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Abstract 7 

In recent years, growing investigations have explored the temperature effects on the mechanics of sands, 8 

unveiling notable deformations caused by individual and multiple thermal cycles. Despite these advances, 9 

the simulation of temperature effects on the mechanics of sands resorts to limited constitutive models – 10 

none of which can suitably capture thermal cycling effects. This study aims to advance the state-of-the-art 11 

by exploring the potential of extending the SANISAND-MS model into a SANISAND-MS-T model that 12 

can capture thermal cycling effects in sands via a thermo-mechanical coupling. The paper assesses the 13 

model capabilities by using a single set of parameters to simulate the deformation of 1 Q-ROK silica sand 14 

subjected to monotonic mechanical loading under triaxial conditions, mechanical loading and unloading 15 

under oedometric conditions, as well as cyclic thermal loading and unloading under oedometric conditions. 16 

The results demonstrate the capabilities of SANISAND-MS-T model to simulate the evolution of sand 17 

deformation subjected to thermal cycling. In addition, the results explore the role of thermal cycling effects 18 

in achieving a terminal density for sands. This work offers new insights into long-term sand deformation 19 

and a new tool to simulate the ultimate deformation in granular materials subjected to thermal cycles for 20 

scientific and engineering purposes. 21 

 22 
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 24 

1. Introduction  25 

Sands and other granular materials continuously undergo temperature variations. These temperature 26 

variations can be applied from hundreds to million times to sands surrounding technologies utilized for 27 

geothermal energy harvesting (Yavari et al. 2014, Ng et al. 2016a, Wang et al. 2017, Laloui and Rotta Loria 28 

2019, Kong et al. 2021, Zhao et al. 2022b), oil extraction (Zoback 2010), thermal energy storage (Lee 2013, 29 
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Chen et al. 2006, Vargas and McCarthy 2007a, Manbeck 1984, Percier et al. 2013, Zhao et al. 2016, Sassine 30 

et al. 2018, Mitterlehner et al. 2020), and material storage (Carson 2001, Chen et al. 2006, Dogangun et al. 31 

2009). 32 

Temperature variations induce deformations in sands, as shown in various experimental investigations 33 

(Agar 1984, Agar et al. 1986, He et al. 2021, Kosar 1983, Liu et al. 2018, 2020, Ng et al. 2016b, 34 

Sittidumrong et al. 2019, Pan et al. 2020, 2022, 2024a, 2024b) and computational studies (Sassine et al. 35 

2018, Vargas and McCarthy 2007b, Dreissigacker et al. 2010, Zhou et al. 2017, Iliev et al. 2019, Zhao et 36 

al. 2020, Coulibaly et al. 2020, Zhao et al. 2022a, Coulibaly and Rotta Loria 2022). Recent evidence 37 

supports that these materials volumetrically expand upon heating and contract upon cooling (Liu et al. 2018, 38 

Pan et al. 2020, 2022). Upon completing a single thermal cycle, sands undergo an irreversible (plastic) 39 

contractive deformations, even when minimal temperature variations are applied to such materials (Pan et 40 

al. 2020, 2022, Coulibaly and Rotta Loria 2022). This evidence involves that sands undergo cumulative 41 

irreversible deformations upon multiple thermal cycles (under constant applied stress) (Sassine et al. 2018, 42 

Vargas and McCarthy 2007b, Dreissigacker et al. 2010, Iliev et al. 2019, Zhao et al. 2020, Coulibaly et al. 43 

2020, Zhao et al. 2022a, Pan et al. 2024a, 2024b). Thermal cycling effects resemble mechanical cycling 44 

effects in sands (Chong and Santamarina 2016, Park and Santamarina 2019) because in both cases plastic 45 

deformations accumulate following the cyclic application of thermal and mechanical loads, respectively, 46 

stabilizing after a large number of loading-unloading cycles.  47 

Despite the increasing number of studies on the thermally induced deformation of sands, only a handful of 48 

constitutive models are available to capture temperature effects on the mechanics of such materials (Zhou 49 

et al. 2017, Coulibaly and Rotta Loria 2022, Zhao et al. 2022a) and none of them is suited to simulate 50 

thermal cycling effects. The limited availability of constitutive models for capturing the mechanics of sands 51 

subjected to thermal cycling can be attributed in part to the contradictory experimental findings regarding 52 

the influence of individual heating-cooling cycles until recent years, and partly to the lack of experimental 53 

evidence about the impact of multiple heating-cooling cycles on the response of such materials (Rotta Loria 54 

and Coulibaly 2021). However, recent studies have provided substantial experimental evidence allowing to 55 

clarify and quantify the effects of monotonic and cyclic temperature variations on the mechanics of sands 56 

(Pan et al. 2022, 2024a), representing useful reference for the formulation of advanced constitutive models.  57 

Among the various constitutive models available to simulate the mechanics of sands, the SANISAND 58 

model family (Dafalias and Manzari 2004, Taiebat and Dafalias 2008, Liu et al. 2019) stands out for its 59 

ability to capture the response of these materials under various loading paths, especially cyclic in nature. 60 

Recently, a model called SANISAND-T (Coulibaly and Rotta Loria 2022) has been proposed to simulate 61 
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the mechanics of sands under the influence of monotonic thermal loading, as the primary interest of such 62 

investigation consisted in clarifying the contradictory deformation behavior of sands upon heating that 63 

affected the state-of-the-art till recent years. As a result of its mathematical formulation, SANISAND-T 64 

lacks the capability to simulate thermal cycling effects and would substantially overestimate the plastic 65 

deformations associated with thermal cycling effects. Recognizing this limitation, the integration of a 66 

“ratcheting control” feature within SANISAND-T becomes imperative to accurately simulate the impact of 67 

thermal cycling on the deformation of sands. Notably, this feature represents a key constituent of another 68 

model called SANISAND-MS (Liu et al. 2019) that has been presented to simulate the mechanics of sands 69 

under the influence of cyclic mechanical loads. This model specifically includes a memory surface to 70 

phenomenologically represent micro-mechanical effects associated with fabric changes caused by cyclic 71 

loading (e.g., variations in stiffness and dilatancy). Evidence shows that SANISAND-MS can capture in an 72 

outstanding manner the magnitude of plastic deformations induced by cyclic mechanical loads (Liu and 73 

