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ABSTRACT: Disordered hyperuniform (DHU) systems are
recently discovered exotic states of matter, where (normalized)
infinite-wavelength density fluctuations are completely suppressed, B A self-assembly
as in crystals, even though the systems are isotropic and lack a /"N‘,_, :>
conventional long-range order. Despite recent success, realizing

such systems using bottom-up approaches remains challenging.

Here, we study the DHU properties of neat melts of linear diblock AB linear diblock

copolymers by using large-cell self-consistent field theory (SCFT) copolymers

simulations. We initialize SCFT simulations using a wide variety of disordered hyperuniform
disordered point patterns and upon relaxation via a SCFT micelle mesophases

algorithm obtain a new class of metastable disordered micelle

mesophases that are hyperuniform. The final relaxed structures are independent of the specific type of initial disorder used to seed
the SCFT simulations, but simulations initialized using point patterns that correspond to the local energy minimum of the so-called
Quantizer energy, a geometric functional related to the free energy of copolymeric self-assemblies, possess the fastest convergence.
Moreover, we find that DHU micelle mesophases possess free energies very similar to those of the thermodynamically stable body-
centered cubic sphere mesophases and are also more favorable energetically than previously obtained liquid-like packings. Our
findings shed light on the design of novel disordered hyperuniform materials using bottom-up approaches and suggest new
possibilities for technological applications such as novel noniridescent structural colors.

B INTRODUCTION certain DHU dielectric networks”'® were found to possess
complete photonic band gaps comparable in size to photonic
crystals, while at the same time maintaining statistical isotropy,
enabling waveguide geometries not possible with photonic
crystals.” Today, most DHU materials are designed “top-
down” since a realization via “bottom-up” self-assembly
remains challenging,” despite a few such examples.'”"®
Recently, Chremos and Douglas'’ have found that the cores
of star polymers and the backbones of bottlebrush polymers
possess a hyperuniform distribution in their melts, although
the mesophases formed by these star and bottlebrush polymers
overall are not hyperuniform. In a recent work,” some of us
have demonstrated that point patterns corresponding to the
local potential-energy minima associated with the “Quantizer
energy” (defined as the sum of the moment of inertia of each
Voronoi cell) are effectively hyperuniform. Interestingly, this
Quantizer energy is reminiscent of the entropic chain
stretching free energy of copolymeric self-assemblies.”"”** For

Disordered hyperuniform (DHU) systems are recently
discovered exotic states of matter"” that have features common
to both perfect crystals and liquids. These systems are similar
to liquids or glasses in that they are statistically isotropic and
possess no Bragg peaks, ie., they lack a conventional long-
range translational and orientational order; nevertheless, they
completely suppress (normalized) infinite-wavelength density
fluctuations, like crystals, and in this sense, they possess a
hidden long-range order.' ™ In particular, DHU many-body

systems in d-dimensional Euclidean space R? are characterized
by a vanishing structure factor S(k) in the infinite-wavelength
limit, ie., lime_S(k) = 0, where k is the wavenumber."”
Equivalently, these systems can be characterized by a vanishing
normalized local number variance 6*(R)/R? in the large-R
limit, where 6*(R) = (N*(R)) — (N(R))? is the local number
variance associated with a spherical window of radius R, N(R)
denotes the number of particles in a spherical window of radius
R randomly placed into the system, and (--) denotes an
ensemble average.”” DHU states have been discovered in a Received:  July 29, 2024 le“""'“"'ll"'lllﬂ
variety of equilibrium and nonequilibrium physical and Revised:  September 20, 2024 :
biological systems, and their exotic structural features have Accepted:  September 26, 2024
been shown to endow such systems with desirable physical Published: October 3, 2024
properties that cannot be achieved in either ordinary

disordered or perfectly crystalline states.””*~'> For example,
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example, in the diblock foam model of block copolymer
melts,”” the free energy is expressed as a weighted sum of an
interfacial energy term and the Quantizer energy. These earlier
results motivated the search for disordered hyperuniform
mesophases in block copolymer systems.

