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A FAMILY OF 3D STEADY GRADIENT SOLITONS
THAT ARE FLYING WINGS

Y1 LAI

Abstract

We find a family of 3d steady gradient Ricci solitons that are
flying wings. This verifies a conjecture by Hamilton. For a 3d
flying wing, we show that the scalar curvature does not vanish at
infinity. The 3d flying wings are collapsed.

For dimension n > 4, we find a family of Zs x O(n — 1)-
symmetric but non-rotationally symmetric n-dimensional steady
gradient solitons with positive curvature operator. We show that
these solitons are non-collapsed.

1. Introduction

Ricci solitons are self-similar solutions of the Ricci flow equation,
and they often arise as singularity models of Ricci flows. In particular,
a steady gradient soliton is a smooth complete Riemannian manifold
(M, g) satistying

(1.1) Ric = V2f

for some smooth function f on M, which is called a potential function.
The soliton generates a Ricci flow for all time by g(t) = ¢f(g), where
{@t}te(—o0,00) 18 the one-parameter group of diffeomorphisms generated
by —V f with ¢g the identity.

In dimension 2, the only non-flat rotationally symmetric steady gra-
dient soliton is Hamilton’s cigar soliton [18]. In any dimension n > 3,
the only non-flat rotationally symmetric steady gradient soliton is the
Bryant soliton, which is constructed by Bryant [6]. It is an open prob-
lem whether there are any 3d steady gradient solitons other than the
3d Bryant soliton and quotients of R x Cigar, see e.g. [9, 10, 12, 16].

Hamilton conjectured that there exists a 3d flying wing, which is a
Zy x O(2)-symmetric 3d steady gradient soliton asymptotic to a sector
with angle a € (0,7), see e.g. [8, 9] and [14, Section 9.7]. The term
flying wing is also used by Hamilton to describe certain translating solu-
tions in mean curvature flow. A lot of important progress has been made
for the mean curvature flow flying wings in the past two decades. For

Received February 4, 2021.

297



298 Y. LAI

example, the flying wings in R? are completely classified by the works
of X.J. Wang [27] and Hoffman-Ilmanen-Martin-White [21]. Moreover,
higher dimensional examples were constructed independently by Bourni-
Langford-Tinaglia [3] and Hoffman-Ilmanen-Martin-White [21].

Despite many analogies between the Ricci low and mean curvature
flow, Hamilton’s flying wing conjecture remains open. A proposed ap-
proach is to obtain the flying wings as limits of solutions of elliptic
boundary value problems. This is how the flying wings in mean curva-
ture flow are constructed, where the solutions can be parametrized as
graphs [27]. However, it seems hard to choose such a parametrization
in Ricci flow to get a strictly elliptic equation. In this paper, we confirm
Hamilton’s conjecture by using a different approach.

Our first theorem finds a family of non-rotationally symmetric n-
dimensional steady gradient solitons with prescribed Ricci curvature at
a point in all dimensions n > 3. This gives an affirmative answer to the
open problem by Cao whether there exists a non-rotationally symmetric
steady Ricci soliton in dimensions n > 4 [8]. Throughout this section,
the quadruple (M, g, f,p) denotes a steady gradient soliton, where f is
the potential function and p is a critical point of f.

Theorem 1.1. Given any o € (0,1), there exists an n-dimensional
Zo x O(n—1)-symmetric steady gradient soliton (M, g, f, p) with positive
curvature operator, such that A\ = aly = -+ = ad,, where Ai,...,
are eigenvalues of the Ricci curvature at p.

The 3d steady gradient solitons from Theorem 1.1 are collapsed,
which is an easy consequence of its asymptotic geometry. This also fol-
lows from the uniqueness of the Bryant soliton among 3d non-collapsed
steady gradient solitons by Brendle [4]. Moreover, we show that the n-
dimensional steady gradient solitons from Theorem 1.1 are non-collapsed
for all n > 4. They are analogous to the non-collapsed translators
in mean curvature flow constructed by Hoffman-Ilmanen-Martin-White
[21].

Corollary 1.2. For anyn > 4, there ezist n-dimensional Zg x O(n—
1)-symmetric, non-collapsed steady gradient solitons with positive cur-
vature operator that are not isometric to the Bryant soliton.

Our second theorem says that a Zs x O(2)-symmetric 3d steady gra-
dient soliton must be a Bryant soliton if the asymptotic cone is a ray. So
the family of 3d steady gradient solitons from Theorem 1.1 are all flying
wings, which confirms Hamilton’s conjecture. Figure 1 is the picture of
a 3d flying wing.

Theorem 1.3. Let (M, g, f,p) be a Zay x O(2)-symmetric 3d steady
gradient soliton. Suppose its asymptotic cone is a ray. Then it is iso-
metric to the Bryant soliton.
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Figure 1. A 3d flying wing.

Corollary 1.4. A ZyxO(2)-symmetric but non-rotationally symmet-
ric 8d steady gradient soliton with positive curvature operator is a flying
wing. In particular, the 3d steady gradient solitons from Theorem 1.1
are all flying wings.

It has been wondered whether the scalar curvature vanishes at infinity
in all 3d steady gradient solitons. By Theorem 1.5 we see that this fails
in 3d flying wings. More precisely, Theorem 1.5 shows that the scalar
curvature has a positive limit along the edges of the wing, and there is a
quantitative relation between this limit and the angle of the asymptotic
cone.

Theorem 1.5. Let (M, g, f,p) be a Zs x O(2)-symmetric 3d steady
gradient soliton, whose asymptotic cone is a metric cone over the inter-

val [—§, 5] for some a € [0,7]. Let ' : (—00,00) = M be the complete

geodesic fized by the O(2)-action, then
. . .2 ¢
(1.2) 811}120 R(I'(s)) = R(p) sin 5"

We prove in the following corollary that the asymptotic geometry of
a 3d flying wing is uniquely determined by the angle of the asymptotic
cone. In particular, it converges to R x Cigar along the edges. This is
analogous to mean curvature flow flying wings, where the asymptotic
geometry is uniquely determined by the width of the slab that contains
the wing [3].

Corollary 1.6. Let (M, g, f,p) be a 3d flying wing, whose asymptotic
cone is a sector with angle o € (0,7). Then for any sequence of points
q; € ' going to infinity, the sequence of pointed Riemannian manifolds
(M, g,q;) smoothly converges to R x Cigar, where the scalar curvature
at the tip of the cigar is R(p) sin? g

As an application of Theorem 1.3 and 1.5, we construct a sequence of
3d flying wings whose asymptotic cones have arbitrarily small angles.
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Corollary 1.7. There exists a sequence of 3d flying wings
{(M;, gi)}32,, whose asymptotic cone is a sector with angle o; € (0, )
such that lim; ., o; = 0.

The structure of the paper is as follows. In Section 2, we prove Theo-
rem 1.1 by obtaining the steady gradient solitons as limits of appropriate
expanding gradient solitons, whose construction is based on Deruelle’s
results [17]. More specifically, we choose a sequence of expanding gra-
dient solitons whose asymptotic volume ratio goes to zero, and prove
that by passing to a subsequence they converge to a steady gradient
soliton. In dimension 3, the sequence of expanding gradient solitons is
between two sequences converging respectively to the 3d Bryant soliton
and R x Cigar.

In Section 3, we study the asymptotic geometry of Zg x O(2)-symmet-
ric 3d steady gradient solitons that are not Bryant solitons. We prove
a dimension reduction theorem which shows that the soliton smoothly
converges to R x Cigar at infinity. We also show that the higher dimen-
sional solitons from Theorem 1.1 are non-collapsed.

In Section 4, we first prove Theorem 1.5 and then use it to prove
Theorem 1.3 and all the corollaries. To prove Theorem 1.5, we study
the variations of V f along certain minimizing geodesics. By the soliton
equation this amounts to computing the integral of the Ricci curva-
ture along the geodesics. Then Theorem 1.5 follows by estimating this
integral. Our main tools are the dimension reduction theorem, cur-
vature comparison arguments, and Perelman’s curvature estimate for
Ricci flows with non-negative curvature operator.

Theorem 1.3 is proved by a bootstrap argument. Suppose the soliton
is not a Bryant soliton. So the dimension reduction theorem applies. By
the Zs x O(2)-symmetry, the soliton away from the edges is a warped-
product metric with S'-fibers. First, by using the dimension reduction
theorem and some computations we obtain an estimate on the length of
the S'-fibers, which shows that it increases slower than the square root
of the distance to the critical point.

