POLYHEDRAL APPROXIMATION AND UNIFORMIZATION
FOR NON-LENGTH SURFACES

DIMITRIOS NTALAMPEKOS AND MATTHEW ROMNEY

ABSTRACT. We prove that any metric surface (that is, metric space homeomor-
phic to a 2-manifold with boundary) with locally finite Hausdorfl 2-measure
is the Gromov—Hausdorff limit of polyhedral surfaces with controlled geom-
etry. We use this result, together with the classical uniformization theorem,
to prove that any metric surface homeomorphic to the 2-sphere with finite
Hausdorff 2-measure admits a weakly quasiconformal parametrization by the
Riemann sphere, answering a question of Rajala—Wenger. These results have
been previously established by the authors under the assumption that the met-
ric surface carries a length metric. As a corollary, we obtain new proofs of the
uniformization theorems of Bonk—Kleiner for quasispheres and of Rajala for
reciprocal surfaces. Another corollary is a simplification of the definition of
a reciprocal surface, which answers a question of Rajala concerning minimal
hypotheses under which a metric surface is quasiconformally equivalent to a
Euclidean domain.
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1. INTRODUCTION

We say that a metric surface is a metric space homeomorphic to a 2-manifold,
possibly with non-empty boundary. In our paper [40], we give results on two related
problems for metric surfaces: first, approximating a given surface by polyhedral
surfaces with controlled geometry, and, second, finding a uniformizing map from a
corresponding constant curvature surface. The results in [40] are proved assuming
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that the metric on the surface is a length metric with locally finite Hausdorff 2-
measure. The length metric assumption means that the distance between two points
is the infimum of the lengths of paths connecting them; this is a natural condition
built into the definition of many standard classes of spaces, such as Riemannian or
Finsler manifolds. However, an arbitrary metric surface need not resemble a length
space. For example, one can construct a surface as a subset of some ambient space,
such as R3, and equip it with the metric inherited from this ambient space. Such a
surface may have points that are inaccessible by rectifiable curves.

The purpose of this paper is to extend our work in [40] to the case of non-length
metric surfaces. Instead, we assume merely that the Hausdorff 2-measure on the
surface is locally finite. This is the minimal assumption needed to use conformal
modulus methods, as we do in our approach to the topic of uniformization. Our
main result is a generalization of Rajala’s uniformization theorem [44], one of the
major recent works on the topic. Rajala’s theorem (Theorembelow) states that
a metric surface of locally finite Hausdorff 2-measure homeomorphic to the plane is
quasiconformally equivalent to the Euclidean plane if and only if it satisfies a geo-
metric condition called reciprocity (see Section . Our generalization gives the
existence of a weakly quasiconformal parametrization even without the reciprocity
assumption. In the case of reciprocal surfaces, such a parametrization is a quasi-
conformal homeomorphism, and hence we obtain a new proof of Rajala’s theorem
by a different method. In fact, our approach improves his result by showing that
one of the two conditions in the original definition of reciprocity is implied by the
other and hence is redundant.

These results in this paper build on a substantial literature on uniformization
of metric spaces, which will be described in more detail in Section below. For
additional background, we recommend the original papers of Bonk—Kleiner [5] and
Rajala [44]. We also refer the reader to [34] for the classical uniformization theorem
for Riemann surfaces, [7, [§] for the fundamentals of metric geometry, and [I§] for
the theory of quasiconformal mappings in metric spaces.

1.1. Polyhedral approximation. In our first result, we extend our polyhedral
approximation theorem (Theorem 1.1 in [40]) to cover the setting of non-length
surfaces as well.

Theorem 1.1. Let X be a metric surface (with boundary) of locally finite Hausdorff
2-measure. There exists a sequence of polyhedral surfaces {(X,,dx, )}, each
homeomorphic to X, where dx,, is a metric that is locally isometric to the polyhedral

metric on X, such that the following properties hold for an absolute constant K >
1.

(1) There exists an approximately isometric sequence of maps fn: X, — X,
n € N. Moreover, for each n € N, the map f, is a proper topological
embedding.

(2) For each compact set A C X,

limsup H2(f,, 1(A)) < KH?(A).

n— oo

(3) There exists an approzimately isometric sequence of retractions R, : X —
fn(Xn), neN.

If X is a length space, then we may take dx, to be the polyhedral metric on X,,.
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In particular, implies that the sequence X, converges to X in the Gromov—
Hausdorff sense. The last statement of the theorem regarding the length space
case follows from our polyhedral approximation result in [40, Thm. 1.1]. Condi-
tion compensates for the lack of a length metric and is used in order to prove
the uniformization result in Theorem See Example for some undesirable
phenomena that may occur without condition

A toy version of this theorem is the analogous 1-dimensional statement for metric
Jordan curves. Namely, if X is a rectifiable metric Jordan curve one can construct
an approximation of X by polygonal Jordan curves (X,,,dx, ) that converge to X,
in the Gromov—Hausdorff sense and the length of each arc in X is the limit of
the lengths of corresponding arcs in X, as n — oo; in particular, holds with
equality and with K = 1. To do so, consider a sufficiently dense set {z1,...,2,} in
X, in cyclic order, and for each i € {1,...,n} consider a line segment L, of length
equal to the diameter of the arc from z;_1 to z; in X, where zg = z,,. Then glue
metrically the endpoints of each L; to the points z;_1, ;. The resulting space X,
is a polygonal Jordan curve with the desired properties.

Unlike the 1-dimensional setting, in the case of surfaces we cannot guarantee the
convergence of the Hausdorff 2-measure in Indeed, if X is the unit square in
R? with the > metric, then any sequence of polyhedral surfaces X,, satisfying the
conclusions of the theorem will necessarily satisfy

lim inf H*(X,,) > éH2(X).
n—00 m

We provide the details in Example Based on this example, it is reasonable to

conjecture that the optimal constant K in Theorem is 4/m.

We outline the main ideas that go into the proof of Theorem[I.1] Note that many
arguments in our paper [40] depend essentially on the length metric assumption,
and so we cannot simply reduce the general case to the case of a length metric and
appeal to the results in [40]. Nevertheless, a first observation is that the assumption
of locally finite Hausdorff 2-measure is enough to guarantee that the surface (X, d)
contains a large supply of rectifiable curves. Thus it is useful to consider the
extended length metric d induced by the given metric d. The extended metric d
may be infinite for some pairs of points. However, a consequence of having locally
finite Hausdorff 2-measure is that d must be finite for all pairs of points outside a
totally disconnected set (see Section . In particular, X contains many geodesics
with respect to the extended length metric d, which we refer to as d-geodesics.

The triangulation result in [I0], which was the main technical ingredient for
proving the polyhedral approximation theorem in [40], adapts to give a covering of
X by non-overlapping triangular disks whose edges are d-geodesics. By replacing
each triangular disk with a corresponding polyhedral disk, we are able to define
the polyhedral surfaces X,, appearing in Theorem If (X,d) is not a length
space, then we cannot give X,, the usual polyhedral metric while satisfying in
Theorem [I.I] However, this is fixed by modifying the polyhedral metric on X,
on large scales to match the original metric d. A more serious technical difficulty
is that, while the polyhedral surfaces X, are constructed using d-geodesics, the
area estimate |(2)| in Theorem involves the Hausdorff 2-measure for the original
metric d and not for d. Note that the Hausdorff 2-measure of d may be much larger
than that of d and need not even be locally finite. In [40], we obtained the area
estimate as an application of a version of Besicovitch’s inequality for metric spaces,
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which no longer applies. Instead, we use a recent Lipschitz approximation result
for Sobolev functions on metric spaces due to Eriksson-Bique and Poggi-Corradini
[13] in conjunction with the co-area inequality to obtain the required inequality.

1.2. Uniformization of metric surfaces. The uniformization problem asks one
to determine which metric spaces admit a geometrically well-behaved parametriza-
tion by a canonical model space such as the n-sphere or n-dimensional Euclidean
space. Most commonly, we are interested in parametrizations by quasiconformal
maps or their generalizations; roughly speaking, these are maps that infinitesimally
distort relative distances within some prescribed amount.

Our main result in this direction is concerned with the two-dimensional case
of the uniformization problem under the minimal geometric assumption of merely
locally finite area.

Theorem 1.2. Let X be a metric surface of locally finite Hausdorff 2-measure
homeomorphic to (E, D, or C. Then there is a continuous, surjective, proper, and
cell-like map h: Q — X, where Q is @, D, or D or C, respectively, satisfying the
modulus inequality

4

(1.1) modT" < — mod h(T")
T

for every path family T in €.

Here D denotes the open unit disk in the complex plane C, and C is the Riemann
sphere equipped with the spherical distance. A map is cell-like if the preimage of
each point is a continuum that is contractible in all small neighborhoods; see Section
[6:2 A continuous, surjective, proper, and cell-like map h: X — Y between metric
surfaces of locally finite Hausdorff 2-measure is called weakly quasiconformal if there
exists K > 1 such that

(1.2) modI" < K mod h(T")

for every path family I in X; here mod refers to 2-modulus (see Section [2.3]). For
surjective maps between homeomorphic compact surfaces the topological assump-
tion of cell-likeness is equivalent to the weaker requirement that h is a monotone
map; that is, the preimage of each point is a continuum. The topological assump-
tions on a weakly quasiconformal map h ensure that it is very close to being a
homeomorphism; for example, if X, Y have no boundary or if X,Y are compact
and homeomorphic to each other, then A is the uniform limit of homeomorphisms.
See Section for more details. It was shown in [40, Thm. 1.4] that may be
replaced with the equivalent statement that h lies in the Sobolev space Nﬁ)’f (X,Y)
and

gh(;v)2 < KJp(x)

for a.e. x € X, where g, denotes the minimal weak upper gradient of h (see Sect.
and Jj, is the Jacobian of the map h, i.e., the Radon—Nikodym derivative of
the measure H? o h with respect to H2.

Theorem seems to be essentially the strongest result possible for the non-
fractal case of the uniformization problem for surfaces, i.e., where the Hausdorff
2-measure is locally finite. It verifies a conjecture of Rajala and Wenger found as
Question 1.1 in [24]. Theorem with the additional assumption that the metric
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on X is a length metric was recently proved by the authors in [40], as well as
independently by Meier—Wenger [36].

In contrast with the classical uniformization theorem, the map h of Theorem
may fail to be unique up to precomposition by conformal maps. In fact, [40, Prop.
1.5] gives an example of a metric surface X of locally finite Hausdorff 2-measure
admitting weakly quasiconformal parametrizations both by D and C.

Theorem [I.2] deals with the case of simply connected surfaces whose boundary
is a Jordan curve or empty. Using the classical uniformization theorem, we also
establish the following general uniformization result for all metric surfaces of locally
finite Hausdorff 2-measure.

Theorem 1.3. Let X be a metric surface (with boundary) of locally finite Hausdorff
2-measure. Then there exists a complete Riemannian surface of constant curvature
(Z,g) that is homeomorphic to X and a weakly (4/7)-quasiconformal map from Z
onto X.

The value 4/7 is sharp in both Theorems |1.2|and as was observed in [44] Ex-
ample 2.2]. A version of this theorem has been proved by Ikonen [23] for reciprocal
surfaces (see Section without boundary, using local quasiconformal coordinates
in order to construct isothermal coordinates. This approach cannot be employed
in our case, since metric surfaces do not have local quasiconformal coordinates, but
only weakly quasiconformal parametrizations that are generally not homeomorphic,
as provided by Theorem We note that our theorem also covers surfaces with
boundary.

1.3. Previous uniformization results. If the space X in Theorem satisfies
additional good geometric assumptions, then the uniformizing map h can also be
shown to satisfy stronger properties. In particular, as an application, we are able to
deduce from Theorem two of the main uniformization theorems in the existing
literature. The first is the Bonk—Kleiner theorem characterizing Ahlfors 2-regular
quasispheres [5].

Theorem 1.4 (Bonk-Kleiner). Let X be a metric space homeomorphic to C that
is Ahlfors 2-reqular. Then there is a quasisymmetric homeomorphism from X to C
if and only if X is linearly locally connected.

It is the case that any metric space X as in Theorem is quasiconvex and
hence bi-Lipschitz equivalent to a surface with a length metric that is also Ahlfors
2-regular and linearly locally connected; see [47] or [51] for a proof. Thus Theo-
rem |1.4] can also be derived from the weaker version of Theorem |1.2]as given in [30]

r [40]. However, our approach allows one to avoid this technical point regarding
quasiconvexity. That Theorem follows from Theorem is an immediate con-
sequence the considerations in [40], Sect. 6.2], which are based on classical results
that allow the upgrade of quasiconformal maps to quasisymmetric maps; see [32
Thm. 2.5].

The second uniformization theorem, due to Rajala [44], characterizes the situa-
tion when there is a quasiconformal homeomorphism from X to C.

Theorem 1.5 (Rajala). Let X be a metric surface of locally finite Hausdorff 2-
measure homeomorphic to C, D, or C. Then there is a quasiconformal map h: Q —
X, where Q is C, D, or D or C, respectively, if and only if X is locally reciprocal.
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Here, quasiconformality is defined using the so-called geometric definition, which
requires the conformal modulus of curve families to be quasipreserved. See Sec-
tion below. We give the definition of reciprocity below in the next subsection.
The necessity of the theorem follows from the fact that reciprocity is invariant under
quasiconformal maps and all Riemannian surfaces are reciprocal. The sufficiency
follows from Theorem [1.2] together with the observation of Meier—Wenger [36] that
the local reciprocity of a space allows one to upgrade weak quasiconformality of
a local parametrization to quasiconformality. We refer the reader to Section 3 of
[36] for the argument. Analogously, under the reciprocity assumption, we obtain
a strengthening of Theorem that has been proved by Ikonen [23] for surfaces
without boundary.

Theorem 1.6. Let X be a metric surface (with boundary) of locally finite Hausdor{f
2-measure. Then there exists a complete Riemannian surface of constant curvature
(Z,g) that is homeomorphic to X and a quasiconformal map from Z onto X if and
only if X is locally reciprocal.

The results of this paper concern the non-fractal case of the uniformization prob-
lem, meaning that the Hausdorff 2-measure on the surface is locally finite. We also
hope that the ideas of this paper can give insight into the uniformization of fractal
surfaces. We briefly discuss this topic of current interest. One motivation comes
from Cannon’s conjecture in geometric group theory, which predicts that every hy-
perbolic group having the 2-sphere as its boundary at infinity is a Kleinian group.
This is equivalent to the statement that every such 2-sphere, equipped with some vi-
sual metric, is a quasisphere. A seminal work on fractal uniformization is Cannon’s
combinatorial Riemann mapping theorem [9], which gives an abstract procedure
for uniformizing 2-spheres. The Bonk—Kleiner paper contains, in addition to The-
orem [I.4] a characterization of quasispheres without any restriction. Both of these
results, however, seem difficult to apply in practice. Various constructions have
been studied in detail, including Meyer’s snowspheres [37] as well as spheres aris-
ing from expanding Thurston maps [6]. See also [45] for an approach to fractal
uniformization by adapting conformal modulus methods.

1.4. Reciprocal surfaces. As mentioned above, a further consequence of Theo-
rem [I.2]is a simplification of Rajala’s definition of reciprocal surface.

Let X be a metric surface of locally finite Hausdorff 2-measure. For a subset
G C X and disjoint subsets E,F C G, we define I'(E, F;; G) to be the family
of curves in G joining E and F. A (topological) quadrilateral in X is a closed
Jordan region () together with a partition of 0@ into four edges (1, (2, (3,(4 C 0Q
enumerated in cyclic order that are non-overlapping, i.e., they can only intersect at
the endpoints. When we refer to a quadrilateral @, it will be implicitly understood
that there exists such a marking on its boundary. We define I'(Q) = I'({1, (3; Q)
and I'*(Q) = T'(2, (4; Q). We state the definition of reciprocity as originally given
in [44].

Definition 1.7. A metric surface X is reciprocal if there exist constants x, s’ > 1
such that

(1.3) k1 <modT(Q) - modT*(Q) < &' for each quadrilateral Q C X
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and
(1.4) liH(l) mod '(B(a,r), X \ B(a,R); X) =0 for each ball B(a, R).
r—

A metric surface X is locally reciprocal if each point has an open neighborhood that
is reciprocal.

Roughly speaking, a surface is reciprocal if the modulus of non-constant curves
passing through a point is zero and the modulus of curves joining two opposite
sides of every quadrilateral is reciprocal, up to a uniform multiplicative constant,
to the modulus of curves joining the other two opposite sides. Note that condition
(1.4) can be regarded as a pointwise condition on the surface. In the definition of
local reciprocity we do not require that the constants are uniform throughout the
surface X; however, this is a consequence of a result of Rajala [44] Thm. 1.5].

It was shown in [46] by Rajala and the second-named author that the lower
bound in always holds for some universal constant x~' independent of the
surface X. Later, Poggi-Corradini and Eriksson-Bique [I3] found the sharp value
of this constant to be k~! = 72/16; this also follows from Theorem [1.2 The
sharpness is seen by taking X to be the plane with the ¢ metric. See Example
2.2 in [44] for details.

As a consequence of Theorem we can further improve Rajala’s uniformiza-
tion theorem by showing that follows from the upper bound in . Thus
condition is redundant. This answers affirmatively a question of Rajala [44]
Question 17.4]. We say that a metric surface is upper reciprocal if there exists k' > 1
such that the upper bound in holds for each quadrilateral.

Theorem 1.8. A metric surface (with boundary) of locally finite Hausdorff 2-
measure is reciprocal if and only if it is upper reciprocal.

Combining this with Theorem we see that in order to verify the reciprocity
of a surface we only need to check upper reciprocity locally. The idea of the proof
of Theorem [I.§]is to show that upper reciprocity by itself is sufficient to promote
the weakly quasiconformal parametrization A given by Theorem to a homeo-
morphism. In [36] (applying Theorem 3.6 in [32]) and also in [40, Thm. 7.4], this
is accomplished by applying condition in the definition of reciprocity instead.
Once h is shown to be a homeomorphism, the upper reciprocity condition can be
used to upgrade it to a quasiconformal map, as was shown by Meier—Wenger [36],
Sect. 3]. Our task then is, assuming a non-homeomorphic weakly quasiconformal
parametrization, to find a sequence of quadrilaterals ) such that the product of
the moduli of I'(Q) and T'*(Q) are unbounded. The proof of Theorem [1.8 would be
simpler if we knew that condition can only fail on a totally disconnected set.
However, we show in Example [84] that this is not the case.