While the equilibrium mesophases of block copolymers are
well studied by theory and experiment,”*** the self-assembly of
block copolymers has sometimes been observed to suffer from
slow dynamics, making it difficult to achieve the true
equilibrium state.”>*® In particular, near the order—disorder
transition (ODT), upon rapid cooling from the disordered
homogeneous state, systems are often kinetically trapped into a
mysterious “liquid-like” packing (LLP) state, whose scattering
pattern typically exhibits a broad peak and lacks the sharp
Bragg peaks associated with ordered morphologies.”” ~*° This
LLP state also exhibits essentially solid-like mechanical
properties while maintaining a disordered morphology and
thus may be thought of as a soft glass.”” However, it is
currently unclear from the available experimental data whether
these disordered packings are hyperuniform or nonhyperuni-
form.

Using large-cell self-consistent field theory (SCFT) simu-
lations initialized from the structure of a Lennard-Jones fluid,
Dorfman and Wang®' recently demonstrated that composi-
tionally asymmetric diblock copolymers possess a rugged free
energy landscape with vast numbers of metastable liquid-like
states corresponding to distinct aperiodic packings of spherical
micelles. They further postulated that this vast population of
near-degenerate liquid-like states is responsible for the slow
ordering kinetics. However, the number of spheres employed
in the SCFT simulations was relatively small (54 micelles), so
questions regarding the nature of the disordered liquid state at
large length scales remain unanswered, specifically whether
such structures are DHU in character. We note that previous
SCFT simulations”” have been used to probe the properties of
disordered mesophases in melts of compositionally symmetric
linear AB diblock copolymers as well.

Here, we show, for the first time, that DHU mesophases are
energetically competitive in neat melts of block copolymers
and, to this end, establish a link between the two research fields
of disordered hyperuniform systems and block copolymers. In
particular, we obtain a class of metastable mesophases
consisting of disordered A-rich micelle cores distributed in a
continuous B-rich matrix in neat melts of AB linear diblock
copolymers. Specifically, we first develop a Gaussian kernel
method to initialize SCFT simulations of disordered micelles
using a wide variety of disordered point patterns, in particular
those corresponding to local energy minima of the Quantizer
energy with respect to micelle centers. To evaluate the large-
wavelength density fluctuations, we then perform large-cell
SCFT simulations containing as many as 2000 micelles in the
simulation box and obtain metastable mesophases that are
local free energy minima. Importantly, we find that these
mesophases are DHU, which distinguishes them from typical
liquid or glass morphologies. Moreover, these metastable
mesophases possess very similar free energies to the
thermodynamically stable BCC sphere phase (with free energy
1.0003 X Fycc) and are approximately 60% lower in free
energy relative to the BCC sphere phase than previously
obtained”" liquid-like packings. Our findings suggest a new
bottom-up route to realize DHU materials.
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B RESULTS

Initialization of SCFT. The micelles formed by block
copolymers often contain a large number of polymer chains,
and each polymer chain typically consists of a large number of
atoms. This makes it computationally difficult or intractable to
study copolymer mesophases using all-atom or even coarse-
grained particle-based simulations over time scales relevant to
the self-assembly of block copolymers.”® Fortunately, exact
mathematical transformations exist that can decouple the
many-body interactions among polymer chains and replace
them with independent interactions between a single polymer
chain and one or more auxiliary potential fields w(r).”> Among
these field-based simulations, SCFT simulations®> are ones
based on a mean-field approximation and over the past few
decades have enjoyed considerable success in predicting the
self-assembly behavior of various block copolymer systems [see
Supporting Information for a brief introduction to SCFT
simulations]. In this work, we employ discrete Gaussian chain
models for the incompressible melts of AB linear diblock
copolymers. The segmental interactions are described by a
Flory—Huggins interaction parameter y that favors similar
monomer contacts (A—A and B—B) over dissimilar contacts
(A—B). It is well-known at the mean-field (or SCFT) level that
the equilibrium phase behavior of conformationally symmetric
AB linear diblock copolymers is dictated by the volume
fraction f, of the minority monomer species of A and
segregation strength yN, where N is the degree of polymer-
ization for a polymer chain. On the other hand, the effect of
temperature on the phase behavior is taken into account via y
as y typically has temperature dependence y(T) = A/T + B
with A > 0. Here, B is a constant and T is the temperature.
Since the exact value of y also depends on the specific types of
monomer species, the dependence of phase behavior on
temperature is not universal.

