a second NN in addition to the policy NN, which
estimates how good the current state is. The NNs are
trained based on the reward function, such that over time
they propose more winning moves and learn to realis-
tically estimate how good certain positions (states) are.
In more detail, the algorithm is given the current state,
from which it computes the next action and (optionally)
a score for how good the state is. The action is carried out,
which leads to a new state. Based on the quality of the
new state, the agent is rewarded or punished according
to the reward function. After that, the process is repeated
with the new state given as input to the NN, until a termi-
nal state is reached, at which point the game is reset. This
is illustrated for a robot exploring a (discrete) landscape
with the goal of finding the global minimum in Figure 4.

For two-player games like Go, NNs are trained via
self-play, meaning that two Al agents are playing against
each other over and over. A problem with RL can be
sparse rewards: for example in Go, one typically chooses a
reward function of +1 if the terminal state that is reached
is winning and -1 if it is losing. However, this means
that one needs to finish an episode before a reward can
be assigned. It is also important to note that the NN is
trained to maximise its return, which is defined to be the
accumulated reward over many actions, instead of just
its next reward. Otherwise the policy could get stuck in
‘local minima’, where the NN only plays moves that are
beneficial in the short run but do not lead to a good or
winning strategy in the long run. Indeed, RL agents play-
ing chess will happily accept gambits or pawn sacrifices
for a better long-term position on the board.

3. Limitations: computational complexity

A big advantage and reason for the success of NNs is that
they are model-independent, which means they can be
applied to all sorts of problems and areas. Most prob-
lems can be formulated as maps, and by the Universal
Approximation Theorem, NNs can learn these maps.
However, this does not necessarily mean that NNs will
be successful (or outperform other algorithms). It is very
difficult to know in advance whether a NN will be the
best option for a given problem. As a rule of thumb, one
should ask whether there already exist efficient, deter-
ministic algorithms tailored to the problem one is trying
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Input Find next Perform

state action next action

Receive reward/

Adjust
behavior

Terminal

punishment state

Figure 4. An agent explores a discrete state space by performing actions that are rewarded (diamond) or punished (lightning bolt) with
the goal (terminal state) of finding the lowest point in the landscape. It adapts its behaviour based on the accumulated rewards and

punishments.

to solve. If the answer is yes, it is typically better to use
this algorithm.

This begs the question what ‘efficient algorithm’
means, and whether there could be more efficient algo-
rithms. This is the subject of computational complexity
theory. To simplify the discussion, one focuses on deci-
sion problems. These are an infinite family of problems
whose input size is given by some parameter N, and
whose output is either yes or no. One then classifies prob-
lems into different complexity classes depending on how
long it would take to either find or check an answer as
a function of the input size N. There is a whole hierarchy
worth of these, and we will only cover the most important
ones:

e P: The answer to problems in P can be decided in a
time that grows at most polynomially in the input
size N. This means there exists an algorithm that
computes the answer in polynomial time. Prob-
lems in P are the simplest (or fastest to solve) in
computational complexity theory.

e NP: The truth certificates (a set of numbers that can
be used to decide that the answer is yes) can be veri-
fied in a time that grows at most polynomially. Note
that this does not make any assumptions about how
the truth certificate was found; it just postulates that
given a solution to the problem, one can quickly
check that it is a solution. It also does not make any
assumptions about the time it would take to check
that something is not a solution.

e co-NP: Like NP, but for the ‘no’-instances

e EXP: Like NP, but it can take at most exponentially
long to verify the yes instances

e DEC: The set of all decidable problems, no matter
how long it takes.

From the definition, it is clear that P C NP C EXP C
DEC. This is just the statement that if I have found an
algorithm that solves the problem in polynomial time,
I can check the yes instances in polynomial time. What
is far from clear is whether for example NP C P, and
thus P = NP. In fact, this is a millenium problem, one of
the biggest open problems in Mathematics (or theoretical
computer science). We will say more about complexity
in a bit, but to illustrate the difficulties, let us give an
example.

INVERTIBLE: Decide whether a given N x N matrix M
is invertible.

This is clearly an infinite family characterised by the
size N? of the matrix, and it clearly has a yes/no answer.
The problem is also in NP, since given an inverse matrix
L as truth certificate, one can check in polynomial time
whether ML = LM = 1. However, we cannot use the
same as a certificate for the no-instances (if no inverse
matrix exists, the algorithm cannot return one), so the
problem is not obviously in co-NP. Another way one
could try to tackle this problem is to compute the deter-
minant of M. All yes-instances would have a non-zero
determinant and all no-instances would have a zero
determinant. So the determinant can serve as a certifi-
cate for the yes- and no-instances. If one naively applied
the Leibniz formula, which expands the determinant as
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products of signed permutations

N
det(M) = z ng(i),i, (8)

oeSy i=1

we would have to compute N! many terms. This grows
faster than any polynomial, so in particular finding the
solution is not in P. Moreover, with the Leibniz formula,
the certificate (the determinant) could not be checked
in polynomial time, which would mean that the prob-
lem is in EXP. However, the problem is actually in P:
One can compute the determinant by diagonalising the
matrix (which amounts to solving a linear system of
equations, which takes time O(N?)). Then, the eigen-
values are on the diagonal and the determinant is just
the product of the eigenvalues, which can be computed
in time O(N). Hence the total time for computing the
determinant grows as a cubic polynomial. However, if we
hadn’t had the idea of computing the determinant via
the eigenvalues, we would have concluded that the prob-
lem is in EXP and hence desperately searched for any
algorithmic speedup.