Proposition 1.9. There exists a metric surface of locally finite Hausdorff 2-measure
such that (1.4)) fails at all points in a non-degenerate continuum.

Whether such a space exists had been asked by the second-named author as
Question 5.6 in [45], and this construction provides an affirmative answer.

Moreover, combining Theorem with the uniformization result of Theorem
or Theorem and with a result of Tkonen [22], we also show that in order to
obtain reciprocity at points of X it suffices to verify condition rather than
upper reciprocity.
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Theorem 1.10. A metric surface X of locally finite Hausdorff 2-measure is re-
ciprocal if and only if int(X) is upper reciprocal and (L.4) holds at each point of
0X.

We remark that without requiring any condition on 9X, the reciprocity of int(X)
does not imply the reciprocity of X in general; this was observed in [22] Sect. 1.1].

Conversely, it is natural to ask whether upper reciprocity is implied by condition
. We show in Example that this is not the case.

Proposition 1.11. There exists a metric surface X of locally finite Hausdorff 2-
measure such that (L.4) holds at each point, but X is not reciprocal. Moreover, X
can be written as the union of two reciprocal surfaces.

1.5. Minimal surfaces. As a corollary to Theorem we obtain a result on the
existence of minimal disks or solutions to Plateau’s problem in metric spaces. This
topic has been studied in great depth by Lytchak—Wenger and collaborators in
[16} 17, 29, 30 31], and we direct the reader to these references for definitions. The
following corollary was established in [40] for length surfaces and in fact was derived
from the version Theorem [I.2] for length surfaces. Its proof remains unchanged
under the more general setting.

Corollary 1.12. Let X be a metric surface of finite Hausdorff 2-measure homeo-
morphic to a topological closed disk and let T' = 0X. Then Plateau’s problem for T’
has a solution.

We pose the following natural question.

Question 1.13. Does Plateau’s problem have a solution for every metric Jordan
curve I' of finite Hausdorff 2-measure?

This was established for metric Jordan curves of finite length by Lytchak—Wenger
[29, Cor. 1.5]. In order to answer the question, by Corollary it suffices to solve
the following problem.

Problem 1.14. Let T’ be a metric Jordan curve of finite Hausdorff 2-measure.
Does there exist a metric space X homeomorphic to a topological closed disk with
H2A(X) < K(diam(0X)? + H2(0X)) for an absolute constant K > 0 such that T
embeds isometrically into 0X ¢

1.6. Outline. Section [2| contains the required preliminaries. In Section [3| we in-
troduce the extended length metric d associated to a metric surface (X,d) and we
study its relation to d. The main result in this section is Theorem which pro-
vides an estimate for the area of triangles in X whose edges are d-geodesics. In
Section [4] we first sketch an argument for triangulating metric surfaces of locally
finite area, by modifying slightly the argument of [I0] for triangulating length sur-
faces. Then, we use the triangulation result to prove the polyhedral approximation
theorem, Theorem This completes the first half of the paper, which can be
read independently of the later sections.

In Section [5] we establish the uniformization result of Theorem in the case
of compact surfaces. In this section we also include several further required pre-
liminaries in Gromov—Hausdorff convergence, weakly quasiconformal maps, and
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classical uniformization theory. Section [f] establishes the global uniformization re-
sult of Theorem [1.3] based on the local results of Section[5] Moreover, we show how
to obtain the minimal value 4/7 of the quasiconformal dilatation. This section also
contains several topological preliminaries related to cell-like and monotone maps
between surfaces. The results of Sections [5] and [6] rely only on the statement of the
polyhedral approximation theorem (Theorem and can be read independently
of the previous sections.

In Section [7] we prove Theorem and Theorem This section relies only on
Theorem and can also be read independently. Finally, in Section [§] we present
four examples. The first two examples are related to the polyhedral approximation
theorem and show the importance of the retractions in conclusion of Theo-
rem as well as the sharpness of conclusion in the sense that the areas of
the approximating surfaces need not converge to the area of the limiting surface.
The last two examples of the section justify Proposition and Proposition [1.9
respectively.

Acknowledgments. We thank Paul Creutz, Toni Ikonen, and Damaris Meier for
their valuable comments and corrections.

2. PRELIMINARIES

2.1. Metric spaces. We refer the reader to [7] and [8] for the basics of metric
geometry. Let X be a set. A function d: X x X — [0,00) is a metric on X if it is
symmetric, satisfies the triangle inequality, and has the property that d(z,y) = 0
if and only if z = y. A function d satisfying the same properties but potentially
taking the value oo is called an extended metric.

Let v: I — X be a curve in a metric space X, where [ is an interval. The length
of v with respect to d, denoted by £4(7), is defined as

La(y) = sup Z d(y(ti—1),v(t:)),

the supremum taken over all finite increasing sequences tg < t; < --- < t, in I. If
the metric is clear from the context, we may write £(y) in place of £4(7). A curve
is rectifiable if it has finite length. A rectifiable curve v: [a,b] — X is a geodesic
between two points z,y € X if v(a) = z, v(b) = y and £(v) = d(z,y). A curve
v: I — X is piecewise geodesic if its restriction to any compact subinterval of I is
the concatenation of finitely many geodesics. A metric d on X is a length metric if
d(z,y) = inf £4(~) for all x,y € X, the infimum taken over all curves v from z to y.

A Jordan curve (vesp. Jordan arc) in X is an embedding of the unit circle S
(resp. the unit interval [0, 1]) into X. We also use the alternative terminology simple
curve and simple arc, respectively. The trace of a path v: I — X is the set (1)
and is denoted by |v|.

We use the notation By(x,7) for the open ball {y € X : d(z,y) < r}, Ba(z,r)
for the closed ball, and Sy(x,r) for the sphere {y € X : d(z,y) = r}. Again, the
subscript d may be dropped if the metric is clear from the context.

For any metric space X and s > 0, the Hausdorff s-measure of a set A C X is
defined by

M (A) = lim H3(4),
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where
= inf ZC ) diam(A;)®

and the infimum is taken over all collections of sets {4;}32; such that A C Ujil A
and diam(A;) < ¢ for each j. Here C(s) is a positive normalization constant, chosen
so that the Hausdorff n-measure coincides with Lebesgue measure in R™. The
quantity Hj(A) is called the 6-Hausdorff s-content of A. If we need to emphasize
the metric d being used for the Hausdorff s-measure, we write H;; instead of H®.

A map f: X — Y between metric spaces is bi-Lipschitz if there exists L > 1
such that
for all z,y € X. In this case, we say that f is L-bi-Lipschitz. A map f: X - Y is
Lipschitz if the right inequality holds for all x,y € X. In this case, we say that f
is L-Lipschitz.

We use X to denote the boundary of a manifold X and int(X) to denote its
interior. Throughout this paper, unless otherwise specified, the terms boundary and
interior refer to manifold boundary and interior rather than topological boundary
and interior.

2.2. Convergence. Let X be a metric space and let £ C X and € > 0. We denote
by N.(E) the open e-neighborhood of E. We say that F is e-dense (in X) if for each
x € X we have d(z, E) < ¢ or equivalently N.(F) = X. A map f: X — Y (not
necessarily continuous) between metric spaces is an e-isometry if f(X) is e-dense
inY and |dx(z,y) — dy (f(z), f(y))| < ¢ for each z,y € X.

We define the Hausdorff distance of two sets £, F C X to be the infimal value
r > 0 such that E C N,.(F) and F C N,(E). We denote the Hausdorff distance by
dy(E,F). A sequence of sets E, C X converges in the Hausdorff sense to a set
EcXifdy(E,, E)—0asn— oo.

The Gromov-Hausdorff distance between two metric spaces X,Y is defined as
the infimal value r > 0 such that there is a metric space Z with subsets X YCcZ
such that X and Y are isometric to X and Y respectively, and d H(X Y) < r. This
is denoted by day (X,Y). We say that a sequence of metric spaces X,, converges in
the Gromov—-Hausdorff sense to a metric space X if dgg(X,,X) — 0 as n — oc.
By [8, Cor. 7.3.28], this is equivalent to the property that there exists a sequence
of e,-isometries f,,: X,, — X, where ¢, > 0 and ¢, — 0 as n — co. In this case,
we say that f,, n € N, is an approzimately isometric sequence.

2.3. Metric Sobolev spaces. Let X be a metric space and I' be a family of
curves in X. A Borel function p: X — [0, 00| is admissible for the path family T" if
fv pds > 1 for all locally rectifiable paths v € I'. For p > 1, we define the p-modulus
of I" as

mod, I' = inf/ PP dH?,
PJx

where the infimum is taken over all admissible functions p for I'. By convention,

mod, I' = oo if there are no admissible functions for I'. Observe that we consider

X to be equipped with the Hausdorff 2-measure. Throughout the paper we will

only focus on the case p = 2 and for simplicity we write mod, I' = mod I".
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Let h: X — Y be a map between metric spaces. We say that a Borel function
g: X — [0,00] is an upper gradient of h if

(2.1) dy (h(a), h(b)) < /gds
¥

for all a,b € X and every locally rectifiable path v in X joining a and b. This is
called the upper gradient inequality. If, instead, the above inequality holds for all
curves y outside a curve family of p-modulus zero, then we say that g is a p-weak
upper gradient of h. In this case, there exists a curve family I'y with mod,I'y =0
such that all paths outside I'g and all subpaths of such paths satisfy the upper
gradient inequality. In what follows, we will be mostly interested in the case p = 2
and for simplicity we use the terminology weak upper gradient, without mentioning
the number 2. If a map h has a p-weak upper gradient that lies in LP(X), then
it also has a minimal p-weak upper gradient that we denote by gp; see [20, Thm.
6.3.20].

We equip the space X with the Hausdorff 2-measure H2. For p > 1, let LP(X)
denote the space of p-integrable functions from X to the extended real line ]IA%,
where two functions are identified if they agree H2-almost everywhere. The Sobolev
space N'P(X,Y) is defined as the space of measurable maps h: X — Y that are
essentially separably valued (see [20, Sect. 3.1]) and have a weak upper gradient g
in LP(X) such that the function z — dy (y, h(x)) is in LP(X) for some y € Y, again
where two maps are identified if they agree almost everywhere. The assumption
on essentially separable values is automatically true when Y is a separable space,
which will be the case in all considerations below. If ¥ = R, we simply write
NULP(X). The spaces L? (X) and N?(X,Y) are defined in the obvious manner.

loc loc

See the monograph [20, Chap. 7] for background on metric Sobolev spaces.

3. THE EXTENDED LENGTH METRIC

In this section, we develop the properties of the extended length metric, which
are all new ingredients in this paper. The main result in this section, Theorem [3.4]
gives an estimate on the area enclosed by a triangle whose edges are d-geodesics.
This estimate plays the same role as the Besicovitch inequality in [40]. As in [40],
this estimate is based on bi-Lipschitz embedding an arbitrary triangle into the plane.
The innovation here is that, although the bi-Lipschitz embedding is with respect
to the extended length metric d, our area estimate uses the Hausdorff 2-measure
derived from the original metric d.

3.1. Definition and basic properties. Let (X, d) be a metric space. One can
obtain an extended length metric d: X x X — [0, 00] by defining

d(z, y) = inf La(7),
where the infimum is taken over all curves from z to 3. One can check that d is
indeed an extended length metric. It may be that there are no rectifiable curves
between two given points z,y € X, in which case we have d(z,y) = co.

If X is a surface with locally finite Hausdorff 2-measure, then, as shown by Rajala
[44, Lemma 4.1], there is a set E C X such that X \ E is dense and any two points
xz,y € X \ F can be joined by a rectifiable curve. Namely, F is the set of points
that cannot be accessed by a non-constant rectifiable curve. A consequence of [44],
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Prop. 3.5] is that any two points z,y € X \ E can be connected by a rectifiable
curve and, in particular, that d(z,y) < oo for all 2,4 € X \ E. The proof of [44]
Prop. 3.5] utilizes the co-area inequality. A simple further application of the co-area
inequality actually shows that E is totally disconnected; namely, as a consequence
of Lemma below, any two points of X can be separated by a rectifiable curve.

Hence the co-area inequality connects the assumption of locally finite Hausdorff
2-measure to the geometry of the metric space. We state a 2-dimensional version
of the co-area inequality sufficient for our purposes. See [12], [15], Theorem 2.10.25]
or [14] for a proof of the co-area inequality.

Lemma 3.1 (Co-area inequality). Let X be a metric space and L > 0. For any
L-Lipschitz function f: X — R and any Borel function g: X — [0, o],

(3.1) /R/fl(t)g(s) dH!(s)dt < % /Xg(a:) dH?(x).

Given that X has locally finite Hausdorff 2-measure, a consequence of Lemma|3.1
is that for each point x € X, almost every metric sphere S(z, ) has finite Hausdorff
1-measure and hence contains rectifiable curves; see also Lemma [3.3] below. This
guarantees an abundance of rectifiable curves in X.

Throughout this entire section, distances are measured with respect to the orig-
inal metric d of X, unless otherwise indicated. For example, B(z,r) denotes the
ball {y € X : d(x,y) <r} and By(x,r) = {y € X : d(z,y) <r}.

Recall that a geodesic between two points z,y € X is a curve v: [a,b] — X of
finite length such that y(a) = z, v(b) = y and () = d(z,y). On a metric space
(X,d), our main interest will be in geodesics with respect to the induced length
metric d. We will refer to such a curve as a d-geodesic. Note that a d-geodesic
may fail to exist between two given points, either because no curve of finite length
connecting x and y exists or because there is no curve having minimal length.
Moreover, a d-geodesic between a given pair of points is not necessarily unique,
as is the case for geodesics in general. However, as observed, the assumption of
locally finite Hausdorff 2-measure is enough to guarantee that a surface carries
many rectifiable curves. In particular, it is shown in [44] Prop. 3.5] that for any
two disjoint continua the family of curves connecting them has positive modulus.

In general, d may fail to be continuous with respect to the metric d. However, a
consequence of the Arzela-Ascoli theorem is that d is lower semi-continuous with
respect to d in the following sense.

Lemma 3.2. Let (X,d) be a metric surface of locally finite Hausdorff 2-measure.
For each 9 € X the function u: X — [0,00] defined by u(z) = d(z,x¢) is lower
semi-continuous. Moreover, for each r > 0 the set Bg(xzo,r) is connected and
By(zo,r) is the closure of Bi(zo,r). In particular, B(zo,r) is also connected.

All topological notions in the statement refer to the original topology of X in-
duced by d. The proof relies on the following separation lemma.

Lemma 3.3. Let X be a metric surface that is homeomorphic to a topological closed
disk. Let f: X — [0,00) be a continuous function such that f=(0) is non-empty
and f=1(t) has finite Hausdorff 1-measure for a.e. t > 0. Then for each component
A of f710), each xg € X \ A, and for a.e. v € (0, f(x0)) there exists a continuum
E C f7Y(r) with H'(E) < oo that separates A from zo. Moreover, there erists a
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closed Jordan region U C X \ {zo} containing a neighborhood of A such that OU
coincides with E or is the union of E and an arc of 0X.

This lemma can be applied to Lipschitz functions on metric spaces of finite
Hausdorff 2-measure, since the co-area inequality of Lemma [3.1] implies that a.e.
level set of a Lipschitz function has finite Hausdorff 1-measure.

Proof. Let 6y = f(xzo). We apply [39, Thm. 1.5] (see also [35, Cor. 2.5]), which
implies that for a.e. r € (0,8y), each component of f~1(r) is either a point or a
rectifiable Jordan curve or a rectifiable Jordan arc. We fix such r and let E be
a component of f~!(r) that separates A from x(; such a component exists since
f71(r) separates A from zq (see [50, Lemma I1.5.20, p. 61]). If E is a Jordan curve,
then it necessarily bounds a closed Jordan region U C X \ {zo} containing A in its
interior. If ' is a Jordan arc, then by passing to a subarc we may assume that only
the endpoints of F lie in 9X and F still separates A from xg. The arc F, together
with an arc of 9X bound a closed Jordan region U C X \ {z¢} that contains a
neighborhood of A. O

Proof of Lemma[3.3 Let z, € X, n € N, be a sequence converging to a point
xz € X. Our goal is to show that w(z) < liminf,, . u(z,). By passing to a
subsequence, suppose that lim,_, . u(x,) exists. The statement is trivial if z = x¢
or if lim, oo u(z,) = 00, so suppose that x # zp and lim, o u(z,) = M for
some M € (0,00). Let «, be a sequence of paths joining zy to z, such that
limy, 00 (1) = M.

Suppose first that z € int(X). Consider a closed Jordan region Y C int(X)\{zo}
containing z in its interior and define the Lipschitz function f(y) = d(x,y) on Y.
Let yo € 9Y be arbitrary and rq = dist(z,9Y"). By Lemma there exists r < rg
and a rectifiable Jordan curve E C f~l(r) C Y that bounds a closed Jordan
region U C Y \ {yo} containing z. If x € dX, we consider a closed Jordan region
Y C X\ {zo} such that Y N 90X is a non-degenerate Jordan arc containing = in
its interior. Define ro = dist(z,dY Nint(X)) > 0. Again, we let f(y) = d(z,y)
on Y and fix a point yp € Y Nint(X). By Lemma there exists r < rg and a
rectifiable Jordan arc E C f~1(r) with endpoints on 9Y that separates x from yq.
The endpoints of E necessarily lie on Y N 9X since r < rg. The arc E together
with an arc of X bound a closed Jordan region U C Y that contains an open
neighborhood of z.

Summarizing, in both cases there exists a continuum F that is a rectifiable
Jordan curve or a Jordan arc and separates x from xy. Moreover, the curve E is
the topological boundary of a compact neighborhood U of .

For each n € N, we parametrize the curve v,: [0,€(y,)] — X by arclength so
that v,(0) = z¢ and v, (€(v,)) = x,. If n is sufficiently large so that x,, € U, then
Vn intersects E at a point y, = v,(t,); we assume that ¢, is the largest possible
parameter with this property, so that the trace of 1, = V|, ¢(y,)] is contained in
U. By the Arzela—Ascoli theorem [8, Thm. 2.5.14] and the compactness of U, after
passing to a subsequence, we may assume that the paths 7, converge uniformly
(in an appropriate sense since the domains are variable) to a path n: [t, M| — U,
where ¢ is an accumulation point of t,,. Moreover, £(n) < M —t. We note that
n(t) € E and y, = n,(tn) — n(t) as n — oco. If we parametrize E injectively by
arclength, then we see that there exists a subpath ¢, of F that connects y, to 7(t)
with £(¢n,) — 0 as n — oo. We now concatenate vylj,¢,] With ¢, and with 5 to
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obtain a path « that connects zg to z and satisfies

d(wo, ) < L(Y) = tn +(Co) + () < tn +0(Cn) + M —t

By letting n — oo we see that d(zg,z) < M. This completes the proof of the lower
semi-continuity.

