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Abstract

A common obstruction to efficient sampling from high-dimensional distributions is the multimodal-
ity of the target distribution because Markov chains may get trapped far from stationarity. Still, one
hopes that this is only a barrier to the mixing of Markov chains from worst-case initializations and can
be overcome by choosing high-entropy initializations, e.g., a product or weakly correlated distribution.
Ideally, from such initializations, the dynamics would escape from the saddle points separating modes
quickly and spread its mass between the dominant modes.

In this paper, we study convergence from high-entropy initializations for the random-cluster and
Potts models on the complete graph—two extensively studied high-dimensional landscapes that pose
many complexities like discontinuous phase transitions and asymmetric metastable modes. We study
the Chayes—Machta and Swendsen-Wang dynamics for the mean-field random-cluster model and the
Glauber dynamics for the Potts model. We sharply characterize the set of product measure initializa-
tions from which these Markov chains mix rapidly, even though their mixing times from worst-case
initializations are exponentially slow. Our proofs require careful approximations of projections of high-
dimensional Markov chains (which are not themselves Markovian) by tractable 1-dimensional random
processes, followed by analysis of the latter’s escape from saddle points separating stable modes.

1 Introduction

A ubiquitous and generically hard computational task is to minimize a high-dimensional function f over
a discrete space {1, ..., q}"; closely connected is the problem of sampling from the probability distribution
with mass proportional to e/ for § large. The function f is often viewed as an energy landscape in
statistical physics or as a loss function in machine learning, and the f-large setting is referred to as the
low-temperature regime. The difficulty is induced by the possibility of f having several minima with large
basins of attraction (or, equivalently, by the multi-modality of the induced distribution); this poses a barrier
to traditional optimization/sampling algorithms like gradient descent and Markov chain sampling, at least
when initialized from a worst-case state, e.g., in a sub-optimal mode.

Still, a black box approach to these tasks would select the initial state randomly from a product mea-
sure or more general high-entropy distribution and would hope that this can circumvent (some of) the
bottlenecks in the space. Ideally, a high-entropy initialization spreads its mass across the space in such a
way that dynamics are primarily driven by diffusion away from the saddles separating dominant modes,
picking the basin to fall into with the correct probability. However, rigorous studies of convergence rates
to stationarity from high-entropy initializations are severely lacking and generically difficult.

We focus on the theoretical study of high-entropy initializations in the context of Markov chains for
spin system models, like the Ising, Potts, and random-cluster models. In the statistical physics literature,
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questions of dynamics from high-entropy initializations have a long (empirical) history. A paradigmatic
version of this is in the Ising model on the integer lattice graph Z¢ at low temperatures, where it is widely
expected (though entirely open to prove) that the Glauber dynamics (the natural reversible local Markov
chain) initialized from a uniform-at-random assignment of +1 mixes in polynomial time: see, e.g., the
review paper [9] for the rich physics literature about this process. Even in other geometries, for instance
on random graphs, bounding the speed of convergence of the low-temperature Ising Glauber dynamics
initialized uniformly at random from {+1}" seems to be mathematically very challenging. (See, e.g., [20,
25,45,46] for recent progress on zero-temperature = oo versions of this problem.) In the special case of
the Ising Glauber dynamics on the complete graph, known as the mean-field model, the process reduces
perfectly to a 1-dimensional birth-death Markov chain. Here [18,38] showed the escape from the saddle
corresponding to balanced configurations at low temperatures is fast, implying O(nlogn) mixing when
initialized from a product of fair coin tosses, despite slow mixing from worst-case.

When one generalizes from the Ising model to the g-state Potts model, the above questions become
significantly more complicated due to the presence of a higher-dimensional space of spin counts, the pos-
sibility of slow mixing at intermediate temperatures, and the lack of symmetry between the modes. The
closely related random-cluster model faces similar difficulties, as well as the non-locality of its interac-
tions and update rules. Together, these yield a rich class of models for investigating the above-described
expected benefits from high-entropy (e.g., product) initializations to overcome the slow mixing of standard
Markov chains.

Let us note that purely from an approximate sampling perspective, it has been known that sampling
from the ferromagnetic Ising model is tractable since [35,44], but general sampling in the ferromagnetic
Potts model is #BIS hard [23,28]. This has led to much recent work towards finding general criteria (on g,
the underlying graph, and the temperature) under which sampling is algorithmically tractable, e.g., [1,3,8,
11,12,30-32,34]. Of particular relevance to our work is a series of recent results using special initializations
of Markov chains to overcome bottlenecks, specifically using a priori knowledge of the global minimizers
of the energy landscape to initialize near them (e.g., initializing an Ising model in the all-plus or all-minus
states with probability 1/2 each), and showing that mixing locally in those modes is rapid: see [10,21,26,27]
for recent works in this direction for the Ising, random-cluster, and exponential random graph models.

By contrast, the interest in initializations from product measures (and similar high-entropy distribu-
tions), is towards understanding success/failure of black-box approaches that do not require prior knowl-
edge of the target distribution’s modes. In particular, such initializations do not rely on, nor hope for, the
convexity of the landscape near the initialization, instead relying on the non-convexity to allow access to
multiple modes. We also mention that there are close connections between such high-entropy initializa-
tions and simulated annealing and tempering schemes, which we expand on in Section 1.3.

In this paper, we study the convergence of Markov chains in spin systems in the presence of metastabil-
ity and phase coexistence from high-entropy initializations (predominantly, product measures). By phase
coexistence, we mean the presence of multiple modes of roughly equal weights, and by metastability, we
mean the presence of multiple modes of vastly different weights; in both situations, Markov chains get
trapped for exponential time scales far from stationarity. We study two canonical Markov chains, the
Chayes—-Machta (CM) dynamics for the mean-field random-cluster model and the Glauber dynamics for
the mean-field Potts model. These chains are known to be slow mixing from worst-case initializations
for ranges of intermediate, near-critical, and low temperatures. We study their equilibration times in their
slow-mixing regimes from product measure initializations and sharply characterize the families of product
initializations that lead to optimally fast mixing.

Already on the complete graph, the understanding of mixing from such initializations poses significant
challenges, and traditionally, the mean-field setting is a natural starting point for the study of random
processes in other families of graphs of significant interest. Our analysis requires a careful understanding of
low-dimensional projections of the Markov chains near unstable saddle points of the landscape separating



its dominant modes; namely, in regions where the fluctuations of the projected chain compete on the
same scale with its drift as well as regions of strict non-convexity. Unlike the case of the mean-field Ising
Glauber dynamics where the projection onto the count of plus spins is itself a 1-dimensional birth-and-
death Markov chain, in our setting, these projections are not themselves Markov chains. Instead, we
approximate the projections of truly high-dimensional Markov chains on a “good” set of configurations by
more tractable 1-dimensional chains whose diffusion away from saddle points separating modes we then
study. Altogether, this amounts to a significantly more refined analytic control of the Markov chains than
previous works on these dynamics. See Section 1.4 for more on the proof ideas.

1.1 Main results

The (ferromagnetic) Potts model on the n-vertex complete graph G = ([n], (})) at inverse temperature
B > 0 is the probability distribution 7 over spin assignments o € {1, .., q}" to vertices of G such that

ng(o) = i - exp ( — éz 1{o; # O'j}), (1)

i#j

where Zj is the normalizing constant known as the partition function and o; denotes the spin of vertex i.
Closely related is the random-cluster model on G with parameters g, now allowed to be in (0, o), and
p € [0,1]. This is a model that assigns to edge-subsets A of G probability
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where k([n], A) is the number of connected components in the subgraph induced by A, and Z, 4 is the
corresponding partition function. Note that when g = 1, the mean-field random-cluster model corresponds
exactly to the Erdés-Rényi random graph model, but when q # 1 the cluster weighting can change the
phenomenology significantly. When ¢ > 2 is integer and p = 1—e~#/", the random-cluster model is closely
linked to the Potts model; in particular, if one assigns spins to the components of A ~ g independently
and uniformly at random among {1, ..., q}, the result is a sample from the Potts distribution at inverse
temperature f. To unify the discussion, via the reparametrization p = 1 —e #/" ~ f/n, we henceforth only
work with a temperature parameter f, even when discussing the random-cluster model.

The two canonical Markov chains we consider are the Glauber dynamics for the Potts model and
the Chayes—Machta (CM) dynamics for the random-cluster model. The Glauber dynamics is the Markov
chain which at each time-step picks a vertex i uniformly at random among [n] and resamples its spin
conditionally on the remainder of the configuration; namely, resamples it to take spin k € {1, ..., g} with
probability proportional to exp(g 2 H{o; = k}). The Potts Glauber dynamics is typically exponentially
slow to equilibrate at low temperatures due to bottlenecks between spin configurations where each of the
g colors dominates. The CM dynamics is an appealing alternative that uses the connection between the
Potts and random-cluster models to overcome the low-temperature bottlenecks of the Glauber dynamics.
More precisely, the CM dynamics is the following Markov chain defined for general ¢ > 1 as follows: from
an edge-subset X; generate X;.; via

1. Activation step: Independently for each connected component C of X;, with probability é label all
vertices of C active and otherwise label all vertices of C inactive.

2. Percolation step: Independently for each edge e both of whose endpoints are active, include e in X;;;
with probability §/n. For all other edges e, let X;1(e) = X;(e).



The CM dynamics is a generalization to non-integer values of g of the famous Swendsen-Wang (SW)
dynamics for the Potts model. Indeed for integer g, if the activation step of the CM dynamics is performed
by coloring the components of X; independently among [¢], and activating one of the color classes, then
this produces a Markov chain on Potts configurations which is basically equivalent to the SW dynamics.
(Technically, the SW chain treats each color class as an activated set and does percolation steps within
each of them simultaneously before recoloring.) As far as speeds of convergence are concerned, the CM
and SW are thus closely related [4, 19]; our results all also apply to the SW dynamics without significant
modifications; see Remark 1.

The standard way to quantify the speed of convergence of a Markov chain is the mixing time, i.e., the
time it takes to reach total-variation distance ¢ to stationarity, either from a prescribed initialization, or
from a worst-case initialization. For the worst-case mixing, as soon as ¢ < 1/2, the TV-distance decays
exponentially fast, so one usually takes as a convention ¢ = 1/4. In the context of this paper, we are
considering mixing times from a specified initial distribution, and often in settings where the worst-case
initialization mixing time is exponentially large. This does not satisfy the same boosting property (i.e.,
exponential decay of TV-distance once it is < 1/2) as the worst-case mixing time does, so when we refer
to bounds on mixing time from an initial distribution, we mean that in that time, we can attain any TV-
distance ¢ > 0 independent of n. Note that when we discuss mixing from an initial distribution, the law of
the process is over both the initialization and the run of the Markov chain.

To describe what is known about the mixing time behavior of the CM and Glauber dynamics, we
first recall the static phase diagram of the mean-field Potts and random-cluster models. These have been
extensively analyzed and are controlled by three threshold values f, < f. < fs of . The middle one, f,
is the critical point marking the distinction between order (a dominant spin class in the Potts setting or,
equivalently, a “giant” connected component in the random-cluster) and disorder (balanced spin classes
or small connected components) in a typical sample from the distribution. When ¢ > 2, f§, and f; are
two additional critical points marking the onset of metastability for the ordered phases and the end of
metastability of the disordered phase, respectively (see Figure 2) and [6, 15,40].

The above static description of these mean-field models is closely related to the worst-case initializa-
tion mixing time of its dynamics. For instance, the Potts Glauber dynamics transitions from fast O(nlogn)
convergence when f < f, to exponentially slow as soon as f > f,; first, when f € (B, fc), due to the
metastability of q basins corresponding to ordered configurations (one for each spin) preventing equilibra-
tion to the disordered phase, then when f > . due to the coexistence of the g ordered phases: see [16].
The CM dynamics is similarly fast when f < f,, and still exponentially slow in the window (f,, fs). This
is because, even though the g ordered phases are equivalent as far as the CM dynamics is concerned, there
is still metastability between the ordered or disordered phases. The benefit of CM dynamics is seen once
B > ps, where it becomes fast again: see [2, 4, 5, 22, 24, 39] which together give the worst-case mixing
behavior of the mean-field CM and SW dynamics.

We start by stating our main result for the CM dynamics demonstrating the sharp families of product
initializations that circumvent the exponential slowdown throughout the metastability regime § € (S, fs)-
Let (X) Ber(Ao/n) be the product distribution where each edge is included with probability Ao /n. (Note that
&) Ber(Ag/n) corresponds to the classical Erdés-Rényi G(n, Ag/n) random graph model.)

Theorem 1.1. For every q > 2 and f € (B, Bs), there exist A.(f, q) and c.(q) such that the CM dynamics
initialized from (X) Ber(1o/n) mixes in O(logn) steps whenever

1. ﬂ € (ﬂmﬂc) and Ay < A*(ﬁ, Q) - w(n—l/Z)’
2 = feand o = A (B.) +c.(@n 4 o(n 1),
3 e (B fo) and o > A(B,q) + o (n~1/?).
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Figure 1: The negative log probability (i.e., free energy) of the largest connected component size in the
n-vertex mean-field random-cluster model with g = 3 (for large n). The x-axes are the fraction of vertices
in the largest component, and the y-axes represent the logarithm of the total weight of the configurations
with such largest component sizes divided by n. We emphasize that the landscape is a function of all
the component sizes and can exhibit more complexity in the other directions, but our results show this
1-dimensional projection approximately governs the dynamics from product initializations.

Recall that the CM dynamics is fast from every initialization when f ¢ (B, fSs) per [2, 4], so this
covers all temperatures where the worst-case mixing time is slow. The constant A, is explicit and is such
that the expected size of the giant in an Erd6s—Rényi (n, A./n) is 0.n where 6, is the saddle point in the
landscape of the random-cluster model projected onto its giant component size, separating the ordered
and disordered phases: see Figure 1. The constant c, is defined in terms of left vs. right exit probabilities
for a 1-dimensional Gaussian process. This is described detail in a detailed proof overview in Section 1.4.

As hinted by fact that A, places the giant exactly at the saddle point separating the ordered and disor-
dered phases, the thresholds of Theorem 1.1 are sharp. Namely, if A, is not in the delineated regimes, then
there is an ¢ > 0 such that the e-mixing time is exponentially slow: see Section 1.2. This demonstrates that
even from the perspective of product measure initializations, it is still important that some parameter of
the product measure be tuned according to the model from which one is sampling.

Remark 1. When q > 3 is integer, the results of Theorem 1.1 apply without change to the SW dynamics, in
which instead of one activated set per step, there are g activated sets corresponding to each of the g color
classes and independent percolation steps within each. Because of this distinction, all components are
updated in every step, and this strictly simplifies the proofs in the SW case, not having to distinguish the
analyses between situations where the giant component is activated or not. Interestingly, the c, parameter
in the initialization at f = . might differ between the SW and CM dynamics. This is because the 1-
dimensional Gaussian process approximations have different variances.

We now turn to our results for the Potts Glauber dynamics that show the sharp families of high-entropy
initializations that overcome the exponential bottlenecks in the metastable and phase-coexistence regimes.
Let #®(my) denote the distribution over {1, ..., q}[”], where first, a dominant spin s is selected uniformly at
random from {1, ..., g}, and then, independently, each vertex is assigned spin s with probability my > 1/q

and each of the remaining q — 1 spins with probability lq__"io.
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Figure 2: The negative log probability (i.e., free energy) of the n-vertex mean-field Potts model with g = 3,
projected down onto the fractional spin counts; i.e., the xy-axes are the fraction of vertices assigned spin 1
and 2 respectively (which also determines the fraction of vertices with spin 3), and the z-axis is the negative
logarithm of the configuration weights divided by n. The orange-marked spots are the saddle points near
which Glauber dynamics may be initialized in Theorem 1.2.

Theorem 1.2. Forevery 8 > B, there exist m..(f, q) and ¢.(q) such that the Potts Glauber dynamics initial-
ized from 7® (mg) mixes in O(nlogn) steps whenever

1. B € (B fo) and my < m.(B,q) — w(n~/?),

2. = pe andmg = m.(f,q) +é.(q)n 2 +o(n"1/?),
3. B € (Be, fs] and my > m. (B, q) + w(n~1/?),

4. B> PBs and mg > 1/q arbitrary.

When f < f, the mixing time is fast from arbitrary initialization per [16], so the above covers all
temperature regimes where the worst-case mixing time is slow. The constant m, is explicit and corresponds
to initializing exactly at the saddle point(s) separating the q ordered phases from the disordered phase (see
Figure 2). We note that in the low-temperature f > f; regime, our result includes the special case my = 1/gq,
which is the fully uniform-at-random assignment of spins to vertices, and requires understanding the
delicate competition between multiple simultaneously unstable directions around the saddle. Finally, the
ranges of my in the theorem statement are sharp for fast mixing from initializations of the form 7®; the
following subsection expands on what we mean by this sharpness.

1.2 Sharpness of the initialization parameter regimes

The parameter values Ay and m, in Theorems 1.1-1.2 are such that in Figures 1-2, the initializations can
be microscopically near the saddle, so long as they are on the correct side of it. We also obtain slow mixing
even from the families of high-entropy initializations considered, when the initialization parameters are
not in the windows in Theorems 1.1-1.2. Namely, for every f € (B, fs),



« Theorem 3.24 establishes that the CM dynamics are exponentially slow to attain o(1) TV-distance to
stationarity when initialized from (X) Ber(4,/n) for A, outside the range specified in Theorem 1.1;

« Theorem 4.22 establishes that Potts dynamics are exponentially slow to attain o(1) TV-distance to
stationarity when initialized from 7®(my) for m, outside the range specified in Theorem 1.2.

These results are a consequence of our proof strategy, which shows that whichever side of the saddles
at A, or m, the initailization starts on, it quasi-equilibrates to the corresponding phase, and then takes
exponential time to leave that phase. E.g., if 8 € (B, fs) and Ay < A, +O(n""/2) then the CM dynamics has
an Q(1) chance of quasi-equilibrating to the disordered phase. This implies slow mixing when combined
with the fact that for § € (f., fs), initialized from the disordered phase, mixing is exponentially slow.

1.3 Initializations at other temperatures and relations to simulated annealing

Another central purpose of understanding mixing times of high-entropy initializations for Markov chains
is that it is closely related to understanding simulated annealing schemes. Simulated annealing, introduced
in [36] (and variants like simulated tempering [41]) lowers the temperature over the run of the Markov
chain, so that when run at low-temperatures, one is effectively initializing from the stationary measure
at a nearby, but higher temperature (and therefore higher-entropy) distribution. This is one of the most
commonly implemented modifications to vanilla MCMC to make it better able to sample from multimodal
low-temperature landscapes. Simulated annealing and simulated tempering have been analyzed in the
context of mean-field Potts dynamics by e.g., [1,47] and it is known that the discontinuous phase transition
at f. presents a serious obstruction to fast mixing from such schemes, for instance because the high-
temperature initialization is metastable when f € (S, fs)-

Still, our results lend insight into the approach by precisely classifying the set of temperatures f, for
which initialization from g, or 75, would be fast for the CM and Glauber dynamics. Because the properties
of the initialization used in our proofs are only quantities like the size of the giant component, the sum of
squares of non-giant component sizes for random-cluster and the proportions vector in the Potts Glauber
case, applying them to initializations from g, or 75, instead of the product measures yields the following:
there exists an explicit b.(f, q¢) > f. such that

« When B € (fu, Bc), the CM dynamics initialized from p4, for By < b.(f, q) will mix in O(log n) steps,
but will be slow from any f > b.(f, q).