The example illustrates that it is difficult to know
whether one has found ‘the best’ algorithm; there might
exist better ones, but they require a trick that we haven’t
thought of so far. This is why it is so difficult to answer
whether P=NP. Just because I have a problem that I can-
not solve fast does not mean that tomorrow someone will
have a brilliant idea that solves the problem in polyno-
mial time. Having said all that, most experts believe that
P#NP, meaning that some problems are genuinely harder
than others, and we will make this assumption for the rest
of this chapter.

Computational complexity theory has (at least) two
surprises that sound completely insane if you hear them
for the first time. The first is about the existence of so-
called NP-complete problems [41, 42]. These are prob-
lems that lie themselves in NP and that are as difficult
to solve as any problem in NP. It seems impossible to
make such a statement, since we do not even know all
NP problems. However, NP-complete problems are so
general that one can show that any problem in NP can
be mapped onto them in polynomial time. In turn, this
means that if I could solve any NP-complete problem in
polynomial time, I could map all problems in NP onto the
NP-complete problem, use the polynomial time solver
for this, and hence solve all NP problems in polyno-
mial time, thus concluding that P=NP. Hence, under our
assumptions, there is no fast way of solving NP complete
problems. The second surprise is that there exist prob-
lems that are undecidable, so there exist problems that
do not have a solution in any time complexity [43]! One

might think that these are some over-engineered patho-
logical examples that never appear in Physics, but that is
actually not the case.

Many simple problems are NP complete. A simple
example for an NP-complete problem is the following:

SUBSET-SUM: Given a set of N integers, decide whether
there exists a subset of them which sum to zero.

The naive algorithm is just building all 2V subsets and
trying all of them (which is clearly not doable in poly-
nomial time); however, if someone gives you a subset,
you can easily verify that the integers sum to zero. So
the problem is in NP. Showing that it is NP-complete is
more work. Similarly, the following simple problem is
undecidable:

DIOPHANTINE: Given a K polynomial equations with
integer coefficients, does there exist a simultaneous zero
of all equations with integer values for the variables, so in
the simplest case

FJexeZ: apt+ax+...+anx) =0, aieZ.

)

Undecidability of this problem was proven by Matiyase-
vich [44] and answered one of Hilbert’s 23 problems [45].

NP-complete or even undecidable problems appear in
Physics (and the real world) all the time. For example,
the authors of [46] studied a model in which answering
why the Cosmological Constant is so small in our Uni-
verse can be mapped onto the subset sum problem. Dio-
phantine equations are also ubiquitous in Physics since
problems with integer coefficients and integer solutions
appear as soon as one quantises a theory [47]. Moreover,
if we accept the notion that some problems cannot be
solved fast, and others cannot be solved at all on any com-
puter, we should also accept that the Universe is bound by
the same rules. This means that one needs to be able to
find a solution to the equations that govern our Universe
and give rise to the things we observe now within the
timeframe of 13 billion years, which is the lifetime of the
Universe. Moreover, we cannot live in a Universe whose
solution would require solving an undecidable problem.
These ideas have been formulated in [46, 48, 49]. Theo-
rists have also studied computational complexity in the
context of black hole Physics [50].

Coming back to computational complexity and ML: If
not even the Universe itself can solve NP-complete (or
worse) problems fast, a NN most certainly cannot either.
Since the runtime of NN is polynomial - they just mul-
tiply matrices and apply a tanh here and there - they
should only be able to solve problems in P. However,
before jumping to conclusions, one should keep a few
things in mind. First, while NP complete problems might
not be solvable fast, it could be that (infinite) subfamilies



of the problem are actually solvable in P. Maybe physi-
cal or mathematical consistency conditions select those
problems that can actually be solved quickly, albeit with a
hitherto unknown algorithm. Another possibility is that
some problem in the family is hard or undecidable, but
on average the problems are easy to solve, i.e. they have
a lower average case complexity. Third, perhaps we do
not need to solve the problem exactly but only approx-
imate a solution (and then maybe round it to the nearest
integer). Indeed, hard problems can have approximation
schemes that are in P. Fourth, NNs are often stochastic, so
they might only be able to solve the problem two thirds of
the time, say. Problems that can be solved in polynomial
time probabilistically (for example on a quantum com-
puter) are in the complexity class BQP. The most famous
example is factorisation of integers into its primes. This
problem is in NP (by trying out all prime numbers up to
the given number). It is not known to be in P, but it is
in BQP [51].> In summary, NNs could still perform well
on such problems, either because the problems fed to the
NN are not as difficult as they could be, or because the
NN is finding a good approximation, or because the NN
is allowed to fail on some instances.