For the second part of the lemma, note that for each r > 0, if d(x,z¢) < 7,
then there exists a rectifiable curve v connecting zo to z with £(y) < r. Tt is
trivial that for each point y € |y| we have d(y,zo) < r, so |y| C Bg(zo,r) and the
open ball Bj(zo,r) is connected. By the lower semi-continuity of u, the closed ball

Bi(zo,r) = {y € X : d(zo,y) < r} is a closed set that contains Bg(zo,r), so it
also contains its closure. Conversely, if d(z,z) < r, then there exists a sequence
of curves 7, connecting zp to x with £(v,) <+ 1/n. It follows that there exists
a sequence of subcurves 7, of v, connecting zy to points y, with ¢(n,) < r and
d(x,yn) < 1/n. Therefore, y, € Bj(xg,r) and y, — = as n — oo, which shows that

z lies in the closure of Bj(xg,r), as desired. O

3.2. Basic area estimate. The use of d-geodesics allows us to extend various
standard geometric notions for length spaces to the non-length space case. We
define a triangular disk to be a closed Jordan domain in a metric surface whose
boundary consists of three d-geodesics as defined above. Similarly, a polygonal disk
is a closed Jordan domain whose boundary consists of finitely many non-overlapping
d-geodesics. Each boundary d-geodesic is called an edge, and each endpoint is called
a vertex. Where there is no room for confusion, we will sometimes refer to triangular
and polygonal disks as simply triangles and polygons. The next theorem is the main
result of this section and gives a statement about the Hausdorff 2-measure of an
arbitrary triangular disk.

Theorem 3.4. Let (X, d) be a metric surface of locally finite Hausdorff 2-measure
and let T be a triangular disk in X. If Q C R? is a closed Jordan region such

that for some L > 0 there exists an L-Lipschitz map f: (0T,d) — 0Q of non-zero
topological degree, then

H?(Q) < KL*HX(T)

for some uniform constant K > 0.

For the proof we will need to employ a co-area type result for functions f: X — R
contained in the Sobolev space N1?(X) for some p > 1 but not necessarily Lips-
chitz. We are not aware of any generalization of Lemma [3.1| for N'?(X) functions
that covers our situation; presumably, the L in would be replaced by the
minimal weak upper gradient of f inside the integral on the right-hand side. How-
ever, a weaker recent result of Eriksson-Bique—Poggi-Corradini [I3] turns out to be
sufficient. We state a restricted version that covers our situation.

Lemma 3.5. Let X be a compact metric space of finite Hausdorff 2-measure and
E,F C X be disjoint continua. Suppose that u: X — R is a function in N1(X)
with E C u='(a) and F C u='(b) for some a < b. Then there exists a Lipschitz
function v: X — R such that E C v=%(a), F C v=1(b), and

(3.2) /le(v_l(t))dt < 2/gu dM%.
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F F(z)
/\
I(x)

FIGURE 3.1. The embedding F' from an arbitrary metric triangle
A into the plane.

In fact, the formulation in [13] involves d(v=1((—o0,t))) instead of v=1(¢) in the
integral. However, the two sets coincide for a.e. t € R, because the set of local
extremal values of a real-valued function on a separable space is countable [39,
Lemma 2.10].

Our method of proof of Theorem is based on a particular bi-Lipschitz em-

bedding of an arbitrary metric triangle into the plane that we gave in [40, Sect. 3],
which we now review. A metric triangle A is by definition a metric space home-
omorphic to a Jordan curve that consists of three non-overlapping edges I, Io, I3
in cyclic order, each isometric to an interval. Suppose that the endpoints of the
edges are p1,p2, p3, where I; joins p; to pj41; here and below the indices are taken
mod 3. For each x € I, let f(x) denote the union of the other two edges of A. If
belongs to two edges, then assign x to one of the I; arbitrarily. Note in particular
that x € IA(x) in this case. Let A denote a corresponding tripod in C having central
vertex 0 and outer vertices u; = (pj41 - pjta)p; €@ =273 where (p - ), denotes
the Gromov product
£ (dp,r) + dla,r) — dp,0)).
There is a unique 1-Lipschitz projection map from A to A taking each vertex p; to
the vertex u;; we denote the image of z under this map by z. Let v; = e™(21=1)i/3
for j € {1,2,3}. As shown in [40] Sect. 3], there exists an embedding F: A — C
given by the formula

(p-a) =

F(x) = Z + dist(z, I(z))v;,
where x € I;; see Figure Proposition 3.2 in [40] states that the map F is
4-bi-Lipschitz for any metric triangle A.
Observe that if T' is a triangular disk in a metric surface (X, d) of locally finite

Hausdorff 2-measure, then (07,d) is a metric triangle. Thus, we can exploit the
above device to embed such metric triangles into the plane.

Proof of Theorem[3.]] We remark that all metric notions in the proof refer to the
metric d and all topological notions refer to the original topology of X induced by
d, whenever there is no explicit reference to the metric d.
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Let F: (0T, d) — R? be the 4-bi-Lipschitz embedding given above and € be the
closed Jordan domain bounded by F(9T). Suppose for the moment that H?(Q2) <
KH*(T) for a uniform constant K > 0. Let f: (0T,d) — 0 be an arbitrary
L-Lipschitz map of non-zero topological degree, where €' C R? is a closed Jordan
region. Then fo F~1: 90 — 09 is 4L-Lipschitz and has non-zero topological
degree. By the McShane-Whitney extension theorem [I9, Cor. 2.4], there exists
an extension g: R? — R? of f o F~! that is 4v/2L-Lipschitz. Note that g(Q) D &/
since glaoq: 9 — 0¥ has non-zero topological degree. Therefore,

H2(Q') < 32L*H*(Q) < 32K L*H?(T).

Now, we focus on showing the statement for the map F. For a given point
z € 0T, we write ¥ = F(z) and By = B(Z,r,), where r, = dist(z, I(z)). Note
that r, > 0 unless z is a vertex of T. It follows directly from the definition of
F that the collection B = {Bz : © € 9T} covers Q. We apply the basic covering
lemma (see [I8, Thm. 1.2, p. 2]) to find a disjoint subcollection B’ C B such that

{6B : B € B'} also covers Q. It follows that

H?(Q) < Z 25772,

BzeB’

We next pass to a finite subcollection B” C B’ so that {5B : B € B"} covers “most
of €27 and, specifically, satisfies

(3.3) HA(Q) < Y 30wl
BzeB”

Moreover, we require that r, > 0 for each Bz € B”.
On the other hand, we consider the collection

A" ={Bg(x,r,/4) : B(z,r,) € B"}.

We claim that any two distinct balls in A" are disjoint. Otherwise, there are two
balls Ay, Ay € A", where A; = By(z;,7,,/4), that intersect in a point y. Then
d(z1,12) < d(z1,y) +d(y, x2) < (re, +74,)/4. However, |T1 — Zo| > 7y, + 1y, since
the balls B(Z1,7,,) and B(Z2,7,,) are disjoint. This contradicts the fact that F is
a 4-bi-Lipschitz embedding with respect to d.

We now want to obtain a lower bound for the Hausdorff 2-measure on 7. We
observe first that, by Lemma each ball A; = Bj(z;,s;) in A” is closed with
respect to the topology on X given by d and is connected. Since A;NIT is connected,
we see that A; NT is connected. Moreover, A; does not intersect the edges of 9T
that do not contain z;; hence, 0T \ A; is connected. Using Lemma (in fact we
only need the topological consequences and not the rectifiability) for the function
x — dist(A; NT,x) on T, one can find a Jordan arc F; C T\ A;, arbitrarily close
to A; N'T (in the metric d), whose endpoints lie on the edge of T that contains x;
and with the property that the arc F; together with a subarc of 9T bound a closed
Jordan region U; that contains A; NT. Since F; can be taken arbitrarily close to
A; N'T, we may have that the regions U; are mutually disjoint.

Next, we take E; = Bg(w;,s;/2) N 0T, which is a subarc of A; N T of length
s; centered at x;. We use Lemma to give a lower bound on the Hausdorff
2-measure of U; as follows. Define the function w;: U; — [s;/2,s;] by w;i(y) =
min{max{d(x;,y),s;/2},s;}. Then wu; is in L'(U;), and moreover the constant
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function yy, is an upper gradient of u; also in the space L'(U;). We conclude that
u; € NYY(U;). Moreover, E; C uy*(s;/2) and F; C u; ' (s;).

Let v; be the Lipschitz function given by Lemma [3.5{ with respect to the continua
E; and Fj;, so that E; C v;l(si/Q) and F; C v;l(si). By Lemma for a.e.
r € (si/2,5;) we can find a Jordan arc G, C v; '(r) C U; that separates E; from
F; and therefore intersects both components of (4; N 9T) \ E;. Since 4; N IT is
a d-geodesic, it follows that H'(G,) > HY(E;) > s; for a.e. r € (s;/2,s;). By
Lemma [3.5] we have

s7/2 < H (v ' () dt < 2/ LdH? = 2H*(U;).
s:/2 U;

Since the sets U; are disjoint, we have
I DL SURCAEPIALY
By B 64 — 54 5 v .

This inequality combines with (3.3)) to establish the lemma for K = 64 -30r. O

3.3. Polyhedral fillings of triangular disks. The following lemma is an adap-
tation of Theorem 4.2 in [40]. One feature is the interplay of the metrics d and
d.

Lemma 3.6. Let (X,d) be a metric surface of locally finite Hausdorff 2-measure,
and let T be a triangular disk in X with edges a;, j € {1,2,3}. There exists a
polyhedral surface (S,ds) that is a triangular disk with edges 5;, j € {1,2,3}, and
a homeomorphism ¢: S — T such that the following hold for an absolute constant
L>0.

(1) diamg, (S) < Ldiamg(9T).

(2) H2_(S) < LHA(T).

(3) ¢lig; maps |B;| isometrically onto |oy| (with respect to d) for each j €

{1,2,3}. In particular, ¢|ss is length-preserving.
(4) Forall z,y € S, ds(x,y) > d(p(x),¢(y)) = d(p(x), ¢ (y))-

The only essential difference between the statement of this lemma and the state-
ment of Theorem 4.2 in [40] is that in and we use the metric d here
instead of the metric d. The construction of the surface S is exactly the same as
in [40], where we use the metric d on 97 instead of the metric d. Namely, S is
constructed as follows. We consider the 4-bi-Lipschitz embedding F': (9T, d) — R?
given by [40, Prop. 3.2] and define 2 C R? to be the closed Jordan region bounded
by F(9T). Then the surface S is constructed by taking a fine polygonal approx-
imation of the region €2, replacing each polygon with a certain small polyhedron,
and then rescaling appropriately the Euclidean metric.

Properties (3)] and [(4)] follow immediately from the construction. On the
other hand, property |(2)[ requires more work since we consider the Hausdor{f mea-
sure on T with respect to the original metric d rather than the length metric d. In
[40], we obtain as a consequence of the Besicovitch inequality; see Theorem 2.1
in [40]. Here, the same relationship follows, with a larger constant as a consequence
of Theorem Indeed, by the construction of S, H3_(S) is comparable to ().
Using Theorem applied to the embedding F, we obtain H?(Q2) < 16 KH2(T).
This implies the inequality in
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4. TRIANGULATIONS OF SURFACES AND POLYHEDRAL APPROXIMATION

4.1. Triangulations. The triangle decomposition theorem in [I0] extends to our
situation with small modifications. First we introduce the relevant terminology.
Let (X,d) be a metric surface of locally finite Hausdorff 2-measure and consider
the extended length metric d. Recall that a polygonal disk is a closed Jordan domain
with piecewise d-geodesic boundary. Two polygonal disks are non-overlapping if
their interiors are disjoint. If every boundary component of the surface X is a
piecewise d-geodesic curve, we say that X has polygonal boundary. A set A is
conver if every pair of points in the topological boundary of A can be connected by
a d-geodesic contained in A. Note that we restrict to connecting boundary points
because we cannot expect that all points of A are accessible by rectifiable curves.
Observe that any two points of a rectifiable curve that are sufficiently close to each
other can be joined by a d-geodesic. It is evident that, if a polygonal disk A is
convex, then both the metric d on X and the restriction of d to A induce the same
extended length metric when restricted to A.

The following theorem is a version of the conclusion of Theorem 1.2 in [10], where
the assumption of a length metric is replaced with the assumption that the surface
has locally finite Hausdorff 2-measure.

Theorem 4.1. Let (X, d) be a metric surface of locally finite Hausdorff 2-measure
such that every boundary component of X is a piecewise d-geodesic curve, and let
€ > 0. Then X may be covered by a locally finite collection of non-overlapping
triangular disks {T;}icz such that each disk T; is convexr and has diameter and
perimeter at most <.

The basic idea is that the Hausdorff 2-measure assumption guarantees enough
rectifiable curves to find for any point a neighborhood consisting of finitely many
polygonal disks of arbitrarily small diameter and perimeter. Then, all the op-
erations in the proof of the version of Theorem in [1I0] necessarily avoid the
non-rectifiably connected points. Note that Theorem does not necessarily yield
a triangulation in the usual topological sense, since we do not require adjacent tri-
angular disks to intersect along entire edges or at only a vertex. We remark that
convexity does not play a direct role in the proof of Theorem although con-
vexity is used in obtaining Theorem itself since it enables one to decompose an
arbitrary polygon into triangles.

The proof proceeds similarly to the proof in [I0] but with a pair of modifications
in the beginning stages. First, we need to modify the proof [10, Lemma 5.1] on the
existence of polygonal neighborhoods at every point, which in turn is based on [2
Lemma III.3]. We state this lemma in slightly modified form; note that Lemma 5.1
and subsequent propositions in [I0] contain a statement regarding so-called transit
points, which are not essential to the triangulation theorem itself and not necessary
for our purposes.

Lemma 4.2. Suppose that X is as in Theorem[{.1] and let x € X and e > 0. Then
there is a polygonal disk P with x € int(P) such that diam(P) < ¢ and H*(P) < e.

The proof is the same as that of [I0, Lemma 5.1] except for one step, where we
use a substitute argument based on Lemma [3.3

Proof. Let U be a neighborhood of x homeomorphic to a closed disk such that
diamU < e and H2(U) < e. Note that if z € X, then = belongs to the manifold
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boundary of U. Assume moreover that U does not contain any vertex of 0X except
for possibly z itself; recall that each component of X is assumed to be a piecewise
d-geodesic.

By Lemma there exists » > 0 with S(z,r) C U and a rectifiable Jordan
curve or Jordan arc E C S(z,r) that separates x from X \ U. Moreover, there
exists a closed Jordan region W C U containing a neighborhood of x such that OW
coincides with F (if z € int(X)) or is the union of F with an arc of X (if x € 0X).

Recall that any two points of OW that are sufficiently close to each other can be
joined by a d-geodesic. Let {w;}™, be a finite collection of points in W in cyclic
order such that the subarc of OW between w; and w;4; has length at most ¢ for
some § > 0 sufficiently small, and in particular that 6 < dist(W, X\ U). If x € 90X,
then we take w; = x. Connect w; to w; 41 by a d-geodesic v;, where we require ; to
lie in 0X if w; and w; 11 do. Take v to be the concatenation y; * g * - -+ % v,,. The
final step is to extract a subcontinuum of v bounding a polygonal neighborhood P
of 2. For this step, we refer back to proof for Lemma 5.1 in [I0]. The requirement
that § < dist(W, X \U) guarantees that P is contained in U. In particular, it follows
that H2?(P) < e. Moreover, by taking § > 0 sufficiently small (as specified in the
proof of [I0, Lemma 5.1]), we may ensure that z is indeed contained in P. O

We next record an auxiliary lemma regarding shortest paths in polygons.

Lemma 4.3. Suppose that X is as in Theorem[].1] and let P C X be a polygonal
disk. Let x,y € P and ~ be a rectifiable curve that has minimum length among all
curves in P connecting x and y. Then ~y is a piecewise d-geodesic. Moreover, one
may redefine v so that it has the additional property that it intersects each edge of
P in a connected set.

Proof. Let «v: [a,b] — P be as in the statement. If y intersects an edge E of 9P, we
take t1,t2 € [a,b] such that v(¢1) is the first point of intersection and ~y(¢2) is the
last point of intersection. By minimality, |, +,) has length equal to the subarc of £
from (t1) to 7(t2), which is a d-geodesic, and thus Yty ta) 18 @ d-geodesic. Hence,
we can decompose 7 into finitely many d-geodesics and finitely many subcurves
Ylis1,s], Where y(s1),7(s2) € OP and ((s1,52)) C int(P). It suffices to decompose
each of the latter subcurves into finitely many d-geodesics.

Let [s},s5] C (s1,82). Then any two consecutive points in a sufficiently fine
partition of v o] can be connected by a d-geodesic that is contained in int(P).
The length minimizing property of v implies that the length of v between two
consecutive points is equal to the length of the corresponding d-geodesic and hence
7|[S/173/2] is a piecewise d-geodesic.

If v(s1) lies in an edge F of P and is not a vertex (resp. is a common vertex
of two edges E, E’), there exists s§ > s; close to s; such that vy(s1) and y(s}) can
be connected by a d-geodesic that is disjoint from P \ E (resp. OP \ (E U E')).
Concatenating a subpath of this geodesic with a subarc of E (resp. of E or E')
gives a d-geodesic contained in P. The length minimizing property of v shows that
QI [PWAREE:! d-geodesic. One treats 7(so) similarly.

For the last part of the statement, whenever ~y intersects an edge F of P, we
take t1,t2 € [a, b] such that y(¢1) is the first point of intersection and v(t2) is the last
point of intersection. We redefine |, ¢,) to be the subarc of E connecting (1) and
v(t2). This does not affect the length of v or introduce new points of intersection
with other edges of P, and hence we obtain v with the desired property. [
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The next step in the proof concerns finding a neighborhood of an arbitrary point
x consisting of finitely many polygons of small perimeter. This step is carried out
as Lemma 5.2 in [I0]. Its proof is based on connecting a fixed vertex of the polygon
P given by Lemma to the other vertices of P by geodesics to form triangles.
However, this argument does not work in our setting, since d-geodesics between
these vertices may fail to exist, and, even if they do exist, they might not have
small length. Instead, we can give a different proof applicable to our setting based
on the reciprocal lower bound on modulus of quadrilaterals in as proved in
[46] and [13].

