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Environmental averaging
Roman Shvydkoy

Abstract. Many classical examples of models of self-organized dynamics, including the Cucker-
Smale, Motsch-Tadmor, multi-species, and several others, include an alignment force that is based
upon density-weighted averaging protocol. Those protocols can be viewed as special cases of ‘envi-
ronmental averaging’. In this paper we formalize this concept and introduce a unified framework for
systematic analysis of alignment models.

A series of studies are presented including the mean-field limit in deterministic and stochas-
tic settings, hydrodynamic limits in the monokinetic and Maxwellian regimes, hypocoercivity and
global relaxation for dissipative kinetic models, several general alignment results based on chain con-
nectivity and spectral gap analysis. These studies cover many of the known results and reveal new
ones, which include asymptotic alignment criteria based on connectivity conditions, new estimates
on the spectral gap of the alignment force that do not rely on the upper bound of the macroscopic
density, uniform gain of positivity for solutions of the Fokker-Planck-Alignment model based on
smooth environmental averaging. As a consequence, we establish unconditional relaxation result for
global solutions to the Fokker-Planck-Alignment model, which presents a substantial improvement
over previously known perturbative results.
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1. Introduction

Many mathematical models of swarming behavior reflect the tendency of every agent to
align its velocity to an averaged direction of motion of the crowd around. Although the rules
that describe the average may not be given explicitly, most adhere to a few basic principles.
First, agents react more to the closest neighbors, and second, the density of the swarm plays
constructive role in defining a particular communication protocol. Such rules, in a broad
sense, give rise to what is called environmental averaging.

Early computer simulations that incorporated an alignment mechanism along with other
interaction forces produced first realistic visualizations of flocks and schools, see [3,76]. A
wide variety of applications ranging from swarming behavior of animals to technological
implementations, see these sources [1,6,8,32,50,69,71,81,92,96] and references therein,
has ignited mathematical inquiries into theoretical foundation of alignment dynamics.

A prototypical example of a static averaging model arises in opinion dynamics, where
each agent labeled by index i € [1, N] has a set of other agents ; to which it is connected.
The opinion vector p; aligns to the opinions of connected agents via

pi=4 Z a;j(t)(p; —pi) +Fi, Zaij(t) =1 (LD

JEN; J

Here, F; incorporate all other forces such as adherence to convictions or random noise. If the
graph of players is connected then the system naturally reaches the total consensus p; — P.
Forces may lead to non-trivial limiting states, such as Nash equilibria, see [26,58,69,73].

In swarming dynamics the pioneering work of Vicsek el al [95] introduced a discrete
model of self-propelled particles with local interactions

2jilxj-xil<ry Vi

vilk+1) =09 + o0&y,

ijlxj*xi|<r() vj (1.2)

X,‘(k + 1) = X[(k) +V[(k + 1)

where &, are random variables and o > 0 is the noise intensity. The Vicsek averaging is
spatially local and includes normalization to reflect the tendency of agents to adhere to a
fixed characteristic speed. The model produces a number of emergent phenomena devel-
oping into global patterns such as mills or periodically rotating chains. Solutions undergo
phase transitions from ordered to disordered states depending on the noise level, see [96]
for discussion.

A growing number of studies on flocking behavior is based on the Cucker-Smale system
introduced in [24, 25],

Xi = Vi,

N n n -
) (xj,0;) eR"xXR", i=1,...,N. (1.3)
b=y mid(xi = x;) (0] = v0),

j=1
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Here, ¢ is a smooth radially symmetric and decreasing kernel, originally ¢(r) = W,
where A, 8 > 0. The model provides a well-defined mathematical framework which admits
justifiable kinetic and macroscopic descriptions, see [9, 16,34,40,42,81,91]. It appeared,
in part, in response to the need for a model whose long time behavior is not associated
with perpetual connectivity assumptions on the flock as in prior studies. In fact, a simple

criterion for alignment can be stated solely based on rate of decay of the kernel.

Theorem 1.1 ([24,25]). If B < 1, all solutions to (1.3) align exponentially fast to the mean
velocity v = ﬁ Z;.Vz | mjvj, while flock remains bounded
j=111j

max |v; — 0| < Ce™ ", max _|x; —x;| < D,
j N j=1,...N

where C, 8, D depend only on the initial condition and parameters of the kernel. If 8 > 1
there are solutions that do not align.

Since its inception the Cucker-Smale system has seen numerous applications. A remark-
able implementation to satellite navigation was proposed in [74], where value of 8 = 0.4
was found to be most optimal for the purposes of the mission. Adaptations to control prob-
lems are addressed in [10, 12, 19]. Interacting agents immersed in an incompressible fluid
lead to hybrid systems with Cucker-Smale component modeling the alignment force, [39].
Multi-scale and multi-species flocks have been studied in [44,87]. An important modifica-
tion of the system with thermodynamic features was proposed in [4 1], see also [1]. Flocking
analysis can be extended to nonlinear alignment protocols as well [38,49,64,93]. A compre-
hensive review of various other features of the Cucker-Smale dynamics based on hierarchy,
angle of vision, and emergence of leaders can be found in [17]. In the context of alignment
dynamics which includes potential attraction/repulsion or Rayleigh frictions forces, the
emergent behavior has not yet been fully understood, although it is clear from these studies
[22,58,79,80,87], that the effect of such forces on collective outcomes could be dramatic.
In particular, the quadratic confinement potential drives the system to an aggregated har-
monic oscillator, [80]. Some general N-dependent results in this direction can be achieved
for the 3Zone model of Reynolds [76] with the use of the corrector method introduced in
[29], see [81]. Lastly, we mention that the alignment criterion itself stated in Theorem 1.1
does not require the kernel to have any explicit form and has seen numerous extensions to
include general fat-tail kernels and kernels with degenerate communication in short range,
see [29,40] and Section 4.1 below.

It is insightful to rewrite the Cucker-Smale system as follows

X =, Xx; € Q,
l')i:Si([l)]l-—U,'), v; €R" i=1,...,N. (1.4)
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where Q is an environment (for most of our discussion either T" or R™), [v]; is an averaging
protocol of the ith agent, v = (vy, . . . ,uN ), and s; is a specific communication strength. Here,

S mig(xi = x))v;

N
Si = (P (xi —xj), [v]; = . (L.5)
;m‘, o ’ Simid(xi - x))

This form highlights two separate structural components of an alignment model — the aver-
aging and communication strength. Varying these components allows to adapt the system
to a particular modeling scenario. For example, it is argued in [68, 69] that if a flock con-
sists of clusters with unbalanced sizes it is more realistic to incorporate a static strength
parameter s; = A > 0, leading to what is called the Motsch-Tadmor model

o; = A([v]; —vi). (1.6)

Analysis of this model presents many challenges related to the lack of symmetry and
momentum conservation. However, the analogue of Theorem 1.1 still holds, [69]. A mod-
ification that restores the symmetry was proposed in [81],

mj¢(€ - xj)vj
i=1, - x; il (1.7)
s (o], = /¢< e Zleml(p(f e

This particular averaging appears instrumental in several other studies of flocking such
as hydrodynamic limits [81], relaxation and hypocoercivity in kinetic dynamics [82], see
also Sections 8 and 9. Its continuous variant emerged in the analysis of non-homogeneous
turbulence in [60].

Another interesting example of a non-Galilean invariant environmental averaging is
given by a class of segregation models. Let {g; }IL: | be asmooth partition of unity 3, ZL: 181=1
subordinated to an open cover UlL: 1§ = Q, where € is a compact environment. Let

mv;21(x;)
s =1, ai(x ) =1 M0 (1.8)
Z o Zjvlm]gl(xj)

Here, the agents communicate predominantly in their own communities and exchange of
information is facilitated through the borders. Consensus can be reached provided the bor-
der is sufficiently populated at all times, see Section 4 for rigorous formulation. Many more
examples are discussed in Section 2.

In the large crowd limit as N — oo the components s;, [-]; take macroscopic forms,
which makes them suitable for statistical description of the alignment systems. For exam-
ple, denoting fy = f * ¢ for a distribution f, we can see that the Cucker-Smale model
corresponds to

('4,0)¢
Pe

Sp :p¢>’ [u]p
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This averaging rule is also known as the Favre filtration, [33], which was introduced in the
context of numerical simulations of turbulent flow. In the same manner, the averaging of
(1.7) is given by the over-mollification of the Favre filtration

[ul,, = ((“p)"’) , (1.9)
Po g
and the averaging of (1.8) becomes
Jpugipdy
lp () =) &1(0)=F——— (1.10)
Z Jaipdy

All the operations above make mathematical sense for any probability measure p € P (Q)
and any bounded field u € L*(p). In particular, we can go back to the discrete analogues
by applying averaging on empirical pairs

N N
N
= g midy, u' = g villy,,
i=1

i=1
[v]; := [uN]pN (xi), st = spn (x;). (1.11)

It is therefore more inclusive to define averaging rules via macroscopic formulas.

Physical features of the system (1.4) are intimately connected to analytical properties of
the pair (sp, [-],,). In most situations those properties are more naturally expressed in terms
of the strength measure given by dx, = s, dp. Thus, the preservation of k-momentum

/[u]p de:/ude,
Q Q

implies conservation of the physical hydrodynamic momentum, % fg udp = 0. The sym-

metr&
'/SZ L . Q P

implies a natural energy dissipation law

d 1
G LuPae =3 [ el - dodpt) i)

where ¢, is a communication kernel representing a given averaging, see Section 3.2. The
long time behavior analysis becomes connected to coercivity and positive-definiteness of
the averaging, see Section 4.

In order to get more insight into such connections, it is useful to disassociate the aver-
aging/strength pair («,, [+],) from any particular differential law they are involved in, and
take a ‘birds eye’ look on its kinematic properties. For this purpose, we will delegate the
concept of an environmental averaging model to a family of pairs

M= {(kp.[1,) : p € P},
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parametrized by probability measures p € £ (L), and satisfying a list of continuity assump-
tions stated below in Section 2. Through the study of such models it appears possible to
build a unifying framework for many flocking and regularity results that have appeared
scattered before, and to find substantially new ones that, otherwise, are obscured by speci-
ficity of a particular model. This will be the main objective of the present work. So, let us
give a brief overview of the studies undertaken here.

(D) First, we develop basic functional analysis of the averaging models. Here we focus
primarily on those properties that have direct physical interpretation in terms of dynamics
of a particular system they are involved in. Those include representability (existence of
a communication kernel), conservation, symmetry, and most importantly a quantitative
version of positive definiteness — ball positivity, see Section 3. We also describe regularity
conditions on the pairs s, [u], necessary for developing a meaningful well-posedness
theory for kinetic models done in Sections 5 and 7.

(IT) Next we address the classical flocking result of Cucker and Smale for general envi-
ronmental averaging models. We choose the kinetic description in the context of measure-
valued solutions:

O f +v-Vuf =V, (sp(v—1[u],)f). (1.13)

Here p and up are the macroscopic density and momentum, respectively. It is the most
inclusive framework since it encapsulates the microscopic system (1.4) if applied to empir-
ical measures f = 2,]-\:71 m;dy, ® 0y, and the pressureless hydrodynamic system if applied
to mono-kinetic solutions f = p(x,#)dp(v — u(x,t)), see (4.13). For global communication
kernels the analogue of the original Cucker-Smale alignment criterion is stated in Theo-
rem 4.2, see also Carrillo et al [16] for the first result of this kind in kinetic formulation.
In the case of local communication, which is our primary focus, all alignment criteria
can be sorted into two types — ones that rely on a chain-connectivity of the flock, and ones
that make use of the spectral gap condition. The former approach is dynamic. It is based
on the idea that connected misaligned components of the flock lose energy through the
law (1.12) until full alignment is achieved. For the classical Cucker-Smale and topological
singular models this was addressed in [67, 86]. Here we present a new result stated in
Theorem 4.5 which gives a sufficient condition of ball-thickness, see (3.38): as long as the

flock is connected at a local communication scale r of the kernel, and g, (supp p) = ﬂ%

in the open space or p,(Q) > tl% on the torus, the flock aligns. No control on the upper
bound of the density is necessary.

The spectral gap approach is kinematic in nature. It relies on finding efficient bounds
on the spectral gap of the averaging operator set in a proper function space. In fact, spectral
gaps are relevant to flocking behavior in several contexts including relaxation problem for
the Fokker-Planck-Alignment model. So, it will be our primary focus in Section 4.4. A
criterion proved in [92] states that a symmetric model aligns provided fow A(t) dt = oo,
where
(. Loy

/l = s
ueld(p) (U u)p

Lou=s,(u—[u],), (1.14)



Environmental averaging 7

and (u,v), = fg u - vdp. In Proposition 4.9 we present an extension of this result to the

non-symmetric case. For the Cucker-Smale model the bound A > ’;—% was proved in the
same work [92], see also Remark 4.1 1. This result is consistent with the chain-connectivity
criterion stated above provided p, remains bounded. For systems with a singular kernel a
similar result was established in [86]. With a view towards the relaxation problem, where
reliance on p, is prohibitive, it is imperative to find bounds on the spectral gap independent
of p;.

To this end we propose a somewhat different methodology — one that focuses directly
on the averaging [-],, in the framework of «,-weighted spaces:

(u. [u] )i, < (1=&)llulz, - (1.15)

We introduce the low energy method tailored to finding estimates on & solely in terms of p_.
The method applies to a special, but quite broad class of so called ball-positive models, see
Proposition 4.16. These include the segregation (1.8), the overmollified Motsch-Tadmor
variant (1.7), and most notably the classical Cucker-Smale model (1.5) provided the defin-
ing kernel is Bochner-positive: ¢ = ¢ * i for some ¢ > 0. In particular, if applied to the
Cucker-Smale model the method gives the following bound:

£ 2 p,(Q). (1.16)

(IIT) The next study is dedicated to justifying the kinetic description through a mean-
filed limit in both deterministic and stochastic contexts. As the number of agents grows
N — oo, the microscopic system settles in the weak sense to a solution to the kinetic Viasov-
Alignment equation (1.13)

N
,uN = Zmiéxf ®06, — f.
i=1

So far the limit has been rigorously justified for the Cucker-Smale and (1.7)-models, [40,
42,81]. In Section 5 we establish a much broader result which covers models with certain
uniform regularity properties, see Definition 3.17, and is insensitive to the symmetry of a
model. It applies in particular, to the Motsch-Tadmor and other similar models.

When system (1.4) is supplemented with density-weighted stochastic forces

dx; = v; dt,
dv; = s;([v]; —v;) df + V20s; dB;, i=1,...,N. (1.17)

where B;’s are independent Brownian motions in R", the limit ‘in law’ settles to a solution
of the Fokker-Planck-Alignment equation

Orf +v-Vyf =0spApf+Vy - (8p(v—[u]y)f). (1.18)

For the additive noise and general convolution-type models the result was proved in [9],
while the present case is treated in Section 6. The non-homogeneous diffusion requires a
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separate consideration, and is introduced for two reasons. First, it makes physical sense to
put stochasticity where communication actually happens and is proportional to its strength.
Random deviations get stronger with more active communication, so s; acts as a thermal-
ization parameter. Second, it ensures that the kinetic model (1.18) has a natural Maxwellian
equilibrium. This will be instrumental in the study of relaxation.

(IV) Reading off the evolution of macroscopic quantities from (1.13) we obtain the
hydrodynamic Euler-alignment system (EAS)

Op+ V- (up) =0,
Or(pu) + V- (pu®u) +V - R = ([u], —u)dkp, (1.19)

where R is the Reynolds stress given by

Rz/Rn(v—u)@(v—u)fdv.

Here, we encounter the classical closure problem. One can achieve a specific form of R
by introducing various scaling regimes. This has been addressed in two situations. The
monokinetic regime f — p(x, 7)o (v — u(x,t)) results in the pressureless EAS, R = 0, and
the analysis of this limit for the classical Cucker-Smale model goes back to [34,51, 65]
see also [81]. The convergence was established quantitatively in Wasserstein-1 metric. In
Section 9.1 we produce a general result and upgrade the convergence to Wasserstein-2
under mild continuity assumptions on M. It applies, in particular, to all the models listed
here, including non-symmetric ones such as M.

By incorporating a strong penalization force of Fokker-Planck type one can achieve
another regime where f settles to a Maxwellian. This results in the Euler-alignment sys-
tem with isothermal pressure tensor R = p Id. The Cucker-Smale model was analyzed in
[52-54], and (1.7) was analyzed in [82], see also [21] for a new development in the mildly
singular case. Section 9.2 presents a general result.

We note that kinetic closure is not the only way to model flocking on the macroscopic
level. A general class of systems with entropic pressure introduced in [93], which includes
kinetic ones as a particular example, is amenable to flocking analysis as well.

(V) The most comprehensive study in this present work is related to well-posedness
and relaxation of the Fokker-Planck-Alignment model (1.18) on the periodic environment
Q = T". The motivation for this study is rooted in the original question of emergence —
formation of collective outcome from purely local interactions. On the periodic domain,
if the communication kernel ¢ has a short reach, supp ¢ C [0, r¢], then there exists a
family of unaligned solutions where agents rotate along parallel geodesics with various
velocities (or even perpendicular geodesics with mutually rational velocities). These are
called locked states. Such solutions form a measure-zero set in the ensemble of initial data
(X15.--,XN,01,-..,0n). No deterministic approach to establishing alignment based on
generic data that avoids locked states has been explored yet, except for 1D case [29]. It is
natural, however, to look into this problem in stochastic settings of (1.17), where locked



Environmental averaging 9

states are being disrupted instantly. One can expect a collective outcome in two limiting
steps: first + — oo, then o — 0. For large crowd distributions governed by (1.18) this can
be viewed as a relaxation problem: on the first step we obtain convergence to Maxwellian

1 _ lo=a?

= o 1.20

which in turn aggregates on the monokinetic state §o(v — 1) ® dx as o — 0. The latter
represents a perfectly aligned configuration.

This program has seen some success in the past. The relaxation itself for the linear
problem is a classical and well-understood subject, see [97] and references therein. With the
nonlinear alignment force the works [20, 31] establish relaxation for perturbative solutions
near equilibrium in the case of the Cucker-Smale and purely local models, respectively.
The first global result was proved in [82] in the context of the (1.7)-model, where linear
technique was adapted to the nonlinear problem enabled by special cancelations in the
alignment forcing.

In Section 8 we extend this technique further and prove a much more general result that
pertains to a wide variety of models. Proposition 8.1 lists a set of functional requirement on
a given solution to imply exponential relaxation. This applies in particular to perturbative
solutions, but the main application manifests itself in global relaxation for ball-positive
models. It comes in conjunction with the detailed well-posedness theory for the Fokker-
Planck-Alignment equations developed in Section 7. We prove that most models M with
good regularity properties facilitate the classical kinetic diffusion effect — spread of posi-
tivity of solutions expressed by the instant gain of Gaussian tails

F(t,x,0) > be@ll, (1.21)

The spread of positivity is a well-known result observed in many kinetic equations, see
[2,13,35,45,48,70] and references therein. The novel additional aspect of our result stated
in Proposition 7.3 is that the constants a, b depend only on the entropy and L*-bound on the
driftsy, [u],. For many models, including the Cucker-Smale, the latter two can be controlled
by initial condition only. Consequently, for those models we obtain uniform control over
the lower bound on the density, and hence, the spectral gap through (1.16). In such cases
relaxation result is unconditional. Let us summarize the result specifically for the original
Cucker-Smale model.

Theorem 1.2. Any classical solution f to (1.18) based on the Cucker-Smale model with
Bochner-positive kernel ¢ relaxes exponentially fast to the global Maxwellian (1.20).

Theorem 8.8 contains the full list of models to which a similar result applies. We note
again that previously this result was established only in perturbative regime by Duan et
al [31]. Concerning other models, in particular non-symmetric models such as Motsch-
Tadmor, we obtain relaxation near equilibirum in Fisher information sense. The complete
statement is given in Theorem 8.7.
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Finally, let us comment on what is not included in our study and what would be highly
desirable to address in the near future. First, we include no forces, focusing mainly on the
core alignment mechanism. Potential forces, such as confinement, attraction/repulsion etc,
have a great impact on collective outcomes and play major role in applications, [14, 17,
22,79, 80]. Second, we treat only linear couplings in the alignment force. Several recent
studies [38, 49, 64, 93] highlight the importance of non-linear couplings as well. In our
general framework nonlinearity I" can be incorporated by considering the system

v =s; [[(v—-vy)];.

Developing regularity and relaxation theory, say, for the kinetic counterpart would be cru-
cial to understanding more intricate nonlinear phenomena of self-organization. Third, our
framework does not presume communication to be singular, either mildly or strongly. Such
models were introduced in [30, 75, 83—86] to analyze the effects of enhanced local com-
munication and its role in emergent dynamics, see the survey [71]. Finally, we leave the
analysis of hydrodynamic models in our general framework to future research as it shifts
the focus far from the thread of this work, see [15,43,57,69, 81,91] and the literature
therein. However, we will share a new prospective on modeling macroscopic alignment in
Section 9.3.

2. Basic concept and examples

Let Q denote an n-dimensional environment. We mostly focus on the cases when Q is either
the open space R”", periodic domain T", a finite set of points, or Cartesian products of the
above. Denote by P (€2) the set of probability measures on Q. An environmental averaging
model is a family of pairs

M ={(kp. [-]p) : p € P(Q)}

satisfying the following functional requirements:

evl) Forevery p € P(Q), k,, is a finite positive measure on Q. We call it communication
Yy P
strength.

(ev2) [, is a linear bounded operator on the weighted space L*(Q, dk,) = L2(Kp).

(ev3) [], is alinear bounded operator on L™ («,), with the properties (k,-a.e.)
[u]l, > Oforallu >0, and [1g], = 1g. 2.1

Here and throughout 1 4 denotes the characteristic function of a set A. If u = (uy,...,u,)
is a vector field (where m may be unrelated to the dimension n) we assume that the operator
[u], is acting on each coordinate:

[u]p = ([ul]p9"'9[um]p)' (22)
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Although the averaging models are generally assumed to be defined over all densities
p € P(Q), to fulfill further regularity assumptions on the averaging operation it may be
necessary to restrict the probabilities p to a narrower admissible class O C #. The most
encountered examples include “thick" flocks, see Section 3.7.

Most natural models are material - a property of adherence to the support of the flock.
Namely, we say that the model M is material if

(ev4) there exists bounded family of non-negative functions s, € Ly (Q) with

sup Ispllz=@) < S
PEP(Q)

such that x, = ps,. We also call s, a (specific) strength function.
(ev5)  [u], =0, provided u = 0 p-almost everywhere.

On the microscopic level one considers discretely distributed density and velocity fields
associated to a set of N agents {xi}ll.\:’ |

N N
PV = misy, u = il (2.3)
i=1

i=1

Assuming that the model is material we can unambiguously compute the values of the
average and strength at the agents’ locations

[v]; = [uN]pN (xi), s = 8,n (X0). 2.4)

The agent-based system (1.4) is stated precisely in terms of these discrete components.

2.1. Examples

Let us list several classical examples, and some new ones, and show how they fit into the
definition of environmental averaging.

Example 2.1. The most obvious example is the global averaging

=1, [ul,= /Q up dx. (Maiap)

and the system (1.4) in this case expresses alignment with all-to-all communication

N
f)i = ij(l)j - l),').
J=1
The extreme opposite is the pure identity model

Sp = 1, [u]p =u ]lsuppp~ (Mp)

The agent-based version obviously leads to a stalled system. However, the utility of this
model in the kinetic formulation will present itself in the study of hydrodynamic limits,
see Section 9.
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Example 2.2. The classical Cucker-Smale system has been discussed in detail in the intro-
duction. Let us recall that in this case the pair is given by
_ (up)g

Sp = Pé> [u], = by (Mcs)

Here and throughout we denote for short fs = f * ¢, and ¢ is assumed to be infinitely
smooth. In this case the averaging [u], = ug is also known as the Favre filtration used in
large eddy simulations of compressible turbulence, [33]. Its remarkable property comes
from the fact that if p satisfies the continuity equation

Op+V-(up) =0,

then the filtered density p4 satisfies the continuity equation relative to the Favre-filtered
velocity field
Oipy +V - (urpg) = 0.
An important implication of this equation will be discussed in Section 9.3.
Properties (ev1) and (ev3) are obvious here. To verify (ev2) we notice that k, = ppg.
So using that for any p € P(Q)

l(up)gl* < (Jul*p) gy, 2.5)

we obtain

dp 2 2 2
| [u] |2d,<:/|(u)|2_</(|u| )d:/|u| dp = uls, .
/Q PETP T g p¢P¢ Q Plo e Q po P L2 ()

We can see that the Mcs-model is contractive. The contractivity generally holds even in
LP-spaces for any conservative model, see Lemma 3.9.

Example 2.3. If we set s, = 1, the example above turns into another well-known model, so
called Motsch-Tadmor model [68, 69]:
_ (up)g

sp =1, [u], = oo (Mwr)

The model was introduced to mediate some issues arising in application of the Cucker-
Smale averaging to multi-scale flocks, where a large and distant sub-flock overpowers the
dynamics of a smaller sub-flock, see also [81, 87] for more discussion.

The only non-trivial property (ev2) holds for the admissible class of thick densities
D ={p € P :inf py > 0} under no assumption on the kernel ¢. However if the kernel ¢
is local and compactly supported, i.e.

Cﬂ\x\<r0 < ¢(X) < C]1|x|<R0’ RO > ro, (26)

(the latter holds automatically on compact Q), then the L*-boundedness holds for any p €
P (L) uniformly over P (€2). Indeed, using (2.5),

2 2 Q_ 2 P
/Q|[u]p| dp</9(|u| plost —/g|u| (p¢)¢dp.



Environmental averaging 13

According to [52, Lemma 5.2], and see also the Appendix, under the condition (2.6) we

have

(ﬁ) <C, @2.7)
Po)g

where C depends only on the constants the appear in (2.6) and dimension. This implies the
desired.

Example 2.4. We can interpolate between Mcs and Myt and consider a general power
law for the specific strength function:

_ (up)y

> 0. M
o B (Mg)

so=ph,  [ul,

All these models satisfy the requirements (ev1) and (ev3) obviously, and (ev2) follows

as above provided we have the following generalization of (2.7), which is proved in the
Appendix: under (2.6)

P2l <co vosps<t, 2.8)
Py )

where C depends only on the constants the appear in (2.6), 8, and the dimension.

Example 2.5. More suitable for modeling local communication, a symmetric version of the
Motsch-Tadmor model can be defined by applying extra convolution to the Favre filtration:

(up)¢)
Py ¢.

Sp = 1’ [u]p = ( (M¢)
This gives rise to the discrete averaging given by (1.7). Here we assume as always that
¢ € C* and it is a mollifier: ¢ € L!(Q) with f ¢dx =1.

The model was introduced in [81,82] and played various roles. It was proved to define
a globally hypocoercive kinetic dynamics, and was also used to extend Figalli and Kang’s
hydrodynamic limit in the monokinetic regime [34] to flocks with compact support, see
also Section 9.

More versions of M, can be obtained by looking into different strengths by analogy
with the Mz-model, or by replacing p with a more general baratropic pressure:

(qu,p)

ko = p(p), [ul, = (M) ,
¢

Py

where p > 0is a function of p. Here, the support of the strength function may not coincide
with p, or s, may be unbounded, which makes it a non-material model. Also the class of
admissible densities 9 may be restricted depending on the pressure law p(p). For example,
in the ideal gas case p = p? we naturally assume D = LY (Q).

One interesting case is obtained when p = 1, resulting in

k=1, [u], = tgeq. Mgg)
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In this case the average and the strength do not depend on the density at all, and consequently
define a non-material model.

Example 2.6 (Topological models). A new way of modeling interactions which implement
topological, rather than Euclidean measure of distance, has long been advocated by many
empirical studies [7, 11,72,78]. The first symmetric topological model was introduced in
[86], see also [59, 66, 77], although it incorporated singular communication. Its smooth
variant fits within our framework of environmental averaging.

To define such a model let us consider a basic symmetric domain Oy = O(—e|, e;) con-
necting two points —e; and ej, and for any pair (x, y), let O(x, y) be the domain connecting
x and y obtained by rotation and dilation of Op. Let xo(x,y) be some mollification of the
characteristic function 19 x,y). We introduce the topological “distance" given by

4r) = [ X0 (€)dp(0) 2.9)
Now let ¢(d, z) : Ry x Q — R, be a smooth non-negative kernel, radial in z. We define

$p(x,y) = ¢(dp(x,y),x = y). (2.10)

The kernel incorporates both metric and topological distances. Note that due to the sym-
metry of the domain O(x, y), the kernel is also symmetric.
Let us define

_  Ja (e y)u(y) dp(y) opo
sp(x) = /Q e dpi. = BRI (M)

This is the full topological variant of Mcs. As these models bear relevance to biological
applications it makes most sense to assume inverse dependence on the topological distance.
For example,

¥ (z)
e @11

where i is a smooth kernel and £ > 0 is a parameter (¢ = 0 would correspond to the fully

singular case).
By analogy we can also define a topological version of Myr:

¢(d,z) =

sp(¥) =1, [u], = same, (ME?)
or the S-model
p [{
)= [ pteipmar] G, =same M)

There is no reasonable topological counterpart of the mollified model M, since there
is no way to guarantee that ¢, integrates to 1 at all times.
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Example 2.7 (Models with strict Segregation). A family of examples with segregated align-
ment protocol can be built by setting s, = 1, fixing a o-algebra ¥ of Borel subsets of Q
and considering the conditional expectation E,, ( f|F) relative to dp. Define

[u]p,‘}’ = Ep(uw:) (Mcond)

For a given filtration {Q, 0} c 1 C > C --- — B we can define a martingale chain of
averages

[l p.n = Ep(u|Fn)

which naturally connects the global averaging model with the purely local one, as [u], , —
uinany LP(p), 1 < p < oo.

Such an averaging operation models strict segregation between disjoint subalgebras of
¥, so-called “neighborhoods". Let us consider one specific example. Suppose ¥ is the

algebra spanned by a partitioning of Q into subsets Ay, ..., Ar. Then
L1,
[ulpr= > —2 [ upas. (M)
P~ ; p(A1) Ja,

If ug = uf) within each cube A;, and initial density py is stays away from the borders dA;,
then for a short period of time the solution satisfies a pure transport equation

Pr+M6'VxP=0

on each A;. So, the flock will travel with constant velocity within each neighborhood and
will remain segregated until one piece reaches the boundary of its neighborhood and starts
communicating with others.