To model disordered micelle mesophases, we initialized the
SCFT simulations using different disordered point patterns as
initial sphere locations via a Gaussian kernel method that we
have developed. Specifically, we first run a unit-cell simulation
for a BCC sphere phase and extract the converged values w;;,
and w;,, for each auxiliary field w,(r) at the maximum and
minimum of the density field p,(r) of the micelle-forming
monomer species A, respectively. Here, the maximum of the
density field p,(r) is deep inside a micelle, while the minimum
is deep within the B-rich matrix, and we assume that A is the
minority species with an average volume fraction of A
segments, f,, smaller than 1/2. Subsequently, we generate
the initial guess for each auxiliary field according to

] + Wi,out{l - exp[_
(1)

where d(r) is the shortest distance between the grid point r
and any of the prescribed sphere centers, and the effective
LV
Ndn /3

d(r)?
R

d(r)?

Wl(l') = wi,inexp(_ R

1/3
radius R of a micelle is given by R = ( ) , where V'is

the volume of the simulation box and N is the number of
micelles in the box. In this work, we adopt the multispecies
exchange model®* and explicitly track w,(r) — wy(r) and wg(r)
in our simulations.

We considered a variety of disordered point patterns as
initial sphere locations, including:
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e Quantizer point patterns: Roughly speaking, the
Quantizer problem is defined as the optimization of
the moment of inertia of Voronoi cells, i.e., similarly
sized sphere-like polyhedra that tile space are preferred.
Specifically, for a given set of n “generating” points z,, ...,
z,, the Voronoi partition is the partition of space into
cells, where each Voronoi cell C; consists of all points in
space that are closer to z; than to any other point z.
The “Quantizer energy” is the total energy Y E(C, z,)
summing up all individual cell contributions, and the cell
energy E(C, z;) is given by E(C,z;) = /Ci”X — z||*dx.
We employ Lloyd’s algorithm to obtain local energy
minima of the Quantizer energy. Lloyd’s algorithm can
be viewed as a gradient descent algorithm that minimizes
the total energy Y E(C, z;) with respect to the set of
generating positions {z;}. In each step of the algorithm, a
Voronoi tessellation based on the generating points
subject to periodic boundary conditions is generated,
and the center of mass of each Voronoi cell is
determined. Then, the generating points are moved to
the centers of mass, based on which a new tessellation is
generated. This process is repeated until the generating
points converge to the centers of mass. Thus, a
centroidal Voronoi tessellation® is obtained. When
disordered configurations are used as initial conditions
for Lloyd’s algorithm, the final configurations are also
disordered but possess effective hyperuniformity.*’

Poisson point patterns: These patterns are completely
random configurations of snapshots of the ideal gas in
the canonical ensemble, where the particle coordinates
are independently and uniformly distributed in the
simulation box.

Hard-sphere liquids: We generate equilibrium packings
of monodisperse, frictionless, hard spheres (i.e., balls
that are impenetrable but do not interact otherwise) at
packing fraction ¢ ~ 0.25, which are well-known to be
liquids that are nonhyperuniform, i.e., their structure
factor S(k) extrapolates to S, as k goes to zero, where S
is a positive constant on the order of 107" or 1072

Random close packings: These are jammed, non-
equilibrium packings of monodisperse frictionless hard
spheres at packing fraction ¢ & 0.64, which we generate
using the Lubachevsky—Stillinger algorithm.*

Disordered stealthy hyperuniform point patterns: These
are disordered, statistically isotropic point configura-
tions, for which the structure factor vanishes not only at
an infinite wavelength (ie, at k = 0) but at all
wavelengths above a finite threshold (i.e., for a finite
range of wavenumbers k < k, where k, > 0). We obtain
such point patterns with a degree of stealthiness y = 0.49
(not to be confused with the Flory—Huggins parameter
) using the procedure described in a previous work,””
where y is the fraction of the number of constrained
independent k points over the total number of degrees
of freedom (subtracting out the system translational
degrees of freedom).

For each type of point pattern, we generate 10
configurations at system size N, = 2000 points, and for the
point patterns associated with the local energy minima of the
Quantizer energy (which we used for most of the results in this
work), we also generate 10 configurations at N = 432 to study
the system size effect. We find that the seeds for the micelles
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generated using this Gaussian kernel method typically
converge quickly under SCFT iteration, in particular when
point patterns associated with the local energy minima of the
Quantizer energy are used as initial sphere center locations.