Lemma 4.4. Suppose that X is as in Theorem[[.1] and let x € X and ¢ > 0. Then
there is a closed neighborhood P of x that is a polygonal disk such that diam(P) < e
and P is the union of finitely many non-overlapping polygonal disks P, ..., Py,
where each P; has perimeter at most €.

Proof. Let ¢’ = w2 /256 and consider the polygonal disk P from the previous lemma
for such ¢’ so that diam(P) < &’ and H?(P) < ¢’. We subdivide P inductively
according to the following procedure.

Divide the boundary 9P into four non-overlapping arcs of equal length H!(9P) /4,
thus making P a topological quadrilateral. If H!(9P) < ¢, then P satisfies the con-
clusions of the lemma. Otherwise, we let I'(P),I'’*(P) denote the two families of
curves in P connecting opposite sides of the quadrilateral P. Let M = inf £(v), the
infimum taken over all curves in I'(P) UT™*(P). Observe that the constant function

= 1/M is admissible for both I'(P) and I'*(P). Thus

od ) moa (1) < / L) 00 €

Applying the left-hand inequality in with k=1 = 72/16 gives the inequality
M? < 4¢' /7.

Since P is compact, as are its sides, there is a curve 7: [a,b] — P in I'(P)UI'*(P)
having length M. In particular, v has length at most /4e’/m = ¢/8. Moreover, it
follows from the minimality of length and from Lemma [£.3] that ~ is injective and
piecewise d-geodesic.

By Lemma we may assume that 7 intersects each edge of P in a connected
set. We see from this that v splits P into finitely many non-overlapping polygonal
disks Py ;, ¢ € I1. The boundary of each disk P ; is a subset of |y| and at most
three of the sides of the quadrilateral P; this follows from the minimality of £(7).
In particular, HY(OP; ;) < (3/4)H1(OP) + /8. Given that H1(OP) > ¢, we have

HA(OP5) < (7/8)H1(OP).
We now repeat this step to each P, ;, ¢ € I, that satisfies Hl(aPM) >e. Asa

result, we obtain a decomposition of such P; ; into finitely many non-overlapping
polygonal disks P ;, j € I; with perimeter at most

(7/8)H(OPy ;) < (7/8)*H (OP).

It is evident that after finitely many subdivisions we will have the desired decom-
position of the original polygonal disk P. O

For convenience of the reader, we sketch the remainder of the proof of Theo-
rem [{.1] For each point # € X, we consider a fixed neighborhood U of 2 homeo-
morphic to a closed disk. We apply Lemma at x, taking € > 0 sufficiently small



POLYHEDRAL APPROXIMATION AND UNIFORMIZATION 21

based on the neighborhood U, to obtain a collection of polygonal disks P, ..., P,
each of perimeter at most € whose union is a polygonal neighborhood P of x. As
the next step, for each polygon P;, we consider the set of polygonal disks in U of
minimal perimeter containing P;. Among such disks, there is a unique one that
is maximal with respect to set inclusion, denoted by Q;; see Lemma 5.4 in [I0].
By taking € > 0 sufficiently small, we ensure that @); is well-separated from the
boundary of U and consequently is convex, in fact satisfying a very strong form
of convexity called absolute convezity. Since this definition should be understood
slightly differently in our setting compared to that given in [I0, Section 3], we
provide the definition.

Definition 4.5. Let K C X be a closed topological disk. Assume that K is
contained in a closed topological disk U C X such that distqy(K, X \ U) > 4¢(0K)
and diamy(U) < diamg(X)/3. The disk K is boundary convex if for every curve 7
in U \ int(K) with endpoints in 9K and every curve v in 0K path homotopic to n
in U\ int(K), we have £(y) < £(n). The disk K is completely convez if it is convex
and if every d-geodesic between two points z,y € 0K is contained in K. The disk
K is absolutely convex if it is both boundary convex and completely convex.

Thus we obtain a covering of the surface by potentially overlapping absolutely
convex polygons; cf. [I0, Proposition 5.3]. The next step is a subdivision procedure
to improve this to a covering by non-overlapping convex polygons. This procedure
is delicate and relies heavily on the absolute convexity of the polygonal disks. The
details can be found in Lemmas 5.6 and 5.7 of [I0]. The final step is to split each
polygon into triangles by connecting a fixed base vertex to the other vertices by
d-geodesics; see Lemma 5.8 in [I0].

We next state a variation on Lemma 5.3 in [40].

Lemma 4.6. Let X be a surface of locally finite Hausdorff 2-measure and € > 0.
There is an e-isometric retraction from X onto a subset X that is homeomorphic to
X and has polygonal boundary. Moreover, the inclusion from X into X is proper.

Recall that a retraction of a topological space Y onto a subset Z is a continuous
map from Y to Z whose restriction to Z is the identity map. Note that Lemma 5.3
in [40] includes the statement that X is a convex subset of X. This guarantees that
the metric on X restricts to a length metric on X. However, our approach in this
paper no longer requires this feature, which simplifies the current proof compared
to the proof of Lemma 5.3 in [40]. The statement that X retracts onto X plays a
similar role in this paper.

We remark that the proof of Lemma 5.3 in [40] constructs only an e-isometry
and not a retraction. However, the same argument as in this lemma can be inserted
into the proof in [40] to find an e-isometric retraction from X onto the subspace
X constructed in that lemma. In particular, we can guarantee that condition
holds in the length space case covered in Theorem 1.1 in [40].

Proof. LetY be a component of the boundary 0X. If Y is homeomorphic to R (resp.
S1), we use the tubular neighborhood theorem to find a closed neighborhood Uy of
Y homeomorphic to the strip R x [0,1] (resp. S! x [0, 1]), with ¢ the corresponding
homeomorphism, mapping Y onto R x {0} (resp. S' x {0}). By restricting to
smaller neighborhoods if needed, we may assume that Uy is contained in the e-
neighborhood of Y, and that Uy, and Uy, are disjoint for any distinct components
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Y1,Y5 of 0X. In particular, the topological boundary of each Uy as a subset of X
is contained in the (manifold) interior of X.

We fix a boundary component Y homeomorphic to R (resp. S'). Our goal
is to find a closed set Wy C Uy whose topological boundary in X consists of
the topological boundary of Uy and a piecewise d-geodesic so that the image of
Wy under ¢ is a closed strip bounded by R x {1} and a proper embedding of
R separating the two boundary lines (resp. a closed annulus bounded by S' x
{1} and by a Jordan curve contained in S! x (0,1) homotopic to S' x {0}); in
particular, Uy is homeomorphic to Wy. We then find an e-isometric retraction
from Uy onto Wy . Replacing each set Uy in X with the corresponding Wy for each
boundary component Y gives a set X C X homeomorphic to X. Pasting together
the retractions arising from different boundary components gives the desired e-
isometric retraction from X onto X. Finally, if A is a compact subset of X, then

ANX = A\ Jy \ Wy).
Y

Since Uy \ Wy is an open subset of X for each boundary component Y, we see that
ANX is compact and therefore the inclusion from X into X is proper.

We only present the construction of Wy in the case that Y is homeomorphic
to R, since the other case is similar and simpler. By shrinking the neighborhood
Uy and modifying the homeomorphism ¢, we may assume that the diameter of
R; = ¢ Y([i,i + 1] x [0,1]) is less than /4 for each i € Z. We also set Vy =
e 1R x (0,1)).

Our first goal is to find a locally rectifiable simple curve Fy C Vy near Y that
is the concatenation of countably many rectifiable Jordan arcs 7;, each contained
in the interior of the topological closed disk R; 1 U R;, @ € Z. In particular, Ey
admits a parametrization a: R — Ey such that if a(t) € R; for some ¢t € R and
i € Z then «f(s) is disjoint from Uj<i_1 R; for s > t; that is Ey does not go “back
and forth” for a very long distance. Now we proceed with the construction. Let
A = Y([i—1/2,i+1/2] x {1/2}). The function f;(z) = dist(z, A;) in R;_1UR; is
Lipschitz, so its level sets are rectifiable by the co-area inequality of Lemmal3.1} By
Lemma [3.3] arbitrarily close to A; there exists a rectifiable Jordan curve contained
in a level set of f; that separates A; from the boundary of R; 1 U R;. Note that
Jordan curves corresponding to consecutive sets A;, ¢ € Z, intersect. Thus, we may
find non-overlapping subarcs 7;, ¢ € Z, of these Jordan curves, whose concatenation
gives the curve Fy .

Next, we show how to find a piecewise d-geodesic with the same properties as Fy-.
Fix a path n; in Ey and consider a finite collection of ordered points {w1, ..., wg}
that partition 7;. Since n; lies in the interior of R;_1 U R;, if the partition is fine
enough, then we may connect each point w; to w;;1 with a d-geodesic lying in
the interior of R;—1 U R;. We concatenate these geodesics to obtain a curve ~;
in R;—1 U R; with the same endpoints as 7;. Note that v; might not be a simple
curve. However, applying Theorem 31.2 in [52], we can replace +; with a simple
subpath with the same endpoints that is a piecewise d-geodesic and is contained in
the interior of R;_1 U R;. Moreover, by passing to further subpaths we can ensure
that the concatenation of the paths ~;, i € Z, gives a simple piecewise d-geodesic
Ey, which we parametrize by o’: R — ;5 [7:]- Then o has the desired property
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NN U
Qj

FIGURE 4.1. The topological quadrilaterals ); retract onto the
curve Ef .

that if o/(t) € R; for some ¢t € R and ¢ € Z then «/(s) is disjoint from |J
for s > ¢.

Let S; be the subarc of the left edge of R; from Y to the first point of intersection
with EY{.. The sets Y, S;, E{ and S;y1 enclose a topological quadrilateral Q;.
By the properties of the parametrization o/, we observe that @; is contained in
Rj_1UR; URj,y. See Figure i.1]

There is a retraction from @); onto @Q; N EY obtained by foliating @; by arcs
connecting Y to Ej{- (through the map ¢) and mapping each arc to its endpoint
in EY. Since Q; C Rj_1 UR; U R, and the latter set has diameter bounded by
3e/4, the retraction is e-isometric. To conclude the proof, let Wy denote the closed
strip bounded by EY{ and ¢~ (R x {1}). Finally, pasting the retractions of Q; onto
Q;NEYy, j € Z, together with the identity map on Wy gives the desired retraction
from Uy onto Wy-. O

j<i—1 Rj

4.2. Polyhedral approximation. In this section, we prove Theorem [I.I]on poly-
hedral approximation of metric surfaces. The idea is to take a sufficiently fine
triangulation of the original surface X and replace each triangular disk with a suit-
able polyhedral surface, thus defining the approximating surfaces X,,. This follows
the corresponding proof in [40] with one main exception: to prove Theorem for
non-length spaces, the polyhedral metric on X, is not suitable and must be modi-
fied on large scales to match the metric on X. This is accomplished by abstractly
gluing additional line segments to X,, connecting the vertices; the length of these
segments is the same as the distance between the image in X of the endpoints.
We equip X,, with the restriction of the length metric on this enlarged space. This
construction can be illustrated by taking a flat piece of paper and forcing it to bend
by attaching short strings to certain pairs of points.

Proof of Theorem[I1.1 Let (X, d) be a metric surface with locally finite Hausdorff 2-
measure. Choose a sequence {&,}52 1 of positive reals satisfying €, — 0 as n — oc.
We apply Lemma to find a surface X,, C X that is homeomorphic to X and
has polygonal boundary and an &,-isometric retraction from X onto )?n Note that
the inclusion map from )Z'n into X is an g,-isometry. The surface )?n is equipped
with the restriction of the metric d from X, which we continue to denote by d.
Since the space X, has polygonal boundary, we can apply Theorem with
the parameter ¢, to obtain a decomposition ’7~;L of X’n into triangular disks with
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diameter and perimeter less than e,. We consider the edge graph &, = £(T,) as
having the length metric Jn induced by the restriction of d to gn Let 17n be the
corresponding vertex set. _

For each triangular disk T' € 7, consider the polyhedral surface S and the
corresponding homeomorphism ¢p: S — T given by Lemma By condition
or|as is length-preserving as a map from 95 into ENn We define a locally compact
length metric space X/ as follows. First, we glue each disk S into gn along the map
o7 and obtain a polyhedral length surface. Next, for all pairs of vertices x,y € Y,
we glue in a line segment I, of length d(x,y) connecting 2 and y. Denote the
resulting length metric on X/, by d,,. More formally, let Z be the disjoint union of
the polyhedral surfaces S with the segments I, and let p be the induced metric of
Z. The metric space X/, is obtained by taking the quotient of Z with the described
identifications and the metric d,, is defined by

k
dn(2,y) = inf{Zp(pi,qi) ;=T g =Y, k€ N},

i=1

where the infimum is taken over all choices of {p;}¥_; and {¢;}¥_, in Z such that
@i ~pip1 forie{1,...,k—1}.

We now define the surface X,, C X/, by removing the interiors of the glued line
segments I;,. We continue to denote by d,, the restriction of the length metric
on X! to X,. Define the map ®,: X,, — )Z'n by gluing the individual maps
or. It is immediate that ®,, is a homeomorphism. We set V,, = @;1(17n). We
observe that d,, is a locally geodesic metric on X,, that is locally isometric to the
polyhedral length metric on X,,. To see this, observe that if =,y € X, satisfy
dp(z,y) < distq, (z, Vs \ {}), then = and y can be connected with a geodesic that
avoids the interiors of the glued segments in X/ and thus is contained in X,.

We claim that

(4.1) dp(z,y) = d(®,(2), P, (y)) whenever z,y € V,.

If 2,y € V,, it is immediate that d,(z,y) < d(P,(x), P,(y)) by the definition of
the metric d,. Conversely, we note that for any chain connecting x and y as in
the definition d,,, if p;,q; € 05 for some surface S corresponding to a triangle T,
then p(p;,q;) = ds(pi,q;), which is at least d(or(p;), pr(g;)) by Lemma
while if p;,¢; are the endpoints of a glued segment I,,,,, then p(p;, ¢;) = d(pi, ¢)-
Therefore, the triangle inequality gives d,,(z,y) > d(®,(z), P, (y)).

Define f,: X,, — X to be the composite of ®,, and the inclusion map from
)~(n into X. By Lemma the latter inclllsion is proper. Hence f, is a proper
topological embedding. The set f,(X,) = X, is e,-dense in X, since the inclusion
map from X,, into X is an e,-isometry. Next, for all 7,y € X,,, we can find 2/, v’ €
V, belonging to the same triangle as x and y, respectively, satisfying d,(z',z) <
Ley, and d,(y',y) < Lep; here L > 0 is a uniform constant as in Lemma
Moreover, d(fn(z), fn(2")) < &, and d(fn(y), fn(y')) < €n, since the pairs

fu(x), fo(a") and f,(y), fn(y') belong to the same triangles. By (4.1)), we have
dn (2", y") = d(fu(2"), fn(y')). Combining these estimates, we see that
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This verifies the claim that f,, n € N, is an approximately isometric sequence, as
required in The e,-isometric retraction from X onto X, = f,(X,) given by
Lemma already verifies
We now prove property regarding the Hausdorff 2-measure, which proceeds

identically to the argument in [40]. Let A C X be a compact set and fix § > 0.
Choose n € N sufficiently large so that diam(T) < ¢ for every triangular disk
T € 7T,,. Then T is contained in the §-neighborhood Nj(A) of A whenever TNA # ().
The set f, 1(A), which is possibly empty, is covered by the sets f, (T') for which
TN A# 0. Moreover, from Lemma it follows that H2(f,, *(T)) < LH*(T)
for each T € 7T,. Since the boundary of each triangle T" has Hausdorff 2-measure
zero, we have

H2(f, H(A)) < LH?(N5(A)).
Hence, letting n — oo and then § — 0 gives

limsup H2(f,, 1(A)) < LH?(A).
n—oo

This completes the proof. 0

5. UNIFORMIZATION OF COMPACT SURFACES

In this section we establish Theoremfor compact surfaces homeomorphic to C
or D as a consequence of Theorem We follow essentially the same argument as
in [40] for deriving the uniformization theorem from the polyhedral approximation
theorem; we only have to check that all the steps remain valid. The proof of
Theorem [T.2]in the general case is discussed in Section [ and follows from Theorem
In addition, the optimization of the quasiconformal dilatation to the minimal
value 4/7 is discussed in Section @ We start with the necessary preliminaries.

5.1. Gromov—Hausdorff convergence. A sequence of metric spaces {X,,}22; is
asymptotically uniformly locally path connected if for each € > 0 there exists 6 > 0
and N € N such that for each n > N, every two points of X,, at distance less than
0 can be connected by a curve of diameter less than e.

Lemma 5.1. A sequence of metric spaces {X,}52, is asymptotically uniformly
locally path connected if and only if for each positive sequence 8,, — 0 there exists a
sequence €, — 0 and N € N such that for each n > N, every two points x,y € Xy,
k> n, with di(z,y) < d, can be connected with a curve v with diam(|y|) < &,.

Proof. The sufficiency is immediate. For the necessity, consider x,y € X and
let I(k,xz,y) = inf,diam(]y|), where the infimum is taken over all paths v in
X} connecting x and y. Note that there might be no such path, in which case
I(k,x,y) = 0. Let §,, — 0 and define
e/ = min{sup I (k,z,y), 1},
T,y

where the supremum is taken over all pairs of points x,y € X, k& > n, with
di(x,y) < 6,. Let n € (0,1). By assumption, there exists 6 > 0 and N; € N such
that every two points x,y € Xy, k > Ny, with di(z,y) < § can be connected by
a curve of diameter less than n. Let Ny € N such that §, < § for n > N5. Now,
let kK > n > N = max{Ny,No}. If 2,y € Xi and di(z,y) < §, < §, then there
exists a path 7 connecting x,y with diam(|y|) < n, so I(k,z,y) < n. This shows
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that e, < n for n > N, so €, — 0. Moreover, if z,y € X3, kK > n > N, and
di(z,y) < dp, then I(k,z,y) < e/, so there exists a path v connecting z,y with

n?

diam(|y|) < €/, + 1/n. Therefore, the conclusion holds with ¢,, = &/, + 1/n. O

The approximation theorem, Theorem gives naturally sequences of asymp-
totically uniformly path connected spaces, as the next lemma shows.