Example 2.8 (Smooth Segregation). Since in practice there is always a gradual transition
between neighborhoods, it makes sense to consider a smooth version of the model above,
which is also more amenable to analysis. Let us assume that Q is compact, and consider
any smooth partition of unity g; € C*(Q), g; > 0, and Zl]; 1 & = 1. Most naturally, such
a partition can be obtained by subordinating it to an open cover {O;}le , of Q, so that
supp g; C O;. We define the model by setting all s, = 1, and

L
_ v six) _
[ul, (x)—;p(gl) [waipd, p(en - /Q gipd. (Mseo)

In this model the boundaries are not sharp as in the previous version, and there is some
exchange of information that occurs across the adjacent neighborhoods.

There are ways to combine several averaging models into one that describe evolution of
a multi-flock. Here “multi" may mean several things — either multiple subflocks with their
own communication rules combine into a mega-flock with some global communication
between subflocks, or it could mean the use of several communication rules within and
between subgroups which we call ‘species’. Both of these variants were studied in [44,87].
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Example 2.9 (Multi-species). When a big flock contains groups of agents with distinct char-
acteristics, communication between different groups may be facilitated by different rules,
or communication kernels ¢®?. A model that accommodates such various communication
rules was introduced in [44] :

a

=0, i=1,...,N% a=1,...,A4,
A NP
ZZ ml P (o —x) (] - v, (2.12)
B=1 j=1

Here, each communication protocol is of Cucker-Smale type.

Such multi-species models can be generalized and fit into the framework of environ-
mental averaging we discuss here. To do that, suppose we have an array of A% material
models Mug, a,8=1,..., A defined over the same environment Q. We can combine
them into a new multi-model on the product space Q X A. To account for possible vari-
ations of masses of sub-flocks, we fix a set of masses {M ?*}, with the total mass being
M =3, M?, and encode them into the set of admissible densities DA over Q X A. Namely,
we say that p € D4 is admissible if

1 2 a a
M Z M%p® ® 64,

a=1

p=
where p® € £. We define a cumulative strength function by
A
sp(x, @) = Z Mﬁs;fﬁﬁ (x).
B=1
The corresponding averaging of a function u = {u®},, is given by

[u], (x, @) =

ZMﬁs“ﬁ(x) 1% (). 2.13)

Sp( a’)
In terms of this average one can see directly, that the model (2.12) takes the canonical form

0 =sp([v], — ).

Example 2.10 (Multi-flocks). Let us recall the multi-flock model introduced in [87]

)'c.a:Ufl

¢ —Zm P (xf —x D) (0F —u“)+gZMﬁw(x“ XP)(VE —v). (2.14)

J= p=1
p+a

The model represents A groups of agents evolving according to their own communication,
Cucker-Smale type in this particular case, while communication between groups is facil-
itated through another protocol which involves a kernel ¢ and alignment to macroscopic
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parameters of each subflock, namely their center of masses

and momenta

This idea can be made more formal via an asymptotic analysis detailed in [87].

In general, let { M"}‘;: | be a family of material models defined over the same envi-
ronment Q. We define the admissible set of densities D4 as in the previous example. For
any p = {p?}, € D we define the strength function by

sp(x, @) = M"s;’a (x),
and for u = {u®}, the average is given by

[ul, (x,@) = [u®]ga (x).

So far this model incorporates only internal flock communications. To combine these
into an interactive multi-flock we assume that the communication between sub-flocks is
facilitated through another averaging model (sfj“, [u]f,’“). The multiflock model (2.14) can
be written as a system over Q X A :

0=s,([v], —v) + SSZ’;E [V]Z’;t -),

where pA = 4_ M@6xa,and V = 34_, lya.

a=1
Example 2.11 (Models on finite sets). The last but not least example on our list is the family
of models on finite environments Q = {xy, . . ., xn }. These will be an essential tool to prove
results about continuous models, see Appendix 1 1. Finite models illustrate a situation when
all the agents are planted in their places and simply play the role of labels. They do not give
rise to any inertial systems of type (1.4). However, they do give rise to families of first order
linear systems for v; = v(x;) € R™,

b = si([v]; —vi),

for each distribution of masses p = (my,...,my). Since the averages act coordinate-wise,
(2.2), the systems for each coordinate decouple and we can assume that v; are scalars. In
this case the properties of the model can be reduced to the properties of the corresponding
reproducing matrix associated with the average:

A= (aij)gt]j:p ajj = [1y,] (xi).

Property (ev3) implies that A has non-negative entries, and A1 =1, i.e. A is right-stochastic.
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3. Classes of models and their properties

In this section we will systematize functional properties of environmental averaging models
without association with any dynamical law. We introduce several important classes based
on their operator-theoretical classification, which will be used extensively in subsequent
studies.

3.1. Mapping properties. Jensen inequality

Let us discuss functional basics of environmental averages, and direct consequences of
mapping properties stated in (ev2) and (ev3).
First of all, order preserving maps (2.1) obey the maximum principle

min f < [f], < max f, (3.1)
and consequently are contractive on L (kp):

L1 lleo < N1 f lleo- (3.2)

Next, let us look into L*-adjoint operator [-]*. Technically, it maps (L%°)* — (L®)*
and if restricted to L! it still lands into (L*)* from this general prospective. However, the
extra structure of the averaging allows us to conclude more.

Lemma 3.1. The operator [-]; has the following properties:
(1 []; : Ll(Kp) - L (kp), and hence, [], is weak”-continuous on L™ (kp);
2) [-]; is order preserving;

(3) [, : Li(kp) = Li(xp) is an isometry.

Proof. Letus fix f € L! (k) and for every measurable set A define

v = [ F11a), d
This defines finite o--additive measure. Indeed, if A = Ul?ilAi, a disjoint union, then

Tyv o, = Lo 4,
i=14 i=1

in L2(/<p). By (ev2), we then also have []lUleAi] — []lu;-o:lA,.] in LZ(KP). Then up to a
subsequence, the same convergence holds «,,-a.e. [éy the Lebes glfe dominated convergence
theorem we obtain Vf(]luf-\ilf‘i) — Vf(]lu;_x; Ar)-

Furthermore, if k,(A) = 0, then by (ev2) [14], = 0 a.e., and hence v¢(A) = 0. This
implies that v is absolutely continuous with respect to «,. Hence, there exists a function
gel! (ko) such that fg fLal, dkp = fQ g1 4 dk,. By approximation and continuity (3.2)
we obtain the same relation fg flhl, dkp = fQ ghdk,, for any h € L*(k,). This means
that [ 1}, = g € L'(k,). We have proved (1).



Environmental averaging 19

Preservation of order (2) follows directly from (ev3) since if f € L}r(Kp), then

[ ea= [ rigl, a0,

for all g € L (k). Hence, [f]), > 0. Moreover, f [f], dky = ff [1], dk, = fdep,
which proves (3).
[

As a consequence, we obtain the following point-wise Jensen inequality for averagings.

Lemma 3.2. For any u € L*(k,) the following Jensen inequality holds k,-a.e.,

Y ([ul, (%) < Y], (x), (3.3)
where s is a continuous convex even and monotonically increasing on R function.

Proof. By Lemma 3.1, for every A C Q, there exists f4 € Li(Kp), || fall1 = 1, such that

1
(A /A [u], dk, = ‘/gqu dk,.
Then by the classical Jensen inequality we have
1
(m [t o) = | furmas) <o futraas)
1
< [vtansan, = [wnads = [ wwl, a,

Since this holds for any A, by the Lebesgue differentiation theorem and continuity of ¢, as
A — {x} for a.e. x we obtain (3.3), as desired. ]

One of the useful consequences of Jensen’s inequality is extrapolation to L?-spaces for
p < 2 and a bound on the L”-norms.

Lemma 3.3. Suppose [1]:) € L% (kp). Then [-],, : LP(kp) — LP(kp) forall 1 < p < oo,

and

I T e )z i) < LT 1A (3.4)

Proof. For p = oo theresultis simply the axiom (ev3). For p < oo, we use Jensen’s inequality

/Quu]p |Pdkp</g[|u|r']p dkp=/g|u|l’[1];; dicy < 211 115 e

and the result follows. [

In some of our studies we will encounter the need to quantify boundedness of the
weighted averages s, [-],, on L*(p). This is weaker than the previous mapping property
thanks to the uniform boundedness of s,. Thus, a weaker condition is required for it to hold.
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Table 1. Reproducing kernels

MODEL ‘ Mcs ‘ Mumr ‘ Mg ‘ My ‘ Meq
T
_ 6x=y) | #x-y) $(x-2)d(y-2) g1(0g1(y)
bp ¢(x —y) PeC) | plP(x) /Q Py (2) dz 1211 0(g1)

Lemma 3.4. Suppose s, [s/’;*l] € L¥(p), 1 < p <oo. Thens, [], : L (p) — LP(p),

o]

and
l/p

(3.5)

Isp [1 lr (0)—Lr (p) <

(e8]

Proof. Using Jensen’s inequality,

Iso il 1 = [ 150 T, 1700 < [ 11, 55 0

=/[|M|P “dk, = /|u|p o] dk,,

= s[5l oo < m45ﬂ|mwm@
|

We refer to Section 3.7 for further discussion.

3.2. Reproducing kernel

For material models we often deal with the weighted averaging s, [u] , rather than the bare
averaging [u],. In most models the weighted average is an integral operator represented
by a kernel.

Definition 3.5. A reproducing kernel of the model M is a non-negative function ¢, €
LL(p ® p), such that

/;%(L y)dp(y) =sp(x), p-ae.

and so that for all u € L*(p)

%mbm=é%uwmw@w,pw. (3.6)

A list of examples including our core models is provided in Table 1.
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Generally, the kernel can be recovered from a right-stochastic reproducing kernel of
the average itself,

P, € Li(Kp ® Kp), ‘/Q(I)p(x, v de,(y) =1, «p-ae.

1y = [ @)y ). (3.7)
The correspondence between the two is given by

¢p(xay) = Sp(x)q)p(x’)’)sp(y)- (3.8)

The representation of the adjoint averaging is given by

S () [0], () = /Q By (e, () dp(x),  prae. (3.9)

Reproducing kernels are useful for many reasons. Not only do they provide more spe-
cific structure to the averaging operator, many properties of the averaging that we will
introduce later can be restated in terms of regularity of the kernel, see Section 3.7. The
alignment forces that appear on all levels of description take a more conventional form:

N
se([v]; = vr) = > mydn (i x)) (0 = v), (3.10a)
=1
ol =0 = [ 6, )@ =0)f (0 dudy (3,100
so(lul, =) = [ 8,00 (u) = () dp(y). (3.100

3.3. Conservative models and contractivity

Recall that due to (3.1) every alignment system that is based on an environmental averaging
has a maximum/minimum principle and therefore tends to align. If one can quantify the
rate of change of the amplitude of u based on properties of the couple (kp, [-],) one can
potentially obtain an alignment u — & to some constant velocity vector iz. However, not
every model has a predetermined i. Typically i is uniquely defined by the initial condition
if the system preserves the momentum. This property is insured if the underlying model is
conservative.

Definition 3.6. We say that the model M is conservative if for any p € P(Q), u € LZ(KP)

/udkpz/[u]p dk,. (3.11)
Q Q

At all levels of description (1.4), (1.13), (1.19), conservative models preserve momen-

tum,
i=0, u= dx.
dtu u /qu
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Since we assume that the total mass of a flock is 1, this also predetermines the limiting
average velocity from the initial condition &z = fg pouo dx. Non-conservative models such
as Myt may also align, see Section 4.1 below. However, for those models the limiting
velocity emerges dynamically and is not predetermined by the initial condition.

In operator terms being conservative simply means that the adjoint average [-]* also
preserves constants

[]lg]; =1g, Kkp-almost everywhere, Vp € P(Q). 3.12)

This in turn implies that the space of mean-zero fields

Lé(Kp) = {u € L2(Kp) : /ude = 0}
Q

is invariant for both [-], and [-]}.

Together with the positivity proved in Lemma 3.1, (3.12) implies that [-]}, : L*(x,) —
L™ (k,), and so the adjoint model M consisting of pairs (k,, [-];) fulfills all the require-
ments of environmental averaging.

Lemma 3.7. If M is conservative, then M* also defines a conservative model. If M,
and My are conservative with the identical set of strength functions, then My o My and
%(Ml + M3y) are also conservative.

For a material model that possesses a reproducing kernel being conservative is equiv-
alent to ®, being doubly stochastic, or equivalently for ¢, to satisfy:

/Q $p(x, ) dp(x) = sp(y). (3.13)
A useful reformulation of conservative property can be done in terms of contractivity.

Definition 3.8. We say that the model M is p-contractive, 1 < p < oo, if for any p € P(Q),
u € LP(k,)
I L] p e i,y < utllze iy - (3.14)
Note that straight from the definition part (ev3) all models are co-contractive. It is easy
to show that contractivity is equivalent to being conservative.
Lemma 3.9. The following are equivalent:
(1) M is conservative;
(i) N [Ty llew,) < forall p € P(Q);
(iii) M is p-contractive for all 1 < p < oo;

(iv) M is 1-contractive.

Proof. (i) = (ii) is trivial. Conversely, assume (ii). Then we have

/]lgdkp>/[]lg]; de:/]].Q []lg]p dKPZ/]leKp,
Q Q Q Q
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which proves that []lg]; = 1gq k,-almost everywhere.

The implication (ii) = (iii) is a direct consequence of Lemma 3.3.

Since (iii) = (iv) is trivial, let us now assume (iv). By duality []; is oo-contractive,
and hence (ii) holds. [

Contractivity also implies that the alignment force is dissipative. For example, for the
pressureless Euler-Alignment system, see (4.13) below, we obtain

dtz/p|u|2dx / — u*] dk, < (3.15)

3.4. Symmetric models

Most of the models on our list are in fact symmetric: for all p € P(Q) and u’,u”’ € L2(Kp)

' [k, = ('], u"), (3.16)

where we generally adopt the following notation for the inner-product relative to a measure
K:

(f,g)K=/QfgdK. (3.17)

In other words, []; = [-],- In terms of reproducing kernel, if one is available, symme-
try is equivalent to ®,, being symmetric. Setting u’’ = 1o we can see that every symmetric
model is conservative. However, not every conservative model is automatically symmet-
ric. Plenty of examples are provided by defining the averages with non-symmetric doubly
stochastic reproducing kernels.

For symmetric models the energy law (3.15) takes a more explicit form

5 plulzdx— /¢p(xy)IM(X)—u(y)Izdp(X)dp(y) (3.18)

We can see that the dissipation burns energy for as long as communicating agents of the
flock are not yet aligned. This creates a mechanism for flocking behavior to be discussed
in more detail in Section 4.

If M is a conservative but not symmetric model, then canonical ways to symmetrize it
would be to consider the model %(M + M*) or M* o M. According to Lemma 3.7 those
define proper environmental averages.

3.5. Galilean invariance

We say that the model M is Galilean invariant if for all x € Q and v € R”

Kp(+v) (X) = Kp(x + 1), (3.19)
[u(- +0)]p( 40y (¥) = [u], (x +0). (3.20)
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In terms of reproducing kernel, if one is available, the Galilean invariance is equivalent to

Sp(-+v) (x) = Sp(x +0),
Bo(-+v) (%, y) = ¢p(x+v,y+0). (3:21)

For a particular differential system M is involved in, this property implies the conven-
tional Galilean invariance with respect to transformation

x—>x+tV, vov+V, u—-su+V. (3.22)

All the models considered above except for segregation and conditional expectation
ones are Galilean invariant. The segregation protocols are planted into a given geography
of the map and therefore are not translation invariant.

3.6. Ball-positivity

If an operator T on a (real in our case) Hilbert space Hp is positive semi-definite, i.e.
(Tu,u) >0, (3.23)

geometrically this means that Tu and u lie on the same side of the hyperplane u*. If Tu
lies in an even more restricted location, namely, in the ball %B” ul (), ie.

1
Tu—- -u

1
< =|\ull, 24
> 2IIuII (3.24)

then we call T ball-positive. A more useful definition of ball-positivity can be stated equiv-
alently as follows
(Tu,u) > |Tull®>,  Vu € Hg. (3.25)

In other words, it is positivity (3.23) that comes with a more coercive flavor. Although, as
far as we can trace, there is no standard term associated with this property in the literature,
such operators appeared for instance in [62] (with 7 = 1) and [90].

In the context of environmental averaging models, where Hg = LZ(KP), and 7 =[],
the ball-positivity is stated as follows

(. [, > 1 [uly 172 ) Vu € L(kp). (3.26)

This property has profound implications to flocking behavior of the system as we will see
later in Section 4.4.
We identify many ball-positive models on our list with the use of a simple lemma.

Lemma 3.10. If M is symmetric, then M is ball-positive if and only if it is positive semi-
definite.
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Proof. The forward implication is trivial. Conversely, if M is non-negative and symmetric,
then (u,v)7 = (Tu,v) defines a (possibly degenerate) inner product on the real Hilbert space
Hy = Lz(Kp). Hence, the Cauchy-Schwartz inequality applies

[(Tu,v)| < V(Tu,u)y(Tv,v). (3.27)
Taking supremum over all unit v and using the contractivity of 7', we obtain the result. m
Corollary 3.11. If M is conservative, then M* o M is ball-positive.

Clearly, the conditional expectation model Mg is ball-positive because it consists of
orthogonal projections. For M., we have

p(ugr)?
[ul,)p = IZ; o > (3.28)

The classical Cucker-Smale model Mg is ball-positive, provided the kernel ¢ is Bochner-
positive, i.e. ¢ = =y, for some smooth ¢ > 0. We have

(i), = [ () -y e = [ o)} av > 0. (329)

The symmetric M, model is also ball-positive

2
(u, [uly)p = /Q % dx > 0. (3.30)

The same argument shows that all M ,-models are ball-positive.

Among symmetric but not necessarily ball-positive models are the topological models
Mg’g “. Here, the kernel is not Bochner-positive to even imply sign definiteness of the aver-
aging. Incidentally, ball-positivity does not imply symmetry either. This will be shown in
Appendix 11. So, these two properties are completely independent.

Nonetheless, ball-positivity, does imply a host of other properties including of course
positivity and 2-contractivity. The 2-contractivity alone does not seem to be sufficient to
imply conservation, in spite of Lemma 3.9, it is still possible to show that all ball-positive
models are conservative. The proof of this result is not so straightforward. We include it in
Appendix 11.

Proposition 3.12. Every ball-positive model is conservative.

Let us summarize the list of properties, relations between them, and examples.

symmetric — conservative = contractive
ball-positive <= n
positive semi-definite <= ball-positive
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MODEL | conservative | symmetric | ball-positive | Galilean invariant

M v v v v
Maiob v v v v

Mcs v v Vifg =y =y v
MEE° v v/ x v/
Mwmr X X X v

My v v v v

Mseg v v v X

The most important applications of ball-positivity will be seen in the context of flocking
and spectral gap calculations to be discussed in Section 4.4.
3.7. Thickness, regularity, and well-posedness of microscopic systems

In order to develop a meaningful analysis of alignment models it will be necessary to make
a list of continuity and regularity assumptions. We state those in terms of representing
kernels and strength functions, which appears to be the most economical way.

3.7.1. Locality of communication. First and foremost we assume that representing ker-
nels support communication at a short range, i.e.

@p(x,¥) = col|x—y|<r,» for some rg > 0, and all p € P(Q). 3.3

Typically, for Favre-based models, such locality follows from the corresponding locality of
the defining convolution kernel ¢:

$(r) > colyan. (3.32)

Many models in our list satisfy this condition automatically. For the classical Cucker-
Smale, it simply means that ¢ > 0 near the origin. The Motsch-Tadmor model fulfills the
same via

px-y) 1
Po (X ) g ”¢ | | S
since pg(x) < ||¢]lo. Similarly, for the M 4-model, we have

bp(x,y) = ¢(x—y), (3.33)

¢p(x’ y) =

> ]lx— <ro-*

The locality also holds for the segregation model M., on a compact environment
Q. Indeed, since ZIL:] g1(x) = 1, for every x there exists [ such that g;(x) > 1/L. Using
continuity and compactness, there exists a ro > 0 such that for any |x — y| < ro we have
g1(y) > 1/2L. Then, since p(g;) < 1

gi(x)gi(y) _ 1
bp(x,y) = >-—=co, VYxy:lx—yl<ro.
,; p(g1) 2L
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Thus, (3.31) is satisfied.

A better way to express (3.31) and similar conditions that follow is through the use of
a smooth cut-off function. Let us fix y € C;°(B;(0)) such that y(x) = 1 for x € By/»(0)
and 0 < y < 1 throughout. We denote the rescaling of y by x,(x) = y(x/r). Thus, (3.31)
implies

Bp(x,y) = coxn (x — ). (3.34)

3.7.2. Thickness. Flock with a certain weight present throughout its support or even the
entire environment are called thick. One can use masses of balls, p(B; (x)) as a measure
of thickness. This concept was adopted, for example, in [67]. While useful in many situ-
ations (see Sections 4.2, 4.4) for some models, however, thickness takes more individual
form which is easier to satisfy. For example, in the Mcs case it is more natural to mea-
sure thickness as p 4, while for M., the thickness can be measured in terms of masses of
neighborhoods, p(g;). We adopt the following general definition.

Definition 3.13. A thickness of a density p € P(Q) is a function ©, : Q — R satisfying
the following conditions

(i) O(p,-) is lower semi-continuous;

() p({x:0(p,x)=0})=0,forall p € L'(Q) N P(Q);

(iii) There exists ¢ > 0 such that ®(p, x) > ¢min p, for all p € Q;

(iv) Continuity-in-p: there exists a ¢ > 0 such that for all p’, p”" € P(Q),

100", ) =O(p”, )l < cllp” = p"lIp. (3.35)
(v) Compatibility with the continuity equation: if p satisfies
Op+Vy - (up) =0,
then for every point x € Q, the function r — ®(p(?), x) satisfies
80(p.x) > ~cllull (). (3.36)

in distributional sense.

Thickness of the flock over a subset S C Q is defined by
O(p, S) = inf O(p, x). (3.37)
x€eS

If § = Q we call ©(p, Q) the uniform thickness of the flock.

Example 3.14. 1If no specific structural information is known about ¢, (x, y) except for
locality (3.31) then a universal choice for the thickness would be the mass of a smoothed
ball at a scale 0 < r < rq (called ball-thickness):

O(p,x) = pr(x) = p * xr(x). (3.38)
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Most properties are easy to verify: for (i) we even have ® € C*, for (ii) we observe that
{x:0(p,x) =0} Nsuppp =0,
(iii) and (iv) are trivial, and as to (v) we have

0ipr(x) = =V - (up)y, = =(up)vy, > —cllullrz(y)- (3.39)

Example 3.15. Thickness associated with a local convolution type kernel ¢, (3.32), is given
by
O(p,x) = pg(x). (3.40)

Here all the properties are trivial. Note that locality (3.32) is necessary for (ii). This choice
will be suitable for all Favre-based models.

Example 3.16. Another example is associated with the segregation model M, :

O(p,x) = min p(g)- (3.41)
l:x€supp g;

Here we also assume for technical reasons that |0 (supp g;)| = 0.

To show the lower semi-continuity, let x € Q be such that @(p, x) > a. Suppose l1,. . ., I
is the list of indexes such that x ¢ supp g;,. Then there exists § > 0 such that Bs(x) N
supp g, = 0. Then for all y € Bs(x) the list of [’s for which y € supp g; is a subset of the
list of I’s corresponding to x. So, ®(p,y) = O(p,x), and hence the set {x : O(p,x) > a}
is open.

To show (ii) suppose we have x : @(p, x) = 0, hence there exists / such that x € supp g;
and p(g;) =0.If g;(x) > 0, then p(B:(x)) = 0 for a small g, hence x ¢ supp p. Otherwise,
x € d(suppg;). So,

{x:0(p,x) =0} C (Q\suppp) Ud(suppgi) U---Ud(suppgr),

and the p-measure of the set on the right hand side is 0.
(iii) and (iv) are trivial, as to (v) we have similar to (3.39)

Op(g1) = /Qu'ng dp = —cllullz2(p)

forany [ =1,..., L. So, for any fixed x € Q there is a finite collection of [’s such that
x € supp g;. Denote it L(x). Since the minimum is taken over a fixed compact set L(x) at
any moment of time, Rademacher’s lemma applies to deduce (3.36) is distributional sense.

3.7.3. Regularity of M and continuous dependence on p. Let us discuss now regularity
and continuity-in-p of our models. We will encounter two type of models — ones whose
regularity depends on thickness (and therefore can be violated if the density in question is
not thick), and ones that are uniformly regular independently of thickness.
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Table 2. Associated thickness of selected models.

MODEL | Mcs Mtcogo Meq

Mg | My

B(p,x) | pe(x) | py(x) | pe(x) | pe(x) | Mingxesuppg P(81)

Before we make these definitions precise, let us make an observation —in all our models
the strength is bounded from below by the native and ball-mass thicknesses: there exists an
non-decreasing continuous function s : R* — R* such that

sp(x) = s(O(p,x)), sp(x) = s(pr(x)) forallx e Q. (3.42)

Let us recall the classical Kantorovich-Rubinstein distance between any two finite mea-
sures u’, u’’ over Q:

Wiy, 1”) = sup
Lip(h)<1

/Q B Ldu’ () — du” ()] (3.43)

Definition 3.17. We say that a model M with is regular if for every R > 0 and p, p’, p”’ €
P (Bg) we have forevery k =0, 1,. ..,
101l L (Br) + 10X Ppll Lo (BrxBR) + ||3§¢p||L°O(BRxBR) < Cr(O(p,Br)), (3.44)

Isor = o llz=(Br) + 16pr = G |l (BrxBr) < CR(O(P", Br),©®(p"”, BR))Wi(p",p").
(3.45)

Definition 3.18. We say that a model M with is uniformly regular if for every R > 0 and

p,p’,p" € P(Bgr) we have forevery k =0, 1, ...,
18%sp 1l (Br) + 105 Gpll L= (Brxr) + 105 Bpll Lo (BrxBr) < Chors (3.46)
Ispr = SpllL=(Br) + 00 = Pp|lL=(BrxBr) < CRW1(p",p").  (3.47)

If no information is known about the thickness of one of the densities involved in (3.45),
some of the models still retain a level of continuity if at least the other density is thick: for
every R > 0 and p’, p”’ € P(Bg) one has

/lep/ (x) = sp ()7 dp” (x) < Cr(O(p", BROWS (0, p"),  (3.48)

/Q /Q 16,0 (5.3) = by (e )P dp” (x) dp” (3) < Cr(O(p's BRIWA (', p).  (3.49)

This will be useful in the study of the hydrodynamic limits.

Let us go through the main examples on our list, identify their associated thicknesses
and determine which level of regularity they satisfy and under which conditions. Our find-
ings are summarized in the tables below.
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Table 3. Regularity type of selected models.

MODEL regular uniform (3.48)-(3.49)
Mecs 4 v v
MEE° v v v
Mg 4 ¢>0 cLixj<ry < ¢(x) < Clixj<g,

¢ > 0 on compact Q

v on compact Q
¢ = (x)++7 on R”

My v on compact Q

Miee v supp g; = Q v

Example 3.19 (Mcs, M 2”). The Cucker-Smale model is trivially uniformly regular with
O(p,x) = py. While Mg’go is uniformly regular with ®(p, x) = py.

Example 3.20 (Mg, 0 < 8 < 1). The model has the same associated thickness @ (p,x) = p 4.
Under no conditions on ¢, the models is trivially regular. If ¢ > 0, then

O(p.x) > inf ¢(r) =35>0 (3.50)

on By for any p € P(Bg). So, in this case the model is uniformly regular, and all the
estimates are straightforward.

Let us assume that ¢ is local and satisfies (2.6). We will prove that in this case the model
is continuous in p, (3.48)-(3.49). Indeed, as to (3.48), by an elementary inequality, we have

1(03p)P = ()P < ClolP "l = pgl < CO(", NIIVPllaWi (0", 07),  (3.51)
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and (3.48) follows. As to the kernel continuity (3.49), we have

/ / Iy (5. 3) = by (e )P dp” () dp” ()

<toll [ [

=[[¢lleo
Q

¢(x - y)dp” (x)dp” (y)

(p¢(X))l‘ﬁ (0} (x ))l A

1 "
Pp)B (P"(x))l—ﬁ P¢<X> dp” (x)

50N — (P PR 4
ol [ = AT e Sl

<C(®(p’,BR))Wf(p’,p")L

dp” (x)
x Pp()

Note that

a1 a1 o
= - dy — dy.
L. ARG /B e R P /B (p;;)¢(y) !

According to (2.7), the expression inside is uniformly bounded, and hence the whole inte-
gral is bounded by a constant depending only on R, Ry. This proves (3.49).

Finally, we note that if ¢ is local, then the ball-thickness (3.38) with r < rg can also
be used in all the estimates. This observation will be useful in the relaxation study, see
Section 8. However it should be noted that p4(x) > ¢p,(x), and so it is easier for densities
to be natively thick than ball-thick.

Example 3.21 (Mseg). The computation is quite similar for the segregation model Meg,
where the thickness functional ® is given by (3.41). The model is clearly uniformly thick if
suppg; =Q,1=1,...,L,since then @(p, Q) = 1 for any p. Generally, the global thickness
is given by @(p, Q) = min; p(g;). So, it is clear that regularity holds for this model as well.
All these conclusions hold for the ball-mass thickness (3.38) where r is a small radius so
that for every / there exists an xo € €; such that g;| By (xo) = €0 for some fixed cg > 0.

Let us establish (3.49) relative to the native thickness (the ball-thickness (3.38) will not
work here)

/ / Iy (5. 3) — by (e )P dp” () dp” ()
QJQ

L
<l/'
QJQY

Z(P”(gz))z

" "

o'(g)  p”(g)

1 2

’ 20 1 1
p (81) (1) < COp, Q)W (p',p").