Pisano 2019), as well as the progressive achievement of terminal densities for such materials – i.e., states 74 

where further loading-unloading cycles induce negligible changes in porosity (Narsilio and Santamarina 75 

2008, Chong and Santamarina 2016, Park and Santamarina 2019, 2020, 2023, Cha et al. 2023). Therefore, 76 

such a model offers a strong foundation to simulate the mechanics of sands subjected to thermal cycling. 77 

Specifically, given the similarities between the (drained) response of sands subjected to cyclic mechanical 78 

loads and thermal loads, extending SANISAND-MS to non-isothermal conditions promises to open new 79 

opportunities for the detailed simulation of temperature effects in sands. 80 

Motivated by the opportunity to enhance the presently limited modeling capabilities of the mechanics of 81 

sands under non-isothermal conditions, this paper modifies via a simple yet effective thermo-mechanical 82 

coupling the formulation of the SANISAND-MS model, yielding a model that can accurately simulate 83 

thermal cycling effects on the mechanics of sands: SANISAND-MS-T. This endeavor provides a modeling 84 

tool that can serve the analysis of multiple scientific and engineering problems involving cyclic temperature 85 

variations applied to sands and other granular materials, with the ability to expediently explore the influence 86 

of myriads thermal cycles and the achievement of a terminal density in such materials – problems that are 87 

daunting to address experimentally but can benefit from accelerated computational studies.  88 

 89 
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2. Methods 90 

2.1. General 91 

In the following, the key features of the SANISAND-MS model are first presented alongside the thermo-92 

mechanical coupling leading to the formulation of the SANISAND-MS-T model. Then, details about the 93 

implementation of SANISAND-MS-T in a computer routine are provided and information on the 94 

verification of such implementation is presented. Afterward, details about the validation of SANISAND-95 

MS-T are provided. Finally, the features of a sensitivity analysis performed via the SANISAND-MS-T and 96 

SANISAND-T models to unveil key differences in their modeling capabilities is proposed. 97 

This paper adopts the geomechanics sign convention. Accordingly, compressive stresses and contractive 98 

strains are considered positive. 99 

 100 

2.2. Model formulation 101 

The mathematical formulation of the SANISAND-MS model (Liu et al. 2019) resorts to (i) a yield surface 102 

𝑓 to encompass the elastic domain, (ii) a bounding surface 𝑓! to define current stress bounds based on an 103 

evolving state parameter, (iii) a dilatancy surface 𝑓"  to separate stress regions associated with either 104 

contractive or dilative deformations, and (iv) a memory surface 𝑓# (initially overlapping with yield surface) 105 

to bounds a stress region evolving with the loading-induced anisotropy in granular fabric. This formulation, 106 

widely detailed elsewhere (Liu et al. 2019), allows simulating the mechanics of sands under a myriad of 107 

isothermal mechanical loading paths and account for the stiffening effects caused by drained cyclic loading. 108 

The SANISAND-MS-T model harnesses the same mathematical formulation of the SANISAND-MS model, 109 

at the exception of a thermo-mechanical coupling inserted in the total strain decomposition to capture 110 

thermally induced deformations (i.e., thermal strains). Accordingly, the total strain increment reads: 111 

 𝜀̇ = 𝜀̇! + 𝜀̇" + 𝜀̇#$ (1)  112 

where 𝜀̇$, 𝜀̇%, and 𝜀̇&' are the increments of elastic strain, plastic strain, and thermal strain, respectively. As 113 

it is widely accepted in mechanics, the thermal strain is volumetrically given by: 114 

 𝜀%̇#$ = −𝛽𝑇̇ (2)  115 

with 𝛽 the volumetric thermal expansion coefficient of the solid grains (Pan et al. 2020, Coulibaly and Rotta 116 

Loria 2022) and 𝑇̇ is the temperature increment. In this context, it is worth noting that despite thermal 117 
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strains only involve the diagonal components of the total strain tensor, they not only influence the 118 

volumetric response of sands and other materials but also their deviatoric response. This influence primarily 119 

depends on the nature of the boundary conditions and/or the presence of non-uniform temperature variations 120 

(Laloui and Rotta Loria 2019). 121 

The use of the thermo-mechanical coupling expressed in equation (2), which essentially derives from 122 

thermo-elasticity theory (Timoshenko and Goodier 1970, Boley and Weiner 1997), is sufficient to 123 

incorporate the effects of temperature variations on the mechanics of sands and other granular materials, as 124 

this approach allows reproducing thermally induced strains and thermally induced stresses in such materials. 125 

These represent the principal changes in the response of sands subjected to temperature variations relative 126 

to isothermal conditions. Notably, the deformation properties of sands appears insensitive to temperature 127 

within the range 0 < 𝑇 < 100°C (Laloui and Rotta Loria 2019). Additionally, previous experiments on sands 128 

highlight that the elastic domain of such materials (in other words, the formulation of their yield surface) 129 

also appears insensitive to temperature (Agar 1984, Agar et al. 1986). These materials do experience 130 

deformations proportionally to the applied temperature variations and the thermal expansion coefficient of 131 

their constituting particles, and undergo thermally induced stresses when any portion of such deformations 132 

is restrained. However, the mechanics of sands under non-isothermal conditions is influenced by thermally 133 

induced perturbations that are essentially mechanical in nature (Rotta Loria and Coulibaly 2021). 134 

In alignment with the foregoing considerations, the SANISAND-MS-T model integrates the thermo-135 

mechanical coupling expressed in equation (2) into the formulation of SANISAND-MS with a memory 136 

surface. In this work utilizing SANISAND-MS-T, the achievement of a terminal density is considered to 137 

obey an empirical relationship between the change in void ratio after successive loading-unloading cycles 138 

and the number of cycles (Liu and Pisano 2019, Park and Santamarina 2019): 139 

 𝑒( = 𝑒) + (𝑒* − 𝑒)) ,1 + .
(+*
,∗
/
-
0
+*
 (3) 140 

where 𝑒( is the void ratio after 𝑖 cycles, 𝑒) is the terminal void ratio as 𝑖 → ∞, 𝑒* is the void ratio after 𝑖 =141 

