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1. Introduction

Given a closed embedding i : Z < X of noetherian schemes, one has a pushforward
functor
i : coh(Z) — coh”(X)

from coherent sheaves on Z to coherent sheaves on X supported in Z. While this
functor is far from being an equivalence in general, it is a fundamental result of
Quillen [1973] that i, induces an isomorphism on G-theory; that is, G-theory has
the dévissage property. In more detail: writing G,(Z) and GZ(X) for the algebraic
K -theory groups of coh(Z) and coh? (X), the induced map i, : G.(Z) — Gf(X) is
an isomorphism. One can recast this result in the language of differential graded (dg)
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categorles in the following way: given appropriate dg-enhancements Db (Z ) and
(X ) of the bounded derived categories of coh(Z) and coh? (X), the induced
map Iyt Ky (D (Z)) — K, (Dg Z(X )) on algebraic K-theory is an isomorphism.
Versions of the dévissage property are now known to be enjoyed by a host of
invariants. For instance, a result of Tabuada and Van den Bergh [2018, Theorem 1.8]
states that, given a closed immersion i : Z — X of smooth schemes over a field k
and any localizing A!-homotopy invariant E of dg-categories, the map

is: Ex(D§y(2)) — E, (D (X)) (1.1)

is an isomorphism. In particular, (1.1) is an isomorphism when E = HP, the
periodic cyclic homology functor.! The main goal of this paper is to establish the
dévissage property for periodic cyclic homology in the case of an embedding of a
complete intersection into a smooth scheme, with a view toward proving new cases
of the lattice conjecture in noncommutative Hodge theory.

To state our result precisely, we make the following definition: a closed em-
bedding Z < X of noetherian schemes is a local complete intersection, or Ici, if
there is an affine open cover U; = Spec(Q;) of X such that each U; N Z is equal to
Spec(Q;/I;) for some ideal I; € Q; that is generated by a regular sequence. The
following is our main result:

Theorem 1.2. Let k be a field of characteristic 0, X a smooth scheme over k, and
i:Z < X anlci closed embedding. The map i, : Dgg(Z) — Dg;gZ(X) induces a
quasiisomorphism on periodic cyclic complexes:

HP(D%,(2)) = HP (D} (X)).

In fact, Theorem 1.2 can be extended slightly; see Corollary 4.7. The char(k) =0
assumption is necessary to invoke a version of the Hochschild—Kostant—Rosenberg
theorem (see Theorem 2.17) and also Lemma 3.5. To prove Theorem 1.2, we use
a Mayer—Vietoris argument to reduce to the affine case. We then proceed via an
explicit calculation using versions of Koszul duality and the Hochschild—Kostant—
Rosenberg formula involving matrix factorization categories. While Theorem 1.2
extends the aforementioned result of Tabuada and Van den Bergh [2018, Theo-
rem 1.8], their argument does not adapt to our setting, and so our proof is completely
different from theirs; see Remark 4.5 for details.

Applications. As a first application, we apply Theorem 1.2 to prove new cases of
Blanc’s lattice conjecture.

I'This special case admits a more elementary proof via the Hochschild—Kostant—Rosenberg formula;
see Remark 4.5.
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Conjecture 1.3 [Blanc 2016, Conjecture 1.7]. Given a smooth and proper C-linear
dg-category C, the topological Chern character map K e ) ®7zC — HP,(C) is
an isomorphism.

The motivation for the lattice conjecture is that topological K -theory is believed
to provide the rational lattice in the (conjectural) noncommutative Hodge structure
on the periodic cyclic homology of any smooth and proper dg-category, in the
framework of Katzarkov, Kontsevich and Pantev’s noncommutative Hodge theory
[Katzarkov et al. 2008]. While Conjecture 1.3 involves smooth and proper dg-
categories, it is known to hold in many cases beyond this purview. More precisely,
the lattice conjecture is known for the following dg-categories; in what follows,
Perfqy (—) denotes the dg-category of perfect complexes on (—):

(1) Perfye(X), where X is a separated, finite type scheme over C [Blanc 2016]
(see also [Konovalov 2021, Theorem 1.1] for a generalization of this result to
derived schemes).

(2) Perfye(X), for X a smooth Deligne-Mumford stack [Halpern-Leistner and
Pomerleano 2020, Corollary 2.19].

(3) A connected, proper dg-algebra A [Konovalov 2021, Theorem 1.1].

(4) A connected dg-algebra A such that Hy(A) is a nilpotent extension of a com-
mutative C-algebra of finite type [Konovalov 2021, Theorem 1.1].

We prove the following:

Theorem 1.4. Let X be a noetherian C-scheme such that every point has an open
neighborhood that admits an Ici closed embedding into a smooth C-scheme. The
lattice conjecture holds for both the dg-bounded derived category Dgg(X ) and the
dg-singularity category D(S;;g (X) of X.

Theorem 1.4 opens the door to studying noncommutative Hodge structures (in the
sense of [Katzarkov et al. 2008]) of singularity categories of complete intersections,
building on the robust literature on Hodge-theoretic properties of such singularity
categories [Brown and Dyckerhoff 2020; Ballard et al. 2014a; 2014b; Brown and
Walker 2020a; 2020b; 2022; Célddraru and Tu 2013; Dyckerhoff 2011; Efimov
2018; Halpern-Leistner and Pomerleano 2020; Kim and Polishchuk 2022; Kim and
Kim 2022; Polishchuk and Vaintrob 2012; Segal 2013; Shklyarov 2014; 2016]. We
will explore this in detail in the case of singularity categories of hypersurfaces in a
forthcoming paper.

As asecond application, we use the direct calculations in our proof of Theorem 1.2
to explicitly compute the boundary map in a certain localization sequence on periodic
cyclic homology. In more detail: let O be an essentially smooth k-algebra, f € O
not a zero-divisor, and R = Q/f. Since periodic cyclic homology is a localizing
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invariant of dg-categories, Theorem 1.2 implies that there is a long exact sequence
9
-« — HP;(D§,(R)) — HP;(Q) — HP;(Q[1/f1) — HP;_1(D§,(R)) — --- .

We give an explicit formula for the boundary map 9; in this sequence; see
Theorem 5.5. This formula plays a key role in our aforementioned forthcoming
work on noncommutative Hodge structures for singularity categories and was a
main source of motivation for the present paper.