_ i 'P'(gz) -p" (2|
o' (&)

=1
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Example 3.22 (My). Because of the non-local dependence on p4 in the kernel, there
doesn’t seem to be another thickness quantity that would fulfill the local continuity and
regularity assumptions. However, if we set ©®(p,x) = py(x), the model becomes regular
on any compact environment Q and for any kernel ¢. Also on compact Q, the model is
uniformly regular when ¢ > 0. Finally, the strong continuity-in-p, (3.48)-(3.49), holds as
well:

//'%’OCJ) —¢p~(x,y)|2 dp” (x) dp” (y)
aJao

///¢(x—z)¢(y B
:/ 1 1
Q

Pl,(2) P2
On the open space, if ¢ is compactly supported then the model would fail to fulfill
any regularity assumptions. However, for the integrable kernel ¢ satisfying the following
conditions

1

2
d d 144 d 144
p¢(z) g(z) zdp” (x)dp” (y)

124 |Q| ’ ’”
(P (2))*dz < mW%(P ,p").

¢ € WEL(Q), VkeN,
1
ShI<kl<2zhl = ()~ (), (3.52)

one can establish uniform regularity. The choice

¢ = y>0, (x)=(1+x)?,

<x>n+y ’

is an example of such a kernel.
To see that let p € P(Bgr). We have

ok — _
3f¢p(X,y)=/g P(x —2)P(y z)

pe(2)
=/ ¢ (x —2)p(y - 2) Z+/ dP(x -9y -2) ,
Bir pe(2) Q\Bar pe(2)

Inside the ball Bog we have py(z) > 6 by (3.50). So,

/ I(x-2)e(y-2) < CR)|llwr.
Brr

pe(2)
For z € Q\Byg we have by (3.52)

po(2) = /B 6(z - w) dp(w) 2 B(2) /B dp(w) = ¢(2).
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On the other hand, by the same (3.52), since y € Bg,

¢(y —2) < ¢(2).

Thus,

/ *p(x - 2)¢p(y — 2)
Q\Bor

dz < / 1056 (x — )] dz < [[llwrr.
pe(2) Q\Bar

Since the kernel is symmetric the same holds for 6;‘ ¢,,. We have proved (3.46). To show
(3.47) let us write

10(2) = P (2)]
|¢pr (x,¥) = dpr (x, ¥)| < </Q¢(x —2)¢(y - Z)W dz
lp(2) = Py (2]
= x-p(y-2)——~— —~—dz
Bar p¢(Z)P¢(Z)

105 (2) = Py (2)]

d
Py (2)py(2) ‘

+ [ =200 -2
Q\Bog
Using again that inside the ball Byg, p;,(z), p’q; (z) = 6, we obtain

< Wilo )+ Wiy [ BT g ez - w)) .
Q\BZR p¢(z)p¢(z) weBR

Arguing as before we conclude that % is uniformly bounded on Q\B;g. At the
¢ 2Py
same time, Sup,,c g, |Vu@(z —w)| € L'(dz). This finishes the estimate.
The native thickness in all of the above can be replaced with the ball-thickness (3.38)

as well.

3.7.4. Well-posedness of agent-based systems. Let us establish basic well-posedness of
the agent based system as a consequence of the uniform regularity:

fC[ =0;
i=1...N. (3.53)
{Di =si([v]; —vi)

Here, Q can be any environment. Recall that s; and [v]; are defined in (1.11). The maximum
principle implies that max; |v;| < max; |v;(0)| := A, and therefore, max |x;| < ¢ a priori. So,
in order to establish global existence by the standard fix point argument it suffices to check
that the right hand side of (3.53) is locally Lipschitz on QN x R"V,

So, let us assume that M is uniformly regular. Let us fix masses my, ..., my and two
configurations

’ ’ ’ N N ’” 1. 7 N N
(X, X0, -, Uy) € B XBy L (L. xys L., uy) € B X By
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We only need to show Lipschitzness of the momentum equation. We have
Isi[v']; —siv; =87 [v"]; + 870 | < [si[o']i — s [v”]il + |sio; —si'v)| = T+ 11.

As to II,
II < |s; = s7||vf] + |7 v — v)'| < Als; —s]| + S|v; — v}
Using (3.46)-(3.47),
7= 571 < Ispr (e) = 50 () + Isyr (67 = 0 ()] < Clxf = 57| + Wi (o p”)

< C1|x£—x;'|+Cij|x}—x}’| < maxlx} -
J

7
ij.

We now estimate the weighted averages term using the same regularity assumptions,
Z m 1B (X, X))} = B (] X Y0 |
< Z M By (1, XN, = 0 [+l (3, x7) = (377 ) 0|
J J
< Cpmax v =07+ A ij|¢p/ (x7,X7) = Bpr (x], X))
J
FA D M1 (5, x)) = g (5] X))
J
< Cp max |v} - v;.’| + AW (p, p"") +2AC, Z mjlx} -
J
"

< max [v}; = o7 | + max [x}; — x7].

We have proved the following result.

Proposition 3.23. If M is uniformly regular, then the system (3.53) is globally well-posed.

Note that this well-posedness result is robust — the Lipschitzness is independent of the
number of agents or their masses. That is why it can be extended to kinetic formulation
as well, see Section 5. However, the well-posedness in a less robust form also extends to
some non-regular models such as Myt if ¢ is finitely supported and satisfies (3.31). This
is based on the fact that for any atomic p we have p4(x;) > m;¢(0). So, there is a residual

mass-dependent thickness of the flock left on its support. Indeed, we have in this case
1 = 71l < Al D= 1A Sl ) g )
i (O) J jlop (x;s Xj o (X5 X

and
¢(x; —x) ~ P(x; —x7)
Zemrd(x; —xp)  Dpmpd(x] —x ”)

pr (x7,x5) = (¥, x7) =

— max X — Xyl
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Similar computation works for Mgz. Models M., and My do not seem to have good
well-posedness properties when it comes to agent-based systems with purely local com-
munication kernels.

Proposition 3.24. The models Myt, Mg are globally well-posed provided the defining
kernel ¢ is locally supported (3.32).

3.7.5. Uniform mapping properties. When studying well-posedness of kinetic models it
will be essential to have a uniform boundedness of the weighted averages at the base level
independent of p. These can be readily stated in terms of Lebesgue integrability conditions
on the kernel. We will isolate two such conditions.

First, the uniform boundedness on L?(p):

sp [, : L*(p) = L*(p) (3.54)

can be stated using the result of Lemma 3.4. It is guaranteed to hold under a simpler con-
dition:
sup lIsp [115 lleo < oo. (3.55)
pPEP
Recalling the action of the adjoint in terms of reproducing kernel (3.9), (3.55) can be stated
as ¢, € L;"L}( (p) uniformly in p:

sup sup / dp(x,y)dp(x) < oo. (3.56)
peP(Q) yeQ JQ
This condition was first documented in the context of Myr-model in [52]. It holds trivially
for all conservative models, see (3.13). For M, including the Motsch-Tadmor model My,
this follows from (2.8). So, all the core models on our list satisfy (3.56).
Second, a stronger uniform boundedness

$p [, 1 L*(p) = L™ (p) (3.57)

is guaranteed by the membership ¢, € LY L2 (p) uniformly in p (by the Holder inequality):

sup sup / 16, (e 9)2 dp(y) < oo, (3.58)
PEP(Q) xeQ

Examples on our list include all Mgz and M models for B = %, and in particular,
the classical Cucker-Smale model Mcs. Indeed, we have for Mg,

2
d(x-y) Po(x) 28-1 2
dp(y) < 8llo 25— = 16llep? ™ (x) < lII12-
/sz Py () Py (x)

Unfortunately, My, Mg, and M., are not regular enough to satisfy (3.58) for arbitrary
kernels. However, if inf ¢ > 0, that is of course the case for M and all Mg, and similarly
if supp g; = Q for M.

The results are summarized in Table 4.
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Table 4. Conditions under which models are uniformly bounded

MODEL Mcs M?go Mﬁ My Mseg
12 > 2 v v (2.6) v v
L>’>L>| v B>3orinf¢p>0 | inf¢p>0 | suppg =Q

4. Flocking

4.1. The Cucker-Smale Theorem

We start with an extension of the classical Cucker-Smale Theorem that originally appeared
in [24] for the Mcs-model. The result declares how strong the long-range communication
must be in order to ensure alignment from any initial condition. The discrete, kinetic, and
hydrodynamic analogues of this result are proved in exact same way, due to essentially the
same structure of the characteristic equations taking one of the forms (3.10), see [81] for a
detailed account. We adhere to the context of kinetic Vlasov-Alignment model

Of+v-Vof =Vy-(sp(v—[uly)f), diam(supp fo) < oo, 4.1

where

p(x) = /Rn f(x,v)dv, up(x) = '/]R" vf(x,v)dv.

It incorporates the agent based dynamics as a special case of a weak solution, and does not
require any particular closure assumption, for more on this see [92, 93]. The pressureless
Euler-alignment system allows the same treatment if written in Lagrangian coordinates,
see Theorem 4.3 below. The main idea conveyed here is that the result does not require any
special properties of the model and can be extended to any general material environmental
averaging that has a reproducing kernel ¢,,.

We consider Q to be an arbitrary environment, although the unbounded ones, such as
R", is where the result is most meaningful. If f is a measure-valued solution to (4.1) starting
from a compactly supported initial condition fj, then at any point of time f is given by the
push-forward of fj along the characteristics (see Section 5)

d
EX(t,x, v) = V(t,x,0), X(0,x,v) =x, 4.2)

%V(r,x, v) =s5,(X)([u]p,(X) =V), V(0,x,v) =v. 4.3)
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We abbreviate w = (x, v) for short. The representation formula (3.10b) gives the V-equation
a more specific form (using the characteristic change of coordinates)

V() = / 00 (X(1, ). X (1, ) V(1. 0') ~ V(1. 0) dfo (@), (44)
QxR”

from which the maximum principle for V-characteristics is evident. This fundamental prin-
ciple holds even for models without a representation kernel which we prove next.

Lemma 4.1 (Maximum Principle). Suppose M is a material model, and supp fo € Q X R”"
is compact. Then for any w € supp fo and any t > 0, we have

V(t,w) € conv supp (/Q Jo(x,v) dx) .

Proof. The convex hull in question can be represented as the intersection of hyperspaces:

conv supp (/Q Jfo(x,v) dx) = ﬁ {v:€(v) < ce}.

{eFCR?

Letus fix an € € F. Since the action of ¢ is just a linear combination of coordinates we have

%Z(V(L w)) = sp(X)([£()], (X) = €(V)) = 5p(X) [£(u) = £(V)], (X).

By Rademacher’s Lemma we can evaluate the above at a point w € supp fp where maximum
of £(V(t,w)) is achieved. Looking into the field under the average we have

/R" (w=-V)f(t,y,w)dw
o £ty ) du

Now let ¢ s be a standard compactly supported mollifier. We have using the transport prop-
erty

EQ)(y,1) —€(V) =

/ C(w-V)f(t,y,w)dw = lim / L(w—-Vys(y—2)f(t,z,w)dwdz
Rn 6—0 Jpn

= lim [ V(10 = VWl = X(@ D) o1 do
<0.

Thus, ¢(u) — £(V) < 0 point-wise. By the order preserving property of the averages (ev3),
we have

d
— V(1 <0.
SOV (1,0)
In other words, maxgupp 1, £(V (¢, w)) < c¢ for all times. This finishes the proof. L

As a consequence, the macroscopic velocity u of f remains bounded by the initial
condition:
Josn V(1 20 5(x = 2) fo(z, w) dz dw

u(x,1)] = lim < VIl csupp fy) < max | supp fol-
0| Welr—2) oz w) dzdu e 0
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Theorem 4.2 (Kinetic Cucker-Smale). Suppose there exists ¢ € C*, a positive, non-increasing,
radially symmetric kernel with fat tail, /000 ¢ (r) dr = oo, such that

$p(x,y) 2 ¢(x—y), VYpeP. (4.5)

Then any measure-valued solution to (4.1) starting from a compactly supported initial
condition fy aligns and flocks exponentially fast

D(t) = max IX(t,') - X(t,")| < C, V>0 (4.6)
w’,w"” esupp fo
Aty= max |V(,') = V(t,w")| < Ce™?, (4.7)

w’,w"” €supp foy

where C, 8 > 0 depend on the initial condition and the parameters of the model. Moreover,
there exists us € R" such that

max |V (t,w) — tteo] < Ce™%". (4.8)
wesupp fo

If the model M is conservative then us = it = fg up dx, the total conserved momentum.
Proof. Following characteristics let us fix at any point of time a label w.. € supp fp where
Vi achieves its maximum and minimum, respectively, Vi. So, by the Rademacher lemma,
we have distributionally,

SVis [ 600 XoNV6) - VD@ @)
QxR"

In view of (4.5),

d i ’ i ’ i ’
GV [ 0w - XN (V) VD dfw)

<o) [ (i) -Vhdh).

And similarly,
d . )
SVEE o) [ (VW) - VD) dfow)).
t QxR"

Subtracting the two, we obtain for the amplitude A’ = Vi — VZ,

d . )
—A' < —¢(D)A".
A <-0(D)

Taking the Euclidean amplitude A = v/(A1)2 + - - - + (A")2, we obtain the system

d d
—D <A, —A<-—-¢(D)A.
dr dr $(D)
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Following [40] we form the Lyapunov function

D
L=A+/ o(r)dr,
0

which remains bounded. Hence, in view of the fat-tail condition, D remains bounded, and
going back to the A-equation we obtain exponential decay on the amplitudes.
To conclude (4.8) let us notice that as a consequence of (4.7), we have

max |V| < Ce 9.
wesupp fo

So, every characteristic V(w, ) will converge exponentially fast to a limit ue (w). In view
of (4.7), u,, must be a constant vector. [

The alignment of characteristics stated in Theorem 4.2 implies corresponding behav-
ior of the distribution f itself by transport. First, we can see that its v-marginal f* =
fQ f(t,x,v) dx converges weakly to Dirac,

fP - 60(v— Uw).

Moreover, since f is a push-forward of fj along (4.2) - (4.3), the v-support of f will belong
to an exponentially shrinking ball around u.. This implies uniform convergence of the
macroscopic velocity

-/lu—quCe“” (v —uo) f(x,v,1)dv

M(.x, t) - uoo =
o ecemor G0 0) do
S0,
sup Ju) —uel < Ce7 4.10)
xesuppp

And it also implies exponential alignment in the energy sense, to be discussed in greater
detail in Section 4.3:

,;zfupdx, @.11)
Q

1
58 = —/ lv—a|*fdvdx < Ce . 4.12)
2 QxR"

Unfortunately the result doesn’t seem to provide much insight into behavior of the
macroscopic density p. See, however, [84] for a convergence result to a traveling wave in
1D case.

The exact same result can be stated for the hydrodynamic alignment model without
pressure, so called pressureless Euler-Alignment system (see Section 9.1 for derivation)

pr+ V- (up) =0,
ur+u-Vu =s,([u], —u). (4.13)
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If passed to Lagrangian coordinates
X(a,t) =v(a,t) == ulx(a,t),t), a €Q,

0(a,t)=/Q¢p(X(t,a),X(t,a’))(v(t,a’)—v(t,a))dpo(a’)-

the system is structurally similar to (4.2) - (4.3). So, the proof goes through exactly as
before.

Theorem 4.3 (Hydrodynamic Cucker-Smale). Under the assumptions of Theorem 4.2, any
classical solution to the pressureless Euler-alignment system (4.13) with compactly sup-
ported initial pg aligns and flocks exponentially fast

sup(diam(supp p)) < oo, sup  |u(t,x) — tteo] < Coe™%". 4.14)
20 x€supp p

For the Mcs-model where ¢, (x, y) = ¢(x — y) the statements above are classical. The
kinetic and hydrodynamics versions appeared in [16] and [91], respectively.

In the Motsch-Tadmor case, we can apply the same fat-tail condition on the defining
kernel ¢ due to (3.33). However, the limiting velocity u is not determined by the initial
condition and emerges dynamically.

The theorem does not apply to either the over-mollified model Mg or the segregation
model M, as those are inherently local, which brings us to the next main question — what
conditions guarantee emergent behavior when communication is strictly local?

4.2. Chain connectivity. The ﬂ% and tl% results

It is obvious that locality (3.31) itself is insufficient for unconditional alignment of the
system. In the open space R" one can simply direct two agents away from each other starting
at a distance larger than communication range. On T” one can launch two agents with
misaligned velocities along two parallel geodesics at a distance larger than communication
range. So, it is clear that some kind of connectivity is necessary to obtain alignment. In this
section we explore how to achieve this for symmetric models and for quantitatively thick
flocks.

Definition 4.4. We say that the flock (u, p) is chain connected at scale r if for any two
points x’, x"’ € supp p there exists a chain

’ _ 7
X =X1,X2,..., XK =X

such that x; € supp p and |x; — x;| <r.

Our main result shows alignment under connectivity assumption at a sub-local scale
ro and proper thickness rate. Here we use the term thickness to refer to the ball-thickness
defined in (3.38).
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Theorem4.5. Let Q=R", and M is a symmetric model with kernel satisfying (3.31). If the
Sflock remains chain connected at the scale r = ry/8 for all time and has thickness satisfying
Pr(supp p) > 7, then the flock aligns

V(tw) -Vt o) < —
sup ,w)=V(t,w)| < .
w,w’ esupp fo Vin ¢

On the torus Q = T" the result holds under weaker condition p, (supp p) > ;7

(4.15)

In the case of the torus we can consider a non-vacuous flock p_ = ming» p > 0. Such
a flock remains trivially connected at any scale and is uniformly thick g, (supp p) = p-.
So, one important consequence of the above theorem is a statement in terms of quantitative
no-vacuum condition.

Corollary 4.6. Let Q =T", M is symmetric and material, and the kernel satisfies (3.31).
If p- > {7, then the flock aligns (4.15).

Before we get to the proof we first explore how one can reduce the number of links in
a chain.

Lemmad4.7. Ifthe flock is chain connected at scale r, then between any pair of points there
is a 3r-chain with the number of links limited to K < m.

If the diameter of the flock is bounded, then K can be chosen independent of thickness
but dependent on the diameter, K < C(diam(supp p)).

Proof. Suppose we have a chain x’ =x,x2,...,xg =x"" € supp p with the properties listed
in the definition. We now choose a subchain in the following manner. Let x;, = x;. Then let
us pick ip — 1 to be the largest index > i; for which |x;, —x;,—1| < 2r. So, all subsequent
elements will stay at a distance at least 2r from x;,. In particular |x;, — x;,| > 2r, and yet
since |x;,-1 — x;,| < r, we have |x;, —x;,| < 3r. Pick i3 similarly to i3, etc. Eventually xx
will be selected last unconditionally.

According to construction we have a new chain y; = x; )= 1,...,J,suchthat |y; —
vj+1l <3rand|y; — yi| > 2r forany j # k < J. Hence, the chain is connected at scale 3r.
At the same time, by disjointness

J-1

Br(suppp)(J = 1) < 3" p(Br () = p (UI5'B, (3))) < 1.
=1

1 2
Hence, J < _1 + Pr(suppp) < Pr(suppp) * L o
Alternatively, if the flock is bounded, and the balls around y;’s are disjoint, J is limited

by volume to ¢, diam(supp p)"/r". This proves the lemma. |

The primary technical use of this lemma will be in construction of chains with thick
links. Specifically, if the flock is r-connected then we find it also 37-connected by chains
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of size K < 3

m, and since any ball By, (x;) contains the balls B, (x;—1) U B, (x;+1),
then

(B (x;) N By (xi41)) = pr(supp p). (4.16)

Proof of Theorem 4.5. Let us assume for now that Q = R".
By symmetry of the model we have the following energy law

d 1
—&= _—/ ¢p(x,x')|v—v'|2f(t,a)')f(t,w) do’ dw. 4.17)
dr 2 Jaxgr
Hence, in view of (3.31),
/ / o=V 2 f(t, ") f(t, w) do’ dwdt < 0. (4.13)
0 {|x—x"|<ro}xR"
Consider the averages of macroscopic momenta over balls of radius 4r:
_ 1
0(x) = ————= wf(t,y, w)dwdy.

P(Bar(x)) JrrxB,, (x)

The quadratic deviations from the averages are all subordinated to the dissipation rate:

/ lv—o(x")>f (2, x,0) dvdx
R X By (x*)

- ‘/RHXB4r (X*)

1

{—
P(Bar (x*)) JrRrx By, (x*) xR X Bay (x*)

1 2
—_— (v—w)f(t,y,w)ydwdy| f(t,x,v)dvdx
P(Bar (x*)) Jrnxpy, (x)

lv—wl?f(z,y,w) f(z,x,v) dwdy dvdx
using that |x — y| < 8r = ry,

1 / 2
< ———— lv =V |7 f(t, ) f(t, w) do’ dw.
P(Bar (x*)) J{jx-x|<ro}xrn

Thus, in view of (4.24), and the fact that o, (supp p) < p(B4r(x*)),

x*eQ

/ sup ﬁr(suppp)/ lv—5(x*)[2f (¢, x,v) dvdx dt < 0. (4.19)
0 R™"X By (x*)

Let us now estimate the flattening near extremes. Let us fix one coordinate of v supp f,
say v’ and denote by v’ = V' (¢, ws) = maxwesupp f, V' (1, w), and x; = X (¢, w,). We drop
superindex i for shortness of notation. Then

d
—0, =/ o (xs, ) (w —vy) f(t,y,w) dydw < co/ (w=vy) f(t,y,w)dydw
dr QxR Bar (x1)

= cop (Bar (x4)) (0(x+) = v4+) < copr(supp p) (0(x+) — v4).
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Similarly,
d
-2 copr (supp p) (0(x-) — v-).

Consequently,

A B (supp P)[(B(r_) = v_) + (0 — B(x,))] di < oo. (4.20)

Combining (4.19) and (4.20), and fixing an 7" > 0 large enough we can ensure that for
any T > O there is atime ¢t € [T, T + T’] such that
(0(x=) —v=) + (vy — 0(x4)) + sup / lv—o(x*)|? (¢, x,v) dx dv
x*€Q JRX By, (x*)
1
< —. (421
Pr(supp p)tInt 2D

In particular, the extreme values are close to the averages around them. Let us now show
that all the averages are close to each other, and this will finish the proof.
We have for any x* € Q,

1
/ lv—o(x")2f(t,x,0) dxdy € ————.
R % By (x°) pr(supp p)t Int
___ 2 . .
Denote ¢ = YT Then by the Chebyshev inequality,
1
Pl =000 > 0) X Bar ) < 55 [ o= 5GP £ (2, %, 0) de do
0% JRnx By (x)
1_
< Zpr(supp p). (422)
Let us now consider a 3r-chain x1, ...,xx with K < C/p, (supp p), which connects

two points x_ and x,. According to (4.16), p(Bar(x;) N B4y (xi+1)) = pr(supp p). Thus,
F(R™ X (Byr(x;) N Bar(xi41))) = pr(supp p). Yet according to (4.22),

ﬂqw—mmn>&xBMm»uaw—mmﬂn>&xBMum»><%m@wmﬂ
Consequently,

Bs(6(x)) X Bay (x7) N Bs(8(xis1)) X Bar (xis1) # 0.
Hence,

[0(x;) = 0(xi+1)| < 20.
Summing up over all i, we obtain

1 1
p2(suppp)Velnr  Vint

[0(xy) —0(x-)|] < 26K < (4.23)
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Combining with (4.21) we have

1
Vlnt.

Since this holds attime r < T + 7", it must hold at time 7 + 7’ by the maximum principle.
Butsince t > T, = < —— < —L—— Since T is arbitrary, this finishes the proof in
Vot S VT S Ve y P

Uy — V- <

the open space.

On the torus the diameter of the flock is uniformly bounded, and consequently, by
Lemma 4.7, K remains uniformly bounded. In this case the estimate (4.23) gets improved
to the following

1 1
18(xs) - 0(x-)| < 26K < L
" pr(suppp)Vtint  Vint
provided p,-(supp p) = # The rest of the proof is the same. |

Remark 4.8. The exact same result holds for solutions of the pressureless Euler-Alignment
System (4.13), thanks to the fact that it has a similar form of the energy dissipation

/ / 6 (x. ) (r 1) — u(y. O dp(y) dp(y) dt < oo, 424)
0 QxQ

4.3. Alignment in the energy sense. Spectral gaps

The alignment of characteristics stated in Theorem 4.5 implies alignment in the energy
sense. Recalling that it = fQ up dx, we have

1 1
68:—/ |v—12|2fdvdx</ IV =V fof! dwdw’ < .
2 Jaxrn QxR XQXRA 0 Vin¢

In this section we explore alignment in this weaker sense
68 - 0, (4.25)

by appealing to the most basic energy law of the Vlasov-alignment equation (4.1).

We will not make any special assumptions on the underlying model M except that M
is material just to make sense of the strength function in equation (4.1). In particular, the
momentum # may not be conserved.

In order to write the equation for 6&, let us note the identity

1 1
&= -/ > f dvdx = 68 + =|ia|*.
2 Jospn 2

The momentum satisfies |
57 = (@ [u], = w), (4.26)
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and the equation for total energy is given by

d 2
—&E=- dvdx , K-
G6== [ sabPrdvdrs ulul,),

Subtracting the two we obtain
d 2 -
CoE=- /Q Sl v G [, ), = G [, = 0.

Let us further notice the identity

/ sp|v|2fdvdx:/ splv—al* f dvdx +2(u, 0),,, — (i, @)y, -
QxR"? QxR"?

Collecting the macroscopic terms together we obtain
d _ _
568:—/9 sp|v—u|2fdvdx+(6u, [oul, )k, ou=u-—1i.

XR?‘L

Next, let us decompose the energy on the right hand side into the internal and macro-
scopic part,

/ sp|v—12|2fdvdx=/ sp|v—u|2fdvdx+(6u,6u),(p.
QXR" QXR"

We obtain the energy law
d
€56 = _/ splo — ul?f dodx + (5u, [6u], ), — (6u, 6u)e,.  (427)
dr QXR™ Lot ’

Naturally, we will seek to relate the right hand side back to the energy. This comes
from two assumptions. First, we require that the averaging operator has a numerical range
separated from 1, i.e. at any time there exists € = £(¢) € (0, 1) such that

sup {(u, [l ), © € L2(kp), =0, ull g,y = 1f < 1= (428)
This in turn implies
(Ou,ou)y, — (0u, [6u] )y, > €(ou,ou)y, . (4.29)
Second, we require the strength function to have a positive lower bound

inf s,(x,1) =s(). (4.30)
XESupp p

Plugging these back into (4.27) we obtain

d

—68<—/ sp|v—u|2fdvdx—£(6u,6u),<
dr QxR" v

< -& (/ sp|v—u|2fdvdx+(6u,6u)Kp
QxR"
=—s/ splv—lilzfdvdx<—ss68. 4.31)
QxR

This implies a general sufficient condition for alignment.
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Proposition 4.9. Let M be a material model on an arbitrary environment Q. The kinetic
model (4.1) aligns in the energy sense provide the following condition holds

/°° e(t)s(t) dt = oo. (4.32)
0

A few remarks are in order.

Remark 4.10. Let us note that for symmetric models with s, = 1, the space of vanishing
momentum Lé (p) is invariant under [-] p» and the numerical range determines the range
of the spectrum. So, condition (4.28) is equivalent to a spectral gap between the trivial
eigenvalue 1 and the rest of the spectrum to the left

spec{[-],; Lg(p)} C (00,1 - &], (4.33)

where
Li(p) = {u eL?*(p): /Qudp = 0}.

For this reason, although in general (4.28) is not a spectral property, we still refer to it as a
spectral gap.
In general, however, conservative models leave the null-space

L(Z)(Kp) = {u € Lz(Kp) : /ude = O}
Q

invariant. In this case it is possible to relate & to the actual spectral gap of -], on L(Z)(Kp)
if s, is bounded from below. Details are provided in Appendix 12.

Remark 4.11. Proposition 4.9 can be viewed as a generalization of Tadmor’s [92] to the
non-symmetric case. The argument there is slightly different in the interpretation of the
spectral gap condition (4.29). As opposed to (4.29) where all the inner products are related
to the common «,-weight, one can make a more direct relation to the physical macroscopic
energy, i.e. the p-weighted product:

(Ou, 6u)y, — (ou, [oul,)x, > A(ou, ou),.

The corresponding alignment statement in terms of A reads

/-00 min{s(t),A(¢)} dt = 0. (4.34)
0

Such A can be expressed in variational form as the second (approximate) eigenvalue of
the alignment operator
Lou=s,(u— [u]p). (4.35)

We have
A= inf ML

(4.36)
ueLl(p) (u, M)p
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The advantage of this approach consists in the fact that for symmetric models represented
by a kernel the formulation (4.36) takes a more explicit form:

A= inf /Q () =)y (5, 3) dp () dp ). @37)

ueLd(p),llull2=1

Theorem 2 of [92] gives a kinematic estimate in terms of lower and upper bounds on the
density, in case when Q = T". Namely,

2
1z _Za (4.38)
+

The result is proved under condition (4.39) below, however it can be recast for physically
local kernels (3.31) as well. Let us reproduce the argument as it will be used later in Exam-
ple 4.14.

Proof of (4.38). We obtain

(u, Lou), > cop> / lu(x) — u(y)|? dx dy.

[x-yl<ro

As shown in [61, Lemma 2.1] this can be further estimated from below by

<0 / lu(x) — Ave(u)|? dx,

> 0 G J,

where ¢; = ¢1(rg), and Ave(u) = ﬁ /Q u(x) dx. Recalling that u has momentum zero,

we finish with
P2 P>
2 22 [ ) - Ave)Pdp() > £ (wa
P+ JTn P+

Estimate (4.38) shows that under global control on p, one obtains alignment under the
root-assumption p_ > 1/+/, the same result as proved in Corollary 4.6 under no assumption
on p,. The difference between the two approaches is fundamental — dynamic vs kinematic.
It appears that the dynamic approach is not sensitive to the density growth and gives a
better result for symmetric models on the torus. However, as we will see later in Section 4.4
the kinematic approach, although in somewhat different form than presented here, gives
estimates independent of p, as well, and in some cases can even beat the root-result, see
Proposition 4.16. Any bound on the spectral gap that does not rely on p, will prove to be
a crucial in the study of relaxation for kinetic Fokker-Planck models in Section 8.