1 cycle, 𝑁∗  is the characteristic number of cycles when considering 1 + 𝑁∗  as the required number of 142 

cycles for half of the total compaction (𝑒* − 𝑒))/2 to occur, and 𝑚 is a fitted exponent.  143 

Originally, the relationship expressed in equation (3) was proposed to account for the effects of drained 144 

cyclic mechanical loads (Liu and Pisano 2019, Park and Santamarina 2019). In this work, such a 145 

relationship is considered appropriate to account for the effects of drained cyclic thermal loads because 146 

temperature variations in dry and water-saturated sands result in imposed deformations whose effects are 147 
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purely physical and comparable to those caused by the application of mechanical forces and displacements 148 

(Coulibaly and Rotta Loria 2022). This evidence arguably holds when temperature remains in the range 0 149 

< 𝑇 < 100°C because temperature fluctuations within such a range involve negligible thermally induced 150 

lubrication effects for particle interactions and, as previously highlighted, lead to negligible thermally 151 

induced property changes for the materials that constitute sand particles. Moreover, this evidence is 152 

fundamentally different compared to the influence of temperature variations in clays and fine-grained soils 153 

at large, whose effects are physico-chemical and greatly differ from those caused by mechanical forces and 154 

displacements (Rotta Loria and Coulibaly 2021).  155 

With these premises, the terminal void ratio of sands subjected to thermal cycling can be estimated by 156 

fitting the empirical relationship (3). With the estimated terminal density, the maximum change of relative 157 

density can finally be calculated as:  158 

 ∆𝐷) =
$"+$#

$$%&+$$'(
 (4) 159 

where 𝑒-/0 and 𝑒-(1 are the maximum and minimum attainable void ratios, respectively. 160 

Figure 1 illustrates essential features of the SANISAND-MS-T model in both the triaxial space (Figure 1(a)) 161 

and multiaxial space (Figure 1(b)). Table 1 summarizes the mathematical formulation of SANISAND-MS-162 

T in the triaxial and multiaxial stress spaces. Each variable reported is meticulously matched between the 163 

two spaces, ensuring a consistent framework where the SANISAND-MS-T and SANISAND-MS models.  164 

 165 

 166 

Figure 1: Schematics of the  key components of the SANISAND-MS-T model in (a) the triaxial space and (b) 167 
the multiaxial space, as originally proposed for the SANISAND-MS model by Liu et al. (2019).  168 

 169 
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Table 1: Formulation of the SANISAND-MS-T model in the triaxial and multiaxial stress spaces. 170 

 Triaxial formulation Multiaxial formulation (Liu et al. (2019)) 

Elastic Moduli 𝐺 = 𝐺)𝑝*+,[(2.97 − 𝑒)- (1 + 𝑒)⁄ ](𝑝/𝑝*+,)./- 𝐺 = 𝐺)𝑝*+,[(2.97 − 𝑒)- (1 + 𝑒)⁄ ](𝑝/𝑝*+,)./- 

 𝐾 = 2(1 + 𝜐)𝐺/[3(1 − 2𝜐)] 𝐾 = 2(1 + 𝜐)𝐺/[3(1 − 2𝜐)] 

Critical state 𝑒0 = 𝑒) − 𝜆0(𝑝0/𝑝*+,)1 𝑒0 = 𝑒2 − 𝜆0(𝑝0/𝑝*+,)1 

Yield function 𝑓 = 72/3|𝑞 − 𝑝𝛼| − 72/3𝑝𝑚 𝑓 = 7(𝒔 − 𝑝𝜶) ∶ (𝒔 − 𝑝𝜶) −72/3𝑝𝑚 

Memory function 𝑓3 = 72/3|𝑞 − 𝑝𝛼3| − 72/3𝑝𝑚3 𝑓3 = 7(𝒔 − 𝑝𝜶3) ∶ (𝒔 − 𝑝𝜶3) − 72/3𝑝𝑚3 

Deviatoric plastic 
flow 𝑑𝜀4

5 = 72/3〈𝐿〉𝑠 𝑑𝒆5 = 〈𝐿〉𝑹’ 

Volumetric plastic 
flow 𝑑𝜀6

5 = 〈𝐿〉𝐷 𝑑𝜀6
5 = 〈𝐿〉𝐷 

 𝐷 = 72/3𝐴) expM
𝛽)〈𝑏P73〉
𝑏289

Q (𝑀7 − 𝜂)𝑠 𝐷 = 𝐴) exp M
𝛽)〈𝑏P73〉
𝑏289

Q T𝒓:7 − 𝒓V ∶ 𝒏 

 𝑀7 = 𝑠𝑔𝑀𝑒𝑥𝑝(𝑛7Ψ) 𝒓:7 = 72/3𝑔(𝜃)𝑀𝑒𝑥𝑝(𝑛7Ψ)𝒏 

 𝑏P;3 = 72/3T𝑀]7 −𝑀]3V𝑠 𝑏P;3 = T𝒓̂:7 − 𝒓̂:3V ∶ 𝒏 

 𝑏289 = 72/3𝑀0
;(1 + 𝑐) 𝑏289 = T𝒓:; − 𝒓:<=; V ∶ 𝒏 

Yield surface 
evolution 𝑑𝛼 = (2/3)〈𝐿〉ℎ(𝑀; − 𝜂) 𝑑𝜶 = (2/3)〈𝐿〉ℎ(𝒓:; − 𝒓) 

 𝑀; = 	𝑠𝑔𝑀𝑒𝑥𝑝(−𝑛;Ψ) 𝒓:; = 72/3𝑔(𝜃)𝑀𝑒𝑥𝑝(−𝑛;Ψ)𝒏 

 ℎ =
𝑏)

72/3(𝜂 − 𝜂>?)𝑠
exp b𝜇) d

𝑝
𝑝*+,

e
?
M
𝑏3

𝑏289Q
@

f ℎ =
𝑏)