4. NNs and differential equations

Arguably most of Physics is about describing how a sys-
tem or object changes in time, which leads naturally to
differential equations of the form

u(t) = F(t, % u, Vu,...). (10)

To uncover a new Physics law, Physicists traditionally
study experimental data and find the equation govern-
ing the time evolution. In theoretical or mathematical
Physics, one often postulates an action (based on a model
of the real world). Demanding that the action is extrem-
ized then leads to the equation of motion of the object
described by the action. This is a set of partial differen-
tial equations (PDEs) which one then needs to solve and
compare to experiment to decide whether the model of
the real world was good or bad. Moreover, typically the
experiment (or the action) depends on multiple phys-
ical parameters. Either situation can be modelled by
NNs, and the areas that study them are known as Neu-
ral ODE/PDE, Physics-Informed NN (PINN) and Neural
Operators, respectively. Let us describe them in turn,
using a simple example that probably every Physicist has
studied: the harmonic oscillator. We know from Hooke’s
law that springs (within reasonable ranges of deforma-
tion, where ‘reasonable’ depends on the spring material),
exert a force that is a linear response to displacement,
F = —kx. On the other hand, Newton taught us that F =
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ma = mv = mX. So together

X = —Ex = —w’x, (11)
m

and the solution is of course A sin(wt + ¢9) where the
amplitude A and phase shift ¢ are integration constants
that need to be determined by the initial conditions. This
example is not quite the same as (10), which assumed
we are interested in the rate of change of some variable
u, while (11) has two derivatives, so it is a second order
ODE in the position x. However, we can easily translate
our equation into a system of first-order ODEs where
each equation is of the form (10) by introducing multiple
(auxiliary) variables u; and functions F; on the right-hand
side,

u=Ftuv,..)=v

v=FK{tuy,...) = —*u. (12)

In this case, the function u(t) is simply the position of x
at time t and the auxiliary variable is the velocity v = x =
Aw cos(wt + ¢p).

Neural ODE

In a neural ODE, one replaces the right-hand side, mean-
ing the unknown function F in (10), by a NN. The NN
learns F and thus the rate of change of u from measured
data (t,1). For the sake of this example, let us assume
we did not know about Hooke’s law and Newton’s law.
Instead, we just have a spring with a weight attached to
it. We move the spring from its equilibrium position and
are interested in describing how the position and velocity
change over time. To do so, we measure these quantities,
such that we have a time series of data (t,v = @1, a = i),
and we can fit two NNs to this data (or just one with two
outputs) to learn F; and F,. For the example where we use
a single NN to learn both F; and F,, we set up the NN to
get inputs (¢, x(t;), v(t;)) in R* and outputs (v(t;), a(t;))
in R?. For training, we can simply use the Mean-Squared
Error (MSE) loss

Lx—-ops = MSE((t), (v(t:), a(t)))
N
1 3 3
= 5 2 i = v + i —a(®)P. (13)
i=1

In this way, the NN learns the functions
f/l(t, u,v) = Fi(t,u,v) = v,
f/z(t, u,v) = F(tu,v) = —*u. (14)

So in a way, neural ODEs use time series data to interpo-
late the data. Instead of getting data from an experiment,
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one can also get it in atheoretical setup from a differ-
ent (more expensive) differential equation solver like a
Runge-Kutta or finite element solver, and use this to train
the NN. The whole procedure can also be generalised to
neural PDEs.

PINNs

For PINNs, we assume that we have the differential
equation, so we know the right-hand side F, but are inter-
ested in finding the function u that solves the PDE. The
idea in this case is that we let u be the NN (which can
represent any function, so in particular the function that
solves the PDE), take derivatives of the NN with respect
to its input,® and use the PDE itself as a loss:

Lpinn (8, u) = MSE(i, F). (15)

Note that the loss is zero if and only if the function
learned by the NN is a solution to the PDE.

In our example of the harmonic oscillator, assume we
want to solve the ODE (11). We set up a NN with one
input (the time t) and one output (the position u(t)).
We generate some inputs in the input domain (so time
points ¢t € [fy, t1]), compute two derivatives of the NN
with respect to ¢ and use the loss

1 "
Lemn(tw) = = > 70 —HOF. (16)

If we want to include the initial values (or boundary
conditions) as well, we can add these as additional loss
terms,

Lovon(t1) = = 3 0 = o OF + utto) = 5(t0)”

+ [v(to) — y(to)*. (17)

If we had a boundary value problem, we would simply
replace the last term by |u(t;) — 7(t1)|. Note that this is
much easier than using shooting methods for boundary
value problems. Also, PINNs need not be adapted to stiff
PDEs, and have been found to scale better for PDEs in
higher dimensions than finite element methods, which
suffer from the curse of dimensionality, which means
one needs an exponentially large number of points (and
hence elements or simplices built from these points) to
approximate the solution of the PDE.

4.1. Neural operators

The solution found by the PINN depends on the spring
constant k and mass m of the attached object (or rather,
on the ratio w? of the two). Since w enters directly in the

loss function, the function u and hence the NN is specific
to and only valid for this chosen, fixed . In neural opera-
tors, the parameters get promoted to inputs, i.e. we would
train a neural operator NN u,(t) to solve the ODE (11),
where both ¢ and w are inputs to the NN. Of course, we
would still only differentiate the NN with respect to its
input ¢. This approach can be understood as interpolat-
ing PINNs for different parameters o of the differential
equation. The solutions to the neural operators are thus a
family of functions depending on w.