Second, by using the estimate from the first step and similar computa-
tions we obtain a better estimate, which shows that the length function
stays bounded at infinity. Since the length function is concave by the
non-negativity of the curvature, this implies that the scalar curvature
does not vanish along the edges. This by Theorem 1.5 contradicts the
assumption that the asymptotic cone is a ray, hence proves Theorem 1.3.

Acknowledgements. I thank my PhD advisor Richard Bamler for in-
spiring discussions and comments. I also thank John Lott, Bennet
Chow, Robert Haslhofer, Alix Deruelle, Mat Langford, Guogiang Wu
and Man-Chun Lee for valuable comments.



A FAMILY OF 3D STEADY GRADIENT SOLITONS 301

2. A family of non-rotationally symmetric steady gradient
solitons

The main result in this section is Theorem 1.1. The outline of the
proof is as follows. We first construct a sequence of smooth families of
expanding gradient solitons {(M; ., gi . Diu), 1t € [0,1]}52, with posi-
tive curvature operator, such that (Mi,o, 9i,0, pi,o) converges to a Bryant
soliton, and (M; 1, gi1,pi,1) converges to the product of R and an (n-
1)-dimensional Bryant soliton if n > 4, or a cigar soliton if n = 3.
Moreover, we require that the asymptotic volume ratio of each expand-
ing gradient solitons tends to zero uniformly as ¢ — oo.

Let «;(p) be the quotients of the smallest and largest eigenvalues of
the Ricci curvature at p;,, in (M; 4, Giu, Pip), then a;(p) is a smooth
function in p for each fixed i. Then for any a € (0,1), there is some
wi € (0,1) such that o;(p;) = a. Since the asymptotic volume ratio
of (M; ;s 9ij;» Pip;) gO€s to zero, we can show that it subconverges to
an n-dimensional steady gradient soliton (M, g,p) with positive curva-
ture operator. In particular, the quotients of the smallest and largest
eigenvalues of the Ricci curvature at p in (M, g,p) is equal to «a.

To construct the expanding gradient solitons we use Deruelle’s work
[17]. He showed that for any (n — 1)-dimensional smooth simply con-
nected Riemannian manifold (X7, gx,) with Rm > 1, there exists a
unique expanding gradient soliton (M7, g1, p1) with positive curvature
operator that is asymptotic to the cone (C(X1), dr?+12gx,). Moreover,
there is a one-parameter smooth family of expanding gradient solitons
connecting (M1, ¢g1,p1) to an expanding gradient soliton (Mo, go,po),
whose asymptotic cone is rotationally symmetric. By Chodosh’s work
the soliton (Mo, go, po) is rotationally symmetric, and hence is a Bryant
expanding soliton [11].

2.1. Preliminaries. In this subsection we fix some notions that will
be frequently used. First, we recall some standard notions and facts
from Alexandrov geometry: Let (M, g) be a non-negatively curved Rie-
mannian manifNold, then for any triple of points o,p,q € M, the com-
parison angle 4poq is the corresponding angle formed by minimizing
geodesics with lengths equal to d(o, p), d(o, q), d(p, ¢) in Euclidean space.
Let op, og be two minimizing geodesics in M between o, p and o, ¢, and
£poq be the angle between them at o, then £poq > Apoq. Moreover, for
any p’ € op and ¢’ € og, the monotonicity of angle comparison implies
£poq’ > Apog.

For a mnon-negatively curved Riemannian manifold (M,g,p)
and two rays 71,72 with unit speed starting from p, the limit
lim, o0 £y1(r)py2(r) exists and we say it is the angle at infinity be-
tween 71 and 7. Moreover, the space (X, dx) of equivalent classes of
rays is a compact length space, where two rays are equivalent if and only
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if the angle at infinity between them is zero, and the distance between
two rays is the limit of the angle at infinity between them. The asymp-
totic cone is a metric cone over the space of equivalent classes of rays,
and it is isometric to the Gromov-Hausdorff limit of any blow-down
sequence of the manifold, see e.g. [22].

Next, we define what we mean by a Riemannian manifold to be Zo x
O(n—1)-symmetric. First, we define an O(n—1)-action on the Euclidean
space R" = {(x1,...,z,) : x; € R}, by extending the standard O(n—1)-
action on R"~! = {x,, = 0} C R" in the way such that it fixes the x,-
axis. Then we define a Zy x O(n—1)-action on R" by futhermore defining
a Zs-action to be generated by a reflection that fixes the hypersurface
{z,, = 0}.

Letl“oz{xlz‘--:a:n_1:0}, N():{:Zilz-":(l}n_gzo,mn_l >
0} and ¥y = {z;, = 0}. Then I'y is the fixed point set of the O(n — 1)-
action, X is the fixed point set of the Zs-action, and Ny is one of the two

connected components of the fixed point set of a subgroup isomorphic
to O(n — 2).

Definition 2.1. We say that an n-dimensional Riemannian manifold
(M™, g) is Za x O(n—1)-symmetric if there exist an isometric Zg x O(n—
1)-action, and a diffeomorphism ® : M"™ — R" such that ® is equivariant
with the two actions, where the action on R" is defined as above.

Let T = @ 1(Tp), ¥ = & 1(Z)), and N = &~ 1(Np). Then it is easy
to see that

1) T is a geodesic that goes to infinity at both ends.
2) X is a rotationally symmetric (n — 1)-dimensional totally geodesic
submanifold.
3) N is a totally geodesic surface diffeomorphic to R2.
4) ®71(0) is the unique fixed point of the Zy x O(n — 1)-action, at
which I' intersects orthogonally with 3.
Moreover, consider the projection w# : M — N, which maps a point
x € M to a point y € N, which is the image of z under some action in
O(n—1). Equip N with the induced metric gy, then 7 is a Riemannian
submersion, and N is an integral surface of the horizontal distribution.
So there is a smooth positive function ¢ : N — R such that g = gy +
©?ggn—2 on M \ T, where ggn—2 is the standard round metric on S™~2,

In this paper, we study n-dimensional expanding or steady gradi-
ent soliton (M™,g) with non-negative curvature operator, whose po-
tential function f has a critical point p. We denote it by a quadru-
ple (M™, g, f,p) (and sometimes a triple (M™, g,p)). In the case of a
steady gradient soliton, R attains its maximum at p by the identity
R + |V f|?> = const., and p is the unique critical point of f if Rm > 0.
In the case of an expanding gradient soliton, by the soliton equation
V2f = Ric+cg, ¢ > 0, and Rm > 0, it follows that V2f > cg and
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hence p is the unique critical point of f, and f attains its minimum
at p. Then by using the identity V f(R) = —2Ric(V f, Vf) we see that
R is non-increasing along any integral curve of Vf. So R attains its
maximum at p.

We assume (M", g, f,p) is Zz x O(n — 1)-symmetric, and fix the no-
tions I', N, ¢, ¥ from above, and assume I' : (—oo0,00) — M has unit
speed and I'(0) = p. Assume Rm > 0. Then it is easy to see that p
is the unique point fixed by the Zgs x O(n — 1)-action. Moreover, by
the soliton equation V2 f = Ric +cg, ¢ > 0, it follows that the potential
function f is invariant under the actions. So the geodesic I', and all the
unit speed geodesics in X starting from p are integral curves of Ig—fc‘.

Moreover, use i, j, k, [ for indices on N, and «, 8 and g.p for indices
and metric components on S” 2 with the standard round metric with
radius one. Then by a computation the nonzero components of the
curvature tensor of (M \ T, g) are

M N M
Rz’jkl = Rz‘jklv Riaﬁj = —Gap - (‘Pvzz,j¢)7
M
Rlssa = (1= Vo) - ©° - (9aagss — 9ap)-

Since Rm > 0 on M, we see that Rm > 0 also holds on N. Moreover,
we have that V2¢ < 0 and ¢ is concave.

(2.1)

2.2. Proof of Theorem 1.1. To prove Theorem 1.1, we will take a
limit of a sequence of expanding gradient solitons with R(p) = 1, where
p is the critical point of the potential function. To do this, we need
an injectivity radius lower bound and a uniform curvature bound. The
curvature bounds follows directly from Rpy.x = R(p) = 1, and the in-
jectivity radius estimate follows from the next lemma.