(𝒓 − 𝒓>?) ∶ 𝒏
exp b𝜇) d

𝑝
𝑝*+,

e
?
M
𝑏3

𝑏289Q
@

f 

 𝑏) = 𝐺)ℎ)(1 − 𝑐A𝑒)/7𝑝/𝑝*+, 𝑏) = 𝐺)ℎ)(1 − 𝑐A𝑒)/7𝑝/𝑝*+, 

 𝑏3 = 72/3(𝑀3 − 𝜂)𝑠 𝑏3 = (𝒓3 − 𝒓) ∶ 𝒏 

Memory surface 
evolution 𝑑𝑚3 = 𝑑𝛼3𝑠 − (𝑚3/𝜁)𝑓BA2〈−𝑑𝜀6CD

5 〉 𝑑𝑚3 = 73/2𝑑𝜶3 ∶ 𝒏 − (𝑚3/𝜁)𝑓BA2〈−𝑑𝜀6CD
5 〉 

 𝑓BA2 = 1 −
|𝑀3 − 𝜂| + 2𝑚

2𝑚3  𝑓BA2 = 1 −
𝑥. + 𝑥-
𝑥E

 

 𝑑𝛼3 = (2/3)〈𝐿3〉ℎ3(𝑀; −𝑀3) 𝑑𝜶3 = (2/3)〈𝐿3〉ℎ3(𝒓:; − 𝒓3) 

 ℎ3 =
1
2h
i3
2

𝑏)
(𝑀3 − 𝜂>?)𝑠

+
3
2
𝑚3𝑓BA2〈−𝐷〉
𝜁(𝑀; −𝑀3)𝑠j ℎ3 =

1
2 h

𝑏)
(𝒓3 − 𝒓>?) ∶ 𝒏

+i
3
2
𝑚3𝑓BA2〈−𝐷〉
𝜁T𝒓:; − 𝒓3V ∶ 𝒏

j 
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 171 

2.3. Model implementation and verification 172 

Following its formulation, the SANISAND-MS-T model was implemented in a computer routine by using 173 

a finite difference method detailed by Coulibaly and Rotta Loria (2022). In this implementation, an explicit 174 

first-order forward difference is employed along with the method proposed by Bardet and Choucair (1991) 175 

for imposing the initial and boundary conditions. This approach requires a sufficiently large number of 176 

explicit time steps to ensure accuracy in the simulations, and such approach is considered in this work. 177 

Building upon the SANISAND-MS-T model implementation, the correctness of its formulation under 178 

isothermal conditions was verified by replicating simulations performed with the SANISAND-MS model 179 

by Liu et al. (2019). These simulations aimed to capture the results of conventional triaxial compression 180 

tests on quartz sand by Wichtmann (2005) and oedometer tests involving the application of multiple cycles 181 

of mechanical loading and unloading on Ottawa 50-70 sand by Chong and Santamarina (2016). To ensure 182 

consistency, the developed verification (Appendix A) resorts to simulations that employed the same 183 

modeling parameters used by Liu et al. (2019). To ensure accuracy, each triaxial test simulation employed 184 

1,000,000 timesteps, and each oedometer test simulation employed 11,000,000 timesteps. 185 

 186 

2.4. Model validation 187 

Building on the verification of the SANISAND-MS-T model implementation and its ability to capture the 188 

mechanics of sands under isothermal conditions equally well as the original SANISAND-MS model, a 189 

validation of the capabilities of SANISAND-MS-T to simulate the response of sands under non-isothermal 190 

conditions was performed with reference to laboratory experiments on 1 Q-ROK silica sand. Such a sand 191 

has a chemical composition of over 99% quartz, angular particles, a mean particle size of 𝐷23 = 0.48 mm, 192 

a coefficient of uniformity 𝐶4 = 1.6, a maximum void ratio of 𝑒-/0 = 1.049, a minimum void ratio of 193 

𝑒-(1 = 0.708, and a volumetric thermal expansion coefficient of 𝛽	 = 	3.5	 ×	10+2 1/°C. 194 

The simulated experiments consisted of the following: 195 

(i) Conventional triaxial compression tests under isothermal conditions by Leib (2015). In these 196 

experiments, samples of 1 Q-ROK sand characterized by two different initial void ratios 𝑒3 = 0.711 and 197 

0.907 were tested under two different values of mean effective stress 𝑝35 = 69 and 138 kPa. Shearing was 198 

imposed by incrementally increasing the axial strain until achieving an axial strain of 𝜀/ = 25%. As some 199 
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of the original data overlapped across varying test conditions, specific test conditions were selected as 200 

reference. 201 

(ii) Isothermal oedometer tests involving the application of a single cycle of mechanical loading and 202 

unloading by Pan et al. (2022). In these experiments, samples of 1 Q-ROK sand under loose and dense 203 

sands were tested, corresponding to initial void ratios of 𝑒3 = 0.955 and 0.766, as well as relative densities 204 

of 𝐷6 = 27.5% and 80%, respectively. A vertical mechanical stress was incrementally applied under 205 

laterally restrained conditions from 𝜎7 = 1 kPa up to 𝜎7 = 1 MPa, followed by the removal of the applied 206 

stress back to 𝜎7 = 1 kPa.  207 

(iii) Non-isothermal oedometer tests involving the application of a single heating-cooling cycle under 208 

constant applied vertical stress by Pan et al. (2022). These experiments were performed on virtually 209 

equivalent samples to those that were tested under isothermal conditions. They involved the mechanical 210 

preloading of 1 Q-ROK sand through a vertical stress of 𝜎7 = 60 kPa, followed by the application of one 211 

heating-cooling cycle with a temperature amplitude of ∆𝑇 = 60 °C under constant applied stress. 212 

(iv) Non-isothermal oedometer tests involving the application of 50 heating-cooling cycles under constant 213 

applied vertical stress by Pan et al. (2024a). These tests were again performed on loose and dense samples 214 

of 1 Q-ROK sand. They involved the mechanical preloading of 1 Q-ROK sand through a vertical stress of 215 

𝜎7 = 60 kPa, followed by the application of 50 thermal cycles with a temperature amplitude of ∆𝑇 = 60 °C 216 

under constant applied stress.  217 

In order to simulate all these experiments, it was necessary to calibrate the 16 constitutive parameters 218 

characterizing the SANISAND-MS-T model (Table 2). Such a calibration followed a similar approach to 219 

the one employed by Liu et al. (2019) and Dafalias and Manzari (2004). The parameters from 𝐺3 to 𝑛8 (i.e., 220 

