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We ask the question of how angular momentum is conserved in electroweak interaction
processes. To introduce the problem with a minimum of mathematics, we first raise
the same issue in elastic scattering of a circularly polarized photon by an atom, where
the scattered photon has a different spin direction than the original photon, and note
its presence in scattering of a fully relativistic spin-1/2 particle by a central potential.
We then consider inverse beta decay in which an electron is emitted following the
capture of a neutrino on a nucleus. While both the incident neutrino and final electron
spins are antiparallel to their momenta, the final spin is in a different direction than
that of the neutrino—an apparent change of angular momentum. However, prior
to measurement of the final particle, in all these cases angular momentum is indeed
conserved. The apparent nonconservation of angular momentum arises in the quantum
measurement process in which the measuring apparatus does not have an initially well-
defined angular momentum, but is localized in the outside world. We generalize the
discussion to massive neutrinos and electrons, and examine nuclear beta decay and
electron-positron annihilation processes through the same lens, enabling physically
transparent derivations of angular and helicity distributions in these reactions.

quantum measurement | weak interactions | atomic physics

How is angular momentum conserved in simple processes such as elastic scattering of
a photon from an atom, scattering of a relativistic particle with spin from a central
potential, or in beta and inverse beta decays? In elastic scattering of a right circularly
polarized photon on a heavy atom in its ground state, at 90◦ the photon emerges
with linear polarization transverse to the reaction plane defined by the initial and final
photon directions. In potential scattering of a relativistic spin-1/2 particle, the spin of
the particle is rotated toward the direction in which the particle propagates after the
scattering, and in the ultrarelativistic limit, the helicity of the particle is conserved (1)
§38. Or, consider inverse beta decay in which a massless antineutrino propagating in
the z direction interacts with a nucleus, leading to a final massless (for the sake of the
argument) electron propagating at an angle � with respect to the z axis. If we focus only
on a Fermi process with no spin transfer to the nucleus, the final nuclear spin state is the
same as the initial spin state. The incident neutrino has spin -1/2 along the z axis, but
the final electron has spin -1/2 along the tilted axis. What happens in all these cases to
the original spin angular momentum of photon, the relativistic particle or the neutrino?
The problem is that the initial and final spin angular momenta are seemingly not equal
in these examples; how is angular momentum conserved?

One might argue that orbital angular momentum must be transferred to the atom, the
scattering center, or the nucleus to conserve the total angular momentum. In the atomic
case, when the atom is initially and finally in its internal ground state, any transfer of
orbital angular momentum must be in the direction orthogonal to the reaction plane,
which does not help. In potential scattering of a relativistic particle, the rotation of the
spin occurs even if the scattering center is infinitely massive and has no kinetic degrees
of freedom. If we consider, in inverse beta decay, a superallowed transition in which
the initial and final nuclei have spin 0,* then the only possibility would be a transfer of
angular momentum to the center of mass of the nucleus. However, the weak interaction
has a range of order the inverse of the mass of the W boson, ℏ/mW c (where c is the speed
of light), and thus for incident neutrino energies E� � mW c2 there is little amplitude
(a function of E�/mW c2) to have anything but zero orbital angular momentum transfer
in the interaction. In the following, we take units, ℏ = c = 1.

*The physics is clearest for a superallowed transition, from an initial 0+ state to a final 0+ , since one need not worry about
the angular momentum absorbed by the nucleus. A simple example is the reaction �̄e+14O→ e++14N.
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In these examples, the angular momentum structure of the
final state is constrained, for photons by the condition that the
electromagnetic field of the emitted photon must be transverse
to the direction of motion of the photon, and in the inverse
beta decay by the condition that the final electron must be in a
negative chirality eigenstate, which for massless electrons, requires
the electron spin to be antiparallel to the electron direction. Even
potential scattering of massless particles is constrained by the
same condition of conservation of chirality.

One can see the same problem even in the absence of a central
scatterer by considering, for example, the annihilation reaction of
an electron antineutrino-neutrino pair, �̄e + �e → �̄� + ��, into
a muon antineutrino-neutrino pair. The two initial neutrinos,
assumed massless, together have spin angular momentum unity
along the direction of the �̄e, and the muon neutrinos, emerging
at an angle � with respect to the initial electron neutrino axis,
have spin angular momentum unity along the direction of the
�̄�. Again, the spin angular momentum is rotated by angle �,
raising the question of how angular momentum is conserved in
this process.

