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1 Introduction

Recently we have learned that subtle symmetries which act on both local and extended
operators offer us a refinement of the naturalness strategy which can yield concrete model-
building guidance. The systematic study of symmetries involving extended operators began
en force a decade ago with the seminal ‘Generalized Global Symmetries’ [1]. This expanding
paradigm of symmetries has blossomed in recent years with many exotic structures uncovered,
but until recently this new insight into the structure of quantum field theories had not been
capitalized upon by particle physicists. This novel framework rephrases symmetries in terms
of the existence of defect operators which have topologically invariant correlation functions,
and generalize familiar notions of Gaussian surfaces or Noether charges. This change in
perspective on symmetries allows us to more-easily generalize, and in particular to find there
exist symmetry structures which go beyond symmetry groups.

One way to go beyond group-like symmetries is to consider symmetry structures im-
plemented by non-unitary symmetry defect operators, as has recently been under intense
investigation (for reviews see e.g. [2-4]) and will be our main tool in this work. The construc-
tion of four-dimensional ‘non-invertible chiral symmetries’ was understood only recently [5, 6].
This has turned out to be an extremely profitable direction for model building, as the inter-
twining of zero-form and higher-form symmetries into a non-invertible symmetry structure
means that on the one hand this symmetry constrains the form of the Lagrangian through
its action on local degrees of freedom, and on the other hand it necessarily breaks at higher
energies when new degrees of freedom appear in the theory and some IR extended operators



Technically Natural Unnatural

Marginal v (CHKO 22) 6 (CHK '24)
Relevant m?, (DK here) The Hierarchy Problem

Table 1. The progression of model building utilizing the strategy of non-invertible naturalness.
Following the understanding of four-dimensional non-invertible symmetries [5, 6], first the technically
natural Dirac neutrino yukawas were given a Dirac natural origin in lepton flavor unification [11].
Then the technically unnatural strong CP problem was addressed with the massless quark solution in
quark color-flavor unification [12]. Now on to relevant parameters, here we explore a Dirac natural
origin for the technically natural m?2, mixing the two Higgs doublets of the 2HDM.

are realized as dynamical objects in the UV.! We refer the reader to section 7 of [10] for a
pedagogical introduction to the basics of generalized symmetries and their breaking.

These non-invertible symmetry structures offer us a concrete model-building strategy
to learn from the IR which operators may be generated by non-perturbative gauge theory
effects in a UV completion which introduces the appropriate magnetic monopoles. As an
effective field theorist, this is a surprising sort of information to be able to learn from an
infrared symmetry analysis, and it offers us further insight into our theories past standard
Wilsonian techniques. Indeed, such an analysis in the one Higgs doublet model has led to
theories of lepton flavor unification which produce naturally exponentially suppressed Dirac
(or Majorana) neutrino masses [11] and to theories of quark color-flavor unification which
revive the massless quark solution to strong CP [12]. Here we turn only slightly further
beyond the SM to the two Higgs doublet model (2HDM) and ask again what interesting
generalized symmetry structures may be present. For the first time we will use non-invertible
symmetry to shed light on the small size of a relevant parameter, as contextualized in table 1.

A second Higgs doublet is a simple, obvious addition to the Standard Model, and such a
field is necessarily present in many of our best theories of the universe at very small distances.
What is less certain is whether this second Higgs doublet will appear close in mass to our first
Higgs doublet, and so play an active role in nearby (B)SM phenomenology. At its deepest
level the question of how reasonable it is to expect such a degree of freedom to exist likely
depends on how The Hierarchy Problem is resolved in our vacuum. As it is, we have not
yet found out empirically, and we will not here offer further insight into the origins of the
electroweak scale per se. But given that mass parameter, the question of whether the second
Higgs doublet is near the electroweak scale is the question of whether we could be living in
the ‘alignment without decoupling’ limit. Data has shown us the discovered Higgs is very
Standard Model like, and so we must reside in some sort of ‘alignment’ limit where one scalar
mass eigenstate couples to the SM species very similarly to the Higgs of the ITHDM. It is this
question that we here provide a natural ultraviolet resolution to, which is an explanation
of the size of the other scalar mass parameter in the 2HDM.

! Another way to go beyond groups is to look at higher-groups [7, 8], which are a different way symmetries
acting on objects of different dimensions can be intertwined. These have been found richly appearing in theories
of particle physics, in particular in mixing the zero-form flavor symmetries of the SM with the magnetic
one-form symmetry of hypercharge [9].
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Figure 1. Relevant symmetries and symmetry-breaking. We will proceed in bottom-up fashion
beginning in section 2 with the Type II 2HDM phase and then using the non-invertible symmetry
in the SU(3)?/Z3 phase to discover the SU(9) theory of section 3. In this theory the Peccei-Quinn
symmetry is dominantly broken by small color-flavor instantons.