13 parameters) were calibrated to fit the deviatoric stress–axial strain (𝑞–𝜀/) and volumetric strain–axial 221 

strain (𝜀9–𝜀/) plots obtained from the results of monotonic triaxial tests (i.e., experiments (i)), while the 222 

remaining ones (i.e., 3 parameters) governing the memory surface were calibrated from the results of cyclic 223 

loading tests (i.e., experiments (iv)). 224 

All simulations considered a representative volume element under quasistatic conditions. The simulations 225 

of the isothermal tests leveraged 1,000,000 timesteps to ensure accuracy, whereas those of the non-226 

isothermal tests used 80,000 timesteps for every 60°C of applied temperature variation. Sensitivity analyses 227 

were conducted to verify that such numbers of timesteps allowed to maintain accuracy and control errors 228 

effectively. For instance, in sensitivity analyses comparing simulations of 50 thermal cycles to those using 229 

1,000,000 timesteps for every 60 °C, the error was regulated within 0.01% of the strain magnitude. 230 
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 231 

Table 2: Constitutive parameter calibrated for the 1 Q-ROK silica sand. 232 

Elasticity Critical state Yield surface Plastic modulus Dilatancy Memory surface 

𝐺) 𝜐 𝑀 𝑐 𝜆0 𝑒2 𝜉 𝑚 ℎ) 𝑐F 𝑛; 𝐴) 𝑛7 𝜇) 𝜁 𝛽)* 

230 0.1 1.42 0.75 0.01 0.928 0.7 0.05 1.7 0.85 1.3 0.6 1.6 635 0.005 1 

 *To avoid conflicts of symbol notation, 𝛽) and 𝑒2 correspond to the 𝛽 and 𝑒), respectively, in the original SANISAND-MS model.  233 

 234 

2.5. Sensitivity analyses 235 

In addition to the validation of the capability of SANISAND-MS-T to simulate the influence of a relatively 236 

limited number of thermal cycles on the mechanics of sands (i.e., 50 cycles), this work also tested the 237 

performance of the considered model in the simulation of a significantly larger number of thermal cycles 238 

(i.e., 10,000). This endeavor had a twofold purpose: on the one hand, compare the predictions of the 239 

SANISAND-MS-T and SANISAND-T for a large number of thermal cycles applied to sands; on the other 240 

hand, explore the evolutionary deformations of sands till the achievement of terminal densities due to 241 

thermal cycling – a study that may be achieved via laboratory experiments within a reasonable time for 242 

cyclic mechanical loads, but is infeasible for cyclic thermal loads due to the markedly longer time required 243 

to gather reliable measurements. 244 

The comparison between the capabilities of SANISAND-MS-T and SANISAND-T was based on 245 

simulations that referred to the same initial conditions, relative densities, stress level, and temperature 246 

amplitude characterizing the experiments (iv) described in Section 2.4. In this context, the simulations 247 

performed with SANISAND-MS-T used the entire 16 constitutive parameters reported in Table 2 and fitted 248 

the empirical relationship reported in equation (3) with the parameters listed in Table 3. As no memory 249 

surface characterizes the SANISAND-T model, the simulations performed with this model used only the 250 

first 13 parameters reported in Table 2. Additionally, as no particle breakage was involved in the 251 

experiments, the cap of the yield surface in the SANISAND-T simulations was configured with parameters 252 

that ensured negligible impacts on the simulation results. 253 

The exploration of the achievement of a terminal density in sands subjected to a large number of thermal 254 

cycles was based on simulations with the SANISAND-MS-T model, which considered the same problems 255 

mentioned above but analyzed the influence of two temperature amplitudes ∆𝑇 = 30 and 60°C. 256 
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 257 

Table 3: Estimated terminal density 𝑒) and fitted parameters of the empirical relationship. 258 

Initial relative density ∆𝑇 [°C] 𝑒G [-] 𝑁∗ [-] 𝑚 [-] 

Loose 60 0.915 134 0.3 

Dense 60 0.765 90 0.3 

Loose 30 0.935  2000 0.3  

Dense 30 0.768 781  0.3  

 259 

3. Results and discussion 260 

3.1. General 261 

This section is divided in two parts. First, the section addresses an overview of the simulation capabilities 262 

of the SANISAND-MS-T model. Next, the section presents a comparison between simulation results 263 

obtained via the SANISAND-MS-T and SANISAND-T models, as well as an analysis of the achievement 264 

of terminal densities in sands subjected to a large number of thermal cycles. 265 

 266 

3.2. Validation of SANISAND-MS-T capabilities 267 

Figure 2 presents a comparison between the results of drained triaxial tests performed by Leib (2015) and 268 

SANISAND-MS-T simulations. The results indicate a satisfactory agreement between the simulation and 269 

the experimental data, both in terms of deviatoric stress against axial strain (Figure 2(a) and (c)) as well as 270 

in terms of volumetric strain against axial strain (Figure 2(b) and (d)). The results particularly support that 271 

the calibrated SANISAND-MS-T simulations can capture well the response of 1 Q-ROK sand to isothermal 272 

monotonic mechanical loading under drained triaxial conditions. This evidence holds for variable levels of 273 

mean effective stress and different initial void ratios. 274 

 275 



12 
 
 

 276 

Figure 2: Validation of SANISAND-MS-T model capabilities against the results of drained triaxial tests on 277 
1 Q-ROK silica sand performed by Leib (2015). (a) 𝑞 − 𝜀/ plots and (b) 𝜀9 − 𝜀/ plots for a constant initial 278 
mean effective stress of 𝑝35 = 69 kPa and different initial void ratios 𝑒3, and (c) 𝑞 − 𝜀/ plots and (d) 𝜀9 −279 
𝜀/ plots for a constant initial void ratio of 𝑒3 = 0.907 and different initial values of mean effective stress 280 
𝑝35 .  281 

 282 

Figure 3 presents a comparison between the results of isothermal oedometer tests reported by Pan et al. 283 

(2024a) and SANISAND-MS-T simulations. The results indicate that SANISAND-MS-T can capture with 284 

some discrepancies the response of the tested 1 Q-ROK sand subjected to isothermal mechanical loading 285 

and unloading under oedometric conditions. The results particularly show that the SANISAND-MS-T 286 

simulations accurately predict the experimental data during the loading process but are affected by 287 

discrepancies during the unloading process, irrespective of whether the sand is loose (Figure 3(a)) or dense 288 