The key is that in none of the cases considered above is
the final particle (or particles) actually emitted in a momentum
eigenstate. Rather in all cases, the particle is emitted in a spherical
wave which conserves the initial angular momentum, as we
work out in detail below (for the general theory of spinor
harmonics see (2) Ch. 7, and also (1) §16). Only by making
a measurement does one determine that the final particle is
emitted in a given direction, and only after the measurement does
angular momentum appear not to be conserved. Understanding
conservation of angular momentum when a particle is detected
propagating in a particular direction requires that one consider
transfer of angular momentum to the quantum measuring
apparatus. The apparent nonconservation of angular momentum
involves similar issues in a Stern–Gerlach measurement; see refs. 3
and 4 for discussions.

To illustrate the basic physics, we first write out, in Section 1,
the detailed state of a photon after elastic scattering from an
atom, showing that the photon angular momentum resides not
simply in the spin of the photon but also in its orbital angular
momentum. In Section 2, we construct the analogous electron
spherical wave solution for massless electrons in inverse beta
decay, and show that the (s-wave) scattering of a massless spin-
1/2 particle from a central potential has an identical structure.
Then in Section 3 we describe the modification of these results
for massive neutrinos or antineutrinos taking part in a weak
interaction. We turn to inverse beta decay in Section 4, which
is simpler to analyze than beta decay, which we consider in
Section 5. We discuss in Section 6 the similar issues with angular
momentum appearing in lepton pair annihilation processes at
high energies, e.g., e+ + e−→ �+ +�−. As we see throughout,
working in terms of the angular momentum state prior to
measurement yields physical insights into these various processes.
We conclude in Section 7.

1. Elastic Scattering of Light

We look now at the photon scattering problem in more
detail, considering a right circularly polarized photon incident
along the z axis being scattered elastically by an atom which
remains in its ground state (angular momentum J = 0). This
problem is basically Rayleigh scattering, with the specifics of the
internal states of the atom playing no essential role. Crucially,
the scattering transfers photon spin to photon orbital angular
momentum, conserving the total photon angular momentum.

The orbital angular momentum of the scattered photon is
seen simply in the dipole approximation, where the incoming
right circularly polarized photon induces a dipole moment
Ed ∼ (1, i, 0)T , in Cartesian coordinates, where T denotes the
transpose. The electric field, EE , of the re-emitted photon is
proportional to the component of Ed transverse to the angular
direction k̂ of the photon, EE ∼ Ed − k̂(k̂ · Ed), and the re-
emitted photon is described by a vector wave function, Ψ
 ,
proportional to EE . Since k̂ = (sin � cos�, sin � sin�, cos �)T ,
and Ed · k̂ ∼ sin �ei�, the angular dependence of Ψ
 is given by

Ψ
(�,�) ∼ EE ∼ (1−
1
2

sin2 �)(1, i, 0)T

−
1
2

sin2 �e2i�(1,−i, 0)T

− cos � sin �ei�(0, 0, 1)T ; [1]

the three terms in Ψ
 have photon spin, Sz , and orbital angular
momentum, Lz = −i∂/∂�, given by (Sz , Lz) = (1, 0), (−1, 2),
and (0,1), respectively. The first and third terms contain total
orbital angular momentum components L = 0 and 1, while
the middle term has L = 2. The final electromagnetic field
has the same total angular momentum J = 1, Jz = 1 as the
original photon, but its intensity varies with direction. At 90◦,
the final term in Eq. 1 drops out, and the photon state is a
linear combination of a term with the photon right circularly
polarized along z, with Lz = 0, and a second with the photon
left circularly polarized along z. This latter term raises the specter
of nonconservation of angular momentum, until one realizes that
it in fact carries orbital angular momentum, Lz = +2, so that
this component has total Jz = 1 as well.

Imagine now trying to detect the full angular momentum of
the scattered photon by absorption by a detector atom located
in a specific direction to the scattering atom which is different
from that of the incoming photon. Since the orbital angular
momentum carried by a photon depends on the quantum
mechanical amplitude for all angles, a measurement at a single
angle cannot give complete information about its orbital angular
momentum. The localization of the detector atom, if it is in
a pure state, implies that it is in a superposition of states with
different orbital angular momenta, or if it is in a mixed state, it is
described by a density matrix with components having different
orbital momenta. Nonetheless, the internal transitions of the
detector atom are governed by the spin angular momenta of the
two components of the plane polarized photon, and thus such a
measurement can determine only the spin angular momenta of
the components of the scattered photon.