Remark 1.5. It was brought to our attention by Adeel Khan after the first version
of this paper was posted that Theorem 1.2 may also be obtained as an application of
results of Preygel [2015]; see [Khan 2023, Appendix A]. In fact, Khan subsequently
used this idea to obtain a more general version of Theorem 1.2 involving algebraic
spaces and without the Ici assumption [Khan 2023, Theorem A.2]. This also leads
to a more general version of Theorem 1.4; see [Khan 2023, Theorem B]. However,
the explicit calculations in our proof of Theorem 1.2 are still crucial, for instance,
to our proof of the formula for the boundary map in the long exact sequence above
(see Theorem 5.5); we do not see a direct way to compute this boundary map using
Preygel’s results.

2. Notation and background

2A. Notation. Let k be a characteristic 0 field. We index cohomologically unless
otherwise noted.

2A1. Dg-enhancements of derived categories. Given a noetherian k-scheme X,
let Cohgg(X ) denote the dg-category of bounded complexes of coherent sheaves
on X. (A technical set-theoretic point: we are implicitly considering all categories
of modules or sheaves — and complexes thereof — that arise in this paper in a fixed
Grothendieck universe, and all such categories are assumed to be small with respect
to a fixed larger Grothendieck universe; see [Thomason and Trobaugh 1990, 1.4].)
We let Db . (X) denote the dg-quotient of Coh (X ) by the full subcategory of exact
complexes This is a dg-category with the same objects as Cohb (XD in which
a contracting homotopy for each exact complex has been formally adjoined; see
[Drinfeld 2004] for the precise definition. For any closed subset Z C X, we let

(X ) denote the dg- subcategory of D (X ) given by complexes with support
in Z The dg-category Dd Z(X) is pretrlangulated and its associated homotopy
category, which we shall write as D7 (X), is isomorphic to the usual bounded
derived category of coherent sheaves on X supported on Z.

2A2. Mixed Hochschild complexes. We recall that a mixed complex of k-vector
spaces is a dg-module over the graded commutative k-algebra k(e) = k[e]/ (€?),
where |e| = —1. Typically, a mixed complex is thought of as a triple M = (M, b, B),
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where (M, b) is a chain complex, and B denotes the action of e; so b>=0,BZ=0,
and [b, B] =bB + Bb = 0. A morphism of mixed complexes refers to a morphism
of dg-k(e)-modules. Such a morphism is a quasiisomorphism if and only if it so
upon forgetting the action of B. One may associate to any dg-category C over k a
mixed complex MC(C), its mixed Hochschild complex. We refer the reader to e.g.,
[Brown and Walker 2020a, Section 3] for a detailed discussion of mixed Hochschild
complexes associated to dg-categories.

The periodic cyclic homology of a mixed complex M is given by the “Tate
construction”. In detail: the negative cyclic complex associated to M is HN (M) :=
RHomy ) (k, M). Since HN (k) = k[u] for a degree two element u, HN (M) is
naturally a dg-k[u]-module, and the periodic cyclic complex of M is HP (M) :=
HN (M) Qg klu, u~']. The periodic cyclic homology of M is defined to be
HP,(M) := H,(HP(M)). The periodic cyclic complex (resp. homology) of
a dg-category C over k is given by HP(C) := HP(MC(C)) (resp. HP,(C) :=
HP,(MC(C)). The assignment C — HP(C) is covariantly functorial for dg-functors
and sends quasiequivalences of dg-categories to quasiisomorphisms; see [Brown
and Walker 2020a, Section 3.2] for more details.

2B. Mayer-Vietoris for the Hochschild mixed complex. In this subsection, we
recall some background on localizing invariants of dg-categories. The localiz-
ing invariants of interest in this paper are the various Hochschild invariants dis-
cussed in Section 2A2 (see Theorem 2.5, due to Keller) and topological K-theory
(see Theorem 2.6, due to Blanc). The main goal of this subsection is to prove
Corollary 2.14, a Mayer—Vietoris result for localizing invariants.

Let us fix a bit more notation/terminology. Given a dg-category C, we let [C]
denote its homotopy category. We say an object X in C is contractible if X is the
zero object in [C], or, equivalently, if the dga Endq(X) is exact. Let C. denote the
full dg-subcategory of C given by the contractible objects.

In this paper, a short exact sequence of dg-categories, written

A%BLC,

consists of pretriangulated dg-categories A, B and C and a dg-functor F : B — C,
such that A is a full dg-subcategory of B (with ¢ denoting the inclusion functor),
F(A) € C for all A € A, and the triangulated functor induced by F from the
Verdier quotient [B]/[.A] to [C] is an equivalence.
We say a commutative square
X Y
Z W

—

_
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of dg-modules over some dga is homotopy cartesian if the following equivalent
conditions hold: (1) its totalization is exact, (2) the induced map on the mapping
cones of its rows is a quasiisomorphism, or (3) the induced map on the mapping
cones of its columns is a quasiisomorphism.

We will make use of the following localization sequence of dg-categories, the
essence of which is due to a result of Gabriel [1962, Chapter V]:

Proposition 2.1. Let X be a noetherian scheme, Y and Z closed subschemes of X,
and U = X \ Z. The sequence

D‘;’gY”Z(X) - Dgg (X) — Dg’g’f Y, (2.2)

where the second functor is given by pullback along the open immersion U — X,
is a short exact sequence of dg-categories.

Proof. It suffices to show that the sequence

DPY0Z(x) DY (x) — D>V (1)
of triangulated categories exhibits D™V (U) as the Verdier quotient

D> (X)/ D>YNZ(x).
The proof in [Schlichting 2006, Section 2.3.8] that
cth(X) — coh(X) — coh(U)

is a short exact sequence of abelian categories extends verbatim to give a proof that

coh’™?(X) — coh” (X) — coh?™ (V)

is a short exact sequence of abelian categories. To complete the proof, apply [Krause
2022, Lemma 4.4.1]. U

The following is a slight modification of a notion found in, for example, [Tabuada
and Van den Bergh 2018, Definition 4.3]:

Definition 2.3. Let E be a functor from the category of small dg-categories over k
to the category of dg-modules over some fixed dga A.> We say E is localizing if
the following two conditions hold:

(1) If G : A— B is a dg-functor that is a Morita equivalence (e.g., a quasiequiva-
lence), then E(G) : E(A) — E(B) is a quasiisomorphism of dg-A-modules.

2By “small”, we mean small with respect to our above choices of Grothendieck universes.
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Q) IfA—B L, Cis a short exact sequence of pretriangulated dg-categories,
then the commutative square of dg-A-modules

E(A) —— E(B)

[

E(Cer) — E(©)
is homotopy cartesian.