(Figure 3(b)). These discrepancies result in considerably smaller plastic deformations observed at the end 289 

of the loading-unloading process in the simulations as compared to the experiments. As shown in Appendix 290 

A, a similar discrepancy affected SANISAND-MS simulations when considering the first cycle of 291 

mechanical loading and unloading in the tests performed by Chong and Santamarina (2016), although the 292 
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cyclic response of the tested sand was eventually captured well over 100 cycles of mechanical loading and 293 

unloading. It is important to note that the calibration of the first 13 parameters of SANISAND-MS-T and 294 

SANISAND-MS (based on the monotonic drained triaxial tests) only serves the simulation of loading 295 

processes, but not unloading processes. Therefore, the simulation of unloading processes could be improved 296 

by adjusting the plastic modulus and dilatancy. However, the results would then exhibit larger differences 297 

from the data referring to monotonic loading processes (e.g., the drained triaxial tests reported in Figure 2).  298 

 299 

 300 

Figure 3: Validation of SANISAND-MS-T model capabilities against the results of loading-unloading 301 
oedometer tests on 1 Q-ROK silica sand performed by Pan et al. (2024a) in terms of 𝜀9 − 𝜎7 plots. (a) 302 
Loose condition with initial void ratio of 𝑒3 = 0.955. (b) Dense condition with initial void ratio of 𝑒3 =303 
0.776. 304 

 305 

Figure 4 show a comparison between the results of non-isothermal oedometer tests involving the application 306 

of one heating-cooling cycle to loose and dense samples of 1 Q-ROK sand by Pan et al. (2022) and 307 

SANISAND-MS-T simulations. A detailed comparison within the first heating-cooling cycle with 308 

measurements reaching thermal equilibrium at varying temperature steps is provided. The results 309 

demonstrate that the simulation data compare well with the experimental results. Notably, the simulation 310 

results closely align with the average trend of the experimental results during heating and capture the 311 

irreversible deformation after the one heating-cooling cycle. Although the simulated cooling (unloading) 312 
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phase does not perfectly match the experimental data, it remains within an acceptable margin defined by 313 

the error bars (i.e., the shaded regions). This result highlights the effectiveness of the thermo-mechanical 314 

coupling employed in SANISAND-MS-T with equations (2) and (3) to capture the thermally induced 315 

deformations of sands upon one heating-cooling cycle.  316 

 317 

 318 

Figure 4: Validation of SANISAND-MS-T model capabilities against the results of non-isothermal 319 
oedometer tests performed by Pan et al. (2022), involving the application of one heating-cooling cycle to 1 320 
Q-ROK silica sand. ∆𝑇 − 𝜀9 plots for a (a) loose condition with initial void ratio of 𝑒3 = 0.955 and a (b) 321 
dense condition with initial void ratio of 𝑒3 = 0.776. 322 

 323 

Figure 5 show a comparison between the results of non-isothermal oedometer tests involving the application 324 

of one heating-cooling cycle to loose and dense samples of 1 Q-ROK sand by Pan et al. (2024a) and 325 

SANISAND-MS-T simulations. The results support that SANISAND-MS-T can accurately model the 326 

evolution of thermally induced volumetric strains of 1 Q-ROK sand subjected to 50 heating-cooling cycles. 327 

This evidence proves the capability of SANISAND-MS-T to simulate the volumetric expansion upon 328 

heating and volumetric contraction upon cooling, as well as the accumulation of plastic deformations at the 329 

end of each thermal cycle under loose (Figure 5(a)) and dense (Figure 5(b)) conditions. These results 330 

demonstrate the capability SANISAND-MS-T in modeling thermal cycling effects in addition to 331 

mechanical cycling effects.  332 
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Only minor limitations can be identified for the performance of SANISAND-MS-T in simulating the cyclic 333 

thermally induced deformation of sands (Figure 5(c)). For example, the SANISAND-MS-T model predicts 334 

a slightly larger magnitude of expansion upon most heating paths than the experimental data. These 335 

limitation may be associated with the several factors including heating rates and particle shapes (Pan et al. 336 

(2024a). Although the consideration of these effects may be possible through a further modification of the 337 

mathematical formulation of SANISAND-MS-T, such an endeavor is not addressed in this work mainly 338 

because the increase in complexity that would characterize the mathematical formulation of such a new 339 

version of SANISAND-MS-T would not be commensurate with the added accuracy to its simulation results. 340 

 341 

 342 

Figure 5: Validation of SANISAND-MS-T model capabilities against the results of thermal cycling 343 
oedometer tests on 1 Q-ROK silica sand performed by Pan et al. (2024a). ∆𝑇 − 𝜀9 plots for a (a) loose 344 
condition with initial void ratio of 𝑒3 = 0.955 and a (b) dense condition with initial void ratio of 𝑒3 =345 
0.776.(c) 𝜀9 −𝑁 plots for both loose and dense conditions. 346 

 347 
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3.3. Sensitivity analyses via SANISAND-MS-T and SANISAND-T 348 

Figure 6 presents the results of sensitivity analyses that apply 10,000 thermal cycles to 1 Q-ROK sand under 349 

constant applied stress. Specifically, Figure 6(a) shows a comparison between SANISAND-T and 350 

SANISAND-MS-T simulation results in terms of the evolution of void ratio against the number of applied 351 

thermal cycles with a temperature amplitude of Δ𝑇 = 60°C, whereas Figure 6(b) shows the maximum 352 

change in relative density at terminal density against the initial relative density provided by SANISAND-353 

MS-T simulation data after 10,000 thermal cycles. 354 

As can be noted in Figure 6(a), the SANISAND-T simulations significantly overestimate the change in void 355 

ratio due to thermal cycling for sands under both loose and dense conditions. The void ratio obtained 356 

through the SANISAND-T simulations particularly deviates from the experimental data during the first 50 357 

thermal cycles and reaches zero even before completing 10,000 thermal cycles. In contrast, the 358 