4.2. Example: Calabi-Yau metrics

String theory is a promising candidate for a unified
description of all known fundamental forces in the
Universe. A robust predictions of string theory is the
existence of extra dimensions. In the best-understood
case, string theory predicts six extra spatial dimensions.
Searches for extra dimensions, for example at the Large
Hadron Collider (LHC), have not detected any extra
dimensions yet, which is why we know that, if they exist,
they must be curled up and small (the current upper
bound for one extra dimension is around 1 um). How-
ever, the six extra curled-up dimensions in string theory
cannot be just anything. String theory imposes equations
of motion for all quantities that are described by the the-
ory, and since it is a theory of everything, it imposes
constraints on everything. One of the constrained objects
is the metric of all dimensions (i.e. of the four dimen-
sions of our Universe as well as the extra six, curled-up
ones). As predicted by Einstein’s theory of General Rel-
ativity, the metric is not constant, but rather a function
of space and time. The equation of motion for the metric
in the extra dimensions derived from string theory is a
very complicated partial differential equation (to be pre-
cise, it is a fourth order PDE). The PDE demands that the
extra dimensions cannot be ‘too curved’, meaning that a
measure for curvature known as the Ricci curvature ten-
sor, has to vanish. Metrics with these properties are called
Ricci-flat.

To this day, nobody knows how to solve this equation
analytically (and it is not clear that it has an analytic solu-
tion at all). Surprisingly enough, Calabi conjectured [52]
that one can always find a solution if a certain topo-
logical invariant (the first Chern class of the tangent
bundle), which can be easily computed for the given
curled-up dimensions, is zero. Calabi showed that the
solution is unique (without knowing whether it actually
exists, which is something mathematicians like to do).
Yau proved Calabi’s conjecture and with it the existence
of a unique solution to the equations of motion imposed
by string theory on the metric in 1977 [53], which earned
him the Fields Medal in 1982. Moreover, these spaces



became known as Calabi-Yau manifolds (CYs). However,
Yau’s proof is not constructive, which means he shows the
existence of a solution without constructing it (which is
also something mathematicians like to do). Within the
45 years that passed since his proof, nobody has man-
aged to find a constructive proof except for very special
cases. Not knowing the metric is a problem in studying
the theory, since everything couples to gravity and hence
the metric appears everywhere. Not knowing the metric
meant that string theorists had to get creative (and learn
algebraic geometry) to nevertheless extract Physics from
String Theory. This has led surprisingly far, but some
quantities are out of reach without an explicit metric.

The need to solve a complicated PDE of high degree in
6D, together with the fact that in all likelihood numerical
methods will be the only way of addressing the problem,
makes NN an ideal method to try. The first papers that
attempted this were published on the same day by two
independent groups [54, 55], and a third group published
their results a few months later [56]. There have been
multiple follow-up works since then; in particular [57]
generalised the approach to essentially all known Calabi-
Yau manifolds. The approach [54] used Neural ODEs,
PINNS, and Neural Operators, although we did not call it
that (the names were popularised in [58-60], respectively,
which were published after our paper was written).

Let us discuss different techniques we employed to
approximate the metric. For all methods, we need to have
points in the region of interest. For the harmonic oscilla-
tor, these were points in some time interval t € [fy, t1]. In
the case at hand, we need points on the curled up extra
dimensions. These are described by sets of equations with
six (independent) variables, and the simultaneous solu-
tion to all equations gives points that lie on the Calabi-Yau
manifold, see Figure 5(a). While solving the equations is
complicated and tedious, it is a classical algorithm that
does not involve Al, and we won’t discuss it further but
just assume we have a collection of points on the CY we
can use as inputs for a NN.
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However, this illustrates an important difference
between Al for theoretical Physics / Mathematics and Al
for other fields. In the former, one can just generate math-
ematical data. This data will be exact (solutions to some
equations) and does not require expensive lab equipment
to measure or human annotators or domain experts to
generate, curate and label the data. In this sense, mathe-
matical data is cheap. Moreover, the notion of input data
is much more precise in this case. It is clear what each
input feature means (in this case, a coordinate on curled
up dimensions) and even what type of object all the
inputs describe within the entirety of the input space R”.
In contrast, if the inputs are the pixels of an image, there
is also some subspace in the space of all images where all
cat images lie, and a classification NN will identify the
subspace and learn a decision boundary that separates it
from the rest. However, the notion of a ‘cat manifold” in
pixel space is not well defined. Surely for any image that
represents a cat, I can make a single pixel half a percent
more red and it would still be a cat. Also, the CCD chip
of the camera with which the cat image was taken had
thermal and readout noise, meaning there are noisy pix-
els in the image that have the wrong colour anyways. On
the other hand, a CY manifold is a mathematically well-
defined object, and we can find arbitrarily many points
on it with arbitrarily high precision.