Axions are in no need of a motivating introduction, having grown to dominate particle
physics in recent years. Theories of axions have been found to have particularly rich generalized
symmetries, including higher-groups [13-19] and non-invertible higher form symmetries [20—
23]. Understanding generalized symmetry structures in axion theories of particle physics
has offered insight into ratios of scales [13], into charge teleportation processes [21], into
their ability to probe Yang-Mills global structure [24-27], and into the quality problem in
extra-dimensional setups [28, 29], among other uses e.g. [18, 30, 31]. More generally, over the
past few years ideas and technology from generalized symmetries are gradually being utilized
in (or towards) a variety of particle physics applications, see e.g. [5-67].

We here give the first concrete model-building use of generalized symmetries in an axion
theory to resolve a naturalness issue within the context of two Higgs doublet models. This
allows us to revive the most parsimonious axion model: the visible Peccei-Quinn Weinberg-
Wilczek axion [68-71], where the axion lives in the scalar fields which provide masses for
the SM fermions.

We summarize the symmetries and symmetry-breaking in our model in figure 1. In
section 2 we will review the Type II 2HDM and its alignment limit. We will see that in a UV

SU(S)CZw, an important subgroup of

embedding of this theory with gauged quark flavor .
the Peccei-Quinn symmetry becomes non-invertible. This guides us to further UV theories
in which this subgroup is broken by UV instantons, and we study the SU(9) color-flavor
unified theory in particular in section 3. In section 4 we return to the Type II 2HDM, now
as the infrared limit of the SU(9) theory. In section 5 we will discuss this as a model where
the 2HDM pseudoscalar is the PQWW axion, and see that there is no quality problem

for this visible axion model.



SUB)e | SUB) i | SU©2)L | ULy | U(l)pg
Q 3 3 2 +1 0
u 3 3 - —4 1
d 3 3 — +2 1
P, — — 2 +3 -1
Dy - — 2 +3 1

Table 2. Symmetry and matter content of the 2HDM with gauged SU(3) .

2 Type II 2HDM and gauged quark flavor

The general 2HDM with ®1, ®5 having the same electroweak charge assignment has a scalar
potential

V (D1, @) =m} &1 + m3p0ids — [mi®]ds + he (2.1)
+ %/\1 (@{@1)2 + %AQ (@5%)2 + s (0]@1) (@10,) + 24 (0] @2) (0]
+ {;/\5 ((I)];CI&)Q + [)\6 (@J{(I)l) + A7 (@;@2)} ((I)J{(I)Q) + h.C.} .

The Weinberg-Wilczek theory is a type II 2HDM in which ®; couples to the up-type quarks
and ®5 to the down-type quarks.

LD (y);@1Qitl + (o) P2Qid’ (2.2)

Let us consider the classical U(1) symmetries of this theory for generic yukawas. There
are 5 free charges for Q, 4, d, ®1, P, and there are two constraints imposed by the yukawa
interactions of Equation 2.2 which leave U(1)? remaining symmetry. In this three-dimensional
space there is one direction under which the Higgses have the same charge, the gauged U(1)y,
and another direction under which the scalars are uncharged and the fermions are vector-like,
U(1)p (or U(1)p_n.z in the full theory). Either of these directions has no SU(3)¢ anomaly.

Any direction which is not in the plane spanned by Y, B has a mixed anomaly with
QCD and so deserves the moniker of a ‘Peccei-Quinn symmetry’. When such a symmetry
is exact, m3y, A5, A6, A7 = 0 all vanish. A convenient parametrization is to consider the
orthogonal direction to hypercharge for the scalars, which assigns ®1, ®s opposite charges as
in table 2. This Peccei-Quinn symmetry has anomaly coefficient N = —2N,, where N; = 3
is the number of generations of quarks, which means that QCD instantons themselves do
not generate any of the PQ-violating relevant or marginal couplings (see table 3). We will
assume that our UV theory has a good such Peccei-Quinn Symmetry, which is manifestly
sensible as M — oo. For finite My one should ask about the necessary quality, and we
show in section 5.2 that there is no quality problem in this theory as long as the scale of
quark flavor physics is not too much higher than current limits.

We will also impose on the tree-level scalar potential a certain Zs interchange symmetry,
both for simplicity and because it is phenomenologically well-motivated. This Zy symmetry



U(l)rq
m%Q —2
A5 —4
A6 -2
A7 —2

Table 3. Spurionic Peccei-Quinn charges for the scalar potential parameters.

will set A = Ao and m?2; = m3,. Because the PQ symmetry has already set many of the
parameters to vanish, there are multiple options for a Zs symmetry to impose, most simply
®; +» ®5. However the one which commutes with the PQ charge assignment mixes up an
interchange with a CP transformation and is often called ‘GCP2’ [72-74]:

d 0 1\ (o
GCP2 : (@;) - (_1 0) (@;) . (2.3)

With the matter content we have, either choice is equivalent. And either choice of symmetry
for the tree-level scalar potential is explicitly broken by the yukawas 1; > v, which prevents
extending this to 4 <+ d without adding new matter, which we do not pursue here [75].