2. Elastic Scattering of Massless Spin-1/2
Particles

The analyses of the scattering of relativistic spin-1/2 particles and
of inverse beta decay are similar to that of the scattered photon
above, complicated only by the Dirac technology describing the
chirality of the scattered fermion. We look first at inverse beta
decay, which as we argue can be regarded as a particular case
of scattering of a massless spin-1/2 particle. To simplify the
discussion, we consider only Fermi beta decay processes, and
neglect the recoil of the nucleus involved. We first construct
the wave function for massless electrons and neutrinos, and in
Section 4 generalize the result to nonzero electron and neutrino
masses.
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The incident neutrino is described by a Dirac spinor of the
form,

Ψ�(r) ∼ eiEp·Er(0, 1, 0,−1)T . [2]

The electron emerges with the same angular momentum as
the incident neutrino. We write the Dirac spinor for the electron
emerging from the inverse beta decay in terms of its upper and
lower components as

Ψ(Er ) = (',�)T . [3]

The upper component s-wave solution of the Dirac equation
for the electron has the form

' = h0(pr)(0, 1)T , [4]

with p =
√
E2 − m2 → E , and h0(x) = ieix/x the lowest

spherical Hankel function. Similarly the lower two components
have the general form,

� =
1
ip
E� · E∇', [5]

where the � are the Pauli matrices. We assume always that r �
1/p, where h′0 = ih0 and therefore

� = h0(pr)(sin �e−i�,− cos �)T , [6]

where � and � are the usual polar and azimuthal angles measured
with respect to the incident neutrino direction. The emergent
electron state for a contact interaction prior to projecting onto
negative chirality (denoted by the superscript 0) is a spherical
wave,

Ψ0
ed (Er) = h0(pr)

(
0, 1, sin �e−i�,− cos �

)T , [7]

with total angular momentum (J, Jz) = (1/2,−1/2) measured
with respect to the neutrino direction. The spinor in this state
is in fact that of a massless particle of spin down along the z
direction, as denoted by the subscript d , and momentum p in
the (�,�) direction.

However, the 1−
5 in the weak interaction requires projecting
this state along 
5 = −1, with the operator (1 − 
5)/2, to give
the final electron state:

Ψed (Er ) =
h0(pr)

2
(
− sin �e−i�, 1 + cos �,

sin �e−i�,−(1 + cos �)
)T

. [8]

The projection does not change the angular momentum, since

5 commutes with both the spin and orbital angular momentum
operators. This state is the analog of the photon wave Ψ
 , Eq. 1.

Since the operator E� · E∇ is rotationally invariant, the angular
momentum of the state Ψ is simply that of '. The angular
momentum of ' ∼ (0, 1) is clearly J = 1/2, Jz = −1/2. The
state Ψed is neither an eigenstate of Sz nor of Lz ; explicitly,

SzΨed =
h0

4
(− sin �e−i�,−1− cos �, sin �e−i�, 1 + cos �)T

LzΨed = −i
∂Ψed

∂�

=
h0

2
(sin �e−i�, 0,− sin �e−i�, 0)T . [9]

However it is an eigenstate of Jz = Sz + Lz with eigenvalue
−1/2.

We can rewrite the state in 8 as

Ψed (Er) =
√

2h0(pr)e−i�/2 cos(�/2)BL, [10]

where the spinor, BL (normalized to unity), is given by

BL = e−i��z/2e−i��y/2(0, 1, 0,−1)T

=
1
√

2

(
− sin(�/2)e−i�/2, cos(�/2)ei�/2,

sin(�/2)e−i�/2,− cos(�/2)ei�/2)T . [11]

Although Ψed (Er ) is a spherical wave with angular momentum
along the negative z direction, its value in a given direction (�,�)
describes a left-handed particle [spin 1/2 in the direction (� −
�,� + �) opposite to (�,�)], as it must by chiral invariance.
This state is a hedgehog solution; its component along any given
direction describes an electron with its spin pointing opposite to
the direction. It is analogous to a simple spin 1/2 along the z
direction being a superposition of spin up and spin down states
along the x direction. The direction of the electron momentum
and its spin are highly entangled in the spherical wave.†

The elastic (nominally s-wave) scattering of a massless spin-
1/2 particle has exactly the same structure. We assume that the
particle of negligible massm is, for simplicity an electron, incident
along the z direction with momentum p � m, with spin sz =
−1/2, described by the same state, Eq. 2, as the neutrino in
inverse beta decay. Importantly, this state not only has definite
helicity, 2ŝ · p̂ = −1, it is also a state of definite chirality,

5 = −1. Thus the final electron state must also have the same
chirality, which is conserved for massless particles. The final state
is the same, Eq.8, as that of the final electron in inverse beta decay.
The only difference between the scattering problem and inverse
beta decay is that in the latter, the incident particle changes its
species in interacting with the scattering nucleus.