Theorem 2.5 (Keller). The functors MC, HH, HN, and HP are localizing functors
in the sense of Definition 2.3, taking values in mixed complexes over k, complexes
over k, dg-k[u]-modules, and dg-klu, u—-modules, respectively.

Proof. The functor MC inverts Morita equivalences by [Keller 1999, Section 1.5].
Since the canonical map [C] — [C]/[Cc] is a quasiequivalence, the theorem in
[loc. cit., Section 2.4] implies that the induced map from the cone of the top arrow
to the cone of the bottom arrow in (2.4) with E = MC is a quasiisomorphism.
This proves the result for MC. The result for the other three theories follows,
since each is obtained from MC by applying an additive functor that preserves
quasiisomorphisms. O

Theorem 2.6 (Blanc). The functor K (EO P from dg-categories over C to chain com-
plexes over C, given by sending a dg-category to its complexified topological
K -theory, is localizing.

Proof. This essentially follows from [Blanc 2016, Proposition 4.15]. In more detail:
Kg’ P inverts Morita equivalences by [loc. cit., Proposition 4.15(b)]. Nonconnective
algebraic K-theory is a localizing invariant [Schlichting 2006, Theorem 9]; so it
suffices to observe, as in the proof of [Blanc 2016, Proposition 4.15(c)], that Blanc’s
topological realization functor |—|s, inverting the Bott element, and tensoring with
C are all exact functors. (]

The following three lemmas follow from straightforward diagram chases; we
include a proof of the third and omit proofs of the first two.

Lemma 2.7. If o : E — E’ is a natural transformation of localizing invariants
taking values in dg- A-modules, then so is the fiber of o, written fiber(«) and defined
by

A+ cone(E(A) LICON E'(A)[-1].

In particular, the fiber of the complexified topological Chern character map ch :
Kg’ P — HP is a localizing invariant.
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Lemma 2.8. If E is a localizing invariant taking values in dg- A-modules, then for
every short exact sequence of pretriangulated dg-categories A —> B Ny , there
is a distinguished triangle in D(A), the derived category of dg- A-modules, of the
form

E(A) — E(B) — EQC) 2AL E(A)[1],

where the map 04 r is the composition

EC) 2 cone(E(Coy) — E(0)) LN cone(E(A) — E(B)) =22 E(A)[1].

Here, o~ is the inverse in D(A) of the quasiisomorphism o induced by (2.4), and
the maps can; and cany are the canonical maps to and from the mapping cone,
respectively.

Lemma 2.9. Suppose E is a localizing invariant (in the sense of Definition 2.3)
taking values in dg- A-modules, and each row of the commutative diagram

A—>BL>C

L],

F/
A ——B ——C
is a short exact sequence of pretriangulated dg-categories.

(1) The vertical maps induce a morphism of distinguished triangles in D(A) of the

form
E(A) —— E(B) —— E(©) —*" E([1]
l J J l (2.10)
E(A) —— E(B) —— E(C) 255 EQO1,

where the boundary maps are as defined in the statement of Lemma 2.8.

(2) If, in addition, the map E(A) —> E(A)) is a quasiisomorphism, then the
commutative square of dg- A-modules

EB) —— E(C)

NN

E(B) —— E(C)

is homotopy cartesian.
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Proof. Both parts will involve the cube of dg- A-modules

E(A) E(B)

N e

E(A) —— E(B)

N

E(Cctr) I E(C)

~ N

E(C,) E(C)

ctr

which is commutative due to the functoriality of E. Let us now prove (1). The left
two squares of (2.10) clearly commute; as for the right-most square in (2.10): from
the definition of the boundary map in Lemma 2.8, we see that it suffices to show

cone(E(A) — E(B)) LN cone(E(Cer) — E(C))

l l

cone(E(A') — E(B)) —— cone(E(Cly) — E(C'))

commutes. This is a consequence of the commutativity of (2.12).

To prove (2), let I, O, L, and R denote the totalizations of the four commutative
squares of dg- A-modules given by the inner square, the outer square, the left-hand
trapezoid, and the right-hand trapezoid of (2.12), respectively. The commutativity of
(2.12) gives induced maps I — O and L — R. Moreover, since both cone(/ — O)
and cone(L — R) are isomorphic to the totalization of (2.12) regarded as a three-
dimensional complex of dg-A-modules, there is an isomorphism cone(/ — O) =
cone(L — R). Both I and O are exact since E is localizing, and L is exact since
the top and bottom edges of the left-hand trapezoid are both quasiisomorphisms,

/

the top one by assumption and the bottom one since E(C¢) and E(C,,,) are exact.
It follows that R is exact. O

Notation 2.13. Let E be any functor from small dg-categories over k to dg-modules
over some dga A. For any noetherian k-scheme X and closed subscheme Y of X,
we set

E"(X) := E(Perfy,(X)) and E};(X) :=E(D3:gy(X)).

coh
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Corollary 2.14 (Mayer—Vietoris). Let X be a noetherian k-scheme, and suppose
X =UUV, where U and V are open subschemes of X. Let Y be a closed subscheme
of X and E any localizing invariant taking values in dg- A-modules. The square

E!.(X) ——— ESY(U)

l |

VﬂY(V) EUﬁVﬂY(Um V),

coh coh

in which each map is induced by pullback along an open immersion, is homotopy
cartesian.

Proof. Set Z:= X\ U and W :=V \ (U N V). It follows from Proposition 2.1 that

(X) b YﬂZ(X) N Dl;,gWﬂY(V)

is a short exact sequence of dg-categories; since Dd’gg (X) has a trivial homotopy
category, we conclude that Db YNZ(x) - b WOY (V) is a quasiequivalence. Now

apply Lemma 2.9 to the commutatlve dlagram

D, ¥ (X) —— Dg (X) ———Dg, (V)

| | | :

Dg’gme(V) SN Dg’gva(V) SN DB;O,UOVMY(U nV)
2C. Koszul duality. We recall in this section a Koszul duality statement that is
essentially due to Martin [2021, Theorem 5.1]; see also work of Burke and Stevenson
[2015, Theorem 7.5]. Let Q be an essentially smooth algebra over a field k
and f1, ..., f. a (not necessarily regular) sequence of elements in Q. Let é =
Qolt, ..., t.], where |t;] =2 for all i, and ]7: fih 4+ feto € é

Definition 2.15. A matrix factorization of f is a projective, finitely generated,
Z-graded é—module P equipped with a degree 1 endomorphism dp such that
ds = f -idp. Given two matrix factorizations P and P’, we have a morphism
complex Hom(P, P’) with underlying graded module given by the internal Hom
object Homg (P, P’) in the category of Z-graded Q modules and differential given
by ar>dpa—(—1)adp. Let mf (Q f ) denote the differential Z-graded category
with objects given by matrix factorizations of f and morphism complexes given as
above.