Let us first discuss the neural PDE setup. Obviously,
we cannot take a ruler and measure distances in the six
extra dimensions to get some data points for the met-
ric we are trying to fit. However, we can approximate the
metric using a numerical algorithm developed by Don-
aldson [61]. Donaldson addressed the issue by solving a
different problem (as mathematicians like to do) of find-
ing a so-called balanced metric. He then showed that in
a certain limit the balanced metric becomes the Ricci-flat
metric. A practical problem is that this limit is computa-
tionally very expensive to take, which is why Donaldson’s
algorithm scales badly. Nevertheless, one can compute
the approximate metric at some points and then use a NN

(b)

Figure 5. (a) A2Dimage of a 3D projection of the extra 6 curled up dimensions (CY) in string theory. We have obtained the point samples
by solving the corresponding polynomial equations. (b) Deviation from solving the differential Equation (19) for the PINN that approxi-
mates the Ricci-flat metric. The NN has 3 hidden layers with 64 neurones each and is trained with 100 k points for 100 epochs. The loss
on the unseen points is the same as on the training points, indicating that the NN is not overfitting.
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to interpolate the solution to many more points. This was
also used in [62] to approximate the determinant of the
metric.

A second approach is to use PINNs and discard Don-
aldson’s algorithm altogether. This means we set up a
NN that gets as input a point on the CY and the NN
maps it to a real 6 x 6 matrix that describes the metric
at this point (for a fixed choice of coordinate system).
As mentioned above, this requires solving a fourth order
PDE, meaning one needs 4 derivatives of all 36 outputs
of the NN with respect to all 6 inputs, which is compu-
tationally intense. One can improve on this in two ways.
The first one is to use mathematical insight that was also
used to prove the Calabi conjecture. As it turns out, one
can rewrite the fourth order PDE in terms of a special
second order PDE (of so-called Monge-Ampere type).
Moreover, instead of computing the 36 entries of the
6 x 6 matrix, one can compute a single scalar, from which
the metric can be computed by taking more derivatives.
However, this scalar function has to satisfy certain sym-
metry properties, which can be imposed by constructing
an equivariant (or invariant) NN with respect to these
symmetries, as explained in the introduction.

Armed with this NN, we can use another trick known
as ‘boosting’ in the ML community. Instead of learn-
ing the entire metric from scratch, we start from some
approximation and the NN only learns a correction to
this starting point. There is actually a canonical metric
one can use for the extra dimensions, called the Fubini-
Study metric grs. While it is a perfectly fine metric, it is
not Ricci-flat, meaning it is not the one that solves string
theory’s equation of motion. This is why we correct it
with a NN to give the Ricci-flat metric gcy,

8 (1, ., x6) = g2(x1, ..., Xg)
0
— et X6). 18
ox, ox dNN (X1 x6). (18)

The x5, a=1,...,6 are the points on the CY and ¢nn
is the correction term learned by the NN, from which we
compute the metric by taking derivatives. The loss for the
PINN is

N

1 S 012 N
LpNN = N ; |Q(x)|” — x det [gﬁ’s”(xi)
o 0 Nk
—- )|, 19
+ ox, 0%, ¢NN(xz)] (19)
where x; = (x1,...,%¢)i» i = 1,...,N, is a collection of

N points on the CY used for training, x is a constant
which we will return to further below, and |Q(x;)|? is
a known function of x that can be computed just from
the input points. We can think of the training process in

which we change ¢ as traversing or flowing through the
space of metrics, starting from the Fubini-Study metric
and ending up at the Ricci-flat metric [63].

Finally, let us discuss neural operators. So far, we have
suppressed the fact that the metric depends on param-
eters, so-called moduli, that determine the shape and
size of the curled-up dimensions. This parameter depen-
dence is hidden in « in (19),” much like it was in ® in
the harmonic oscillator. What sets the values for these
parameters is an active, ongoing research direction in
string theory, but in the end they will also be dynam-
ical and change to minimise the energy just as every-
thing else in Physics. However, in the neural PDE or
PINN setup, we find solutions at a fixed point in mod-
uli space. In order to adapt the solution to changes in
the moduli, we can pass them as inputs to the NN and
have the NN interpolate the solution across the mod-
uli space. In the neural PDE setup, this requires run-
ning Donaldson’s algorithm multiple times, once for each
point in the moduli space. In the PINN setup, we sim-
ply train with different values of ¥ and different points as
inputs.

5. Interpretable Al

Knowing the metric, or some approximation thereof,
allows to compute physical observables that are other-
wise inaccessible. While it would be better to know an
analytic expression for the metric, this might simply not
exist, and we have to resorted to NNs to address this
problem. After training, we have an explicit expression
for the CY metric, i.e. the NN. So in principle, the CY
metric is given by tanh(W® - tanh(W® - x 4+ b)) +
b®@), or whatever our NN architecture for ¢y in (18)
is. While this function is fully explicit, it is not human-
interpretable. The parametrization does not make the
functional dependence on the coordinates (and on the
moduli, in case of neural operators) interpretable to a
human.