Lemma 2.2. There exists C > 0 such that the following holds: Let
(M™, g, f,p) be a Zy x O(n — 1)-symmetric n-dimensional expanding
(or steady) gradient soliton with positive curvature operator. Suppose
R(p) = 1. Then vol(B(p,1)) > C~! and inj(p) > C~1.

Proof. We shall use C to denote all positive constants, whose value
may vary from in lines. Let 7 : [0,00) — X be a unit speed geodesic
emanating from p in ¥ such that v is contained in N. Then by the
curvature assumption and the Jacobi comparison we get ¢(v(1)) > ¢ :=
sinl > 0. Since ¢(7(s)) increases in s and d(p, (1)) < 1, we can find
so > 1 such that d(p,v(s0)) = 1 and ¢(v(sg)) > c.

Let ¢ = v(sp). We claim d(q,T") > ¢: First, suppose d(q,T") = d(q, x)
for some x € I'. Let o be the unit speed minimizing geodesic from
x and ¢, then by the first variation formula we see that o intersects
with I orthogonally at x. Consider all the preimages of ¢ under the
Riemannian submersion M — N, which form a smooth submanifold
with induced metric dr? + ©?(o(r))ggn—2. Then by the vertical tangent
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condition at z, we have di?“|r=0 ¢(o(r)) = 1, which by ¢(g) > ¢ and the
concavity of ¢ implies d(q,T") > c.

Choose some y € I" such that d(p, y) = 1. Let pq, yp, yq be minimizing
geodesics between these points. By replacing py with its image under
the action of some 7 € Zg x O(n — 1)-action, we may assume £Lypq <
%. So by angle comparison we get Zypq < 4Lypq < 3,
Lyqp > T since d(p,y) = d(p,q). So for some y' € yq, p’ € pq such

and hence

that d(y',q) = d(p',q) = ¢ we have Ly'qp > Lyqp > 7%, and hence
d(y',p') > C~1. Then we have |0By(q,c)| > d(y',p’) > C~, which by

volume comparison on N implies
c C
(2.2) voln(Bn(g,¢)) = / |0BN(q,7)|dr > / C~lrdr>C7h
0 0

Moreover, for any € Bn(q, 5), let 7z : [0,d(q, )] — N be a minimizing
geodesic from ¢ to x. Since d(¢,z) < §, we can extend 7, past x
to a geodesic 7, : [0,2d(q,x)] — N (not necessarily minimizing). So
©(Vz(s)), s € [0,2d(q,z)], is a concave function. Since ¢ > 0 and
©(7:(0)) = ¢(q) > ¢, by the concavity we get p(x) > C~1. So p > C~!
on By(q, §), integrating which on By(q,c) we get voly (Ba(p, 1)) >
C~'. The assertion about the injectivity radius now follows from the
volume lower bound and the curvature bound R < R(p) = 1. q.e.d.

Recall that if (M™, g, f,p) is an expanding gradient soliton satisfying
(2.3) Ric +\g = V2 f
for some A > 0. Then it generates a Ricci flow g(t) := (2)\t)q§:_$g,
t € (0,00), where {gbs}se(i%

woo)

generated by the time-dependent vector field ﬁ;/\sv f with ¢g the iden-

tity. Moreover, g(t) is an expanding gradient soliton satisfying

1 !
279(75) = V*fy,

is the one-parameter diffeomorphisms

(2.4) Ric(g(t)) +

where fy =¢7 ., f.
2

Let (M, gi, fi, pi) be a sequence of Zy x O(n — 1)-symmetric expand-
ing gradient solitons with positive curvature operator, which satisfies
R(p;) = 1 and the asymptotic volume ratio AVR(g;) — 0 as i — oc.
Let C; > 0 be the constant such that (M, g;, fi, p;) satisfies the soliton
equation

1

g =V2f.
QCZ g’L f’L
Then the following lemma shows C; — oo as ¢ — 00, and hence there is a
subsequence of (M, g, fi, pi) smoothly converging to a steady gradient
soliton.

(2.5) Ric(g;) +
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Lemma 2.3. Let (M, g;, fi,pi) be a sequence of Zs x O(n — 1)-
symmetric expanding gradient solitons with positive curvature operator.
Suppose Ry, (p;) =1 and AVR(g;) — 0 as i — oco. Then a subsequence
of (M;, gi, fi,pi) smoothly converges to an n-dimensional Zy x O(n—1)-
symmetric steady gradient soliton (M, g, f,p).

Proof. Suppose (M, g;, fi,p;) satisfies
1
2.6 Ric(g;) + ==9i = V2f;
(26) o) + 550 =

for some constant C; > 0. Let (M;,gi(t), fit,pi), t € (0,00), be the
Ricci flow generated by (M;, gi, fi, pi), where g;(t) = C%Qﬁf,t—cigh fir =
i, Jir and {@i s }se(— 0y 00) 18 the family of diffeomorphisms generated

by Sjr%l V fi with ¢¢ the identity. By a direct computation we can show

. 1_
(2.7) Ric(gi(t)) + 5,9:(t) = V2 fits
for all positive time . In particular, we have g;(C;) = g; and Ry, (1)(pi) =
C;.

We claim that C; — oo as ¢ — oco: Suppose this is not true. Then
by passing to a subsequence we may assume C; < C for some constant
C > 0 and all 7. We shall use C to denote all positive constant that is
independent of 3.

First, by Lemma 2.2 we have injgi(l)(pi) > C~! and

C
(2.8) R, 1) (2) < Ry, 1) (pi) < T

for all x € M; and t € (0,00). So by Hamilton’s compactness for
Ricci flow [20] we may assume after passing to a subsequence that the
Ricci flows (M;, gi(t),pi), t € (0,00), converges to a smooth Ricci flow
(Mo, goo(t), Poo) on (0, 00). Assume f;1(p;) = 0, then by |V fi 1](p;) =0
and Ricg, (1) —1—%@(1) = V2f;1, we can apply Shi’s derivative estimates
[25, 26], to get bounds for higher derivatives of curvatures, and thus
bounds for higher derivatives of f;1. So we may assume f; converges
to a smooth function fy satisfying Ricy__ (1) —i—%goo(l) = V2f,, which
makes (Moo, goo(t), Poo) an expanding gradient soliton. Since R, ;) < %,
it follows that Ry ;) < %

This curvature condition combined with Hamilton’s distance distor-
tion estimate, see e.g. [14, Section 18.1] gives us a uniform double
side control on dg,;) and dy_ (), which implies the following pointed
Gromov-Hausdorff convergences

(2.9)
(M, Gi(t), pi) % (C(X:),01), (Moo, goo(t), Poc) % (C(X),0),
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where X;, X are some compact length spaces, and o;,0 are the cone
points of the metric cones C(X;),C(X), see e.g. [23, Section 5.3].

In particular, the first convergence is uniform for all ¢, which implies
pGH

(C(Xy), 01) ——= (C(X), 0).

Let #H,(-) denote the n-dimensional Hausdorff measure. Then since it

is weakly continuous under the Gromov-Hausdorff convergence [7], we
have

Hn(B(o,1)) = lim vol(B(0;,1)) = lim AVR(C(X;))

2.10 1— 00 71— 00
(2.10) — lim AVR(g;)

1—00

0

However, since (M, goo) is an expanding gradient soliton with Ric > 0,
it must have positive asymptotic volume ratio by a result of Hamilton
[14, Prop 9.46]. So by volume comparison we have

(2‘11) Hn(B(Ov 1)) = }{% Hn(Bt(pOOv 1)) > AVR(goo(t)) >0,

a contradiction. This proves the claim at beginning that C; — oo when
1 — 00.

Let g;(t) = gi(t + Ci), t € (—=Cj, 00), then g;(0) = g, Rg,0)(pi) = 1,
and

C;
(2‘12) R@(t) (I) = Rﬁi(t+C¢)(x) < <2

t+C; —

for all x € M; and t € (—% ). By Lemma 2.2 there is a subsequence
of (M;,g;(t),p;) which smoothly converges to a Ricci flow (M, g(t),p),
t € (—o0,00). Moreover, by the equation (2.6) and Shi’s derivative
estimates we obtain uniform bounds for all higher derivatives of f;.
Since C; — 0o as ¢ — 0o, we may assume by passing to a subsequence
that f; smoothly converges to a function f on M which satisfies Ric(g) =
V2f. So (M, g(0), f,p) is a steady gradient soliton. The Zy x O(n — 1)-

symmetry is an easy consequence of the smooth convergence. q.e.d.
Now we prove Theorem 1.1.