Hyperuniformity of Disordered Micelle Mesophases.
Next, we ran large-cell SCFT simulations (see Supporting
Information for the simulation details) of disordered packings
of 2000 A-rich micelles distributed in the B-rich matrix in an
initial cell corresponding to 10 X 10 X 10 BCC unit cells in
size. In our SCFT simulations, we employed periodic boundary
conditions and maintained the box shape to be cubic while
allowing the side length of the box to vary, which is consistent
with the boundary conditions used to generate the initial point
patterns. Mathematically, any mesophase formed by incom-
pressible melts of AB linear diblock copolymers is uniquely
specified by the A-block density field p,(r) (normalized by the
average total monomer density p,), which is a scalar field with
values between 0 and 1. Its scattering intensity is proportional
to the structure factor S(k) (see Supporting Information for a
definition), which can be used to analyze the hyperuniformity
of the mesophase. The density field py(r) is related to p,(r) via
pp(r) =1 — pa(r) due to the incompressible melt condition. In
the soft-matter physics community, the structure factor S(k) is
often referred to as the spectral density §(k).”*"’

In Figure 1a, we visualize the density field p,(r) of a SCFT-
optimized mesostructure for a disordered packing of 2000
micelles at yN = 17 and f = 0.25. The ensemble-averaged S(k)
values [see Supporting Information for the detail of S(k)
calculation] of the mesostructures relaxed by SCFT
simulations using the aforementioned wide variety of
disordered point patterns as initial micelle centers are shown
in Figure 1b, which are averaged over 10 independent starting
configurations. We find that all these SCFT simulations lead to
very similar final relaxed structures with essentially identical
pair statistics, as shown in Figure 1a, and virtually the same free
energies. However, SCFT simulations initialized using the
point patterns associated with the local energy minima of the
Quantizer problem (henceforth referred to as the Quantizer
point patterns) were much quicker to converge than those
initialized using other disordered point patterns, suggesting
that the Quantizer point patterns are far more realistic than the
other disordered point patterns for the micelle centers in the
melts of AB linear diblock copolymers. Therefore, we used
these Quantizer point patterns as initial micelle centers for
subsequent SCFT simulations. As a comparison, we also
include S(k) for a 10 X 10 X 10 periodic replica of a BCC
sphere mesophase in a conventional cell at the same condition.
Interestingly, S(k) of the mesophases consisting of disordered
micelles possesses a broad primary peak with no other sharp
Bragg peaks, indicating the lack of conventional translational
and orientational order commonly seen in crystals or
quasicrystals. The structure factor S(k) of the BCC sphere,
on the other hand, possesses multiple sharp Bragg peaks, as
expected. Importantly, S(k) of the disordered micelles
approaches zero as k goes to zero; i.e., the corresponding
mesophases are hyperuniform, analogous to crystals or
quasicrystals. This behavior is different from typical liquids
or molecular glasses, where one would expect S(k) to approach
some finite value as k approaches zero.” In the present case, the
apparent vanishing of S(0) is not a trivial result of the
incompressible melt assumption since S(k) reflects only A-
segment correlations, not total density correlations. We note
that S(k) is on the order of 1077 at the smallest k directly
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Figure 1. (a) Visualization of the SCFT-solved density field p,(r) of a
metastable mesophase consisting of A-rich micelles distributed in a B-
rich matrix in neat melts of AB linear diblock copolymers at yN = 17
and f, = 0.25. (b) Ensemble-averaged structure factor S(k) of the
disordered micelle mesophases resolved by SCFT simulations at yN =
17 and fy = 0.2S using different disordered point patterns as initial
sphere locations, as well as that of a BCC sphere phase containing
2000 micelles at the same yN and f,. We consider disordered point
patterns such as point configurations of the local energy minima of the
Quantizer problem, Poisson point patterns, liquids, random close
packings of hard spheres, and disordered hyperuniform stealthy point

patterns (see Supporting Information for details).

accessible in our SCFT simulations, indicating a very high
degree of hyperuniformity for these mesophases, while the
Quantizer point patterns used to seed the SCFT simulations
are only effectively hyperuniform, with their S(k) on the order
of 107 at the smallest k. This difference in the degree of
hyperuniformity suggests that the local relaxation due to the
simultaneous minimization of interfacial area between different
domains and chain stretching of block copolymers helps drive
the system toward hyperuniformity.