However, there are techniques that allow to elucidate
the dependence on the inputs, with the hope that domain
experts can interpret this dependence [64]. Finding out
which inputs (i.e. features) are relevant for which outputs
is known as a feature saliency analysis. There are mul-
tiple techniques to assign saliency or importance scores
to inputs. A simple approach is called gradient saliency,
which was popularised in the context of interpretable Al
for Mathematics in [65]. For this, one simply takes the
derivative (more precisely the gradient) of the NN with
respect to its inputs (we had to do this anyways to solve
the PDE). The derivate measures the rate of change of
the output with a change of the input. This means that
the larger the absolute value of the gradient of output



node j with respect to input feature i, the stronger its
dependence on this particular input.

Another simple technique that does not even require
taking derivatives and is thus suitable for other ML tech-
niques that do not allow to take a derivative of the
algorithm is feature corruption. This means that one
takes the trained NN and randomises one of its input
features. If the output changes significantly (or at least if
the loss goes up significantly), this feature was important
for the final prediction of the NN. While there are many
ways of corrupting a feature, a common choice is feature
permutation, meaning one just picks one of the features,
randomly permutes the values across all data in the test
set while keeping all other inputs the same, and then runs
the NN on this corrupted input. Feature permutation has
the advantage that the distribution of data seen by the
NN is unchanged, just the relative composition of data
in which the feature appears changes. This ensures that
the accuracy is not impacted simply from choosing wildly
out-of-distribution values with respect to the data with
which the NN was trained.

While feature scoring can tell you what the NN bases
its predictions on, it does not necessarily tell you how it
finds its prediction. This is the realm of symbolic regres-
sion: Instead of the deep composition of affine maps
and non-linearities, we want to find a function that is
expressed in terms of standard functions we have a bet-
ter feeling for, like polynomials, exponentials and log-
arithms, and trigonometric functions. Of course, if a
domain expert has reason to believe that a certain func-
tion might be relevant (for example because the NN is
approximating the solution to a hypergeometric differen-
tial equation), one can explicitly include these functions
as well.

Using a process called feature engineering, one can
turn symbolic regression into a simple linear regression
problem. To give an example, assume that our NN was
trained to learn the function

f(x) = x® = 17x + 5 + cos(x). (20)

Instead of just providing x as the input feature, we engi-
neer new features based on the old ones, and also provide
x2, x3, sin(x) and cos(x). We then use linear regression,
meaning a NN with no hidden layers and no activation

functions,

fo (x, %%, %%, sin(x), cos(x))

=W';C+b=(W1W2W3W4W5)' x3 + b.
sin(x)
cos(x)

(21)
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After training, we willfind W = (=17 0101)and b = 5,
which gives us the symbolic expression (20). While this
works in this simple example, complications arise from
composite functions. If the function had been cos(x® —
17x + 5), our feature engineering would have failed. We
will explore an ansatz to deal with this next.

5.1. Symbolic regression and Kolmogorov-Arnold
networks

One of the main reasons why NN are black boxes despite
us being able to write down the functional form, is the
huge number of parameters. Modern NNs have billions
or even trillions of parameters. So let us take a step back
and ask why we need all these parameters. A (part of the)
answer are the neural scaling laws, and the double descent
phenomenon discussed in Sections 1 and 2.1, respec-
tively. This means if we could find a NN architecture
that

e can approximate any function,

e is not prone to overfitting,

e makes the individual functions of which the net-
work is composed of more easily interpretable,

e has neural scaling laws with better exponents,

we could potentially use a much smaller network with
much fewer parameters that is still performing well, but
can be interpreted. This is the idea of Kolmogorov-
Arnold networks which we proposed in 2024 [66]. Let us
go through the different points in turn.

First, if we change the architecture, we need to make
sure that we still have something akin to the Universal
Approximation Theorem to ensure that the function we
want to learn can actually be expressed in the way we
set up the algorithm. For this, we use the Kolmogorov-
Arnold representation theorem, which states that any
function can be written in terms of sums of unary func-
tions (meaning functions that just take a single variable).
This means that sums are the only binary operation
needed. For example, we can write

fley) = (x+ y)y = exp[log(x + y) + log(y)], (22)

which expresses the product as a sum. However, this
means that we need to compose two unary functions (exp
and log in this example), so we need to build deep func-
tion compositions. This motivates building a computa-
tional graph where we apply unary functions at the edges
and then sum up the outcome of all these functions at the
nodes. Deeper functions are then built from deeper com-
putational graphs. We present the computational graph
for (22) in Figure 6. We call this computational graph a
Kolmogorov-Arnold Network (KAN).
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Figure 6. KAN representation of Equation (22). In the first layer we form the pairs 1x 4+ 1y and Ox + 1y. So the edges are just the identity
function, and we omit the edge with the zero function, In the next step, the edges apply the log and sums them. In the last step, the edge

applies the exponential function.