While in inverse beta decay with massless fermions, or in
the scattering problem, the final electron emerges as a spherical
wave, Ψed (Er ), with the angular momentum parallel to that of the
incident fermion, after a measurement determining the direction
of the electron its spin then becomes antiparallel to this direction.
An immediate question is how does the measurement of the final
electron direction lead to its angular momentum being apparently
rotated from the initial angular momentum along the incident
axis to that of the final particle?

The problem, when all is said and done, is that the measuring
apparatus, e.g., a wire chamber, being localized in direction, can-
not be prepared with a well-defined orbital angular momentum;
neither can a spatially localized apparatus measure changes of the
electron’s angular momentum. Being able to detect the electron
direction precludes being able to detect the electron orbital
angular momentum. Even if one were to imagine a microscopic
measuring apparatus originally in a well-defined quantum state,
the combined state of the electron and the measuring apparatus
after its encounter with the electron would be entangled. The

†The requirement that an electron in inverse beta decay emerge from a weak interaction
with negative chirality, and in scattering of massless fermions as well, imposes an
effective spin–orbit coupling on the electron at its creation, strongly correlating its
spin and momentum. To see this connection, we write 
5 , for arbitrary direction n̂, as

5 = (n̂ · E�)(n̂ · EΣ), in terms of the Dirac operators �i = 
0
 i and Σi = i�ijk 
 j
k , the Dirac
spin operator. Since E� = �H0/�Ep is effectively the operator for the electron velocity, where
H0 is the free Dirac Hamiltonian, the chiral projection operator, (1− 
5)/2, has the explicit
form of a spin–orbit force. Similarly the transversality condition in photon scattering is, in
a sense, a spin–orbit coupling.
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wave function of the electron plus apparatus would be a sum
of terms, each of which conserves total angular momentum,
with the electron in a defined spin state and the total angular
momentum shared between the electron and apparatus. As for the
scattered photon above, without determining the orbital angular
momentum of the apparatus one cannot see conservation of total
angular momentum in play.

A related question of conservation of angular momentum
arises in the gravitational spin-Hall effect, in which a photon
(or indeed other spinning object) passing by a gravitating body
is lifted up out of the orbital plane if right circularly polarized,
and is pushed down out of the plane if left circularly polarized
(5–9); the photon spin is not conserved in its motion, but
rather changes direction, reminiscent of the apparent change in
spin direction from the initial neutrino to the final electron in
inverse beta decay. The change of the spin angular momentum
is brought about by an effective spin–orbit force which, unlike
in inverse beta decay, transfers angular momentum from spin
to orbital. A further difference is that in weak interactions at
low energy the particle wavelengths are large compared with
the range of the weak interaction (e.g., p� � mW ), while
the spin-Hall effect arises as a first-order correction to geodesic
motion in the opposite limit that the wavelength of light is small
compared with the characteristic scale height of the gravitational
potential. We note that relic neutrinos also undergo a spin-Hall
effect in their propagation through the gravitational fields in the
Universe (10).

3. Helicity and 
5 Eigenstates for Finite Mass

We now take into account the finite mass of neutrinos and
electrons, and focus on the angular distribution of final particles
in inverse and direct beta decay. Finite mass neutrinos can have
positive in addition to negative helicity. The relative amplitudes
for a weak vector current source proportional to 1−
5 to produce
a neutrino of negative or positive helicity are

√
(1± ��)/2,

respectively (11).
To see these amplitudes we note that the Dirac spinor, nor-

malized to unity, of a negative helicity neutrino (or antineutrino)
of energy E , propagating in the +z direction, say, is

u�L =

√
E + m

2E

(
0, 1, 0,−

p
E + m

)T

= (0,W+, 0,−W−)T , [12]

where we take the spin quantization axis along +z, and W± ≡√
(E ± m)/2E . Since W 2

+ + W 2
− = 1 and W+W− = ��/2,

where �� = v�/c, with v� the neutrino velocity, it follows that
(W+ ±W−)2 = 1± �� , and thus

W± =
1
2

(√
1 + �� ±

√
1− ��

)
. [13]

Similarly, the spinor of a positive helicity neutrino (or
antineutrino) propagating in the +z-direction is

u�R =

√
E + m

2E

(
1, 0,

p
E + m

, 0
)T

= (W+, 0,W−, 0)T .