Proof of Theorem 1.1. We claim that there is a sequence of smooth
families of Zy x O(n — 1)-symmetric Riemannian manifolds {X; ., 1 €
[0,1]}¢2, diffeomorphic to S"~1, satisfying the following:

1) X is a rescaled round (n-1)-sphere;

2) diam(X;,) = 7 as i — o0;

3) Rm(X;,) > 1;

4) lim; 00 SUP,e(p,1) VOl (X ) = 0.
We say X, is Zo x O(n — 1)-symmetric if it is rotationally symmetric,
and there is a Zo-isometry that maps the two centers of rotations to
each other. We prove the claim in dimension n = 3 below, and the case
for n > 3 follows in the same way.



A FAMILY OF 3D STEADY GRADIENT SOLITONS 307

First, we construct a sequence of smooth Zs x O(2)-symmetric sur-
faces {X;1}:2, with K(X,; 1) > 1, diam(X; 1) — 7 and vol(X; 1) — 0 as
1 — oo. For each large i € N, let g; be the metric of the surface of rev-
olution (i~!sinrcosf,i~!sinrsind,r), r € [0,7] and 6 € [0,27]. Then
by a direct computation we see that Kuin(g;) = (i72 + 1)72. Then by
some standard smoothing arguments and suitable rescalings, we obtain
the desired sequence {X;1}9°;.

Second, for each large i, let h;(t) be the Ricci flow with h;(0) = X 1,
and assume its curvature blows up at 7; > 0. Let K;(¢) be the minimum
of K(h;(t)), and V;(t) be the volume with respect to h;(t). Then we can
find a smooth function r; : [0,7;] — Ry such that 7;(0) = 1, r;i(t) <

min{\/fg(%) ,,/“2((%)} for all t € [0,T;], and r;(t) = “2((%) when ¢ is

close to T; (note \/ “2((2; < \/ fg((é)) when i is sufficiently large since
lim;_,o Vi(0) = 0 and limsup;_,., K;(0) < 1). Then the rescaled Ricci
flow r?(t)h;(t) converges to a smooth round 2-sphere when t — Tj.
Moreover, by letting X; , = r2(T;(1 — p))hi(T;(1 — ), p € [0,1], we
obtain a smooth family of Zs x O(2)-symmetric surfaces {X;,} with
K(X;,u) > 1, vol(X;,) < vol(X;1), and X;p is a round 2-sphere. So
the claim holds.

Therefore, for each fixed ¢, by applying Deruelle’s result [17, Theo-
rem 1.4] to X; ., p € [0, 1], we obtain a smooth family of n-dimensional
expanding gradient solitons (M; ., Gi u, Pi,u), it € [0,1], with positive cur-
vature operator, and asymptotic to C'(Xj; ,). Moreover, by [17, Theorem
1.3], the Ricci flow generated by an expanding gradient soliton coming
out of C(Xj;,) is unique. So any isometry of C'(X;,) is an isometry
at any positive time of the Ricci flow. In particular, it implies that
(M s 9oy, Pip) 18 Zo x O(n — 1)-symmetric and (M; 0, gi,0,pi,0) is rota-
tionally symmetric.

By some suitable rescalings we may assume R(p;,) = 1, and by item
(4) we have

lim sup AVR(gi,) = lim sup AVR(C(X;,)) =0.
=00 1,€(0,1] 100 ,(0,1]

So we can apply Lemma 2.3 and by passing to a subsequence, we may
assume (M; 0, gio,pi0) and (M;1,gi1,pi1) smoothly converge to two
steady gradient solitons (Moo 0, 900,05 Poo,0) and (Meo 1, goo.15Poo,1) T€-
spectively. On the one hand, since (M; 0, gio,pi0) is rotationally sym-
metric, it follows that (Mo 0, goo,0, Poo,0) i rotationally symmetric, and
hence is a Bryant soliton, see e.g. [14].

On the other hand, since diam(X;;) — 7 when ¢ — oo, the as-
ymptotic cone for each (M;1,gi1,pin) converges to a half-plane, or
equivalently a cone over the interval [0,7]. So for each j € N and
all sufficiently large ¢, we can find points ¢; ;,7;; € M;1 such that

d(qi,j,pin) = d(rij,pi1) = j and £Lq; jpiari; > ™ — j~L. Passing to the
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limit we obtain points gj,7; € Mso1 with d(gj,poc,1) = d(7j,Po0,1) = J
and qupoqlrj > 1 — j~!. Then letting j — oo and passing to a sub-
sequence, the geodesics poo,1qj, Poo,17; converge to two rays which to-
gether form a line passing through p 1. Then by the strong maximum
principle of Ricci flow, (Mso 1, goo,1) is the product of R and an (n-1)-
dimensional rotationally symmetric steady gradient soliton with posi-
tive curvature operator, which is an (n-1)-dimensional Bryant soliton if
n > 3, and a cigar soliton if n = 3, see e.g. [14].

For a Zs x O(n — 1)-symmetric expanding or steady gradient soliton
(M, g,p) with non-negative curvature operator, we write A\1(g), A2(g) =
-+ = Ap(g) to be the n eigenvalues of the Ricci curvature at p in
the directions of I''(0) and its orthogonal complement subspace T,% =
(I’(0))*+. Since the Bryant soliton (Mw 0, ge0.0sPoo0) i Totationally
symmetric around ps 0, the eigenvalues of the Ricci curvature at pog o
are equal. So %(gwo) = 1. For any a € (0, 1), since i—;(goo,o) =1 and
i—;(goo,l) = 0, we have :\\—;(gi,g) > a and %(gm) < « when i is suffi-
ciently large. Since %(92}#) is a continuous function of u for each fixed
i, by the intermediate value theorem there is some pu; € (0,1) such that
i—;(gwi) = a. Applying Lemma 2.3 to the sequence (M; ,i;, Gipui» Pip;)
and taking a limit, we obtain an n-dimensional Zy x O(n — 1)-symmetric
steady gradient soliton (M, g,p) with %(g) = «. This proves Theo-
rem 1.1. q.e.d.

3. Asymptotic geometry of steady gradient solitons

In this section, we study the asymptotic geometry of n-dimensional
Zs x O(n — 1)-symmetric steady gradient solitons. We show that such
a soliton strongly dimension reduces to an (n — 1)-dimensional ancient
Ricci flow along an edge (see below for definitions). In particular, when
n = 3, the 2d ancient Ricci flow is the cigar soliton, assuming in ad-
ditional that the scalar curvature does not vanish at infinity. See also
[13] for discussions of dimension reductions of 4d non-collapsed steady
gradient solitons.

Definition 3.1. Let (M™, g,p) be an n-dimensional Zs x O(n — 1)-
symmetric steady gradient soliton. We say that it strongly dimension
reduces along I' to an (n — 1)-dimensional ancient Ricci flow (N, g(t)),
if for any sequence s; — 00, a subsequence of (M, Kig(Ki_lt),F(si)),
t € (—o0,0], where K; = R(I'(s;)), smoothly converges to the product
of R and (N, g(t)).

We also say an (n — 1)-dimensional ancient Ricci flow (N, h(t)) is a
dimension reduction of (M", g,p) along I', if there exists s; — oo
such that (M, K;g(K; 't),T(s;)), t € (—00,0], where K; = R(T(s;)),
smoothly converges to the product of R and (N, h(t), peo)-
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First we prove a lemma about the relations between the potential
function and distance function.

Lemma 3.2. Let (M", g, f,p) be an n-dimensional steady gradient
soliton with Ric > 0. Suppose v : (0,00) — M is an integral curve of
v/

ik and limg_0y(s) = p. Then for any € > 0, there exists so > 0 such

that for any so > s1 > sg we have

(3.1) (1 —e€)(s2 —s1) < d(v(s1),7(s52)) < (52 — 51).

In particular, we have (1—€)s < d(p,v(s)) < s for all s > syg. Moreover,
let o :[0,d(p,~(s))] = M be a minimizing geodesic from p to~y(s). Then

(3.2) £(d'(d(p,7(s))), V) < e

Proof. Without loss of generality, we may assume f(p) = 0 and
lims oo |[Vf|(7(s)) = 1 after a suitable rescaling. We use € = €(s)
to denote all functions such that lim,_,~ €(s) = 0.