The next question we need to address is how to
approximate the unary functions on the edges of the
KAN. One possibility would be to fit a polynomial or a
NN to the function. However, this introduces problems.
As argued when we discussed the double descent, fit-
ting a polynomial suffers from poor generalisation: One
needs enough parameters to make the polynomial gen-
eral enough, but then it wildly oscillates in between the
fitted data points, giving a large error on unseen data. If
we fit an overparameterized NN, we can avoid that, but
then we have again the problem of non-interpretability.
Instead, we choose to fit (cubic) splines. These are piece-
wise cubic functions that interpolate between the data
points. Being only cubic, they cannot oscillate wildly
between the training points, which prevents overfitting
while only needing very few parameters. Their graph can
be analysed visually to see whether the spline resembles
any analytic function such as a parabola, a logarithm, or
a cosine, cf. Figure 6. If so, we can replace the spline by
this function and obtain a symbolic expression given by
the composition of sums of analytic functions. The rea-
son why one chooses cubic splines rather than something
of even lower degree is that one wants enough parameters
to ensure that the cubic polynomial goes through the two
fixed endpoints, and that the derivative at these points
matches with the derivative of the neighbouring splines,
such that we get a continuous, differentiable function.

Since KANs have much fewer parameters N, one might
worry that their error, which should drop like N~¢
according to neural scaling laws, is large. However, if the
neural scaling law of KANs have larger exponents a, we
can compensate for the smaller N. As mentioned above,
the NN scaling laws are not fully understood, but one
proposal is that & = 1/d, where d is the ‘intrinsic dimen-
sionality of the data manifold’, meaning the dimension
of the subspace within the entire input space on which
the relevant features live. As mentioned in Section 4, this
is not terribly well defined for real world data but can
be made precise for mathematical features/inputs. In any
case, it illustrates a problem known as the curse of dimen-
sionality: If we have a high-dimensional input space, a

will be small, and the error will go down much slower
than for larger a. Using the approximation theory for
splines (as well as emperical studies), one can show that
for KANs with cubic splines, & = 1/4, independent of the
number (or dimension) of input features. This means that
KANSs can converge much faster to smaller errors even
with smaller numbers of parameters.

Finally, we want to mention another advantage of
KANs as compared to NNs. KANs are ‘local’ or ‘sparse’
in the sense that each input enters a single unary func-
tion, and this function is built out of piecewise cubic
polynomials. This means that adjusting the function to
data in a given range requires only updating a single
spline element, while leaving the rest of the learned func-
tion intact. This is in stark contrast to (dense or fully
connected) feed-forward NNs, where all nodes of layer
i enter into all nodes of layer i+ 1 as in Figure 3. This
leads to ‘non-locality’, meaning we cannot adjust to learn
features locally. Thus, adjusting the function may over-
write good fits that were already learned in a completely
different region of input feature space, a phenomenon
called catastrophic forgetting. Sparse NNs are an inter-
esting subject in their own right. If one can successfully
sparsify or prune a huge NN, one can reduce computa-
tion time, energy consumption, and memory footprint,
which is necessary if we want to include NNs on chips to
be placed in detectors, smartphones, cars, etc.

5.2. Reinforcement learning for problems in physics
and mathematics

The final approach for Al for theoretical Physics and
Mathematics that we want to discuss is reinforcement
learning. Here, we give up on trying to interpret how the
NN made its decision but rather try to understand why it
did what it did. After all, when we study a proof in Mathe-
matics, we do not ask how the brain of the mathematician
works and what caused them to come up with the indi-
vidual steps in the proof, but rather we try to understand
how the next step follows from the previous one. In terms
of reinforcement learning, this means we train an agent



to find a sequence of moves and then try to understand
what the NN is trying to achieve. This is done by studying
episodic rollouts, which means one follows the sequence
of states visited in the decision tree from the start state to
the terminal state. In games like Go or chess, expert play-
ers can deduce the tactics learned by the agent this way,
see e.g. [67].

Even if one cannot understand why the NN chose a
particular sequence of actions, RL is still good at produc-
ing provably correct results in this way, and this is what
we use when we ‘gamify’ science. In particular, we want
to use RL for decision problems of the form

PROPERTY X: Does object O have property X.

This is (intentionally) vague, meaning the technique
can in principle be applied to any question of this form.
We set up an RL algorithm that decided the ‘yes’ instances
and do not make any assumption about the behaviour of
the algorithm on the ‘no’ instances. The idea is to train
an RL algorithm to take a series of actions that manipu-
late the object O (so O and all its manipulated versions
are the state space) until it is manifest that O has prop-
erty X. In this case, the algorithm halts, returns t rue and
the truth certificate, which is just the series of manipula-
tions it applied to O. Note that despite us not being able
to interpret the NN and the NN behaving stochastically
while traversing the search tree, the result is neverthe-
less rigorous and provably correct to the extent that it
would satisfy any mathematician. Although we said we
make no assumption about the behaviour for objects O
that do not have property X, we essentially know what
the algorithm is doing - it will still manipulate O in a way
that maximises the accumulated rewards.