« When f = i, the CM dynamics initialized from g, will be slow to equilibrate for every fy # f..

« When 8 € (B, Bs), the CM dynamics initialized from pz, mixes in O(logn) steps for every f, >
b.(p, g) but not from Sy < b.(f, q).

Similar results hold for simulated annealing for the Potts Glauber dynamics, where per item 4 of Theo-
rem 1.2 one also gets O(nlog n) mixing at low-temperature > f; when initialized from 7g, for any f, > 0.

1.4 Proof outlines

We focus our proof overview on the CM dynamics at the critical point ., where the equilibrium measure
is roughly a (1 — £, &)-mixture of an ordered and a disordered phase. This regime is the most technically
involved part of the proof and contains most of the ideas used in other parameter regimes as well.

In what follows, let f(6) = f54(0) be the expected drift for the size of the giant component in one
step of CM dynamics. When f € (f,, fs), let 6, be its unstable fixed point separating the two stable
fixed points of 0 (the disordered phase) and 8, (the ordered phase); see Figure 3 and Section 2.3 for the
precise definitions. For intuition, when comparing to Figure 1, the drift is roughly the derivative of the



Figure 3: The drift function f(8) for the fractional size of the giant component under the mean-field CM
dynamics in f € (B, fs) with its repulsive and attractive fixed points 6, and 0,, respectively, marked.

log-probability landscape: a giant component of size 8.n corresponds to the saddle point separating the
modes whose minima are at no giant component, and at a giant component of size 6,n.
The overall strategy of the proof can be described in the following two step manner.

1. Escape from a local neighborhood of the unstable fixed point: We show that locally near, i.e., in an
O(+/n) window around the unstable fixed point 6,n, the evolution of the size of its giant component,
though not literally a Markov process, is well-approximated by a 1-dimensional Gaussian Markov
chain (so long as the dynamics maintains a certain typical structure).

The 1-dimensional Gaussian Markov chain is monotone, and for each ¢ has a unique initialization
c¢ such that in O(1) time, it exits the unstable fixed point to the right (towards the ordered phase)
with probability 1 — £, and to the left (towards the disordered phase) with probability & This be-
havior transfers to the CM dynamics by the approximation, and by picking the initialization’s edge-
probability A/n so that the initial giant component size has mean 6.n + czvn + o(+/n).

2. Convergence to the stable fixed point: Once the giant component size is w(y/n) away from 6.n (say
to the right), its drift towards the stable fixed point 6,, dominates the fluctuations. By a dyadic
argument, we show that in a further O(log n) steps, the CM dynamics gets Q(n) away from 6.n.
From there, the landscape is effectively strictly convex and there is a macroscopic drift towards the
stable fixed point. At this point, up to small modifications to handle the unlikely event that the
dynamics leaves the region of convexity, the fast quasi-equilibration to the ordered phase follows
from arguments very similar to those employed in [4].

We outline the above two items in more detail in what follows.

1.4.1 Escaping the unstable fixed point separating phases

Typical fast mixing arguments in the analysis of SW and CM chains rely on a uniform drift (dominating
the fluctuations) to take them to a local neighborhood of a stable fixed point. In our setting, near the
unstable fixed point at 6.n for the giant component, the drift and fluctuations are on the same order, and
together give constant probabilities to exiting the neighborhood of 6,.n to the right (and subsequently quasi-
equilibrating to the ordered phase), or to the left (and subsequently quasi-equilibrating to the disordered
phase). Understanding this competition to pinpoint the right initialization for fast mixing to occur requires
pinpointing not just the order, but the variance, and even the exact distribution of the fluctuations.



Towards this, we show that the evolution of the giant component, which we denote by |£;(X})|, is
well approximated near its unstable fixed point 6.n, by an explicit 1-dimensional Gaussian Markov chain.
To be precise, there exist explicit constants a, (b?) >0 > 0 such that if we define

_ _ aZ; + N(0,b?) with prob., 1
Zm—zt:{o" (0.5 prob 1/4. (3)

otherwise

then the giant component, centered by 6.n and divided by /n, tracks this process closely. Le., if we denote
by L; = n"Y2(] L£1(X;)| — 6.n), by Theorem 3.19 there exists a coupling P such that for every T = O(1),

) =000, @)

P(sup |I:t - Z_t| > O(
t<T

where the initializations are Xy ~ G(n, Ao/n) for Ay = A, + cxn™ /2 + 0(n~'?), and Z, ~ N(0, F(c,)) for an
explicit increasing function F.

To show this, we first argue that (X;);c[o 7] stays in some good set of configurations Gr, consisting
of having a specific (time-dependent) sum-of-squares of its non-giant component sizes, and a sufficient
number of singleton components. Lemma 3.14 shows that with high probability, (X;); € Gr for T =
O(1) times when initialized from a supercritical Erdds-Rényi, but we emphasize that if these a priori
regularity estimates do not hold for the configuration, the approximation by the 1-dimensional chain can
fail completely. Once on the set Gr, the approximation of the evolution of the giant by a Gaussian Markov
chain boils down to concentration estimates for the set of vertices not activated in the past k steps for each
k, and local limit theorems both for the activation and percolation steps of the CM dynamics.

With (4) in hand, we translate exit probabilities for Z; to the right and left of an interval [~y, y] with y
large, to exit probabilities on L, with only o(1) error. A subtle technical point is that, although the variances
of Z, — Z;_1’s steps are time-dependent, they are notably neither n-dependent, nor Z,_;-dependent, so this
is a tractable and monotone chain on R.

1.4.2 Mixing within a phase away from the fixed-point

From the above we deduce that for a well-chosen initialization parameter Ao, after O(1) many steps,
| £1(X;)| has exited [6.n — yy/n, 0.n + y+/n] to the right with probability 1 — & + 0(1) and to the left with
probability £ — o(1). The next step is to show that if it exited to the right, with probability 1 — O(y~2), in a
further O(log n) steps, it quasi-equilibrates from there to the ordered phase (the random-cluster measure
conditioned on having a giant), and if it exited to the left similarly to the disordered phase. Without loss
of generality, let us discuss the first setting of exiting to the right.

This step can be broken into three parts:

(i) initially, the drift away from the saddle for | £ (X})| is proportional to its distance to 6.n, and this can
be used to get it from .n + y+/n to O.n + Q(n) in O(logn) steps, except with probability 1 — O(y~2)
(which covers the possibility it goes back to the saddle in which case quasi-equilibration fails.

(if) from 6.n + Q(n), the distance to 6,n contracts exponentially fast, and in O(logn) steps, we have

|£1(Xe) — 6n| = O(¥n);

(iii) any two configurations having | £;(X;) — 6,n| = O(4/n) and a few other easy to maintain properties
can be coupled with probability 1 — ¢ in O.(1) further steps; since the ordered phase measure also
satisfies these properties, we can couple X; to a sample from the ordered phase with high probability.



The last two stages here are not so different from those arguments carried out in [4]. However, we empha-
size a point of care in all these arguments is that unlike mixing guarantees from worst-case initializations,
couplings cannot be restarted arbitrarily if they fail, and a single bad move (which can be correlated with
failure of the coupling) could destroy mixing.

1.4.3 The Potts Glauber dynamics proof

At avery high level, the proofs of the Potts Glauber dynamics results in Theorem 1.2 for § € (f, fs) follow
a similar strategy to the CM dynamics proof. We first argue a priori that from the initializations considered
in the theorem, all color counts except the one dominant color stay within O(+/n) of one another for long
times: this plays the analogue of the good set of configurations Gr on which a 1-dimensional chain ap-
proximating the evolution of the dominant color class, is sufficient. Within this good set of configurations,
we first bound the time to escape the local neighborhood of the unstable fixed point, and then show that
whichever side the dynamics exits out of, in O(nlogn) steps, it quasi-equilibrates to the corresponding
phase (disordered, or dominated by one of the g colors). The technical tools in these proofs, in addition to
those appearing in the CM proofs, are martingale concentration estimates adapted from [16]. This allows
us to roughly treat every n steps of the Potts Glauber updates like a single step of the CM dynamics.

Some notable further challenges arise in the low-temperature regime of f > f; that are not present
in the CM analysis, due to the fact that the saddle at (1/q, ..., 1/q) proportions vector is unstable in all g
directions simultaneously, while when f < f;, the saddles we encounter are stable in all but one direc-
tion. To handle these difficulties, we obtain a better quantitative understanding of the g-dimensional drift
landscape (for general g), and use refined approximations of the behavior of the Glauber dynamics’ pro-
portions vector away from its fixed points by a g-dimensional gradient dynamical system. For the reader
only interested in the Potts Glauber dynamics, this is found in Section 4, and its presentation is pretty
much self-contained.
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2 Preliminaries

In this section, we introduce notations and gather known facts about Erdés—-Rényi random graphs, the
mean-field random-cluster measure, and the mean-field Potts measure that we will appeal to in our proofs.

Let us begin with some discussion of the notation used throughout the paper. We will always think of
B, q fixed, and therefore may drop their dependencies from subscripts. All our results should be thought of
as applying for n sufficiently large. When we use big-O, little-o, and © notation, the implicit constants may
depend on S, g but not on n, and also not on the threshold y which will appear frequently for the window
around the saddle point we are zooming in around.

Throughout, for a random-cluster configuration (i.e., a subset of the edges of the complete graph) X,
we use L;(X) to denote the i-the largest component (breaking ties according to an arbitrary ordering on
components). We write | £;(X)| for the number of vertices in £;(X). Furthermore, we define the following:

e Ri(X) = Ysq |Li(X)|¥ is the sum of k’th powers of component sizes; and

« RO (X) =25 [ Li(X) |¥ is like R (X) but excludes the largest component of X.
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2.1 Structure of the mean-field Potts and random-cluster equilibrium measures

We begin by recapping the typical behavior of the mean-field Potts and random-cluster measures, describ-
ing their phase transitions as the inverse-temperature parameter f varies. As described in the introduction,
when g > 2, there are three critical points f, < f. < fs of relevance, given by

1-gx

Pu = sup {ﬂ >0: (1 +(q- 1)@3’?)_1 -x#0, Vx e (1/q, 1)},

Pe =

To characterize the giant component appearing at § > f., we define 6, = 6,(f, q) as the largest x > 0
satisfying the equation

2(¢-1)
q 5 log(g — 1), and Bs =q.

Bx _ 1—-x
14+ (g-1)x ©)

The following lemma characterizes the mean-field random-cluster distribution at each . To state the
lemma, including the form of coexistence at f = ff., we define the constant ¢ = £(q), as

q—Pc/(qg—1)\ 29/ Bi(q—2)(q* —4q+2)
q- B ) eXp( 4q(q — 1) )

1 1
= , wh = (
§ 1+& ere 4 q-1

(6)

Lemma 2.1. Let q > 2 and consider the mean-field random-cluster model at fixed . Let X ~ pg.
« If B < B, with probability 1 — o(1), it has
|L1(X)| = O(logn), and  Ry(X) =O(n).

« If p = B, then for & defined as in (6), with probability ¢ — o(1), it has
|L1(X)| = O(logn) and  Ry(X)=0(n),
and with probability (1 — &) — o(1), it has
| L1(X)| = 6n| = o(n), | L2(X)| = O(logn), and R, (X)=0(n).

« If p > B, with probability 1 — o(1), it has
I[£1(X)] = On| =0(n),  |L(X)|=0(ogn),  and Ry (X)=0(n).

The bounds on | £;(X)| in Lemma 2.1 appeared in [40] and [6], whereas the bounds for |£,(X)| and
R; (X) follow from the analogous bound for sub-critical random graphs (see, e.g., [33]) and the machinery
from [6] to transfer such results to the random-cluster model.

To describe the corresponding phase transition for the Potts measure, we let S(o) be its proportions
vector, i.e.,

1 1
S(0) = (— Ho(@) =1} = S 1{o(0) = }) .

" U;J " v;l] '
We sometimes consider S as close to another vector even if it is only so up to permutation of the g coor-
dinates in the vector; in this case we say “up to a permutation of the g spins”, noting that the measure,
and the law of the Glauber dynamics are invariant under such permutations. In the analysis of the Potts
Glauber dynamics, also, we typically consider S permuted so that its largest count is always its first co-
ordinate. By Lemma 2.1 and the coupling between the random-cluster model and the ferromagnetic Potts
model (coloring components independently), we obtain the following.

11



Corollary 2.2. Let q > 2 and consider the mean-field Potts model at fixed . Let o ~ ng,p.
 If B < Bc, with probability 1 — o(1), it has
I5(o) = (... H]l, = 0(vm)
« If p = B, then for & defined as in (6), with probability ¢ — o(1), it has
I5(o) = (L. H]l, = 0(Vm)
With probability (1 — &) — o(1), (up to a permutation of the q spins) it has
”S(O') 9(q 1)+1,1 9 ’I—Ter)leo(\/ﬁ)

q

« If p > B, with probability 1 — o(1), (up to a permutation of the q spins) it has
NEE M, 16 I—T‘)r)nl =0(vn).

q

2.2 Random graph preliminaries

Due to the percolation step in the definition of the CM dynamics, precise random graph estimates are
essential to careful understanding of the CM dynamics. We begin with central limit and local limit theorems
for the size of the giant in a super-critical Erd6s—Renyi random graph.

2.2.1 Limit theorems for the size of the giant component
For A > 1, the expected size of the giant component in a G(n, A/n) random graph is roughly «(1)n where
a(l) =max{x >0:e ™ =1-x}. (7)
In particular, Theorem 5 of [13] showed the following: if A > 1 uniformly in n, and G ~ G(n, A/n), then
IE[1£1(G)] = a(M)n] < O(1). (8)

It is easy to check that the e ™ — 1 + x has strictly positive x-derivative at (1, «(1)) as long as A > 1,
and moreover it is analytic in x. By the analytic implicit function theorem, this implies a(A) is analytic in
Aforall A > 1. Moreover, the size is concentrated about a(A)n with variance approximately o%(1)n, where

a(Hd-a(d)
(1-A(1-a()?

In fact, it is known to satisfy the following central and local limit theorems.

a*(2) = ©)

Theorem 2.3 ([43]). Let G(n,A/n) withA > 1. Let @ = a(A) and o = o(A). For any compact interval ] ¢ R

k—an

and any 8 > 0, for all large n and any integer k € N satisfying =5 ovn € J, we have

1-6 ( (k — an)? 1+65 ( (k—om)z)
exp |———— exp |-————|.
oV2rn 20%n oV2rn P 20%n
Theorem 2.4 ([7]). Let G(n, A/n) with a fixed A = O(1) with (A—1)3n — oo asn — oo. Let | £,(G)| denote
the number of vertices in the largest component of G ~ G(n,A/n). We have asn — oo, that
|£1(G)] - a(D)n
a()vn

where > denotes convergence in distribution, and N (0, 1) is a standard normal.

) <B(L:(G)] = K) < (10)

Y N(0, 1), (11)
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2.2.2 Discrete duality

We also want sharp understanding of other statistics of the component counts for G(n, 1/n) random graphs
in different regimes of 1. A well-known tool to translate bounds between sub-critical and super-critical A is
the discrete duality principle. We start with an observation using the definition of total-variation distance.

Observation 2.5. If y(A) > 1 —¢,andv = u(- | A), then ||pt — V|| v < %

Lemma 2.6. Suppose A > 1 uniformly in n and consider X ~ G(n,A/n). For any U : ||U| — a(A)n| = o(n),
conditional on {L1(X) = U}, the law of the graph induced by X on U° has total-variation distance at most
e M 1o G(n - |U|,A/n).

Proof. Reveal the edge-set on U. Conditioning on £;(X) = U is equivalent to conditioning on all edges
between U and U¢ being absent, the vertices of U being connected within E(U), and the event &) that
the subgraph induced on U€ has no component larger |U|. The first two parts are measurable with respect
to edges in E \ E(U°), so the law induced on E(U°) is exactly that of G(n — |U|, A/n) conditioned on &y

By a standard calculation, if |U| = a(A)n + o(n), then "_TlUl/l < 1 is uniformly bounded away from 1,
so that the resulting graph is uniformly sub-critical and the probability of &y is exponentially small in n.
The result follows from Observation 2.5. ]
2.2.3 Refined random graph statistics
We now summarize estimates for Ry, R3 and R, and R; for sub and super-critical random graphs.
Lemma 2.7 ([33]). LetG ~ G(n,A/n). Forn > 1and A < 1,

n

(1-2)°

BIR(O)] = == - (1+0(n™ (1= ), EIR(O)] =

3 -(1+O(n‘1(1—/1)‘3)), (12)

and
Var(Ry(G)) = O((1——n/1)5)’ Var(Ry(G)) = o(ﬁ). (13)

The following is a list of typical structural properties of sub-critical random graphs that we deduce. In
what follows, I; (X) := |{i : | L;(X)| = 1}| denotes the number of isolated vertices in X.

Lemma 2.8. Let G ~ G(n,A/n) where A < 1. Then G satisfies
1. |Ry(G) — E[R2(G)]| < Vnlog? n, with probability 1 — O((log n)™*);
2. [,(G) = Q(n) with probability 1 — O(n™1);
3. |L1(G)| = O(log n) with probability 1 — O(n™1);
4. R3(G) = O(n), Ro(G) = O(n) with probability 1 — O(n™1).

Proof. Items (1) and (4) follow from Chebyshev’s inequality and Lemma 2.7; items (2) and (3) can be found
in standard literature of random graphs (see, e.g., Lemma 5.7 in [39] and Lemma 7 in [14]). O

Given Lemma 2.6, we can also deduce the analogous properties for super-critical random graphs.

Corollary 2.9. Let G ~ G(n,A/n), where A > 1 uniformly in n. Then E[R; (G)], E[R; (G)], Var(R; (G))
and Var(R; (G)) are all O(n).

Finally, the following concerns stability of the size of the giant under perturbations of the vertex count.
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Lemma 2.10 (Lemmas 2.7 & 2.8 in [2]). Let G4, be distributed as a G(n + m,d,/n) random graph where
|m| = o(n) andlim,_,« d, = d. Assume 1 < d,, and d, is bounded away from 1 for all n. Then,

1. |£2(Gg,)| = O(log n) with probability 1 — O(n™?),
2. Var(|L1(Gg,)|) = ©(n) and

3. For A = o(logn) and sufficiently large n, there exists a constant ¢ such that
P(||£L1(Ga,)| — a(d)n| > |m| + Avn) < oA

We arrive at the following by combining Lemmas 2.6, 2.8, and 2.10.