Let us present two applications of Proposition 4.9 that are distinctly different from the
root-result. In both cases we assume Q = T".
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Example 4.12 (Mcs-model). Letus assume that ¢ is a mollification kernel, ¢ > 0, /Q ¢dx =

1, local or not. Then its non-zero Fourier modes will necessarily be smaller than unit:

co= sup |p(k)| <1. (4.39)
kezZ™\{0}

Let us compute the spectral gap as defined by (4.28). Using that f up dx = 0 by the
Plancherel identity,

(u, [ul ), = /Q up(up)gdr=" > |ap(k)PRe(d(k) < co /Q lupl® dx

keZm\ {0}
We now relate it back to the L2(Kp)-n0rm:

P
0
Polleo

el -

0
(u, [u],) <CO/|u|2pp Zdx <c
p/Kp o ¢p¢

Suppose now that HﬂH < L. We define
Pé |loo co

e=1- Col||l— (440)

P

(e8]

Naturally, ¢ < 1 — ¢g since at the point of maximum of p we have p > pg, and so the
L*-norm is at least 1. Also, note that if p is convex in a ball B, (x), where r is the range of
the communication kernel, then p(x) < pg(x), and (4.40) holds if restricted to that ball.
So, the spectral gap (4.40) essentially quantifies flatness of the density p in those regions
where it is not convex.

Also, note that for € = 1 — ¢, the only flock that satisfies (4.40) is the uniformly dis-
tributed one. So, the smaller the € the more room there is for variations in distribution.
However, (4.40) still ensures sufficient spread of the support across the domain (for other-
wise the geodesic counterexample applies).

Now, a lower bound on s,, can be interpreted as a measure of thickness, see Section 3.7,

s(1) = ©(p, supp p). (4.41)

Collecting the computations above and applying Proposition 4.9 we obtain the following
alignment result.

Corollary 4.13. For the Cucker-Smale model Mcs a sufficient condition for alignment in
the energy sense is the flatness (4.40) and thickness (4.41) to satisfy fooo e(t)s(t)dt =

Example 4.14 (M p-model). For the Motsch-Tadmor non-symmetric model My com-
putation of the gap is more technical and require heavier assumptions on the density.
Let us assume that the defining kernel ¢ is local, (3.31), and f ¢ dx = 1. We have

¢(x —y)

dydx,
po(x)

(u, u)p = (u, [u] p)p =/Q u() - (u(x) = u()p()p(» L=
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symmetrizing in x and y

_1 2 ¢(x —y)

=5 /QXQ u(x) — u(y)l P(X)P()’)m dydx (4.42)
1 1 1

+3 /gxgu(y) “(u(x) —u(y)p(x)p(y) (p¢(x) - %(y)) ¢(x —y)dydx.

Now, using that ps(x) < ||¢|lcc Wwe bound the first term from below by a multiple of

(u, Lyu),, which by (4.38) is bounded from below by c’p’—i||u||§. As to the second term,
note that the component with the dot-product u(y) - u(x) vanishes by symmetry, and hence
we are left with

1 ) 1 1
3 [ WOIe0I ( = —sots—y) aya

-1 2(y) (£ L2
-5 [ _uoPew) (p¢)¢<y) dy+ 3l

_1 2 _r
—5 [ oo p¢)¢<y>dy.

We now impose the following condition on the smallness of variation

P’
=

. (4.43)
P+

P+ —p- <
Then

Py P~ P+

Consequently, this term becomes less than half of the main dissipation term (4.42),

(l—ﬁ) (y) < Pe =0 o B2
¢

cp?

(I/t, M)p - (I/l, [u]p)p > 5 p; (M, u)p'

So, similar to the symmetric case under the flatness assumption (4.43), the size of the

2
spectral gap is still estimated at 4 = € > ’;—;.

Corollary 4.15. There exists a ¢ > 0 which depends only on the parameters of the model
such that any solution to the kinetic equation (4.1) on T" governed by the Motsch-Tadmor
averaging aligns in the energy sense, provided

3 co 2
p+—p_<c&, / '0—_ds=00.
P+ 0 P+
4.4. Spectral gap of a ball-positive model. Low energy method

As we have seen the spectral gap condition (4.28) plays a central role in alignment dynamics
and will be important in the study of relaxation, see Section 8. It will be essential to find
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bounds on ¢ that are independent of p.., since the growth of the density cannot be controlled
away from equilibrium. In this section we present the so-called low energy method which
allows one to obtain such bounds for ball-positive models on T".

To describe the method let us first discuss energetics of ball-positive models. Since
(NRPYIF2Y, K S 1 we obtain a streak of three inequalities,

()i, 2 (u, [ul )i, > ([uly s [ulp),- (4.44)

This defines the hierarchy of three x-energies (not to be confused with the physical p-
energies)
80 = (u’ u)Kp’ 81 = (M, [u]p)Kp» 82 = ([M]p > [u]p)Kp' (445)

As seen from (3.15) the difference between the first two energies Ay = &g — E; con-
trols the rate of alignment in collective systems. The next difference A; = & — &, is also
non-negative by the very definition of ball-postivity, and in fact by the Cauchy-Schwartz
inequality one has the relation

Ay = A;.

So, it is clear that the strength of ball-positivity measured by A; bears direct relevance to
alignment.

To adopt it for spectral gap calculations, we note that the spectral gap condition (4.28)
can be expressed directly in terms of top tier energies

Ay > &, Vu € L*(ky,), it = / up dx = 0. (4.46)
Q

The lower energy method seeks to achieve (4.46) through comparison between the two
terms down in the hierarchy (low energies)

A, > &8y, Vu € L*(k,), i = 0. (4.47)
Indeed, let us observe that (4.47) is equivalent to
(1 —&)(u, [ulp)e, = ([uly, [u])k,s Yu € LZ(KP), i=0, (4.48)
and hence
I ulp o,y < (U= o)llullroge,)s  Yu€ LP(kp), @ =0,

which implies (4.28)~(4.46).

One can see from (4.48) that the method is necessarily restricted to the class of ball-
positive models. It turns out that estimating the low energy gap (4.47) sometimes gives
substantial improvements over the direct approach (4.46) in the sense of giving a bound
independent of p.. Let us present several examples from our list.

Throughout we assume that the kernel in question is local (3.31) - (3.32), and the envi-
ronment is periodic = T”. The summary of estimates to be obtained below is given in
the following proposition.
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Proposition 4.16. For each of the ball-positive models Mcs, My, Mges we have the fol-
lowing bounds from below on the spectral gap up to a constant multiple:

MODEL ‘ Mcs ‘ My ‘ Mseg

spectral gap | f, 5(Q) | fr2(Q) | PrL (), see (4.62)

In particular, if the kernel is all-to-all, inf ¢, > 0, then the spectral gap is automatically
uniform.

Proof of Proposition 4.16 for the M 4-model. For the M-model the following formula
was proved in [82]:

A=5 [ poste i) - ur ()P dredy,
Pyy(x,y) = / p(x = E)P(y — &)p(&) &, (4.49)
Q
where u is the Favre-filtration given by Myt. The proof goes as follows
= [ (poluel? = pl(ue)of?)
Q
= [ o s = plaeys - (ur))
= [[ o= (p(ur)o)s) - ur s
= /Q 5 ¢(x = &)p(&) (up(x) — (up)y (&) - up(x) d dx
=/ P(x = &)d(y — &)p (&) (up(x) — up(y)) - up(x) d& dxdy
QXQXQ

= / Poe (X, ¥)(up(x) — up(y)) - up(x) dx dy
QxQ

1
—5 [ postxylur(a) - ue() P axay.
QxQ

where in the last step we performed symmetrization in x, y.
We now estimate p 44 from below: let |x — y| < ro/2, then

pos(x,y) = /Q O~y +EBEp(y - £) dé > /E D=y +EBE(y — &) dé

[&l<ro/2

2 C%/ p(y =€) d€ > c§pry2(Q).
|&]<ro/2

Thus,
P (X, Y) 2 Pros2(Q) L x—y|<ry/2- (4.50)
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With this at hand we have
AL 2 Pry2(Q) |up (x) — up(y)|* dx dy
[x=y|<ro/2

by [61, Lemma 2.1],

2 B (@) / g — Ave(up) 2 dx 2 () / polur — Ave(ur) P dr.
Q Q

Using the vanishing momentum , Ave((up)¢) = 0, we continue

= (@ | [ polusl dr =2 Avelur) - Ave((up)) +(2r)" | Ave(ur) |

=0

Noting that fg Lo lug|? dx = &, we conclude
> Pro2(Q)E1.

So, we have a bound
&> chrp(Q), 451

where ¢ > 0 depends only on the parameters of the model.

We obtain the following improvement over the general root-result of Corollary 4.6.

Corollary 4.17. Under the M y-averaging protocol a solution to the Vilasov-Alignment
equation (4.1) aligns if p_ > %

Let us note that under this weak assumption on the density the only known alignment
result was established in [86] for singular topological models. And in 1D it was proved
to hold automatically for any non-vacuous solutions to the Euler-Alignment system (9.2)
based on the metric or topological Cucker-Smale averaging protocol. For the system based
on the M 4-model such a bound is unknown a priori.

Proof of Proposition 4.16 for the Mcs-model. By the assumptions of ball-positivity and
locality, ¢ = i * i, where ¢ is a non-negative smooth kernel satisfying

Y(x) > col|x|<ry- (4.52)
Let us apply the low energy method. We aim to prove the following bound:

&2 p, (). (4.53)
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To prove (4.53) we will quantify the alignment term (A in a way similar to the previous
example. To achieve this we notice that for the Bochner-positive ¢ the Mcs-averaging is
nothing but a nested application of two distinct Favre filtrations. Indeed, let us denote

_ (up)y
p= 2Pl

. 0=pPy. 4.54)
Py

(vo)y

Then denoting vg = L we obtain

(up)
w5,

[ul, -
¢ Ou Oy

= UE. (4.55)
Observe that

A = / (up)? d - / | [ul, Pppe dx = / 0P opy dx - / o Ppoy dx.
Q Q Q Q

Let us examine the second term now: |UF|2pQ¢. We use the fact that the Favre-filtration
with respect to ¥, o is a symmetric operation relative to the measure o0,. So, we can write

/|0F|2p9wdx=/UF‘(UF£) QdeX=/U'(UFB) lepdx:/v-(va)dex.
Q Q © Q O/ Q

Now let us factor out the common vo term:
A = /Q ov- (pyv — (vpp)y) dx = /Q2 o(x)p(y)o(x) - (v(x) = ve(y)¢ (x — y) dy dx

expanding further in v (y), we obtain
- / QWLL) ) (0(x)0u () — (v0)y (1)) (x — y) dy d
Q2 Qw(Y)

- [ QIR 1 (02 = o2 (2 — ¥ (x = ) dzdy d
oy oy (y)

symmetrizing in x, z,

_ L[ o)p(e(z) o )
_5/93W|”(X) 0(2) W (2 = Y)Y (x — y) dz dy dx.

Notice that the integral in y represents the application of the variable doubling convolution
to p/p 4 as in (4.49) using kernel . So we obtain the following exact formula for A;:

Ay = l/ Q(X)Q(z)(ﬁ) (x. 2)|v(x) = v(2)|* dz dx. (4.56)
2 Jo2 Po)yy
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Since ps < ¢ pointwise, we have, using (4.50),

g _
(—) 2 C1Pyy 2 Pro/2(Q) L x_z|<ry/2-

Pelyy
So,
AL 2 Pry/2(2) o(0)o(2)|o(x) - v(2)[* dz dx
|x—z|<ry/2
2 03 (@) 0(x) = 0(2) de d
[x-z|<ro/2

proceeding as for the M 4-model,

5@ [ 1000 - Ave)F dx 2 55, [ elut) - Aveo)P

(u p)2
> 5@ [ el de = 53, (@) /

2 (@ [ el de = 7 (@8

We arrive at (4.53).

Proof of Proposition 4.16 for the M..-model. Since this model is symmetric and non-
negative definite it is automatically ball-positive by Lemma 3.10. So, it is natural to apply
the low-energy approach. We start with the analogue (4.49) which in this case reads

1 plug) _ plugr)|’
2 ;p(glgl )' olg)  pler)

Indeed,

(p(ugn)? p(ug)
=2 p(gr) /(Z p(gz))

l l

(p(ugi))? p(ugr) p(ugr)
‘Z o 2P e

_ o | 2L8D N pleigr) plugr)
B lep( 8 ( p(en) Z p(g)  plgr) )

14

(4.57)
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noting that the coefficients Z <‘gz’ggl ") add up to 1 over 1,

_ Zp( ug) )Z p(gigr) (p(ugz) B p(ung))

e \ pg)  plsr)
= Zp(gzgzr)p(”gl) (P(”gz) ~ p(ugz'))
7 plen) \ p(g)  plgr)

symmetrizing over /, [,

p(ugi) P(Mgl/)
o) plar)

2Zp(gz D) e

LU

The formula indicates that the energy keeps dissipating as long as discrepancies remain
between local averages in adjacent and connected neighborhoods, p(g;g;/) > 0. To extract
a working criterion out of it, we rewrite A; is a different way:

(pugn)? pug)) plugy)
Ay Gy s
Z P S plen voler)

where
p(gigr)

Volgnp(gr)

Considering those as entries of the symmetric matrix G = {G”/}lLl,:1 and denoting the
vector

Gll/ =

p(ugr) p(ugr)
N Ve(gr)

the above expression can be written as

=|X> - (GX, X).

The vanishing momentum condition means that the vector X belongs to the hyperplane
orthogonal to the vector of roots ¥ = (y/p(g1), - - ., \/p(gL)), denoted Y. Such plane
remains invariant under the action of G, while GY =Y. So, the low-energy bound (4.47)
becomes equivalent to the spectral gap condition on G:

spec{G;Y*} <1 -e. (4.58)

Itis not easy, however, to compute the spectrum of G exactly. A more practical approach
to (4.58) would be to find a condition on the entries of G that implies a bound like (4.58).
To this end, let us assume that non-zero entries are uniformly bounded from below, i.e. the
neighborhoods have ‘populated intersections’:

p(gigr) = ovp(gp(gr), Vi, 1" : supp g Nsupp gy # 0, (4.59)
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for some ¢ > 0.
Under this condition let us consider the eigenvalue problem

(1-£)X=GX, X-Y=0.

Renormalizing X = (Xy,...,Xy) viax; = X(’ ) we obtain the system
(g
(1- &) = > plere) (4.60)

1": supp g7 Nsupp g1#0 p (gl)

Note that the sum on the right represents a convex combination of coordinates.

Denote x* = x;+ the positive maximal and x~ = x;- the negative minimal values. Since
X €Y+, those must be strictly signed. Since g’s form a partition of unity, there is a sequence
of indexes I* = Iy, ly,...,l, =17 with p < L such that supp g;, N supp gz,,, # 0. Let us
start with (4.60) at [ = ly. Then [; is one of the neighbors. We can assume without loss of
generality that x;, < x* for otherwise, we relabel and start with the first index /; having this
property.

We leave the [;-term unchanged, and estimate rest of x’s by x* to obtain
-

(1-e)x* < (1 - M)f + p(81,811)

p(81) p(81)
Solving for x;, we obtain
£

= p(81,81;) .
p(g)

X, 2

p(8i,81,)
0sh >52

Sincex;, < x* itimplies in particular that £ > 0. It also follows from (4.59) that FIeTN)
0

and hence,
2 +
Xy, = (1 - ﬁ)x .
By the same computation centered this time at x;, and with & reset to % we obtain
€ +
)Clz > (1 - g) X .

Continuing the process to the last term we obtain

_ & + & +
X 2(1_6717)” 2(1—62—L))C

Recalling that x~ < 0, it implies & > 6L

. Thus, the spectral gap is estimated to be at least
e=06"r. (4.61)

To estimate ¢ in terms of thickness, let us observe that by continuity in any overlapping
neighborhoods there exists a ball of fixed radius rs g > 0

By, (x) C supp(g;) N supp(gr) (4.62)
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such that g;, g > ¢ on B, (x) for some fixed c; > 0. Thus, we have using that p(g;) < 1

Tseg

p(gigr)

vVe(g)p(gr)

> €1Pre, (Q).

50,0 2 Pr, ().
[

4.4.1. Application of the low energy method to non-ball-positive models. For non-ball-
positive models such as Motsch-Tadmor, or more generally, for Mg the low energy method
can still produce estimates on spectral gap for almost uniformly distributed densities,

b

Here, we make the same Bochner positivity assumption on the defining kernel ¢ =y * ¢
and the locality (4.52).
Let us start as in Example 4.14 by symmetrizing and using cancellation

>

(4.63)

(), — (s ] ), = /Q u(x) - (u(x)—u(y))p(x)p(y)"’( ))d dx
_1 _ 2 P(x — )
5 [ e O

1

-3 | WOPpwe0)

1 1
PP o)

¢(x —y)dydx

=I1+1l

First, note that

I>c /Q 5 u(x) - (u(x) —u(y)p()p(y)¢(x —y)dydx = ci[(u, u)p,p = (1, [U] p)pyp]

which is exactly the spectral gap form that appears for the Mcs model. So, using Proposi-
tion 4.16 and (4.63) we obtain

1> c2p) 5 (Q)(u,u)p,p > c2(c3 = 6) (s —0)' P (u, )y > €5 (s )

provided 6 < %min{q, c4}. Next,

1 1 P
=5 [ wPemsim 1= |5 | | @
QxQ p¢ p¢ 6
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Using again (4.63),
Lﬁ ﬁﬁ Scpj)csg?t(és<l+czfé
p¢) p¢ P 4 4 4
Lﬁ L > Po a0 %
p¢ ,0¢ . c4+0 c4+0 c4+0

So, if ¢ is small enough we have

1
1——3% < ¢S
p¢ p¢ @

We arrive at
1] < c60(u,u)y,-

Combining the two together we obtain

(M,M)Kp - (Lt, [u]p)Kp > (CS - C66)(M,M)Kp > C7(I/t, M)K,ﬂ

provided ¢ < cg, where cg is an absolute constant depending only on the parameters of the
model. We have thus proved a version of Proposition 4.16 for Mg models.

Proposition 4.18. There exist constants 6, co > 0 depending only on the parameters of the
model Mg, 0 < B < 1, such that for any density satisfying (4.63) the size of the spectral
gap is estimated as gy > ¢y.

5. Deterministic mean-field limit

In this section we consider either the periodic or open environments Q = T", R".
The goal of this section will be to derive the Vlasov-Alignment equation (4.1), as the
weak limit of empirical measures

N
= mid ) ® u0), (5.1)

i=1

where (x;,v;) f\i , solve the agent based system (3.53). We will focus on the measure-valued
solutions with bounded support. Although this is not a necessary assumption, it simplifies
some of the technical issues considerably.

Definition 5.1. We say that {u; }o<;<1 € Cyu+ ([0, T); P(Br X Bgr)) is a measure-valued
solution to (4.1) with initial condition yq if for any test-function g € C*([0,7) x Q X R")
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one has, forall0 <t < T,
[ stxotueo= [ o0
QxR QxR"

t
+ / / (0sg +v-Vyg+sp ([usl,, —v) - Vpg) dus(x,v) ds.
0 QxR
(5.2)

The definition makes sense provided s, and s, [us],, are bounded and continuous
functions in (s, x). This typically can be derived from the regularity of the model as stip-
ulated in Section 3.7. But since we cannot rely on any a priori thickness of solutions we
must assume that the model M is uniformly regular.

With this assumption, the continuity of s,,_(x) in x follows from (3.46). Continuity in
s follows from (3.47):

”spsf — Spen ”oo < Wl (Ps'7ps") < Wl (,us’a ﬂs")~

Since for compactly supported measures W, determines the weak*-convergence, the claim
follows. As to the weighted averages, we have

S [us],, = /B 0 (5 d (o).
RXDR

So, again the continuity in x follows from (3.46). In terms of time, we use (3.47)

/ bp, (x, y)vduy (y,v) — / Gp,n (X, y)vdpgr (y,v)
BrXBR BrXBRr
- / B (2. )0] At (7,0) = gty (7. 0)]

BrXBRr

t e ) = Gp o (30
BRrXBR
< Cl Wl (Hs’ 5 /Js”) + CRWI (ps’ 5 ps”) s Wl (/'ls’ s Hs”)-

The crucial and elementary observation is that the empirical measure (5.1) satisfies (5.2)
if and only if {(x;, v;)}; solve the agent-based system (3.53). As a consequence, solutions
to (3.53) fall naturally into the framework of the Vlasov-Alignment equation. Our goal will
be to prove the following theorem by showing contractivity of the map py — u, on any
finite time interval.

Theorem 5.2. Suppose M is uniformly regular. Let uy € P(Q X R™) be any measure
with compact support. Then for any T > 0 there exists a unique measure-valued solution
{tsYo<i<t € Cyw ([0,T); P(Br(t)) to (4.1) which can be reconstructed from solutions to
(3.53) as follows. Let all (x?, v?) € O, where O is some fixed neighborhood of supp o and
such that p(])\’ — o weakly. Then ,u{" — u; weakly uniformly on [0,T).
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As a corollary we obtain validity of the mean-field limit in all the cases listed in the
last row of Table 3.

The theorem will be proved via a Lagrangian approach using the transport structure of
(??). To this end, we introduce the characteristic flow

%X(r, s,x,0) =V(t,s,x,0), X(s,s,x,0) =x, 5.3)
%V(l, 5,%,0) = 8p(X)([u] , (X) = V), V(s,s,x,0) =v. (5.4)

We also denote X (¢,0,x,v) = X (¢,x,0), V(¢,0,x,0) =V (t,x,v), and (x,v) = w. Note that the
right hand side of (5.4) is Lipschitz in (X, V), so the flow is well-defined on [0, T']. Define
the test-function g(s, w) = h(X(t, s, w), V(t, s, w)) for some h € Cy° (R2"), for which we
have

Osg +v-Vyg+s,([ul, —v)- Vg =0.

So, plugging it into (5.2) we obtain

f h(w) duty () = / B(X (1. ), V(1)) duio (). (5.5)
QxR" QxR"

This means that that y; is a push-forward of the initial measure yg along the flow-map
(X, V), e = (X, V)#po.

The proof of the mean-field limit consists of two steps: establishing control over the
deformation (VX, VV) on a given time interval, and proving Lipschitzness of the push-
forward map in the W;-metric.

So, let us assume that on a time interval [0, 7] we have a solution u, € P(Bg). By the
maximum principle of Lemma 4.1

V()=o) € max [v] < diamO. (5.6)
(x,v)€0
Let us fix a compact domain O with supp pg € O. Then
d
3 IVXllz=c0) < IIVVIz=(0)-
Next,
d
—VV < VXTV(s, [u],)(X) + VXTVs,(X)V +5,(X)VV,

dr

s0, in view of (ev4), (5.6), and (3.46), we obtain the inequality up to a constant depending
only on R,m, 0, S,

d
E“VV”L“’(O) < IVXIz=0) + IVVIL=(0)-
We thus conclude that

sup |[VX|lz=0) + IVVIlL~(0) < C(R,m,0,T). (5.7
[0,7]
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Let us now proceed to continuity estimates. Let us fix two measures u;, u;" € P(Br)
forall ¢ € [0,T]. We also fix a common initial domain O, supp ;U supp p C O. Clearly,

d ’ 124 ! 124
EIIX = X" lz=c0) < IV =V"lL=(0)- (5.8)
For velocities we have
d ! " 7 4 4 44 ’” 4 44 144 ’ 4
E(V = V") =5 (X") [u ]p, (X") = spr (X)) [u ]p// X))+ 8, (X)W =5, (X)V.
So, from (3.46)-(3.47), we have

Ispr (X") ['] 0 (X7) = spr (X7) [ ] (X7)]
SWi(p",p" )+ Wi p" u”p”) + I X" = X"~ ()

and
o (X") = 5o (X)) s Wi(p', ") + 1 X" = X" || L= (<) -

Thus,
d 4 44 ’ 144 ! ’ "’ ’ 24 ’ 144
E”V =V'Nr=0) sWi(p", 0" ) + Wi (' p",u” p”") + ||V = V" IL=0) + | X" = X" || L= ().

But for any ||g|Lip < 1 we have

/ ¢(0(dp! - dp!’) = / ¢ (0 (dgl — dul’) = / g (X') duy - / (X" dyil
Q QxR QxR QxR

= [ s - i+ [ (00 - s ayg
QxR QxR"
< VX Nleo @ Wi (ugs 1) + I1X = X" [lL= ()
In view of (5.7) we conclude that
Wi(p7, pi') < Wilpgs ug) + 1IX" = X" || L=(q)- (5.9)

Similarly, for any ||gllLip < 1 we have
/ (AW pl) — d(u”pl)) = / g(u(d] — dul’)
Q QxR”
- [ sewa- [ grvrag
QxR"? QxR"

= [ s - @+ [ OOV - g0V aug
QXR" QXR?

< (diam O||VX' ||~ (0) + lIgllL=B) IVV I (0)) Wi (11, 11§))
+mdiam O||X" = X" ||z~ (0) + lIgllz=B) IV = V" |lL=(0)-
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In view of (5.7) we conclude that
W' p' " p") S Wi (o i) + I1X" = X" ooy + IV =V llzo0y. (5.10)
Thus, we obtain
d ! 44 ’ ” 7 7 4 14
aHV =Vl 0) $ Wik o) + 1X" = X" [[Le0) + V' = V" ||~ (0)-
Combining with (5.8) we conclude that
1X" = X" |l (0) + IV = V" ll=(0) < C(R.T)Wi (e 1f). (5.11)

Let us now fix a function /4 with Lip(%) < 1, and use the transport identity (5.5):

/ h(w) du; —/ h(w)dyu; = / h(X', V") duy —/ h(X"”, V") dug
QxR" QxR" QxR QxR
= [ RV -+ [ OV = Y
QXR" QXR"
< Lipo (h(X", V')W1 (kg o) + 11X = Xolle= 0y + IV = Voll=(0)-

Using that
Lipo (h(X", V")) < [IVVllL=0) + IVX lI=(0).

and applying (5.7), (5.11) we conclude the following bounds
Wi(uz, 1) < C(R, 0, T)Wi (g, 1)) (5.12)

This immediately implies uniqueness and stability of measure-valued solutions.
So, we start now with an arbitrary measure pg, and approximate it weakly with a
sequence of empirical measures

N
o =D midy ®6, (5.13)
i=1

with all (x;,v;) € O, where O is some fixed neighborhood of supp . Then let us run
the agent-based alignment model alignment (3.53). For any time T, we have supp u¥ c
B|oj+T4ay X Bay,t <T.Thus, according to (5.12), ul is weakly Cauchy, and hence ¥ — y,
for some ;. To finish the proof Theorem 5.2 we now prove a short lemma showing that
the limit solves the Vlasov-alignment equation weakly.

Lemma 5.3. Suppose a sequence of solutions u™ € C,([0,T); P (Bg)) converges weakly
pointwise, i.e. uN — p, forall0 < t <T. Then u € Cy:([0,T); P(BR)) is a weak solution
to (??).
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Proof. The weak®-continuity of the limit will follow immediately from (5.2) once it is
established. Clearly, all the linear terms in (5.2) converge to their natural limits. As to the
force let us note for any s < 7', we have (by computations done above)

Wi, py + Wiul pY ,u pM)y < CWy(ud, 1) < CWi (s 1d"),

since both are solutions to the Vlasov-alignment equation. Sending M — oo we obtain

Wi(oY, ps) + Wil pY  usps) < CWi (i, o).

which by continuity (3.47) implies that
s ([ ] v = 0) = S, ([t ], = 0|28y = O

uniformly in s. Together with the weak convergence assumed for u¥ we obtain

LGy = oonas— 7] sl =0t o) o

This finishes the proof. ]

Finally, let us discuss the implementation of Theorem 5.2 to global well-posedness
of smooth solutions. Since all solutions are transported according to (5.5) regularity of a
solution will depend on the regularity of initial data and the parameters of the model. First,
let us notice that the Jacobian of the characteristic map, by the Liouville formula, is given
by

detV,(X,V)(t,w) = exp {—n /t $p(X (s, w)) ds} .
0

Then if o = fy dw, with fy € C¥, k € N and compactly supported, then for any ¢ > 0,
t
ft, X(t,w),V(t,w)) = fo(w) exp {n / Sp(X (s, w)) ds} . (5.14)
0

Inverting the flow and noting that (X, V) and s, are C* implies f € C* at all times with
support in v being confined to its original bounds and support in x growing at most linearly.

Theorem 5.4. Suppose M is uniformly regular. Let fy € Cg (Q X R™) be any compactly
supported distribution. Then for any T > O there exists a unique solution f € L*([0,T); C(])‘ )
to (4.1) which is supported on supp fo + B a, X {0}, where Ay is the maximal initial velocity.