SANISAND-MS-T simulations effectively capture the evolution of void ratio, closely aligning with the 359 

experimental data during the initial 50 thermal cycles. The SANISAND-MS-T simulations further reveal a 360 

progressive reduction in plastic strains after each successive thermal cycle, reaching a terminal density that 361 

is not associated with a void ratio of zero as the number of thermal cycles increases (𝑁 → ∞). The 362 

comparison between the results of SANISAND-T and SANISAND-MS-T simulations highlights the 363 

enhanced performance of the SANISAND-MS-T model in simulating thermal cycling effects in sand 364 

compared to SANISAND-T. This enhanced performance of SANISAND-MS-T in capturing thermal 365 

cycling effects in sands is due to the incorporation of the memory surface. The blue dotted lines in Figure 366 

6(a) show the expansion of the memory surface in response to the application of thermal cycles. This feature 367 

effectively accounts for the stiffening effect due to cyclic loading and contributes significantly to the model 368 

capability to capturing the cyclic response of the modeled material. 369 

 370 
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 371 

Figure 6: Sensitivity analyses considering 10,000 thermal cycles. (a) Comparison of 𝑒 − 𝑁 plots between 372 
the SANISAND-MS-T and SANISAND-T model results with ∆𝑇 = 60 °C. (b) ∆𝐷6) − 𝐷63  plots for the 373 
SANISAND-MS-T results.  374 

 375 

As can be noted in Figure 6(b), a larger change in relative density due to thermal cycling is achieved for a 376 

lower initial relative density or a larger temperature amplitude. Depending on the initial relative density 377 

and the temperature amplitude, the change in relative density due to thermal cycling can exceed the 378 

significant value of 10%. Although this value is achieved in the present simulations for a loose sand 379 

subjected to 10,000 cycles with a temperature amplitude of Δ𝑇 = 60°C after the application of such a large 380 

number of cycles, a very similar value is already obtained after only about 2000 thermal cycles. This result 381 

corroborates that thermal cycling can lead to significant changes in void ratio and relative density in sands. 382 

Such changes specifically appear comparable to those achievable as a result of mechanical cycling  (Chong 383 

and Santamarina 2016, Park and Santamarina 2019). 384 

 385 

4.  Concluding remarks 386 

Motivated by the lack of constitutive models to capture thermal cycling effects in granular materials such 387 

as sands, this paper extended the SANISAND-MS model with a thermo-mechanical coupling to capture 388 

thermal cycling effects in sands, leading to the formulation of SANISAND-MS-T: a Simple ANIsotropic 389 

SAND model with Memory Surface for Temperature effects. A comparison between various experimental 390 

data with SANISAND-MS-T model simulations allows drawing the following main conclusions: 391 
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1) The SANISAND-MS-T model represents an extended version of the SANISAND-MS model for 392 

simulating the mechanics of sands under non-isothermal conditions. 393 

2) The SANISAND-MS-T model realistically captures the influence of both mechanical and thermal loads, 394 

irrespective of whether these loads are monotonic and cyclic in nature. 395 

3) The SANISAND-MS-T model has difficulties in accurately reproducing the experimentally observed 396 

deformation of sands when they are mechanically or thermally unloaded for the first time but allows to 397 

simulate accurately and effectively the experimentally observed deformation of sands when they are 398 

subsequently subjected to further cycles during both loading and unloading. 399 

4) The SANISAND-MS-T model represents a powerful tool to study the mechanics of sands under the 400 

influence of multiple mechanical and thermal cycles of loading and unloading, which excels in 401 

quantifying the plastic volumetric deformations in such materials caused by mechanical and thermal 402 

cycling effects. 403 

5) The SANISAND-MS-T model predicts that both mechanical and thermal cyclic loads can lead to the 404 

achievement of a terminal density in sands. This feature of the model makes it suitable to simulate 405 

multiple scientific engineering problems where sands and other granular materials are subjected to a 406 

myriad of mechanical and/or thermal cycles. This tool is considered particularly valuable due to the 407 

substantial time required by laboratory experiments to analyze cyclic loading effects on the mechanics 408 

of sands. 409 

 410 

 411 

5. Appendix A 412 

This appendix presents the simulation results to verify the implementation of SANISAND-MS-T against 413 

the original results of SANISAND-MS model. The verification includes the results of drained triaxial tests 414 

and oedometer tests.  415 

Figure 7 presents a comparison between the results of drained triaxial tests reported by Wichtmann (2005) 416 

and SANISAND-MS-T simulations. The results indicate that SANISAND-MS-T can capture the response 417 

of the tested quartz sand subjected to isothermal monotonic mechanical loading under drained triaxial 418 

conditions, both in terms of deviatoric stress against axial strain (Figure 7(a) and (c)) as well as in terms of 419 

volumetric strain against axial strain (Figure 7(b) and (d)). This evidence holds for variable levels of mean 420 

effective stress and different initial void ratios (corresponding to variable relative densities), with minimal 421 

differences between the simulation and experimental results. The simulation results particularly support 422 



19 
 
 

that SANISAND-MS-T can capture key features of the response of sands subjected to shearing: increased 423 

strength for a higher relative density and a higher mean effective stress, contractive and dilatancy response 424 

under loose and dense conditions, respectively, as well as peak and constant volume strength for relatively 425 

limited and large values of strain, respectively. 426 

Figure 8 presents a comparison between the results of oedometer tests reported by Chong and Santamarina 427 

(2016), SANISAND-MS simulations reported by Liu et al. (2019), and SANISAND-MS-T simulations. 428 

The results indicate that SANISAND-MS-T can capture the experimentally observed response of the tested 429 

Ottawa 50-70 sand subjected to isothermal cyclic mechanical loading under oedometric conditions (Figure 430 

8(a)). These results particularly confirm the consistency between the results achieved with the formulations 431 

of SANISAND-MS (Figure 8(b)) and SANISAND-MS-T (Figure 8(c)), and verify the suitability of 432 

SANISAND-MS-T in accurately capturing the mechanics of sands under cyclic mechanical loading. 433 

Although minor deviations exist between the reference simulation results and those obtained in this work, 434 

such deviations are attributed to the different implementation methods of the SANISAND-MS and 435 