[14]

In the weak interaction, the projector 1
2 (1− 
5) acting on the

4-component neutrino creation operator is

1
2
(1− 
5)

[
u�La†

�L + u�Ra†
�R

]
=

√
1 + ��

2
u
5=−1,da

†
�L

+

√
1− ��

2
u
5=−1,ua†

�R ,

[15]

showing the amplitudes
√

(1± ��)/2 explicitly. Here the a†
�L(R)

create neutrinos in L or R states, and the 
5 eigenstates
(normalized to unity) for spin up or down (denoted by u or
d ) along the z-direction are

u
5=±,u =
1
√

2
(1, 0,±1, 0)T and

u
5=±,d =
1
√

2
(0, 1, 0,±1)T . [16]

The helicity eigenstates can be written in terms of the 
5
eigenstates as

u�L =

√
1 + ��

2
u−d +

√
1− ��

2
u+d . [17]

and

u�R =

√
1− ��

2
u−u +

√
1 + ��

2
u+u. [18]

The amplitude for a neutrino with left-handed helicity to be in
a 
5 = ∓1 eigenstate is therefore

√
(1± ��)/2 and with right-

handed helicity
√

(1∓ ��)/2. The expectation value 〈h〉 of the
helicity of a neutrino made with 
5 = −1 is simply −�� and for
an antineutrino with 
5 = 1 is ��̄ .

The same technology applies to finite mass fermions undergo-
ing nominally s-wave scattering.

4. Inverse Beta Decay

We now study the angular momentum in inverse beta decay for
finite mass neutrinos and electrons. (Many of the results of this
section are explicit or implicit in ref. 12, but the derivations here
are more direct.)

Independent of the masses of the neutrino and electron, only
the s-wave component of the initial neutrino wave packet (below
GeV energies) is affected by the weak interaction, and emerges
as the 
5 = −1 component of a spherical wave solution of the
Dirac equation. The only modification from Eqs. 4 and 6 is that
the upper and lower components of the solution of the Dirac
equation for the incident neutrino having left-handed helicity is
that

' =
√

2V+h0(pr)(0, 1)T , [19]

and

� = −
√

2 i
V−
p
E� · E∇'

= −
√

2 iV−h′0(pr)(sin �e
−i�,− cos �)T , [20]

4 of 7 https://doi.org/10.1073/pnas.2416768121 pnas.org
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with (cf. Eq. 13)

V± =
1
2

(√
1 + �e ±

√
1− �e

)
. [21]

Again the electron spin state is the same as that of the incident
neutrino. If the incident neutrino has left-handed helicity, the
emergent electron state for a contact interaction without the
1− 
5 would be a spherical wave,

Ψ0
ed (Er ) =

√
2h0(pr)

(
0, V+, V− sin �e−i�,−V− cos �

)T , [22]

with angular momentum (J, Jz) = (1/2,−1/2) measured with
respect to the neutrino direction. Projection along 
5 = −1 (with
(1− 
5)/2) gives the final electron state,

Ψed (Er ) =
h0(pr)
√

2

(
− V− sin �e−i�, V+ + V− cos �,

V− sin �e−i�,−(V+ + V− cos �)
)
. [23]

Similarly, if the incident neutrino has right-handed helicity,
the electron emerges in the state,

Ψ0
eu(Er ) =

√
2h0(pr)

(
V+, 0, V− cos �, V− sin �ei�

)T , [24]

prior to taking the 
5 = −1 component, and after,

Ψeu(Er ) =
h0(pr)
√

2

(
V+ − V− cos �,−V− sin �ei�, [25]