Matrix factorizations were introduced by Eisenbud [1980] in his study of the as-
ymptotic behavior of free resolutions over local hypersurface rings. Since their incep-
tion in commutative algebra, matrix factorizations have appeared in a wide variety of
branches of mathematics: for instance, homological mirror symmetry [Brunner et al.
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2006; He et al. 2023; Sheridan 2015], K-theory [Brown 2016; Brown et al. 2017;
Lurie 2015; Walker 2017], knot theory [Khovanov and Rozansky 2008a; 2008b;
Oblomkov 2019], and noncommutative Hodge theory [Halpern-Leistner and Pomer-
leano 2020; Katzarkov et al. 2008; Polishchuk and Vaintrob 2012], among others.

Let K denote the Koszul complex on f1, ..., f.. The underlying Q-module
of K is /\ olei, ..., ec), where each ¢; is an exterior variable of degree —1. Let
Dgg(K ) be the dg- quotlent of the dg-category of finitely generated dg- K -modules
by the subcategory of exact ones, as in 2A1; and let X be the dg-subcategory of

(K ) on those dg- K -modules that are projective as Q-modules. Notice that the
1nc1u510n K— Db (K ) is a quasiequivalence.

Recall that m f (Q f )etr 18 the dg- subcategory of mf (Q f ) given by contractible
objects. Let ® : K — mf (Q f )/ mf (Q f )etr denote the dg-functor that sends an
object (P, d) € K to the matrix factorization (P[ty, ..., t.], d +Zf:1 e;t;); it follows
from (a slight reformulation of) a result of Martin [2021, Theorem 5.1] that ® is well-
defined and is a quasiequivalence. As observed in [loc. cit.], the functor & is an in-
stance of Koszul duality. Indeed, when Q =k and each f; =0, the equivalence & re-
covers (a nonstandard-graded variant of) the classical Bernstein—Gel’ fand—Gel’fand
correspondence between an exterior and polynomial algebra [BernStein et al. 1978].

The following result, which plays a key role in the proof of Theorem 1.2, is now
immediate:

Proposition 2.16 [Martin 2021]. We have a commutative diagram of the form

DS, (K) +——— K ———— mf(Q. /)/mf (D, Pex ——mf(Q. )

! ©/
DG (Q),

where each horizontal functor is a quasiequivalence. The left-most diagonal map
and vertical map are forgetful functors, and the two right-most diagonal maps are
given by setting each t; to 0. The left-most horizontal map is the inclusion, and the
right-most horizontal map is the canonical one.

2D. An HKR-type theorem. We have the following Hochschild—Kostant—Rosenberg
(HKR)-type formula due to the second author, building on results of [Caldararu and
Tu 2013; Polishchuk and Positselski 2012; Segal 2013]:

Theorem 2.17. Let Q and f be as in Section 2C, and assume that char(k) = 0.
There is a natural HKR-type isomorphism

MCOnf (O, ) = (@), dg [ dg)

in the derived category of mixed complexes, where the map given by exterior
multiplication on the left by the element d f € Qlé Ik is denoted by dg f .
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Proof. It follows from a result of Efimov [2018, Proposition 3.14] that there is a
quasiisomorphism

MC(Q, - ) = (. dg [ dg),

where MC!! (é , — f ) denotes the mixed Hochschild complex of the second kind
of the curved algebra (é, — f ); see e.g., [Brown and Walker 2020a, Sections 2
and 3] for background on curved algebras and their Hochschild invariants of the
second kind. By work of Polishchuk and Positselski [2012], there is a canonical
isomorphism Mmc!! (é , — f YZMC! (m f (é , ]7 )) in the derived category of mixed
complexes. See [Brown and Walker 2020a, Proposition 3.25] for an explicit formu-
lation of this result; note that the category Perf(é , f)"p in that statement coincides
with mf (0, — £)°® = mf(Q, f). Finally, by a result of Walker [> 2024], the
canonical map MC(mf (Q, f)) = MC' (mf(Q, f)) is a quasiisomorphism. [

Combining Theorem 2.17 with the horizontal quasiequivalences in the diagram
in Proposition 2.16, one arrives at a formula for the mixed Hochschild complex of
D, (K).

3. Key technical result

We begin by fixing the following

Notation 3.1. Let S =& =09 / be an N-graded k-algebra essentially of finite type
that is concentrated in even degrees (i.e., S/ =0 for j odd) and commutative. Given
a degree two element 4 € S%, we define

HN®(S, h) := (R, [ul, dsh + uds),
HP®(S, h) := HN™®(S, h) ®puy klu, u™"] = (% [u. u™"], dsh + uds),

where dg denotes the de Rham differential, u is a degree 2 variable, and the summand
dgh of the differential indicates exterior multiplication on the left by the element
dsh € Q}g/k. In these complexes, the degree of an element apday ---da;j € Q]S/k is
declared to be —j + ) _,|a;|; in particular, the operator dg has degree —1 and both
dsh and udgs have degree 1.

The symbols HNR and HPR are meant to indicate that, under certain conditions,
these complexes are de Rham models of the negative cyclic and periodic cyclic
complexes of the matrix factorization category mf (S, h); see Theorem 2.17, and
also [Walker > 2024].

Let A satisfy the assumption on S in 3.1, and assume also that A is essentially
smooth over k. Fix f € A and g € A2, and let ¢ be a degree 2 variable. The goal
of this section is to prove the following key technical result, which plays a crucial
role in the proof of Theorem 1.2.
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Proposition 3.2. The square

HP®R(A[1], ft+g) —— HP®R(A, g)

J l (3.3)

HP®(A[1/f, 1], f1+g) —— HPR(A[1/f], &)

in which the vertical maps are induced by inverting [ and the horizontal maps are
induced by setting t = 0, is homotopy cartesian. Moreover, the bottom-left complex
HPR(A[1/f, ], ft +g) is k[u]-linearly contractible.