This algorithm seems to be ideally suited for NP prob-
lems: There is an exponentially large search tree, but the
RL algorithm finds a path through it to a terminal state,
which we can verify to be correct. However, this does
not mean that NNs can solve NP-complete problems in
polynomial time. First, it could take exponentially many
states to reach the terminal state. Second, and much more
likely, the algorithm does not find the terminal state of
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all ‘yes’ instances, i.e. it fails to produce a truth certifi-
cate for some instances that have one, so it is not perfect.
In practise, one can try to combat this by running the
(stochastic) search multiple times. While this idea was,
to the best of my knowledge, first implemented to solve
Diophantine equations in string theory in [68], we will
illustrate the procedure using a simpler example taken
from knot theory [69]. We want to answer the question:

UNKNOT: Given a knot, can it be fully unknotted, i.e.
manipulated without cutting and gluing it to just be a
standard circle without any knots on it.3

This is the so-called unknot decision problem, which
is known to be in NP, but not known to be in P. An
approach to gamifying the problem is the following: One
moves strands of the knot around until the knot is untied.
Formulated this way, the problem sounds like it has a
continuous action space (since one can move the strands
continuously to any position in R?). However, as it turns
out, the precise position of the strands does not matter
for this question (or for describing the knot as a math-
ematical object); all that matters is whether the strand is
weaved over or under another strand (when looking from
any arbitrary position in IR?), and the order of over- and
undercrossings, see Figure 7(a). Starting from a random
point on the (closed) string that has been knotted up, we
can characterise the knot by keeping track of all crossings
and whether the strand goes over or under another strand
at these crossings.

The next question one might worry about (probably
if and only if one is a mathematician) is whether this
problem is trivial: What if all knots can be unknotted?
Reidemeister was worried about that, and he proved that
this is not the case: There exist infinitely many non-trivial
knots. He proved this by showing that a given knot can be
manipulated to give any equivalent knot by three different
types of manipulations, known as the three Reidemeister
moves [70], see Figure 7(b).

Now it is clear how to formulate the problem as a one-
player game or a discrete search problem, which we solve
with RL. We use the following setup:

LN O N I p—
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Figure 7. (a) A knot (the so-called trefoil) and its projection. (b) The three Reidemeister moves.
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e State space: The set of all knots. Note that this space
is infinite, but finite if we fix the maximal number
of crossings that can be in a knot.

Terminal states: The unknot.

e Action space: The set of Reidemeister moves,
which is a rather small set for any given knot.

e Reward function: We only punish the agent, with
punishment proportional to the number of cross-
ings in the knot. The unknot is the unique knot with
no crossings, and reaching it is the only way for the
agent to avoid punishment.

First note that the game is similar in spirit to Go, in that
it has a huge state space but a rather small action space.
We also want to comment on the reward function. First,
rewards are not sparse, meaning we do not have to play
the game all the way to the end to assign a reward. Instead,
we can reward each action, depending on whether it
increased or decreased the number of crossings in the
knot. This is good, since, in contrast to chess or Go, our
game is not guaranteed to ever end: it will never end on
the no-instances, meaning on the knots that simply can-
not be unknotted. The agent would still try to simplify the
knot as much as possible to minimise the punishments
it receives each time and then stall by doing moves of
type R3 in Figure 7, which do not increase the number of
crossings and with it the punishments received. In prac-
tise, one can prevent the NN from stalling in this way by
declaring a move illegal if it leads to a state that the agent
encountered before (in chess, there is a similar rule that
ends the game in a draw upon threefold repetition of a
position). Since we are trying to solve a Markov decision
process, all that matters is the state itself, not how it was
reached, so forbidding to visit the same state twice can-
not impact whether or not the agent can find a solution.
A second thing to note is that there exist so-called hard
unknots, which are knots that can be fully unknotted, but
only by temporarily increasing the number of crossings,
and hence the amount of punishment incurred by our
reward function. The agent will still choose to do this,
since it is trained to minimise the total amount of pun-
ishments it receives. This illustrates why it is important
to train the algorithm to maximise its long-term return
rather than its immediate rewards.

Notes

1. Hinton also  popularised the backpropagation
algorithm [71], with which essentially all NNs are trained
nowadays, as well as ImageNet [72], a NN architecture
that lead to a breakthrough in image classification. With
over 900Kk citations, Hinton might become the first ‘citation
millionaire’ in the world.

2. The particular parameterisation in (5) is still somewhat
interpretable, but this ceases to be the case for deeper
networks.

3. Although Nature also fails sometimes, for example for
glass. Glass is a liquid, but its energy landscape has so
many local minima in which the configuration gets stuck
constantly, which means glass is flowing very slowly.

4. This is essentially how chess engines (used to) work; they
just looked ahead and simulated moves farther ahead than
humans could. This is impossible for Go, which is why it
took another 20 years after Deep Blue [73] and a paradigm
shift until computers could beat humans.

5. Since many cryptography algorithms (and cryptocurren-
cies) rely on the fact that we cannot quickly factor integers
(as T said, most assume P#NP), we need to rethink these
once Quantum Computers become powerful enough to
break their encryption.

6. Note that for training via backpropagation, we also need to
take derivatives of the NN with respect to its parameters.

7. Itis of course also hidden in the input points: As the shape
of the CY changes, the points on the CY will change as well.

8. In contrast to a knot that one would tie into shoe laces,
for example, knots in Mathematics always have the two
endpoints glue together as in Figure 7(a).
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