−(V+ − V− cos �), V− sin �ei�
)T ,

with angular momentum (J, Jz) = (1/2, 1/2), as denoted by the
subscript u (for up). Again, Ψ0

eu(Er ) is neither an eigenstate of Sz
or Lz individually. Note that while Ψ0

eu and Ψ0
ed are orthogonal,

Ψeu and Ψed are not.
As earlier, we write the states Ψed (Er ) and Ψeu(Er ) in terms of

spin eigenstates along the direction (�,�),

Ψed = h0(pr)
(
a(d)L BL + a(d)R BR

)
and

Ψeu = h0(pr)
(
a(u)L BL + a(u)R BR

)
, [26]

with the amplitudes for the electron in Ψed to be in a left- or
right-handed helicity state, respectively, in the (�,�) direction
are

a(d)L =
√

1 + �e cos(�/2)e−i�/2,

a(d)R =
√

1− �e sin(�/2)e−i�/2, [27]

and for an electron in Ψeu

a(u)L = −
√

1 + �e sin(�/2)ei�/2,

a(u)R =
√

1− �e cos(�/2)ei�/2. [28]

The spinor BL, Eq. 11, is that for left-handed electron spin and
the spinor BR , given by

BR = e−i��z/2e−i��y/2(1, 0,−1, 0)T

=
1
√

2

(
cos(�/2)e−i�/2, sin(�/2)ei�/2,

− cos(�/2)e−i�/2,− sin(�/2)ei�/2)T , [29]

is that for right-handed electron spin in the (�,�) direction; both
spinors are 
5 = −1 eigenstates, the analogs of the u−,s in Eq. 16.

The angular distribution of the electron in inverse beta decay,
when the incident neutrino is left-handed, is given by

|Ψed (Er )|2 ∼ 1 + �e cos �, [30]

while if the incident neutrino is right-handed, the electron
emerges in with an angular distribution

|Ψeu(Er )|2 ∼ 1− �e cos �. [31]

The right and left-handed neutrino states are not coherent,
since the second fermion involved in the incident neutrino
production, e.g., the electron in an initial beta decay, carries away
phase information. Including the probabilities of the handedness
of the incident neutrino, we find the total angular distribution of
the electron,

d�
d�

∼
1 + ��

2
(1 + �e cos �) +

1− ��
2

(1− �e cos �)

= 1 + �e�� cos �. [32]

To determine the expectation value of the electron spin, we
assume that in an inverse beta decay, the final electron is emitted
in the (x,z) plane. Its mean spin, 〈EΣ 〉, as a function of � in the
states Ψed and Ψeu, is given by

〈Σz〉d =
V 2
− sin2 � − (V+ + V− cos �)2

1 + �e cos �

〈Σx〉d =
−2 sin � V−(V+ + V− cos �)

1 + �e cos �
,

〈Σz〉u =
(V+ − V− cos �)2

− V 2
− sin2 �

1− �e cos �
and

〈Σx〉u =
−2 sin � V−(V+ − V− cos �)

1− �e cos �
. [33]

In the fully relativistic limit, V+ = V− = 1/
√

2, the spin
in either state points in the negative �̂ direction, owing to
the state having negative chirality. On the other hand, in the
nonrelativistic limit,V+ = 1, V− = 0, the spin in either state lies
along the z axis, independent of �, i.e., 〈Σz〉d = −1 = −〈Σz〉u;
the spin of a nonrelativistic electron (�e → 0) is not rotated in
the weak interaction.

Fig. 1 shows how the spin projection along z evolves with
increasing �e from 0 to 1, at angles � = �/2 and �/4, for
both states Ψed and Ψeu. At � = 0, 〈Σz〉d = −1 = −〈Σz〉u,
regardless of �e, while at � = �/2, 〈Σz〉d = −

√
1− �2

e =
−〈Σz〉u, and 〈Σx〉d = 〈Σx〉u = −�e. The same results hold for
s-wave scattering of a spin-1/2 fermion of finite mass. As we see,
the correlation of helicity and direction is a relativistic effect.
Similarly the transversality condition on a scattered photon spin,
discussed earlier, is a consequence of the photon being massless.

The mean helicity of the emitted electron is

〈h〉 = 〈Σz〉 cos � + 〈Σx〉 sin �. [34]

For a left-handed incident neutrino, 〈h〉�=L = −(cos � +
�e)/(1 + �e cos �), and for a right-handed incident neutrino,
〈h〉�=R = (cos �− �e)/(1− �e cos �). Weighting the two terms
by (1± ��)/2 (where �� and �e are correlated) we find in toto,

〈h〉 = −
�e sin2 � + ��(1− �2

e ) cos �
1− �2

e cos2 �
. [35]
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Fig. 1. Spin projection along ẑ for an electron emerging at � = �/2 in the
state Ψeu (upper branch, green) and Ψed (lower branch, red), and � = �/4
in Ψeu (upper branch, yellow) and Ψed (lower branch, blue) vs. �e from 0
to 1, showing the evolution from no spin bending in the nonrelativistic limit
to negative helicity in the fully relativistic limit. This result applies for both
inverse beta decay and s-wave scattering, as discussed in the text. Essentially,
the spin direction along �̂ rotates clockwise in the (z, x) plane from its original
state along ẑ at small �e, to negative helicity in the very relativistic limit. At
�/4, the spin of an electron in Ψeu points in the negative z direction for �e
above ' 0.94.