This hard breaking of the symmetry necessarily introduces a perturbation away from
the alignment limit, but the shift is loop suppressed as e.g.

4 A
b

1 2.4
2 08 . (2.4)

4 _
)\1_/\2Nyt

(4m)

and can easily be at the few percent level, which is anyway close enough to the alignment

limit to be consistent with all empirical observations thus far.
Of course this hard breaking of the Zs by the yukawas also leads to UV divergent splitting
of the masses, which a Wilsonian would estimate as scaling with the cutoff A:
2

2
2 2 Y —Yp 42
mip — Moy ~ (47)?2

This hard cutoff calculation is an estimate of what a generic UV completion would do, not

(2.5)

a dictum. Given the matter we have introduced so far, the only finite contribution comes
from integrating out the top quark itself and corrects

2 2
) 2 miy —m
mip — Moy ~ 7@”)2 2, (2.6)

which by contrast is a negligible shift. But this is the same logic as in any discussion of
naturalness: we cannot precisely characterize a hierarchy problem until we specify a theory
which predicts mi11 and moo, and in the absence of such a theory the Wilsonian estimation
is useful as a generic expectation.

The philosophy we take in this work is that our theory is not a model to solve the
hierarchy problem. Then we do not aim to answer the question of the sizes of m3,, m2,.
Elsewhere we will consider a supersymmetric version of this theory in which it is more
reasonable to ask about the sizes of these mass terms as well.



2.1 Alignment without decoupling and exceptional regions

Two Higgs Doublet Models are a popular way to enlarge the Higgs sector and they have a
far richer phenomenology than the SM. However, the observation of the Higgs boson h(125)
and the measurement of its couplings to the SM fermions and vector bosons has drastically
impacted the parameter space of 2HDMs. The observed Higgs is extremely SM-like, implying
that any 2HDM we realize must reside in an ‘alignment limit’. The uninteresting way for
this to happen is for the extra scalars of the 2HDM to be heavy, which is a decoupling
limit where around the electroweak scale the physics is only the SM. This is the case in the
MSSM where the alignment limit is achieved for large m 4 — the reason for this restriction
is that supersymmetry relates the values of the quartic couplings of the Higgs doublets to
known SM parameters.

On the other hand in a less constrained 2HDM it remains possible that we are in the more
interesting case of ‘alignment without decoupling’ [76], where there is a very SM-like Higgs
which is not the only scalar around the electroweak scale. The conditions among the different
parameters in order to realize alignment without decoupling have been worked out in the
literature but one may wonder if those conditions could come from an underlying symmetry
instead of being just a particular point in the parameter space subject to uncontrolled
renormalization group evolution.

The potential of the 2HDM may accommodate several symmetry structures (Zsg, gener-
alized CP, Peccei-Quinn, SO(3) ‘Higgs family’,...) and various combinations thereof. One
can study the relations among the parameters imposed by those symmetries and classify
the different families of models, see e.g. section 5.6 of [77]. In particular, one can discuss
various symmetries which guarantee the alignment limit. Much work has been done on
low-energy effective field theories with such symmetries. Alas, a continuous such symmetry
cannot be exact, since it will predict a massless goldstone after EWSB. Thankfully, there are
‘exceptional regions of parameter space’, identified by [78], where this alignment limit may
be realized including the effects of soft breaking of the enhanced symmetry.

However, comparatively little work has been done on ultraviolet theories that realize
these structures, and this is what we offer. The question is: how did this small breaking of
the symmetry come about? Studying the low-energy theory with small symmetry-breaking
terms as inputs of the theory is ultimately unsatisfying. That is to say, we can do better
than technical naturalness — we can try to write theories which are Dirac natural and begin
with a good symmetry with small breaking effects generated upon flowing into the infrared.
Understanding below that the 2HDM Peccei-Quinn symmetry can become non-invertible in
quark flavor gauge theories will lead us to UV constructions which predict explicit, calculable,
soft breaking by nonperturbative effects.

2.2 Non-invertible Peccei-Quinn

Merely adding the second Higgs doublet to the Standard Model, the Peccei-Quinn symmetry
of table 2 has a mixed anomaly coefficient

'ASU(S)ZCPQ = —2Ny, (2.7)



where N, = 3 is the number of generations of SM fermions. This leads to an anomalous
conservation equation for the U(1)pqg current
Asu(s)z.pq .
Oudby = —o—S—Tr FoF, 2.8
1 PQ 3972 cltc, ( )
where F¢ is the color field strength, F is its Hodge dual. Integrating this we find a change
in the PQ charge of

AQpq = @rq(t = +00) — Qpq(t = —00) = Agy(s)zpNe, (2.9)

where N¢ is the instanton number for a given SU(3)¢ configuration.