On the one hand, for any so > s; > 0, let o : [0,D] — M be a
minimizing geodesic from v(s1) to v(s2), where D = d(v(s1),7(s2))-
Since L(Vf,o’'(r)) = V2f(c'(r),0'(r)) > 0, we obtain

D
(83)  f(v(s2) — f(y(s1)) = /0 (V1,0/(r)) dr < D (V,0'(D)),
which by |V f] <1 implies

(3.4) f(v(s2)) = f(v(s1)) < d(v(s1),7(52))-

On the other hand, since lims_,o |V f|(7(s)) = 1, there is sg > 0 such
that |V f|(v(s)) > 1 — € for all s > sg. Therefore, for all s5 > s1 > s¢
we have

flats2) — frts0) = [ T FA () dr
(3.5) 5
= [ 19160 = (1= sz - )

which together with (3.3) proves the first inequality in (3.1), where the
second inequality is an easy consequence of |7(s)| = 1. The inequality
of d(p,v(s)) follows (3.1) and a triangle inequality.

Now let o : [0,d(p,7(s))] = M be a minimizing geodesic from p to
v(s). Then (3.3) implies

(3.6) F(y(s)) < d(p, () (V.0 (d(p,~(s))))-
Moreover, by (3.5) and lim,_,~ f(7(s)) = oo we have
(3.7)

d(7(s0),7(s)) <5 —s0 < (1+€)(f(7(s)) = F(7(s0))) < (1 +€)f(7())
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for all s sufficiently large, which by lims_, o d(p,v(s)) = oo and triangle
inequality implies

(3.8) d(p,7(s)) < d(p,7(s0)) + d(v(s0),7(s))
' < (14 €)d(v(s0),7(s)) < (1 + €)f(v(s))-
This fact combined with (3.6) and |V f| < 1 yields
A f(r(s))
39 () = 00
which proves (3.2). q.e.d.

The following lemma shows that all dilation sequence along T’
smoothly converges to a limit after passing to a subsequence. The lim-
its are all products of a line and some rotationally symmetric ancient
solution.

Our main tool is Perelman’s curvature estimate for Ricci flows with
non-negative curvature operator, see for example [22, Corollary 45.1(b)],
or a more general result in [1, Proposition 3.2]. It implies that for a
Ricci flow with non-negative curvature operator (M, g(t)), t € [—1,0],
assume By () (7o,1) > £ > 0 for some xg € M, then there is C(k) > 0
such that R(zo,0) < C.

Lemma 3.3. Let (M",g,p) be a non-flat Zy x O(n — 1)-symmetric
n-dimensional steady gradient soliton. Then there is C' > 0 such that
the following holds:

For any s; — +o00, a subsequence of (M,K,-g(Ki_lt),I‘(si)), t €
(—00,0], K; = R(I'(s;)), smoothly converges to an ancient Ricci flow
(R X goo(t), Do), where goo(t) is an (n — 1)-dimensional ancient Ricci
flow with positive curvature operator and R < C. Moreover, the vectors
R™Y2(I(5;))T"(s;) smoothly converges to a unit vector in the R-direction
of R X goo(t), and goo(t) is rotationally symmetric around peo.

Proof. If Rm > 0 does not hold, then by the strong maximum prin-
ciple the soliton is R x Bryant for n > 4, or R x Cigar for n = 3. The
conclusion clearly holds in these cases, so we may assume Rm > 0.

Let r(s) = sup{p > 0 : vol(B(I'(s), p)) > %§p"} where w is the volume
of the unit ball in the Euclidean space R™. Since the asymptotic volume
ratio of any non-flat ancient Ricci flow with non-negative curvature op-
erator is zero by Perelman’s curvature estimate [22, Corollary 45.1(b)],
we have r(s) < oo for each s, and lims_, Lj) = 0. Moreover, by the
choice of r(s) we have vol(B(I'(s),7(s))) = $r"(s).

For any D > 0 and any = € B(I'(s), Dr(s)), by the volume compar-
ison we have vol(B(z,7(s))) > C;'r"(s) for some C1(D) > 0. There-
fore, by Perelman’s curvature estimate we can find constants C2(D) > 0
such that R < Cyr=2(s) in B(I'(s), Dr(s)). By Hamilton’s Harnack in-

equality %R(-, t) > 0 for ancient complete Ricci flow with non-negative
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curvature operator [19], this implies R(x,t) < Cor2(s) for all z €
B(I'(s),Dr(s)) and t € (—o00,0]. In particular, there is Cp > 0 such
that Cy'r(s) < R7Y2(T'(s)), and inj(T'(s)) > C;'r(s) by the volume
bound.

Therefore, for any s; — oo, by Shi’s derivative estimates and Hamil-
ton’s compactness theorem for Ricci flow, we may pass to a subsequence
and assume (M,7r2(s;)g(r?(s;)t),T(s;)), t € (—00,0], converges to an
ancient solution hoo(t). Let T';j(s) = T'(r(s;)s + s;), s € (—00,00). Sup-
pose I'; converges to the geodesic ' in hoo(0) as ¢ — oo, modulo the
diffeomorphisms. We claim that I is a line: Since limg_, o @ — 0,
we have s; — Dr(s;) — oo, by which we can apply Lemma 3.2 and de-
duce that for any D > 0 that £T;(—D)[3(0)T4(D) — 7 as i — oo.
So d(I'eo(—D),T's(D)) = 2D. Letting D — oo, this implies 'y is a
line.

Next we claim that there is some C3 > 0 such that R~Y/2(I'(s)) <
Csr(s) for all large s. Suppose by contradiction this does not hold, then

. X —1/2 )
there is a sequence s; — oo such that lim; RTW = 0o. Then by

taking a subsequence we may assume (r~2(s;)g, ['(s;)) converges to (R x
Joo(t), Poo), Where goo(t) is some (n — 1)-dimensional ancient solution.

On the one hand, as a consequence of taking the limit, we have
vol(B(poo, 1)) = 4§ and R(ps) = 0, which by the strong maximum
principle implies that goo(t) is flat. On the other hand, since I'; con-
verges to a line, we can find a sequence D; — oo such that >; :=
expr(si)(f"(si)l) N B(L'(si), Dir(s;)) with the metric gs, induced by g
is a smooth surface which is rotationally symmetric around I'(s;), and
(r=2(s;)gs,,[(s;)) smoothly converges to (goo(0), Poo). SO goo(0) is Tota-
tionally symmetric around pso. Since goo(0) is flat, it must be isometric
to R*~!, which implies vol(B(peo,1)) = w > 3, a contradiction.

Then it follows from Cy 'r(s) < R™Y2(T'(s)) < C37(s) that the Ricci
flows (M, K;g(K; 't),T(s;)), t € (—00,0], K; = R(T(s;)), smoothly con-
verges to an ancient Ricci flow (R X goo(t), poo) as claimed. Since goo(t)
is rotationally symmetric and has positive curvature, the uniform cur-
vature bound R < C follows easily by applying Perelman’s curvature
estimate. q.e.d.

As a corollary of Lemma 3.3, we show that the n-dimensional steady
gradient solitons from Theorem 1.1 are all non-collapsed if n > 4. In
particular, combining with Theorem 1.1 this proves Corollary 1.2.

Definition 3.4. A Riemannian manifold (M™, g) is non-collapsed if
there exists a constant x > 0 such that for any z € M and r > 0, if
|Rm| < 772 in the ball B,(z,r), then voly(By(z,r)) > kr". Otherwise
we say (M, g) is collapsed.
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Corollary 3.5. For any n > 4, let (M™,g,p) be an n-dimensional
non-flat Zy x O(n — 1)-symmetric steady gradient soliton. Then it is
non-collapsed.

Proof. Let wy, be the volume of the unit ball in R for any n € N. Sup-
pose the conclusion is not true, then there is a sequence of points x; € M
such that £t — oo as i — oo, where 7; = sup{p > 0 : voly(Bgy(;, p)) >
“apt} and 7; = sup{p > 0 : [Rm| < p~2in By(w;,p)}. We shall
use C' to denote all positive constants that are independent of i. By
the same limiting argument as Lemma 3.3, we may assume by passing
to a subsequence that (M,7; 29, x;) smoothly converges to a manifold
(Moo, goos Too), Which is flat and satisfies voly, (By., (700, 1)) = .