6. Stochastic mean-field limit

As discussed in Section 4.1 one of the main obstacles for alignment on the torus T” is
existence of so-called locked states: solutions with agents locked on periodic orbits that
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stay at a positive distance greater than the communication length scale ry. A natural way
to avoid such unstable states is to introduce stochastic noise

dx; = v; dt

do; = S[([U]i —Ui) dl+\/20’Si dB;, (6.1)

where B;’s are independent Brownian motions in R”. Note that the noise here is assumed to
be “material", i.e. it places stochasticity only within the influence of the flock. As N — oo

and assuming that the agents are indistinguishable, i.e. m| =--- =my = #, the system
comes in natural correspondence with what we call the Fokker-Planck-Alignment equation
O f +v-Vuf =08pAuf + Vy(sp(v—[ul,)f). (6.2)

A major advantage of using material noise is that the kinetic model (6.2) possesses a
family of thermodynamic equilibria

1 o[
v

~Qlro)2® ©3

Ho.i
If the underlying model M is conservative every solution is centered around the constant
averaged momentum i, which predetermines the corresponding equilibrium and opens a
possibility for potential relaxation towards that distribution. The collective behavior inter-
pretation of this result would say that, as expected, the noise disrupts the locked states and
redistributes initial velocities symmetrically around the mean value i. Alignment is then
restored in the sense of the vanishing noise limit:

o N
<1r1Ln0 ;lggf (1) = @61,:& ® dx. (6.4)

The problem of relaxation and hypocoercivity will be discussed in Section 8. In this
section we provide a rigorous derivation of equation (6.2) as a mean-field limit of solutions
to the stochastic system (6.1). To make this statement precise, let us consider f a solution
to (6.2) on a time interval [0, 7] with initial distribution fy. Consider now N independent
identically distributed random variables (x?,0?),i < N, with fy =law(x?,0Y), and let (x;, v;)
solve (6.1). Form the empirical measure-valued random variables

N
1
ui = N ; Oxi (1) ® O, (1)-

The mean-field limit consist of showing that for all # < T, we have uﬁv — f; in law, i.e. for
any Lipschitz function 4 on Q X R",

2

N
E % ; h(x; (1), v:(2)) — /Qan h(x,v) f(t,x,v)dxdv| — 0. (6.5)

Note that f dx dv in this context is considered as a constant random measure.
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In general, the convergence (6.5) is equivalent to propagation of chaos, see Sznitman
[89]: if f N denotes the joint probability distribution of the process (xy, v1,...,XN,UN)
solving (6.1), then for any k > 1, the k-th marginal f¥) converges weakly to the product
of k copies of f, f®% as N — co:

k
(fP.0@.. .000)=(fNpo. . apele-al)>] [(fe) ¢ ecCEM).
=1

J

(6.6)

The strategy of proving (6.5) is based on the classical coupling method. Note that if

(x;,v;)’s were independent and identically distributed by f, then (6.5) would have been

nothing but the Law of Large Numbers. So, to achieve the limit we couple (6. 1) with another
system of separate N copies of the characteristic processes for (6.2):

dix; = v; dr
do; = Sp (fi)( [M]p (.f,‘) - l_)i) dr + ‘[20'8[, (f,‘) dB;, (6.7)

with initial condition (x?, v?). Here, p and u are the macroscopic values of f. Note that
because the equations are decoupled, the pairs (X;, ;) remain independent and identically
distributed. By the Itd formula, f is their common law.

To establish (6.5) one can add and subtract the intermediate average of h with X; (1), 0; (¢)
pairs:

2
E

lih()o(t) v; (1)) —/ h(x,v) f(t,x,v)dxdo
N & e R T

2
<E

1 & 1 &
¥ Zl B (). 0i(0) = Zl h(%i(1), 5: (1))
2

+E (6.8)

lih(}?(t) U; (1)) —/ h(x,v) f(t,x,v)dxdo
N & e R T

The second term goes to zero by the Law of Large Numbers, while the first can be estimated
using symmetry by
2

E < |IVAl|lE[|x1 — &[> + o1 — 51]%].

1 & 1 &
— > h(xi(),vi(1) — = ) h(xi(2),0:(1))
v 2

So the proof of (6.5) reduces to obtaining control over separation of characteristics:
E(t) =E[|x; - %> +|vi —0:]*)] = 0, asN — oo. (6.9)

This approach was carried out by Bolley, et al., [9] in the case of convolution-type
alignment systems and with additive noise (no strength s, thermalization). We now provide
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aproper extension that includes general environmental averaging models and material noise
as stated.

Let us also note, following [9], that a bound on (6.9) entails a bound on the rate of
decorrelation f*¥) — £®k_Indeed,

k
Wi (F O, o6y < B | D i = %l + o - 5il* | = KE(1) — 0.
i=1

where W, is the Wesserstein-2 distance.

6.1. Law of large numbers

We will work on the torus Q = T" and assume that M is uniformly regular in the sense of
Definition 3.18 with a minor modification. For all our averaging models the W -metric used
to define continuity in p can in fact be replaced with a weaker W semi-metric determined
by finitely many fixed Lipschitz functions: for Ay, ..., hx € Lip(€) with |||l < 1,

Kmemwmﬂmun. 6.10)

.....

Such is the case for all Favre-based models where i = ¢, or for M., where h; = g;. Thus,
the uniform continuity can be understood as follows

hi,..., h rom
s = sprllco + lBpr — Pprrllco < CW11 (p’p"). (6.11)

Let us now discuss consequences of the assumed regularity of the model on the Law
of Large Numbers. The basic idea is that the model is compatible with the LLN in the
averaged sense. Let us recall the classical law first, see [89]: for a sequence of i.i.d. random
variables X; : ¥ — R with bounded second momentum E|X ,-I2 < Ep and mean EX; = m
we have

| & Eo
E N;Xj —m| <=2, (6.12)

Consequently, if 4 € Cp,(RY) and y is the law of X ;’s, then in terms of y the above reads

2

I < 172112
/RNd NZh(wj) - ‘/R:d hw)u(w)| du(wy)... du(wy) < T‘” (6.13)
=1
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We will encounter (6.13) in two interpretations. Namely, for any & € Cp(Q) and f €

P(Q X R™), we have
? 2
Cllh
JCMAR
N

1 N
/QN N;h(yj)—/gh(z)dp(z) do(y1) ... dp(yn) ,

2

N
3 2wt = [ heu(@) o af .. dfmeon)

1
LN g | N

< CENAIL
N

(6.15)

s

where E(f) = [, o0 W* df.
The next two lemmas show that the analogue of these two laws of large numbers also

holds with respect to the components of the model M

! (6.16)

Lemma 6.1. We have
.dp(yn) N’

2

ax = sup [ Jsn 0= 5,00f o).
peP(Q) JQN

N >N =1 0y, Note that ay is independent of i by symmetry.

where pN
Proof. To see that we have by (6.11) and (6.14)

/ s, () = 5, ) dp(yn) - dp(r)

2
dp(y1) ... dp(yn)

/ he(2) [ dp" -
Q
2

K N
"2 /N 1 2,07 _/g'”‘(z) dp(2)[ dp(y)... dp(yn)

C
— (111 ] oo
< (il

Ak lleo)-
|

Lemma 6.2. We have
/ o B 00 Y]y 00 =500 [, ()

1
df(yn,on) S ¥ (6.17)

Bn = sup
f1E(f)<E JQ
df(yi,v) ...

N is as before, u™ = Zj 101y}, and p,u are the macroscopic density and velocity

where p

of f.



68 R. Shvydkoy

Proof. Let us assume i = 1 for definiteness. We have

sov 1) [ ] (1) = sp(y0) [ul, (1) = /Q(aﬁpw(yl,z) — do(y1, ))u™ (2) dp™ (2)
+ /Q 6o (1,2 [ (2) dp™ (z) —u(z) dp(z)] = I+ 1. (6.18)

Let us examine / first. We have by (6.10),

Thus,

/ HPAf(y1.0) .. df(ynson)
QN xRN

:/QN o ot P (W (N, p)2 df (v 01) - .. df (Y. on)
X n

2

K 1 N
D NN N;hm»—/ﬁhk(z)dp(z) AF G100 - A (s o),

Let us focus on one kth term. We single out the j = 1 term from the rest:

1
L / 01 2l DR AF G o1« dF (s ow)
N QNXRnN

2
N
o %;hk(m— [ @) arro0-. dfmam)

2

N
1 1
< —5 IlAcll3 — > h(y) - [ h(2)d dp(y2)...d
2| k||m80+80/QN_lan<N_l) NJZ:; k(j) /Qk(Z) p(2)| dp(y2)...dp(yN)

The latter integral is < # with a minor adjustment to N — N — 1 in the average. Thus, by

(6.14),
1

f PG df(rweow) S
QNXRnN
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It remains to analyze I1. We will treat y; as a parameter, and let us denote &y, (z) =
¢o(y1,z). By the regularity assumption, &, € Cp(Q) and is even Lipschitz. We have

N

1
1= N;”fhw () = /Q hy, (2Ju(2) dp(2).

Again, we single out the j = 1 term, and by (6.15),

[ MIPATGL0) - 4 Owion)
X n

1

<x [ WPl ODPAF o) - df o)
QN xRNV

2

1 N
o 2 09 - [ @u 4@ arnon... arGw.on)

1 2 1 2
<2 19ll680 + L llgplI6Eo
with a minor adjustment to the index N — N — 1 in the latter. ]

6.2. Main result

As discussed earlier we now focus on obtaining an estimate on separations of characteristics
to achieve (6.9). The result holds on a finite time interval [0, 7] where f is a smooth solution
to (6.2) by which we mean existence of sufficiently many derivatives in weighted Sobolev
spaces to sufficient to understand (6.2) classically, see Section 7.

Theorem 6.3. Suppose M is uniformly regular satisfying (6.11). Let f be a classical
solution to the Fokker-Planck-Alignment equation (6.2) on a time interval [0, T] satisfying

O, Q) =6, YO<t<T, (6.19)

and
/ ea|y|2f(x’ v, t) dx dv < cg, VO <t<T. (620)
QxR"

Then for any solution to the particle system (6.1) and (6.7) on the time interval [0, T] with
i.i.d. initial datum (x?, v?) distributed according to the law fy one has the following estimate

1

. -2
Ellx; = X"+ i —0;"] < Cr——¢5»
N

(6.21)

for some Cy,Cy > 0 depending on T and all the constants involved in the assumptions
above. Consequently, the mean-field limit (6.5) holds.

Proof. We set o = 1 for simplicity. First, we notice that the solution has a uniformly
bounded energy on [0, 7] and thus (6.17) applies uniformly on [0, 7.
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Let us denote

E=E, +E,
E, =E[|lx; - %[*], B, =E[|o; — 5]*]. (6.22)

Taking the derivative of the x-component we obviously obtain

%Ex =2E[(x; = X;) - (v; —0;)] < E

For the velocity component we use the Itd formula,

2
%EU = B[(0; - 5) - (s:([0]; = 07) = (&) ([u], (%) — 50))] +E‘\/2_si — 25, (%)

Let us start with the noise term using (6.19) and (3.42),
_Si—splN) (%)

R R

. N . - N
Recalling that s; = s, (x;), where pN = % ijl 0x; and denoting pN = % ijl 0%, We
add and subtract intermediate terms

2
=2 <CE[si s, ()| -

N 2 - 2
E |Sl‘ - Sp(x,')l <E |SpN (x;) — SpN ()Cl')i +E iSp—N (x;) - sp(xi)| (6.23)
By regularity of the strength function (3.46) and symmetry,
2 1<
Elspn (x7) = sz (%) S Ex +E ¥ Z Ix; — %j|*| = CE..
j=1

The second term is bounded by @ as defined in (6.16), since p is the law of x; and the
latter are independent,

- -2 2
E [spm (1) = (%) =/QN Is 152 5, 00) =sp(G P dp() - dp(yw) < an

In conclusion, we obtain

< CE+(YN.

2
E'@ ~ {25, (E)

Let us now turn to the alignment term. By adding and subtracting several intermediate
terms we expand it as follows

E[(vi = 5) - (si([0]; = v7) = sp(E) ([u], (%) = 5:))] = —El[sqlv; — 0:1*]
+E[(v —0:) - (si [v]; = sp (%) [u], (BT +E[(vi = 0:) - 0i(sp (i) —si)]. (6.24)
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The first term is non-positive, so we simply drop it. Let us estimate the last term. We
fix an R > 0 to be determined later and split the integrand as follows

E[(vi — ;) - 0: (8p(X;) = 8)] = E[(v; = 0;) - 0 L), <r (Sp(Xi) = 8i)]
+E[(v; = 0;) - 015, r (5p (Xi) — 50)]
< R%Elv; - ;> +E|s; — s,(&)|” + CEJv; — 5,
+ CE[[5:* L5, 5], (6.25)

where in the last term we simply used the global boundedness of the strength functions.
For the second term we use the same estimate as before (6.23), hence continuing

< (R*+ O)E +ay + CE[|5:[*155r].
Now,
E[10:1* 115, 5] < E'?[|5:|*1EY[1}5, 5]
Here the first term is bounded by the fourth moment of f which is clearly bounded from
the assumption (6.20). And using again (6.20) we estimate the last term by

Cy4
eaR? :

E[Lpy o] = / £ (x0) dod <
Q J|v|=R

The latter remains bounded on the interval [0, 7] by a constant by assumption. We thus
obtained

E[(0; — 0;) - 0i (5, (%) — 81)] < (R? + O)E(t) + ay + cae”“R/2. (6.26)

Lastly, let us estimate the second term on the right hand side of (6.25). We have, denot-
ing ul = Z;\lzl Uj]l{xj} and aV = Zj\lzl ﬁj]l{;(j},

E[(vi = ;) - (si [0]; = 8p(%:) [ul, ()] < By
8 s ) [ ] o () = s ) Y] )
8 s (x0) [ (22) = 5 ) [ 50|
4B s (8) @] (51) = 5p(50) [u], (xl-)(z. (6.27)

The last term here is bounded by Sy, see (6.17). The elements in the first term are evaluated
at the same point x;. So, by a similar computation as in (6.18) we have

2
Bsm (o) [ ] v Cx0) = s () [ (30|

N
1 _ _ N -
B |5 DR Wi g |48 [ (N, aVp") |
=1

N N
1 _ _ 1 - -
<z i;Enu,ﬂx,- ~5ill+ ;Env#m ~ 5’| +Eo. (6.28)



72 R. Shvydkoy

Each term here will be estimated by the same splitting method as before:
E[l5;*x; — &:[*] = E[|l7j|2]1|ﬁ_,»|<R|xi - x5+ E[|5j|2]1\z7_,-|>R|xi - %%
< R2E, +E'2(|5,[*|E"2[1)5;5r] < RPE+Ce ™R 2, (6.29)
and similarly for the middle term. Thus,
(6.28) < R*E + Ce™9R*/2

It remains to estimate the middle term in (6.27). Here we use the regularity of the kernel
(3.46) and obtain

i N o

Blspn (x0) [ ] () = s ) [ G| 5 5 DB (b = %P1,
=

This term becomes exactly as the previous one. So, the same estimate applies.

Putting the above estimates together and denoting r = aR*/2 and yn = ay + By, We

arrive at d

EE < Ci(r+ DE+ Cyyy +Cze™". (6.30)
Inequality (6.30) is exactly the one that appeared in [9]. Let us recap the conclusion for

completeness. First, by choosing r = 1 we see that & remains uniformly bounded on [0, 7],

E < Ey. Thus, — In(E/eEj) > 1. Denoting v = E/eE( and picking r = — In v we obtain
V' < —cvlnv+cryny € —cvlnv+cyy,

where ¢ = max{cy, ¢ }. Rescaling time u(¢) = v(t/c) we further obtain

4

u < —ulnu+yn.

Letting w = uy,‘\,efr we conclude

w<-whw+l<e ' +1.

2

Thus, w < T(e~! + 1) = Cr and hence unwrapping the notation, E < C 1yi;c " as claimed.

7. Fokker-Planck-Alignment equation

In this section we develop a well-posedness theory of classical solutions to Fokker-Plank-
Alignment equations (6.2) that is suitable for applications to flocking. This means that in
addition to the standard regularity questions we will pay close attention to thickness as
related to the spectral gap computations discussed in Section 4. We will restrict ourselves
to the periodic domain Q = T" as that is the setting where most of our results will be used
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in the sequel. We also set o~ = 1 as it plays no role in the analysis. So, we consider the FPA
equation
Oif+v-Vyf = SpAvf +V,- (Sp(v - [”]p)f) (7.1

Classical solutions to (7.1) are defined to be solutions that belong to a high regularity
weighted Sobolev class. For reasons that will be clarified later it is essential to distribute
velocity weights in the manner defined as follows

CHCRSORETEDNDY / @Y P dode <o, (72)
K<k Kk[=kr YR

where (v) = (1 +|v]?) 5 Some remarks are in order to elaborate on this choice. First, we note
that the alignment term in (6.2) prevents the persistence of a sub-Gaussian bound f < Cp if
itholds initially. So, setting the problem traditionally in sub-Gaussian Holder classes, c.f. [2,
47], is not natural for the FPA equations. One exception is the class of perturbative solutions
developed for particular models in [20, 31]. Inclusion of the weights in (7.2) is necessary
to achieve uniqueness primarily due to, again, the presence of alignment components, see
however [97] for the classical much weaker result. The use of progressively increasing
weights for lower order terms is required to control terms coming from the inhomogeneity
in front of the Fokker-Planck operator, which prevents closing a priori estimates for any
single-weight choice. Single weight spaces, however, would have been sufficient for models
withs, = 1.

7.1. Local well-posedness

Let us first discuss local well-posedness for thick data on compact domain.

Theorem 7.1. Suppose the model M is regular in the sense of Definition 3.17, and Q =T".
Let fy € Hlk(Q X R™), k,l > n+ 3, be an initial condition such that

0O(po, Q) > 0.

Then there exists a unique local solution to (7.1) on a time interval [0,T), where T > 0
depends only on the initial energy &y and thickness ©(pyg, Q), in the regularity class

feCu([0,T);HF), V,f eL*([0,T]; HF). (7.3)

Moreover, if f € L™ ([0,T); Hlk) is a given solution such that

loc

inf ©(p,Q) >0, 7.4
nf. (0, Q) > (7.4)

then f can be extended to an interval [0,T + ) in the same class.

We can view the right hand side of (7.1) as a sum of a weighted Fokker-Planck operator
and a smooth drift

O f+v-Vif= SpLFPf +Wwp - Vof, (7.5)
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where

Lepf =V, (Vof +0vf), wp=-sp[ul,. (7.6)
Let us first disassociate the weights s, and w, from the solution and consider the linear
problem

Orf+v-Vyif =s(x,t) Lepf +w(x,t) -V, f, (7.7)
where s, w is a given smooth set of data on Q X [0, 7] with uniform bounds

s2co>0, |sllck +Iwllcx < Co onQ x [0,T]. (7.8)

Lemma 7.2. Under the assumptions (7.8) for any initial condition fy € H lk there exists a
unique solution to (7.7) on [0,T] with f € Cy,(]0, T];Hlk), V.f € leoc([O, T];Hlk), and
moreover,

C
1Al < 1foll e

where C depends only on ¢y and Cy.

Proof. To construct a solution to (7.7) from initial data fy € H lk one first considers a fully
viscous regularization

Of+v-Vof =sLlppf+w-Vof +&Ax,f. (7.9)

A local solution to (7.9) on a time interval [0, T, ] is obtained via the standard fixed point
argument, see [56]. In order to extend it to all of [0, o) we provide a priori estimates
for (7.7) which automatically apply to (7.9) independently of €. As a result we obtain a
bound on || f|| HE which depends only on its initial value, on ¢y and C¥-norms of s and

w. So, we have a family of solutions f* uniformly in C([0,T]; H lk) and clearly also in
f# € L=([0,T]; L?). By the Aubin-Lions compactness lemma we can pass to the limit
g — 0inany H lk,' for k” < k, 1’ <1 and weakly in H lk extracting a subsequence converging
to a solution to (7.7). Weak continuity in H lk also follows classically.
Thus, the problem reduced to obtaining proper a priori bounds for solutions to (7.7).
Let us estimate the top v-derivative 0X f first (here and further on we use a less formal
notation for the partials, only keeping track of the order)

0K+ -V 0K+ 050 f =S LppdX f + 50X f +w - V,05f.
Testing with (v)! ok f we obtain
d

dt QxR"n

+/ (W) 8510, fok f dvdx
QxR

1
' lof P avdre s [ @) TidoksP dvas
2 Joxrn
1
= [ sl P adne g [ sa@hloksP avds
QxR QXR"?
+/ s8,((v)! v)|3llff|2dvdx+/ s (o) |0% £1* dv dx
QxR QXR"?

- [ vl P dvas
QxR"?
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While the first integral on the left hand side vanishes, the second is bounded by || f ||?_1 .- All
1

the terms on the right hand side, using that 8, (v)” < (v}, are also bounded by ||f||ilk
1

except for the dissipation which has a uniform bound from below by (7.8). Thus,

d

dt Jaoxgn

) 10K 1P dodx < CIFIR,, - o /

Qx

W' 185+ f1? dodx,
R"

where C is a constant depending on all the L*-norms of s, w.
Let us now estimate the rest of the other top derivatives 9X~¥ 9% £, k’ > 0. Sparing the
tedious details, most of terms are all bounded by C|| f ”i]k’ where C is an upper bound for
1

the C¥-norms of s, w. The rest is given by

d

dr Joxpn

+ / (0)! 05 A OK K X1 F %K X £ dp dx
QxR"

) 947K 0¥ £ dvde 5 IR, — <o [

Qx

) () |oF K1 0¥ f1* dv dx

+ / Oxs (o) v- V05K K1 oK gk £ dy dx.
QXR"
For the penultimate term we have
/ (W) 8y AKX QK 1 kK 9K £ dp dx
QxR"?
<= [ @ vl Kok v Ko favar e CIFIR,
QxR"? 1

1

=5 [ @ asadv.ak o P v Cllr R,
2 QxR l

= /g i () 0% 10,7103 2 dvdx + CIL 0 < CIF
X n

In the remaining term we take advantage of the dissipation and the higher weight
assigned to the lower order derivatives. Integrating by parts in v we have

/ Axs () v- V05 KK =1 kK gk ¢ qp dx
QXR"
=— / 98V, - () 0)aX K g% =1 £ kK gk £y dx
QXR"
- / Axs () KK £y v,05 KoK £dvdx
QxR

c Y , R
<O+ 2 [ i P dvarec [ @ ok o P duds
XR”™ XR”™

co
<clfity+% |

Qx

@185 K 1Y fI? dodx.
Rn
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As a result we obtain

d ’ ’ C ’ ’
Tl e <l -2 [ o ko P avax
dr QxR" Hj 2 QXR"

The same argument works to estimate any positive order derivatives, each time taking
advantage of the higher weight put on one order below. It remains to estimate the zeroth-

order term,

d 1
— WK F? dvdx = —/
dr Jaoxrn 2 Ja

'/ sV, (0)*** v f2 dodx - sV, - ((0)*** 0) £ dv dx
QxR" QxR"

sAy (V) 2 dvdx - / s (0)*2K |V, f]? dv dx
xXR" QxR"?

—/'<wme%ﬂwm
QxR

< C/ O £? dvdx - co/ YKV, £1? do dx.
QxR"? QxR"
(7.10)

So, the estimate on the 0-th order term closes on itself.
We obtained
IR < ClF I — LAvrI
dr ' THE T HE 2 N
and the estimate stated in the lemma follows. It also proves uniqueness since the equation
is linear.

Proof of Theorem 7.1. To construct solutions to the fully non-linear problem (7.5) we use
iteration scheme based on solving a sequence of linear problems

6tfm+l +v- fom+1 - SPWLFme+l + me . V()fm+l’

™10 = fo, (7.11)

form =0, 1,....In order to pass to the limit as m — oo we need to ensure that f”*! remain
uniformly bounded in H lk on a fixed time interval [0, T]. According to Lemma 7.2 a bound
on f™*! depends on smoothness of spm and w,m and a lower bound on s,m. Thanks to
the regularity of M and (3.42), those can be controlled by the thickness ®(p™, Q) and the

energies
1

smz-/ ]2 f™ dv dx.
2 QxR"?

Let us show that there exists a common time interval [0, 7] on which all the energies
are uniformly bounded and the all the densities p™ are uniformly thick.

Starting with the energy, testing (7.11) with %|v|2 we can see that the Fokker-Planck
component yields a bound [|s,m lwE™! < SE™! Let us denote 26 = O(pg, ). Assuming
for a moment that the m-th flock remains thick ®(p™, Q) > § then using the bound

IWprmlleo < Co(5)VE™,
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we obtain
d g < c-/ w o™ do dx
dr QxR
=C+ / M [um]pm . Mm+1pm+] dx
Q
< C+Co(8)VE™ / ™ | p™* dx < C + Co(6)VEMEM+!
Q
< C + Cy(6) max{&™, &™),
Hence, denoting & = max{&°, &', ..., E™}, we obtain from the above
d om+1 & m+1
& < CH o). (7.12)
At the same time, by (3.36)
9,0(p™, Q) > —cllu™ || 2(pm) > —cVEMH, (7.13)

Let us argue by induction. The initial interval of existence for m = 0 is 7y = co. On that
interval @(pg, Q) = 26 > §. Then from (7.12) we have

&l < el +C1(6)6C0(5)’.

So, for ¢ < (%5) we have

EL(t) <280 +2C(5).

Using (7.13) we conclude on the same time interval (recall that p™(0) = p° initially)

B(p', Q) > O(po, Q) — 1C1(6)V2E¢ + 2C1 (6) > 26 — 1C(6)y2E +2C; (6).

Consequently, for t < ———=2——— we have O(p', Q) > ¢

](5)\/280+2C1(6

Setting 7 = min{ -2 Co(a) c (6)\/28¢)+2C1(6)
elements in the sequence:

} we obtain exact same estimates for the next

E%(1) <280 +2C1(8), t <T

and
@(p Q) =226 —tC1(6)V2E9 +2C1(6) =26, t <T.

Continuing in the same manner it follows that & < 2&p + 2C(6) and O(p™, Q) > 6 on
the same time interval [0, T] for all m € N.

Lemma 7.2 implies that each solution in the sequence ™ will exist and be uniformly
bounded in class C, ([0, T]; H lk ). By compactness we conclude that there exists a converg-
ing subsequence in any lower regularity class, and that the limit solves the equation (7.5)
classically by continuity properties of the model (3.45).
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From the above we see that the local time of existence T depends only on the initial
energy &p and thickness ¢. With this observation let us assume that we are given a solution
on an interval [0,7”) in the Sobolev class H lk and such that (7.4) holds for all t < T’. Then
the estimate analogous to (7.12) shows that the energy &(¢) remains bounded on [0, 7”)
by a constant depending only on ¢ and &p. Starting from 7’ — & where & > 0 is small we
construct a solution on a time interval [T” — &, T’ — & + T)) where T depends only on &§ and
E( and not on &. This extends the solution beyond 7” by uniqueness, which we address
next.

Let us have two thick solutions f and f in class (7.3) starting from the same initial
condition fy. Denote g = f — f. We will estimate evolution of this difference in the weighted
class L} = H) and show that estimates close if / is large enough. Note that according to
definition of H' lk for k large as assumed, we have V, f, V, f ,Lref, Lrp f S le uniformly.

Let us take the difference

O +v-Vig=5,Lrpg + (o — S5) Lepf + Wy, - Vog + (Wy — W) - V, f.

Testing with (v)! g and integrating the x-transport term drops out. The rest of the terms are
estimated using continuity assumption (3.45) and the usual energy estimates

d - ~ . . ~
allgllilz S IIgIIiIz +llo=plhliLeefll 2 gl 2 + Ulpu = pills +1lp = Al ENIVofll 2 Mgl 2

Here, we replaced the W;-metrics with L! since this is not essential. The f components
and the energy are uniformly bounded as noted above. So, we have

d N -
gl < 82 + 1o = gl + llow — pal gl
Now,
lo=pls [ leladr= [ @Il doar s el 014
QxXR"? QxXR"? :

provided / > n. Similarly,

lou=pal < [ bllglddr= [ @/21gl )1 doar < gl 7.15)
QxR"? QxR

provided [ > n + 2.
So, we arrive at

d 2 2
J— < s
o 18l < llslliz

and uniqueness follows.
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7.2. Spread of positivity

In order to extend local solutions globally it is clear that we have to generate a lower bound
on the macroscopic density. Since regularity of the local solution can deteriorate propaga-
tion of the thickness is impossible to prove with the local existence estimates. Instead we
resort to what is called spread of positivity.

Solutions to many kinetic equations tend to develop instantaneous spread of support
across the domain, in the sense of gaining a Gaussian bound

F(t,x,0) > be~lP, (7.16)

see [2,2,27,28,35,45,46,48,55,70]. The constants a, b, however, depend on either the
regularity of the solution on a given time interval or bounds on macroscopic quantities such
as the mass-density, energy-density and entropy-density. Such bounds may deteriorate in
time which puts constants a, b in dependence on time as well. With a view towards flocking
and regularity the primary purpose of a bound like (7.16) would be to translate into a global
lower bound on the density p > p_ dependent only on the basic quantities such as drift and
entropy. At this point we are essentially using the advantage of a compact environment. As
a consequence, for those models where the drift and entropy can be controlled in time we
can develop global existence and relaxation results.

So, our primary goal in this section will be to establish the Gaussian bound (7.16) with
parameters that depend only on the entropy/energy and the drift.

Proposition 7.3. For a given classical solution f € Cy,([0,T); Hlk (T™) of (7.1) on a time
interval [0, T) there exists a, b > O which depend only on the parameters of the model M,
time T, and

W= sup s, [ul, lleo,

t€[0,T)
H= sup / |v|2fdvdx+/ fllog f| dvdx,
t€[0,T) JT*xR" Tn xR
such that
Ft,x,0) = be P V(t,x,0) € T" X R" x [T/2,T). (7.17)

Central to our proof will be the weak Harnack inequality proved in [37]. To state it we
need to introduce some notation.

We will be looking at solutions on kinetic cylinders defined by, for zg = (29, x0, Ug) €
R X R" x R",

0r(20) = {z:=r? <1 =1 <0, Jx —x0 = (t = to)vol <, Jv=wvo| <7}.
One can define the Lie-group action on triplets z by

z00z = (tg+1t,x0 +x +tvg, 09 + V).
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Then
27V = (=1, —x + tv, -v).

And we define the kinetic multiplication by a scalar as
rz = (r’t,r’x, rv).

The cylinders Q, (zo) can then be considered as the shift and rescaling of the 0-centered
cylinder Q, = Q,(0)
0r(z0) =200 Q-

And by scaling, rQ; = Q,-.
We consider super-solutions to the following general Fokker-Planck equation

O f+v-Vif 2V, - (AV,f)+B V,f. (7.18)
The equation has natural scaling invariance. If

Jrw(2) = f(z007r2),

then f, ., satisfies

aIfr,zo +v- VXfr,zo D Vv : (Ar,zovvfr,zo) + Br,zo : var,zo’ (7-19)

where
Ar,zo (Z) = A(ZO o I’Z), Br,zo (Z) = rB(ZO o rZ)' (7.20)

Thus, the following rule applies:

Claim 7.4. 1f f solves (7.18) on Q,(z’), then f; ,, solves the rescaled equation (7.19) on
Qr,/r((zgl o 7’)/r). Furthermore, if A, B satisfy

AL < A <AL Bl <A, z€0~(7), (7.21)
for some A, A > 0, then the new coefficients A, ,,, B, ;, satisfy the same bounds on
Qr’/r((z(;1 © Z,)/r),

provided r < 1.

For w > 0 small let us introduce the following two non-overlapping cylinders
0%, =0,(1,0,0, 0y =0u(w,0,0).