Lemma 2.11. Let G ~ G(n,A/n) where A > 1. Then with high probability, G satisfies
1 |R2‘ (G) —E[R; (G)]| < /nlog® n, with probability 1 — O((log n)~*);
2. I,(G) = Q(n) with probability 1 — O(n™1);

3. R; (G) = O(n), R; (G) = O(n) with probability 1 — O(n™?).

2.3 Drift of the giant component in the CM dynamics

We end this preliminaries section by describing properties of the drift function for the size of the giant
component in the CM dynamics when f € (f,, fs)- This function will govern the expected change to the
(fractional) size of the giant component in the CM dynamics on the event that the giant is activated. To
start, for 0 € [0, 1], let

ka(0) = 0 + 3(1 —0), andlet  $(0) = a(fka(0)) - ka(6),

so that ¢(6) is the expected fractional size of the giant component from a configuration with fractional
size 6. Define the drift function

£(0) = $(0) - 6.

Note that f(0) is well-defined if 6 € (65, 1], where 05 = inf{0 : fk,(0) > 1} = %; below 6, the perco-
lation step will typically be sub-critical and in one step the fractional size of the giant would become o(1),
so we can formally set a(0) = 0 for 8 < 1.

We compile a set of useful facts about f, and refer to Figure 3 for a visual aid.

Lemma 2.12 ([2]). For every f > 0, the following properties hold for f:
1. The function f is continuous, differentiable and strictly concave in (6, 1].
2. The function ¢ is continuous, differentiable, and strictly increasing in (0s, 1].
3. Let £(07) = limg g, £(0). Then sgn(f(67)) = sgn(B - ).
4. If B € (Pu, Ps), then f has exactly 2 roots in (6s, 1]; 0. is the first root and 0, is the second root.

Notice that 6, defined in this way, matches the solution to (5) when g > f..
The next lemma is a minor extension of Lemma 3.9 in [2].

Lemma 2.13. Let € (B, fs) and g > 2.
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1. For0 € (0.,6,), we have 6 < ¢(0) < 6..
2. For a fixed 3 € (0., 0,], there exists § = §(3) € (0,1) such that 5|0 — 6,| < |p(8) — 0| forall 0 € [J,1].

Proof. First, let 8, < 6 < 6,. By Lemma 2.12 (2) and (4) we have ¢(0) < ¢(6,) = 6,. Moreover, by
Lemma 2.12 (1) and (4), f is strictly concave and f(6,) = 0 = f(6.). Hence f(6) > 0, or equivalently
0 < ¢(0). This establish the first part, and in particular, shows that f(J) > 0 for a fixed & € (6., 6,). The
second part follows from the fact f(J) > 0 and the concavity of f as in the proof in Lemma 3.9 in [2]
without modification. O

We will also use the following lemma, which extends Lemma 3.7 in [2].

Lemma 2.14. Lets € (0,1) be a fixed constant. If B € (By, fBs), then for all 0 € (6, 0. — s] there exists a
& > 0 such that f(0) < —6.

Proof. By Lemma 2.12, we have f(6) < 0 and f(0) < 0 for 0 € (0, 0. — s]. Hence, f as a continuous
function must attain a negative maximum on (s, 0. — s] and the lemma follows. ]

3 Mixing from product initializations for the CM dynamics

Our aim in this section is to establish the mixing time results of Theorem 1.1. Recall that f is the drift
function for the giant component in the CM dynamics, i.e., if a configuration X, has a giant component of
size 6n, on the event of activation of X, the expected size of the giant in X; is roughly (0 + f(6))n. For
B € (Bus, Ps), this function has an unstable fixed point 0., i.e., f(6.) = 0 and f’(6.) > 0.

Section 3.1 will focus on quasi-equilibration to the measure constrained to the ordered (resp., disor-
dered) phase when initialized with a giant that is w(n~'/?) away from 6,. This is the core of all the results
of Theorem 1.1 except the = B case where we need to study the small-drift diffusion in the O(n~"/?)
neighborhood of 0. to pick the ordered vs. disordered phases with the correct relative probabilities; this
latter step is done in Section 3.2. Finally, the results are combined to prove Theorem 1.1 in Section 3.3.

3.1 Quasi-equilibrating away from the unstable fixed point

Our main goal for this subsection is to show that initialized from a random graph with a giant component
of fractional size w(n~'/?) away from 6,, and a “reasonable” structure on the complement of the giant, the
CM dynamics quasi-equilibrates to the random-cluster measure conditioned on the phase corresponding
to the side of 6., it initializes. To be more precise, for fixed € (B, fs), define

uord — /1,8( | Qord), and 'udis — Hﬁ( | QdiS)’
where
Q= {A:|Li(A)] >0}, and Q¥ ={A:]|L(A)] < bn}.

Note that ;¢ has | £;(A)| concentrated around 6, > 6., where 6, is the (stable) fixed point of f to the right
of 6,. On the other hand p9* has | £;(A)| that is concentrated around 0.

Throughout the paper, we use Py, () for the law of the Markov chain initialized at X, and P, when it
is initialized from the distribution v. The main result of this subsection is the following:

Lemma 3.1. Suppose that ¢ > 2,y > 0 and f € (Bu,Ps). If Xo is such that |L1(Xo)| = 0.n + yvn,
|L2(Xo)| = O(logn), and R; (Xo) = O(n). There exists C > 0 such that if T = Clogn, we have

IBx, (X7 € ) = 5l = O(r ).
An analogous statement holds w.r.t. ¥ if |£1(Xy)| < 0.n — yy/n.
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The main part of the proof of Lemma 3.1 is showing that any initialization whose giant is w(n'/?) away
from the unstable critical point 6.n gets to Q(n) away from it in O(logn) steps. Let us introduce a few
more notational shorthands for this section: we let

« L; :=|L1(X};)| be the process tracking the giant component size of X;;
« A, be the event that £;(X;_1) is activated in the ¢’th step.

+ A; be the number of activated vertices at the ¢’th step, and let A; = A; — L;1{A;}.

Quasi-equilibrating to the ordered phase

We start with the case where we are equilibrating towards the ordered phase.

Lemma 3.2. Letq > 2,y > 0 and B € (Bu, Bs). If Xo is any configuration such that Ly > 6.n + y/n,
|L2(Xo)| = O(logn) and R; (Xo) = O(n), then there exist constants s € (0,0, — 0,) and C > 0 so that the
first time that Ly > (0. + s)n, | L2(X;)| = O(logn), and R; (X;) = O(n), all hold is at most T = Clogn with
probability 1 — O(y™?).

To prove Lemma 3.2, we use the following lemma to estimate the drift after 1 step.

Lemma 3.3 (Lemma 3.19 [2]). Suppose 0 < f < fs and that X; has at most one large component whose size

is at least 2n''/12. Let ¢ > 0 be a small constant. Then for sufficiently large n: if L;/n > 05 + ¢, then

E[Lt41 | Xt Apea] < Le + f(Ly/n)n + 3nl/4,

and

f(Le/n)n _
q
IfLi/n € (05— ¢ 0s + ), then

2n'/* <B[Ly - L | X,] <

f(Ls/n)n +onl/t
q

f6 +e)n LT

q q

E[Li41 = Li | X¢] <

Proof. Let 7 be the first time t when L; > (6, + s)n where s > 0 is a small constant that will be decided.
Let (#;)i»0 be the subset of times in [T] = {1,..., T} at which the largest component is activated. We can
condition on this sequence, generating o-algebra &, and notice that this can be generated by a sequence
of T independent Ber(1/q) random variables which are also independent of the remaining randomness of
the dynamics (say by reserving the first activation coin to always be used for the largest component).

Let ¢, = f'(6.)/2 > 0, and let M, M, and M, be sufficiently large constants. Our goal in this proof is to
show the following by induction on ¢:

tAT . 1{Ax}
IP’( (M (L~ 6m) > (1 + Cz)  (Lies = 0.n), Ry (Xe) < Mn, | Lo(Xe)| < Min} | 9)
k=1

> ] (1—%)-(1—00/@). (14)

2 C2\2i-2 .2
it <tAT yA(1+ )% %

In words, (14) shows that with the stated probability, Ly drifts away from 6.n while preserving the control
on R, (Xi) and | £3(X)|. Let us first conclude the proof assuming (14). For any given s > 0, if T = Clogn
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with sufficiently large C > 0, then standard binomial tail bounds yield that |{t; : t; < T}| > T/2q with
probability at least 1 — n™!, and

N [{t;:t; <T}| .\ (C/2q) logn
(1+Cz) (Lo—G*n)2(1+%) yVn > sn.

Thus, on any such realization of  where [{t; : t; < T} > T/2q, the event in (14) implies {r < T} N
{R; (X;) < Mn} N {|L2(X;)| < Myn}. As such, we can conclude that

P({r < T} n{R; (X;) < Mn} N{L2(X:)| < Min})

[[10- 2 )] o] 2202

for some A(c., My, y,s) > 0.

We now proceed to prove (14) inductively. The event in the probability holds at initialization deter-
ministically; now suppose (14) holds at time ¢ and let us show it holds at ¢ + 1. If ¢ = ¢, then the event in
the probability is unchanged at t + 1, and the right-hand side is at least its value at . Now suppose that
t < r, and fix (Xg)r<; such that the events in (14) hold for it.

Ift +1 ¢ {t;} and Af,, occurs, then L;1; > L; deterministically. In this case, it suffices to consider
only the probability of {R; (X;+1) < Mn,|L2(X;41)| < Min}. On A, |, the decrease in R; as a result of the
dissolution of active components is R, (X;)/q in expectation, and at least R, (X;)/q—o(n) with probability
1-0(n"!) by Hoeffding’s inequality and the fact that R; (X;) < Mn and | £, (Xt)| < M;n. Moreover, with
probability 1 — O(n™'), Ay € [*= Lt — y/nlogn, = Lt ++/nlogn]. Thus, A; - £ < 1is bounded away from
1 uniformly in n. Lemma 2.8 1mphes that the i 1ncrease in R; as a result of the creatlon of new components
in the sub-critical percolation step is at most Cyn with probability 1—0(n™1), for some constant C; > 0;
besides, with probability 1 — O(n™!), the sizes of new components in the sub-critical percolation step is at
most M; log n. By a union bound,

P(|L2(Xes1)| < Min, Ry (Xesr) < Ry (X)) (1= ) + Cin+o(n) | X, A7,y) =1-0(n7).
When R; (X;) > 8Cign, we have R; (X;41) < R; (X;) with probability 1 — O(n™!) and when R; (X;) <
8C1gn, we have R; (X;+1) < (8¢ + 1)Cin with probability 1 — O(n™"). Therefore, in both cases we have

R; (Xt41) < Mn by setting M > (8q + 1)C;.
Now suppose ¢ + 1 = t; for some i > 1 so that the events A1, Ry (X;) < Mn, | L2(X;)| £ Min and

—0n > [1+%]7 (Lo - n), (15)

occur. Following a similar argument, this time the activated component being with high probability su-
percritical, we derive that

P({R; (X¢1) < Mn, | Lo(Xps1)| < Min} | X, Aper) =1-0(n7Y). (16)

Next, we focus on the change of L;;; on A;y;. By Taylor expansion, for small enough s > 0 we obtain that
for ® € [6. +\f 0, +s],

f(©) =f(6.)+f(6.)(O—-8,)+0((©-6,)% >c,-(©-8,). (17)

By Lemma 3.3, we have
E[Lest | Xeo Ara] > Ly + f(Le/n)n — 20/, (18)
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Set s, = f(%) - & For L, > 6.n +y+/n, we have f(%’) > i;)ﬁ/’ so for large enough n,

f(%t)n— 2ni —s; > f(%) : g (19)

Then by (18), (19) and Chebyshev’s inequality, we obtain that

n
P(—Lt+1 < L+ f(L¢/n) - > | Xz, At+1) < P(|Lt+1 —E[Li41 | X4, At+1]| > st | Xt,At+1)

s7 f(Le/n)?n?’

where the last inequality follows from the Fact 3.26 that there exist constants My > 0 and s € (0,1) such
that if 6.n —sn < L; < 0.n + sn, then

< Var(Lysy | Xy, A1) 16Min

Var(Le1 | Xp, Apr1) < Mg”-
By (15) and (17), we get

16MZn B 16MZn y 16M?
FLefn)?n® = 2 (L — 0n)? ~ Zp2(1+c. /420D

Hence, by combining the inequalities above,

Cy n
P(Ly+1 — Oin > (14 Z) - (Ly = 0xn) | Xt, A1) = P(Lysx > Ly + f(L¢/n) - 2 | Xt Ats1)

16M?
>1- —.
c2y2(1 +c./4)20-D)

By a union bound, this inequality and (16) conclude the induction step of (14) for the case of A;4;. O

We now proceed to show that once the giant’s size is macroscopically away from the unstable fixed
point at 6., in a further O(logn) steps, it equilibrates (to the corresponding phase) quickly. This part of
the proof follows closely those of [4] for f > fs, with a little care due to the rare event that the dynamics
crosses to the other side of the unstable fixed point. The argument goes in two stages, the first getting the
giant to within O(+/n) of the stable fixed point at 6,, and the second quasi-equilibrating from there.

Lemma 3.4. Letq > 2 and § > P,. Lets € (0,0, — 6.) be a fixed constant. Suppose X, satisfies that
Ly > (0. +s)n, | L2(Xo)| = O(logn), and R; (Xy) = O(n). Then, for any ¢ > 0 there exists T = O(logn) such
that Xt satisfies all of the following properties with probability 1 — ¢:

1. |Ly = 6in| = O(\/n);
2. L(Xr) = Q(n);

3. |L2(Xr)| = O(log n);
4. R; (Xr) = O(n).

Proof. This lemma was established in [2] (see Lemma 3.26 there) for the case when f > g; the same
argument can be carried over to the more general setting where f > f, with only minor modifications,
as we detailed next. Let A; = |L; — 6/n|. For § > g and a configuration X; such that L; > (0. + s)n,
|L2(X:)| = O(logn) and R, (X;) = O(n), it was shown in [2, Eq. (3.22)] that

Bl 1] < (1= 2)a + P 4 oy, (20)
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It can be readily checked that the same inequality holds under the weaker condition that ¢ > 2 and f§ > ..
Specifically, Fact 3.28 from [2] holds in this setting since under the assumption that L, > (6. + s)n, the
percolation step of the CM dynamics is subcritical (resp. supercritical) when the largest component of X;
is inactive (resp., active), and this is essentially all that is required to establish (20).

Lemma 2.13 then implies that there exists a constant 6 € (0, 1) such that

10, — ¢ (Ly/n)| = %|9rn |- %lLt (L /myn| < (1= 8)(6, — (L/n)];

(note that Lemma 2.13 extends Lemma 3.9 from [2] to the f > f, regime). Plugging this bound into (20),
we obtain

E[Au | X,] < (1= 2)A +0(Vn). (21)

Now, let Qgo0q4 be the set of all random-cluster configurations X such that |£;(X)] > (0. +s)n, | L2(X)| =
O(logn) and R; (X) = O(n). Lemma 3.25 from [2] shows that if X; € Qgo0d, then X1 € Qgooq With
probability 1 — O(n™!). (Again, this result from [2] is stated for f > g, but it extends to the ¢ > 2
and f > f, setting by the same observations made above about the subcriticallity/supercriticality of the
percolation step; in addition, Lemma 3.25 only states a 1 — o(1) but its proofs yields a 1 — O(n™!) bound
on the probability.) By averaging over all the configurations on Qgq.4, we get from (21) that

E[Ar] < (1= 9)E[A] +O(Vn) +n-P(X; & Qgood) < (1= )E[Ac] +O(Vn). (22)

Iterating this bound, we obtain
E[Ar] < (1-2)"A¢+ O (V).

Since Ag = O(n), there exists some T = O(log n) so that E[Ar] < C+/n, and by Markov’s inequality we have
At < 2Cy/n/e with probability 1 — ¢/2 for any fixed ¢ > 0. Finally, note that X7 € Qgq04 With probability
1 — 0(1) and in the percolation step of the last step, Lemma 2.8 and 2.11 imply that I; (X7) = Q(n) with
probability 1 — 0(1). The result then follows from a union bound. O

The next lemma shows that once the giant’s size is within O(+/n) of 6,n, mixing happens in at most
O(log n) further steps.

Lemma 3.5. Letq > 2 and > . Suppose X, is a configuration satisfying all the following conditions
1. [|£1(Xo)| = Oin] = O(¥/n);
2. [(Xp) = Q(n);
3. |L2(Xo)| = O(log n);
4. R; (Xo) = O(n).

Suppose Yy also satisfies all these conditions. Then for any constant ¢ > 0, there exists T = O(logn) and a
coupling of (Xy, Yy) such that Yr = Xt with probability at least 1 — ¢.

Proof. This lemma essentially follows from Lemmas 3.16 and 3.27 in [2] but requires a slight generalization
of the latter. Specifically, Lemma 3.27 from [2] provides a coupling from two configurations satisfying
conditions 1 to 4 in the lemma statement to two configurations with the same component structure but
assumes that f > g and only provides an Q(1) bound on the probability of success of the coupling. Lemma
3.16 from [2] provides a coupling from two configurations with the same component structure to the same
configurations with high probability and holds for any ¢ > 1 and > 0.
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Our first observation is that Lemma 3.27 and Corollary 3.33 from [2] hold when ¢ > 2 and § > f,.
(This is a byproduct of the percolation step of the CM dynamics being subcritical (resp. supercritical) when
the largest component of the configuration is inactive (resp., active).) To boost the probability of success
of the coupling, we note that at a suitable T, = O(logn), either the coupling to the same component
structure succeeds with probability at least @ = Q(1), or, by Corollary 3.33 from [2], both X7, and Yy,
satisfy conditions 2, 3 and 4 from the lemma statement with probability 1—o0(1) and also || L (X7,)|—6:n| =
O(v/nlog?n), ||L1(Yg,)| - 6;n] = O(\/nlog® n). Then, by Lemma 3.3, at time T; = T + O(log n), we have
that all four conditions from the lemma statement hold with probability 1 — 1/A for any desired constant
A > 0. Iterating this reasoning, we obtain a coupling for which X7, = Yir, with probability at least
1-(1-a)* —k/A - o(1) for any constant k. Letting T = kT; with k and A sufficiently large, we obtain a
coupling under which X7 and Y7 have the same component structure with probability at least 1 — £/2 for
any ¢ > 0. The result then follows from Lemma 3.16 in [2] and a union bound. m|

The above lemmas are the key ingredients to establish the first part of Lemma 3.1.

Quasi-equilibrating to the disordered phase

We require analogous lemmas to establish the second part, namely the quasi-equilibration to the disordered
phase if initialized with a largest component of size at most 6.n — y/n.

Lemma 3.6. Letq > 2,y > 0 and B € (Bu,fBs). If Xo is a configuration such that Ly < 0.n — y\/n,
|L2(Xo)| = O(logn) and R; (Xo) = O(n), then there exist constants s € (0,0, — 05),C > 0 such that for
T = Clogn we have Lt < (0. — s)n, | L:(Xr)| = O(log n), and R; (Xt) = O(n), with probability 1 — O(y~?).

The proof of Lemma 3.6 is essentially identical to that of Lemma 3.2 and is thus omitted. The next
lemma shows how the giant’s size goes from (0. — s)n to O(log n); a little care is needed here compared
to the ordered side because on its way the giant may approach 65 where it can take one step as a critical
random graph. To deal with this, we recall the following two lemmas from [2].