As is familiar, the SU(3)¢ instanton number takes values in the integers, N¢ € Z. Then
as a result of this anomaly, the U(1)pq is explicitly broken by QCD instantons, and only a
ZanN, subgroup remains anomaly-free. Resultingly the QCD instantons do not contribute
to the PQ-violating operators in the renormalizable scalar potential, since they can only
change the PQ charge by 2/V,. This means the first operator they generate is a6((I>I<I)2)3,
where one expects ag ~ AééD by dimensional analysis but the effects of these IR instantons
are not under analytic control.

Quite generally, a well-motivated possibility is that the approximate global flavor symme-
tries we see in the SM have arisen from gauged flavor symmetries which are Higgsed, which
we take to occur at the scale v3 > vgw. One of us discussed in [12] that subtle non-invertible
symmetries may appear when quark flavor symmetries are gauged such that there is some
non-trivial global structure between SU(3)¢ and the flavor gauge group?

SU(3)C X U(1)31+32_233 SU(3)C X SU(3)H

2.1
Za or Za , (2.10)

where the former is flavored baryon number and the latter is non-Abelian gauged quark
flavor. The non-invertible Peccei-Quinn symmetry we discuss here is closely analogous to the
symmetry in that work, but extended from the 1THDM to the 2HDM. Let us emphasize that
this is something special that can be done because of the ‘coincidence’ that the SM has the
same number of colors of QCD and generations of fermions, N, = N,.

We describe in brief the non-invertible symmetry which appears in the SU(3)%/Z3 2HDM
theory and refer to [12] for further details on the construction of the non-invertible symmetry
and on the other case. In SU(3)¢ the instanton number is integer valued, but not so in
SU(3)¢/Zs, where we quotient by the center of the group. Here the instanton number is
only necessarily integer valued in a spacetime with trivial topology and no 't Hooft operator
insertions. On a general manifold, or in the presence of 't Hooft lines, the instanton number
in SU(3)/Z3 can become fractional,

SU(3)¢ : N¢ € Z, SU(3)¢/Zs : Nc € Z./3. (2.11)

The group structure in our case is more complicated because it is a diagonal center we
are quotienting by, but at the level of the instanton numbers we can think about both

2For discussions of particle physics implications of gauge theories of groups with different global structures
see e.g. [10, 25-27, 79-84].



No,Nuy € Z/3 with the restriction
Ne = Ny (mod 1). (2.12)

A useful physical perspective on this can be gained through constructing SU(3)2/Z3 by
beginning with a SU(3)? gauge theory and then gauging the diagonal electric one-form
symmetry Zgl), see e.g. [2] for insight into this procedure. Gauging this electric one-form
symmetry restricts the allowed electric representations in this theory, and in line with
a general notion of Dirac quantization this means that the theory should gain magnetic
representations. Indeed, the SU(3)?/Z3 theory has 't Hooft lines carrying both color-magnetic
and flavor-magnetic charges and enjoying a Z31 magnetic one-form symmetry.

How should we think about these ‘exotic’ fractional instantons as low-energy effective
field theorists? These instantons can be realized whenever there are 2-cycles around, as for
example if spacetime is S? x S2. Then if we should analyze the symmetries of the theory
by looking at the partition function on a general manifold, one might think the fractional
instanton numbers explicitly break more of the PQ symmetry which remained after taking
into account the integer instantons. In particular the counting is now

AQpq = —2N,Ne — 2NNy, (2.13)

and for a minimal fractional instanton No = Ny = 1/3 we see any PQ rotations that are not
in a Z4 subgroup have become anomalous. Combined with the integer instanton backgrounds,
then, we would conclude U(1)pq — Z¢ N Zs = Zo.

However it is also true that in R* without magnetic monopoles, where we live to good
approximation, these instanton numbers cannot be realized. If we were to look at this theory
defined strictly on empty R* then we would find that the S-matrix continues to preserve the
Zg which is preserved by the integer instantons. This seems to give some ambiguity as to the
status of PQQ — should we think the fractional instantons break it down to Zs, or should we
just ignore the fractional instantons and think the Zg remains a good symmetry? Neither.