Lemma 5.2. Let X be a compact locally connected metric space and {X,}52, be
a sequence of compact metric spaces. Suppose that there exists an approximately
isometric sequence fn: X, = X, n € N, of topological embeddings and an approz-
imately isometric sequence Ry, : X — f.(X,), n € N, of retractions. Then the
sequence { X, 15, is asymptotically uniformly locally path connected.

Proof. Since X is compact and locally connected, by [52, Thm. 31.4], for each € > 0
there exists 6 > 0 so that if x,y € X and d(x,y) < 0 then there exists a path in
X connecting x and y with diameter less than £/3. Choose N € N large enough so
that for all n > N, f, is n-isometric from X, to X with n = min{e/3,4/2}, and
the retraction R,, from X onto f,(X,) is (¢/3)-isometric. Now let x,y € X,, with
dp(z,y) < 6/2 for some n > N. Then d(fn(z), fn(y)) < §/2+n < § so there is a
curve in X of diameter at most /3 connecting f,,(x) to f,(y). This curve retracts
onto a curve in f,(X,,) of diameter at most 2¢/3 connecting f,(x) to f,(y). Then
the preimage of the retracted curve under f, is a curve in X,, of diameter at most
€ connecting x to y. O

Next, we establish a path-lifting property, whose analogue for length spaces has
been established in [40, Prop. 2.2 (ii)].

Proposition 5.3. Let {X,}°, be a sequence of asymptotically uniformly locally
path connected metric spaces converging in the Gromov—Hausdorff sense to a metric
space X, and consider an approzimately isometric sequence fr: X, — X, n € N.

Then for each path v: [0,1] — X and for each sequences of points a,,b, € X, with
fulan) = ¥(0) and fr(bn) = (1) as n — oo there exists N € N and a sequence
of paths v,: [0,1] = X,,, n > N, such that v,(0) = an, Yn(1) = by, and fn, o v,
converges uniformly to v as n — co.

Proof. Suppose that f, is an e,-isometry, where &, > dx(fn(an),v(0)), €, >
dx (fn(byn),v(1)) for each n € N, and €, — 0. By the uniform continuity of ~, for
each n € N there exists §,, > 0 such that if [p—q| < d,, then dx (v(p),v(q)) < €,. We
pick a finite set Q,, C [0, 1] that contains 0 and 1 so that each of the complementary
intervals of @, has length less than é,. We define 7,(0) = a, and 7,(1) = b,.
By the definition of an e,-isometry, for each ¢ € @,, \ {0,1} there exists a point
Yn(q) € X, such that dx (f.(7n(q)),7(q)) < €n. This defines a map v,: Qrn — X,.
If (g1, g2) is a complementary interval of @, note that

dx, (Yn(q1); Yn(q2)) < en + dx (Ffa(Yn(qr)), fu(vn(g2))
<en +dx(fulyml(ar)),v(q1)) + dx(v(q1),7(g2))
+dx (fn(yn(a2)): v(q2))
< de,.

By Lemmal5.1] there exists a sequence &/, — 0 and N € N such that for n > N the
points v,(g1) and 7, (g2) can be connected by a path of diameter less than ¢/,. For
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n > N we define 7, on [g1, ¢2] to be this curve. This procedure gives rise to a path
Yn: [0,1] = X,,. For each p € [0,1] there exists a complementary interval (g1, g2)
of @Q,, whose closure contains p. We have

dx (Y(p), fn(1n(p))) < dx(v(p):v(q1)) + dx (v(q1), fu(yn(qr)))
+ dx (fu(vn(q1)), fu(m(p)))
<ententen+dx,(mla), )
< 3e, + diam (v, ([q1, g2]))
<3e,+e,

for all n > N. Hence, f, o, converges uniformly to =, as desired. g

Let X be a metric space. For each pair of disjoint continua F, F C X, we define
I'*(E, F; X) to be the family of rectifiable curves in X \ (E'U F') separating E from
F. That is, for each v € T*(E, F; X), the sets E and F lie in different components
of X\ |v].

Lemma 5.4 (cf. [40, Lemma 2.4]). Let {X,,}22, be a sequence of asymptoti-
cally uniformly locally path connected compact metric spaces converging in the
Gromov—Hausdorff sense to a compact metric surface X. Moreover, suppose that
limsup,,_, ., H*(X,) < oo.

Then for each 6 > 0 and for any sequence of pairs of disjoint continua E,, F,, C X,
with min{diam(E,,), diam(F,)} > § we have
lim sup mod IT'* (E,,, Fpp; Xp,) < 00.
n—oo
The proof is the same as [40, Lemma 2.4], where one replaces [40, Prop. 2.2 (ii)]
with Proposition We present the main ingredients here for the convenience of
the reader.

Proof. 1t suffices to show that there exists 7 > 0, depending on ¢ but not on n, such
that if E,,, F,, C X, is a pair of disjoint continua with min{diam(E, ), diam(F,,)} >
0, then £(y) > n for every v € T*(E,, F,; X,,), n € N.

We argue by contradiction. Let f,: X,, — X be a sequence of ¢,-isometries,
where €, — 0. Suppose that there exist sequences of disjoint continua E,, F;,, C
X, with min{diam(E,,), diam(F},,)} > J for some § > 0 and a sequence of paths
n € T*(E,, Fn; X,) with £(y,) — 0 as n — oo. After passing to a subsequence,
we assume that f, o, converges uniformly to a point zg € X (40, Prop. 2.2 (i)])
and the sets f,,(E,) and f,(F},) converge in the Hausdorff sense to continua E and
F, respectively, with min{diam(F), diam(F)} > ¢ ([40, Prop. 2.2 (iii)]).

Since X is a surface, there exists a path 7: [0,1] — X \ {x0} with n(0) € F
and 7(1) € F. By the Hausdorff convergence of f,(F,) and f,(F,) to E and F,
respectively, there exist points a,, € E,, and b,, € F,, such that f,(a,) converges to
n(0) and f,,(by,) converges to n(1). By Proposition[5.3] there exist paths 7, : [0,1] —
X, for sufficiently large n € N such that 7,(0) = a,, € E,, n,(1) = b, € F,, and
fn omy, converges uniformly to 7.

Since 7, separates E, from F,, and 7, connects E,, and F,, the paths v, and
7, intersect each other for each sufficiently large n € N. The uniform convergence
of f, o7, and f, on, to xg and n, respectively, implies that n intersects the point
xo. This is a contradiction. O
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Lemma 5.5 (cf. [40, Lemma 2.3]). Let X be a metric space homeomorphic to a
topological closed disk and {X,,}22, be a sequence of metric spaces homeomorphic
to X. Suppose that there exists an approximately isometric sequence fn: X, — X,
n € N, of topological embeddings. Then

lim inf diam(0X,,) > diam(0X).
n—oo

Proof. Suppose that f,, is an g,-isometry, where £, — 0 as n — co. We claim that
for each r > 0 there exists N € N such that for n > N and for each x € 9X there
exists a point y,, € 9X,, with d(f,(yn),z) < r. Assuming that this is the case, we
have 0X C N,.(f,(0X,)) for n > N, so

diam(0X,,) > diam(f,(0X,)) — &, > diam(0X) — 2r — &,,.

We first let n — oo and then r — 0 to obtain the desired conclusion.

Now we prove the claim. For each r > 0, using the local path connectivity of X,
we may find § > 0 such that if x,y € X and d(z,y) < J, then there exists a path
in X containing x and y with diameter less than r. We now let NV € N such that
ep < 0 for n > N and fix x € 9X. By the definition of an ¢,-isometry, there exists
xn € X, with 2], = f(z,) such that d(z],,z) < &, < §. Thus, there exists a path ~
connecting x and x/, with diameter less than r. Since f,, is an embedding, the set
V = int(f,(X,)) is an open Jordan region in X, bounded by f,(0X,). The curve
7 connects a point of V = £, (X,,) to a point of X \ V, hence it intersects f,(0X,)
at some point y,,. We let y,, = f,, 1 (y},) and note that d(f(yn),z) < diam(|y|) < r,
so the claim follows. O

5.2. Quasiconformal maps. Let X,Y be metric surfaces of locally finite Haus-
dorff 2-measure. A homeomorphism h: X — Y is quasiconformal if there exists
K > 1 such that for all curve families I in X we have

K 'modT < modh(I') < KmodT.

In this case, we say that h is K-quasiconformal. Recall that a continuous, surjective,
proper, and cell-like map h: X — Y is weakly quasiconformal if there exists K > 1
such that for every curve family I" in X we have

modI' < K mod h(T).

In this case, we say that h is weakly K-quasiconformal. If X and Y are compact
surfaces that are homeomorphic to each other, then we may replace cell-likeness
with the requirement that A is monotone; that is, the preimage of every point is a
continuum. In this case, we also have the stronger statement that that the preimage
of every connected set in Y is connected in X [49, (2.2), Chap. VIII, p. 138]. See
Section [6.2] blow for further topological properties.

The next theorem of Williams ([53, Thm. 1.1 and Cor. 3.9]) relates the above
definitions of quasiconformality with the “analytic” definition that relies on upper
gradients; see also the discussion in [40, Sect. 2.4].

Theorem 5.6 (Definitions of quasiconformality). Let X,Y be metric surfaces of
locally finite Hausdorff 2-measure, h: X — Y be a continuous map, and K > 1.
The following are equivalent.
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(i) h e Nl’Q(X, Y) and there exists a weak upper gradient g of h such that for

loc

every Borel set E C'Y we have
/ g>dH? < KH*(E).
h=1(E)

(ii) Each point of X has a neighborhood U such that h|y € NY2(U,Y) and
there exists a weak upper gradient gy of hluy such that for every Borel set
E CY we have

/ gt dH? < KH*(E).
(hlu)=1(B)

(iii) For every curve family I' in X we have

mod I’ < K mod h(T).
Next, we state some boundary extension results for weakly quasiconformal maps.

Lemma 5.7. Let X be a metric space and let h: D — X be a continuous map with
hlp € NY3(D, X). Then h € NY2(D, X) and h has the same minimal weak upper
gradient as h|p.

Proof. Let g € L*(D) be a weak upper gradient of h|p. It suffices to show that g
is a weak upper gradient of h in D. For r > 1, define h,(z) = h(r~'z), = € D.
Observe that g,.(z) = r~lg(r~1x) is a weak upper gradient of h, in D. Thus,
h., € N 1’Q(ﬁ,X ). Tt is elementary to show, using approximation by continuous
functions, that g, converges to g in L?(D) as r — 1. Since h, converges to h
uniformly in D, we conclude from (a slight variant of) [20, Prop. 7.3.7, p. 193] that
h € N12(D, X) with weak upper gradient g. O

Combining this lemma with Theorem [5.6] gives the next corollary.

Corollary 5.8. Let X be a metric surface of finite Hausdorff 2-measure that is
homeomorphic to a topological closed disk and let h: D — X be a continuous,
surjective, and monotone map. If h(D) = int(X) and hlp: D — int(X) is weakly
K -quasiconformal for some K > 1, then h is weakly K -quasiconformal.

The next statement is an analogue of Carathéodory’s extension theorem.

Theorem 5.9. Let X be a metric surface of finite Hausdorff 2-measure that is
homeomorphic to a topological closed disk and let h: D — int(X) be a K-quasi-
conformal homeomorphism for some K > 1. Then h extends to a weakly K-
quasiconformal map from D onto X.

Proof. According to a result of Tkonen [22] Thm. 1.1], there exists a continuous,
surjective, and monotone extension h: D — X. By Corollary |5.8] the extension is
weakly quasiconformal. ([

Remark 5.10. In fact, the conclusion of Theorem is true under the mere as-
sumption that h|p is a weakly quasiconformal map rather than a quasiconformal
homeomorphism; in particular, Corollary [5.8]is a consequence of this stronger state-
ment. In order to show this, one has to modify slightly the argument in the proof
of [22] Thm. 1.1}, which we used in the above proof of Theorem [5.9
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5.3. Classical uniformization. A Riemann surface is a topological surface X
(possibly with non-empty boundary) with a complex structure, that is, an atlas
whose transition maps are conformal. We note that Riemann surfaces are ori-
entable. A homeomorphism between Riemann surfaces is conformal if it is complex
differentiable in local coordinates. The classical uniformization theorem [34, Thm.
15.12, p. 242] has the following consequence.

Theorem 5.11 (Classical uniformization). Let X be a Riemann surface homeo-

morphic to ((Aj, D, or C. Then there exists a conformal homeomorphism from @, D,
or D or C, respectively, onto X.

We say that a metric d on a Riemann surface X is compatible with the complex
structure of X if each local conformal chart ¢ from an open subset U of X into the
plane C is 1-quasiconformal, where U is equipped with the restriction of the metric
d. When the metric d arises from a Riemannian metric g, we will simply say that
g is compatible with the complex structure. Another implication of the classical
uniformization is the next statement.

Theorem 5.12 (Classical Riemannian uniformization). Let X be a Riemann sur-
face. Then there exists a Riemannian metric g on X that is complete, has constant
curvature, and is compatible with the complex structure of X.

Theorems and are often used in conjunction with the existence of
isothermal coordinates in Riemannian surfaces.

Theorem 5.13 (Isothermal coordinates). Let (X, g) be an orientable Riemannian
surface. Then there exists a complex structure on X that is compatible with the
Riemannian metric g.

The next lemma gives the relation between conformality and 1-quasiconformality
of maps between Riemann surfaces.

Lemma 5.14. Let X,Y be Riemann surfaces with metrics dx, dy , respectively, that
are compatible with the complex structures. Then each homeomorphism h: X —Y
is conformal if and only if h: (X,dx) — (Y,dy) is 1-quasiconformal.

The proof relies on the fact that conformal maps coincide with 1-quasiconformal
maps in planar domains (see [27]) and on the fact that global quasiconformality of a
map between metric surfaces follows from the local quasiconformality, by Theorem
0.0l

Each orientable polyhedral surface X admits a complex structure and becomes a
Riemann surface. The complex structure is natural in the sense that it is compatible
with the polyhedral metric; see [40, Sect. 2.5] for more details. In what follows,
polyhedral Riemann surfaces refer to this natural complex structure. We note
that if we equip a polyhedral surface with a metric that is locally isometric to the
polyhedral metric, then it is still compatible with the natural complex structure.

Remark 5.15. The above discussion generalizes to non-orientable surfaces as fol-
lows. A map between planar regions is dianalytic if it is holomorphic or anti-
holomorphic in each connected component of its domain. A dianalytic structure on
a surface X is an atlas whose transition maps are dianalytic. A surface X equipped
with a dianalytic structure is called a Klein surface. One can think of Klein sur-
faces as a generalization of Riemann surfaces that covers non-orientable surfaces as
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well. All of the above results hold if one replaces “conformal map” with “dianalytic
homeomorphism”, “Riemann surface” with “Klein surface”, and “complex struc-
ture” with “dianalytic structure”. Specifically, Theorem [5.13| generalizes to yield
a dianalytic structure on X even without the orientability assumption. See [3] for
the theory of Klein surfaces.

5.4. Proof of Theorem for compact surfaces. The proof bears no differ-
ences to the proof of [40, Thm. 1.3] other than the use of the extended polyhedral
approximation Theorem in place of [40, Thm. 1.1] and the technical statements
of Proposition and Lemma in place of [40, Prop. 2.2 (ii)] and [40, Lemma
2.4], respectively. Thus, below we only emphasize the differences.

We will establish the following statement that readily implies Theorem [T.2}

Theorem 5.16. Let @ = C or Q = D. Let X be a metric space homeomorphic
to Q with H?(X) < oo and {X,}°, be an asymptotically uniformly locally path
connected sequence of metric spaces homeomorphic to X. Suppose that there exists
an approximately isometric sequence f,: X, — X, n € N, such that there ezists
K > 1 with

limsup H?(f, ' (A)) < KH*(A)

n—oo
for all compact sets A C X. If h,,: Q@ = X,,, n € N, is a normalized sequence of
weakly L-quasiconformal maps for some L > 1, then f, oh, has a subsequence that
converges uniformly to a weakly (K - L)-quasiconformal map h: Q — X.

Here we say that a sequence h,: X,, — Y, of maps between compact metric
spaces is normalized if there exists a value § > 0 and a sequence of triples a,,, b,,, ¢, €
X, with mutual distances bounded from below by § such that the mutual distances
between the points h, (ay), hn(by,), hn(cr) are also bounded from below by §, where
d is independent of n € N.

That Theoremimplies Theoremin the compact case is standard (see also
[40, Sect. 6.1]), with the exception of finding the optimal value of the quasiconformal
dilatation, a procedure that we describe in Section [6]

Proof of Theorem for compact X. Theorem in combination with Lemma
provides us with an asymptotically uniformly locally path connected sequence
of polyhedral Riemann surfaces {(X,,dx, )} ; and an approximately isometric
sequence of topological embeddings f,: X,, — X, n € N, such that the Hausdorff
measure inequality in the assumption of Theorem [5.16]is satisfied. The metric dx,
is locally isometric to the polyhedral metric on X,, and thus it is compatible with
the complex structure. By the classical uniformization theorem (Theorem ,
for each n € N there exists a conformal homeomorphism h,,: £ — X,,, which is also
1-quasiconformal by Lemma Thus, in order to apply Theorem it only
remains to normalize the sequence h,. If Q = (E, then it suffices to precompose
h,, with a suitable Mobius transformation of C. If Q = D, then, by Lemma
diam(0X,,) is uniformly bounded from below away from 0. Hence, we may find
points a’,, b, , ¢, € X, with mutual distances uniformly bounded from below. We
now precompose h, with a Mdbius transformation of I, so that the preimages of
al, bl cl are the points 1,7, —1 € 9D. O

n -’ n’
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Next, we focus on proving Theorem Let {X,,}52; be a sequence of metric
surfaces homeomorphic to X that converges to X in the Gromov-Hausdorff sense.
By assumption, we have

limsup H?(X,,) < KH?*(X)
n—oo
for an absolute constant K > 1. Also, let f,,: X,, =& X, n € N, be an approximately
isometric sequence and let h,,: @ — X, n € N, be a normalized sequence of weakly
L-quasiconformal maps. We will use the assumption that the spaces X,,, n € N,

are asymptotically uniformly locally path connected, which enables us to apply
Proposition [5.3] and Lemma [5.4]

Lemma 5.17 (Equicontinuity). The sequence f, o hp: Q — X, n € N, is asymp-
totically uniformly equicontinuous.