Lemma 3.7 (Fact 3.18 in [2]). Let0 < < fBs and X, has a unique component that is of size at least 2n'*/12,

then | L2(X;)| < 2n'V'2 for all 0 < t < T with probability 1 — O(T - n=Y/'2) for any T = O(logn).

Lemma 3.8 (Fact 3.20 [2]). Let 0 < 8 < fs. If Xy is a configuration such that Ly < (05 — €)n and X, has at
most one large component whose size is at least 2n'/'2, then there exists T = O(log n) such that Lt = O(log n)
with high probability.

Note that although originally Fact 3.20 in [2] guarantees only Q(1) probability for the statement to

hold, it can be improved to, for example 1 — n~12 with a careful look.
With the above lemmas recalled, we show how the size of the giant goes from at most (6, —s)n to o(n).

Lemma 3.9. Letq > 2,5 > 0 and f € (Py, fs). If Xy is a configuration such that Ly < (6. — s)n, | L2(Xo)| =

O(logn) and R; (Xy) = O(n), then there exists T = O(logn) such that L = O(logn) and I;(Xr) = Q(n)
with probability 1 — o(1).

Proof. Recall we set §; := %. Fix a small ¢ > 0, and define 7 = min{r,, 7} where
Te:=min{t >0:L;/n & [0s —¢,0, —s/2]} and r =min{t > 0 : | Lo(Xy)| > 2n11/12}.

We bound the drift of the giant in two cases of L;: (i) L;/n € [0s+¢,0.—s/2],and (ii) L; /n € [05—¢, Os+¢]
to upper bound 7,. Lemmas 3.3 and 2.14 imply that in case (i) with X; : | £5(X;)| < 2n''/'2, there exists a
constant § > 0 such that

E[Li1 = Le | Xi] <

f—(Ltq/n)n +0(n'*) < _%n +0(n'*). (23)
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Similarly, in case (ii), Lemmas 3.3 and 2.14 imply that

f(6s+é)n . 2en on 2en

E[Li - L | X,] < —+omt) < ——+ =+ 00", (24)
q q q9 q

By choosing ¢ small enough, we see from (23) and (24) that there exists n > 0 such that if ¢ < 7, then
E[Lt+1 = Lt | X¢] < —1n.

By a standard application of the optional stopping theorem (see, e.g., Lemma 2.20 in [2]), we have E[7] <
4/n. By Markov’s inequality, P(7 > 410%) < 1/logn,sofor T = tlogn "0 o T, with high probability.

At the same time, by Lemma 3.7, | £2(X;)| < 2n''/12 holds for all t < T with probability 1—O(Tn~1/12),
so with high probability it is 7, that is attained and 7, < T;. Moreover, while L; /n < 0.—s/2 and | L2(X;)| <
2n'/12_the conditional variance of L, — L, is at most O(n?3/?*) so by Chebyshev’s inequality and a union
bound, the probability that 7, < T is attained by L;/n > 6, — s/2 is at most Tyn"/?* = 0(1). Altogether,
with high probability Ly, < (65 — e)n and | L2(X7,)| < 2n!1/12,

At this point, Lemma 3.8 implies that after T, = O(log n) additional steps, the largest component in the
configuration has size O(log n) with high probability. Finally, in the percolation step of the very last step,
Lemma 2.8 and 2.11 imply that I; (X1,+7,) = Q(n) with high probability. The result follows from a union
bound. O

To quasi-equilibrate to p%* from here, we appeal to the following lemma which lower bounds the

probability of coupling two shattered configurations in O(log n) steps.

Lemma 3.10 ([2, Lemmas 3.15-3.16 and Fact 3.17]). Letq > 1 and 0 < f < fs. Let Xy be a random-cluster
configuration such that Ly = O(logn) and I;(Xy) = Q(n). Suppose Yy also satisfies these conditions. Then for
any e > 0 there exist T = O(log n) and a coupling of (X;, Y;) such that Xt = Yr with probability at least 1 — ¢.

We are now in position to put all the above ingredients together to establish Lemma 3.1.

Proof of Lemma 3.1. Suppose (X;);>o is initialized from Xy with Ly > 6.n + y/n, | L2(Xo)| = O(logn),
and R; (Xo) = O(n). Let (Y;)s>o be initialized from 1°" and restricted to Q°¢ by rejecting any update that
would take it out of Q°; by Lemma 2.1 and a union bound, with probability 1 — 0(1), (Y;);s0 does not
feel the restriction to Q° (i.e., doesn’t attempt to leave Q°™) for exponential in n many steps, so for all
e°™ time steps, we can treat Y; as the (unrestricted) CM chain initialized from 1°¢. We claim that there
is T = O(log n) such that with probability 1 — O(y~2), we have coupled X7 = Y7, which would imply the
claim. In order to see this, notice that Lemma 3.2 can be stitched with Lemma 3.4 to get, with probability
1 — O(y™?), a configuration X7, on which Lemma 3.5 can be applied. At the same time, Y7, satisfies the
conditions of Lemma 3.5, being a sample from p° (which satisfies those conditions by Lemma 2.1).

The proof for Ly < 6.n — y+/n is analogous (Lemmas 3.2-3.5 are replaced by Lemmas 3.6-3.10). m]

3.2 Getting away from the unstable fixed point at criticality

We now focus on the critical point f = . where it is essential to understand the diffusion away from the
fixed point 6,n; here, the drift and fluctuations of the giant component process compete on the same scale.
3.2.1 Staying in a nice set of configurations

We begin with certain a priori estimates guaranteeing that for a sufficiently long period of time (O(1)
times will suffice), the near-saddle dynamics has largest component size, and sum of squares of other
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components, that are concentrated around explicit quantities. Moreover, the sum of cubes of components,
and isolated vertices (things needed for sharp local limit theorems in updates) stay on the right order.

We begin by defining the following good set that captures all the a priori estimates except the concen-
tration of the sum of squares of component sizes, which will come subsequently.

Definition 3.11. For a constant K > 0, let Gk be all random-cluster configurations U satisfying:
1. The largest component has ||£1(U)| - 6.n| < Kn'/?logn,
2. The second largest component has | £,(U)| < Klogn,
3. The sum of squares of non-giant components has R, (U) < Kn,
4. The sum of cubes of non-giant components has R; (U) < Kn,
5. The singletons have I;(U) > £.

We introduce some notations that will be useful in what follows. Recall for A > 1, that «(A) is defined to
be the largest positive root of the equation (7) (i.e., #(A)n is approximately the expected size of the giant in
a G(n,d/n)), and recall 6%(1) as defined in (9) which approximates the variance of the giant component in
G(n, A/n). Also, for 6 € [0, 1], let k,(0) be the expected fraction of activated vertices if a giant of fractional
size 0 is activated, and k;, (6) be the same quantity if it is not activated, i.e.,

ka(0)=6+é(1—9), and kia(0)=é(1—9). (25)

Moreover, for i > 1 we use A; to denote the event that the largest component is activated in step i of the
CM dynamics; we use A; to denote the total number of activated vertices in step i, and on A; use A; to
denote the activated number minus the giant. Lastly, let Gy ~ G(n, py) and denote by G; the random graph
resampled in step i of {X;}, that is, G; ~ G(A;, B/n).

Let A, be the solution to «(A,) = 0,.

Lemma 3.12. Let f = fi.. Forall T > 0 fixed independent of n, if Xy ~ G(n, &) with py = A, + O(n™1/?),
then for K = K(T), Xt € Gk with probability 1 — o(1).

Proof of Lemma 3.12. Let X; ~ G(n, %). For some K, > 0, Lemmas 2.11 implies that, X, € Gk, with
1 —o(1) probability. Let K; = tKy. Now suppose X; € Gk, for some ¢t > 0. We will inductively show that
Xi+1 € Gk,,, with probability 1 — o(1). Then a union bound over ¢ € [0, T] implies X7 € Gk, .

We consider the two cases, Axyq and AY . First, E[Az1 | A1, Xi] = ka(Ls/n)n. Moreover, since
property 3 holds at time t, by Hoeffding’s inequality, we have

nlog”n
Ry (X:)

P(|At+1 —ka(L;/n)n| > Vnlogn | Am,Xt) < 2exp ( - ) = exp (—C; log’ n), (26)
where C; > 0 is some constant. In the percolation step, G;+1 ~ G(Az41, fc/n), and when the concentration
in (26) holds, the random graph G,,; is supercritical. By Lemma 2.10, | £2(G;+1)| = O(log n) with proba-
bility 1 — O(n™") and || £1(Gr41)| — 0.n| < n'/?log n with probability 1 —o(n™?). Since | L2(X;)| < K; logn
by property 2 and the largest component of X; has been activated, if | £1(G;4+1)| = Q(n), then L;(Xp41) =
L1(Gt41). Moreover, with probability 1 —o(1), we have G;11 € Gk, by Lemma 2.11. Consequently, we also
establish property 2-5 by noting that

L | Lo(Xp41)| < max{| L2(Xy)], | L2(Gra1)[} = max{Ko, K; } log n.
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2. Ry (Xp41) < Ry (X)) + Ry (Gra1) < (Ko + Kp)n.

3. Ry (X41) < Ry (X)) + Ry (Gpy1) = (Ko + Ky)n.

4. [I(Xee1) 2 [(Gen) 2 ¢ 2 i

c

Next, suppose As41 does not happen. Then E[A4; | Af,,, X;] = kia(L;/n)n. Again, by property 3 and
Hoeffding’s inequality, we have the following concentration for Az:

nlog®n
Ry (X:)

P (|At+1 — kia(Ls/n)n| > \/ﬁlogn | A§+1,Xt) < 2exp ( - ) = exp (—Cz log2 n), (27)
where C, > 0 is a constant. In the percolation step, Gy+1 ~ G(A;41, Bc/n) and if the estimate in (27) holds
then G,y is subcritical. In this case, by Lemma 2.8, | £1(Gs41)| < Kplogn with probability 1 — o(1), so
Lt41 = Ly, satisfying the first property of G(;4+1)k,. In addition, with probability 1 — 0(1), G;4; satisfies that
Ry(Gy41) < Kon, R3(Gy41) < Kon, I1(Gyy1) = n/Ky. Similar to the case A;41, these properties combined with
the hypothesis X; € Gk, imply that X;,; € Gk,,,. Therefore, by a union bound over all the above, we have
Xi41 € Gk,,, with probability 1 — o(1). O

At this point, we need one more property to hold throughout the process, which is concentration of
R; (X;) around an explicit deterministic quantity. To define that quantity, in addition to Gy ~ G(n, po/n),
let G. ~ G(nkiy(6.), f./n). Then define a sequence of variances

of = 1(1- 1)((1- 1IEIR; (Go)l + Y (1 - 1) B[R(G.)]). (28)

i=1
We show that é(l - é)RZ_ (X;) is concentrated around o? for all O(1) times.

Definition 3.13. For K(t) as in Lemma 3.12, let G; be the event that for every s < t, X; € Gk(;) and
furthermore

1 1
a(l - Q)RZ_(XS) — 0| < vnlog’n foralls <t.

Lemma 3.14. Let f = fi.. For all T > 0 fixed independent of n, if Xy ~ G(n, 22) with py = A, + O(n™1/?),
then (Xs)s<t € Gr, with probability 1 — o(1).

Proof. Fix T > 0 We will show that for each s < T, the event in Definition 3.13 holds with probability
1—0(1); the lemma follows from a union bound over all s < T. First, Lemma 3.12 shows that X, ..., X1 € Gk
with probability 1 — 0(1). Working on this event, when Xj, ..., X; € Gk we can express

Ry (X;) = R; (G)) + ) [H{A}R; (Gf) + H{ASIR:(GS)]. (29)

i=1

where we are using G! to denote the (random) subgraph induced on the vertex set of G; (the resampled
portion of Xj;), consisting of vertices that are not re-activated up through time t (i.e., do not belong to
;’:i +1 Gj). That is, the vertices of G; that survive t — i independent activation steps. Eq. (29) is a conse-
quence of the fact that X, is partitioned by (Ji_, G (G! is the activated subgraph at time ¢).
Similarly, denote by G the induced subgraph of G, on the vertices that have not been activated for ¢
activation steps of the CM dynamics starting at G,. We will show that for each i > 1,

P ([1{ADRS (G)) + 1{AS}R(GY) — E[Ry(G™)]| = O(Vrlogm)) = 1= o(1), (30)
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and

2 (IR; (G3) - BIR; (Gp)I| = 0(Vrlogm)) = 1 - o(1). (31)

By (29) and a union bound of (30)-(31) overi = 1,...,s, together with Observation 3.25, we get the claimed
bound for R; (X;) with probability 1 —o(1).

Now we fix i € [1,s] and show (30). Up to an error of 0(1), we assume X;_; € Gk. Suppose first the
giant of X;_; is activated in the step i, namely A;. We define the activated window,

W, = [nka(6,) — 2vnlog n, nk,(60.) + 2vnlogn] .

By (26), we have |A; — k,(Li—1/n)n| < vnlogn with probability 1 — 0(1/n); by the first property of Gk,
we also have |k,(L;—1/n)n — k,(0.)n| < vnlogn. Let us work on the event that A; € W,. We will rely on
the following lemma which establishes concentration of the number of vertices not yet activated after s — i
steps; its proof follows from a simple calculation and Chebyshev’s inequality, and is deferred.

Lemma 3.15. Suppose X ~ G(n, p) withnp bounded away from 1 uniformly inn, and let X" be the sub-graph
of X that does not get activated in r activation steps. If np > 1 then

B(1R; (X") — E[R; (X")]| > Vilogn) = O(—

).

log®n
and if np < 1 then the same concentration holds for Ry(X").

We also use the following lemma that compares the expectation of G; to that of G{ ™ (the latter having
deterministic parameter, while the former has a random parameter dictated by A;, though close to the
deterministic parameter when A; € W,).

Lemma 3.16. Suppose G ~ G(nk,(6.) + m, %), where |m| = O(+/nlogn), and G. ~ G(nki,(6.), %). Then
for any integerr > 0,
[E[R; (G")] —E[R:(G})]| = O(Vnlogn).

Note that A; € W, implies that G(A;, f./n) is supercritical (uniformly in n). Combining Lemmas 3.15-
3.16, the above inequality ensures that if A; € W,, we have

1

log?n’"

P(|R; (G}) —E[R(G:™)]| = O(Vnlogn), A; € Wy) =1 - O

Next suppose that that A; does not happen. Set Wi, := [nki,(0.) — v/nlogn, nki,(6.) + Vnlogn]. By
(27) we have A; € W, with probability 1 — o(1/n). In this case, G(A;, %) is subcritical (uniformly in n).
Combining Observation 3.25 and (12) in Lemma 2.7, we get that

[E[R:(G})] — E[R:(Gy™")]| = O(¥nlogn).

Then by Lemma 3.15 we have

P(|R:(G}) — E[Ry(GS™H)]| = O(Vnlogn), A; € W) = O( :

. 32
log”n (32)

Hence, we get (30) by a union bound. The argument for (31) is only easier than the above, following
immediately from Lemma 3.15 and the super-criticality of the initialization parameter. O
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3.2.2 Upper bound on escape time from the unstable fixed point

Let 7, denote the first time X; > 0.n + y+/n and let 7_, denote the first time X; < 0.n — yv/n. We show an
upper bound of the exit time from the window I, := [0.n — yv/n, 0.n+ y\/n], where y is a sufficiently large
constant, to be chosen depending on the e-total-variation distance to stationarity we aim for.

Lemma 3.17. Let 7 := min{z,,7_,}. If Xo ~ G(n, ‘%) with py = A + O(n~'2) then there exists a constant
C > 0 such that for every T > 1 fixed independent of n,

1
P(F < 2TeY') > 1- =

Proof. If Ly ¢ I, then 7 = 0 and the lemma holds trivially. We assume therefore that Ly € I,. Also we
assume X, € Gk, for a large constant K, which happens with probability 1 — 0(1) by Lemma 3.12. Let
v == min{t : X; ¢ Gk} and let r = 7 A 7. Observe that 7 is stochastically dominated from above by a
geometric random variable Geo(y), where

= min  P(Liy; > 60in+yvVn| X;).
Yy XecOnibeel, (Li+a }’\/_| 1)

Our aim in what follows is to show existence of x > 0 such that
2
yy > e (33)

Indeed, assuming (33), E[7 | Xo € I,] < E[Geo(y)] < e, and by Markov’s inequality, we would have
P(r > 2Te"yz) < % for every T. Then we have
1

B(2 > 2Te) < B(z > 2Te™’) + Bt < 2Te’) < = 4 2Te™ - o(1) < =,
2T T

by Lemma 3.12 and a union bound.

To show (33), note that P(A;41) = 1/q, and we suppose A;.1 happens. Then L, is distributed like the
giant component of G(Ay41, %), where A;,1 is the number of activated vertices in step ¢ + 1. By property
3 of Gk,

1 1, _
Var(Ap1 | Xp, Are1) = 5(1 - a)Rz (Xt) < Kn. (34)

Suppose L(X;) = xq € I,. By Chebyshev’s inequality we have

n—Xo
Apy1 2 X0 +

—2VKn = k(6. - yn_l/z)n —2VKn =:m,

with probability at least 1/4. On this event, G(Az1, %) > G(m, %) so in order to show (33), it suffices to
show that if X ~ G(m, f./n),

P(|L1(X)| > 0.n+yvn) > 4ge™™" . (35)

Let L = | L1(X)|for X ~ G(m, f./n). Then, Let A = m- ’% By subtracting @(A)m on both sides and dividing
by o(A)Vm, we rewrite the left-hand side of (35) as

L—a(A)m . O.n+yn — a(/l)m) ' (36)

P(L > 6.n+yvn) = ]P( s vm > e
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By Theorem 2.4, we have

IP)(L—(){(A)m S 9*n+y\/_—a()t)m) :P(Z S O.n+y\n—a(A)m
oc(MWVm a(M)ymy B c(M)Vm

where Z is a standard Gaussian random variable. Also, observe using the facts that m = ©(n) and |a(1)m—
0.n — y\/n| = O(yv/n) by definition of 0.,

O.n + yvn — a(A)m,
Dy

for some constant C; > 0. By standard Gaussian tail estimates, we get for some C; > 0 and y > 1 say,

)+o(1), (37)

<Gy, (38)

P(L > O.n+yvn) > e~ Cr* +o0(1).

This implies (35) for some k > 0, for large n. ]

3.2.3 Approximating by a 1-dimensional Markov process

In order for mixing to be fast from the near-saddle initialization at § = f., we need the diffusion near the
unstable fixed point to exit out the right and left with probabilities corresponding to the relative weights of
the ordered and disordered phases. Towards capturing this, our goal in this subsection is to approximate
the giant component process (L;);>o near 6,n by a monotone 1-dimensional Markov process.

In order to define this process, recall (1) and o?(1) from (7)-(9). For A > 1, let

M) = a4’ and () = ot - & = ¥DA-e(@) A

= —. (39)
Pe B (1-21-a(d))* A
Since a(A) is twice differentiable for A > 1, hy, hy exist, and are differentiable.
Definition 3.18. Define the 1-dimensional Markov process initialized from Z, and given Z;,
Ziss ~ Zu+ e (002 + VAN (0, (hn (Bcka(0.))207 + ha( fcka(0.))) ) (40)

where €1 ~ Ber(1/q) independently of the normal.