In fact the global symmetries that are anomalous only in the fractional instanton
backgrounds are not unaffected by the anomaly, nor are they fully broken. Rather such
symmetries can be recovered in the theory on R* as ‘non-invertible chiral symmetries’ [5, 6],
which must act both on local operators and on 't Hooft lines as well. This is possible in
our theory because of the nontrivial quotient, which means that the theory has Zs magnetic
representations, and these 't Hooft lines enjoy a magnetic one-form symmetry in the IR. Then
the actual structure of the PQ symmetry after accounting for explicit breaking is®

U(1)pq — Z (invertible) x Z3z (non-invertible). (2.14)

3Note that we classify the ‘non-invertible symmetry’ a bit differently than e.g. our friends in [27]. Whenever
there is a non-invertible symmetry, it can be stacked on top of any invertible symmetry to create another
non-invertible symmetry. So in their classification we have Z, (invertible) C Z¢ (non-invertible), and it is
technically true that we could create Zg worth of non-invertible symmetry defect operators. We describe
it differently here because the important point from a model-building perspective is that there is a Zs
subgroup which is protected only by non-invertible symmetry and not any invertible symmetry, and it is this
non-invertible symmetry which is automatically broken when going to a UV theory which introduces magnetic
monopoles.



Furthermore, as effective field theorists we have learned non-invertible symmetries can offer a
useful guide for ultraviolet model building [11, 12, 27]: when we find an interesting spurion
for a non-invertible symmetry in a low-energy theory, we should look for a UV theory which
breaks the low-energy Zgl) magnetic one-form symmetry by upgrading these IR 't Hooft lines
to dynamical magnetic monopoles, and so upgrades the relevant instantons to existing on R*.
Embedding the quark flavor symmetry in the UV theory of SU(9) quark color-flavor unification

provides non-invertible symmetry breaking, and so can generate A(PQ) = 2 operators.*

3 SU(9) theory and instanton NDA

As in [12], our understanding of non-invertible symmetry breaking impels us to consider UV
completing the SU(3)?/Zs theory to the color-flavor unified SU(9) theory in table 4. The
yukawa interactions have a familiar form

L2 y®1Qu + yp2Qd, (3.1)

where the yukawas are now just two numbers and we have omitted the color-flavor indices
contracted between the left-handed and right-handed quarks. The difference in the sizes
of these couplings remains the only source of irreducible Zy breaking in this theory, since
the SU(9) gluons treat up and down symmetrically. The SU(9) Yang-Mills will be broken
spontaneously down to the SU(3)?/Zs3 theory considered above by the three-index symmetric

scalar Z4BC,

(EABC) = vgeabceam, (3.2)

where e.g. A =1...9is an SU(9) index which can be thought of as a multi-index in terms of
the SU(3)¢ index a = 1...3 and the SU(3)y index a =1...3as A =11,12,...,23,33. In the
expanded scalar potential, = may couple to the two Higgs doublets as A\|ZABC|2(|®1 |2 + |®2|?)
and is not a source of irreducible Zs breaking.

A complete model will require also scalar fields to spontaneously break SU(3)y and
generate the non-trivial flavor and CP structure of the SM yukawas, but these issues are
separate from our main points here. A proof of principle was given in [12], and studying
more realistic such structures remains an interesting and necessary direction for connecting
color-flavor unification to the real world. We note that eventually there does need to be
some further Zo symmetry-breaking because the flavor structures in the up and down sectors
do not coincide, but presumably this need not be a larger effect than y; > v, which we
have already said we can ignore.

The only feature of this UV embedding of the SU(3)2?/Z3 which we need to make use
of is the non-invertible symmetry breaking by SU(9) instantons, whose main effect is to
generate m3, and softly break the PQ symmetry in the scalar potential. The 't Hooft
vertices [86] are simple enough to understand in this case, but we can make use of the general
technology of Csaki, Tito D’Agnolo, Kuflik, Ruhdorfer [87] to systematically estimate the

“Parenthetically we remark that this same feature means our UV embedding does not have a domain wall
problem. Further study of the use of non-invertible symmetry to solve the domain wall problem will appear
soon in the context of the DFSZ theory [85].



SU9) | SU@2). | U(L)y | U(l)eq
Q| 9 2 +1 0
m 9 — —4 1
d 9 - +2 1
P, — 2 +3 -1
P, - 2 +3 1
= 165 - 0 0

Table 4. Symmetry and matter content of the SU(9) theory including the SM quarks, the 2HDs, and
the three-index symmetric scalar = whose condensation breaks SU(9) — SU(3)?/Zs.

Figure 2. The l-instanton 't Hooft vertex of the SU(9) 2HDM with both sets of fermion lines closed
off with flavor-symmetric yukawas to produce m?,.

size of the mass parameter generated by SU(9) color-flavor instantons. Alternatively see
also [88] for a functional approach.