It is also noteworthy that slight polydispersity develops for
the micelles in the DHU state as a result of the SCFT
relaxation, which contributes to the hyperuniformity of the
final micelle structures as well. For example, the polydisperse
degree of the micelles measured by y = 1., /"1y, is around 1.2
at yN = 17 and f, = 0.25, where r,,, and r,;;, are the radii of the
largest and smallest micelles, respectively. To determine the
radii for different micelles, we first convert the scalar field p,(r)
into a two-phase media by thresholding p,(r), i.e., any spatial
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location (or voxel) with p,(r) larger than the threshold p,, is
considered to be in the A-rich phase/region and otherwise in
the B-rich phase/region. The threshold p, is chosen such that
the volume occupied by the A-rich region is the same as that
occupied by the A monomers before thresholding. A micelle
consists of all the voxels that are in the same interconnected
“cluster” of the A-rich phase after thresholding, and the radius
1/3
of a micelle r; is computed as r, = (4—71) ! , where v; is the
volume of that micelle. Similarly, the center of a micelle can be
determined by averaging over the positions of all of the voxels
that belong to the micelle. Moreover, the micelles in the DHU
mesophase exhibit a broad distribution in the number of
neighbors, as shown in Figure 2, where neighboring micelles

3y,
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Figure 2. Ensemble-averaged neighbor distribution for micelles in the
disordered hyperuniform mesophase at yN = 17 and f, = 0.25, where
neighboring micelles are defined as those whose Voronoi cells share a
common facet.

are defined as those whose Voronoi cells (constructed using
the Voro++ package®’) share a common facet. In contrast, in
the BCC phase, the Voronoi cell of each micelle is a truncated
octahedron with exactly 14 neighbors. The DHU mesophase
also has a much wider neighbor distribution compared to
Frank—Kasper phases.””*”*" For instance, micelles in the C14
and C1S phases have either 12 or 16 neighbors, while those in
the o phase have 12, 14, or 15 neighbors. In addition, the
average domain spacing between neighboring spheres is
swollen by around 1.2% in the DHU state compared to that
in the BCC sphere phase, consistent with the observed shift in
the location of the primary peak in S(k).

As yN varies at a given f,, the morphology of the DHU
micelle mesophases also changes. As an example, in Figure 3a,
we show S(k) at different yN for f, = 0.2, which all indicate
hyperuniformity for the corresponding micelle mesophases.
We then proceed to determine the small-k scaling exponent a
in S(k) ~ k* by looking at the large-t scaling behavior of the
excess diffusion spreadability™* S(co0) — S(t) computed
from S(k) (see Supporting Information for details). We find
that as yN increases, the exponent a decreases, as shown in
Figure 3b, which can be explained by the fact that as yN
increases, the A-rich and B-rich regions become purer in A and
B, respectively, and the composition fluctuations between A-
rich and B-rich domains increase, which dominates the large-
wavelength physics and leads to decreasing . The a values in
Figure 3b are also much larger than the scaling exponent a = 2
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Figure 3. Ensemble-averaged S(k) and the corresponding small-k
exponent a in S(k) ~ k* as functions of the segregation strength yN at
fa = 025 are shown in (a,b), respectively.

predicted by the random phase approximation (RPA). The
RPA calculation extracts the linear response of the disordered
homogeneous state and is valid only when yN is below
(¥N)opr. Furthermore, the mean distance between neighbor-
ing spheres in these mesophases increases by about 3.0% as yN
increases from 17 to 19 at f, = 0.25, as reflected by the shift of
the primary peak of S(k) to smaller k, which is accompanied by
a proportional increase in the mean size of micelles.
Thermodynamic Stability of Disordered Micelle
Mesophases. We now discuss in detail the energetics of the
DHU mesophases. In Figure 4a,b, we show the free energy
difference between these metastable phases and the global free
energy minimum of BCC spheres as a function of segregation
strength yN at f, = 0.20 and f, = 0.25. Interestingly, these
DHU micelle mesophases possess very similar free energies to
the BCC sphere mesophase. For example, at yN = 17 and f, =
0.25, the mean free energy of the DHU micelles is only 1.0 X
1073 kg T per chain higher than that of the BCC structure and
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Figure 4. Mean free energy difference between the metastable DHU
micelles and the thermodynamically stable BCC sphere mesophase as
a function of the segregation strength yN at monomer volume
fractions f, = 0.20 (a) and f, = 0.25 (b). The red dashed lines indicate

(¥N)opr, where the order—disorder transition between the BCC
phase and the disordered homogeneous state occurs.