Theorem 3.19. Suppose Xy ~ G(n, %) with po = A.+0(n""?) and let (Z;); be the process of Definition 3.18
initialized from Zy ~ N((po — A)a’(A)n, ®(A)n). There exists a coupling such that with probability
1-T-0(1), forallt <T,

|(L; — 6.n) — Z;| = O(logn) .

We consider the following intermediate process that stays within distance 1 of L; w.h.p. and is easier to
compare to Z;: let Yo ~ N (0.n+ (po — A)a’ (A)n, 0?(A)n), and given Y; € R with t > 0, with probability
1- é set Y;11 = Y; and with the remaining probability do the following:

n-Y; 2)’

1. generate a random real number B;q ~ N ( 7 0

2. generate a random number

Yie ~ N(Of(% (Y +Bi1)) - (Y +Bt+1),0'2(% - (Y; +Bis)) - (Y +Bt+1))-
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Here, recall 67 was defined in (28). Besides the centering by 6,n, the key difference between Y; and Z; is
that the variance of its increments are functions of Y; themselves rather than simply functions of time.
Theorem 3.19 will follow from the following two lemmas. Recall that 7 := min{z,,7_, }.

Lemma 3.20. Let X, ~ G(n, ‘%) with po = A, + O(n"Y/?). For all T > 0 fixed independent of n, there exists
a coupling P of {(Xy, Yi) }+»0 such that forallt < T,P(|L; - Y;| < 1) =1-0(1).

Lemma 3.21. There exists a coupling {(Y;, Z;) }1>0 such that fort < 7, |Y; — (Z; + 6,n)| = O(logn) with
probability 1 —t - n~=¢(),

Proof of Lemma 3.20. We will couple (L;, ;) inductively. For the base case, consider ¢ = 0; by Lemma 2.3,
(Xo, Yp) can be coupled such that with probability 1 — o(1), |Ly — Yo| < 1.

Now suppose there exists a coupling of the first t steps of {(X;, Y;)} such that |L, — ;| < 1 with
probability 1 — 0(1). By Lemma 3.14, we have (X;)s<; € G; with probability 1 — 0(1), so in what follows
we work on that event. In case (X;)s<; ¢ G, we stop the coupling. For the induction step, we construct a
coupling P;.1 of (X;41, Yis1)-

On A{,,, we let Y;,; = Y;. At the same time, on AY,, and G;, with high probability the percolation step
is sub-critical and therefore L;;; = L; with probability 1 — 0(1) (a similar argument was made in the proof
of Lemma 3.12). Hence, we have |L;y; — Y;41| = |L; — Y;| < 1 with probability 1 — 0(1) in this case.

Next we consider the case when A;y; occurs. Let A, be the number of activated vertices in step
t + 1 that are not in £;(X;). Note that X, € G, satisfies all the conditions of Lemma 3.27, which implies
that there exists a coupling P of (A}, Ny41) such that P(|A,,, — Nyyy| > 1) = O(n_l/s), where Ny ~

t+1° t+1
N(E[A.,, | X:],Var(A;,, | X;)). In addition, we want to show that B;;; and N;4; are typically close,
where B, is the random variable used in generation of Y. Clearly, E[A,,, | X;] = "_qL‘ , and note that

Var(A,, | X;) = 611(1 - é)Rz_ (X:). Hence, the inductive assumption ensures |}E[At_+1 | X;] —E[Bts1 | Yt]| <
1, and since we're on the event Gy, [Var(A;,, | X;) — 0| < v/n log? n. We appeal to the following standard
bound on the TV-distance between 1-dimensional Gaussians, which is an easy calculation (see e.g., the

univariate case of [17] which is focused on the more difficult multivariate case): if Nx ~ N (ux, (7)2() and
Ny ~ N (uy, af,). Then

2

os| -

Y +|IIX ﬂY|_
20y

lo% —
||NX - NY”TV < 2 (41)
ZGY
Applying (41)

|Bts1 = Negallrv <

3|Var(A,,, | X;) - o7 N ’E[A;H | X¢] —E[B41 | Yt]| _o (\/ﬁlogzn) _0 (log2 n)

2Var(A,,, | Xz) 2y/Var(A;, | | X;) n \Vn

So by the optimal coupling lemma, there exists a coupling Ps; of (A}, Nt41, Bs41) such that

Prot ({Br+1 # Nt} U{|Af; = New| > 1} | F) = o(n~1%).
From now on, we assume |By1 — A,,,| < 1 under the coupling P,;. The inductive assumption implies
|(Lt +At_+1) - (Yt + Bt+1)| <2

On the percolation step, Lemma 3.29 implies that there exists a coupling of (| L1(G;11)|, Yi41) such that
|Yrs1 — | L1(Grs1)|| < 1 with probability 1 — o(1). Since | L5(X;)| = O(log n) and the giant component has
been activated, with high probability the percolation step is super-critical and, L1 = | L1(G;41)].
Therefore, it follows a union bound over all the probabilistic estimates used so far that the coupling of
(X¢+1, Ye41) satisfies all the desired properties with probability 1 — o(1). O
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Proof of Lemma 3.21. Under the identity coupling of the initial normal random variables, with proba-
bility one, Yy = Zy + 6.n. For t > 0, assume |Y; — (Z; + 0.n)| = O(logn) and t < 7. Now we couple the
step (Yi+1, Z1+1). When ;.1 = 0, we couple (Y41, Zp4+1) such that both ;. and Z;,; stay idle. Now assume
€41 = 1. Let ©; := Y;/n. Taking the two sub-steps of {Y;} into one step, we have

Y1 = a(ﬂc(é + 120, + %)) ' (3 + 2%+ Wfﬂ)

+ N(O, az(ﬁc(é + qT_l& + %)) - (g + qT_lYt + Wm)) ,
where Wy4; ~ N (0, 02). Let k(0) = ko(6) + Wy41/n. Then
Yier = a(fe - k(6,)) - k(©)n+ N (0.0° (B - k(©,)) - k(©,)n). (42)

By Lemma 2.7 and Observation 3.25, o2 = ©(n), so for the rest of the proof, we assume W;,; = O(+/nlog n),

which happens with probability 1 — n~2 for every t. We first Taylor expand a(ﬁclz'(&«)) about f.k,(0;).
Using twice-differentiability of a, we get

a(ﬁc : /2(@1«)) = a(ﬂc : ka(@)t)) + a/(ﬁc : ka(®t)) ' @ +0 (10%) . (43)

n
Multiplying this with k(©,)n = k,(©;)n + Wy,1, we get
a(Be - k(©r)) - k(©)n = $(O,)n + hy(dr) Wiy + O(log n),
where
$(6) = a(Pcka(0))ka(6)  and  d; = Beka(©)).

Let d. := fck,(0,). Since h] is a bounded function and |®; — 0.| < %, |hi(dy) — hi(dy)| = O(%). Hence,
by (41), we can couple h;(d;) - N(0, 0?) and h;(d.) - N (0, 07) with probability at least

_ |hi(dy) = hi(ds)lo} ) —o(l)
2h(d.)o? B NAA

1—[IN(0, hi(ds)?0?) — N(0, by (d)207) || oy = 1

Hence, with probability 1 — O(n_l/z) we can replace hy(d;)Wii1 by hy(di) Wyy1.
We proceed with Taylor expansion on f(-) about 0,. By noting that f(6.) =0, f"(8.) = O(1), f”(6.) =
O(1) and (©; — 6.)n < y?, we have

$(O)n = [0; + f(O)n = O+ [f(6.) + f(6:)(0; — b.) + £ (6.)(O; — 6,)*|n
= 0,n+ (1+ £ (0.))(0; — 0.)n+0(?).

Therefore, the following equation holds with probability 1 — O(n~'/2),
a(Be - k(©,)) - k(©)n = bn+ (1+ f(6,))(0; — 0.)n + hi(d.) Wes1 + O(log n). (44)

Finally we handle the normal random variable in (42). Let d, = IBCI;(Q*) and d; = Be - IE(@,). Since h;, is
a bounded function and |©; — 6,| < \/LH’ lho(d;) — ha(dy)| = O(\/Lﬁ). Again, since hj is a bounded function

and |d. — d.| = O(y/*E2), |hy(d.) — hy(d.)| = O(y/'%82). By triangle inequality,

|ho(dy) = ha(d)| < lha(d.) — ha(d)] + |ha(dy) — hy(d.)] = O(~/*E2).

n

Hence, it follows from (41) that we can couple N (0, hz(dt)n) and N (0, hy(d.)n) to agree with probability
1- 0(1/10%) The result follows from (42), (44) and this coupling. O
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3.2.4 Analysis of the limiting 1-dimensional process

Now that we have shown the giant component process near the fixed point 6,n is well-approximated by
the 1-dimensional process Z; of (40), we show here that this simplified process’s exit probabilities to the
right and left are monotone, and oscillate on the /n scale. In what follows, let TYZ be the hitting time of
yVn for Z, from (40) and let Ti, be the hitting time of —y+/n.

Lemma 3.22. The Markov chain of (40) is monotone. In particular, for every p € (0, 1), there is a unique
c. € R such that if pg = A + c.n™ Y2 + 0(n™Y?) and Zy ~ N((po — L)’ (A)n, 0*(A.)n) then

VA
where 0,,,(1) means it goes to zero either asn — oo or asy — oo.

Proof. For the monotonicity, suppose Z; < Z; and consider Z;;; and Z; , generated per (40) using the
same Bernoulli random variable &, and the same pair of normal random variables. If ¢,; = 0 then
Ziy = Zy £ Z] = Z],, and the monotonicity is preserved. If £;,; = 1, then under this coupling

Ziw = Zes1 = (Z{ = Z) (1 + f7(0.)) .

This will be positive because Z; — Z; > 0 and f"(0,) > 0.

To see the other consequences, notice first that the process (Z;);»0 = (Zn~ 12,5, is n-independent
(as all of hy, hy, 03, f7, By are n-independent). This implies that P(Z’YZ < Ti,) are n-independent from n-
independent initializations, which will be the case if py = A, + c.n™/2. As Z, — y+/n, the probability
]P’(Tf < Tg),) is easily checked to go to 1, and as Z, — —y+/n, it goes to zero. Finally, to see that c, is
y-independent with the o, (1), similarly observe that

z__z z -
Pz < 72)) =B(eliap 0y < oy = or(D)-
Together, these yield the lemma. O

We can use the monotonicity above, together with the closeness of the Z; process with X; to translate
the right initialization from (Z;); to (X;);.

Lemma 3.23. Suppose Xy ~ G(n, po/n) for po = A + O(n~?) and let (Z;), be the process of Definition 3.18
initialized from Zy ~ N ((po — M)’ (A)n, 0?(A.)n). Then the hitting probabilities P(rf < r?Y) and P(T;f <
Ti(),) are within 1 — 0,,,(1) of one another.

Proof. By Theorem 3.19, there exists a coupling such that the processes Z; and L; — 6,.n are within O(logn)
for all O(1) times, except with o(1) probability. Now fix any ¢ > 0 admissible difference between the
probabilities in the lemma. For any such ¢, there exists a y such that uniformly over t, if L; — 0,n is in
yvVn — O(log n) the probability that in the next step it exceeds y+/n is at least 1 — ¢; the uniformity over
t uses the fact that the variance o7 is uniformly bounded, while the drift increases linearly with y. This
implies that if Z; has hit y+/n then with probability 1 — ¢ — 0(1), the process L; — 0.n either has hit y+/n, or
will hit it in the next step.

The same holds for hitting —y+/n, as well as for the converse implications, i.e., that if X has hit one
side or the other then so has Z or will in the next step. Putting these together, we deduce that for every ¢,

there exists y sufficiently large such that |P(Tf < rg),) - P(rff < TZ(Y)| < e+o(1). O
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3.3 Proof of Theorem 1.1

Off-criticality. We begin by concluding the bounds of mixing when initialized on the appropriate side of
the unstable fixed point, taking care of all off-critical portions of Theorem 1.1.

For item 1, when 8 € (B, fc), we let Ay = A, — w(n~"/?), where A, is the solution to a(1,) = 6,; by
differentiability of a with strictly positive derivative in the super-critical regime, if Ay = A, — w(n~'/?),
then a(dg) = 6. — w(n~/?). In particular, by Lemma 2.10, X, satisfies the conditions of Lemma 3.1 with
y = w(1). Furthermore, by Lemma 2.1 and Observation 2.5, when f < f., we have ||p%* — ji]|rv = 0(1). The
result follows by the triangle inequality. For item 3, the proof is symmetrical, with the observation that
when f > B, we have ||z — pi||ry = 0(1).

Criticality. We now turn to the mixing time at the critical point § = .. Fix an ¢ total-variation distance
we are trying to achieve, and in turn take y sufficiently large. By Lemma 2.1, the stationary distribution
pis a &1 — & mixture of 49 and y° for £ defined in (6). By Lemma 3.22, there is a unique c. (&) such
that the escape probabilities of Lemma 3.22 are within o(1) of £,1 — & By Lemma 3.23, if Xo ~ G(n, A)
with Ay = A + c.n™ 2 + o(n"1/2), then |P(r;,( < ri(y) — & < e+ 0(1). Moreover, by Lemma 3.17, the
minimum of these two exit times is O(1). Finally, by Lemma 3.14, with probability 1 — 0(1), at exit, the
configuration satisfies the necessary conditions to apply Lemma 3.1 and quasi-equilibrate to the phase-
restricted measure on the side the dynamics exits with probability 1 — O(y~%). Combined, these imply

there exists T = O(logn) such that if X, ~ G(n, A), then
1B € ) = (1= Hp + Eu™) oy < Oy ") +e+0(1),

which will be less than 2¢ for n large and y large.

3.4 Lower bound on the mixing time with different choices of 1,

By combining the above quasi-equilibration results with slow mixing results of [24] for the CM dynamics,
we show that if the initialization is the product measure with parameters not satisfying the conditions of
Theorem 1.1, then mixing is slow.

Theorem 3.24. For everyq > 2 and f € (P, Bs), if A.(B,q) and c.(q) are as in Theorem 1.1, then the CM
dynamics initialized from (X) Ber(Ay/n) with

1. B e (Bu fe) and Ao > A.(B, q) — O(n~1/?),
2. B=Peand Ay # A(B,q) +c.(q)n~ % + o(n~12),
3. Be (B Bs) and Ay < A, (B, q) + O(n~1/2),
takes exp(Q(n)) time to reach o(1) TV-distance to stationarity.

Proof. We provide the details for item (1), the other cases following by similar reasoning. For any initializa-
tion parameter Ay > A, —Kn~'/? for some K = O(1), by Lemma 3.22 and 3.23, there is a positive probability
cx > 0 that the process L, hits 6, + yn~'/? before 6, — yn™/? (for sufficiently large y) in some t < Cy many
steps. By Lemma 3.14, with probability 1-0(1), at exit, the configuration satisfies the necessary conditions
to apply Lemma 3.1 and quasi-equilibrate to the right to the ordered phase Y. Putting these together, we
find that for some Ty = O(logn),

IP(X7, € ) = 1y < 1= ek +0yn(1) . (45)
By using the optimal coupling on these, and then the identity coupling of CM chains after time T,

”P(XHTO € ) - Pyord (Xt € ')”TV <1l-cx+ Oy,n(l) > (46)
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where the first chain here is initialized from the product measure, and the second from p°.

Next, we claim that by the results of [24], a CM dynamics chain initialized from p°¢ retains total-
variation distance 1 — 0(1) for exponentially many steps to ¢ when f € (f,, ). To see this, note from
[24, Lemma 4.7 and the proof of Theorem 2] the existence of a bottleneck set A (that the giant component
is at least (0. + ¢€)n and the number of vertices in components of size larger than M is at most pn) such
that it takes exp(Q(n)) steps for a CM dynamics initialized from p(- | A) to leave A. The initialization
from p(- | A) can be seen to be within e~%(") total-variation distance of an initialization from ;°¢ by an
application of Lemma 2.1 and Observation 2.5. From this, we deduce that for every t,

Pod(X; € A) 2 1—te” ). (47)
By definition of total-variation distance, (46) together with (47), implies
P(Xps1, € A) 2 ¢k — 0y n(1) — te™ "),

On the other hand, by Lemma 2.1, when € (f,, f.), one has p(A) = o(1), so the above bound implies
that for y large, and some t = e22(") the total-variation to i is at least cx /2, say. O

3.5 Deferred proofs: concentration and local limit theorem for the activation step

We now include proofs of concentration of the activation steps and local limit theorems that were deferred.

3.5.1 Concentration properties of activation steps

We begin by describing some easy estimates on the activation step of the CM dynamics. For a graph X, let
X" be the sub-graph of X that does not get activated in r activation steps.

Observation 3.25. Suppose X ~ G(n, p). For any integerr > 0,
E[R:(X")] = (1= ) E[R(OL  E[Ry (X")] = (1 - ) E[R; (X)].

Proof. Let By, ..., B, be independent Bernoulli random variables with parameter (1 — é)’ . Firstly,

BIR(X) | X] = E| 3 1L;00F - 851 X| = 3 E[IL;(0F - 85 | X] = (1- %)rRz(X)- (48)

j>1 Jj=1
The first equality follows by taking expected values; the second equality is analogous. m]
Proof of Lemma 3.15. Let By,..., B, be i.i.d. Bernoulli random variables with parameter (1 — %I)r. First

we compute a conditional variance.

Var(R; (X7) [ X) = Y Var(|L£;(0 - 8; 1 X) < 3 1£;00° = By (X).

j>2 j>2
Then, by the law of total variance and Observation 3.25, we obtain
Var (R; (X)) = E [Var (R; (X") | X)] + Var (E[R; (X") | X]) <E[R; (X)] + Var(R; (X)).  (49)

If n-p > 1 uniformly in n, then by Corollary 2.9 and (49), the right-hand side is O(n) and the result follows
by Chebyshev’s inequality. The case np < 1 uniformly in n follows analogous reasoning. O

We also prove Lemma 3.16 showing the approximability of E[R; (X")] by E[R,(G!)].
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Proof of Lemma 3.16. First, observe that/); = (nk,(6,) + m) - % > 1 uniformly in n. By Lemma 2.10,
~ 1
B(11£1(G)| - () (nky(6.) + m)| > Valog ") < ——.

Moreover, for each U such that ||U]| - a([;)(nka(e*) +m)| < Vn(logn)??, Lemma 2.6 implies if U = £1(G)

then G\ £1(G) can be coupled with G_ ~ G(nk,(6.)+m—|L1(G)]|, %) with probability 1 —e~ (") Hence,

with probability at least 1 — n~1°,

m' = [|L1(G)] - a(f)(nka(6.) + m)| < Vn(logn)*/?,
and G \ L;(G) = G_. It follows from Observation 3.25 that
[E[R; (G")] — E[R:(G1)]| < [E[R; (G)] = E[R(G-)]| = O(n™"). (50)
Next we show when m’ < vn(log n)%/3,
[E[R:(G])] - E[Ry(GL)]| = O(nlogn), (51)

and the lemma follows from (50) and (51). To see (51), we give an estimate of the number of vertices M in
G_. From the arguments above, we know

M = nk,(6,) + m — a(B) (nka(6,) + m) + m’ .
By algebraic manipulation and Taylor expansion of a, we obtain
M = nkia(0.) + (0un = a(f) - ka(0.)n) + O(Vn(log n)*'?)
= nkia (6.) + [0.n = $(0.)n + mpea’ (ka(6:) - o) - ka(6:) + 0(¥m)] + O(Vn(logm)*?)
which gives (51) since ¢(0.) = 6.. O

Finally, we use the variance of the activation steps to get a bound on the variance of the giant component
after one step of the CM dynamics.