That is, Q7 is attached to the top of the basic cylinder Q;(1,0,0), and Q, is lying on the
bottom.



Environmental averaging 81

Theorem 7.5 (Weak Harnack inequality, [37]). There are constants Ry, wq, p, Co > 0 which
depend only on A, L, n satisfying the following property. If f is a super-solution to (7.18),
in the cylinder QR0 = [0, 1] x {|x| < Ro} x {|v| < Ro} with A, B satisfying (7.21), then

whenever
|

We now turn to proving Proposition 7.3. The proof goes in several steps. First, we
rewrite the FPA (7.5) as follows

1/p
fP dz) < Cp inf f.
Qb

wp

Orf +0-Vif =spAf+ (spv+wy) -V f +ns,f. (7.22)
Since the last term is non-negative, f is a super-solution to the truncated equation
O f+v-Vif 28,0 f + (spv+Wy) -V, f, (7.23)

which has the structure of (7.18). We will be mindful of the fact, however, that B =s,0 +w,,
is unbounded in v, and this will be taken into account in due course.
In the subsequent course of the proof the various constants denoted

€0, Cly- vy WO, W15, T0,T1,..., 70, 71,..., Ro,Ry,...

depend only on the parameters of the model, 7, and W, H. We call such constants admis-
sible.

STEP 1: CHOOSING DOMAIN OF ELLIPTICITY. Let us recall from (3.42) that the strength func-
tion is supported from below by a measure of ball-thickness at scale ry across the domain
Q =T". Since T" has finite volume by a covering argument, there exists a constant c
depending on n, and there exists x” € T” such that

Brya(0.3) > c1, (7.24)

Consequently,
Pro(0,x) > ca,  Vx € By p(x').

Next, notice that p,, satisfies the following equation
Opry = —Vx - (“P))(ro = _(”p)V)(m 2 _C3||u||L2(p) > _CSE-
So, for any ¢ > 0, and any x € B, ;>(x"), we have

Pro(t,X) > ¢ —te3H.

This implies that on the time interval ¢ € [0, T}], where T} = ( C%) AT, we have

Pro(t,x) > ¢2/2, Vx € Bypp(x),
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and in view of (3.42),
Sp(1,2) > 5(c2/2) = A, V(1,x) € [0.Ti] X Byy o ().

Let us come back to (7.24) and extract a thick subdomain for f not too far in v-direction.
We have

ci </ f(0,x,v) dvdx
Byyja(x’) JR?

=/ f(O,x,u)dudx+/ f(0,x,v)dvdx
Byy/a(x’) J]v|<R Byy/a(x’) JIv|>R

H
</ f(O,x,v)dvdx+—2.
Bryja(x) Jlol<R R

So,forR=R; =1V %wehave

/ / £(0,x,0)dodx > & = 5. (7.25)
Byoja(x) Jlol <Ry 2

Let us define our domain of ellipticity Q=[0,T1] x By, 2(x") X Bag, (0), where we
have
A <sp <A, [spv] + Wyl < A, (7.26)

where A = max{g, 2§R1 + W}, and S is the common bound on the strength function by
(ev4). The constants 4, A determine Ry, wyg, p, Co > 0 from Theorem 7.5, which depend
only on A, A, n, so they are admissible.

STEP 2: FINDING THE INITIAL PLATEAU.

We want to find a center of inflation (0, xg, vp) in such a way that the point (xg, vg)
lies within the interior subdomain B4 (x") X Bg, (0) and a small w-cylinder around it has
a substantial presence of f. That cylinder will be blown into O, resulting in f having
a substantial LP-mass in it. At the same time the domain of ellipticity Q will be blown
to engulf the needed wide cylinder QR0 to fulfill the assumptions of Theorem 7.5. The
theorem then applies to obtain an admissible lower bound on f at a later time.

Thanks to (7.25) by the standard covering argument, for any small w one can find a
point (xo, v9) € By/4(x") X Bg, (0) such that

/ £(0,x,v) dvdx > c3¢4|B 3 (x0) X Bey (v0)] = csw*", (7.27)
B 3 (x0)XB (o)

We will choose w later. Let us prove now that the initial weight of f in a cylinder as in
(7.27) stretches in time on the natural scale w?.

Lemma 7.6. Suppose initially

/ f0,x,v)dvdx > csw*.
B 3 (x0)XBw(v0)
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Then
/ f(2)dz > cew®*2. (7.28)
020 (4?2, x0,00)

Proof. Let us fix a smooth cut-off function 4(r) = 1, and h(r) = 0 for r > 2, bounded
by 1. Let
e (x,0) = h(x/w*)h(v]w).

Define the kinetic convolution

g(t) = f(t,x0 +x +tvg, v+ vp) he (x,v) dodx
QXR"'

Then initially, g(0) > csw**. Let us compute the derivative

d
Ge= [ @rsw Vephedodi= [ @r o0 T, dods
dr QxR QxR?
—/ v-Vyfheydodx.
QxR

Note that

fu- c||Vh||oow

QXR"

/ v- fohwdvdx' =
QxR"

—g > / [spAUf+(sp(v+vo)+wp)~V,)f]hwdvdx—cw_2
QxR"?

= flspAvhey —nsphe, = (s (v +00) +wp) - Vyhy,] dodx — cw™?
QXR"

—Aw?=nA = (A2R + W' —cw™? > —crw™2. (7.29)
Hence,
g(0) > csw™ = crw™t.
Integrating again we obtain
)

'
/ g(s)ds > csw*'t — cr0t =
0 2

4n+2

Setting t = c5w**?c7 < w? we obtain

2

w
/ g(s)ds > ce®™2.
0

Noting that &, is supported on Bg,3 X B2, and bounded by 1, we obtain the desired result.
(]
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We now make a transformation
w1
z—z00rz, z0=(0,x0,00), r=—, w;=2w. (7.30)
wo

This insures that, whatever w is, the box Q;O gets transformed into our sz(4w2, X0, 9).
We now choose w such that the ambient domain QR0 transforms inside our the lower half
of the domain of ellipticity. Given that xy is within B,,/4(x") and vy € Bg, (0) it suffices to

choose
) T ro Ry
= wq min —, S —— .
@1r=@o N4\ 16R,” 2R,

Under so defined rescaling the we have

o = Qo (01, x0,00), O = Qo (w1 /wo)?, X0 + vo (w1 /wo)?, vo),

and moreover 2070 = [0,2] x B, R, X B2, gets transformed inside the domain of ellipticity
20R < [0,7/2] x By, 12(x") X Bag, (0) € Q.

At the same time, the ellipticity bounds (7.26) remain the same (and in fact improve on the
drift). Observe also that all the parameters involved so far are admissible.

In order to apply the weak Harnack inequality, we need to essentially interpolate the L'-
information on f expressed by (7.28) between L? and L log L in order to extract information
on the L? level.

Since w; = 2w has been picked already and it is dependent only on the parameters of
the model, and 7, W, H, let us write (7.28) as follows

/ f(z)dz > cs. (7.31)
Q) (w},x0,00)
We have

/ fllog fldz < wiH.
Q. (wi,x0,00)

Thus,
/'Hf>wmgmmﬁmwwmmywm@m—nma<dﬁ
0

Consequently, for ag > 1,

o) 1 .
/ |{f > Cl} mel(w%’XO’ UO)lda < 1 Cl)%H
[ 0g @

0

. 40’H
Choosing ag = exp{ C—;} we have

« c
[ 172 @10 0wy (@hxnwlda < 5
o7,

0
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(&

At the same time for @] = —— we have
1

4w

a cs
/ {f > a} N Qu, (W], x0,00)| da < @1]Q 0, (w71, X0,00)| = @1 = T
0

Consequently,

ap ce
/ Hf;a}anl(w%’xO,UONda’? Z
ag

This implies that
cs

4(ag — ay) T

{f = a1} N Qe (WP, x0,v0)] >

Note again that all the constants depend only on the parameters of the model, and
T,W,H.
Using transformation (7.30) which has Jacobian (w1 /wg)*"**> we obtain

{fr.z > a1} N Q5| > (wi/wo)*™*co = cyp.

Hence, by the Chebychev inequality,

I/p
P p -\ 1/p
o fr,Z() dz > (al |{fr,zo > al} N Qa)() ) > a’lclo =C11-
wQ

Theorem 7.5 applies to show that

ll’lf fr,zo 2 C12,

(]

or in terms of the original function f,

n 2 C12.
Ow; ((w1/wo)?,x0+00 (w1 /wo)?,00)

SteP 3: HARNACK cHAINS. It will be more efficient, in terms of notation, to remain in the new
system of coordinates defined by (7.30). Since the transformation involves only admissible
parameters, any bound on f obtained in the new system will translate into an admissible
bound in the old system.

So, in the new coordinates, f satisfies

O f+v-Vyif =s(t,x)A,f + (b(t,x)v+w(t,x)) -V, f. (7.32)
‘We make another time-shift to make notation even simpler z — (1, 0,0) o z. Thus, we have
A<s <A, |bul+|wW <A, (7.33)

on the new wide domain of ellipticity

Q= [~1,1] X Bag, X Bag,.
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Notice that the new quantities W, H turn into another pair of admissible constants.
On the previous step we established a bound, which in the new coordinate frame reads

inf f > co, (7.34)
@0

where ¢ is admissible. The goal now is to show that by the time ¢ = 1 the solution spreads
across the entire torus €.

It will also be more accommodating to use Theorem 7.5 where O, is replaced by Q .-
This is clearly achievable by a slight rescaling and a shift which is allowed by our enlarged
ellipticity domain . Also, notice that be rescaling the theorem also applies to the cylinders

fuo n with Cy being replaced with an absolute multiple of Cp, also admissible.

Now let us proceed with the construction of Harnack chains. The original idea goes
back to [4, 5] and has seen more recent adaptations for Fokker-Planck equation in [2]. Our
construction will be similar in spirit to the latter, although quite different in two technical
aspects. First, we produce a chain that reaches the targeted velocity field in fewer steps,
thus achieving the exact Gaussian tail on the first run. And second, the estimates along the
chain will take into account the loss of information that comes with the use of a weaker
version of the Harnack inequality.

Lemma 7.7. Let (7.34) hold. There exist admissible constants a, b > 0 such that
F(t,x,0) > be™ (1.35)

forall (wo/4)? <t < (wo/2)% |x| < (wo/2)3 and all v € R™.

2|v]
woN *

Denote = ﬁ Let us

Proof. Letus fix an N € N to be determined later, and let r = -

define the sequence of points

20=0, 2 :zzor(l,o,%ﬁ), [=0,...,N-1.

In other words, w w
= (lr2,1r370f), erOf)) = (t7,x1,01).

Notice that the end-point

4ol* 4P

20 G
27 A2,,2 77

Nwj N-wj

N =( v)

reaches the target velocity vector v by cost of a small shift in time-space variable.
Also notice the following embeddings of cylinders

71 07Q w2 C1Quwy(1,0,0), (7.36)

which follows by direct verification. Applying z;o from the left we obtain

Z1+1 © rQwo/Z - 210 rQw0(1509 0) (737)
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We will be looking at the rescalings

fi(z) = f(z1orz).

All these functions can be thought as defined on the same domain Q with the same ellipticity
constants. Indeed, if z = (s, y,w) € Q, then

z7orz= (4 +r%s, x; +r3y+r2sv1, rw + ).

We have ) ) 5
4 4 8
a2y < M2 AP 8P
wiN  wjN? 2N
provided N > 8‘”' . Next,
4|3 8|v|? 4v)3 16]v)?
3 2
X+ 17y +risy| < + 2Ry + < (2Rp+1 < 2Ry,
| Y | w(z)N2 w8N3 a)(z)N2 ( )a)aN2 0

provided N2 > 2R°+1 16‘”' . This puts the (z, x) pair into the box [—1, 1] X B,g,, and so,
0

the ellipticity for s(zl o rz) enjoys the same bounds (7.33). As to the drift term which gets
rescaled to

B; =b(#; + r2s, X+ r3y + rzsvl)r(rw +up) +rw(ty + r’s, X+ r3y + rzsvl)

notice that
|[rw +vi| < 2Ror + |v]

s,
[B;| < Ar(2Ror + [v]) +rA < A,

provided N > ¢ |v|?, where ¢; is admissible.
The conclusion is that all functions f if considered defined on Q satisfy the equation
with the same ellipticity constants provided

N > ¢ (),

where ¢, is admissible.
Let us now start iteration of the weak Harnack inequality. We have for fy(z) = f(rz)
from the assumption (7.34), and since rQ ¢, € O wy>

1/p

M
/ 13 (z)dz > cow,” .
QIJJO

4n+2

According to Theorem 7.5,

inf Co 2
Qwol(nl,o,O) fo>Cyleo(wo/2)
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(we artificially divided wq by 2 in order to fit with the general pattern later). According to
(7.36) we have in particular

inf fi > Cyleo(wo/2) 7 .

wO/Z

Then by restricting to the cylinder Q /2.

4n+2

1/p
( 17 () dz) > Cy'leo(wo/2)* 7 .
Oy

According to Theorem 7.5,

4n+2

fi > CPeo(wo/2)* 7.

inf
O, (1,0,0)

We proceed in the same manner using (7.37) and applying repeatedly Theorem 7.5.
On the last step we achieve the following bound

inf S ) Mc—l N _ N
oo v = col(wo/2) » Cy 17 =cocy .
wq/2

In particular at the origin we obtain

fN(O’O,O) :f(ZN) :f(fN,XN,U) 2 C()Cév-

Let us now fix a pair (7, x) such that (wg/4)? < t < (wo/2)?, |x| < (wo/2)? and consider
the function
8(2) = f((t—tn,x —xn,0) 0 2).

This function satisfies the equation on the slightly shrunk domain of ellipticity [-0.9,0.9] x
B19Rr, X B1.9R,. At the same time

inf g =co
(tN*t’xN*x’O)OQmO

The same holds on the subcylinder Q /2 C (tn =, x5 —X,0) 0 Q,, (the inclusion follows
from the assumptions on (7, x)). Applying the above proof to the new function g, we obtain

g(tn,xn,v) = f(t,x,0) > cociv.
Picking the minimal N under which the above holds we find N = cs (v)z. Hence,
f(l‘,x, U) > COeNln cs Coe—C5| In C4|(U>2’

and the proof is over. ]
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STEP 4: SPREAD OF POSITIVITY IN X. Let us fix any point of time (wo/4)* < t < (wo/2)* and
reset it to 0. So, at the moment, we have

£(0,x,0) > be~al, (7.38)

for all |x| < (wg/2)? := r3 and all v € R”. Note that r3 is admissible.

The next goal is to establish spread of positivity across the entire periodic domain.
Recall that after the rescaling (7.30) our distribution f is defined on LyT" X R", where L
is an admissible new period. Also, recall that since the scaling parameter r < 1, we still
have global bounds on the coefficients

Is|<S, [bl<S, |w<W. (7.39)
First, let us adopt a barrier construction from [2] to our situation.

Lemma 7.8. Suppose
£(0,x,0) > 61y |x|<r, |v|<R}-

Then for any T > 0 we have

f(t,x,0) > ]l{|x to]<r/2, [o|<R/2} -

for

t<ty:=min<{l,7, 1 l — . (7.40)
8nS(L + 25) + (SR+W)(£ + %)

Proof. Letus fix A > 0 to be determined later and consider the barrier function

e —w]* o
72 R2

)(:—At+6(1—

Note that f(0,x,v) > /\{(0 x,v), and also for all r > 0, f(¢,x,v) > x(¢,x,v) =0, on the

|x— tv\

boundary 1 = + o .So, we have f > y on the parabolic boundary in question. We

now need to show that X is a sub-solution inside the ellipsoid 1 > "‘r—gv‘ ‘UI . By the

classical comparison principle it implies f > y on the same region.
So, differentiating we obtain

Xt+0v-Vyy=-A,
2:2 2n

[sA, x| =86 |—— ﬁ

—(1 1
<2H6S(r—2+ﬁ),

|x — 1o

|(bv+w) - Vx| < 6(SR+W)(2t 2;”') 5(SR + W)(—+]2e) (7.41)

Let

<(1 .1 - — (2t 2
A=2n55(r—2+F)+6(SR+W)(T+E).
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In view of the bounds above this implies that y is a sub-solution.
It remains to observe that as long as ¢ < % and |x — rv| < r/2, |v] < R/2, we have

X =

S

We will be applying Lemma 7.8 for » = r3. Let us pick 7 and R now. Our aim is to make
sure that the time limitation giving by the bound (7.40) is long enough that every corner
of the torus LyT" is reachable in that time with velocities from the ball |v| < R/4. In other
words, we ask for ;R > 4L, or

TR > 4Ly, R =4Lg (7.42)

R > 32Lg . (7.43)

—{1 1 - — (7 1
nS(E+F)+(SR+W)(Z+E)

So, first we fix 7 = 2’—% This ensures that the leading order term in (7.43) has coefficient
%. Next, we fix the minimal R = R; satisfying both (7.42) and (7.43). Note that R; is
admissible.
Setting ¢ = be‘“R%, which is also admissible, in view of (7.38) we have
£Q0,x,0) > 6L y|x<r, jo]<R)}-
Then s
f(t,x,v) > 7 Lx-rol<rs/2, ol<rij2)s 1 <11

Fix any xo € LoT". Then at time #; there exists |vg| < R /4 such that ¢tjvy = xo. Notice
that if
|x —xo| <r3/4, |v—wvo| <r3/4,

then |x — t1v| = |x — xo + 1 (vg — v)| < r3/2, and certainly, |v| < R;/2. So,

0
f(tls-xs U) > Z]l{|X*X()|<r3/4, |U7U()|<r3/4}'

Let us recall that we have started from any point of time (wg/4)? < t < (wo/2)?, and
obtained a time #; independent of 7. So, we found that for any xo € LoT" there exists a vy,
|vo| < R;/4, which depends only on x( such that

5
J2,0) 2 2L ()2 <i-0<(w0/202, Ix-xol<rs /4, lo-wol <rs/4}- (7.44)

In particular,

p(t,xo) :/ f(t,xp,v)dv > / f(t,xo0,v)dv > A4,
Rn

[v—vg|<r3/4

where A; is admissible, and (wo/4)? <t — t; < (wo/2)>. So, for all such times, the density
has a uniform lower bound A;. At the same time there exists an admissible A; such that

s(t,x) + |b(t,x)v + w(t,x)| < Ay,
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for all (¢,x,v) € [(a)()/4)2 +1, ((1)()/2)2 +11] X LeT" X Byg, = ﬁ].

This implies that we have another initial plateau (7.44), but now around an arbitrary
point xo € LoT", and inside a large domain of ellipticity Q,. Applying Lemma 7.7 to shifted
and if necessary rescaled solution f, we find a time 7, < (wq/2)? + #; and admissible
w1, ai, by > 0 such that

_ 2
F(t,x,0) = bre” M1 e

The obtained admissible constants are independent of x( by virtue of the argument on Step
3. Thus,
2
f(t2,x,0) > bye~ 4l (7.45)

Now, let us go back to Step 1 and recall that we started with time O and found an
admissible time 0 < f, < % such that (7.45) holds. Starting at any other initial time 1 — #, >
t > 0, we find that (7.45) holds at 7 + #,. This finishes the proof.

7.3. Entropy and global well-posedness

The main implication of Proposition 7.3 can be expressed in terms of lower bound on the
density.

Corollary 7.9. For a given classical solution f € Cy,([0,T); Hlk (T™)) of (7.1) on a time
interval [0, T) there exists p_ which depends only on the parameters of the model M, time
T, and W, H such that

p(t,x) > p_, Y(t,x) € [T/2,T) x T".

So, controlling W and H over any finite time interval prevents formation of vacuum,
which by Theorem 7.1 implies global extension. For a special class of our models control
over W and H can indeed be given a priori in terms of energy. We start with H.

First we recall that H is controlled by the true entropy

1
7{=—/ |v|2fdvdx+/ flog f dvdx.
2 QXxR" QXR"?

Indeed, by the classical inequality, [36, 63], there is an absolute constant C > 0 such that

1
/ |flogf|dudx</ flogfdudx+—/ WP f dvdy +C < H +C. (7.46)
QxR? QxRr? 4 Jaxrn

So,
H<2H+C. (7.47)

We also have control over the energy

& <2H +C. (7.48)
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Lemma 7.10. Suppose M satisfies (3.54). Then H is finite on any finite time interval.
Moreover, if the model M is conservative, then H is globally bounded by initial data

H<2Hy+C. (7.49)

Proof. We have directly from the equation

2
%‘H = _/QXR" Sp [lvl}fl +2(v—[u],) - Vof +v- (v—[u],)f| dvdx. (7.50)

Using the identities

/ sp [ul, - Vo fdxdo =0, / spv - [u], fdxdv = (u, [u],)x,,
QXR" QxR"

and replace [u],, with u in the second term and compute the third as follows

Joo o ot = [ s dutes [ s il
e QxR QxR"

— _ 2 2 B

- '/.QXR" S.Ulv ul fdvdx + ”u”Lz(Kp) (l/l, [u]p)Kp.
We obtain

B 2
s Vof + 0-u) fI” do dx — ||ull? + (u, [u] ), - (7.51)

d
5‘7‘( = - f LZ(K,,)

QxR"

We can see that H < H for conservative models and (7.49) follows.
Under (3.54) we use (7.48) to conclude that H<C {H + C,. The conclusion follows. m

Immediately from Lemma 7.10 we obtain control over W as well under L? — L
boundedness on the averages.

Lemma 7.11. Suppose M satisfies (3.57). Then H, W are finite on any finite time interval.
Moreover, if the model M is conservative, then H, W are uniformly bounded by a constant
depending only on the initial condition.

Theorem 7.12. Suppose the model M is regular and satisfies (3.57). Then any local solu-
tion f to the Fokker-Planck-Alignment equation (7.1) in class H lk (Q X R™) extends globally
in time. Consequently, (7.1) is globally well-posed for thick data

foe HI(QXR"), k,l >n+3, O(py,Q) > 0.

If in addition M is conservative, then there exists a p— > 0 depending only on the initial
entropy Ho and the parameters of the model, such that

p(t,x) = p_, V(t,x) € [1,00) x T". (7.52)
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A simple rescaling argument shows that in fact for any time ¢y > 0 there exists p_ > 0
depending on the initial entropy Ho, t9, and the parameters of the model such that

p(t,x) = p_, Y(t,x) € [ty,00) x T". (7.53)

So, vacuum disappears instantaneously.

As shown on the third row of Table 3 all our models are regular on compact environment,
and hence the corresponding FPA are globally well-posed for thick data. In addition, the
model Mcs, My, and M, due to being conservative, also enjoy the uniform bound from
below on the density (7.52).

8. Global relaxation and hypocoercivity

The discussion in this section will be taking place on the compact domain Q = T". The
Fokker-Planck-Alignment equation

Orf +v-Vif =0spAf+Vy - (sp(v—[u]y)f), (8.1)
has an obvious equilibrium

1 _ lo=a?

B 8.2
QI 2o ®-2

MHo.a =

for any constant vector i. In this section we demonstrate relaxation towards such equilib-
rium for large data.

There are several issues that arise when comparing this result to the classical linear
Fokker-Planck relaxation, see [97]. First, the nonlinear alignment force pumps energy into
the system as will be seen from (8.8), which prevents direct sliding of the solution towards
global Maxwellian. Second, the degeneracy of thermalization s, needs to be avoided in
order to retain uniform hypoellipticity of the equation. And third, since we are not assuming
that M is conservative, it is not immediately clear that the time dependent momentum i
settles to a limiting vector Ue.

We settle these issues in steps. Our first general result lists all the necessary functional
requirements on the solution to ensure relaxation towards a moving Maxwellian. We then
examine how these requirements are met in the context of regularity properties stated in
Section 3.7 for specific classes of models and how the stabilization of momentum can be
deduced.

Proposition 8.1. Suppose M is a material model. Let f € Hlk (QXR™) be a classical
solution to (6.2) with density p satisfying the following conditions uniformly in time

(i) there exist constants cy, c1,c2 > 0 such that co < s, < c1 and ||Vsy|le < c2 for all
peD;
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(i)  there exists a constant gy > 0 such that
sup {(u, [u], ), = € L2(kp), =0, ullpage,y =1} < T-20.  (83)

(i) sp [1p 12 py—r2(0) + 1V (Sp LI L2 (0) 120y < €3

Then f relaxes to the corresponding Maxwellian exponentially fast,

£ (1) = tora) |1 (@xrny < canJo 1T (fo) e” 77, (8.4)

where cq,c5 > 0 depend only on the parameters of the model M and c, c1, c3, c3,&0. Here,
I (fo) is the Fisher information defined in (8.13), and

ﬁ:/ vf(t,x,v)dvdx.
QxRH,

Proof of Proposition 8.1. We seek to estimate the relative entropy defined by

H=0 flog
QxR" Mo,

dv dx. (8.5)

By the Csiszar-Kullback inequality, we have
collf - ueoall; <H,

for some absolute c. So, an exponential decay of the entropy would imply the desired result.
Let us also recall that Sobolev densities f € Hlk (Q x R™) have finite Fisher information
(see below) which in turns control H, see [94, Lemma 1]. We can therefore analyze H
classically.

Since the model at hand is not assumed to be Galilean invariant or conservative the
mean velocity # is time dependent and generally may not be assumed 0 without changing
the equation. It will, however, be beneficial to pass to the reference frame centered at i7. So,
we consider the change of variables

fx,0,8) = f(x,v+d,t), d=u—-i, p=p.
In the new variables the equation becomes a system (dropping tildas)
Orf++i) -Vyf =it -Vof + O_SpAvf +V,- (Sp(v - [”]p)f)
i = /([u]p —u) dk,
Q
/ updx =0. (8.6)
Q

We also denote 1t = 14 ,0. Again, let us note that the extra transport term it; - V,, f appears
because we do not assume that our model is conservative. We keep in mind that i, is a
constant vector at any point of time.
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The starting point in the proof is two forms of the entropy law. One is (7.51), which
after o-rescaling reads

_ 2
d _/ (TS + (0= )]
QXR"

o=

7 dode =l + (0 [u],)g. BD)

Using the spectral gap assumption (ii) we conclude

d 2
aq_{ < _EUHMHLZ(KP)-

And another form of entropy law follows directly from (7.50) (note that the extra transport
term i1, - V, f does not effect either of them)

d oV, f + Uflz
E(H =- /s;an Spf dvdx + (u, [u] ), - (8.8)

Although this form is not dissipative, it gives access to the partial Fisher information

\vj 2
1y = / —lo— of * 0] dvdx.
QxR"? f

In view of (i) and (iii), we have

d
T H < —codo + (1, [u] )i, < —coluw + cllull?, (50)" (8.9)
Combining with the previous form (8.9) we obtain
Copi<-1 2
a S —dw — ”””LZ(KP)- (810)

The next stage of the proof consists of showing that the classical hypocoercivity of the
linear Fokker-Planck equation extends to the fully non-linear alignment model. In contrast
to the M 4-model analyzed in [82] the general system (8.6) requires special attention due to
presence of several additional ingredients such as inhomogeneity of diffusion and i-shift
in the transport term. These result in the slower exponential rate o, as opposed to o-'/? for
the M ,-model.

Let us write the equation for the new distribution

et

Ko

het 0+i) - Vh =ity - Voh = — - iigh +5,(0Ayh — v+ V,h)
o

+5o(0 7 ([ul, - v)h = [u], - Vo). (8.11)
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The Fokker-Planck part of the equation (8.11) has the traditional structure of an evolution
semigroup. Denoting

B=(+i)-V,, A=V, A'=(Z-V,).
o

where A* is understood relative to the inner product of the weighted space L?(u ), we can
write
hy = —spyA"Ah — Bh +s,A™([u] , h) — A" (hiiy). (8.12)

‘We consider Fisher information functionals

2
Zy(h) = 0-2/ M dptor,
oxrn h

Veh-V,h
Iy(h) = 0'3/2/ ——dug,
QxR h

V.h|?
I (h) =O-/ | );’l | due,
QxR"

where du, = po dvdx. The full Fisher information defined by

I =1+ 1 (8.13)
dominates the relative entropy by the classical log-Sobolev inequality
T+ Iy > AH.

We now differentiate each of these functionals and obtain estimates on the obtained
equations. The coercivity will be restored by putting them together in a proper linear com-
bination along with the entropy law (8.10).

We will use the following notation: (g), = fngn gdus.

Lemma 8.2. We have

d
—Zow(h) < =207 Dy = 20010y = 2071 Ly + 2|l

(kp)”

where

Dy = (Sph|V,%}_l|2),,, h= IOg h.
Proof. Let us write 7, = (V,h - V,h) - Computing the derivative we obtain

1d

;EIIJU = 2(Vuht : Vu}_l)/.t - (|Vuljl|2ht),u =Ja+Jp+J,+Jyg,

where
Ja = —-20(3,V,A"Ah -V, k), + 0 (s, |V, h|*A* AR,
Jp = -2(VyBh-Vyh), + (|V,h|*Bh),
Ju=2(sp VoA ([ul, h) - Voh)y = (5p|Voh|*A* ([ul, b))
Ja = =2(V,A* (hit) - Vo) + (Vo Voh|* - it h),.
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Let us start with the most straightforward transport term B. We have
I ==2(Vih Vo) = 2(((0+) - Vo)) + (IVoh|* (0 + ) - Vi) = T+ T g + T3
Observe that
Jh =201,
Next, as to the second term:
Jh==2((0+1) - Vahyhyh™ ")y = —((0+ ) - Vel PR,
= ~(lho, [P (v + @) - Vihh ™) = ~(|ho, (0 + ) - V) = =T
and so the two cancel. We obtain
Jp =201,
Let us turn to the dissipation term J4. Using the identity
Oy, (A*Ah) = A*Ahy, + 0 hy,,
we have
Ja = =20 (sp A" Ahy by, )y — 2(5,Voh - Voh) , + 0 (s, |V |2 A" AR),,.