SANISAND-MS-T models (i.e., a finite element implementation in the reference study as opposed to a 436 

single material point implementation in this work).  437 

 438 
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 439 

Figure 7: Verification of SANISAND-MS-T model implementation against the results of drained triaxial 440 
tests on quartz sand performed by Wichtmann (2005). (a) 𝑞 − 𝜀/ plots and (b) 𝜀9 − 𝜀/ plots for a constant 441 
initial mean effective stress of 𝑝35 = 200 kPa and different initial void ratios 𝑒3, and (c) 𝑞 − 𝜀/ plots and 442 
(d) 𝜀9 − 𝜀/ plots for a constant initial void ratio of 𝑒3 = 0.69 and different initial values of mean effective 443 
stress 𝑝35 . The SANINSAND-TC simulations employed the same parameter input parameters as those 444 
considered by Liu et al. (2019). 445 

 446 
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 447 

Figure 8: Verification of SANISAND-MS-T model implementation against the results of cyclic oedometer 448 
tests on Ottawa 50-70 sand performed by Chong and Santamarina (2016) and the results of SANISAND-449 
MS simulations obtained by Liu et al. (2019) in terms of 𝑒 − 𝜎7 plots. (a) Reference experimental data; (b) 450 
Reference simulation data; and (c) present simulation results. The SANINSAND-TC simulations employed 451 
the same parameter input parameters as those considered by Liu et al. (2019). 452 
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Notations 587 

𝐴3 ‘intrinsic’ dilatancy parameter        588 

𝑏# yield-to-memory surface distance 589 

𝑏O:# relative position of the memory and the dilatancy surfaces 590 

𝑏;$< reference distance for normalization 591 

𝑏3  hardening factor 592 

𝑐  compression-to-extension strength ratio 593 

𝑐'  hardening parameter 594 

𝐶4 coefficient of uniformity 595 

𝑑 particle size 596 

𝐷  dilatancy coefficient 597 

𝐷6 relative density 598 

𝐷63 initial relative density 599 

𝑑23 mean particle size 600 

𝑒 void ratio  601 

𝒆  deviatoric strain tensor 602 

𝑒=  void ratio at critical state 603 

𝑒3 initial void ratio 604 

𝑒; reference critical void ratio, originally 𝑒3 in Liu et al. (2019) 605 

𝑒) terminal void ratio 606 

𝑒-/0 maximum void ratio 607 

𝑒-(1 minimum void ratio  608 

𝑓  yield surface 609 

𝑓!  bounding surface 610 

𝑓"  dilatancy surface 611 

𝑓#  memory surface 612 

𝑓>'; memory surface shrinkage geometrical factor 613 

𝑔 interpolation function in triaxial space (𝑔 = 1 when 𝜂 > 𝛼; 𝑔 = 𝑐 when 𝜂 < 𝛼) 614 

𝑔(𝜃)  interpolation function for Lode angle dependence 615 

𝐺  shear modulus 616 

𝐺3  dimensionless shear modulus 617 

ℎ  hardening factor 618 
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ℎ# memory-counterpart of the hardening coefficient 619 

ℎ3  hardening parameter 620 

𝐿  plastic multiplier 621 

𝐿#   memory-counterpart of the plastic multiplier 622 

𝑚  yield locus opening parameter 623 

𝑚#  memory locus opening parameter 624 

𝑀8 stress ratio of dilatancy surface in triaxial space  625 

𝑀: stress ratio of bounding surface in triaxial space  626 

𝑀=
: stress ratio of bounding surface associated with compression in triaxial space  627 

𝑀 stress ratio of critical surface in triaxial space  628 

𝑀\8  opposite projection stress ratio on the dilatancy surface in triaxial space 629 

𝑀\# opposite  projection stress ratio on the memory surface in triaxial space 630 

𝑁  number of loading cycles 631 

𝑛  pre-set material parameter (𝑛 = 0.5) 632 

𝒏  unit tensor normal to the yield locus 633 

𝑛:,8 void ratio dependence parameters 634 

𝑝/&- atmospheric pressure 635 

𝑝 mean stress 636 

𝑝′ effective mean stress 637 

𝑝35  initial effective mean stress 638 

𝑞 deviatoric stress 639 

𝑹’  deviatoric plastic flow direction tensor 640 

𝒓  deviatoric stress ratio tensor 641 

𝒓b   projection of 𝒓 on the yield surface along −𝒏 642 

𝒓b@
8 projection of 𝒓 on the dilatancy surface along −𝒏 643 

𝒓𝒊𝒏 initial load-reversal tensor 644 

𝒓#  image deviatoric stress ratio point on the memory locus 645 

𝒓b@# projection of 𝒓 on the memory surface along −𝒏 646 

𝒓@
:,=,8 bounding, critical and dilatancy deviatoric stress ratio tensor 647 

𝒓@CD
:   projection onto the bounding surface with relative Lode angle 𝜃 + 𝜋 648 

𝑠 auxiliary parameter (𝑠 = 1 when 𝜂 > 𝛼; 𝑠 = −1 when 𝜂 < 𝛼) 649 

𝒔  deviatoric stress tensor 650 
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𝑇 temperature 651 

𝑤  pre-set material parameter (𝑤 = 2) 652 

𝑥*,E,F line-segments defined to derive memory surface contraction law 653 

∆𝑇 temperature variation 654 

∆𝐷6) maximum change in relative density 655 

𝜶 back-stress ratio tensor 656 

𝜶#  memory back-stress ratio tensor 657 

𝛽3 dilatancy memory parameter, originally 𝛽 in Liu et al. (2019) 658 

𝜎7 vertical stress 659 

𝜂 stress ratio in triaxial space 660 

𝜂(1 initial load-reversal stress ratio 661 

𝜀/ axial strain of sand  662 

𝜀$ elastic strain of sand  663 

𝜀% plastic strain of sand 664 

𝜀9 volumetric strain of sand 665 

𝜀; radial strain of sand 666 

𝜀&' thermal strain of sand 667 

𝛽 volumetric thermal expansion coefficient of the solid grains 668 

𝜁  memory surface shrinkage parameter 669 

𝜃  relative Lode angle 670 

𝜆= shape parameter of critical state line 671 

𝜇3  ratcheting parameter 672 

𝜐  Poisson’s ratio 673 

𝜉 shape parameter of critical state line 674 

𝛹  state parameter 675 

 676 