3.1 Generation of m%2

In the UV SU(9) theory with RG-invariant scale Ag which is Higgsed at the scale vy,
instanton NDA gives us (see figure 2)

2 C 8 2.9/dP(A o —2m P 2 (3.3)
m ~ — — (& .
12 YtYpLog g(U9)2 p5 9P [

where by is the leading UV beta function coefficient and Cy is an instanton density factor
computed by 't Hooft which depends also on the multiplicities of charged fields.> This
integral over instanton size p gives

18
Coy? 82 B

As to the beta function, in general by = %N — %nfff — %nslS — %nrlr for charged

Dirac fermions, complex scalars, and real scalars respectively with Dynkin indices I;. In

5We note that this often-quoted size of the exponential suppression from Higgsing exp(—2m2p*v3) is in
fact the result from Affleck [89] for SU(2) broken by the fundamental. In more general scenarios one finds an
order-one representation-theoretic factor ¢, which depends on the details of the breaking SU(9) — SU(3)?/Z3
or — (SU(3)c x U(1)m)/Zs or — SU(3)c. Absorbing this into @9 = ve/,/q and accounting for the implicit

1—bo/2

dependence of Ag on vg, one finds this scales the result as ¢ . We thank Gongjun Choi for calling our

attention to this.

,10,



a

Figure 3. The mass parameter of the 2HDM generated as soft breaking of the Peccei-Quinn symmetry
by the color-flavor unified instantons as a function of a(vg) in our toy UV model.

the SU(9) phase the SM fermions are simply contained in 2 fundamental Dirac fermions
with index %, and we Higgs this with one three-index symmetric complex scalar = with
index 33, for a coefficient of by = 62/3.

With this matter content we plot mj2/vg as a function of the SU(9) gauge coupling
ag(vg) = g(v9)?/(4n) in figure 3. Note that due to the non-trivial embedding
73 (SU(9)/ [SU(3)?/Z3]) = Zs, this coupling jumps by a factor of three across vy, so
ag(vg) = 3as(vg) where ay is the strong coupling of SU(3)¢ [90]. We remark that there is
considerable freedom to alter the sizes of these effects — for one because additional matter in
the UV will change the beta function by, and for a smaller beta function the suppression of
mi2/vg will become less severe. More starkly, the SU(3)¢ coupling can easily grow between
the scale vz where SU(3) is broken and the scale vg, for example if some of the colored
degrees of freedom in = get masses moderately below vg (see [12]).

Henceforth we treat m?, as a free parameter which is the spurion for U(1)pq-breaking.
The structure of the couplings between the Higgs scalars and the fermions means that the
PQ violation of the 't Hooft vertex is transmitted to the scalar potential solely into m?, at
lowest order, so that the breaking in the scalar sector is effectively soft to one-loop. This
means the inclusion of m?, # 0 is the leading effect in our discussion of where we end up
in the 2HDM parameter space in section 4.

3.2 Suppressed PQ-violating quartics

Since the PQ-breaking in the scalar sector is soft, it does not lead to any divergent diagrams
generating PQ-violating quartic operators upon renormalization group evolution, as diagrams
like figure 4 are finite. The only generation of these quartics will take place upon integrating
out the ‘heavy’ Higgses — to the extent that there is any splitting between the scalar masses,
which in our target parameter space is quite slight in any case.

At higher-loop order the protection of effective softness in the scalar sector will break
down, as ultimately the four-fermi ’t Hooft vertex is an irrelevant interaction. As our purpose
in this work is not to write down a complete model, we will not take pains to compute these
loop diagrams. Neither the finite pieces of the one-loop diagrams nor the renormalization
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Figure 4. One diagram contributing to the generation of Ag at one loop, where ®; lines are colored
blue and @, lines purple. The PQ-violating spurion m?2, necessarily appears.

from higher-loop diagrams skews us away from the model with softly-broken PQ enough
to affect near-term viability of this model.

4 2HDM parameter space

In this section we consider where in the 2HDM parameter space we have landed from the
non-invertible Peccei-Quinn breaking. As discussed above, the violation of the scalar sector
symmetries in the dimensionless couplings is loop suppressed and small. Then to quite good
approximation we are in the parameter space where the PQ symmetry is only broken by
the relevant m?,, and the Zy symmetry is only broken by the relevant m?; > m3,. This fits
in a simple part of the Exceptional Region of Parameter Space ERPS4 [78], which makes
accessible the alignment without decoupling limit as Haber & Silva discuss.

In particular, at lowest order our scenario bears out the softly-broken ERPS4 region of
Sec VI of [78]. Defining A\; = Ao = X and R = (A3 + Aq)/A, the spectrum is simply

2
mi = miy—— (4.1)
825
1
mie =m? — 5)\41}2 (4.2)
Mp, 7 = E m? 4+ M’ + \/{mQ — \v? (02 + Rs? )}2 + A2s2,c25(1 — R)%‘ll (4.3)
hH = o |77°A A 28 28 26C28 :
m3, —m
Cop =~y (4.4)

where cog = cos(203), s25 = sin(23). How close we are to the alignment limit is parametrized by
Mv?sageap(l — R)

2\/(m%{ —m2) [m3 = W?(1 - §s3,(1 — R))] ’

cos(f —a) = (4.5)

with exact alignment achieved for cos(8 — «) = 0. This is exhibited in e.g. the yukawa
couplings to h which are modified proportionally to the SM with the factors

Ky = sin (8 — a) + cot S cos (8 — ) (4.6)
Kdye =sin (8 — a) —tan fcos (B — ),

where yJZcHDM

SM
In a general 2HDM the pseudoscalar mass my4 is bounded from below by roughly my,/2

having not observed h — AA decays at the LHC. As recently reviewed in [91, 92], the
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current bound on how close we are to the alignment limit is cos(8 — a) < .05 and we require
additionally tan $ 2 5. In order to satisfy those bounds we have to deviate from the exact Zo
limit with m11 = mao to get large tan 8, which is anyway an obvious expectation given y; > vp.