Note that the term in the middle is bounded above by —2¢90 %1, in view of (i). In the
other two we switch A* to the opposite side,

Ja < =20 (spAhy, - Ahy,) = 2c00 21y + T (s, A|V,h|* - AR,
= =20 (sphAhy, - Ahy)y — 20 (Spho, Al - Ahy,)y — 200 21,y + 20 (Sphy, Ahy, - Ah) .
The second and last terms cancel, while the first is exactly —20-D,,,:
Ja < =20 Dy, = 2000 2 L.
For the alignment term we obtain the following the exact identity
Ju=20"2([ul, - ), (8.14)

We note, however, that there is no advantage of keeping the low energy here as the full
energy will emerge later in the proof. So, we replace it with the full energy

Ju < 2(1 - EO)O__ZHMHiZ(KP) < ZO—_ZHMHiZ(K,,)' (8.15)

To prove (8.14) we manipulate with the formula for J,, as follows
Ju= Z(SPVUA*([M]/) h) - Vvljl)p - (S,D|VUB|2A*([M][) h)),u
= 2(Spvv(o-_lv . [u]p h— [u]p : Vvh) . Vvil)ﬂ - (Spvvlvv}_l|2 . [M]p h)ﬂ
=20""(sp [ul, h- Vo) + 20 (sp(v - [u] ) Voh - Vioh),
= 2(spVoh [ul, - Voh) = 2(s,Vah(Voh) - [ul, h)

=J e e 240,
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where V21 is the Hessian matrix of /.
Observe that the first term is exactly the lower energy

Jo=20""(sp [ul, - Vo) = 2072 (sp [ul, - vh)y = 2072 ([ul, - ).

Now comes the crucial observation that the remaining terms that cannot be controlled
cancel altogether
P+ +st=o.

Indeed, using

1
huyey = oo, + 3o h, (8.16)

let us compute J; 3,

_ _ _ 1 -
i = =2(8phuy (7], ho)p = =2(sphhue; (7] o)y — 2(sp 7 oy (1], Bo)u
=T = 2spVoh - [ul, [VohI).

Also note that
Jr=20""(sp(v - [ul, )IVoh*),.

Then we have
Je4d)=Th+ 20 (sp (0 [ul, W)IVeh|?) = 2(3,Voh - [l [Voh|?),
=Ty +2(spA"([ul, DIVh[*),.
Switching A* in the last term we obtain
2sp A" ([ul, W)IVoh ) = 2(sph [ul, - Vol Voh|?) = =273,

The obtained terms sum up to zero.
Finally, we show that the momentum term vanishes J; = 0. Let us expand

|Vuh|*

Ji = 2(V2hVoh - i), — 2 (g i, ) + (Vo Vohl? - dgh), =2 I+ J2 + J3.
u

Let us look into the first term,
V,|V,h|? v, h|? v, h|?
e (DA ) (4B ) ()
h p h p h
_ |Vuh|21)'lzt
a h o

u

)ﬂ + (|VUB|2VUh : at)ﬂ
So,

Vohl* v - iy
h

Ja+di=- ( ) +(IVhPVul ) = (19 hP A" (hit),
M

= —(Vo|Voh|*hit;), = —J;.

u
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Thus, J} +J2 +J3 = 0.

Lemma 8.3. We have
d

1 B 1 1 _
EI,w(h) < —Zal/zfxx +c(c™ P+ ) Iy + 5031),,1, + zo—zz),w +c(e™ 2+ 1) |ull,

where
Dyp = (Sph|vuvxh|2)/z-

Proof. Let us write

1 d - - - _
mafxv(h) = (Vh - Voh)y + (Vxh - Vohy)y = (W Voh - Voh), = Ja+Jp + Ju + Jg,
where as before J4, Jp, Jy,, Ji; collect contributions from A, B, and alignment components,
respectively.

For the B-term we have
Jp = ~(Va((w+a) - Vih) - Voh)y = (Vxh - Vo ((0+ ) - Vih))y
+(((+a) - Vih)Voh-Vih), =g+ 05+ T3
For the middle term we expand
Jg ==Vl - Vi) — (hy (0 + i) ;o)
The first term is exactly —o-~' 7., and in the second integrating by parts in X;, we obtain
= =0 Lx + (hx, (0 + 1) )
using that /iy, = h™ by, — hhy;
= =0 Tex + (M, (0 + @) o) = (B g, () + ) o)y = =0 L = T = T3

Hence,
Jg=—0'I,,. (8.17)

Let us look into the J4-term:

éJA = ~(Va(spA*Ah) - Voh), — (s, Vh - V,A* AR, + (s, A" ARV b - VB,
=Jy+J5+ 5.
For J}, we obtain
Ty = =(8pA" Al hu )y = ((3p) e A" Ay, )y = =(3p Vol - Voho )y = ((p)x Voh Vo)

(SP)Xi Vvh

= _(Sphvv}_lx,j . Vv;_lv,:)y - (Spljlx,-vvh . Vvljlv,-)y - 1_/2 /’ll/2
Sp

-5y n 2V, hy,

u
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In view of assumption (i),
Jh < =(8phVohy, - Voho)u — (Sphx, Vol - Voho) o + o N Ly Dy
For Jf‘ we obtain
Pz =0 (5pVeh - Vuh)y = (39 A" Al )y = =0 (5,VF- Vb,
~ (3phVohy; - Voho)u = (pho, Vohy, - Voh),.
The two add up to

Vih Voh
e

+ Co'_l V2o Doy

< ~00 PN Ly Iy + Dy Dy + co NIy Dy — I3,

Jh+J%=—c"! ( ) —2(sphVohy; - Vohy)y — (spAh - A(Vyh - Vi),
M

Thus,

Ja < 00 PNL Ty + 0V Dxo Doy + N Lo Do
Let us examine the alignment term now,
Ju = (Va(8pA" ([l , 1) - Voh)y + (Vih - V(oA ([u] 1)) = (3pA™ ([l , W) Voh - Vich),
= ((3p) A" ([l p 1))y + (SA™ ([ )i Y o) o+ (3pA™ ([ P Yoy )
+ (spi_zxiA*([u]p ho ) + a"l(sphvxﬁ fulp)u = (sph[ul, - Vo(Voh - Vih)),
= (h(sp [U]p)x; - Voho ) + (sph [y e, - Vohy,)
+ (sphVyhy, - [ul, o) + o-‘l(sphvxﬁ ulp)u = (sph [ul, - Vo(Voh - Vih)),

We can see that the 2rd, 3th, and 5th terms cancel, and we arrive at
Ju = (h(sp [ul))x, - Voho )+~ (sphVih - [u] ) =,y + T3

We estimate J! using the assumption (iii), and the fact that L2(Kp)- and L?(p)-norms are
equivalent under (i),

J,i < cllullzz (i) VDo
And again, by (iii),
_ 1 _ _
J,% <o 3/2||u||L2(Kp) VZx < EO' l-Z'xx t+o 2||M||2LZ(KP)'

Noticing that %0'_1]_ «x 15 absorbed into (8.17) and summing up all the terms we arrive at

d 1
EIxu(h) < _Eo-l/zfxx +coVLxxdyy + 60-3/2 VLo Dy + 0-5/2 VDD
b el 25 VD + Pl

1 1 1
< —Zal/zfxx +e(c™ 2+ 1)1, + 50'3DW + 50'21)” +e(c™ 1?4 1)||u||2Lz(Kp).
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Finally, let us look at the momentum term
JIZ = _(A* (ﬁt 6xi h)aui }_l),u - (axi BaviA* (’Zth))y + (A* (’/_‘th)avi ilaxi il),u
=JL+ IR+ T3
Let us note the identity
1
0y, A" = A*9,, + —1d,
o

and expand on J2
J2 = — (05, hA* (110, 1))y — 0~ (O, hiy) 1.

The last term vanishes since i; is a constant vector. Thus,
J2 = —(V0x, - 1,05 h)
In the other two terms we switch A™ as well
Jy = —(Ox; hity - V,u0p, 1)
2 = (hity - Vu(3,, 7)),
The sum of the three is clearly zero by the product rule. So,

J,;ZO.

Lemma 8.4. We have
< (h) < cIyy — > Dy + c||ul?
dt XX X vV X0 Lz(Kp)'

Proof. We have

1d ) _
;Efxx(h) = 2(Vihy - Vih)y = (IVxhPhe)y o= Ja+ g+ Ju + Ja.

The B-term cancels entirely,
Jp = =2(Vx((v+d) - Vih) - Vih), + (|Vih|[* (0 +t) - Vih),
= =2(((+i) - Vahx ) b + (VB (0 + D) - Vich)
= —(((0+a) - Vi Vxh*h™ ) + (IVch* (v + D) - Vih),
=—((v+i0) - Veh|Veh[*h™2), + (|Vih|* (v + D) - Vih), = 0.
Sois Jg,
Ja = =2(VA* (@ h) - Vi) + (V< hI*A* (i h))
= —2(dy, ity - VO 1)y + (Vo Vi h|* - i1 ), = 0.
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The A-term is given by
Ja = =2(Vx(spA*AR) - Vi), + (s, |V h[*A* AR,
= —2((8p)x; Al - Ahy,)y — 2(5pAhy; - Ay)y + (SyA|Vi | - AR,
< co™! VDxpdow = 2(Spvv(hljlx{) : Vuljlxi),u + (Squlvxmz : Vvh);t
= co 'V DrpZuw = 2(8ph Vo lx, * Voltx,) = 2(sphn, Vol - Vo)
+ (Sva|fo_l|2 . Vvh)ﬂ
=co”! VDxvLow = 2Dxp — (Spvv|vxil|2 : Vvh)y + (Spvvlvxm2 : Vvh)/t

= co "N DIy — 2Dyo.

Thus,

Ja < cNDypdyy —20Dy,.

Finally, the alignment term is given by
Ju = 2(Va(spA* ([, h) - Vich)y = (sp| Vi RIPA™ ([, 1)) -
In the second term we switch the operator A*:
~(sp|VxhPA*([u], 1))y = =(sp Vol ViR [u], ). (8.18)
For the first term we obtain
2((5pA" ([l 1)) - V) = 20h(sp (], - Vol )y + 2(sp g [t - Vi )
We can see that the last term cancels with (8.18). We thus obtain, using assumption (iii),
Ju=2(h(sp []p)x, - Voh ) < cllull 2,y VDro-
Putting together the obtained bounds we have

d
afxx(h) < coN Dyl - 20'2-va + CO—”””LZ(KP) Dy < ey — O'ZDXU + C”“llsz(Kp)-

To conclude the proof, let us combine together all the Fisher functionals in the following

format c
j = -Z-vv + 50-1/2-[)“1 + _OIxx’
&

where 6 > 0 is small but dependent only on the parameters of the assumptions (i), (ii), (iii).
Since o < 1, for 6 small enough we have I~1T. Then,

d -~
a] < —cody — 10Ty + C“u“%
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Invoking the entropy inequality (8.10), we obtain with a properly chosen constant C > 0,
d - -
E(I +CH) < —colyy — 10Ty < —Cc20(TLyy + Iyy) ~ —0 (L + CH).

Hence,
T +CH < 3T (fy)e 27", (8.19)

and the result follows.

8.1. Applications

Let us now explore how Proposition 8.1 implies relaxation for various situations.
First, we have convergence near equilibrium for all models whose spectral gap is under
control for densities near uniform.

Proposition 8.5. Suppose that M is regular and has a uniformly positive spectral gap for
any densities close to uniform

inf{eo(p) : llp — 1/|2ll1 <60} > 0. (8.20)

Then there exists a constant ¢ > 0 depending only on the parameters of the model such that
for any initial condition fy € H lk (Q) satisfying

I (fo) < codo, (8.21)
there exists a global classical solution converging to the Maxwellian exponentially fast.

Proof. By Definition 3.13 (iii),(iv) we can further reduce the size of g if necessary to
have not only the uniform spectral gap condition but also the uniform thickness condition
satisfied, ®(p, Q) > c4. By the regularity assumption (3.44), the assumption on the spectral
gap, and (3.42), such densities fulfill all the conditions (i), (ii), (iii) of Proposition 8.1, with
constants cy, c1, c2, €3, €9 depending only on dy. And according to Theorem 7.1 such data
give rise to local classical solutions f € Hlk .

If (8.25) holds, then by the Csiszar-Kullback inequality || oo — |—§12| 1 < ¢s5¢d¢ for some

absolute ¢c5 > 0. If ¢ < 2175 then by continuity we have ||p(f) — ﬁ |1 < dp at least on some
short time interval [0, T). Let T be the maximal time of existence of the local solution
which satisfies the above. Note that the solution cannot blowup before it reaches the equality
[lo(t) - |1§||| 11 = 0, due to the continuation criterion (7.4). Hence, if T is finite it is only

because we have ||p(T) — |IE|I|L| = 9§ for the first time.

The Proposition 8.1 then applies on [0, T]. As a consequence, ||po(T) — ﬁ It < c6cdo

for all # < T and some c¢ depending on the parameters of the model only. Assuming further

that ¢ < 2%6 we conclude that 7' cannot be finite. Thus, the solution exists globally and

satisfies ||p(¢) — |1§|I| 1 < &g for all time. Proposition 8.1 applies again to conclude the
result. ]
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Before we state application of this result to particular models, let us address the issue of
the time-dependent momentum for non-conservative case. It turns out that for all our core
non-conservative models Mg, including the Motsch-Tadmor model, the average momen-
tum stabilizes.

Lemma 8.6. Suppose M satisfies the assumptions of Proposition 8.5 and

(1% =1. (8.22)

For any solution f that relaxes at an exponential rate in the sense of relative entropy there
exists U € R™ such that il(t) — u« exponentially fast, and consequently,

£ (1) = o uall Lt (@xrny < coe™ 0% (8.23)
In particular, the conclusion applies to all conservative and all Mg models.

Proof. By the Csiszar-Kullback inequality we have ||p — ﬁ 1 < e ¢! Thus, as we argued
in the proof of Proposition 8.5, the density eventually enters into a class satisfying all the
functional requirements of Proposition 8.1 uniformly in time.

We have

iy =/Q/Q¢p(x,y)u(y)p(y) dyp(x)dx—/gsp(y)u(y)p(y) dy
- / / (8o 3) = 6 1 (63 (¥) dyp () d

+ [ Loy temmopmar|pw - o

/ /¢ (x,y)dx —Sl(y)]u(y)p(y)dy

# [ 500 = 50 utmpt) o

1l

By continuity assumptions all the terms on the right hand side are bounded by a constant
multiple of ||p — ‘;2—|||1\/E Since the energy remains uniformly bounded all these terms
are exponentially decaying. This proves the exponential convergence () — us for some
e R
Next, we have

flog dodx = flog —L— dvdx + flog Lo

QxR" Mo, QXR" Mo ,i QXR" Mo,

dvdx.

The last term is a constant multiple of

/ F(lttoo = v]* = | = v]*) dvdx = |ue|* - |ﬁ|2+2/(ﬁ—um)~updx < e .
QXxR" Q

This finishes the proof. ]
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According to our computations of spectral gaps stated in Proposition 4.16 and Propo-
sition 4.18, we can apply the above results to conclude local relaxation for all core models.
Let us gather all this in one statement.

Theorem 8.7 (Relaxation near equilibrium). Suppose that M is a regular model satisfying
inf{eo(p) : llp = 1/1QIlI1 < o} >0, (8.24)

and
[1]*1 =1.

2]
Then there exists a constant ¢ > 0 depending only on the parameters of the model such that
Jor any initial condition fy € Hlk (Q) satisfying

I (fo) < codo, (8.25)
there exists a global classical solution f and there exists u., € R" such that

1f () = boru Lt (@xiny < coe™ . (8.26)
In particular, the conclusion applies to all core models Mcs, My, Mp, My, Mgcg.
We now gather a set of conditions which guarantees global relaxation.

Theorem 8.8 (Global relaxation). Suppose M is a regular conservative model satisfying
(3.57) and such that
inf{eo(p) : pr(Q) > 60} > 0, (8.27)

for some r, 6y > 0. Then any classical global solution to the Fokker-Planck-Alignment
equation (8.1) relaxes to equilibrium as stated in Proposition 8.1 with it = i.
In particular, global relaxation holds for the following models

* the Cucker-Smale model Mcs with a Bochner-positive kernel ¢ = = s;
* the My-model with inf ¢ > 0;
* the segregation model M., with suppg; = Q foralll =1, ..., L.

Proof. According to Theorem 7.12 under the given conditions on M any classical solution
gains a uniform bound on the density from below p(x,7) > p_, for (x,1) € Q X [1,00). This
automatically puts the solution into a class satisfying the assumptions of Proposition 8.1
uniformly. |

Letus remark that the only requirement that prevents global relaxation for M 4 and M.,
models with general local kernels is the uniform L> — L* boundedness (3.57), which is
needed to control W. However, this control can be regained if the solution is known to have
uniformly bounded macroscopic velocities

sup [[u(t)]|eo < o0. (8.28)

t>0

This is precisely the result obtained for M, in [82].
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9. Hydrodynamic limits

Supplementing the Vlasov equation (4.1) with a strong penalization force

1
O fC+0-Vif®=Vy(sp(v—[u],e) ) + EF(fs), CRY;

one can achieve regimes in which the distribution f asymptotically takes a special form
explicitly expressible in terms of the macroscopic quantities u, p. The limiting system satis-
fied by u, p is called the Euler-alignment system (1.19), in which the pressure law depends
on the particular force F used in the limit. In this study we will cover two types of limits —
monokinetic and Maxwellian.

The monokinetic limit is achieved by enforcing strong local alignment F =V, - [(v —
u®)f?]. The force penalizes deviation from the Dirac concentrated on ©#¢, which drives
the solution towards monokinetic distribution f = p(x, f)d,(x,/)(v), where p, u solve the
pressureless EAS

Op+V-(up)=0,
Opu+u-Vu=s,([u], —u). 9.2)

Solutions to (9.2) will always be understood in smooth regularity classes such as
(1, p) € Co([0,T); H™ x (H* 0 L})) NLip([0,T); H™ ' x (H*' nL})),  (9.3)

form > k+1 > % +2. Local and global well-posedness theory for such solutions can be
established for a variety of models and data, see [81] for a detailed analysis. Because of
the maximum principle on # which applies to solutions of (9.2) any initially compact flock
supp po C Bg, will remain compactly supported on any finite time interval

supp p(t) C Br(s), R(t) < Ro+ Aot. 9.4)

The history of this limit goes back to [51,65] where the alignment term in (4.1) is con-
sidered centered around zero velocity. In the settings of the classical Cucker-Smale model
the hydrodynamic limit was studied in [34]. In both studies the force F =V, - [(v — u?) f¢]
includes the rough macroscopic field #® causing issues with uniqueness of characteristics
of (9.1) and subsequently the transport of f®. These issues have been dealt with in [34]
by imposing no vacuum condition p > 0 and restricting analysis to the periodic domain.
A more recent remake of Figalli-Kang’s argument done in [81] avoids all these issues by
replacing u® with a mollified version if it, uf;, based on the M ,-protocol. Such change
allows to extend the limit to vacuous and compactly supported flocks on either T" or R”.

In the context of the general environmental averaging models this result can be broadly
extended to include all uniformly regular models. Moreover, in contrast to the previous
studies the convergence f® — f can be upgrade quantitatively to Wasserstein-2 metric,
see Theorem 9.2.
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In the Maxwellian regime the force F is given by the Fokker-Planck-Alignment operator
F=Af?+Vy-[(v-u®)f?].
The local thermodynamic equilibrium becomes the Maxwellian

_ p(x,0) e_\v—u(;.rnz
- (2m)n/2

)

f

and so the corresponding macroscopic model is given by the EAS with isothermal pressure

Op+V-(up) =0,
O (pu) +V - (pu®u)+Vp = psy([u], —u). 9.5)

In the Cucker-Smale settings, this limit was justified in [54] via the relative entropy method.
Again, because of the roughness of ©? the result had to be cast in the settings of a special
class of weak solutions established in [52], see also [53] for the justification of a local
alignment limit. The work [82] implemented similar method to prove hydrodynamic limit
in the context of the M ,-model.

Now, we can cast the Maxwellian limit in the framework of general environmental aver-
aging models with the additional implementation of the mollified local alignment field %
— the same methodology we will be using in the monokinetic case. This allows to work in
the class of classical solutions as stated in Theorem 7.1 and Theorem 7.12. The limiting
solution must be non-vacuous and the domain is restricted to the torus Q = T". Theo-
rem 9.6 shows convergence f* — f in the relative entropy sense, which implies stronger
convergence in L' by the Csiszar-Kullback inequality.

9.1. Monokinetic limit

In this section we discuss the monokinetic limit. The analysis will be carried out on any
environment Q, compact or not under the assumption of uniform regularity of M.
Let us consider solutions to the following Vlasov model with forced local alignment

1
Orfe+v-Vif®=V,- (Sp‘E s [“E]pS)fg) + ;VU ((v=- ufs)fg)’ (9.6)

where subscript § designates a special mollification. To define it let us fix a smooth mollifier
Ye(x) = %z//(x/é), where i > 0 on Q and in the case of Q =R we assume that i satisfies
the algebraic decay condition (3.52). Then let us be the average of u based on the M-

protocol,
1y = ((”p)*”é) . 9.7)
Pos  Jys

Formally, (9.6) corresponds to the Vlasov equation (4.1) based on the model given by

&8y 1

1
sZ=s,+— ul®® = —L_[u], + Us.
P Ll ssp+l[]p esp+1 0
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Clearly, since My, 5 and M are uniformly regular, then so is the model above. Consequently,
the global existence of classical compactly supported solutions to (9.6) is warranted in
this case by Theorem 5.4. Moreover, characteristics of (9.6) satisfy the usual maximum
principle for velocities Lemma 4.1. Hence, |X?(t)| < Ro + tAg, where Ry is the initial
radius of the support in x and Ay is the maximal initial velocity. Thus, on any time interval
[0, T], the family f* will be supported on a bounded region uniformly in & if initial fj is
compactly supported.

Before we focus on the main convergence result let is go back to the defined mollification
u s and note another remarkable approximation property — if u is a smooth field, then u s
approximates u with a quantitative bound independent of any regularity of p. This allows to
implement it to situations where the only information known on p is its mass. The following
is a generalization of such approximation property presented in [81, Lemma 5.1].

Lemma 9.1. For any u € Lip and for any 1 < p < co one has
lus —ullLr o) < CollullLip, 9.8)

where C > 0 is a constant depending only on the kernel y and p. The estimate also holds
forall 1 < p < cowith C independent of p if ¥ is compactly supported.

1

Proof. Let us fix a test-function f € L9(p), where g~' + p~' = 1. Then, let us split

[rs-wpa= [ sus-uspdcs [ s, ~0pa=n+b,
Q Q Q
For I, we simply use the standard approximation property of mollification

L < ollulluipll £l 2oy < Ollullipll fllLa(p)-

For I} we have, using Minkowskii and Holder inequality,

I = / (fP)us (”;p LR / (fP)ys 2 j"‘ d

/ (fp);b(s (14,0);05 M,Oz//(s dx = (fp)l,l'(s (up)llhs —UPys dx
1 1
Pys Q pw/P pl///éq
1/p

1(fPIusl? | / wp)ys = upus|”
Q p%p p/q
1/p

l/q
< ( /g £V 0 dx) ( /Q )~ a0 =) dydx)

1/p
1
< 1Nz lallip ( /Q =P = ) dy dx) = 611 fll o o) luellLipC LY
X

where Cp, y = /Q |x|Py (x) dx. This implies (9.8) for all p < co. If however ¢ is compactly
supported, then C, y, < (diam supp )”, and so the estimate holds also in the limit as

p — oo. [ ]
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The main convergence result of this section will be quantified in terms of W5-metric:

W2(fi, f») = inf / w1 — w2 dy(wy, wy),
5 (f1, 2) it 92XR2n| |=dy( )

where I1( fi, f>) is the set of probability measures with marginals f; and f,, respectively.

Theorem 9.2. Suppose M is a uniformly regular model. Let (p, u) be a classical solution
t0 (9.2) on the time interval [0,T) with compact support (9.4), and let f = p(x,1)0,(x,1) (V).
Suppose [ € C(])‘ (Q x R™) is a family of initial conditions satisfying

(i) supp fy© C {lw| < Ro};
(i) Wa(fy.fo) <e

Then there exists a constant C such that for all t < T one has

[ s
Wa(f2, fr) < C g+ (9.9)

Remark 9.3. Let us note that the scaling regime ¢ = & appears to be the most optimal:
if § < &£, the model becomes over-resolved without improvement on convergence rate of
solutions, if § > &2, the model is under-resolved and the convergence rate slows down. We
obtain in this case the optimal rate of +/:

Wa(f%, f) < Cve. (9.10)

Remark 9.4. Notthat W, (f#, f) — 0also implies convergence of densities, simply because
p’s are marginals of f’s: Wo(p?, p) < Wa(f?, f). Similarly, since all distributions are
confined to a bounded set, we also have W (u®p?®,up) < CWi(f%, f) < CWL(f¥%, ). So,
this also implies the convergence of momenta.

Remark 9.5. The theorem applies to a range of core models listed in Table 3. However, we
also note that the uniform regularity is only needed to facilitate global existence of solutions.
The actual assumptions that are needed to run the argument for a given family of solutions
are (3.54), (3.48) - (3.49), where p’ = p is the limiting density, and ||0y¢,|le < C. Thus,
if the limiting density is known to be thick and the model is simply regular and satisfies
(3.54), (3.48) - (3.49), then the theorem applies just as well to putative solutions and extends
to a much wider class of models listed in the last row of Table 3.

Proof. Let us first note that since all densities are compactly supported the model satisfies
all the estimates (3.46)-(3.47) for p and p? uniformly on [0, T].

Denoting
1

Eg = —/ |v|2f8(x, v) dx du,
2 QxR
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we have the following energy balance relation for solutions of (9.6):

d
3% = _</Q><Rn spe [0 £ € dodx + (u®, [u] e ), e
u® 2
1yl 8., (9.11)
pl//(s €
Noting that
/ spe ol € dvdx > (u®,u®), .
QxR"
we obtain
d . . |(p?u®) 2
378 < W5 [Tl pe —u%) e + / ot uusl =&,. 9.12)
g p'vbri €

Obviously the last two terms store a lot of dissipative information. The crucial observation
is that they control internal energies of f# both the native one relative to the local field u®
and relative to the filtered field u . To see that let us note the following two identities

i i
e(F¥1u) :=—/ o= w2 dody = 88——/ pe e dx
2 Joxs 2
1 ) sl? 1
e(f|u2) :=-/ v —uEPfe dvdx = &, /de+—/p£|u§|2dx
2 Joxrn Pys 2 Ja

Summing up we obtain

eye 2 1 1
(£ ) +e(f°Iuf) =26 /MME/R prlusPar=3 [ plucPas

and since the M s-model is contractive, the last two terms add up to a non-positive value.
Thus,

26, / |(p5u8)¢6 dx > e(fglug) +e(f8|l/t§).

Consequently, plugging this pack into (9. 12) we obtain

d

3 1 3 3
3% < (U [u®]pe = u),e = ;[e(fslué) +e(fClug)]. 9.13)

The energy inequality (9.13) already shows that the solution concentrates to a monoki-
netic form near its own macroscopic field. However, the quantity that controls how far that
concentration is from u, is the modulated kinetic energy:

e(f‘glu)zé‘/Q . lv—ul?>f% dodx.
X n



Environmental averaging 111

This quantity plays a key role in the argument. It should be noted that it controls the corre-
sponding macroscopic relative entropy

/pﬂu&—uﬁdx:/ausﬁps—2u8-up8+|u|2p8>dx

Q Q
</ (I0)?f% = 2u-vf+ul>f&) dedo=e(fZlu).  (9.14)
QXR"

According to (ii) we can fix an initial yo € I1(f;, fo) such that

/2 . lwi — w2]* dyo(wr, wa) < 267
Q2 xR

Let us now propagate o along the direct product of characteristic maps of (9.6) and (4.1),
i.e. let y, by the measure-valued solution to the transport equation

, 1
Oy +u1- Vi y+02 Vi y + Vo [y (spe (01 = [u®] 5e) + S - us))]
+ Vo, [ysp(v2 = [u],)] = 0.

Integrating upon pairs (x;,v1) and (x, v2) we can see that the marginals of y satisfy the
same transport equations as f and f?, respectively. Consequently, by uniqueness, y; €
I1(f;, f;) for all time. This means that the cost of y; dominates the W,-distance at any
time,

W= w1 — w2 dy: (w1, w2) = W2(f%, f).
Q2xR2n

Let us split W into potential and kinetic components
W= vy —U2|2dy+/ Ix1 = x2]> dy = W, + W,.
Q2xR2n Q2xR2n

Evolution of the potential component is easily estimated using the transport of y

d _d
de " dr Q2xR2n

= 2/ (X%(w1,1) = X(w2,1)) - (VE(wi, 1) = V(wz, 1)) dyo < Wy + W,
QZxR2n

1X?(w1,1) = X (w2, 1)|* dyo

Instead of writing the evolution equation for W, we subordinate it to the internal energy,
and trace its evolution. Let us make the following estimate

WU</ |v1—u(x1)|2dy+/ |u(x1)—u(x2>|2dy+/ (x) — o2 dy
QZ XRZ" QZ XRZ" QZ XRZ"

</ |U—u(x)|2f5(x,v)dvdx+C/ Ix1 —x2>dy +0
QxRn QZxR2n
where the last term canceled thanks to the monokinetic nature of f,

= e(f%u) + CWy.
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We have obtained so far

d
EWX < e(f£|u) +ClWx’
W, < e(f|u) + caWy. (9.15)

To complete this system we now investigate evolution of the internal energy itself.

Before we write the equation for the modulated energy e( f¢|u), let us recall that we are
dealing with smooth solutions to both so all the computations are legitimate. From (9.6)
we can read off the macroscopic system for the e-density and momentum

pi+ V- (pfu®) =0,
1
(U + V- (pu® @u® +Rp) = kipe ([u] e —u®) + —p®uf —u®),

where the Reynolds stress is given by

Re = /Rn(v—ua) ® (v—u®)f®(x,v,1)dv.