Fact 3.26. For € (Bu, fs), there exist constants My, M; > 0 and s > 0 such that if a configuration X, satisfies
that L; € (0.n — sn,0.n + sn) and R, (X;) < Myn, then

Var(Lysi | Xe, Are1) < Min

Proof. Let G, be the random graph in the percolation step of step t+1. In other words, G;11 ~ G(Az41, f/n).
By the law of total variance, we have

Var(Liy | Xy, Ape1) = E[Var(| Li(Gea)| | Arsa) | Xi Appa] + Var(E[| L1 (Gpa) | | A1l | Xio Arrr) - (52)

If Apyq - é > 1 uniformly in n, then by Lemma 2.10, we have Var(|£;(G;+1)| | Aw1) < Mon, where M,
depends only on A;,;. By our assumption and the computation in (34), Var(Azs1 | Xp, A1) < R (Xy) <
M;in. Thus, by Chebyshev’s inequality, A;,; concentrates around its mean k, (L;/n) with sufficiently small
§ = 8(My,s) > 0 deviation, with probability 1 — Mzn~!, where M; depends only on § and M;. Also, we
know that for f € (B, Bs), ka(6:)B > ka(6s)p > 1. Thus, by continuity, for small enough s, k,(L;/n)p >

ka(0. —s)B > 1, and Ay is such that the percolation step is strictly supercritical. Hence, we obtain

E[Var(|Li(Ge1)| | Aps1) | Xes Apa] < (1= Man_l) - Mon + Msn, (53)
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where the Msn contribution comes from the Mz;n~! probability event that A, - é > 1 does not hold
uniformly in n.

Next we upper bound the second term in right-hand-side of (52). By (8), so long as A;+1/n is bounded
away from 1, we have

E[|L1(Grn)| | Arsa] = @(Arsr - B) - Apsy + O(1).

Using that 0 < a(+) < 1, and taking the variance of the above, we get
Var(B[| £1(Grs1)| | Ars1] | Xi Apsr) < Var(Agsr | X, Arer) + Man +O(1)

As already claimed, the conditional variance is at most R,(X;) < M;n. Putting the above bounds together,
we conclude. |

3.5.2 Local limit theorem for the number of activated vertices
We start with the necessary local limit theorem for the activation step of the CM dynamics.
Lemma 3.27. Let g > 2. Suppose X is a graph satisfying that
1 | L1(X)] = Q(n);
2. Ry (X) =0(n);
3. [(X) = Q(n);
4. Ry (X) = O(n).
Let A~ be the number of non-giant activated vertices of X, i.e.,
A" = Z | Li(X)] - B, B; ~ Ber(1/q) independently.
i>2
Then there exists a coupling P of (A™, Z) such thatP(|JA™=Z| > 1) = O(n "), where Z ~ N (E[A™], Var(A™)).
We prove Lemma 3.27 by showing that it fits the criteria of the following classical local limit theorem.

Lemma 3.28 ([42]). Let Xy, ..., X, be independent integer-valued random variables with mean p, .. ., ji,
and let S, = 37, X;. Let i and o2 be the mean and variance of S,. Suppose the following conditions hold:

1. 6> > co asn — oo.

2. S B, — iyl = 0(o?).
3. Foralljandr #0,P(X; =0) > P(X; =r).

4. gcd{M € Z: @ T P(Xj = 0)P(X; =M) — coasn — oo} = 1.

Then there exists a universal constant C; such that for k € Z we have

1 _M C1
2

|P(5n=k)—0@ <=

33



Proof of Lemma 3.27. Suppose X has m + 1 components, where m = ©(n) by assumption 3. For j =
1,...,mlet V; = | L (X)] if Lj41(X) is activated (when Bj,; = 1), and let V; = 0 otherwise. Note that
A” =", V;. Let pand o2 be the mean and variance of A™.
To apply Lemma 3.28, we verify its conditions hold in our setting. First, the fact that the variance of
A~ goes to infinity follows from our second supposition that R, (X) = ©(n) — co. Item 2 of Lemma 3.28
follows from our fourth supposition that R (X) = O(n). Moreover, by our definition of V}, for each
j=1,...,m, we have for any r # 0,
P(Vi=0)=1-

>->P(V;=r).

QIP—‘
[\Jlr—k
Q| =

Finally, we analyze the fourth condition in Lemma 3.28. Note that in our case, if M € 7Z,

m m

1 1,1 1
1og ZP(%—O)P(V,—M) logmz[(1—5)5-1[Lj+1(x>=M]]=O(@)21[L,~+1(X)=M].

Jj=1

The third assumption of the current lemma states that for M = 1, we have }; 1[L;11(X) = M] = Q(n).
Hence, as m — oo, for M =1,

ZP(V—O)P(V M)=Q (

m
— 00,
logm logm

Since the gcd of any number with 1 is 1, we get the fourth condition. Therefore, Lemma 3.28 implies that
for each k € Z,

en(k) =|P(A” =k) -

In particular, for each integer k € [y — o - n'/%, i+ o - n'/4], we have ¢,(k) = O(1/n). Also, for each k € Z,
by integrating the normal density, we obtain

1 _ e-p)? 1

e 22 +0(—
oV2r (

o2
Also, the probability that it doesn’t lie in [u — on'/%, ;i + on'/*] is at most n™'/%, say, by Chebyshev’s
inequality. Using the fact that 0 = ©(n), this implies that there exists a coupling P of (A™, Z) such that
P(|A~ = Z| > 1) = O(n"'/®) as desired. O

<Z<k+

P(k - ) = ). (54)

m|>—n
Do |

The next lemma provides us with the necessary local limit theorem in the percolation step.

Pe

Lemma 3.29. Suppose that G ~ G(m, %) wherem = Q(n) satisfying m- - > 1 is bounded awayfrom 1. Let

m’ € R such that [m—m’| = O(1). Suppose Y ~ N (uy, af,), where j1y = a(ﬁ“n )-m’ andoY = 02(/3c

Then there exists a coupling of (Y, L(G)) such that P(|Y — | L1(G)|| £ 1) =1 —-0(1).

)-m'.

Proof Let & > 0 be an arbitrary number. By definition, G ~ G(m, %) Let pux = a (fc-2) - m, and
0% = 0% (B - 2) - m. Suppose W ~ N (jix, 0%). Since m - f. > n uniformly in n, Lemma 2.3 shows that for
each k € [p— Lox, p+ Lox] and any L > 0,

_ Ue—px)?
1 202 5

e < —-.
oxVar 4V2moxL

(k) = [P(I1L:1(G)| = k) -
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Then by (54) and Chebyshev’s inequality, for L and m large, there is a coupling of (|L;(G)|, W) such that

20x Lo 2L 5 o
P(IW - |£1(0)]| > 1) « =22 L 0o(=X)+2 < 2
4V2moxL Oy 4 2

On the other hand, via our assumption on |m — m’| and 41, we obtain that

302 — o7 -
”Y_(W”TV S | X Yl + |pX I’IY| :O(n—l/Z)'

20% 20y

Therefore, for every § > 0, there exists a coupling of (£;(G), W,Y) such that |Y — | £;(G)|| < 1 with
probability at least 1 — 6. o

4 The Potts Glauber dynamics

Throughout this section, let S be the simplex S := {x € [0,1]9 : x; +---+x4 = 1}. For s € S, we denote by
s; the i-th coordinate of s. Let o, € Q be the Potts configuration at the ¢-th step of the Glauber dynamics.
Let S(0y) = (S,1,St2,---,S1,4) € S be the proportion vector of o; such that there are nS;; spins of color
i€[q]inoy,ie,

Sue= > Houe) =k},

ve([n]

We denote by {S;}; := {S(0;)}; this Markov chain on the state space S N %Zq.

4.1 Preliminaries for the Potts Glauber dynamics

For any ff > 0, define gg : S — S as

eﬁ'sk

9p(s) = (9pa(s),--»9pq(s)) ~ where  gpi(s) := W

This vector approximates the expected proportion vector after 1 step of Glauber dynamics initialized at s.
Namely, the drift satisfies

1 1 _
E[Str1k — Sk | 2l = ;gﬁ,k(st) - Est,k +0(n7%); (55)

see Eq. (3.1) of [16]. Without loss of generality, we will be taking the first coordinate as a distinguished
one tracking the dominant color class (when there is one). Given this, it is natural to define a drift function
for the first coordinate,

dp(s) = gp1(s) —s1. (56)
We also define Dg : [0,1] — R as

Dg(x) := Sr:nSlaE;dﬁ(s) = dg(x, }]_T’f, . }{T’f) ) (57)
Equivalently, we can express (57) as
1-gx -1
Dg(x) = (1+(q—1)exp (B- = )) -x. (58)
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It is easy to see that Dy is a continuously differentiable function with derivative,

Bexp (B 5
Dy(x) = diDﬁ(X>= ! exp( : 1) -1. (59)

¥ (1+(q—1)-exp(ﬂ-1q%qf))2

The following lemma characterizes the roots of Dg when f € (B, fs).

Lemma 4.1. Supposeq > 2 and € (B, Bs). Then Dﬁ(%l) = 0; there are exactly two solutions for Dg(x) = 0
in ((11, 1), denoted by m. and m,, where m,. < m,. Moreover, D;i(m*) > 0 and D’ﬁ(mr) <0.

Proof. The definition of f, is equivalent to f, = sup{ff > 0 : Dg(x) < 0,Vx € (1/g,1]}. From (58), we
know that if 1/q < x < 1, Dg(x) for a fixed x is a strictly increasing in . Hence, by continuity of Dg, for
f > Pu, there exists x* € (1/¢,1] such that Dg(x*) > 0. Next, by direct computation, for any > 0 we

have
! oo, b= ! 1o
1+(q—1)-exp[f-0] q P18 (@-1) ep(-h q

and if f < g = ffs then

Dp(3) =

iDﬁ(x)’le/q=L—l=é—l<0.

dx [1+(g- D] q
This means for a sufficiently small ¢ > 0, Dﬁ(é +¢) < 0and é + ¢ < x*. Since Dﬁ(é +¢) <0, Dg(x*) >0
and Dg(1) < 0, by continuity of Dg, there are at least two roots for Dg(x) = 0in (cl], 1), among which there
are two roots m, < m, such that D’ﬁ(m*) > 0, D’ﬁ(mr) < 0.

Lastly we show that m. and m, are exactly the two roots for Dg(x) = 0 in (0, ). To see this, note that
roots of Dg(x) = 0 are roots of

1 1-¢gx
— =X, where Y(x)=(1-q)-exp (ﬁ ) .
1-¢(x) q-1
Since 1/(x) is strictly monotone in x, there are at most two such zeros. O

The last preliminary estimates we require in order to analyze the Potts Glauber dynamics are the
following two helpful sub/super-martingale concentration estimates we borrow from [16].

Lemma 4.2 (Lemma 2.1 in [16]). Forxy € R, let (X;);»0 be a discrete time process initialized from x,, with
law Py, adapted to (F)s>0, and satisfying

1. 36 > 0: Ey [ Xps1 = Xi | F2] < =6 on{X; > 0} forallt > 0.
2. 3R> 0: X1 — Xi| <R forallt > 0.
Letty =inf{t: X; < x} and 7} = inf{t : X; > x}. The following holds.

1. If§ > 0 then for any t; > 0:

- (8t1 — x)*
PXO(TO > tl) < exp ( - SZ’IT) .
2. Ifxo < 0 then for any x, > 0 andt, > 0,
(x; = R)?
Px()(’l';2 < tz) < 2€Xp ( - W) .

36



3. Ifxo £0,8 > 0 then foranyx; > 0 andt; > 0,

(x1 — R)52) |

P, (1} <13) <t exp ( BRye

Lemma 4.3 (Lemma 2.2 in [16]). Let {X;};>0 be a process adapted to {F;};>0 and satisfying the following
conditions for some 0 < 26 < a:

1 X1 — X, € {-1,0,1}.
2. B[ X1 — X¢ | F1] = 6.
3. Var(Xp1 | Fr) = a.
4. Xy = 0.
Let 77 = inf{t : X; > r}. Then
P(rf <t) > Ciexp ( - Cz(% + (5\/?)2) +0(t71?),

where Cq, Cy are positive constants which depend only on a.

4.2 Mixing away from the saddle when f € (f,, fs)

We first establish that as soon as the proportion vector has reached an w(n~"/?) distance from the unsta-
ble fixed point of (m., 1(;_";*, ooy LT
Glauber dynamics rapidly quasi- equlhbrates to the corresponding phase. We need to handle the regimes
B € (Pu, Bs) and f > fs separately, with the latter introducing additional complications; this subsection is

focused on the former. Define the g + 1 stable Potts phases when f € (f,, ;) as

Q% = {o:IS(0) = (£, DIl < 0o(m)},
Qord,i — {O' . “S(O’) _ (lq—_rrllr’m’ 1q_—n11r’ml" lq—_rrllr, ceey 1- mr)Hl < O(I’l)} and
Qord Qordl U---U Qord,q’

) in the first coordinate, with probability going to 1 as n — oo, the

where in Q%% m, is the i’th coordinate. Let 79" = 7 (- | Q9), 7L = 7(- | Q°'d?) and 7°™ = 7 (- | Q°9).

The initialization ® (mg) in Theorem 1.2 has one distinguished coordinate (randomly chosenon {1, ..., q})
which at least at time zero is the dominant color. By permutation symmetry, it is sufficient for us to assume
that it is the first coordinate and we do so in what follows.

Theorem 4.4. Let q > 2 and ff € (Py,Bs). Lety > 0 be a large constant. Suppose oy is a configuration
such that Soy; = m form > 1/q,m < m, — yn™"? and ||Sy — (m, X e = O(n~'2logn). Suppose
oy~ 7%, Then there exists T = O(nlogn) such that

IPoy(S(a7) € ) = Por (S(07) € )y = ™20

An analogous statement holds with oy and o such thatSo; = m form > m.+yn “12 1Sg—(m, =22 . ;‘T’f)ﬂl =

q
O(n~'?logn) and oy ~ mord 1,

The following allows us to treat the g—1 non-dominant coordinates as constant — and approximate

the analysis by a 1-dimensional process for the first coordinate.
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Lemma 4.5. Letq > 2 and f < fs. Foranye > 0, let 7, = inf{t : S;; < é+ £}. Suppose ||So —

(m, Z_T’;’, lq_T';’)Ill = 0(n"Y2 . logn) for somem > Ll] +¢. Then for any T = Ajnlogn, there exists Ay > 0
such that max; jz1 |Staz,.,i = STaz,jl < ZAi/Igg" with probability 1 — O(n™?).

Proof. Let K > 0 be a large constant such that max; j4; [So; — Soj| < Kn™'2logn. Let T = Aynlogn, and
define the stopping times

and 7" =min7];.
ij#1 B/

; Klogn > Aglogn},

Voo T An

Tjh = min {t : St,i - S[’,j -

Our aim is to show existence of a large constant A, > K such that the probability that {* < T A 7.} is at
most O(n~?).

Fix any pair of distinct (i, j) where i, j # 1. Let W; := S;ar+ar.i — Startaz,,j — Kn~1/2 lognforallt > 0.
Clearly Wy < 0 and |Wpy — Wy| < % for all t > 0. We will show that on {W; > 0}, if t < " A 7, then there
exists a constant = 5(¢, g, f) > 0 such that

nKn='2logn

E[Wia =W, | ] <
2n

(60)

and E[Wyy1 — Wy | 4] = 0if t > 7 A 7. Given those, item (2) of Lemma 4.2 would imply that

Azlogn 2 Aylogny2
P(rf, <T A1) <2 (_M)<2 _M -9 _A%logn
fj =0 AT = 2EP §T-(2/m)2 ) = “FP| ™ Zdmlogn | =P 8A,
n?

For sufficiently large A,, this is at most n~2. By a union bound over all pairs of (i, j) where i,j # 1,

P(tt < T A1) < (q— 1)?/n? concluding the proof. To show (60), recalling (55), note that for any
t<tt AT,

1 _
E[Werr = We | Fe] = —1(=Sti + 9pi(50)) = (=51 +9p,;(S)] + On ). (61)
In what follows, for a proportions vector S;, define

1 - S[’l 1 - St,l

: )

S, == (S , e
t = (Se1 P 71

2A;logn
\/ﬁ A
expansion of gg;(S;) and gg ;(S;) about Sy,

2
log =), and so by Taylor

Since [S;; — S;j| < -

for all i,j # 1solongast < ¥, |IS; — S;]1? = O(

gﬁ,i(st) - gﬁ,j(st) = gﬁ,i(gt) - gﬁ,j(gt) +(S; — §t> Vgﬁ,i(gt) - Vgﬁ,j(gt» +0 (||5t - §t||§)
log”n
n

= (S - SAt, Vgﬁ,i(gt) - Vg[;,j(ﬁt)) +0 (

:§)+o(l°i2”). (62)

We now show there exists n > 0 for which dixigﬁ’ﬂngt - dixigﬁ»ﬂxzﬁt <1-pnwhenf < fsandt < r,.

d

d
= (Sti — St,j) - (Egﬁ,i

£ T d_x,-gﬁ’f

x:St
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Indeed, when f < s =¢q,i # 1

( d d ) _ ﬁeﬁ'gt,i < qeﬁ'gl,i
dx; 9pi x=$; dx; 9.7 x=5; ZZ:l eﬁ'gt,k ZZ:l eﬁ'gt,k

_ eﬁ's‘t,l — eﬁ'gt,i

B Zqzl eﬂ'St,k

ePlarPel2 _ oplq—eB/(2q-2)
<1- =:1-n.
eBlatBel2 4 (q- 1)efla—ep/(2q-2)
Hence,
log? n
E[Wi1 =W, | F2] = —% (St = Stj) +O(%)-

If W; > 0, then the first term is at most —

-1/2
'ﬂ(n—nbg" and the second term is lower order, yielding (60). O

We now turn to the convergences to the disordered and q ordered phases when the initialization is

w(n~'?) away from the saddle point (m., %, 1{;_";*). Their proofs are analogous; we’ll present the

full proofs for the former, then mention any modifications that need to be made in the other direction.

Lemma 4.6. Let g > 2 and f € (Pu, fs). For a large constant y > 0, suppose there exists m < m, — yn~ 1/

such that So; = m and ||Sy — (m, 1(1_7’;’,..., %)Hl = O(n"'% - logn). Then there exist T = O(nlogn) and

s = Q(1) such that with probability 1 — e~ 20" the hitting time of {S;1 < m, — s} is less than T.