As we are restricted to a small subspace of the type II 2HDM parameter space by
the softly-broken U(1)pq x Zy symmetry, satisfying these requirements will restrict us to
ma 2 120 GeV. While not as light as the pseudoscalar can be in general, this is still well
within the alignment without decoupling regime. Generally, the values of (tan 3, A, R,m4)
which we can reach are tightly correlated. To the extent we are at oo > tanf > 1, as
required by Higgs coupling measurements, good alignment will require R ~ 1. This implies

1] 2
mi, g = B m? 4+ w? + \/[mi — Av? (cgﬂ + Rs%ﬂﬂ + A2s355¢55(1 — R)?v
cos(f—a)~0= 1 _m2 +M? + ’mQ — (02 + Rs?2
5 |™ma A 23 23
T
R~1:>5 m2A+/\v2:|:’m124—)\v2”
1
leZ,H ~ 5AU27m?47 (48)

which means that we require A ~ 2Agy and necessarily find m%{ ~ m124.

5 A=a

Any 2HDM contains a scalar field charged under a U(1) Peccei-Quinn symmetry which
condenses, and empirically we know the infrared PQ symmetry must be approximate such
that the would-be Goldstone mode becomes a massive pseudo-Goldstone. If the only explicit
breaking of such a PQ symmetry is by instantons, then very generally such a setup bears out
an axion solution to strong CP. In the minimal infrared setup of Weinberg & Wilczek, which
merely extends the SM by a second Higgs doublet, the only source of breaking is instantons
of SU(3)¢, but this leads to a light axion of mass m, ~ A(QQCD/UEW with large couplings to
SM fermions. So this wvisible axion was very quickly ruled out.

Our focus thus far has been the natural realization of the 2HDM alignment limit as a result
of a UV Peccei-Quinn symmetry which we were led to by recognizing an IR non-invertible PQ
symmetry in a theory of gauged quark flavor. But this has lead us also to simple unified UV
theories of the SM fermions in which additional small instantons contribute to the explicit
violation of the PQ symmetry. In such a UV theory, the pseudoscalar pseudo-Goldstone
axion mass can be dominated by the effects of these small instantons, taking on a much larger
value m, ~ m2,/vgw. Such a ‘heavy QCD axion’ can still solve the strong CP problem,
and in fact has some comparative virtues.

We note that there have been a variety of constructions of heavy QCD axions, e.g. in
models which enlarge QCD with another confining group [93-99], in models which ‘deconstruct’
QCD [100, 101}, in models utilizing discrete symmetries which relate our QCD to another [102—
110], or in models of five-dimensional dynamics or compositeness [111-115]. In general, heavier
QCD axions have various interesting probes [116-125]. These are great ideas which, it is
fair to say, all involve a fair amount of extra structure.
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In this revival of the visible Weiberg-Wilczek axion in color-flavor unification, the axion
lives entirely in the two Higgses which provide masses to the Standard Model fermions, so
it is maximally tied to the structure of the SM. Furthermore, since the small instantons
generating the heavy axion mass exist from the gauging of some of the approximate global
symmetries of the SM, we have no need to introduce new fermions.

5.1 Peccei-Quinn Weinberg-Wilczek axion

Let us recall which mode is the axion, A. The scalar sector has U(1) currents
T =3 (0[0rer + 0[0rd,), b = —0]01e) + 0}y, (5.1)

For the PQWW axion, the identification of the pseudoscalar modes is trivial: the Zs-even
combination is eaten by the Z-boson, and the axion should be identified with the orthogonal
Zo-odd linear combination of the neutral pseudoscalar modes of ®; and ®5. Being the
visible axion, this pseudoscalar has the large Yukawa couplings to the SM fermions familiar
from the 2HDM

L2 iy A sy, (5.2)

where yJScM is the SM yukawa and ¢, = cot 3,¢4¢ = — tan 3.

In a model of the invisible axion, there is a huge separation between the PQ-breaking
scale and the mass of the axion, f, > mq ~ Aqcp, and so below f, it is sensible to integrate
out the radial mode of the singlet scalar PQ-breaking field. Then in the effective theory
below f,, the axion non-linearly realizes the PQ symmetry. However, in the visible axion
model the scale of Peccei-Quinn breaking is given by the electroweak scale vgy,. Then there
is no ‘separation of scales’ between the axion decay constant and the axion mass within
which we may formulate an effective field theory where the PQ symmetry is non-linearly
realized by the 2HDM pseudoscalar.