Let us expand e(f“|u) into three parts

3 1
e(félu)=88—‘/ psu's-udx+—/ p%lul? dx.
R’l 2 R'l

From the energy inequality (9.13) we will only retain the alignment component (to be used
later) and the native internal energy

d 1
588 < (ué" [ug]pg - ug)KpE - ge(fgh’lg)' (916)

Let us work out the equation for the macroscopic part:

d
— p‘su‘s-udx=/6t(p8u£)-udx+/p5u5-6tudx 9.17)
dr Jo Q Q
= (p£u8®u‘9+7{€):Vudx—/p£u5®u:Vudx
Rn Q
([0 =ut )+ [ oot (L), = s, b
1
+—/p8(u§—u8)~udx
€Jo
d 1 g1,,12 & 1 £1,,12
——= | pflul*dx= | p®u-Oiudx+ = [ 0;p%u|"dx (9.18)
dr 2 Q Q 2 Q

=—/p£u®u:Vudx+/p£u®uE:Vudx
Q Q

+/Qp‘9u “([u], —u)sp dx.
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Putting the two equations together and collecting all the inertia terms and using (9.14) we
obtain

—/pg(zf’ —u)® (u® —u): Vudx < ||Vu||w/ps|ug —ul?dx < e(f¥|u).
Q Q
The Reynolds stress is estimated similarly
/ Re: Vudx < ||Vu||oo/ lo—u®(x,0)]>f%(x,0,1) dxdv < e(fE|u®).
Q QxR"
As to the local alignment term, we use the symmetry and approximation property of

the M y-averaging used to define u§, which is crucially independent of regularity of p©.
Namely, by Lemma 9.1 with p = 2, we have

/p‘g(ug—ua)-udx:/p8u§~udx—/p8us-udx
Q Q Q

=/pgu8~u5dx—/psus-udx
Q Q

= [ s =) dx < Cl g3 e 01 Vil
Q
Thus, the local alignment term can be estimated by
A=t [ 0P —u) ude 5 1l 2 9.19)
loc = s Rnp Us—u u Nu4 LZ(pg)g. .
Note that the energy [|u®|[2(,+) remains uniformly bounded in &, so,
0
Aloe S —. (9.20)
&

Let us collect the obtained estimates (9.16), (9.17), (9.18), and simplify the native align-
ment components

d 1)

) S e+ S 0 =L =)+ [ =) (], = )5,
9.21)

It remains to estimate the alignment terms. Let us rearrange them as follows

0A = (u® —u, [u®] pe —u®)y,e + /st(u —u®) - ([u], —u)sp dx
= /ng(u —u®) - (spe [u®]pe —sp [ul, +8pu —sp=u®) dx
= W = = ul )+ [ =) (s Tl =5, )

—/Qp‘9|u—u‘9|2spsdx+‘/gp's(u—us)-u(sps—sp)dx::I+II+III+IV.
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Note that I and III would add up to a non-positive constant had we assumed that our model
was contractive. Instead, we simply drop III and use the uniform boundedness (3.54) which
is implied by (3.46) to estimate I by the macroscopic relative entropy

Is /pglug — ul? dx.
Q
Since u € W, using (3.47) the second term is bounded by
[ oo (e e =5, a5 [ ool e
Q Q

2
p°(x) dx

" /g VQ(‘%E (. )P (¥) = ¢p(x. ) p(y)u(y) dy

2
p®(x)dx

< /Q P 1u® — uf?dx + /Q ' /Q (e (5, ¥) = B (ra )0 (Yu(y) dy

2
p®(x)dx

" /Q ‘ /Q 6,(x. ) (p°(¥) — p(y)u(y) dy

< / P — ul dx + Jul% / / 1By (x.3) — B ) 20° (3)p® (x) dy dx
Q QJQ

+ 110y (o) | WT (0%, p),
which by (3.46)-(3.47) (or in fact by a weaker assumption (3.48) - (3.49)) is bounded further
by
< [ oo —ul @+ whot.p)
Q

Finally, by (3.47) the last term is bounded by the same quantity
/ps(u —u®) - u(spe —sp)dx < /p‘9|u8 —ul*dx + / pZspe — 5| dx
Q Q Q
< [ ot ~uP ax+ Wip*.p).
Q
In summary, the alignment term is bounded by
645 [ ptlut ~uP et WH ot p) <M 4 WRE ). 922)
Q
Collecting all the estimates together we obtain
d 0
ae(fﬂu) S e(felu) + ot W3(p%,p).

Note that since the (x1, x3)-marginal of y belongs to IT(p?, p) we further find WZZ(pg, p) <
W. So, we have obtained the system

d
iz <e(felu) + Wy,

Loty < ea ey + wy + 2.
dr &
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Note that the initial value of e(f“|u) + W is bounded by a constant multiple of & in
view of the choice of g for W, (even £? in this case), and

(o) = [ lo-wldfy = [ o= ullafy - dhl
< CWi(fys fo) < CWalfy, fo) < e.

Gronwall’s Lemma implies e( f¢|u) + Wy S €+ g, and thanks to (9.15),

0
Wy<e+—.
&

We have established (9.9).

9.2. Maxwellian limit

In this section we provide a derivation of the Euler-alignment system with isothermal pres-
sure for material models on the torus Q = T",

pr+V - (up) =0
(pu)e +V - (pu@u) +Vp = psy([u],, —u). (9.23)

Well-posedness of this system has been established for non-vacuous solutions for various
models, see [18,23].

As outlined in the beginning of this section our strategy will be to consider the equation
with strong Fokker-Planck penalization force

O f" 40 Vaf " = [Af T+ Vo (0= ug) [+ Vo (Spe (0 = [uF],0) £5), - (9-24)

where u# is the macroscopic velocity field associated with f“, and u§ is the same molli-
fication as defined in the previous monokinetic study.

Let us briefly discuss regularity of (9.24). In what follows we will study solutions of
(9.24) that exist on a common tine interval [0, 7] independent of &. Unfortunately the local
existence result alone stated in Theorem 7.1 will not provide such solutions, because the
energy bounds (or entropy for that matter) will deteriorate with &. So, the only way to
ensure common existence is to guarantee global well-posedness of (9.24). According to
Theorem 7.12 the equation is globally well-posed for thick data if both models — the native
M and the mollification u s based on M, — are regular and satisfy (3.57). Assuming that
supp ¥ = Q the model M, will fulfill these conditions, and as to the defining model M, we
will make it as an assumption. The focus will now be turned to establishing convergence
of the hydrodynamic limit for a given family of solutions.
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Let us write out the corresponding macroscopic system
pf+V - (u®p®) =0
1
(Pu®) +V - (p°u® @ u®) +Vp® + Vi - Re = p&spe ([u] pe —u®) + Eps(ug —u®)
Re=[ (v-—u®)® (-u®)-I)f°do.
R)l
(9.25)

Here, I is the identity matrix.
We measure the distance between pairs (u ¢, p¥) and (u, p) by using the relative entropy
between the corresponding local Maxwellians:

p(x,t) _ \u—u(zx,tnz s pPE(xt) _ |v—u£2(x,r>\2
=17 , = . 9.26
M (2n)2 e M 2n)2 e (9.26)
In fact such entropy is encoded into the total relative entropy between f ¢ and u:
&
H(o = [ f7108 2" avax.
QxR H
Indeed, the following identity holds,
H(fE ) = Hf )+ H (1), 9.27)
1
Huth = 5 [ ool =uPav+ [ p*los(o /o) . 928)
Q Q

So,if H(f*|u) — 0, then also H (u®|u) — 0. Recall that by the classical Csiszar-Kullback
inequality, see for example [81], the relative entropy controls L'-distance between the prob-
ability densities,

H(flg) > cllf - gl

So, vanishing of the relative entropy H (u®|u) — 0 implies strong limits
P —p,
psue — pu,
p°lu®* = plul®. (9.29)
in L'(Q).

Theorem 9.6. Suppose M is a regular model on T" satisfying (3.48) - (3.49) and (3.57).
Let (u, p) be a given smooth non-vacuous solution to (9.23) on a time interval [0, T].
Suppose that initial distributions f € Hlk converge to U in the sense of entropies as
e —0:

H(f5 o) — 0.

Then for all € small enough there exists a unique global solution f¢ € Hlk, and as long as
6 = o(&), we have

sup H(f®|u) — 0. (9.30)
t€[0,T]
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Remark9.7. Going back to the discussion of Section 3.7 we can see that the theorem applies
g’s “ unconditionally,
for Mg we have it for all local kernels if 5 > % and for all-to-all kernels ¢ > O for any S,

the M requires ¢ > 0 as well, and M., requires supp g; = Q.

to many core models on our list. Specifically, we have it for Mcs and M

Remark 9.8. We also note that in the course of the proof, just like in the monokinetic
case, the regularity and (3.57) conditions are only needed to facilitate global existence of
solutions, while the bounds (3.54), (3.48) - (3.49) are used in the actual estimates. So, for
putative classical solutions to (9.24) the result extends to a wider range of models listed on
the last row of Table 3.

Proof. First let us notice that by the Csiszar-Kullback inequality,

H(f o) = llpg = polli-

Since, pp > 0 on Q, it implies that ®(pg, ) > 0 by Definition 3.13 (iii), and by (iv) we
have
1©(pg,Q) = O(po, Q)| < cllpg = polli — 0O,

so starting from some g9 we have ©(p§, Q) > 6 > 0, for & < . Such initial conditions
give rise to global solutions by Theorem 7.12.
Let us break down the relative entropy into kinetic and macroscopic parts:

H(felu) =He +Ge
H, = / Fl0g £ + Lolre) dod + 2 log(2n)
© QXR™ 2 2

1
ngf(Epglulz—pgu‘g-u—pglogp) dx. (9.31)
Q

Let us state the energy bounds for each component. In the sequel we denote for short
K% = Kpe.
P

Lemma 9.9. There are constants cy, ca, c3 that depend only on the model such that we
have the following entropy law:

He,Es € L7 ([0,T]) uniformly in €, (9.32)
d 1
—He < —— Lo+ caze(f o) = "l ey + (05, "] pe)ie, (9.33)

where

Iaz/ Vo f + (148852 /2) (0 = u®) [ dodx.
QxR"?

f{:‘
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Proof. Differentiating,
Vo s

-,
€ JQxR" fe

[(uf u)pe = (UG, ug)pe]

d
alte="

+2V,f%- (v—u§)+|v—u§|2fg dv dx

&

—‘/Q . Spe [Vof - (0= [u®]pe) +v- (0= [u®] ,e) 7] dvdx. (9.34)

To prove (9.32) we simply dismiss the first information term, and recall that the 5-mollification

constitutes the M ,-averaging which is ball-positive. So, the second term, according to
(3.26) is also non-negative and we dismiss it too. We estimate the third term as follows

_/g eIV 0= )+ (0 [ £ T dude
- /w Spr 7 dvdx - /W Spelol2 £ dodx + (u”, [u"] o) e

<C—/spsp£|u£|2dx+(u£, [1®],pe ) e
Q
=1 = N3 ey + @7, (%] e )ie

Now, according to (3.54) the averaging operators are uniformly bounded on L2(Kps). So,

we obtain
/ [v]? % dv dx,
QxR"

d
57‘(5 < c3+cqHy.

d 1
57’{5 <cr+c6g,

2
and according to (7.48),

This proves (9.32).

To show (9.33) we replace all the macroscopic velocities in (9.34) with the native one
u?. Indeed, in the information term we have

[IVofoP

),
€ Joxrn | f°

+2V,f%- (v—u§)+|v—u‘§|2f‘°‘ dov dx

_ 1 >|VUf8|2 V. f€ & g2 re & g2 re

=— - —— +2V,f (=uf)+o—ufl7fF+ | —uf|f7| dodx
eJaxrn | f
1 ’VU g2

<——/ Vol 1 2w, o (0= u®) + o — 2| dodr
€ Joxgn | f°

1
£

</Q><]R"

IVof® + (0 —u®) f]

dvdx.
fg
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For the alignment term we obtain similarly,
—/ Spe [Vof - (v = [u®]pe) +v- (0= [u®],e) ] dodx
QxR"
=—/ Spe Vo f€ - (v —u®)dodx
QxR"
—/ Spe (v (0 =u®)fC+v- (u® = [u®],e) ] dvdx
QxR"

= —'/Q N Sps(vufg c(v—-u®)+v- u5|2f8) dvdx - ||u‘°||L2(K£) (u?, [ug]pg)’(g'
X n

Combing the two expressions and completing the squares

d 1 VofZ+ (1+es,e/2)(v—u?)fe|?
_ﬂ£<__/ [Vof€+(1+esp:/2)(v u)f|dvdx
dr QxRr? fe
+f/ Spelo — w22 dod — 102, o) + (%, [ e )e
4 QxR" . L3 (k) P
——I +cee(fe|u®) - ||M8||Lz (cey F (U (U] pe )i
‘We have obtained (9.33). ]

Lemma 9.10. We have the following inequality

—gs <SCH(fe|p) + c\/_+c3+ NG oy = @ [ ] e ) (9.35)
where C is independent of .

Proof. Let us compute the derivative of each component of G,

d1

dt2/p lu)? dx = /[pa(u —u)-Vu-u—p°u-Viogp +p®sy([u], —u) - u]dx

d

o peua~udx=/[,08(14‘9—u)~Vu~u"’“+p‘9V-u—p"’“u’s-Vlogp—Vu:7{s
QH, Q

+p%spe([u®] e —u®) -u
1
+p%sp([ul, —u) - u®+—p®(uy —u®) - u] dx
&
d
— pglogpdx:/[peug-Vlogp—p’sleogp—peV-u]dx.
dr Qn Q
Thus,
d
aggz‘/[Vu:RE—ps(ue—u) “Vu- (u®—u)]dx+ A+ Ape,
Q

where Aj. is the same local alignment terms as appeared in the previous section, and
A= [ 10750l =) 1= 5[] =) = psp(lul, =) -

= 5A+ 112, ) = (U [0 e )i
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where 0A is again the same alignment term that appeared in the previous section. We
estimate Aj,. and A as before using (9.20) and the intermediate estimate in (9.22). We
recall that only (3.48) - (3.49) and regularity of the kernel ¢,, are necessary to prove (9.22).
Since p > p_ > 0 we have both by the assumptions. Thus,

0
0A+Ae S /p‘qug—ulzdx+W12(p8,p)+—. (9.36)
Q &
Keeping in mind that both the macroscopic relative entropy fg p%|u® — ul?dx and

Wi(o%.p) < llp® - plf}

are controlled by H (f¢|u), see (9.27), (9.28) we obtain
o
6A + Aloc < 7'{(fﬂ/l) + g (937)

Next, given that u is smooth we have

‘/ pf(u® —u) -Vu-(u® —-u)]dx| < /pg|u8 —ul*dx < H(fE|w). (9.38)
Q Q

As to the Reynolds stress, we will use a well-known estimate from [65] that establishes
a bound in terms of information and energy. Let us rerun this argument to account for the
g-correction. We simply note that

Re = /R [2V,V/fe + (0 - u®)VFe] ® [(v - u®)Vfe] do.
then we reinsert the g-correction to obtain
Ry = /R 2V, VFe + (1 + 5,0 /2) (0 = u®)NFE] @ [(0 = u®)[fe] dv
—ssps/Z‘/Rn(U—us) ® (v—u®)f®do.

So,
/ Rl dx s e(feu®) T, +ee(f|u®) < Ve +e.
Q
Collecting the obtained estimates together we obtain (9.35). ]

Combining the equations on H, and G, (9.33), (9.35), we see that the residual alignment-
energy terms cancel and we obtain

(o) S H ) - 2L v e+ 2 T <H(F W) - —T, +26+ 2
dr & & 2¢e &

S?‘((f£|;1)+s+g.
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By the Gronwall’s Lemma we obtain
o
H(f¥|w) < HUE In0)eCT + Cle+ 2)eT, Vi<T,
£

where C depends only on the parameters of the model and the regularity of (u, p). This
finishes the proof.
L]

Remark 9.11. The same observation can be made here as in the monokinetic case. If we
quantify the initial entropy

H(f5 o) < &,
then the proof produces the bound

0
Hf ) <e+ .

So, again, the optimal convergence is achieved when § ~ £2. However, unlike in the monoki-
netic case, here we do not loose on the magnitude of the entropy at positive times.

9.3. Remarks on the pressureless Euler Alignment System

We will leave discussion of the well-posedness of macroscopic systems that arise from
general models M to a future research, see [15,43,57,69,81,91] for the literature on this
problem specifically for smooth communication models. The most clear-cut result obtained
in [15] pertains to the regularity of the 1D pressureless EAS based on the Cucker-Smale
protocol

O+ utty = pgt — (Up) .
Here, one finds an additional conserved quantity
e=Uyx+pgy
which controls u, and hence regularity of the system. In fact, e satisfies
Ore + dx(ue) =0

or in Lagrangian coordinates associated with u,
d 2
Ee =epy—e =e(py —e),

which is a non-homogeneous logistic ODE. The critical threshold for regularity becomes
ey > 0.
In multi-D, the law of e is given by

e=divu+pgy,
e+ V- (ue) = (V-u)>=Tr[(Vu)?]. (9.39)
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Although the right hand side in this case involves Vu, in some cases this still allows to
obtain partial regularity results in multi-D, for example for small data or for unidirectional
flocks, see [43,57,91]. The latter are solutions of the form

u=(u(xy,...,x,),0,...,0).

For these the right hand side of (9.39) vanishes.

While the existence of e is attributed to the particular commutator structure of the
alignment forcing of the Cucker-Smale model, in general, it can be seen as a consequence
of another property of the model — transport of the specific strength function s, itself.
Indeed, let us notice that in the Ms-case we have

Orsp +V - (sp [u],) =0, (9.40)

simply because p is transported by the Favre-filtration ur = (4p)s/p¢. This turns out to
be the general reason for the conservation of e.

Lemma9.12. [ffor any solution of the pressureless EAS (9.2) the strength function satisfies
(9.40), then e = div u + s, satisfies (9.39). In particular, e is conserved for all solutions in
1D and unidirectional solutions in multi-D.

Proof. By direct verification. ]

The above observation motivates to consider a system where the strength is not fixed
but rather evolves according to the ‘natural law’ (9.40), whereby the strength itself becomes
another unknown. This leads to the following system

Op+ V- (up) =0,
Ors+ V- (sfu],) =0,
Ou+u-Vu=s([u],—u). 9.41)

All such systems will satisfy the e-law by design, where e = divu + s.

For example, if we start from the initial Favre-based model, [u], = ur and set so = 1,
like for instance in the My r-model, the future value of strength will be determined by the
transport along the averaged velocity [u] ,, rather than being forcefully set at s = 1 for all
times. Given that both s and p4 solve the same continuity equation in this case, we also
have transport of the ratio

G~ +up - Vy— =0,
Pe Pe
This implies
cipp S8 < capg, V(t,x) €[0,00) X Q,

if initially so. In particular s remains uniformly bounded regardless of the regularity of u g
M.

A thorough study of this model has been recently completed for Favre-based modes in
[88] during the review of this present work.
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10. Appendix: proof of (2.8)

We start as in [52, Lemma 5.2]. Let us fix x € Q and consider a cover of the ball Bg(x) by
balls of radius r/2:

I
Br(x) € UBr/z(Xi),
i=1
where N depends only on n and R/r. Then assuming (2.6) we obtain

p(y)p(x —y)
= d
(P¢ )¢() /BR<x>( =5

P29y -2 dz)

1
< Z/B pP(P(x ~y) .
IO ([ PRIO —2) )

Since y, z € B, 2(x;), we have |y — z| < r, and by the lower bound on the kernel we obtain
1
p PYPx—y)
—=| @=)] — dy.
p] p i=1 ¥ Brpp(xi) d 1-8
¢ Je = (/Br/z(xi) p(2) Z)

If 8 = 0, we remove the kernel by ||¢||«, and the rest adds up to /.
In the case when 8 > 0 we have

1

B
p P(y)¢(x—y)
Lol wsy, [ e ] p(z)dZ) d.
05", Z‘ By (xi) /Br/z(xi)p(z)dz( Brio(x)

Treating

p(y)
]lBr Xi (Y)—
2(xi) /B,/z(m p(z)dz

as a probability measure for each integral, by the Holder inequality, we obtain

I 1 B
(ﬁl (x) < Z / LGP =) » p(2) dzdy)

o F\Bnen) fp, ) P2 42 B

B
=Z(/ ( p(y)¢;(x_y)dy)
r/2 Xi)

i=1

B
<liglle Z( / )p(y>¢<x—y>dy) < 1lglles” ply ().
B, 2 (xi
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11. Appendix: averagings on finite sets and proof of Proposition 3.12

In this section we will prove Proposition 3.12.

To achieve it we first study properties of models on finite sets — to which as we will see
the result is reduced. We will use the notation of Example 2.11 below.

For models on finite sets being conservative is equivalent to

ATk =&, k= (Ki,...,KN).

Denoting K = diag{xy, ..., ky} one can see that being symmetric is equivalent to the
matrix KA being symmetric,
(KA)T = KA.

Similarly, the ball-positivity is equivalent to the matrix A being ball-coercive relative to
the inner product (-, -)x = (K-, -):

(Au,u)k > (Au, Au)k.
Lemma 11.1. If M is ball-positive on a 2-point set, then M is symmetric.

Proof. The result reduces to showing that kja > = «k2a»; for any ball-coercive model. Coer-
civity is equivalent to

Kianus + (Kjap + k@ uis + kaanus > ki(anug +anuz)® + ka(azur +anus)®.
Collecting coefficients in front of each monomial we obtain
a'u% + Bujus +yu% >0,
where

2 2
@ = K1aj1 — Kiay; — K2dyy,
B =kKiain + kxax —2kjajiay — 2k2a1a,

2 2
Y = K2a22 — K14y — K245,
This means that the determinant of the quadratic form is non-negative
day > B2

Using stochasticity of A and after a long but elementary computation, the above condition
reduces to
(k1a12 — k2a21)* <0,

which proves the result. ]
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Proof of Proposition 3.12. Since the averages act coordinatewise it is sufficient to prove
the result for scalar fields u.

Let us fix p. Let us pick any partitioning of € into two sets A, B and assume that
v(A),v(B) > 0. Let us denote

1 1
= — 1 = 1 05
ar Kp(A)./A[ alp dkp, an Kp(A)/A[ Bl, dk;

1 1
as = W/B [Tal, dxp, an = m/B (18], dp.

Note that the matrix A = (a; j)ij:l is right stochastic. Denoting k1 = k,(A), k2 = k,(B)
and verifying coercivity on functions of the form u = u;1 4 + u,1 5 we obtain

Kiapu? + (Kiap + kaaar)uuy + Kaanuj > / lur [Lal, +uz [18], > dk,.
Q
Breaking down the integral and using the Holder inequality, we obtain
[ 114, + a, P, = [ i (1], 00 [1a], P s,
Q A

+/ luy [1al, +uz [15], 1> dv
B

2
2

/A (ur [LA, + 2 [15],) dk

1
Kp (A)
2

fB (ur [1a], + 2 [15],) dip

L
Kp(B)

= ki (anur +anu)? + ko (aziuy +anuz)?,

which implies that the 2-point model with A and « defined above is ball-positive. The
previous lemma implies that

/[nB]p dx,) =/ [Lal, d,. (11.1)
A B

We further conclude

L[HA]p dKP:'/A[]lA]p de+‘/B[]1A]p de
:./A[]lA]p de+/A[]lB]p de=‘/4[ﬂg]p dk, = k,(A).

In other words, the conservative property holds for all characteristic functions. Since it is
also linear and the average, by our assumption, is a bounded operator on L> (kp) we obtain
the result by the standard approximation. |
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It would seem like (11.1) is suggestive of symmetry as it holds for any pair of partition-
ing sets. However, to prove general symmetry one would have to make the same conclusion
for any pair of disjoint sets not necessarily partitioning Q, or for any triple of partitioning
sets. The above argument fails to do it, and in fact the implication *“ ball-positive = sym-
metric " is generally not true. A finite dimensional example can be found via a 3-point
construction.

Example 11.2. Let us assume for simplicity that k = 1 = (1, 1, 1). Then we are looking for
a matrix that is non-symmetric yet doubly stochastic, AT = AT1 = 1, and ball-positive.

Thanks to stochasticity, A leaves the space X = 1 invariant, and so it is enough to
properly define A on the 2-dimensional space X only. Let us fix a non-orthogonal basis in
X:e; =(1,-1,0), e2 = (1,0, -1), and complement it to e3 = 1. We define

Ae; = ey, Aey = Arer,

where 1 > A; > 0 and A; # A;. This choice guarantees that the matrix A is not symmetric.
Now, we need to make sure that A is ball-positive. Again, by stochasticity, ball-positivity
reduces to that of the restriction A|y. The latter is equivalent to the condition

(e1 +1ey) - (A1e) +1daer) > |Ajeq +tAzer|?,
for all + € R. Expanding we obtain
(1= )+ [%(11 +42) = o]t + 4 = A7 > 0.
This is equivalent to
(A + A2 = 22142) < 16(A — A2 (4 - 23). (11.2)

In addition we need to ensure that all the entries of the matrix A in the original system of
coordinates are non-negative. We can write down these entries explicitly:

1+/11+/12 1+/12—2/11 1+/11—2/12
A=—- 1—/11 1+2/ll 1—/11
1-2, 1-4, 1+24;

So the only conditions to guarantee are
142;-22; 20, 1+4;-24,2>0. (11.3)

There are plenty of choices to fulfill both (11.2) and (11.3). For example, 41 = %, Ay =
This concludes the construction.

1
3

12. Appendix: on spectral gaps

With regard to the discussion of Remark 4.10, we prove a lemma that establishes equiva-
lence of numerical ranges on the space of zero-momenta and the mean-zero functions.
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Lemma 12.1. Suppose M is conservative and satisfies the following

co < sp(x) <c1, Vx esuppp, (12.1)
sup {(u, [ul ), : u € Li(kp), llull =1} <1-e. (12.2)
Then
_ Co
sup {(u, [ul ), : u € L*(kp), =0, |lullz=1} <1- e (12.3)
Conversely, if
sup {(u, [u] )i, : u € L*(kp), i =0, |lullz=1} <1-36, (12.4)
then c
0
sup {(u, [ul ), : u € Li(kp), llulla =1} < 1- 5CO o (12.5)

Proof. First let us observe that the bounds on s, (12.1), imply bounds on «,-masses
co < kp(Q) < cy. (12.6)

Let us denote P : LZ(KP) — R the orthogonal projection onto the space of constant
fields. We have for all u with iz = 0,

[IPul[2.

1
_ dx!| = -
/Q(u Pu)p ' |Pu| m

On the other hand, by (i),

'/Q(u—Pu)pdx' = ‘L(M—Pu)idkp

Using compatibility of masses (12.6),

\/Kp(g)

o

<

llu = Pull>.

co
llu = Pullz > C—lllPuIIz.

Hence, .
2 2 2 0 2
lull3 = llu —Pully + [|Pull; > (1 + C—I)IIPMIIQ,
or c
Pul? < ———Jul|?. 12.7
[Pully < e [luell5 (12.7)

Now, let us compute the numerical range, noting that [Pu] p = Pu,

— 2
(u, [ulp)x, = (u —Pu, [u —Pul,)w, + (u —Pu,Pu)y, + (Pu, [u —Pu],)q, +[|Pull;.
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The second term vanishes due to orthogonality. For the third term we observe that due to
the conservative property of the average integrating against a constant field produces the
same result as integrating without the average. So,

(Pu, [u —Pul,)x, = (Pu,u — Pu),, = 0.

Using the spectral gap condition for the first term and (12.7) for the last one, we obtain
(u, [u]), < (1 = 0)llu = Pull3 + [[Bull3 = (1 = £0)llull3 + ol Pull3

2 co 2
ull5=11-¢ ul|5.
)u 13 ( %Om)” 13

To obtain the converse statement, apply the same argument replacing the roles of p and
K,, and note that 1/c; < 1/s, < 1/co. [ ]

c

1
< |(1-¢gp+gp
co+Cy

13. Appendix: categorial considerations

Environmental averagings form an ’ecosystem’ of models. On a more formal level they can
be thought of as a category of objects and we can discuss relationships between them.

For a couple of models M’, M”" defined over Q" and Q”, respectively, a morphism
M’ — M" is defined by a volume preserving homeomorphism 7 : Q" — Q' such that if
p”otr=p andu” o1 =u’, then

(w1 ot =1[ul,,

and there exist two constants ¢, C > 0 such that
’ ’ /7
chp, < dkp,, oT < Cde,.

For material models, the latter can be restated in terms of specific strengths

’ 124 7
€Sy <8, 0T < Csp,.

We have tacitly employed this concept in Appendix 11 when discussing models on finite
sets.

On a given environment Q all models can be partially ordered is several ways. The most
straightforward definition of M’ < M" is

[[u];]; = [[u];;]; =[ul,,, YueL™(Q).

For example, among rough segregation models we have M# < Mg provided ¥/ c F".
The identity model M; is the finest of all material ones (although if we defined it to be
[¢] = u irrelevant of the supp p, then it would have become the finest of all). At the same
time M_giop is the coarsest among all conservative ones with s, = 1.
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A more refined definition of order can be given on classes of equivalence where we
say M’ ~ M” if there exist intermediate averagings My, ..., M, such that for any p € P
there exist py, ..., pn € P such that

n

[. gl ] = [u],, VueL®(Q),

Pn
and there exist intermediate averagings M1, - . . , My, such that for any p € P there
eXiSt Pp+1s - - - » Pnem € P such that
y n+l ntm _ ” )
[ ]2 ...]pw = [ul), VueL¥(Q),

Then for a pair of models representing their equivalence classes we say M’ < M" if
only one half of the definition above holds, namely, there exist intermediate averagings
My, ..., My such that for any p € P there exist py, ..., p, € P such that

|- ] ]Z = [ul,, VuelL™(Q).

Under this partial ordering, more subtle examples emerge. For instance, for Cucker-
Smale models with Bochner-positive kernels, it can be seen from the identity (4.55) that if
¢ = =, and assuming that f ¢ = 1, then the Mcs-model based on ¢ is finer than that

based on ¢, Mgs
same averaging.
One can build new averaging models from old ones by superimposing averages as long

as they are defined over the same strength measures. So, if

< Mgs. The same applies for Myir-models as those are based on the

M ={(kp, [[1,) 1 p € P(Q)}, i=1,2
are two averaging models, then
Mz o My = {(Kp,[[.]llj][z)) :pep(g)} (13.1)

defines another averaging model.
Certain compositions preserve special properties. For example, if M; are ball-positive

1
and symmetric the conjugation (., [[[] })]Z] ) is also ball-positive and symmetric.
o)
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