Proof. This is proved exactly in the same way as [40, Lemma 6.3], where one uses
Lemma, in place of [40, Lemma 2.4]. Concisely, if the statement fails, then
there exists a sequence of continua F,, n € N in  with diameters converging
to 0 such that, after passing to a subsequence, h,(E,) has diameter uniformly
bounded from below away from 0 as n — oco. Using the linear local connectivity
of Q and the fact that h,, is normalized, one can find a sequence of continua Fi,,
n € N, in Q with diameters bounded away from 0 and with dist(E,, F),) bounded
away from 0 as n — oo such that the continua h,(F;,) also have large diameter.
Standard modulus estimates in 2 show that mod I'*(E,,, F},; Q) — 00 so by the weak
L-quasiconformality of h,, modT*(h,(E,), h,(F,); X,) — oo. This contradicts
Lemma 5.4 O

Lemma 5.18 (Convergence). The sequence fn o hy,: Q@ — X, n € N, has a sub-
sequence that converges uniformly to a continuous, surjective, and monotone map
h: Q— X.

Proof. The convergence and surjectivity follow from the asymptotic uniform equi-
continuity and the Arzela—Ascoli theorem, so we only argue for the monotonicity,
which relies on the asymptotic uniform local path connectivity of X,,, n € N (cf. [40]
Lemma 6.4]). If h is not monotone, then a point 2 € X has a disconnected preimage
h=1(x) and by planar topology there exist points a,b € h=!(z) and a curve v in
Q\ h=1(x) separating them. Note that f,(h,(a)) and f,(h,(b)) converge to w,
which we consider as a constant path. By Proposition [5.3] there exists a sequence
of paths v,: [0,1] — X,,, n > N, such that 7,(0) = hy,(a), Yn(1) = h, (), and
fn © vn converges uniformly to the constant path x as n — oco. The monotonicity
of hy, implies that h;'(|y,]) is a continuum joining a and b. Since v separates a
and b, we conclude that « intersects A, *(|y,|). Therefore, the paths h, o and 7,
intersect. By the uniform convergence of f, o h, oy to hovy and of f, o, to z, we
conclude that h o intersects z, a contradiction. ]

Next, we discuss the regularity properties of h. It is crucial here that f,, has the
property that for every compact set A C X we have

(5.1) limsup H2(f,, 1(A)) < KH?*(A)

n— oo
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for some uniform constant K > 0. By Theorem h, has an upper gradient
gn,, with the property that

(5.2) / g dH* < LH*(E)
ho ' (B)

for each Borel set E C X,,. With absolutely no changes, the proof of the following
lemma is the same as in [40] Sect. 6.1.2].

Lemma 5.19 (Quasiconformality). The sequence of upper gradients gy, of hy,
n € N, has a subsequence that converges weakly in L?(Q) to a function gy, that is a
weak upper gradient of h. Moreover, for each Borel set E C X we have

/ gr dH?* < KLH?*(E).
h=1(E)

Based on this lemma, the weak quasiconformality of h follows from Theorem
and thus the proof of Theorem [5.16[is completed. We provide a sketch of the
proof of the lemma. The weak limit g, of g, is obtained by the Banach—Alaoglu
theorem [20, Thm. 2.4.1], due to the uniform bound of the L? norm of g, , given by
(5.1) and . Mazur’s lemma [20, p. 19] allows one to upgrade weak convergence
of gp, to strong convergence of convex combinations of ¢, . The fact that g is
a weak upper gradient of h then follows from Fuglede’s lemma [20, p. 131]. The
integral inequality for g7 in the conclusion of the lemma is a consequence of (5.1)),
(5.2), and the weak convergence of gy, to gp.

6. LOCAL TO GLOBAL UNIFORMIZATION

In this section we prove the global uniformization result of Theorem [I.3] and we
use it to derive Theorem|[L.2]in the general case. We also establish the minimal value
of the dilatation of the weak quasiconformal parametrizations in these theorems.

6.1. Minimizing dilatation. The next general result allows us to minimize the
dilatation of a weakly quasiconformal map from a Riemannian surface onto a metric
surface.

Theorem 6.1. Let X be a metric surface of locally finite Hausdorff 2-measure,
(Z,g9) be a Riemannian surface, and h: (Z,g) — X be a weakly quasiconformal
map. Then there erists a Riemannian surface (2 ,9) and a quasiconformal map
Y (2, 9) = (Z,g) such that ho: (Z,g) — X is weakly (4/7)-quasiconformal.

The constant 4/7 is optimal, as was observed by Rajala [44, Example 2.2]. The
proof follows the steps of Rajala [44] Sect. 14], so we only provide a sketch.

Proof. Since h belongs to Nﬁ)’f (Z,X), h is approximately metrically differentiable.
This means that for a.e. x € Z, there is a unique seminorm N, : R* — [0,00) for
which (identifying a neighborhood of x in Z with a subset of R? via the exponential

map)

ap i 2 (®), () = Nu(y — 2)
y— ly — |
where aplim denotes the approximate limit; see Definition 4.1 in [29]. The cor-
respondence xr — N, is measurable as a map from Z into the metric space of
seminorms in R2, where the distance between two seminorms s and s’ is defined

:07
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as sup{|s(y) — s’(y)| : y € S'}; see Proposition 4.3 in [29]. Let B, = {y € R? :
N, (y) <1} be the closed unit ball in the seminorm N,. If N, is a norm, then B, is
a symmetric convex body in R?. Let L, = sup{N,(y) : y € S'} denote the maximal
stretching of N,. L, is characterized by the fact that the largest ball centered at 0
that is contained in B, has radius 1/L,. As shown in Lemma 2.14 of [35] (see also
Lemma 3.1 of [31]), L, is a representative of the minimal weak upper gradient of h
that we denote by gy,.

We define the Jacobian of N, to be J, = 7/|B|, where |By| is the Lebesgue
2-measure of B,. Note that |B,| = co and J, = 0 if N, is not a norm. It was
shown in [40, Thm. 7.1] that the weakly quasiconformal map h has a Jacobian
Jy that satisfies gj(7)? < KJy(x) for a.e. * € Z and which is by definition the
Radon-Nikodym derivative of the measure H? o h. Moreover, this measure agrees
with the measure

Eki/ﬁﬁﬂwﬁEMH?

See [40, Remark 7.2]. Finally, the absolutely continuous part of the latter measure
agrees with the measure

EH/LM?
E

This is true in general for Lipschitz maps [25] Thm. 7] and can be established for
the map A in the Sobolev space by decomposing h into countably many Lipschitz
maps up to a set of measure zero [44, Lemma 14.1]. Altogether, we have Jy(x) = J,
for a.e. x € Z. Thus Li < KJ, for a.e. x € Z; this statement also follows from
Lemma 2.16 of [35]. In particular, we see that N, is the zero seminorm for a.e.
x € Z for which N, is not a norm, in which case we have B, = R2.

Recall that the John ellipse of a planar symmetric convex body is the unique
ellipse of maximum area it contains. We take E, to be the John ellipse correspond-
ing to B, whenever N, is a norm. We define F, to be the Euclidean closed unit
ball otherwise. The John ellipse is continuous as a function of the norm N,; see
for example Section 3 in [28]. Moreover, the set {x € Z : N, = 0} is measurable.
Thus the correspondence x — E, is measurable. By John’s theorem (see Theorem
3.1 in [E] for a statement), E, satisfies E, C B, C v2E, whenever N, is a norm.
The latter property and the relation L2 < K.J, imply that the ellipse field E, has
uniformly bounded eccentricity.

By [21], Prop. 4.8.12] (which also applies in the non-orientable case if one replaces
Beltrami differentials with ellipse fields) there exists a complex or dianalytic struc-
ture on Z giving rise to a Riemann or Klein surface Z , respectively, such that the
identity map : Z—Zis K' -quasiconformal in local coordinates for some K’ > 1
and maps infinitesimal balls to the corresponding infinitesimal ellipses of the ellipse
field {E,}scz. Using the uniformization theorem (Theorem [5.12), we consider a
Riemannian metricw'g] compatible with the complex or dianalytic structure of Z.

The composite h = h o P is a wealdy quasiconformal map and in particular
belongs to the space Nﬁ)’f (Z,X). Thus h is approximately metrically differentiable.
Let 2 € Z be a point of approximate metric differentiability of h. Denote by Nz
the approximate metric derivative and EZ the corresponding closed unit ball. For
all z € Z at which 1 is differentiable, let D1, denote the derivative of ¢ at z. Then
for a.e. z € Z, (D)1 takes the ellipse Ey ) onto the closed disk of radius r,

centered at 0 for some r, > 0. For a.e. z € Z for which Ny(z) is a norm, we have
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N, = Ny(z) 0 Dy, and D, (EZ) = By(z)- In this case B, contains a maximal disk
of radius r,, and so N. has maximal stretching equal to 1/r,. Moreover, this disk
is the John ellipse for B,. As a consequence of John’s theorem (cf. Theorem 6.2
and the following discussion in [4]), the set {y € R2? : N,(y) < 1} has area at most
472. In particular, the Jacobian J, satisfies J, > 7/(472). In the next case, for a.e.
z € Z for which Ny(z) = 0, we have N. =0as well, namely at any point z at which
o is differentiable. In all cases, we have L2 < (4/r).J, for a.e. z € Z, which implies
that & is weakly (4/7)-quasiconformal. O

6.2. Topological preliminaries. Let X,Y be topological spaces and v: X — Y
be a continuous map. Recall that v is monotone if the preimage of each point is
a continuum. Also, v is proper if the preimage of each compact set is compact.
A compact set A in X is cell-like in X if for each open neighborhood U of A in
X, A can be contracted within U to a point. Finally, the map v is cell-like if the
preimage of each point in Y is a cell-like set in X.

In 1-manifolds, cell-like sets coincide with homeomorphic images of compact
intervals. In topological surfaces without boundary, cell-like sets coincide with
continua having a simply connected open neighborhood that they do not separate
[T, Cor. 15.2B and Cor. 15.4C].

Theorem 6.2 (Approximation for cell-like maps). Let v: X — Y be a proper
cell-like map between metric surfaces such that v(0X) C 0Y and the restriction
vligx: 0X — Y is a proper cell-like map. Then v can be approzimated uniformly by
homeomorphisms. Moreover, if U is an open subset of Y, then v|,—1(yy: v (U) —
U can be approzimated uniformly by homeomorphisms.

See [II}, Cor. 25.1A] for the case of surfaces without boundary and [48] for the
general case. For compact surfaces one has the following stronger statement.

Theorem 6.3 (Approximation for monotone maps). Letv: X — Y be a continuous
and surjective map between compact metric surfaces that are homeomorphic. The
following are equivalent.

(1) v is monotone.
(2) v is cell-like.
(3) v can be approzimated uniformly by homeomorphisms.

In this case, we have v(0X) = Y and v~ (int(Y)) C int(X).

Proof. If v is monotone, then a result of Youngs [54, p. 92] implies that v is the
uniform limit of homeomorphisms between X and Y. If v can be approximated by
homeomorphisms, then it is cell-like; this is true for maps between spaces that are
absolute neighborhood retracts (abbr. ANR) by [I1, Thm. 17.4] and every compact
manifold is an ANR [I1, Cor. 14.8A]. Finally, a cell-like map is trivially monotone,
since cell-like sets are connected [I1, Cor. 16.3A]. This completes the proof of the
equivalences. The last properties in the statement of the lemma are immediate for
uniform limits of homeomorphisms. O
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6.3. Proof of Theorems and This section is devoted to the proofs of
Theorem [1.3and of the general case in Theorem We split the proof of Theorem
[1.3] into two main cases: surfaces without boundary and surfaces with boundary.
The proof uses the classical uniformization theory as discussed in Section [5.3] as
well as the extensions to non-orientable surfaces as discussed in Remark .15

Proof of Theorem[1.3: surfaces without boundary. By Theorem there exists a
sequence of polyhedral surfaces { X, }22 ; converging to X and a sequence of approx-
imately isometric proper topological embeddings f,: X,, = X, n € N; in fact, since
X has no boundary, the maps f,, are homeomorphisms. By the paracompactness of
the surface X, there exists a locally finite countable collection of topological open
disks Dy, k € N, whose union covers the surface X. For each k € N and n € N, we
define the topological closed disk D} = f,(Dj) and equip it with the restriction
of the metric dx,. We note that for each k € N, the sequence fn‘ﬁg: ﬁg — Dy,
n € N, satisfies the conclusions of Theorem with the exception that Di,’g is not
necessarily polyhedral at the boundary. In particular, by Lemma [5.2] the spaces
{ﬁg}?le are asymptotically uniformly locally path connected.

Step 1: Normalizations in the spaces X, and X. For fixed k € N we consider
distinct points pg,qx € Dg. For each n € N the map fﬂﬂs D7,7€’ — D is a
homeomorphism, so there exist points p},qp € Dj such that f,(p}) = pr and
fn(q}) = qx. We have f,1(0Dy) = 0Dy, so the fact that f, is approximately
isometric implies that

lirginf dist(pg, 0Dy) > dist(pg, 0Dy) > 0.

Thus, the distance from from p} to 0D} is bounded away from 0 as n — co. The
same conclusion holds for g;;.

Step 2: Uniformization by disks and normalizations in the plane. By the classical
uniformization theorem, Theorem for each k € N and n € N there exists
a conformal map from D onto Dj!, where the latter is equipped with a complex
structure compatible with the polyhedral metric; note that if X is non-orientable,
then there is no canonical choice of complex structures. By precomposing with
a Mobius transformation, we obtain a conformal map h} from a disk B(0,r})
with 7} > 1 onto D} such that h}(0) = p} and Al (1) = ¢;. Note that A} is 1-
quasiconformal in B(0,77) by Lemma By Theorem the map h} extends
to a weakly 1-quasiconformal map from B(0,r}) onto Dy.

We claim that for each fixed & € N the sequence 7, n € N, is bounded from
above. Let E be the unit interval [0,1] x {0} inside B(0,r}) and F,, = 0B(0,7}).
Consider the continua h(E) and h}(F,) = D}. From Lemma OD? has
diameter uniformly bounded below away from 0 as n — co. Since p}, gy € h(E),
that set also has diameter uniformly bounded away from 0. From Lemma [5.4
we conclude that mod I'*(h(E), h}(F,); DY) is uniformly bounded above as n —
oo. Since AP is weakly l-quasiconformal, it follows that mod I'*(E, F,,; B(0,r%))
is uniformly bounded above. On the other hand, the family I'*(E, F,; B(0,r7%))
contains the circles dB(0,r) for all 1 < r < r}, so

1 —
. log (ry) < modT™(E, F,; B(0,r)).
T
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The boundedness of r follows.

For fixed k € N, consider the sequence g, (z) = hi(ri’z), n € N, from D onto Df.
We show that this sequence is normalized in the sense of Theorem Note that
the points 0, 1/7}, and —1 in D have mutual distances uniformly bounded away from
0 as n — oco. Moreover, we have g,(0) = pf, g,(1/r}) = ¢}, and g,(—1) € 0D,
and by Step 1 the mutual distances of these points are also bounded away from 0.
Thus, the sequence g, is normalized, as claimed.

Step 3: Weakly quasiconformal parametrizations. By Theorem [5.16} for each k € N,
there exists a subsequence of f,, o g,, n € N, that converges uniformly on D to a
weakly K-quasiconformal map onto Dy. Since 7} is bounded above and below in
n € N, we conclude that there exists a subsequential limit 7 of 7}’ such that the
sequence f, o h} has a subsequence that converges to a weakly K-quasiconformal
map hy: B(0,7) — Dg. By passing to a diagonal subsequence, we assume that 77
converges to 7 and f,, oh} converges to hy for each k € N (in an appropriate sense,
since the domains are variable). Note that for each compact set A C B(0,ry) we
have A C B(0,r}) for all sufficiently large n € N. Hence, f, o h}} converges to hy
uniformly on each compact subset of B(0,ry).

Step 4: Compatibility of parametrizations. Suppose that Dy N Dy # (). Our goal
is to show that h;l o hy, defines a dianalytic homeomorphism (see Remark
from Uy, = h;l(Dk ND;) onto Uy i, = hfl(Dk N Dy). In fact, since h; might not be
invertible, we will show that there exists a dianalytic homeomorphism ¢y ;: Uy, —
Ui such that h; o @i = hy.

The monotonicity of hy implies that Uy ; C B(0,ry), by the last part of Theorem
Let A’ C Dy N D; be a non-degenerate continuum. Then A = h; '(A’) is a
continuum in Uy; C B(0,74). For large n € N, the set A,, = h}(A) is defined and
fn(Ay) = fr o hi(A) converges in the Hausdorft sense to hy(A) = A" as n — oo by
the uniform convergence. Thus, A, is contained in D} N D}* for all sufficiently large
n € N and the diameter of A,, is uniformly bounded from below away from 0. Now,
the uniform convergence of f,, ohl" to h; implies that (h")!(A,) has diameter that
is uniformly bounded from below.

Now, let V' O A be a connected open set whose closure is compact and is con-
tained in hy '(Dy N D;). By the previous argument, h?(V) C D} N D for all
sufficiently large n € N. Thus, for all sufficiently large n € N we have

faohi o (h) " ohi = fuohy

on V. Consider the sequence of dianalytic embeddings (k") ™! o h}*: V' — B(0,r]"),
n € N. Note that the balls B(0,r]*) are uniformly bounded in n € N. By Montel’s
theorem [34, Thm. 10.7, p. 160], as n — oo this sequence subconverges locally
uniformly in V to a dianalytic map ¢ ; on V. By considering larger and larger open
sets V', we may assume that the convergence is locally uniform in the component
of h; ' (Dy, N Dy) that contains the continuum A. Moreover, by Hurwitz’s theorem
[34, Cor. 8.9, p. 129], the limiting map ¢y is either constant or injective. Since
(h)~1 o h(A) has diameter uniformly bounded from below, we conclude that
¢k, is a dianalytic homeomorphism. Arguing in the same way, we may obtain
a limiting map ¢y, that is a dianalytic homeomorphism in each component of
Uk, = hy,'(Dy N Dy).
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By passing to a diagonal subsequence, we may assume that (hJ*) "' oh? converges
locally uniformly in Uy to ¢ for each k,l € N with Dy, N D; # 0 and

hio iy = hy.