Before proving Proposition 3.2, we establish a series of intermediate technical
results. Define a complex

M =My gy = (1,1l tdf +dg +ud),

where d denotes the de Rham differential in €% /i~ Here, as above, the summands
tdf and dg of the differential denote exterior multiplication on the left by the
elements tdf and a’g of QA/k[t]. (To clarity, if g = go + g1t + - - - + gmt™, then
dg =dgo+tdg1+---+1t"dgy,.) Define

V:M—->M

to be the 2% / k[ u]-linear chain endomorphism such that V() = ft' +it'~lu; that
is,V=f+u= az

Lemma 3.4. There is an isomorphism
HNR(A[1], ft + g) = fiber(V)

of complexes of Alt, ul-modules, where the left-hand side is defined in Notation 3.1
using S = A[t] and h = ft + g, and fiber(V) := cone(V)[—1].

Proof. The composition
Qo el = Qi 1, ul © 2y (1, uldt = €2y ) [2, ul @ (§23 ) [7, ul)[—1]
gives the desired chain isomorphism. (]

Define an Q'A/k[u]—linear map ¢ : M — HNR(A[1/£], g) by o(t') = “}?fﬁ“u"

Lemma 3.5. The map ¢ has the following properties:
(1) @ is a chain map.
2) poV=0.
(3) The sequence (0 — M[—2] ARy I'IN HNdR(A[l/f], g)) is exact.

(4) The sequence (0 — (M[u~'N[—2] —-> M[u~']1-£> HP®R(A[1/f], g) — 0)
lS exact.
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Proof. Parts (1) and (2) are straightforward to check. Part (4) follows from (3),
using that ¢ becomes surjective upon inverting u. As for (3), one easily checks that
V -t is injective. Suppose m € ker(¢). We construct forms f; ; € Q% Jk such that

(V'l)( Z ,Bi,jt"uj):m.

i>0,j>0

Write m =Y. ._,w; it'u’/. We have
i,j>0"1,J

— )il
Z ().—l’]=0 forall n > 0.
fz+1

i+j=n

In particular, f divides w; o for all i > 0. Set By j = wo,j+1 and B; o = wi+1,0/f.
We define the forms g; ; for i, j > 1 inductively, on 7, via the formula

B, = Puit— fBi-1.j+1
b i+1 '

Let

m= ﬁi’jt'uj.
i>0,j>0

Directly applying the formula for V - ¢, we have:

(V- 1)(m)

= (Z fﬂi,otiH) + (Z ,Bo,juj+1> + ( > (fBicrj+ G+ 1)ﬂi,j_1>t"uf).
i>0 j=0 i>1,j>1

Now compare coefficients to check that (V - r)(m) = m. O

Lemma 3.6. The complex HN®R(A[1/f, t], ft + g) is k[u]-linearly contractible,
via the degree —1 k[ul-linear endomorphism h of HN'R(A[1/f, 1], ft + g) given
by

wou® 3° (1Y)

f[+1 ort

h(ont' + wat!dr) = (= 1) Z‘(—N
¢
forwy, wy € Q;&[l/f]‘ The complex HPIR(A[1/f, 1], ft + g) is k[u, u="]-linearly
contractible via a homotopy given by the same formula.

Proof. The second statement is immediate from the first, and the first follows from
a direct calculation. (]
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Consider the commutative square

HNR(A[1], ft+g) —— HN®R(A, g)

lcanl lcanz 3.7

HN®R(A[1/f, 1], ft+g) —— HN®R(A[1/f], 8)

where can; and can, are the maps induced by inverting f, and the horizontal maps
are induced by setting r = 0. Note that the square in Proposition 3.2 is obtained
from (3.7) by inverting u. The contracting homotopy /4 of the bottom-left complex
of (3.7) arising from Lemma 3.6 induces the map o in the diagram

fiber(can;) fiber(cany)

HN®R(A[1], ft +3) ——— HN®R(4, g) (3.8)

lcam lcanz

HN®R(A[1/f, 1], ft + &) — HN™(A[1/f], &)
causing both triangles to commute.

Lemma 3.9. We have a commutative diagram

HNﬂlf,]/k(A[t], ft+g)

~

fiber(V) fiber(cany)
0—— M[-2] ! M =0 HN®R(A, g) —— 0
l: \v4 lcanz
0 ——s M[—2] Vi M a HN®R(A[1/£1, 8)

where the top-most vertical map is induced by Lemma 3.4, and the bottom two rows
are exact.

Proof. The exactness of the third row is clear, and the exactness of the fourth
row follows from Lemma 3.5(3). A direct calculation shows that the diagram
commutes. O
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Proof of Proposition 3.2. Lemma 3.6 gives us the statement concerning the con-
tractibility of HPIR(A[1/f,t], ft+g). Inverting u in the diagram from Lemma 3.9
gives a commutative diagram:

HPE,  (Alt], f1+¢)

~

fiber(V) ——— fiber(cany)

Lo

0— (Mu='D[-2] —— Mu~'] — = HP®R(A, g) —— 0

|- v [

0— (Mu—"D[-2] —X" s Mu~']—2—— HPR(A[1/f], 8) — O

Notice that the bottom row is now a short exact sequence, by Lemma 3.5(4). A
diagram chase shows that o is a quasiisomorphism.
Finally, we consider the commutative diagram

fiber(can;) - fiber(cany)

lw/l

HP®R(A[1], ft +g) —— HPWR(A, g) (3.10)

lcanl lcanz

HP®(A[1/f, 1], f1+8) —— HP®R(A[1/f], )

obtained from (3.8) by inverting u. Since HPYR(A[1/f,t], ft + g) is contractible,
the upper-left vertical map is a quasiisomorphism as shown. We just proved that o
is a quasiisomorphism, and thus so too is the top horizontal map. This implies that
the bottom square is homotopy cartesian. O

4. Proof of Theorem 1.2

We first address the affine case of Theorem 1.2. For convenience, we introduce the
following

Terminology 4.1. We say a dg-functor C — D is an HP-equivalence if it induces a
quasiisomorphism on periodic cyclic complexes.

Let k be a characteristic 0 field, Q an essentially smooth k-algebra, f1, ..., f. €
Q,and Z = V(fi,..., fc) € Spec(Q). Let K denote the Koszul complex on
fi...., fe,and set R = Q/(fi, ..., fc). Note that the canonical ring map Q — R
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factors as Q «— K — R; these maps induce dg-functors Dgg(R) — D (K ) —
dg “(0) given by restriction of scalars.