Let g, = 7, 2g. We first assume that there is y; € T' such that
dg,(zs,y;) < C for all i. Then a subsequence of (M, g;,y;) converges to
(Moo, goos Yoo) for some yoo € M. By Lemma 3.3, (M, goo) is a prod-
uct of R and an (n — 1)-dimensional rotationally symmetric manifold.
Since (Moo, goo) is flat, it must be isometric to R™, which contradicts
the choice of w,,.

Next, assume lim; o dg,(2;,I") = 0o. Let h; be the metric induced
by g; on the totally geodesic surface N, and assume z; € N. Then g; =
hi + @2ggn—2 on By, (z;, 3dg, (z;,T)), where ¢; = 7; 1. Since Rm,, > 0
and voly, (By,(7;,1)) = “*, by the same reason as in Lemma 3.3, we
have |Rm|,, < C on Bg,(z;,1000) cCc M \T. So |[Rm|,, < C on
By, (x,1000) CC N. Then by the concavity of ¢;, there does not exist
any h;-geodesic loop in By, (x;,1000). So it follows by the Klingenberg’s
estimate (see e.g. [24, Chapter 5, Section 9.2]) that inj, (z;) > C71,
and hence voly, (Bp, (7;, 1)) > C~L.

Since By, (z;, %dgi (2, 1)) is relatively compact in N, it follows by the
same curvature estimates as Lemma 3.3 that a subsequence of (N, h;, ;)
smoothly converges to a complete manifold (Nso, oo, Zoo), Which is dif-
feomorphic to R2. Since (Nuo, hoo) is totally geodesic in (Mso, goo), it is
isometric to R2.

If pi(z;) — 0o as i — oo, it is easy to see that (M, goo) is isometric
to R™, a contradiction. Otherwise, there is C' > 0 such that ¢;(z;) < C
for all 3. Then by the curvature estimates and (2.1), a subsequence
of ¢; smoothly converges to a positive function ¢, such that g, =
gr2 + P2 ggn-2. Since n > 4, this contradicts the fact that (Mu, goo) is
flat, hence proves the corollary. q.e.d.

To rephrase the statement of Lemma 3.3 and use it to prove a more
accurate dimension reduction theorem in dimension 3, we introduce the
definition of e-closeness between two Ricci flows.

Definition 3.6. For any ¢ > 0, a pointed Ricci flow (M, g1(t),p1),
t € [-T,0], is said to be e-close to a pointed Ricci flow (Ma, g2(t), p2),
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t € [-T,0], if there is a diffeomorphism onto its image
¢ : BQQ(O)(anE_l) — M,
such that ¢(p2) = p1 and ||¢p*g1(t) — 92(t)|’c[r1](U) < e for all t €

[~ min{T, e 1},0], where the norms and derivatives are taken with re-
spect to g2(0).

By this definition, Lemma 3.3 shows (R(I'(s))g(R™(T'(s))t),T(s)) is
e-close to the product of R and a dimension reduction for all sufficiently
large s. Moreover, a dimension reduction (Mo, goo(t), Poo) is an (n—1)-
dimensional ancient solution with positive curvature operator and it is
rotationally symmetric around puo.

In dimension 3, the next theorem shows that M., is non-compact, if
the original soliton is not a Bryant soliton. Moreover, if lim;_, o R(I'(s))
is positive, then the soliton strongly dimension reduces along I' to a cigar
soliton.

Theorem 3.7 (Dimension Reduction). Let (M,g, f,p) be a non-
flat 3d Za x O(2)-symmetric steady gradient soliton, which is not a
Bryant soliton. Then any dimension reduction of (M,g,p) along T
is mon-compact. In particular, if lims_,o R(I'(s)) > 0, then (M,g,p)
strongly dimension reduces along T to a cigar soliton (Mo, goo(t), Poo),
t € (—00,0], with R(pso,0) = 1.

Proof. Let € > 0 be sufficiently small. We denote by ey all positive
constants that depend on € such that ex — 0 as e — 0.

For each sufficiently large s, by Lemma 3.3 there is a dimension reduc-
tion (hs(£), ps) of (M, g, p) along T', so that (R(T(s))g(R~(T(s))t), T(5))
is e-close to (R X hs(t),ps). By Lemma 3.3, (hs(t),ps) is a 2d ancient
Ricci flow rotationally symmetric around ps; and R(ps,0) = 1. Note
the choice of hs(t) may not be unique for a fixed s, but any two such
solutions are ex-close to each other. Let

(3.10) F(s) = diam(hs(0)) € (0, o0].

First, if limsup, ., F(s) < g5, then there is k = r(e) > 0 such

that all hs(0) is xK-non-collapsed. This implies easily that (M, g,p) is
k-non-collapsed, and hence is a Bryant soliton, as a consequence of the
uniqueness of the Bryant soliton among 3d non-collapsed steady gradi-
ent solitons [4], or among 3d k-solutions [2, 5]. This is a contradiction.
So limsup,_,4, F(s) > a5 > 100m.

Next, we claim that F(s) > D := 55 for all large s: First, choose
so such that F'(sg) > 3D, and let

(3.11) s1 =sup{s > so | F(p) > 2D for all p € [s,s0]}.

Then F(s1) € [2(1 — e4)D,2(1 + ex)D] and (hs, (t),ps,) is a Rosenau
solution by the classification of compact ancient 2d Ricci flows [15].
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Moreover, assume ¢ is sufficiently small, then 1 —ex < R(ps,,t) <1 for
all t <0, see e.g. [14, Chap 4.4], and

(312)  diam(hs, (t))RY?(ps,,t) > (1 — e4)F(s1) > 2(1 — e4) D

for all ¢ < 0. Moreover, by a distance distortion estimate, see e.g. [22,
Lem 27.8], we can find a t; € [—e~%,0) such that

(3.13) diam (R, (t1))RY?(ps,, t1) = 4D.

Since g(t) = ¢;(g), where {$:}1e(—o0,00) 18 the flow of =V f with ¢
the identity. We see that (g(t),I'(s)) is isometric to (g, ¢:(I'(s))), and

since I' is the integral curve of lg—ff‘, by a direct computation we obtain

(3.14) $(T(s)) =T (s— / Vf|<¢ﬂ<r<s>>>du).

Let so = s1 — [ [V f](6u((s1))) dp, where Ty = ;R (I(s1)) < 0.
Then sy > s1, ¢, (['(s1)) = T'(s2), and (g(71),T'(s1)) is isometric to
(9,T(s2)). The conditions (3.12)(3.13) imply F(s) > 2(1 —ex)D > D
for all s € [s1,s2], and F(s2) > 4(1 — ex)D > 3D. In particular, this
implies s — s1 > R™Y2(I'(s1)) > R™'/2(p).

Therefore, by induction we find a sequence {sa1}72, such that sg, —
S9(k—1) = R~1/2(p) for all k > 1 and

(3.15) F(s) > D for all s € [sy_1),s2k], F(s2x) > 3D.

This implies F(s) > D = 555 for all large s. Letting e — 0, it follows
that any dimension reduction along I' is non-compact.

Now assume limg_,oo R(I'(s)) > 0. Suppose (goo(t),Poo) is a dimen-
sion reduction, and (M, R(T'(s;))g(R™Y(T'(s;))t),T'(s;)) smoothly con-
verges t0 (Moo, R X goo(t), o) for a sequence s; — oo. Let f; =
f — f(I'(s;)). Then f; smoothly converges to a function fo, on My
satisfying Ric = V2 f,, with respect to the metric R x goo(0). S0 goo(0)
is a 2d non-flat steady gradient soliton, which must be a cigar soliton
[18]. q.e.d.

4. Existence of 3d flying wings

In this section, we prove Theorem 1.3, 1.5 and corollaries. Lemma 4.2
shows that the asymptotic cone of a 3d Zz x O(2)-symmetric steady
gradient soliton is a metric cone over [-§, §] for some o € [0, 7]. Theo-
rem 1.3 shows that the soliton must be a Bryant soliton, if the asymp-
totic cone is a ray. So the family of 3d steady gradient solitons from
Theorem 1.1 are all flying wings, which confirms Hamilton’s conjecture.

Throughout this section we assume (M, g, p) is a non-flat Zs x O(2)-
symmetric 3d steady gradient soliton, and I' and ¥ are the fixed point

sets of the O(2) and Zs-action respectively. Moreover, I : (—o0,00) —
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M is parametrized by arclength so that IV(s) = %(F(s)) for s > 0.
We also assume R(p) = 1.