6.8 X 107 kT per chain lower than the disordered
homogeneous state (with free energy 1.0003 X Fpcc), where
kg is the Boltzmann constant. By contrast, the mean free
energy of the previously obtained’’ disordered fluid-like
packings is approximately 2.5 X 107> kzT per chain higher
than that of the BCC morphology, which is considerably
higher than that of our DHU mesophases. In other words,
DHU micelles are much more favorable energetically than
previously obtained liquid-like packings.”’ With the state-of-
the-art optimization algorithms that were employed (see
Supporting Information for details), all the DHU micelle
mesophases obtained after SCFT relaxation at a given yN and
fa possess very similar free energies from different runs, which
is different from the sizable distribution of free energies
reported in a previous study.’’ For example, the standard error
associated with the free energy is only 5.0 X 107 kT per chain
at YN = 17 and f, = 0.25. It is also noteworthy that, as
mentioned in the previous section, even when starting from
completely random or fluid initial configurations, we were still
able to achieve DHU mesophases that reflect deep local free
energy minima, even though the computational effort to relax
the structures increased.

We observe that the stability of DHU micelles relative to the
BCC phase increases as the segregation strength decreases and
approaches the order—disorder transition (ODT), regardless
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of the monomer species volume fraction f,. In particular, the
free energy difference between DHU micelles and BCC
spheres increases approximately linearly as yN increases away
from the ODT. Here, the segregation strength (yN)pr at the
ODT is estimated to be 21.09 and 16.57 for f, = 0.20 and f, =
0.25, respectively, from SCFT simulations of the disordered
homogeneous phase and the BCC sphere mesophase. As the
temperature decreases and yN becomes sufficiently large [e.g.,
N — (yN)opr 2 S at fy = 0.20], the free energy difference
between DHU micelles and BCC spheres (scaled by the
thermal energy) becomes large enough (close to the free
energy difference between BCC spheres and hexagonally
packed cylinders) that will make the formation of DHU
mesophases difficult. On the other hand, as temperature
increases and yN decreases below (yN)opr, the system is no
longer microphase-separated and becomes trivially homoge-
neous (in the mean-field approximation of SCFT), which is
not interesting for typical applications involving DHU
materials. These results indicate that disordered hyperuniform
mesophases are most likely to be observed in the disordered
micelle regime,“'_46 i.e, at intermediate segregation strengths
above the ODT.

Robustness of Results with Respect to System Size
and Compressibility. To investigate the effect of the system
size on the hyperuniformity and thermodynamic (meta)-
stability of the disordered micelle mesophases, we conducted
SCFT simulations containing N; = 432 micelles at yN = 17 and
fa = 025 and compared the results to the corresponding
simulations containing N; = 2000 micelles. The side lengths L
of the relaxed cubic SCFT simulation boxes are L =~ 45.3R, and
L 27.2R, for system sizes N, = 2000 and N, = 432,
respectively, where R, is the unperturbed radius of gyration of
a polymer chain. As shown in Figure S, the structural factors of
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Figure 5. Ensemble-averaged structure factor S(k) of disordered
hyperuniform micelle mesophases formed by incompressible melts of
linear AB diblock copolymers at yN = 17 and f, = 0.25 for two
different system sizes N = 2000 and N, = 432 micelles (averaged over
10 configurations).

the two systems are consistent with each other, and both
systems possess hyperuniformity. Moreover, the mean free
energy difference between the final relaxed structures at these
two system sizes is only on the order of 1 X 107> kzT per
chain. These results further demonstrate the robustness of
hyperuniformity and thermodynamic (meta)stability of the
disordered micelle mesophases investigated in this work with
respect to system size.
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To investigate the effect of the compressibility of block
copolymer melts on the hyperuniformity of disordered micelle
mesophases, instead of applying the incompressible melt
approximation S[p,(r) + py(r) — po), we allow the total
monomer density to vary spatially and add a quadratic term