Theorem 4.2. With the notation just introduced:
(1) The dg-functor Db (K ) — Dgéz (Q) is an HP-equivalence.

2) The dg functor Db (R) — Db o (K) is an HP- equivalence if and only if
(R) — D (Q) is such.

S Iffi,..., fe form a regular sequence, then the dg functor Dgg(R) — Dg’gZ(Q)
is an HP-equivalence.

Proof. Part (2) follows immediately from (1). When f1, ..., f. is aregular sequence,
the map K — R is a quasiisomorphism and thus (3) follows from (2).

Let us now prove (1). Let é and f be as in Section 2C. To prove (1), we argue
by induction on c. Suppose ¢ = 1, and write f; as just f. We have a commutative
diagram:

HP (mf (QI1], f1)) —— HP(D}/(Q)) —— HP(D},(Q))

| Y

HP (mf (Q[1/f.1). f1)) — HP (D} (Q[1/f1) — HP (DY, (QI1/])

Each map in (4.3) is induced by a dg-functor: the left-most horizontal maps are
induced by setting ¢ = 0, the right-most horizontal maps are induced by inclusions,
and the vertical maps are induced by inverting f. By Proposition 2.16, it suffices
to show that the upper-left map is a quasiisomorphism.

We first observe that, by Theorem 2.17, the outer rectangle in (4.3) is quasiiso-
morphic to

HP®R(Q[1], f1) ——— HPR(Q,0)

l |

HP®(Q[1/f1], f1) —— HP™®(Q[1/f], 0)

which is homotopy cartesian by Proposition 3.2 (take g = 0 in that statement). The
right-most square in (4.3) is homotopy cartesian by Proposition 2.1, Theorem 2.5,
and the observation that Dg z (Q[1/f) is exactly the subcategory of contractible
objects in D (Q[l /fD. It follows that the left-most square in (4. 3) 1s also ho-
motopy carteman The complex HP (DggZ (Q[1/f]) is exact since Dd (Q[l /D
is quasiequivalent to 0, and HP (mf (Q[1/f, t], ft)) is exact by Lemma 3.6 and
Theorem 2.17. It follows that the top-left map in (4.3) is a quasiisomorphism; this
proves the ¢ = 1 case.
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Now suppose ¢ > 1. For the same reasons as in the ¢ = 1 case, the complexes
HP(mf(Q[1/f.], f)) and HP (DgéZ(Q[l /fc1)) are contractible. It therefore suf-
fices, by Proposition 2.16, to show that the square

HP(mf (Q, f)) ——— HP(D37(Q))

| Y

HP(mf (Q[1/f.], f)) —— HP (D37 (QI1/f.])

is homotopy cartesian. Let O’ = Q[t1, ..., te_1l, f = fiti++ -+ ferite1 € O,
and Z' =V (fi,..., fe—1). We have the following commutative diagram:

HP (DY (Q)) » HP(D} (Q))

I e

HP(mf(Q, f)) —— HP(mf(Q', f))

| l

HP(nf(Q[1/£.), 1)) — HPmf(Q'11/£.1, 7))

HP (D} (Q[1/£.]) > HP(DY (Q[1/£.))

where the vertical maps are induced by inverting f., the exterior horizontal maps
are induced by inclusion, and every other map is given by sending one or more of
the #; to 0. Observe that the square (4.4) is the left-most trapezoid in this diagram.
The diagonal arrows in the right-most trapezoid are quasiequivalences by induction
and Proposition 2.16; it follows that this trapezoid is homotopy cartesian. The
exterior square is homotopy cartesian by Proposition 2.1, Theorem 2.5, and the
observation that Dg’gZ (Q[1/f.]) is exactly the subcategory of contractible objects

in Dg’gz/(Q[l /fc]). The interior square is homotopy cartesian by Proposition 3.2
and Theorem 2.17. By a diagram chase similar to the argument in the proof of
Lemma 2.9(2), it follows that (4.4) is homotopy cartesian. This proves (1). O

Proof of Theorem 1.2. Since X is noetherian, we have X = Y; U---UY,, with each
Y; an affine open subscheme of X such that Z NY; < Y; is Ici. Each Y; is smooth
since X is.

We proceed by induction on 7; the case n =1 is the content of Theorem 4.2(3).
Forn>2,wehave X =U UV, wherewesetU ;=Y U---UY,_jand V :=Y%,.
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This gives a commutative diagram

HP(Dg (X)) HP D" (U))

HP (D}, (2)) — HP(D§,(ZNU))

l |

HP (D}, (ZNV)) + HP(D,(ZNUNV))

HP(DE;;Z“V(V)) HP(Dg'gZ”U”V(UmV)).

in which the diagonal maps are induced by pushforward, and all other maps are in-
duced by pullback. By induction on n, the lower-left and upper-right diagonal maps
are quasiisomorphisms as indicated. Observe that UNV = (Y NY,)U- - -U(Y,,—1NY,).
Since X is separated, each Y; MY, is affine, and the inclusion ZNY;NY, < Y;NY, is
Ici, for all i. This proves the lower-right diagonal map is also a quasiisomorphism as
indicated. Finally, by Corollary 2.14, the interior and exterior squares are homotopy
cartesian. It follows that HP (Dgg(Z)) — HP (Dg’gZ (X)) is a quasiisomorphism. [

Remark 4.5. When Z is smooth, Theorem 1.2 follows easily from the Hochschild—
Kostant—Rosenberg theorem and the Gysin long exact sequence in de Rham coho-
mology [Hartshorne 1975, Section 2, Theorem 3.3]; see also [Tabuada and Van den
Bergh 2018, Example 1.15]. Since the Gysin sequence is not available when Z is
not smooth, this approach does not work in our setting.