This also shows that ¢ is injective in all of Uy, and g (Ug:) = h;l(Dk N
D;) = Uy . Moreover, it is immediate that ¢, = @,;7%, since (hg)’l o hj is the
inverse of (h}')~' o h?. Finally, if Ux; N Uk, = by (D, N Dy N Dyy,) # 0, then
Wk,l(Ulal N Uk:,m) = Ul,k n Ul,m and Plim © Pkl = Pk,m ON Uk,l N Uk,m~ When
Dy, N D; =0, we also define Ug; = 0 and ¢y to be the empty map.

Step 5: Gluing and construction of a surface Z. For k € N, let Uy, = h;l(Dk) and
note that for each k € N there exist only finitely many € N with U, ; # 0. Consider
the space leeN Uy and define an equivalence relation so that z ~ wif z € Uy, w €
Ui and ¢y, ;(2) = w. By definition, all other points have trivial equivalence classes.
The symmetry and transitive properties follow from the compatibility properties of
Step 4.

Let Z be the resulting quotient space. Then Z is automatically a two-dimensional
topological manifold, once we verify that it is a Hausdorff space. For this, it suffices
to show that for each k,l € N the set {(z,v1r,1(2)) : 2 € Uy} is a closed subset
of U, x Uy [26, Prop. 3.57, p. 68]. To see this, if z, € U, n € N, is a sequence
converging to a point z € Uy, lying in the topological boundary of Uy relative to
Uy, then, by continuity, hg(z,) converges to the point hg(z) € Dy N 9D;. Thus,
hi o ¢k () converges to a point of Dy N 0D, C 9Dy, which implies that ¢ ;(2,)
cannot converge to a point of U, = h; '(Dy).

The charts of Z are simply the inclusions of Uy, k € N, into the plane and the
transition maps are the dianalytic maps ¢y, k,1 € N. Hence Z is a Klein surface
(and, in fact, a Riemann surface when X is orientable).

We define a map from | |, .y Ux onto X by z +— hy(z) if 2 € Uy. The compatibility
relation hy = h; o ¢, implies that this map projects to a map F': Z — X. From
the local coordinate representation of F', we see that F' is continuous. Since for each
k € N, the map hy: B(0,7,) — Dy, is cell-like, the set h,;l(x) is a cell-like subset of
Uy for each x € Dy. Therefore, again from local coordinates we see that F is cell-
like. Since the cover of X by { Dy }ren, is locally finite, we see that each compact
subset of X can be written as a finite union of compact sets, each contained in a set
Dy,. From this we conclude that F is a proper map. Since | J,-; Dy = X, the map
F is also surjective. By Theorem F' can be approximated by homeomorphisms
and in particular Z is homeomorphic to X. Finally, we note that F is weakly
K-quasiconformal in local coordinates, since hy, is weakly K-quasiconformal.

Step 6: Uniformization by a Riemannian manifold. By the classical Riemannian
uniformization theorem (Theorem , there exists a Riemannian metric g on Z
such that (Z,g) is complete and has constant curvature and such that g is com-
patible with the dianalytic structure of Z. Since the map F: Z — X is weakly
K-quasiconformal in local coordinates, we conclude that the map F' from the met-
ric space (Z,g) onto X is locally weakly K-quasiconformal. By Theorem [5.6] F'
is globally weakly K-quasiconformal. Finally, by Theorem there exists a Rie-
mannian surface (Z,q) and a quasiconformal map ¢: (Z,9) — (Z,g) such that
Fot: (Z,§) — X is weakly (4/7)-quasiconformal. O
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Proof of Theorem[I.3: surfaces with boundary. We apply Theorem [I.3] for surfaces
without boundary to int(X) to find a Riemannian surface W (together with a
compatible dianalytic structure arising from Step 5 or from passing to isothermal
coordinates) and a weakly K-quasiconformal map G: W — int(X), where K = 4/.
In particular, G is proper and cell-like. Our goal is to construct a new Riemannian
surface Z with boundary, homeomorphic to X, and a weakly K-quasiconformal
map F: Z — X.

We repeat the procedure of Step 4 of the previous proof. We first cover int(X)
by a locally finite collection of countably many topological open disks Dy, k € N,
so that for each point of 0X there exist finitely many disks Dy with the property
that X N 0Dy is a non-degenerate arc containing that point in its interior. We
define Uy = G~Y(Dy.), k € N. By the last part of Theorem we note that Uy
is homeomorphic to Dy for each k£ € N. By the classical uniformization theorem
(Theorem , there exist dianalytic parametrizations hy: D — Uy, k € N, which
are also 1-quasiconformal by Lemma For each k£ € N the map g = G o
hi: D — Dy is weakly K-quasiconformal. By Remark it extends to a weakly
K-quasiconformal map of the closures.

Let Uy, = Uy N Uy, k,1 € N. The transition maps ¢y = hl_1 o hy, when defined,
are dianalytic and they satisfy the relation g; o ¢1; = g and the compatibility
properties of Step 4. Let J C OX be an open arc contained in Dy N D;. Let
Ji, Ji C OD be its preimages under g, g;, respectively. Then ¢y ;(2) accumulates
at J; as z approaches Ji. By a refined version of Carathéodory’s extension theorem
[43, Thm. 3.1], ¢, extends to a homeomorphism from a neighborhood of Jj, in D
onto a neighborhood of J; in D. By Schwarz reflection, ¢y, ; extends to a dianalytic
map from a neighborhood of Ji onto a neighborhood of J; in the plane. Moreover,
the extension satisfies the compatibility properties of Step 4.

We denote by Dy the union of the unit disk D together with all open arcs J
arising as preimages under g; of open arcs J C X N Dy. As in Step 5, we can
glue together the sets Dy with the identifications z ~ ¢ (z) to obtain a Klein
surface Z with boundary; specifically, the boundary arises from the arcs of Dy,
k € N, lying on the unit circle. We also obtain a map F': Z — X, given in local
coordinates by gx|p,. By construction, F is surjective and F~1(0X) = 0Z. The
map F is continuous, proper, and cell-like, as can be seen by the local coordinate
representation. Indeed, recall that g, extends to a cell-like map from D onto Dy,
that respects the interiors and boundaries. Moreover, F|gz is cell-like. Therefore,
by Theorem 7 is homeomorphic to X. Finally, we note that F': 7 — X
is locally weakly K-quasiconformal. One now continues exactly as in the previous
proof to find a Riemannian metric g on Z, so that F': (Z,g) — X is globally weakly
K-quasiconformal. [l

Proof of Theorem[1.9 in the general case. Suppose that X is homeomorphic to (6,
D, or C. By Theorem there exists a Riemannian surface (Z, g) homeomorphic
to X and a weakly (4/w)-quasiconformal map F: (Z,9) — X. By passing to
isothermal coordinates (Theorem , we may find a complex structure on Z
that is compatible with g. The classical uniformization theorem (Theorem
implies that there exists a conformal map from @, D, or D or C, respectively onto
7. By Lemma this conformal map is also 1-quasiconformal. Therefore, by
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composing it with F', we obtain a weakly (4/7)-quasiconformal map from @,ﬁ, or
D or C, respectively onto Z. ([

7. RECIPROCITY OF METRIC SURFACES

In this section we prove Theorem together with Theorem [1.10] We recall
some definitions from the introduction. Let X be a metric surface of locally finite
Hausdorff 2-measure. A quadrilateral in X is a closed Jordan region @ together
with a partition of JQ into four non-overlapping edges (1, (2, (3,4 C 0Q in cyclic
order. When we refer to a quadrilateral @, it will be implicitly understood that
there exists such a marking on its boundary. We define T'(Q) = T'((1,(3; Q) and
I'(Q) = T'(¢2,¢4; Q). The metric surface X is reciprocal if there exist constants
k, k' > 1 such that

(7.1) £ <modT(Q) - modT*(Q) <+’ for each quadrilateral Q C X
and
(7.2) lin% mod I'(B(a,r), X \ B(a, R); X) =0 for each ball B(a, R).

r—

A metric surface X is upper reciprocal if there exists &' > 1 such that the right
inequality in (|7.1) holds for each quadrilateral.

7.1. Further properties of weakly quasiconformal maps. We first discuss
some preliminary statements. Assume that X is a metric surface of locally finite
Hausdorff 2-measure. Let £ C X be a Borel set and I' be a curve family in X. We
say that a Borel function p: X — [0, 00] is admissible for T'|E if p = 0 outside the

set F and
/pds >1
.

mod(T'|E) = inf/p2 dH?
P

for all v € I'. We define

where the infimum is over all functions p that are admissible for I'|E. The next
lemma gives a finer regularity property of weakly quasiconformal maps.

Lemma 7.1. Let X,Y be metric surfaces of locally finite Hausdorff 2-measure and
h: X — Y be a continuous, surjective, proper, and cell-like map. Let A C Y
be a closed set and suppose that h|x\p-1(ay: X \ b1 (A) = Y \ A is weakly K-
quasiconformal for some K > 1. If H'(A) =0, then

mod I' < mod(T'|X \ ' (A4)) < K mod h(I")

for every curve family T in X and h: X — Y is weakly K-quasiconformal. In
particular, this is true if the set A is closed and countable.

Proof. By Theorem [5.6} there exists a weak upper gradient g of h|x\p-1(4) such
that

/ g>dH? < KH*(E)
h=1(E)
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for each Borel set E C Y \ A. In particular, this implies that

(7.3) / (poh)g®?dH? < K pdH?
X\h—1(A) Y\A
for each Borel function p: X \ h™1(4) — [0, o0].

Note that the first inequality in the statement of the lemma is trivial, since any
function that is admissible for T'|X \ h=1(A) is also admissible for I'. Thus, we
only show the second inequality. Let I" be any curve family in X and p be an
admissible function for h(T") that vanishes on the set A; such a function exists since
H'(A) = 0. Since g is a weak upper gradient of h|x\n-1(a), by [40, Lemma 2.5
(i)], there exists an exceptional family of curves 'y in X \ A=1(A4) with mod Ty =
mod(To| X \h~1(A)) = 0 such that for for all locally rectifiable curves v in X\h~*(A)

outside I'y we have
/ pdsg/(poh)gds.
hoy vy

Moreover, if I'y is the family of paths in X that have a non-trivial subpath in Ty,
then mod(I'1|X \ h~1(A)) = 0.

Consider a path 7: [a,b] — X lying in '\ T'y. Let [a;,b;], ¢ € I, be the closures
of the components of y~!(X \ h™!(A4)) and define 7; = v|[4, - No subpath of ~;

lies in I'g, hence
/ pdsg/(poh)gds
hoy; Vi

1

for all ¢ € I. It follows that
1< / pds = / PXy\a ds = Z/ pds < Z/ (poh)gds < /(poh)gdS-
hoy hoy iel Y hovi iel Vi Y
Thus, (poh)g is a Borel function that vanishes on the set h=!(A) and is admissible
for T\ T1|X \ h=1(A). It follows that
mod(I'|X \ ™1 (A)) = mod(I' \ T1|X \ A1 (A))

g/ (poh)zgdeQSK/ p* dH?,
X\h=1(A) %

where the latter inequality follows from (7.3)). Infimizing over all admissible func-
tions p gives the conclusion. O

The next proposition allows one to upgrade weak quasiconformality to quasicon-
formality.

Proposition 7.2 ([36, Prop. 3.3]). Let X be a metric surface of finite Hausdorff
2-measure that is homeomorphic to a topological closed disk and let h: D — X be
a weakly quasiconformal homeomorphism. If X is upper reciprocal, then h is a
quasiconformal homeomorphism, quantitatively.
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7.2. Proof of Theorems and The proofs of both theorems are given
at the end of the section. We first establish several preliminary statements.

Lemma 7.3. Let X be a metric surface of finite Hausdorff 2-measure that is home-
omorphic to a topological closed disk and let h: D — X be a weakly quasiconformal
map. If X is upper reciprocal and h=1(0X) = 0D, then h|ap is a homeomorphism.

Proof. Suppose that h: D — X is a weakly K-quasiconformal map for some K > 1
with h=1(0X) = OD. Suppose to the contrary that there exists zg € 9X such that
h=1(z0) is a non-degenerate closed arc E C dD. We let (; be a non-degenerate
closed arc in 0X \ {zo}. For 0 < r < dist(zo, (1), let (5(r) be the component of
0X N B(xo,r) that contains zg. We let (2(r), (4(r) be the closures of the remaining
two arcs of X and define Q(r) to be the quadrilateral X with edges (1, (2(r), (3(r),
and (4(r). By the weak quasiconformality of h, for all r < dist(z¢, (1) we have

mod I'(Q(r)) = mod I'(Cy, ¢3(r); X) = mod I'(Cy, {zo }; X)
> K 'modT(h"Y((1), E; D).

The latter quantity is positive, since h=1((y) is disjoint from E = h~!(zg); for
example, this can be shown using the Loewner property of Euclidean space. We
claim that modI'™*(Q(r)) — oo as r — 0, which contradicts the upper reciprocity
of X.

Let x1,z2 be the endpoints of the arc E. Let

o = min{dist(E, h~ (1)), |#1 — 22]/2}

and for 0 < t < & and i = 1,2, let 4! be the intersection of the circle dB(z;,t)
with D, parametrized as a simple curve. For § < 8y, let I's be the family of curves
arising as the concatenation of v}, 47, and a subarc of E, where t € (§,dp).

We estimate mod(T's|D \ E) from below. Let p be a function that is admissible
for T's and vanishes on E. Then for ¢t € (§,d9) we have

1/2
1§/ pds+/ pds < (/ p2d5+/ p2d5> (4t)*/2,
Vi vi v Vi

Integrating over t € (, o) gives

2 2 1 do
> — — .
/,0 dH _47T10g 5

Thus, mod(I's|D\ E) > (47)~ ! log(dy/d).
For each fixed § < &p, if r is sufficiently small so that h=1({3(r)) C Ns(E), then
each path of h(T's) connects (a(r) and (4(r). Therefore, by Lemma

mod I"(Q(r)) = mod I'(Gy(r), Ca(r); X) > mod h(Ts)
> K 'mod(Ts|D\ E) > K~ '(4r) " log(d0/6).
We first let » — 0 and then 6 — 0 to obtain that mod I'*(Q(r)) — . O

Lemma 7.4. Let X be a metric surface of finite Hausdorff 2-measure that is
homeomorphic to a topological closed disk and let h: D — X be a weakly K-
quasiconformal map for some K > 1. Let o € int(X) be a point such that
h=(xo) is a non-degenerate continuum. For each € > 0 there exists a Jordan
region V C B(wg,€) containing xo and a weakly K -quasiconformal map f: D — V
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such that f~1(0V) = 0D and f~*(zo) = B(0,1—03) for some § € (0,1) that depends
on €. Moreover, § — 0 as e — 0.

Proof. Consider the distance function ¢ (z) = d(z, zo) on int(X), which is Lipschitz
continuous. By the co-area inequality (Lemma , for a.e. t > 0 the level set
1h~1(t) is a compact set of finite Hausdorff 1-measure. By [39, Thm. 1.5], for a.e.
t > 0, each connected component of 1~1(t) is homeomorphic to a point or an
interval or St.

Consider the function a(z) = d(h(z),z9) = ¥ o h(z) in D. Then « is continuous
and each weak upper gradient of h lying in L?(D) is also a weak upper gradient of
a. Thus, « lies in the classical Sobolev space W12(D). By the co-area formula for
Sobolev spaces [33] [15], a.e. level set of a has finite Hausdorff 1-measure. Thus, as
above, for a.e. t > 0, each connected component of a~!(t) is homeomorphic to a
point or an interval or S'.

Let e > 0 and we fix 0 < ¢t < min{dist(xg,0X),e} such that each component
of 971(t) and of a~!(t) is homeomorphic to a point or an interval or S'. Note
that ¢ ~1(t) is a compact subset of int(X). By the last part of Theorem [6.3[ we see
that a=1(t) = h=1(¢71(¢)) is a compact subset of D. One component of ¥~ (t),
say J, separates zo and 0X, so it is homeomorphic to S'. By continuity, the
set h=1(J) separates the sets h=!(zg) and h=(0D). Moreover, by monotonicity,
h=1(J) is a continuum that is contained in a connected component of a~!(t). The
only possibility is that this connected component is homeomorphic to S!, since it
separates the plane, and h=!(.J) is equal to that component.

Let V' be the Jordan region bounded by J and U be the Jordan region bounded
by h=1(J). By continuity, the set h(U) is connected and contained in either V or
X\ V. Since UNh~1(xq) # 0, we conclude that h(U) C V. Similarly, h(D \ U) is
connected and contained in either V or X \ V. The fact that h is surjective implies
that h(U) = V and h(D\U) = X\ V. In particular, h~1(V) = U. Consider the map
h: U\ h=t(zg) — V \ {x0} and note that it satisfies the assumptions of Theorem
Therefore, U \ h~!(xo) is homeomorphic to V' \ {x¢}, and in particular, it is a
topological annulus.

Consider a conformal map ¢: A(0;1 —§,1) — U \ h™1(z) for some § € (0,1)
such that ¢(z) — OU as z — OD; here A(0;1 — 4,1) denotes the annulus {z €
C:1-0 < |z] < 1}. Observe that as ¢ — 0, the region V approaches x,
so the region U approaches h~!(zg) in the Hausdorff sense. This implies that
mod I'(0U, h~!(zg); D) approaches co (e.g. from the Loewner property of Euclidean
space), thus by conformality, the quantity

mod (9D, dB(0,1 — 6): C) = 2r(log(1 — §) " 1)~!

approaches co. Therefore, § — 0.

Since OU is a Jordan curve, by a refined version of Carathéodory’s extension
theorem [43, Thm. 3.1}, ¢ extends to a homeomorphism from D\ B(0,1 — §) onto
U\h~Y(zo). Consider the map f = hop, which extends to a continuous, surjective,
and monotone map from D onto V such that f~1(dV) = dD and f~*(z¢) = B(0,1—
§). Moreover, f is weakly K-quasiconformal in A(0;1 —6,1) =D\ f~1(zo). From
Lemma we see that f is weakly K-quasiconformal in D. Finally, by Corollary
f is weakly K-quasiconformal on D. O

Lemma 7.5. Let X be a metric surface of finite Hausdorff 2-measure that is home-
omorphic to a topological closed disk and let h: D — X be a weakly quasiconformal
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map. If int(X) is upper reciprocal, then hlp—1(ing(x)): b~ (int(X)) — int(X) is a
homeomorphism.