The � dependence of the mean helicity, Eq. 35, as well as the
cross section, Eq. 32, should, in principle, be detectable with
incident laboratory or solar neutrinos (13). The mean helicity
varies from −�� in the forward direction to −�e at 90◦. In the
search for relic neutrinos, however, one will not see the cos �
dependence, owing to their isotropy.

5. Beta Decay

We turn next to the state of the electron and antineutrino
produced in a beta decay process, neglecting the recoil of
the nucleus. The electron and antineutrino are each produced
in spherical states of total angular momentum 1/2, as is the
electron in inverse beta decay; the electron has negative and the
antineutrino positive chirality. In a beta decay that does not
change the angular momentum of the nucleus, e.g., a 0+

→ 0+

transition, the electron-antineutrino system is entangled in a spin-
singlet state. We take the spin quantization axis along an arbitrary
direction, labeled ẑ; the rotational invariance of a spin-singlet
implies that the total state is independent of the choice of axis.

The wave functions of the positive chirality emitted right-
handed or left-handed helicity antineutrino, respectively, have
the form,

Ψ�̄u(Er ) =
h0(p�r)
√

2

(
W+ + W− cos ��̄ ,W− sin ��̄ei��̄ ,

W+ + W− cos ��̄ ,W− sin ��̄ei��̄
)T ,

Ψ�̄d (Er ) =
h0(p�̄r)
√

2

(
W− sin ��̄ei��̄ ,W+ −W− cos ��̄ ,

W− sin ��̄ei��̄ ,W+ −W− cos ��̄
)T

. [36]

The angular momenta of the states Ψ�̄u and Ψ�̄d are (J, Jz) =
(1/2,±1/2), respectively. The final electron states are the same
as in inverse beta decay, Eqs. 23 and 26, with the angles �e and
�e of the electron.

The combined wave function of the electron-antineutrino pair
is then,

Ψe�̄ =
1
√

2

(
Ψed (re)Ψ�̄u(r�̄)−Ψeu(re)Ψ�̄d (r�̄)

)
. [37]

The amplitudes in beta decay for the electron to emerge with
helicity he = L or R and the antineutrino with right-handed
helicity, at relative angle � between the electron and antineutrino
[cos � = cos �e cos ��̄ + sin �e sin ��̄ cos(�e − ��̄)], are given
in terms of the amplitudes in Eqs. 27 and 28 (where � there
should now be read as the relative angle between the electron and
antineutrino) by 1

2
√

1 + ��̄ a
(d)
he ; similarly the amplitude for the

antineutrino to have left-handed helicity is − 1
2
√

1− ��̄ a
(u)
he .

The angular dependence of the total cross section, or equiv-
alently the electron angular distribution with respect to the
neutrino direction, given by

d�
dΩe�̄

∼ (1 + ��̄)|Ψed |
2 + (1− ��̄)|Ψeu|

2

∼ 1 + �e��̄ cos �, [38]

is the same as in inverse beta decay, Eq. 32, and is thus
independent of whether a neutrino is incident or an antineutrino
is emitted. The cross section vanishes, as expected, if the electron
and antineutrino are massless and emerge back to back. Similarly
the mean electron helicity is given by Eq. 35.

6. Lepton–Antilepton Annihilation

We return to the question of angular momentum conservation in
lepton pair annihilation, considering first the process, �̄e + �e →
�̄� + ��, assuming all the neutrinos to be massless. With the �̄e
traveling in the positive z direction and the �e in the negative z
direction, the initial state of the system has angular momentum
(J, Jz) = (1, 1) with Jz measured along the positive z direction.
The relative wave function of the final state can be written as
the product of spherical waves for the antineutrino in the (�,�)
direction and the neutrino in the (� − �,�+ �) direction:

Ψ�� �̄� = Ψ��u(� − �,�+ �)Ψ�̄�u(�,�), [39]

a product of 
5 = −1 and 
5 = +1 states. The spherical waves
for massless neutrinos are,

Ψ�̄�u(Er ) =
h0(p�r)

2
(
1 + cos �, sin �ei�,

1 + cos �, sin �ei�
)T and

Ψ��u(Er ) =
h0(p�r)

2
(
1− cos �, sin �ei�,

−(1− cos �),− sin �ei�
)T ; [40]

thus,

Ψ��u(� − �,�+ �) =
h0(p�r)

2
(
1 + cos �,− sin �ei�,

−(1 + cos �), sin �ei�
)T

. [41]

That Jz = 1 is easily verified, as before, by acting with Sz�̄� +
Sz�� + Lz .