Similarly, the proof of Tabuada and Van den Bergh’s result [2018, Theorem 1.8],
which states that devissage holds for localizing A'-homotopy invariants in the
case of a closed embedding of a smooth scheme Z into a smooth scheme X, does
not extend to give a proof of Theorem 1.2. One reason for this is that [loc. cit.,
Theorem 6.8(ii)], which plays a key role in the proof of [loc. cit., Theorem 1.8],
does not extend to our setting. In more detail: [loc. cit., Theorem 6.8(ii)] states that,
if R — S is a surjective morphism of smooth k-algebras, then R Homg (S, §) is a
formal dga. To adapt Tabuada and Van den Bergh’s argument to prove Theorem 1.2,
one would need a version of this result in the case where S is assumed only to be a
complete intersection. But this is simply false; for instance, when R = k[x] and
S =k[x]/(x?),itis straightforward to check that R Homg (S, S) is not a formal dga.
Remark 4.6. Let Q, R, and K be as in Theorem 4.2. If we knew that the canonical
map HP (Dgg(R)) — HP (Dgg(K )) is a quasiisomorphism for any (not necessarily
regular) sequence fi, ..., f. € O, the above Mayer—Vietoris argument would give
a proof of Theorem 1.2 without the Ici assumption (but still assuming X is smooth).
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Theorem 1.2 admits a slight generalization:

Corollary 4.7. Let Z — X and X — Y be closed embeddings. If dévissage
for periodic cyclic homology holds for the embeddings X — Y, Z — Y, and
X\ Z — Y\ Z; then it also holds for the embedding Z — X. In particular, if
X — Yislci, Z — Y islci, and Y is smooth, then dévissage holds for Z — X.

Proof. Consider the diagram

HP-eq
D, (2) — D37 (X) Dgy (Y)
HP-eq
D5, (X) Dg* (V)

HP-eq b,
Db, (X \ Z) ———— D3\ (r\ 2)

in which all horizontal maps are induced by pushforward, the two upper verti-
cal maps are inclusions, and the bottom vertical maps are induced by pullback.
The curved arrow and the bottom two horizontal arrows are HP-equivalences as
indicated, by assumption. Since the two columns are short exact sequences of
dg-categories by Proposition 2.1, it follows from Theorem 2.5 and Lemma 2.9
that the top-right horizontal arrow is also an HP-equivalence. It follows that
Dgg(Z) — Dg’gZ (X) is an HP-equivalence. The final assertion follows by using
Theorem 1.2. U

Example 4.8. Suppose X is a k-scheme that can be embedded via an Ici closed
embedding into a scheme that is smooth over k. By Corollary 4.7, dévissage for
periodic cyclic homology holds for any closed embedding Z < X provided Z is
smooth over k. (This follows from the Corollary since every closed embedding of
smooth schemes is Ici.) For instance, dévissage holds for the inclusion of any point
into X.

5. The boundary map in a localization sequence on periodic cyclic homology
Let QO be an essentially smooth k-algebra, f € Q not a zero-divisor, and R = Q/f.

5A. Computing the boundary map. Theorems 1.2 and 2.5 give a two-periodic
long exact sequence

+-= HP;(Q) — HP;(Q[1/f1) =5 HP;_ | (D}y(R) > HP;_1(Q)— -+ . (5.1)
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The goal of this subsection is to give an explicit formula for the boundary map 9;.
To achieve this, we use the de Rham versions of these complexes provided by
Proposition 2.16 and Theorem 2.17, i.e., the isomorphisms

HP, (DS, (R)) = HP{R(QI1], ft) and HP.(Q[1/f])= HP{R(Q[1/f]). (5.2)
where the right-hand sides are defined as in Notation 3.1.

Lemma 5.3. With Q and f as above, every class in HPdR(Q[l /fD lS represented
by a sum of cycles of the form L ul fors,l € Z withs > O and o € Q sansfymg
fdo =sdfa.

I wi l;
Proof. We have HP™R(Q[1/f1) =@, ; Qpp 151> With 4, 1, in homolog-
ical degree p — 2/, and differential ud. There is an isomorphism

@Hfri" Yeor/f1) = HPR(QI1/ /D).

where Hj, (—) refers to classical de Rham cohomology, that sends the class of a
closed form w € QQer/jl] to the class of wu™. Using the identification 27 o11/1) =

[l/f] it follows that a cycle in HPdR(Q[l/f]) of homological degree j is a
ﬁnlte sum of elements of the form = ' ul, with @ € Qp A+i , each of which is a cycle
satisfying fdo = sdfa. (]
Remark 5.4. The condition fda = sdfa in Lemma 5.3 implies that fdfda =0,
and hence, since f is not a zero-divisor, that dfda = 0.

Theorem 5.5. Under the isomorphisms in (5.2), the boundary map 9; in (5.1)
corresponds to the map 8dR HPR(Q[ [(1/f]) — HPde(Q [t], f1) that sends a

class Ful as in Lemma 5. 3 o EU° 1) Eldar)u! T8,

Proof. If s = 0, then this class lifts to an element of HPdR(Q) and hence is
mapped to zero via 3R; henceforth, assume s > 1. The element y=y(s,a):=
e 1) d(at®)u't1=5 has degree j — 1; let us check that y € HPR(Q[r], f1) is a
cycle We have fdo = sdfa, and Remark 5.4 implies that dfda = 0. We now
compute

(ud +d(f))dat®) = (=) sdar* dtu + dfdar’™ + (= 1)/ fdar®dt
= (=1)/ T (sdat* " 'dtu + sdfar’dr).

Finally, to conclude that y is a cycle, we observe that (ud +d(ft))(sat*~'dt) =
sdat*~ldtu +sdfat*dt.

Consider diagram (3.10) with A = Q and g = 0. The complex fiber(can;)
in that diagram is the graded k[u u~'l-module HPR(Q) & HP®R(Q[1/fDI[1]

equipped with the differential [ ”g:ﬁz@ d dRO ], and the boundary map 9; :
HPIR(Q[1/f1)
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PdR(Q[l /f1) — Hj_j(fiber(cany)) is induced by inclusion into the second sum-
mand The map BdR is given by the composition H;_1(0)~ 13, j» where o is as in
diagram (3.10). It therefore suffices to show that H;_;(0)(y) = 9; ( )

Let  : HPR(Q[t], ft) — HPR(Q) be the map induced by setting ¢ = 0.
The quasiisomorphism o is induced by a contracting homotopy & of can, ot :
HP®R(Q[t], f1) > H®R(Q[1/f]); specifically, 0 = [ “;]. The homotopy # is
induced by the contracting homotopy 4 given in Lemma 3.6 and the bottom com-
mutative square in (3.10) and is thus given by

Ri(w11% + watbdr) = (= 1)lezltbp 221 fb+1
for wy, wy € QQ and integers a, b > 0. It follows that

H@m) = )|

0
- |:—(S—1!)X(_1).I'(_1)2[+j+s—l(s _ 1)!sa}4€j’1 u[+1_s:|

= aj (%Ml). O

5B. Relationship with Chern characters of matrix factorizations. In this subsec-
tion, we illustrate our explicit formula for the boundary map in (5.1) by showing it
is compatible with the Chern character map for K. For simplicity, we assume Q
is local (and essentially smooth over k) throughout this subsection. We will use
Theorem 5.5 to directly check that the square

Ki(QU/f]) —— Go(Q/f)

lch{” lchgm

)
HP(Q[1/f1) — HPy(D,(Q/f))
commutes, where chfP denotes the HP-Chern character map, and the horizon-

tal maps are the boundary maps in the canonical long exact sequences. Using
Proposition 2.16 and Theorem 2.17, we may identify this square with

Ki(Q1/f]) ——— Go(Q/f)

lch;m lcth (5.6)
adR

HP{R(Q[1/f1) —— HPFR(QI1], f1)



DEVISSAGE FOR PERIODIC CYCLIC HOMOLOGY OF COMPLETE INTERSECTIONS 363

where the maps chR denote the de Rham versions of the Chern character maps
chfP Let us recall the formulas for the maps in this square.