5.2 No quality problem

Recall that the invisible axion has a severe quality problem: we expect to have no control
over global-symmetry-violating operators induced by Planck scale physics, and must consider
the effects of

LD a My e", (5.3)

where ¢ is the complex scalar singlet which Higgses PQ (¢) = f, whose phase is the invisible
axion. This leads to an axion potential like

fa
M,

n—4
V(a) ~ AéCD (1 —cos(a)) + f2 ( ) (1 —cos(na+ ¢yp)), (5.4)
where ¢, is the phase of a,. Observational constraints from stellar cooling have pushed
invisible axion models up to the regime f, > 10% GeV > Aqcp, so these latter contributions
threaten to destabilize the axion solution by localizing it away from f.g = 0 — unless the
couplings a,, or their phases are very very nongeneric.
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In contrast, in the 2HDM alignment without decoupling limit, the spontaneous PQ
breaking occurs at the electroweak scale. And in our revival of the visible axion using
small instantons, the instanton induced potential is at that same scale as well. So then
what is the status of the quality problem? Which putative quantum-gravity-generated
global-symmetry-violating operators are of worry?

The effects of such an operator should vanish in the limit My — oo, which is responsible
for the folklore that we should only consider irrelevant operators — at least if we don’t
have any other scales around. If all we had was the 2HDM, then we should consider gravity
inducing the following operator of greatest concern

3
L5 as (cb}@g) /M2 (5.5)

which leads to a visible axion potential of

2
V(a) ~ miy (1 — cos(2a)) + véw (?EZ) (1 — cos(6a + ¢g)), (5.6)

and the theory is automatically safe from these quality concerns — already the first irrelevant
operator is suppressed enough that the mechanism is robust to even O(1) Planck-scale
global symmetry violation.

However, we have introduced additional UV dynamics here which can make the concern
slightly more tangible. In particular we can consider the operator

£ ar (@]®) [2*/M3;, (5.7)
utilizing the SU(9)-breaking scalar Z, which leads to a visible axion potential of

2
V(a) ~ mby (1 — cos(2a)) + vy vl (ﬁ;) (1 — cos(2a + ¢2)) . (5.8)

If o is a generic phase, then we must demand the latter term perturbs the minimization
a ~ 0 by less than the observed constraint # < 1070, This term is enhanced over the first
by v2/viy so this enhancement must be drowned out by v3 /M3,

va /MBE <1071%2y /v3 < wg S 108 GeV (5.9)

This operator is not a concern to the extent that the color-flavor breaking scale vg can
be far below the Planck scale.® The scale of gauged quark flavor must be far above collider
scales to avoid constraints on flavor-changing neutral currents [126]. The exact constraint
depends upon the details of its breaking, but vz > 10% GeV is conservative. Remarkably,
there is no concern of Peccei-Quinn quality if the flavor-breaking scale is within striking
distance in the mid term, as was seen also in [12].

SWe note that there can also be quality concerns from Planck-suppressed dimension-6 SMEFT operators
that violate CP, but the resulting bounds on vg /M, are less stringent than the above in this case, see [122].
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6 Conclusion

Already the application of generalized symmetries to model building has guided us to
interesting nonperturbative effects in models of non-trivial flavor unification. In the quark
sector of the 1THDM the identification of a non-invertible Peccei-Quinn symmetry pointed
to a simple UV revival of the massless up quark solution [12]. The massless quark solution
solves strong CP using a PQ symmetry which is not spontaneously broken, and is the solution
which is closest to utilizing solely the dynamics of the SM fields.

The possibility of solving strong CP using a spontaneously broken symmetry requires an
additional scalar to provide the axion as a goldstone mode. The simplest such possibility was
described by Weinberg and Wilczek and has long been ruled out. Here again a non-invertible
symmetry analysis in the IR theory with another Higgs doublet has now pointed us to a
simple UV revival of the Weinberg-Wilczek visible axion, which has built into it a natural
way to get alignment without decoupling in the 2HDM and so have this new pseudoscalar live
at accessible scales. Elsewhere some of us will report on interesting features from utilizing
insights into non-invertible Peccei-Quinn symmetries in the invisible DFSZ axion model [85].

The theory we have written down is not yet fully realistic, and it remains an important
problem to write convincing models of spontaneous breaking of color-flavor unification which
generate the observed yukawas, for which as yet there is only a proof of principle [12]. It
would be interesting also to consider the early universe cosmology of this model and the
dynamics of its topological defects. More broadly, models of minimal non-trivial gauge-flavor
unification of the Standard Model fermions merit further attention [11, 12, 127-130].
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