The cross section for observing the antineutrino at angle � is
then

d�
dΩ
∼ |Ψ�� �̄� |

2
∼ (1 + cos �)2. [42]

As with the electron in inverse beta decay, detection of the
final muon antineutrino along a given direction projects the total
spin along that direction.
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Angular momentum conservation in the electromagnetic
annihilation process (14–17) e+e− → �+�− is similar. We
assume that the positron is incident along the +z axis and the
electron is incident along the −z axis. The incident e+e− pair
must have total spin one to produce the required intermediate
photon, the total spin projection along the z axis must be ±1.
We assume, for the sake of the argument, that the positron is
right spin-polarized and the electron is left spin-polarized. Thus
the initial angular momentum is (J, Jz) = (1, 1).

In the limit in which the center of mass energy is much larger
than the muon rest mass, which we consider, the electromagnetic
interaction, of the form ūVu = ūLVuL + ūRVuR , leads to
either a left-handed helicity �− with a right-handed helicity
�+, or a right-handed helicity �− with a left-handed helicity
�+. Thus the final state has a spherical structure similar
to Eq. 39,

Ψ�−�+ = Ψ�−u(� − �,�+ �)Ψ�+u(�,�)

+Ψ�+u(� − �,�+ �)Ψ�−u(�,�). [43]

The two terms are orthogonal and so their relative phase plays
no role here. The differential cross section is given by

d�
dΩ

∼ |Ψ�−�+ |
2

∼ (1 + cos �)2 + (1− cos �)2
∼ 1 + cos2 �, [44]

the well-known result.
One usually imagines that the muons emerge along the

directions (�,�) and (� − �,� + �) with respect to the
incident electron-positron, and with spin polarizations along
these directions. Since the individual spherical waves each have
angular momentum 1/2 along the positive z direction, this picture
runs again into the same question of how angular momentum
is conserved in a process in which the total spin state starts as
|1, 1〉0 but is measured to be |1,±1〉� , rotated by angle �.

7. Conclusion

Our original question was how angular momentum is conserved
in interactions where the initial angular momentum is in a given
direction, and the final angular momentum, once the direction of
the final state particle (or particles) is determined, is in a different
direction. The key to understanding angular momentum in the
various processes we considered—elastic photon scattering on an
atom, scattering of massless spin-1/2 particles, inverse beta decay,

beta decay, neutrino-antineutrino annihilation, and electron-
positron annihilation to �+�−—is to work in terms of the
spherical states for the particles in question, which have the same
angular momentum as the initial state. For spin-1/2 particles the
spherical states are spin-1/2 Dirac states. We have shown that
prior to measurement of the final particle, angular momentum is
indeed conserved in all these processes. The apparent rotation of
the angular momentum direction takes place in the measurement,
where using localized devices, one cannot detect the angular
momentum transferred to a realistic detector that is sufficiently
localized to allow a direction measurement. Conservation of
angular momentum in these situations can only be accounted
for by taking into account the angular momentum transferred to
the detector.

The spherical wave function of the final states considered here
is an entangled state of the spin and momentum directions.
A Dirac spherical wave with angular momentum along the
±z direction has the remarkable property that it is a linear
superposition of momentum states with spin ±1/2 along the
momentum direction, a hedgehog type solution. We have shown
that a host of results on the angular and helicity distributions
of particles produced in the weak interaction processes can be
derived in terms of these spherical spin-1/2 states. This approach
is readily applicable to other processes, e.g., parity violation in
lepton pair annihilation, electron-positron annihilation into two
photons, pion decay, related pair creation process in peripheral
ultrarelativistic heavy ion collisions, and understanding the
quantum mechanics of heavy quark pair, e.g., top–anti-top,
production in colliders (18–20).

Data, Materials, and Software Availability. There are no data underlying
this work.
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