Proof. Lemma 4.1 implies that ¢, = Dk(m*) > 0. We set s > 0 to be a sufficiently small constant to be
chosen later.
We define several stopping times that will be useful: let 7y = 0, for i > 0,

Cx i+1
Tiy] = inf{t >7 S <My — (1 + —) L},

16/ +n
and

. . i\
Ti+1 = inf t>TiZSt,1>m*—(1+—)L .
16/ 2+/n

Let k = C; log n be the least positive integer such that y(l+f—g)k > sy/n.Notethat 7y > 71 > -+ > 11 > 10.
If 73 = 19, the lemma holds trivially. Thus we assume 73 > 7y and will show that foralli =0,1,...,k — 1,

P (rm < T+ n, Tipp > min{rg,, 7; +n} | STI.) >1-3r;, (63)

where r; := exp(—Cay?(1 + ¢./16)?) for some constant C, > 0.
By averaging over S;, and taking a union bound over i = 0,1,...,k,

k k-1
_ 2
P(Q{TiSi-n}) 21—2(;37‘,'21—6 Q0"

Since S;, 1 < m, — s, the lemma follows.
Now we proceed to prove (63) by showing that the two inequalities hold with probability 1 — 2r; and
1 — r; respectively. First we show that

P(Tis1 < Tge1 A (Ti + 1) | Sri) < 2r;. (64)
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Consider the process {Z;};>¢ given by
Zy = S(t+ri)/\fi+1/\rk+1,1 - S‘ri,l .
It can be verified that Z, = 0 and |Z;,; — Z;| < n™! for all t > 0. We will also show that
Eo[Zt+1 = Z: | F2] <0, (65)

s0 {Z;};>0 satisfies all conditions of Lemma 4.2. We defer the proof of (65) momentarily and conclude the
proof of (64) using Lemma 4.2. By the second part of Lemma 4.2,

[<1+%>i-ﬁﬁ—%12)

P(fis1 < (1 + 1) A Ty1) < P(Ti1 <13+ 1) < 2exp ( - py—
n-n

2

Y Cu | 2i
<2 (——- 1+& )
P 33 ( 16)
< exp(—Czyz(l + c*/16)2i)

=2ri,

where the last inequality holds for a small C; > 0.

To see (65), we recall the drift function dg. If t + 7; > 7i41 A 7g4q, then Zyyy = Z; and (65) clearly holds.
It suffices to consider ¢t > 0 such that t + 7; < Tj41 A Tx41. In this case, Zyy1 — Z; = Sti144,1 — St4r,,1, and so
by (55)-(57) and Taylor expansion,

1 _
EolZtr1 = Zt | Stvm] < ~Dp(Stazin) + O(n %) (66)
1 _
= [Dp(m.) + (Stazi1 — M) - ¢x + O(|Spir1 — mil*)] + O(n™?) (67)
S .1 *
<2l T e, (68)
2n

where the steps in the last line of (68) hold since —s(1 + %)z < Stir,1 — My < 0, and s is sufficiently small
in terms of ¢, that the second order term is at most ¢, (S47,,1 — ms)/2, say.

Next we show the other inequality of (63) using an auxiliary process. Consider the process S; defined
with S;; = S, but such that at any step t > 7;, S rejects the update at time ¢ + 1 if the resulting state would
be such that 5;+1,1 >m, — (1+ f—g)i . #ﬁ. We have S; = S; for all t € [1;,7;41). For S; we use 7; for its
corresponding analog of 7;. Let {W,};> be the process given by

Cy

, i+1 Y
=St - (5 2|

In addition, Wy = wy > 0 and |[W;y; — W;| < n~! for all t > 0. Moreover, for all t > 0 on {W; > 0}, by a
bound analogous to (68), we have

’

4 T Mk Cu ; Y Cy
By [Wie1 — W, <l < (14— 69
o = We | 2] < =0 o< (1 £ e o (©9)
Item (1) of Lemma 4.2 implies that
GlO+8) -
’ ’ ’ (57’1—W)2 3 16 \n
Bty > 7 +nS,) <exp - =) <exp - ) o, (70)

holds for suitable C; and Cs. In addition, for i < k, we know P(z/,, > (7] +n) A T;ﬁ_l | Sz;) = P(z7,, >
T +n|Sg).
Finally, (63) follows from a union bound of (70) and (64). O
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By the same reasoning as in the proof of Lemma 4.6, replacing the drift function by a uniform bound
that holds between m, — s and 2 + p; (by continuity and the fact that 1, m, are the only two zeros of Dp),
we arrive at the following. (Since the proof is otherwise completely analogous, we omit it.)

Lemma 4.7. Let q > 2 and f € (P, Ps). Suppose ||Sy — (m, lq_T'f, . Z_TT)Hl = O(n"Y%logn) for some
m < m, — s wheres = Q(1). Then with probability 1 — e~ the followings hold:

1. Forallt = O(nlogn), S;1 < m. — 3.

2. For any constant py > 0, there exists T = O(nlogn) such that St; < é + po-

Finally, it is known from the essential mixing results of [16] that contraction for the distance to equipro-
portionality holds when a configuration starts close enough to being equiproportional and that mixing to
the disordered phase follows from the equiproportionality.

Lemma 4.8 (Lemma 4.1 in [16]). Supposeq > 2 and f < Ps. There exists py = po(f, q) > 0 such that for all
r > 0:if [|Sol|eo < é + po, there exists a constant « > 0 such that

P(”Su{nlogn - ((,l]’ ey é)”l > %) — O(r.—l)’

Lemma 4.9 (Corollary 4.4 and Lemma 4.5 in [16]). Suppose g > 2, r > 0 and f < Ps. Let {04};1>0 and
{o7}t=0 be two instances of Potts Glauber dynamics satisfying

||S(0'0) - (611, s é)”1 < %, and ”5(06) - (é, s %1)”1 < %

Then there exist a coupling P of {(0y, 07) }1>0 and T = O(n) such that P(S(or) = S(07)) =1 —0(1).

Combining the above results, we are ready to prove the first part of Theorem 4.4 regarding the disor-
dered phase.

Proof of Theorem 4.4: them < m, — yn~'/? case. Suppose oy is a configuration such that Sy; = m for

m < m,—yn~"%and ||Sy — (m, 161_%;1, - %)Hl = O(n~2logn). Let py be as in Lemma 4.8. It follows from

combining Lemma 4.5, Lemma 4.6, Lemma 4.7 that with probability 1 — e=20") there exists Ty = O(nlogn)
such that ||S7, || < Cl] + po. Then Lemma 4.8 implies that there exists T, = T + anlogn such that with

probability 1 — e~ Q") ||S(O'Tz) - (é, . %1)”1 = O(n~'?). The same holds for o1,, and therefore we can
now conclude the first part of the theorem from that point by Lemma 4.9. O

In order to handle the case m < m. — yn~"/2, we require the following four lemmas.

Lemma 4.10. Let q > 2 and € (Pu, fs). For a large constant y > 0, suppose there exists m > m, +yn~1/?

such that So; = m and ||Sy — (m, =2, ..., lq_T';l)Hl = O(n~'/2 - logn). Then there exists T = O(nlogn) and

q-1’
s = Q(1) such that St; > m, + s and ||St — (St.1 %, - 1:15?

)i = O(n~Y2 - log n) with probability
1—e 20,

Lemma 4.11. Let q > 2 and € (B, fs). Suppose ||So — (m, Z_TT""’ %)lll = O(n~"?logn) for some

m > m, +s wheres = Q(1). Then with probability 1 — n=%() | the followings hold:
1. Forallt = O(nlogn), S;1 > m. + 3.

2. For any constant p; > 0, there exists T = O(nlogn) such that St; > m, — p;.
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Lemma 4.12. Suppose q > 2 and > . There exists p1 = p1(f,q) > 0 such that if

150 = (e, T2 s o) oo < i,

then for every r > 0 there exists T = O(nlogn) such that
(||5T — (mp, B2 )H1 ) or .

Lemma 4.13. Supposeq > 2,r > 0 and f > Py. Let {0;}¢>0 and {o;}+>0 be two instances of Potts Glauber
dynamics satisfying

<= and [|S(af)  (m B B <

Vi Vi

Then there exist a coupling P of {(0y, 07) }1>0 and T = O(nlogn) such that P(S(or) = S(07)) =1 - o0(1).

r

ls(ow) = (e, 22, ., 1o )

The proofs of these four lemmas closely follow those of their analogs, Lemmas 4.6-4.9. For Lemma 4.13,
we note that the proof for Lemma 4.9 in [16] only relies on the estimates of variance and drift around a sta-
ble fixed point, and it is not specific the disordered phase. The main change to note is that for Lemma 4.10
instead of maximizing the drift for the first coordinate by Dg as done in (66)—(69), the drift is simply approx-
imated by Dy using its Taylor expansion and the fact that the other coordinates are roughly proportional
to each other by Lemma 4.5. Due to this change, we include below the details for the proof of Lemma 4.10.

Proof of Lemma 4.10. The proofis analogous to that of Lemma 4.6. We borrow the definition of ¢, s, 79, k
and r; from Lemma 4.6. and explain the main differences here. First, we introduce the notations that are
new or different from the previous proof. For i > 0,

Cs i+1 Y
Ti+12=inftZTiISt1>m*+(1+—) — 1,
’ 16/ +mn

- . Cy \ i
Ti4] = 1nf{t > T St,l < my+ (1 +R) ﬁ},

and |
Alogn
th = inf{t > 1; :max Sy — S| > £ }
Jl#1 \n
where A > 0 is a large constant depending on S;,. Note that 754y > 7% > -+ > 19, and 7; < 7, where 7, is
as in Lemma 4.5 with sufficiently small ¢.
Assume 7 > 79 again. In lieu of (63), we shall prove that foralli = 0,...,k—1,if max; 41 |S;, j =S| <
%, then there exists a constant A > K such that
P (tis1 < 741, Tirr > min{tee, 7 + 0}, 75y > min{tgey, m + 0} | S;) = 1-3r; - o(n™?). (71)
Then the lemma follows from (71). We show (71) in three steps:
P(r},y < (1i + 1) ATia]Sr,) = 0(n7?), (72)
P(Tzﬂ < T A (T + n) A T+1|S ) < 2r, (73)
and
P(z},, > 7} +nl|S, ) <, (74)
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where the stopping time 7] is the analog of 7; for each i with regard to the auxiliary process S; that agrees
with S; except that any any step ¢ > 7;, S; rejects the update at ¢ + 1if S}, < m. + ((1 + &) #)
‘&5". Observe that (71) follows from a union bound over (72), (73) and

(74). Moreover, (72) is a consequence of Lemma 4.5; (73) and (74) are themselves analogs of (64) and (70)
respectively.

To illustrate the main difference in the current proof, it suffices for us to prove (73). Define the process
{Z:}+50 given by

Or max; 41 |Se+1,j — Se1l >

Zt = STisl - S<t+Ti)/\‘Ei+1/\Tk+1/\T;rH,1'

Clearly we have Z; = 0, | Z;41 — Z;| < n™! for all t > 0. Once we show in addition that
Eo[Zi1 = Z: | F1] 0, (75)

we can conclude (73) by Lemma 4.2(2). Since Z;41 = Z; when t + 7; > Tiyq A Tgyq A 7}, it remains to show

(75) for this process when 0 < t such that t+17; < Tix1 ATy AT;,,. Inthis case, Zy11 —Z; = —Spi147,1+Stai1-
1-S.4 1
i

Recall that for any S; we set Sy = (Se.1s ;f;’l ). By (55)-(56) and Taylor expansion we have

1 _
Eo[Zes1 = Zt | Stra] = =~dp(Staz) + Ol %)

1 & A -] A p—
= _; [dﬁ(st+fi) + <St+1’i - St+l’i: Vdﬂ(5t+‘[i)> + O(||St+‘r,~ - St+l’i”§)] + O(n 2) (76)

Note that (S+r, = Sreri, Vdg(Staz;)) = 0 and [|Spar, — Spary i = o(lfﬁ”). Hence, by (57) and (66)-(68)

2
log n) < St+‘[i,1 — My
n2 7 2n

1
Eo[Zt1 = Zt | St+'r,-] = _;Dﬁ(sﬂﬁ,l) + O( "€ <0, (77)

concluding the proof. O

-1/2 1/2

Proof of Theorem 4.4: them > m.,. + yn case. On the other side of m.,if Sy ; = mform > m.+yn~
and ||So—(m, =2, ..., lq_T'{') ll1 = O(n~'?log n), then the coalescence of the proportion vectors can be proved

q-1’
~1/2

analogously to the m < m.. + yn case, with Lemmas 4.10-4.13 in place of Lemmas 4.6-Lemma 4.9. O

4.3 Getting away from the saddle point when f = 5,

In order to handle the critical point itself, we need to also show that in Q(n) number of steps the proportions
chain gets yn~'/? away from (m., I_Tml*, - 1__'2*) with high probability, and furthermore it does so to the
right and to the left with the correct relative probabilities.

To upper bound the exit time of the O(n~"/?) window around the saddle point (m., lq_Tml*, lq__"i* ), our
proof goes by considering a batch of y?n updates, after which there is a constant chance that the process
gained exited the yn~'/? window using the variance alone (even taking a worst-case bound on the drift
functions). Iterating this ensures that in o(er" - y>n) time the process will likely have escaped.

We use the following notations in this section. For a constant y, let 7, = inf{t > 0: 5,1 <m.—y/ \n}

and 77 = inf{t > 0: 5,1 > m.. +y//n}.

Lemma 4.14. If||Sy — (m., lq_Tml*, ey %)”1 = O(n~Y/?), then for all large y, after T = y3eo(”4)n many

steps, St & [m. — y/\n, m. + y//n] with probability 1 — O(y™1).
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Proof. Suppose So1 = x9 € [m. — y/v/n, m. + y/+/n]. Denote by {W;};>, the simple random walk on Z;
define {Z;},>¢ to be a process given by

Zp = (mun+yvn) = Span - 1{t < Tyt Weg - 1t 2 7}

We now verify that {Z, },> satisfies the conditions in Lemma 4.3. Indeed, by definition, Z, = (m.n+yvn) -
xon > 0, Zyy1 — Zp € {—1,0,1}. Moreover, when t < T;, there exist constants C; > 0 and C, > 0 such that

E[Zi+1 — Z; | F1] = nE[Se1 — Sesr1 | Fe] = —dp(Sr) +O(n™") > =Dg(S11) +O(n™!) > ~Ciyn™?,

and Var(Z;4; | ;) > Cp; when t > T;, E[Zi11 = Z: | Ft] = E[Wp1 =W, | 7] = 0 and Var(Zyy | F1) =
Var[W;y; | 7] = 1. Define 7 := inf{t : Z; > 2y+/n} and note that min{z*, 7~} < r. Lemma 4.3 implies that

P(r < y*n) > C; - exp ( - C4(3/\/Tﬁ +Cyyn~ V2. \/)/Tn)z) +0(1/+/y?n)
yen

2
2C3exp(—C4(2+C1y2) ),

where the constants C; > 0 and C4 > 0 depend only on C,.
On the event that 7 > y?n, then we can restart the process from the value of Syena € [ma— yn Y2 m, +

yn~1/2] whence there is a fresh attempt of probability at least e Y of exiting the window in the next
y?n steps. Repeating this argument K = y3eQ(Y4) many times, each consisting of y?n steps, boosts the
probability of having exited up to 1 — O(y™1). O

The next lemma ensures there exists an initialization perturbation of m, by order n'/? such that from
there, we get the correct relative probabilities for exiting the saddle to the right vs. the left to ensure
convergence.

Lemma 4.15. There exists a unique constant ¢, such that initialized from ¥®(mg) with mg = m, + é.n~"? +
o(n~'2), we have
P(r, <1)) =&=o0ya(1).

Proof. Consider the time and space rescaled process S; = Vn(Sy, — (m., 1;_";*, ey 161__";*)). By standard
results regarding limits of discrete stochastic dynamics as stochastic differential equations (see, e.g., [37]),
S: converges to the solution of a stochastic differential equation (SDE) Z, on S with drift and volatility
functions with bounded Lipschitz constants. On a compact space, like S, such convergence results only
require O(1)-Lipschitz bounds on the drift function (which hold in our setting for gg — s) and moment

estimates on the step-wise increments (for which ours are uniformly bounded by iin)

\F

In our context, the limiting SDE we end up with for the first coordinate of the rescaled process, S; 1,
is a 1-dimensional SDE Z}. This is because the effect of the other coordinates (S; 5, ..., St,q) cancels to first
order when they are in a neighborhood of equiproportionality, as seen in the cancellation of the first order
dependence in between (76)—(77). The limiting volatility is constant because the effect of corrections to

the vector (m., 1(1__";*, v lq__";*) on the variance are vanishing. In total, we get that S, ; converges to an SDE

Z} solving
dZ} = Dg,(Z})dt + AdB;
where Bj is a standard Brownian motion, A = A(q) is a constant, and this is initialized from Z; ~ N (¢,, d?)

for some variance d?(f, q).
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If for each initial ¢, we define f(é,) to be the probability that S; ; hits —y before y and we define fZ(¢.)
to be the same probability for Z; < then by the convergence described above,

£ (&) = f2(@)] = on(1)

for all ¢.. Furthermore, fZ is easily checked to be n-independent, continuous, monotone, and going to 0
as ¢, — y and 1 as é, — —y. Therefore, there is a unique é, where fZ is the desired &. Finally, to see that
the choice of ¢, is y-independent up to oy (1), note that if 7, < T; , then with probability 1 — o0,(1), also
7,, < 7, (by the argument in Lemma 4.6). o

4.4 Escaping the unstable fixed point at low temperatures f > f;

In the regime of § > f;, the saddle becomes at 1/q and the landscape’s geometry changes somewhat so
that this saddle is separating all g ordered phases (the disordered phase no longer being metastable). This
introduces some additional complications, particularly because the other coordinates besides the first one
do not drift towards equiproportionality as they do in Lemma 4.5. This necessitates more understanding
of the full g-dimensional landscape. We establish the following quasi-equilibration result.

Theorem 4.16. Let q > 2 and > fs. Suppose oy is a configuration such that So; > So; + yn~'/?

i=2,...,q and for a large constant y > 0. Then there exists T = O(nlogn) such that

for every

IPoy (S(or) € ) = Proa (S(07) € )llrv = 0,(1).

The proof of Theorem 4.16 breaks up into several parts. We begin with some preliminary lemmas
about the drift function’s behavior, and classification of its fixed points and their attractive/repulsive di-
rections. Using that, in Lemma 4.19, we show that as soon as one coordinate has a macroscopically larger
fraction than the other coordinates, (even in the absense of equiproportionality of the other coordinates),
the Glauber dynamics quickly quasiequilibrates to the corresponding ordered phase. Lemma 4.20 shows
that if the dominant coordinate has w(n~'/?) larger proportion than all the others, this gets boosted to a
macroscopic bias. Finally, we use anti-concentration of the proportions vector to argue that if the initial-
ization is the fully uniform-at-random initialization, i.e., my = é, after O(n) steps, with high probability,

one coordinate is w(n~"/?) larger than all the others.

4.4.1 Fixed point analysis of the g-dimensional drift function
We first provide a lemma that characterizes the 1-dimensional drift function Dg in this regime.

Lemma 4.17. Supposeq > 2 and § > 5. Then Dﬁ(é) = 0 and there is a unique root for Dg(x) = 0 in ((—11, 1),
denoted m,. Moreover, D'ﬁ(l/q) > 0 and D;),(m,) < 0.