The next lemma shows that the integral of scalar curvature in metric
balls increases at least linearly in radius. We remark that this is also
a consequence of [10], which shows that the only 3d steady gradient
solitons satisfying liminf, .o % f B(p.s) R dvoly; = 0 are quotients of R?
and R x Cigar. The proof below is self-contained and more direct under

the symmetric assumption.

Lemma 4.1. There exists C' > 0 such that fB(p 5) R dvoly > C1s
for sufficiently large s.

Proof. Fix some small € > 0 and let sg > 0 be large enough such that
Lemma 3.2 holds for e. Consider the covering of I'([so, s]) by {I'([x —

RV2(T(w)), i+ RV ())) puefso,s) - Let {T (s = BTY2(T(a)), i+
R™Y2(D(:))]))}™, be a Vitali covering of it, which is disjoint from
each other and T'([sg,s]) is covered by {T'([ui — 5R™Y2(T'(u)), pi +
SRYV2(T (1)) Yy So for any p; < pj,

(4.1) gy — e > RYAO () + B0 (ug) > RV (),
and
(4.2) 5— 80 < zm: 10R™Y2(D(1y)).

=1

Let c = %, we claim

B(L (), cR™(D(p))) N B(L (), cR™Y2 (D (1)) = 0.

Otherwise, we have d(I'(u;),T(115)) < 2cR™Y?(I'(u1)), and by Lem-
ma 3.2 we get

iy — i < (1— 7 d(0(), (1)) < 2(1 = )" R™V2(D (1))

3 < BT (y)),

which contradicts (4.1).
By Theorem 3.7 (Dimension Reduction) and Shi’s derivative esti-
mates, there is some C7 > 0 such that

(4.4) Rdvoly > CTER™Y2(T(s)),

/B(F(s),cR_1/2(F(S)))

R™1/2(I(s))

for all s > s after possibly increasing sg. Since limg_ oo =0,

which can be seen from the proof of Lemma 3.3, we have

B(T (i), cR™Y2(T(13))) € Blp, 2s)
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for all 7. Therefore, by (4.2) and (4.4) we obtain

m

(4.5) / Rdvoly >
B(p,2s) Z

=1

/ Rdvolys > 02_18
B(T (p4),cR™1/2(T (1))

for some C5 > 0. q.e.d.

The next lemma shows that for any non-flat Zy x O(2)-symmetric
3d steady gradient soliton (M, g,p), the space of equivalent classes of
rays is an interval [—§, §], where o € [0,7]. So the asymptotic cone
is a sector with angle o € [0, 7]. Moreover, the minimizing geodesics
between p and points going to infinity along I' and ¥ converge to a ray

in the class £5 and 0 respectively.

Lemma 4.2. The asymptotic cone of (M, g,p) is a metric cone C(X)
over the interval X = [—§, 5] for some a € [0, 7], and

1) For any sequence s; — +o0o, the geodesics between p and T'(s;)
converge to the equivalent class § € X.

2) For any sequence q; € ¥ and g; — 00, the geodesics between p and
q; converge to the equivalent class 0 € X.

3) For any q; € ¥, ¢ — o0, and o; = I'(s;), s; — o0, such that
Ctd(p,0;) < d(p,q) < Cd(p,0;), we have lim; o £q;po; = g

Proof. The conclusion clearly holds for R x Cigar with o = 7, so we
may assume (M, g, p) is not isometric to R x Cigar. For any s; — oo, let
p; = I'(s;) and p; = I'(—s;). Assume after passing to a subsequence that
the minimizing geodesics pp;, pp,; converge to two rays 71, 7y, respectively.
Let v2,75 be two rays starting from p. We will show that 2(71771) >
£(72,72), and the equality holds only when £(v1,7v2) = £(7;,7,) = 0
(after possibly switching 7 and 7;). Assume this holds, then the space
of the equivalent classes of rays (X, dx) is an interval [~§, §] for some
a € [0, 7], which proves assertion (1). We will use ¢; for all constants
that go to zero as i — oo, and C for all constants that are independent
of 4.

Let v; be a minimizing geodesic connecting p; and p;, then by the
concavity of ¢ it is clear that «; N I'(—o0,00) = {p;,p;}. Moreover, we
claim

(4.6) C~ld(p,pi) < d(p,vi) < d(p, pi)-

The second inequality is clear. Suppose the first inequality does not
hold. Let = € 4; such that d(p, ;) = d(p, x), then

(4.7)
d(pi; p;) = d(pi, ©) + d(z, p;)
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which implies Zpip@ > m — ¢;. Hence, Z('yl,ﬁl) = lim; 00 Zpip@- =7
and (M, g) is isometric to R x Cigar, contradiction.

Let & = ¢~ 1(7;), where ¢ : (M \ T, g) — (N, gn) is the Riemannian
submersion. Then Y; is homeomorphic to a 2-sphere, and it separates
M into two components. Since p is contained in the bounded component
and 2,7, start from p, it follows that v2, 7%, must intersect with ;. By
replacing ~; with its image under the action of some 7 € O(2), we may
assume g, 7, intersect with ; at g;, g; respectively. Assume d(p;, ¢;) <
d(pi,q;) by possibly switching 72,75, and passing to a subsequence. We
claim
(4.8) ApipP; > £pipgi + £4ip; + £P;p;.

To show the claim, we develop three triangles Apip'q,, A¢ip'q,, Ap;p’ q;
on the Euclidean plane. This means that we pick five points p', pf, ¢/,
P., g in the Euclidean plane R? so that

(4.9)
lp'pi| = d(p,pe), [P @il = d(p, pi), 0G| = d(p. @), [P'Di| = d(p,D;),
‘pzqz‘ d(pi,(h‘) |Q7,Q7,| d(Qhaz) ’qsz‘ d(qz>pz)7

and the two pairs of points P, 7, and ¢, P, are situated on opposite sides
of the lines p'q; and p'q, respectively. Then

(4.10)
LPp'D; = Lpip'q; + Lqip'T; + £GP, = Lpipai + LqipG; + <pp;-
Since ~; is a minimizing geodesic between p; and p;, we have
(4.11)
d(pi, p;) = d(pi, @) + (i, @;) + d(@;, B;) = [pigi| + |ai@| + [@05| > |pipil-
Comparing the two triangles Apipﬁi and Apip'p,, they have two equal
sides, and d(pi, ;) > |pip|. Hence their angles also satisfy the inequality
Apipp; > Apip'D}, which combined with (4.10) gives the claim (4.8).
Since pp; converges to y1, we have £p;px; < €;, where x; =~1(d(p, pi)).

Note also by (4.6) and triangle inequalities we have

Cd(p,q;) < d(p,p;) < Cd(p,q:),

so by a direct computation we can estimate
(4.12) Lpipqi > Lxipg; — €;.

So by the angle monotonicity we get épzpqz > A(fyl, Y2) — €. Sumlarly,

we obtain £p;pg; > £(7;,7,) — €. Note also that £gipg; > £(72,75)-

Letting ¢ — oo, (4.8) implies the following

(4.13)  L(n,71) = Ly, 72) + £(12,72) + L (71, Ta) > £(72, 7).
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In particular, the equalities hold if and only if £ (71, 72) = £(71,7,) = 0,
which proves assertion (1) by the explanation at the beginning.
Assertion (2) follows immediately from the fact that ¥ is the fixed
point set of the Zg-action. Assertion (3) is a consequence of (1) and (2)
and the fact that C(X) is isometric to the Gromov-Hausdorff limit of
(M, N\ig,p) for any sequence A\; — 0. q.e.d.

From now on we will further fix the following objects: A minimizing
geodesic v : [0,00) — X starting from p such that v((0,00)) C N,
and two functions hi(s) = d(y(s),I') and ha(s) = p(y(s)) that can be
thought of as “dimensions” of the soliton. For example, we have hi(s) ~
sY/2, hy(s) ~ s'/? in a Bryant soliton, and h;(s) ~ s, limy_,o ha(s) < 00
in R x Cigar. We establish inequalities between these two functions and
R(v(s)) in the following three lemmas, when s is sufficiently large.

For convenience, in the rest proofs we shall often use €(s), and some-
times abbreviate it as e, for all functions such that limg_,~ €(s) = 0,
and use C to denote all positive constants.

Lemma 4.3. There exists C > 0 such that h?(s)R(v(s)) < C for all
large s.