Since QO and Q[1/f] are regular, the long exact sequence in G-theory gives an
exact sequence

= K1(Q)— K1(Q1/f1) > Go(Q/) > Ko(Q)— Ko(QI1/f) — 0. (5.7)

The map Ko(Q) — Ko(Q[1/f]) is injective, since Q is local. Moreover, as K(Q)
is isomorphic to the group of units Q@ in Q, the boundary map induces an isomor-

~

phism K{(Q[1/f])/ Q> => Go(Q/f). The group Go(Q/f) is generated by the
classes of maximal Cohen—Macaulay Q/f-modules. Given such a module M, it
has projective dimension 1 as a Q-module, and thus there exists an exact sequence
of the form

O—>Q”i>Q”—>M—>O

for some n x n matrix A with entries in Q. Since multiplication by f on M is zero,
there is a unique n x n matrix B with entries in Q such that AB = BA = f - I,,; that
is, (A, B) forms a matrix factorization of f. By [Weibel 2013, Theorem I11.3.2],
we have 01 ([A]) = [coker(A)] = [M]. In particular, we need only check that the
square (5.6) commutes on classes of the form [A] € K;(Q[1/f]), where (A, B) is
a matrix factorization of f.

For any essentially smooth k-algebra S, the Chern character map

chiR: K1(S) — HP\(S) = HP{R(S)

is given by

dR s+1 28! 1 1 s—1y. s—1
chdR(T) _Z( 1) oh )'tr(T dTdT'dT) "u

forany T € GL(S) [Pekonen 1993, Section 1]; here, we use the relation (T~ 'dT)*=
—dT~'dT 2 Applying this formula when S = Q[1/f] and T = A, where (A, B) is
a matrix factorization of f € Q, and using [Brown and Walker 2020b, Lemma 5.7]
along with the relation dA~! = f~'dB — f~%df B, we obtain

ch®(A) = Z( 1)”1(23;]” Str(BdA(dBd A Hu'~! € HPIR(Q[1/f)).
s>1

(5.8)
A similar calculation shows

ftr((dBdA)®) =s-df Atr(BdA(dBdA) ™)

30ur formula for ch 1 differs from the one found in [Pekonen 1993, Section 1] by the constant
j3s-2

Q2m)s -
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for each s. We now apply Theorem 5.5 to get

o (chi(A) == tr(d(BdA(dAdB)*~t*),

s>1

2
2s)!

which coincides with cth([M 1) by [Brown and Walker 2020a, Example 6.4]. This
shows that (5.6) commutes.

6. Proof of Theorem 1.4

Proposition 6.1. Let Z — X be a closed embedding of C-schemes, where X is
smooth:

(1) The lattice conjecture (Conjecture 1.3) holds for Dg’gz (X).
(2) The following are equivalent:
(a) The map HP(Dgg(Z)) — HP(DE;b,Z (X)) induced by pushforward is a
quasiisomorphism.
(b) The lattice conjecture holds for the dg-bounded derived category Dgg(Z).

(c) The lattice conjecture holds for the dg-singularity category Dzzg(Z ).

Proof. Let E = fiber(ch : K Gt:o P HP), and note that the lattice conjecture holds
for a dg-category A if and only if E(A) is exact. Moreover, E is localizing by
Theorems 2.5 and 2.6, Lemma 2.7, and the naturality of ch [Blanc 2016, Theo-
rem 4.24]. In particular, the first assertion is equivalent to the assertion that £ czoh(X )
is exact (see Notation 2.13). Since X and X \ Z are smooth, and E is localizing, the
canonical maps E (X) = Econ(X) and E(X\ Z) = Econ(X\ Z) are equivalences.
Since the lattice conjecture is known for perfect complexes of separated schemes of
finite type over C, we conclude that both Eo,(X) and E.on(X \ Z) are exact. The
first assertion thus follows from Proposition 2.1 and Lemma 2.8.

As for (2), we recall that the map K dt:o P (Dgg(Z)) — Kg’ P (Dg;gz (X)) induced by
pushforward along Z <— X is known to be an equivalence by [Halpern-Leistner
and Pomerleano 2020, Example 2.3]. Using the naturality of c#, it follows from (1)
that (a) and (b) are equivalent. By the definition of the dg-singularity category, we
have a short exact sequence Perfyy(Z) — Dgg(Z ) — Dzlgg(Z ) of pretriangulated
dg-categories. Since E(Z) is exact, the equivalence of (b) and (c) follows from
Lemma 2.8. ([

Proof of Theorem 1.4. Let E be the fiber of the Chern character map as in the
proof of Proposition 6.1, so that the goal is to show E (Dgg(X )) and E (Df;;g(X ))
are exact. Since X is noetherian, the assumptions give a cover X = U U---U U,
of X by affine open subschemes such that each U; admits an Ici embedding into a
smooth C-scheme. By Theorem 1.2 and Proposition 6.1(2), E.on(U;) is exact for
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all i. Just as in the proof of Theorem 1.2, since E is localizing, by induction on
n we conclude that Econ(X) is exact. Using Proposition 6.1 again, we have that
E (Df;; £(X)) is also exact. ([l

Remark 6.2. As discussed in the introduction, Khan has subsequently generalized
Theorem 1.4; see [Khan 2023, Theorem B]. His result follows from a devissage
statement [loc. cit., Theorem A.2] by essentially the same argument as the one
we give here. Additional new cases of the lattice conjecture for bounded derived
categories and singularity categories of Gorenstein dg-algebras have also recently
been obtained by Brown and Sridhar [2023].
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