Proof. We recall the following facts regarding Dy from the proof of Lemma 4.1,

Dg(1/q) =0, Dg(1) <0 and D'ﬁ(l/q) =-1+ g

Since f > fs = q, we have D'ﬁ(l/q) > 0. Thus, for small enough ¢ > 0, Dg(1/q +¢) > 0, and it follows
from continuity that there exists a zero of Dg between 1/q + € and 1. Let m, be the smallest zero that is
greater than 1/q. Using (58) and (59), one can verify that if Dg(x) = 0 then D;;(x) # 0 for x € (1/¢,1] so
D;s(mr) < 0. By continuity ofD%, there exists a point x* € (1/g, m,) such that D%(er) = 0and Dg(x") > 0.

Now, by (59), D;), (x) = 0 has at most two zeros. Aside from x*, let x™ denote the other zero (if it exists).
If x** does not exist or x** < m,, then D}i (x) < 0for all x > m, so m, is the unique zero in (1/¢, 1). Now
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assume x** > m,. By continuity of D/, D;;(x) < 0 for all x € (m,,x*), so by integration Dg(x) < 0 for

++]

x € (m,x™]. Moreover, note that Dy is a monotone function in (x**, 1] since D;; does not longer change

sign in this interval. Hence, Dg has no zero on [x**, 1] and m;, is the unique root in (1/g,1]. m|

Unlike the f € (B, fs) regime, though, we need a more refined understanding of the full g-dimensional
landscape, establishing that the system driven by dj has its only stable fixed points at (m,, %, . %)
This will be used to show that as long as the proportions vector is Q(1) away from a fixed point of the sys-
tem, it rapidly reaches a small neighborhood of a fixed point of the form (m,, 22 .. 1=™r) The following

=10 g1
classifies the fixed points of the dynamical system ds; = dg(s;)dt.

Lemma 4.18. The set of solutions of dg(s) = 0, or equivalently gs(s) = s are classified (up to permutations)
as the following. If gz(s) = s, then for some k € {1, ..., q}, the vector s must be

1-ka 1-ka
(a, ey a, ﬁ, veey q—_k
v —————
q-k
where a(f, k) > 1/q.
Moreover, when f > fs, the only stable solution is the one where k = 1, and a = m;, and the other fixed
points are specifically unstable in the direction of increasing the first coordinate and decreasing another.

Proof. We first reason that all solutions are of the form of perturbations of (a, ..., a, lq_Tk]f, e Z_Tkka) In order

to see this, we suppose by way of contradiction there exists a solution § having three distinct values a, b, ¢
appearing in its proportions vector (wlog as §; = a,5, = band 53 = ¢c; let Z = 2 ef3). Then, ef? = aZ and
similarly for b and ¢, and a # b # c. But this is impossible because for any C, § > 0, the equation ef* = Cx
has at most two solutions on [0,1]. When k = 1, the only possible such solution is the one which has
Dg = 0 (because the other coordinates are equal, which is where Dy = dg), and we can apply Lemma 4.17
to read off that in that case a = m,.

Now fix any vector § of the form (a, ..., g, 1q__k,f, 1q__k]f) for k > 2 with gg(5) = 5. We wish to show that

(Vdg1(5), (1,-1,0,..,0)) > 0

as that would say that such a fixed point is unstable with a drift towards the first coordinate increasing if
we perturb in the (1,-1,0, ...,0) direction. To see this, differentiating g, and plugging in gz (5) = § and

S1=85 =a,
s~ S dpa () = fl ) 1+ s = a1
dx; 7 dxy
Since a > 1/q and f > fs = g, this is strictly positive as claimed. m|

4.4.2 Getting to the stable fixed point once one coordinate dominates

Using the above fixed point analysis, we can show that initialized macroscopically away from the fixed
points of the drift function, the dynamics rapidly equilibrates to the right phase.

Lemma 4.19. Suppose Sy is such that So1 > So; + 9 foralli > 2 for some § > 0. Then, for every p > 0, there
exists a time T = O(n) such that ||St — (m,, %, %)”1 < p with probability 1 — o(1).

Proof. We argue that away from the fixed points of the drift function dg(s) = gs(s) — s, the evolution of
the proportions vector is well-approximated by the deterministic process defined by

S, =S+ % Z dg(Ss) . (78)

s<t

46



By convergence of Euler discretization for ODEs (see e.g., [29]), since dg has bounded Lipschitz constant,
asn — o, S, converges in C*[0, T] to the solution to the ODE system dS; = dg(S;)dt initialized from S,.
This latter process is easily checked to be a gradient dynamical system, i.e., the gradient flow for

1 o1
Fp(S)=-glog >, e+ sl
ie{1.q}

therefore it has no closed orbits, and by the bounded Lipschitz constant of dg, converges exponentially
fast to the fixed point in whose basin it is initialized. Moreover, by Lemma 4.18, if initialized with S¢; >
So; +d foralli = 2,..,q for some § > 0, then it is in the basin of attraction of the stable fixed point
(my, %, %). In particular, for every § > 0, and p > 0, there is a T = O(1) such that under the
assumptions on Sy of the lemma, the system of (78) attains

1S — (g, 22, 1) )y < (79)
It remains to show that for linear times t = O(n), we have ||S; — S¢||l; = o(1) with high probability. For
this, we can write

ISim = Senlly < — > lldg(50) — (S0l | 2 (Ste1 =50 = g3 - (50)

I<tn

. . . . . C
Since dg has bounded Lipschitz coefficient (by some Cg ), the first sum is at most % Di<en 1S = Sill1-
By (55), the second sum is a sum of martingale increments (up to an error of n - O(n™?) = O(n™')), each
of which take values in {—%, 0, %}, so by standard martingale concentration estimates (Doob’s maximal

inequality and Azuma-Hoeffding bound), with probability 1 — 0(1), the maximum over all ¢ < Tn of the

second term above is O(n~/?log n). Applying the discrete Gronwall inequality, we get
SUp [|Sen = Seall < O(n™ 2 logn) - el . (81)
t<T

Combined with (79), and reparametrizing Tn to T = O(n), we deduce the lemma. O

4.4.3 Getting one coordinate to dominate

Once one of the color classes has a bias of at least y/+/n, we can call it the dominant color class and without
loss of generality, label it the first coordinate. From there, the Potts Glauber dynamics gradually shifts Q(1)
away from a fixed point.

Lemma 4.20. Let q > 2 and > fs. Suppose oy is a configuration such that So1 > So; + yn~"/? for every

k =2,...,q and a largey > 0. Then there exist T = O(nlogn) and § = Q(1) such that with probability
1- e_Q(YZ)’

St1 > Stk + 6, forallk=2,...,q.

Proof. We first make several useful definitions. Set § and ¢ be sufficiently small positive constants such

that g(1+¢)? < fand 468 < In(1+¢), and set L = O(log n) be the least integer such that y (1+ %)L > 25+/n.
For every k > 2, we define 7y = 0,

: £\ i+l Y
Tisrk = inf ¢ > 76 1 Spq > Spp + (1 + E) Lt

5

and

~ . e\ Y
Tivlk = lnf{l‘ > Tkt Se1 < Sex+ (1 + E) ﬁ}’
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. BStk .
for every i > 0. Moreover, define 7, := inf{t >0: ﬁe—t <l+ep,and 77 == inf{t > 0: 5,; <
k Zq leﬁst,] 1 5

=

maxgy1 Stk }- Note that by the choice of § and ¢, 7, > 77414 A 7} for each k, and that 7] > A, 7. Define
S, to be the auxiliary process such that S; = S; for t < /\;j 7ix. Define {z] } as the stopping times for §;

in place of {r;x}. For i > 0, set r; = exp [ - QY (1 + %)Zi)]. We will show that

q (L-1 -1
P (ﬂ {ﬂ{T{H,k < T,-’,k +n, T > min{ 7k +n, 77, trak b O {Tiene > 70+ Ln}}) 21- Z 3qri —o(1).
k=2 \i=0 i=0

(82)

The events in (82) together imply that at time T = Ln, St; > Srx+ S forallk=2,...,q.

First we show that for each k and each i € [0,L — 1], 7/ ik S T/ etn with probability 1 — r;. Define the
process {W;};>o given by
€ i+l Y ’ ’
V\/t = (1+E) % _St,1+5t,k'

Clearly, |Wy1 — Wi| < 2/n for t > 0. We will show that on {W; > 0},

£ SN Y
E[Wi1 =W, | F]l S —— - (1+ =)' - ——, 83
[Wit1 | F] < on (+16) 2V (83)

and obtain P(z/ t +n| ) <r following Lemma 4.2(1). To show (83), recalling (61), we have

+1k

E[Wi1 — W | 7]

1 ’ 7 ’ ’ —
_;[gﬁ,l(st) - gﬁ,k(st) - (St,l - St,k)] +0(n 2)

eﬁsz,l —_ eﬁS;,k
== |~ (S =S| +0(n™?)

n Z eﬁst,j
1 ﬁeﬁslk
—(—-1)(S +0(n ).
(S, ~ 1Sk = 810 +007)
Observe that ﬂe—;’s, >1+efort < TL " since otherwise
Zq

j=1¢

q q
S < LEE Z Pty < ;Z FSti < Leﬁséxl,
,B = (1+e)q 1+¢

and S’ < S, - B lIn(1+¢) < S;, — 46. Hence, we establish (83) by further noting that S;, —= S, >

i
1+ ) e
Moreover using positive drift of the process Syir,,.,1 — St4,,,k and analyzing an associated process as
done in the proof for (64), we get that P(%j;1x < min{z;x + n, 7, 7p41k} | 7ix) < 2r;. Finally, when the

positive drift is constantly large, the probability that 7,1 ¢ < 7z + Ln is diminishing. Therefore, we obtain
(82) by a union bound and conclude the proof. O

Proof of Theorem 4.16. By Lemma 4.20, after T = O(nlogn) steps, with probability 1 — 0, (1), the pro-
portions chain has St; > Sy + 9 forall k = 2, ..., . From there, Lemma 4.19 ensures that in a further O(n)
steps, the proportions vector is within an arbitrarily small p distance from the fixed point corresponding
to that phase, (m,, 1;_"1“, - m,) Finally, Lemma 4.12 and Lemma 4.13 imply coupling of the proportions
chain from there to that of a dynamlcs initialized from 7

ord, 1‘ 0O
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Let us finally describe how one obtains the case of my = 1/q, where we are using a fully uniform at
random initialization for the low-temperature Potts model.

Lemma 4.21. Suppose > fs and ||Sy — (é, %I)Hl = O(n~Y/?). Then for all y large, there exists a C, >0

such that the hitting time to having So; > Soj +yn~'/?

probability 1 —o,(1).

for some i and all j # i is at most Cyn except with

Proof. Applying Lemma 4.20, it is sufficient to show that in some O(n) steps possibly depending on y, the
process attains Sp; > So; + yn~'/? (up to permutation of the coordinates). In order to show this, we show
that uniformly over any initialization, one obtains some coordinate which is yn~"/? larger than the rest in
some n steps, with some ¢, > 0 probability. This then gets boosted to 1 — o0, (1) probability after C,n steps.
There are two cases of initial proportions vector Sy to consider:

1. Starting from Sy and evolving S; according only to the drift dg as in (78) for n steps (taking the
martingale increments to be zero), one of the coordinates becomes 2yn~'/2 larger than all the others;

2. The complement, in which case there are some k > 2 coordinates which are within 2yn~'/? of the
maximal coordinate under the drift of (78) after n steps.

In the first case, by Azuma-Hoeffding, after n steps, the second term in (80) is at most y+/n/C with prob-
ability 1 — e=20") whence following the reasoning between (80)—(81), we have [|S;; — S;1|| < yn~'/? for
all t < n and we will have attained a configuration having Sy, > Sr; + yn~/? after T = n steps.

Now consider the second case and let S; be defined as in (78). Firstly, by comparison of

Stq—Se1 = Z(St,l -5 - dﬁ(st)) >

I<t

to a random walk with a variance strictly bounded away from zero, taking n steps that are O(1/n) sized,
there is a uniformly positive probability p,.; that this is in [2qyn~'/%,3gyn"'/2]. Also, conditionally on
a typical realization of such a sequence, S;; only changed n/q + o(n) many times. On the remaining
(1- é)n —o(n) steps, the increments of S; » —S; ; still have a uniformly lower bounded variance. This leads
to another uniformly positive probability p, » that it has S;» — S € [yn='/2, —yn=1/?] (the conditioning
on the event for S;; only has a negligible effect on the drift for S;; because of Lipschitz continuity of dpg).
Repeating this for the next ¢ — 1 coordinates, with the very last one having no variance remaining but
deterministically having decreased because of what happened for the other coordinates, we find that there
is at least probability p,.; - - - py,q—1 such that

Seq=Sei > —2yn 2~ (qg-Dyn 4+ 2qyn” 2 = (g - Dyn 2 > yn7/?

3

foralli > 2. Importantly, by continuity and compactness of the space, the variances are uniformly bounded
from above and below, and so the above lower bound p, ; - - - py4-1 is independent of the initial proportions
vector. This argument can thus be repeated some C, times to ensure a probability 1 — 0,(1) that one
coordinate has yn~'/? larger proportion than any of the other coordinates. The permutation symmetry of
the initialization ensures the g coordinates are equally likely to become this dominant one. O

4.5 Proof of Theorem 1.2

With all the above ingredients at hand, we are in position to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. For item 1 of the theorem, fix € (B, f.), and suppose my = m, — w(n~'/?),
where m. is specified in Lemma 4.1. If 0y is generated according to 7®(m), with probability 1 — o(1), by
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concentration of multinomial random variables, Sy has one coordinate that is within O(n~'/?) of m, and
the other coordinates are all within O(n~"/?) of 1_Tml(’ Without loss of generality, permute the coordinates
so that it is the first coordinate that is close to mo. Then, by Theorem 4.4, ||Pg,(S(o7) € -) — Psr (S(07) €
dis

)lrv = 0o(1), where o ~ 7%, Furthermore, by Lemma 2.2, when < S, we have ||z — 7|1y = 0(1), so

it follows from the triangle inequality that

||Pao~f/®(m0)(5(o-T) € ) - ”(S(O-) € ')HTV < ”P0'0~f/®(mg)(s(O'T) € ) - PU(;N”dis(S(O';—) € ')”TV + ||7Tdis - 77"||TV
=o0(1).

Since ¥ (my) and 7 are invariant under permutation of vertices, we obtain that |[Pse () (o1 € -) = 7|l7v =
0(1). For item 3, the proof also follows from Theorem 4.4 and Lemma 2.2 by a symmetrical argument,
upon noticing that ||z — 7°9||ry = 0(1), and 7°4 is a (1/g, ..., 1/q) mixture of (7r°'d’i)ie[q], and each of the
q coordinates are equally likely under the initialization 7®(m,) to dominate.

We proceed to item 2 where § = f.. For any target ¢ > 0, we take y = y(¢) to be sufficiently large.
By Lemma 2.2, the stationary distribution s is within o(1) total-variation distance of a (&, 1 — &) mixture
of 79 and 7° for & defined in (6). By Lemma 4.15, there is a constant é,(£) such that if my = m, +
é,n~Y% + 0(n1/?), then IPse (mo) (7, < 7%,) = &llrv < &. Moreover, by Lemma 4.14, the minimum of 7,
and 7 is O(n) with probability 1 — O(y™1); by Lemma 4.5, if Ty = r, Aty and m; = Sg; then ||St, —
(mq, lq__"il, . %)Hl = O(n~"?logn) with probability 1 — O(n~2). Finally, applying Theorem 4.4 and
Lemma 2.2 to the configuration at time T; as in the off-critical case, together with the spin symmetry for
convergence to ordered phases, implies that there exists T = T; + O(nlogn) such that

P30 (my) (07 € -) = (1 = E) 7 + 9% |y < exp(=Q(y2) + e+ Oy 1) + O(n7?),

which will be less than 2¢ for y large.
It remains to discuss Item 4. If my > é + w(n~Y/?), then together with spin symmetry and the vertex-

permutation invariant of the initialization, Theorem 4.16 implies that [|[Pye () (o7 € *) — 74|+ = 0(1)
for T = O(nlogn). If %1 < mp < é + w(n~'?) then we first apply Lemma 4.21 to get a coordinate (by

symmetry a uniform at random one) to obtain yn~'/? separation from the rest, then apply Theorem 4.16
to get the same. On the other hand, by Lemma 2.2 we have ||7° — 7|ty = 0(1), and thus item 4 follows
from the triangle inequality. O

4.6 Lower bound on the mixing time with different choices of m,

By combining the above quasi-equilibration results with metastability of the ordered and disordered phases,
we show that if the initialization is the product measure with parameters not satisfying the conditions of
Theorem 1.2, then mixing is exponentially slow.

Theorem 4.22. For every q > 2 and 8 € (Py, fs), if m«(B,q) and ¢.(q) are as in Theorem 1.2, then the CM
dynamics initialized from v(mq) with

1. ﬂ € (ﬂu, ﬂc) and moy > m*(ﬁ’ q) — O(n—l/Z)’
2. Bp=p.andmy # m.(B,q) +é*(q)n‘1/2 +0(n‘1/2),

3. B € (e, Bs) and mg < m,(B,q) +O(n"1/?),

takes exp(Q(n)) time to reach o(1) total-variation distance to stationarity.
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Proof. We provide the details for the proof of item 1, the other cases following by similar reasoning. For
any initialization parameter my > m, — Kn~ Y2 for some K = O(1), by Lemma 4.15 and 4.14, there is a
positive probability cx > 0 that the process S;; hits m, + yn~'/? before m, — yn~'/? (for sufficiently large
y) in some t < Cyn many steps. By Lemma 4.5, with probability 1 —0(1), at exit, the configuration satisfies
the necessary conditions to apply Theorem 4.4 and quasi-equilibrate to the ordered phase 7°. Putting
these together, we find that for some Ty = O(nlogn),

HP(XTO € ) - ﬂ_ord”TV <1l-cx+ Oy,n(l) . (84)

Next, we claim that a Potts dynamics chain initialized from 7°¢ retains total-variation distance 1—o0(1) for
exponentially many steps to 7 when f € (f,, fc). To see this, we use that by Corollary 2.2 the initialization
from 7°¢ has proportions vector within O(n~'/?) distance of (m,, 1_—_'n1’, vy 1(;_";’ (up to permutations).
This is a stable fixed point of the drift function dg when f > f, by Lemma 4.1. Following the Taylor
expansion and martingale argument used in Lemma 4.5, in particular the application of Lemma 4.2, it
takes exponential in n time to leave an e-neighborhood of the stable fixed point (m,, 1_—_'"1' 1__"1* . (Note
that the details of this last stage of reasoning are provided in the proof of [16, Theorem 3].) Combining the
above, we find that for some C > 0, for all Cnlogn <t < e"/C,

P(|maxS;; —me| <€) > cx —0,n(1).
1

By Lemma 2.1, when f € (B, fc), since m, # 1/q, one has u(| max; S;; —m,| < ¢) = 0(1) for small ¢, so the
above bound implies that for y large, the total-variation to stationarity is at least cx /2. ]
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