ENIp, (x) + py(x)
total monomer density deviation from the global average at
each spatial location, where { is the Helfand compressibility
coefficient and {N controls the strength of the penalty. Here,
we set (N 100, a value used to model moderately
compressible melts previously in a previous work.”” We
compare S(k) of compressible melts of linear AB diblock
copolymers at yN = 17 and f, = 0.25 to those of their
incompressible counterparts containing 2000 micelles in
Figure 6. Even for this modest compressibility, the disordered

- ,00]2 to the Hamiltonian to penalize any
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Figure 6. Ensemble-averaged structure factor S(k) of disordered
hyperuniform micelle mesophases formed by compressible melts of
linear AB diblock copolymers at {N = 100 and their corresponding
incompressible systems containing 2000 micelles at yN = 17 and f, =
0.25, where ( is the Helfand compressibility coefficient.

micelle mesophases remain hyperuniform (or at least
effectively hyperuniform”) as the ensemble-averaged S(k) still
extrapolates to virtually zero as k goes to zero within the
accuracy of this study (see Supporting Information for details),
but the composition fluctuations are larger compared to those
in the corresponding incompressible system.

B CONCLUSIONS AND DISCUSSION

To summarize, in this work, we demonstrated the emergence
of disordered hyperuniform mesophases in neat melts of
sphere-forming block copolymers by conducting SCET
simulations of large systems containing as many as 2000
micelles. Moreover, we showed that these disordered hyper-
uniform mesophases derived from point configurations
corresponding to the local energy minimum of the Quantizer
energy possess very similar free energies to the thermodynami-
cally stable BCC structure and are more favorable energetically
than previously studied’' disordered fluid-like packings. Our
findings suggest an inexpensive route to make disordered
hyperuniform materials given the wide commercial availability
of block copolymers and may lead to new applications. For
example, the isotropic nature of the disordered hyperuniform
micelle mesophases and their selective scattering of certain
wavelengths of electromagnetic waves might enable the design
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of novel noniridescent structural colors™ if the distances
between the micelles are tuned to optically relevant length
scales. This could be facilitated both through polymer
architectural design, e.g, moving from linear to bottlebrush
block polymers, as well as by the addition of selective solvents.
We note that angle-independent structural colors have been
realized from disordered colloidal materials,*”*° and tunable
angle-dependent structural colors have been achieved using
ordered lamellar structures formed by bottlebrush block
copolymers.”'

It is also noteworthy that while we are unaware of
experimental evidence suggesting that the observed liquid-
like packings***° are hyperuniform, given the low free energies
of the metastable DHU micelles, it is entirely possible that
some of those liquid-like packings will be verified to be DHU
in the future. The recent development of high-resolution real-
space imaging techniques®*~>* for soft-matter systems presents
new opportunities for such experiments, where one could
directly compute the structure factor or local variance
associated with fluctuations in the field*® from the extracted
real-space microstructures and ascertain the hyperuniformity of
the mesophases. Moreover, the realization of DHU structures
in neat melts of block copolymers might be facilitated by
tuning the thermal processing procedures.

DHU micelle mesophases are also similar to the maximally
random jamming (MR]) state’ and perfect glass state®® in that
they reflect deep free energy minima and are hyperuniform.
However, unlike the MR]J state and perfect glass state that can
never crystallize,”® our DHU micelle mesophases possess
higher free energies than the thermodynamically stable ordered
BCC micelle mesophase, and the energy barrier is expected to
be finite, so DHU micelle mesophases can crystallize over long
periods of time. In addition, the DHU micelle mesophases are
realizations of random scalar fields, which differ from the cases
of the MRJ state and perfect glass state, where one is dealing
with discrete particles. Such a random field, of course,
approximates a (soft) sphere packing but with a slight degree
of polydispersity as discussed above and can take any value
between 0 and 1 instead of a binary value (0 or 1) at a given
spatial location. These additional degrees of freedom facilitate
the formation of hyperuniform materials similar to the top-
down tessellation-based procedure for two-phase media in a
previous work.”” Here, however, block copolymer self-
assembly enables a bottom-up approach.
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