Proof. Let h: D — X be a weakly K-quasiconformal map for some K > 1. By the
invariance of domain theorem, it suffices to show that h=!(z) is a singleton for
each o € int(X). Suppose that h=1(zg) is a non-degenerate continuum for some
zo € int(X). By Lemma for a sequence of arbitrarily small § > 0 there exists
a Jordan region Vs C Vs C int(X) containing xy and a weakly K-quasiconformal
map fs: D — Vj such that f; '(0Vs) = 9D and f~*(20) = B(0,1 — §). By Lemma
since Vj is upper reciprocal, f|sp : OD — OV is a homeomorphism.

Consider a partition of D into four non-overlapping arcs of equal length that
form a quadrilateral @ with edges (1,...,{s. We claim that

(7.4) mod(I'(Q)D\ B(0,1 —§)) = mod(I'™*(Q)|D\ B(0,1 —4§)) — oo

as 0 — 0. The equality follows immediately by symmetry. For the limiting state-
ment, let p be an admissible function for I'(Q) that vanishes on B(0,1—4§). Without
loss of generality, the edge ¢; (resp. (3) of @ lies in the right (resp. left) half-plane
and is symmetric with respect to the z-axis. For t € [—a,a], where a = v/2/2, the
path 7; that is the intersection of the horizontal line y = ¢ with the disk D joins (;

and (3. Thus,
/ pds >1
vt

for all t € [—a, a]. Integrating, gives

1/2
2a < / pdH?* < (/;ﬂ d?-lz) (m—m(1—8)%)12.
D\B(0,1-96)

Therefore,
mod(I'(Q)D\ B(0,1—6)) >2r ' 1(2—6)"".

This shows the claim.

Since fs is a homeomorphism on 9D, the image of @ determines a quadrilateral
Q(9) in X with T'(Q(0)) D fs(I'(Q)). By the weak quasiconformality of fs and
Lemma [7.1] we have

mod [(Q(8)) = K~ mod(I(Q)[D\ B(0, 1 - 4))

which converges to co as 6 — 0 by (7.4). Similarly mod T*(Q(d)) — oo as § — 0.
This contradicts the upper reciprocity of int(X). |

Corollary 7.6. Let X be a metric surface of finite Hausdorff 2-measure that is
homeomorphic to a topological closed disk such that int(X) is upper reciprocal. Then
there exists a weakly quasiconformal map h: D — X such that hlp : D — int(X) is
a quasiconformal homeomorphism.

Proof. By Theorem there exists a weakly quasiconformal map h: D — X.
By Lemma h|p-1(¢nt(x)) i a homeomorphism onto int(X). In particular,
h~1(int(X)) is simply connected and by the Riemann mapping theorem there exists
a conformal map ¢: D — h~1(int(X)). The composition f = hop: D — int(X)
is a weakly quasiconformal homeomorphism. By Proposition since int(X) is
upper reciprocal, f is K-quasiconformal in each compact disk B(0,7), 0 < r < 1,
for some K > 1. By the locality of quasiconformality, as given by Theorem [5.6] we
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see that f: D — int(X) is a K-quasiconformal homeomorphism. By Theorem [5.9
f extends to a weakly K-quasiconformal map from D onto X. O

We are finally ready for the proofs of Theorem [I.8] and Theorem

Proof of Theorem[1.8 Suppose that X is upper reciprocal. It suffices to show that
each closed Jordan region Y C X is quasiconformally equivalent to D. By Corollary
there exists a weakly quasiconformal map h: D — Y such that h|p: D —
int(Y) is a homeomorphism. By Lemma h: D — Y is a homeomorphism. By
Proposition h is quasiconformal, as desired. ([

Proof of Theorem[1.10, Suppose that int(X) is upper reciprocal and holds at
each point of 8X. By Theorem int(X) is reciprocal and holds at each
point of X. As in the above proof, it suffices to show that each closed Jordan region
Y C X is quasiconformally equivalent to D. By Corollary|7.6| there exists a weakly
quasiconformal map h: D — Y such that hlp: D — int(Y) is a quasiconformal
homeomorphism; alternatively, since int(Y’) is reciprocal, one can invoke directly
Rajala’s uniformization theorem, Theorem in combination with Theorem
to obtain the map h. A result of Tkonen [22, Prop. 1.2] now asserts that if A|p: D —
int(Y) is a quasiconformal homeomorphism and holds at each point of dY,
then h extends to a quasiconformal homeomorphism from D onto Y, as desired. O

8. EXAMPLES

Ezample 8.1 (Approximating the unit disk with cracked surfaces). Let X be the
open unit disk equipped with the Euclidean metric. We present examples of se-
quences of metric surfaces {X,, }nen converging to X for which all the conclusions
of Theorem are satisfied except for the approximately isometric retractions in
In each case, the failure of condition prevents the sequence of uniformizing
conformal maps from D onto X, from converging to a conformal map onto X.

As the first example, we let X, =D\ {re? : |0] < J=,1/2<r <1} foralln € N
and equip X,, with the ambient Euclidean metric. Clearly fails for the sequence
X, n € N, while the other conclusions of Theorem [I.1]remain true. For this reason,
the sequence of conformal maps h,: D — X,,, normalized so that h,(0) = 0 and
h.,(0) > 0, does not subconverge to a (weakly) conformal map from D onto X, as
it would in the presence of condition but rather to a conformal map from D
onto a slit disk (e.g. by Carathéodory’s kernel convergence theorem [42, Chapter I,
Theorem 1.8]).

For our second example, we let S(¢,n) = {re? : | — | < £,1/2 < r < 1}
and Y, = ,_, S(2km/n,n). Define X,, to be the surface D\ Y,,, again equipped
with the ambient Euclidean metric. Although X, converges to D in the Gromov—
Hausdorff sense, the sequence of conformal maps h,,: D — X,, such that h,(0) =0
subconverges locally uniformly in D but not uniformly to a conformal map from
D onto B(0,1/2); this can be justified using Carathéodory’s kernel convergence
theorem.

By enlarging the cracks in the previous example, one can even have that the
areas of X, tend to 0 and the conformal maps h,, converge to a constant map.
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Ezample 8.2 (Areas need not converge). We present an example showing that in
Theorem the areas of the surfaces X,, do not necessarily converge to the area of
X. Thus, we cannot expect that conclusion can be strengthened to convergence
or that the constant K can be equal to 1.

The proof relies on the next theorem, which is a variant of the classical Besicov-
itch inequality and is proved exactly in the same way; see [41l, Thm. 13.11] or [8]
Sect. 5.6].

Theorem 8.1. Let Y be a metric space homeomorphic to the unit square [0, 1)
such that the metric of Y outside finitely many points is locally isometric to a
Riemannian metric. If the distances between opposite sides of Y are at least 1,
then H2(Y) > 1.

Let X be the closed unit square in R? with the ¢°° metric, and let {X,,}3,
be a sequence of polyhedral surfaces homeomorphic to X that are equipped with
a metric that is locally isometric to the polyhedral length metric. Let ¢, > 0
be a sequence converging to 0. Suppose that there exist €,-isometric sequences
fn: Xn = X and R,,: X — f,(X,,) such that each f, is a topological embedding
and each R, is a retraction. We claim that

n—oo

liminf H*(X,) > 1 = é’HQ(X).
s

See |25, Lemma 6] or [13] pp. 2-3] for the equality on the right-hand side.

For each large n € N, the retraction R, induces a subdivision of f,(0X,,), and
thus of 9.X,,, into four non-overlapping arcs, corresponding to the sides of the square
X. The distances of opposite sides of f,,(0X,,) is at least 1 —¢,,. Thus, the distance
of opposite sides of X, is at least 1 — 2¢,,. The metric of X,, is locally isometric to
a flat Riemannian metric outside the vertices. Therefore, if we rescale the metric
of X, by (1 —2¢,)~! and apply Theorem [8.1} we obtain

HA(X,) > (1 —2¢,)%

Finally, we let n — oo to obtain the desired conclusion.

Ezample 8.3 (Condition is strictly weaker than reciprocity). We show that
there exists a metric surface X of locally finite Hausdorff 2-measure that satisfies
but is not reciprocal.

Ahlfors—Beurling [I, Thm. 16] construct a Cantor set E C C of positive area with
the property that for each point a € E there exists a sequence of nested topological
annuli 4,, C C\ E, n € N, with disjoint closures, each surrounding a, with the
property that

=1
8.1 — = 00,
(8.1) ;Mn

where M, is the modulus of the family of curves joining the boundary components
of A, in A,. Moreover, by the construction, the annuli A,, converge to the point
a; this is also implied by the divergence of the sum above.

For z,y € C, we let

d(z,y) = inf / xes ds,
T Jy
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where the infimum is taken over all rectifiable paths joining x,y. By [40, Prop. 8.1],
(C,d) is a length space with locally finite Hausdorff 2-measure, homeomorphic to
C. We denote by X this metric space. Since F has positive Lebesgue measure, X
is not reciprocal; this can be shown by following the argument of [44] Example 2.1].

We will show that for each point of X, condition is true. This is trivially
true for points of X \ F, since the identity map from (C\ E,|-|) to (X \ E,d) is
locally isometric and thus preserves modulus.

Next, fix a point @ € E and consider the corresponding annuli A,, n € N, as
above. We fix R > 0. Since the annuli A,, converge to a, by discarding finitely
many annuli, we may assume that A, C Bg(a, R) for all n € N. Next, we fix N € N.
Then, for all sufficiently small 7 > 0 the closed ball By(a,r) is disjoint from Ay
and is surrounded by Ay.

For i € {1,...,N}, let p; be an admissible function for the modulus of curves
joining the boundary components of A;, such that

(8.2) /p? dH | < 2M;.

We may take p; to be supported in A;, so the functions p;, i € {1,..., N}, have
disjoint supports. Now, we define

N
P = Z CiPi,
=1

where ¢; = M{l(Z;\’:l M;l)*l. B
Each curve v joining X \ Bgy(a, R) to Bg(a,r) has disjoint subpaths ~v;, ¢ €
{1,..., N}, such that |y;| C A; and 7; joins the boundary components of A;. There-

fore,
N N
/pdsz Zci/ pids > Zci =1.
v i=1 i=1

This shows that p is admissible for T'(Bg(a,7), X \ Bg(a, R); X). Therefore, by
(18.2), we have

N

mod I'(By(a,r), X \ Ba(a, R); X) < /,;2 dﬁgzch/pfdﬁﬁ,
=1

-1

N N 1
<2y EM; =2 —

The latter converges to 0 as N — oo by . Thus, letting first » — 0 and then
N — oo shows that holds at the point a.

Summarizing, the construction gives a surface X that is homeomorphic to C
and is locally isometric to a planar domain outside a Cantor set E. Consider a
Jordan curve J in X such that E C J; the existence of J follows from the tameness
of planar Cantor sets [38, Sect. 13, Thm. 7, p. 93]. Then J separates X into two
surfaces X7, X5 such that J is their common boundary. The interior of each of these
surfaces is locally isometric to a planar domain so it is reciprocal. By Theorem[1.10]
both X; and X, are reciprocal. Therefore, the constructed surface can be written
as the union of two reciprocal surfaces, as claimed in Proposition [1.11
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Ry

H(J2) H(Jl)

FIGURE 8.1. The set F.

Ezample 8.4 (Condition can fail on a continuum). We show that there exists
a metric surface X of locally finite Hausdorff 2-measure that is homeomorphic to
C such that fails for all points in a non-degenerate continuum £ C X.
Construction of topological model. Let C C [0, 1] be a Cantor set containing
the points 0, 1. For each component J of [0, 1]\ C consider a positive number n(J)
and two vertical line segments of length 27(.J) passing through the endpoints of
J and symmetric with respect to the x-axis. Let H(J) be the union of these two
line segments with J x {0}. We choose the numbers 7(J) so that for each § > 0
there are only finitely many components J of [0,1] \ C with n(J) > J; later we will
make a specific choice. We now define F' = (C x {0}) UJ,; H(J) and observe that
M7 (F) = 0; see Figure

We define an equivalence relation R on C that is trivial outside |, H(J) and
collapses each H-shape H(J) to a point. In particular, each equivalence class
does not separate the plane. It is easy to see that the relation R is upper semi-
continuous (that is, the limit points of every two sequences of equivalent points
are equivalent). If Y = C/R is the quotient space and hy: C — Y is the natural
projection, then Y is homeomorphic to C by Moore’s decomposition theorem [11]
p. 3], and hy is continuous, surjective, and monotone. The set hy (F') is a non-
degenerate continuum in Y and each point of hy (F') has a preimage that is either
an H-shape or a point of C' x {0}. We will realize this topological model with a
metric.
Construction of metric space X. We require that the Cantor set C' has the
additional property that H!(C'NI) > 0 for each open interval I C R intersecting C;
later we will specify even further the Cantor set. Define the quotient pseudometric
dgr on C by

k
dr(z,y) =inf{ZIpi—qi| TP =T, gr =Y, kEN},

i=1
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where the infimum is taken over all choices of {p;}¥_, and {g;}¥_, such that ¢; ~g
piy1 for i € {1,...,k — 1}. Note that dr(z,y) = 0 if x ~p y and dg(x,y) > 0 if
x ¢ F and y # .

We will show that the equivalence relation dr = 0 coincides with R. For this,
it suffices to show that if z,y € F and = g y, then dr(z,y) > 0. For a point
z € C, denote by Zz its projection onto the xz-axis. If z £ y and x,y € F, then
T # 3. Without loss of generality, suppose that 7 < 3. Let {p;}*_; and {q;}F,
be points such that p1 = z, ¢ = y, and ¢; ~g piy1 for ¢ € {1,...,k — 1}. Note
that the polygonal path joining p; to q1 to ps to g2 to ... to qr projects to a line
segment in the x-axis that covers the interval [Z, y]. Moreover, since ¢; ~g p;+1, We
see that g; and p;41 lie in the same H-shape or ¢; = p;1+1. Hence, the projection of
the segment from ¢; to p;;1 intersects C in at most two points. We conclude that
the intervals from p; to q;, i € {1,...,k}, cover the set C'N [T, y| except for finitely
many points. Therefore,

k k
S lpi—al =B - @l = H(CN[E 7).
i=1 i=1

Note that the latter is positive, since = % y and in particular they do not lie in
the same H-shape. It follows that

dr(z,y) > HY(C N [F,7]) > 0.

This shows the claim. In fact, the reverse inequality also holds. That is, if z,y € F,
then

dr(z,y) = H'(C N [T,7]).
This can be seen by connecting the projections = and y with a specific polygonal
path contained in [0, 1] x {0}.

Consider the metric space X = C/dg with metric d = dg and let h: C — X
be the projection map. Since the equivalence relation dgp = 0 coincides with R,
we conclude that X is homeomorphic to Y = C/R and thus it is homeomorphic to
C; see [8, Exercise 3.1.13, p. 63]. Observe that h is 1-Lipschitz continuous. Thus,
X has locally finite Hausdorff 2-measure. Moreover, h is surjective, proper, and
cell-like. We claim that h is weakly 1-quasiconformal. For this, by Theorem
it suffices to see that the function ¢ = 1 is an upper gradient of h because h is
1-Lipschitz, and has the property that

/ g% dH} | < H(A)
ho1(A)

for each Borel set A C X. The latter, in fact, holds trivially with equality, because
h is locally isometric outside F and H‘z_l(F) = H2(h(F)) = 0 by the 1-Lipschitz
property of h.
Failure of condition (1.4)). Finally, we verify that fails at each point of the
set F = h(F'). Since h is weakly quasiconformal, this is immediate for points whose
preimage is an H-shape, and in particular has positive diameter. We have to argue
for the points whose preimage is a singleton in C' x {0}. To achieve this, we will
give a specific construction of the Cantor set C' and a specific choice of the numbers
n(J).

We construct the fat Cantor set C in the standard way. Namely, we call Iy = [0, 1]
an interval of level 0 and once the intervals of level n — 1 have been defined, we
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Al

V2

H(Jy) / H(J3) H(J2)
H(J4)

FIGURE 8.2. A depiction of the paths ~,, in the plane. In fact, the
paths are taken in the space X.

remove a middle interval of relative length a,, € (0, 1) from each interval of level n—1
and obtain 2" intervals of level n. The Cantor set C' is defined as the intersection
in n € NU {0} of the unions of all intervals of level n. If T[>~ (1 —a,) > 0, or
equivalently if >>°  a, < oo, then the Cantor set C has positive measure. We
choose the sequence {a,}nen arbitrarily so that C' has positive measure. If I,,_;
is an interval of level n — 1, then H(I,,_1) ~ 27" ~ 27" If J,, is a middle
interval removed from I,,_; at the next stage, we define n(.J,,) = 1/n. To simplify
the notation and avoid taking product sets, we consider the real line R as a subset
of the plane C, identified with R x {0}.

Let 29 € C and for each n € NU{0} consider the interval I,, of level n containing
g, so that {zo} =(),—, In. Denote by J, the middle interval removed from I,,_1,
n € N. For n € N consider the rectangle R, in the upper half-plane with height
1(Jn+1), whose vertical sides are contained in H(J,,) and H(J,+1), and one of whose
horizontal sides coincides with a remaining interval of level n+1; this interval might
or might not be I,,11. See Figure[8:1]for an illustration. Note that the modulus in C
of the family of curves joining the vertical sides of R,, is M,, = 7-%{}71,::3) ~n~in,
By the weak 1-quasiconformality of A, the modulus of curves in X joining the
points h(H(J,)) and h(H(J,41)) is at least M,. Observe that the sequence of
points h(H(J,)), n € N, converges to h(xg) as n — oo.

Suppose that xg is not an endpoint of a complementary interval of the Cantor
set C. We fix a small radius R > 0 so that Bg(h(zg), R) does not contain the
point h(H(J1)). Let r < R be arbitrary and fix m € N such that h(H(Jpm+1)) €
Ba(h(zo),7). Let p € L*(X) be an admissible function for T'(Bg(h(z),7), X \
Bi(h(zo), R); X). For each n € N we may find a path ~, connecting h(H(J,)) to
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h(H(Jys1)) with
/ pds < 2M;?pl| 2 (x).

See Figure for a depiction. The concatenation of v1,...,vm gives a rectifiable
path joining the point h(H (J1)) to h(H (Jy+1)) and thus lying in I'(Ba(h(zo), r), X\
Bi(h(zg), R); X). Therefore, by the admissibility of p, we have

1< Z/ pds <2 M2 pllax) = llollzzx) Y V2™ S llpllz -
n=1 n n=1 n=1

This implies that
mod I'(B4(h(xg),7), X \ Ba(h(xo), R); X) > 1
for all sufficiently small » > 0. This completes the proof.
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