Proof. Without loss of generality we may assume o < m, because
otherwise (M, g,p) is R x Cigar, where the assertion follows from the
exponential decay of the scalar curvature. Let p; = (s) and py = I'(s')
such that d(p1,T") = d(p1,p2)-

On the one hand, since a < 7, by Lemma 4.2 it is easy to see that
s’ — oo as s — oo, which allows us to apply Lemma 3.2 and see that
the angle between V f(p2) and pps at po is less than e(s). Since p1ps
is orthogonal to V f(ps2) at p2, we get prgpl < Lppapr < G+ €(s).

Moreover, Lemma 4.2 also implies |<pipps — S| < €(s), it follows that
(6

Appips — (5 — ) = —e(s). Choose p/,py in the minimizing geodesics

between p,p1 and pi,ps such that d(pi, ph) = d(p1,p’) = $hi(s). Then
by angle comparison £p'p1ph > Lppipa > § — § — €(s), and hence
voly (OBN(p1, 5h1(s))) > d(p', ph) > C~'hi(s). So by volume compari-

son on N we get
1
(4.14) voly (BN (p1, 2h1(8)>> > C7 R (s).

On the other hand, let ]\% — My := M \ T be the universal cov-
ering, and (Z\%,E(t),ﬁl) be the pull-back Ricci flow of (Mo, g(t),p1),
t € (—00,0], where g(t) is the Ricci flow associated to the steady
gradient soliton (M, g,p) with g(0) = g. Then g(0) = gn + ©?dbH?,
f € (—00,00). Assume p1 = (p1,0) € My = N x R. Then for any (z,6)
with z € By (p1, 3h1(s)) and 6 € [0, S~ (z)h1(s)]] by triangle inequal-
ities it is easy to see that (z,0) € By (p1,h1(s)). Hence, combining
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this with (4.14) we get
(4.15)

volg(o)(Bg(o)(P1, hi(s))) >

o

397 (@)ha(s)
/ () db dvol(x)
BN (p1,5h1(s))
1
ha(s) vl (B (p1, 5hi(s)) = C~1hi(s).

N =

So by Perelman’s curvature estimate, we get R(p1) = R(p1) < C hy%(s)
q.e.d.
( —

Lemma 4.4. Suppose (M, g,p) is not a Bryant soliton. Then Zf(z
0 as s — oo.

Proof. Since the assertion clearly holds for R x Cigar, we may assume
o < w. Suppose by contradiction that there is a sequence s; — oo

such that % > C~1 > 0 for some C > 0 and all i. Let o; be a

minimizing geodesic from some point ¢; € I" to v(s;) such that hj(s;) =
d(v(s;),qi). Then o; intersects with I' orthogonally at ¢;. Moreover,
by the assumption @ < 7 and Lemma 4.2, it is easy to see ¢; — ©0.
Let ¥; = ¢ 1(0;), where ¢ : (M \ T, g) — (N, gn) is the Riemannian
submersion. Then (%;, g;) is a smooth rotationally symmetric surface
with non-negative curvature, where g; is the metric induced by g.

Since g; — oo, by Theorem 3.7 (Dimension Reduction), the pointed
manifolds (3;, R(I'(s;))gi, gi) smoothly converges to the time-0-slice of a
non-compact complete ancient Ricci flow (R?, goo (), ¢oo). Clearly goo(0)
is rotationally symmetric around ¢o, with R(g~) = 1, and we may write
Goo(0) = dr? + puo(r)dh?, 7 € [0, 0), for some function ps : [0,00) —
[0,00). Moreover, we have

(4.16) lim hi(s)RY?(T(s)) = oo,

because otherwise the limit is compact. Using the Jacobi comparison

p(oi(r))

along o;, we see that is decreasing. So

ploi(r)) _ w(oi(h(si))) hz(Sz)
(4.17) ; > e T (s5) =
for all € [0,hy(s;)]. Since limy_ o0 h1(s)RY?(I'(s)) = oo, the lower

bound (4.17) passes to the limit and gives ‘P%(r) > C~lorallr € [0,00).
In particular, the asymptotic volume ratio of g..(0) is positive, and
hence it is flat, a contradiction to R(gx) = 1. q.e.d.

>0 1

Lemma 4.5. Suppose the asymptotic cone of (M, g,p) is a ray. Then
there is some C > 0 such that h1(s)ha(s) > C~1s for all large s.

Proof. The assertion clearly holds when (M, g, p) is a Bryant soliton,
so we may assume below that (M, g, p) is not a Bryant soliton.
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On the one hand, fix some s >> 0 and let ¢ € I' be a point such
that d(q,7v(s)) = hi1(s). Let g be the image of ¢ under the Zs-action,
and o : [—%d(q,q), %d(q,q)] be a minimizing geodesic from ¢ to g. Then
by the Zs-symmetry it follows that o intersects orthogonally with ¥ at
0(0) and

(1.15) la,0(0)) = d(a. %) = yd(a.7).

Moreover, by replacing o with its image under the action of some 7 €
0(2), we may assume o(0) € 7. So we have

1
(4.19) 5a,@) = d(g,7) < d(g,7(5)) = I (s).
Note by Lemma 3.2 there are
(4.20)

(1—e(s)s < d(p,1(s) <5 and (1 —e(s))s < d(p.I(s)) < s.
Since the asymptotic cone is a ray, by Lemma 4.2 these imply

d(v(s), I'(s)) < e(s)s,

and
(421) Ba(s) = d(1(5), T) < d(7(5), T(5)) < e(s)s.
So by (4.18), (4.19), and triangle inequalities we obtain
(4.22)
‘d(p,a(o)) 3 1' < ‘d(p,a(o)) —d(p,7(s)) ' N ‘d(pm(S)) —s
< d(Qva(O))i_d(Q77(8)) —|—6(8) < 2h(19(8) —|—€(8) < 6(8).

Suppose o(0) = v(s") for some s’ > 0, then by Lemma 3.2 this implies
s < (14 €(s))s, which by the concavity of hy yields

(4.23) ha(s) > (1 — e(s))ha(s') > %m(s').

On the other hand, let Q(s) C M be the compact domain bounded
by 0Q(s) = ¢~ (o), where ¢ : (M \T,g) — (N, gn) is the Riemannian
submersion. Let x € 0Q(s) be a point such that d(p, 92(s)) = d(p, x).
Then by (4.19) we have

(4.24) d(o(0),z) < ha(s') +d(q,q) < ha(s") + 2h1(s) < €(s)s.
Therefore, by (4.22) we have
(425)  d(09(s),p) > d(p, o(0)) — d(o(0),z) > (1 — (s))s,
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which implies €(s) D B(p,3s). Let il be the unit outwards normal
vector on 09(s) \ {q,q}, then by R(p) =1 we have (Vf, i) < |Vf| <1.
Therefore, by Stokes’ theorem, R = Af, and Lemma 4.1 we obtain

Area(02(s)) > / (Vf, i) = Af dvolyy

(426) 00(s) Q(s)

> / Rdvoly > C~1
B(p,55)

By the Zo-symmetry we have % lr=0 @(c(r)) = 0, which combined with
the concavity of the Warplng function ¢ implies p(a(r)) < ¢(a(0)) =

ho(s') for all r € [—3d(p, D), 2d(p,P)]. So
Area(9Q(s /%/ d(qQ) 0 (¢:@)ha(s)
rea( ) drdf < 2md(q,q)hs(s
(4.27) d(qq)

S C’hl(s)hg(s),

where we used (4.19) and (4.23) in the last inequality. This together
with (4.26) proves the lemma. q.e.d.

Lemma 4.6. Suppose the asymptotic cone is a ray, and suppose also
limg_yo0 h2(s) < 0o. Then limg_,o R(I'(s)) > 0.

Proof. Suppose s is sufficiently large, and assume lim, o p(y(r)) =
lim; o0 ho(r) = C for some C' > 0. Let py = I'(s), p2 = I'(—s), and
o : [0,d(p1,p2)] =& M be a minimizing geodesic from p; to ps. Let
pp1,pp2, p1p2 = o be minimizing geodesics between these points. Then
since £p1pp2 < €(s), we have App1ps > Lppip2 > § — €(s).

For some s’ >> s, take ¢ = 7(s), and let gp1,gp2 be minimizing
geodesics between these point. By replacing ¢ = pip2 and pp; with
their image under the action of some 7 € O(2), we may assume that
£ppip2 + £qpip2 < 7. Since by angle comparison £pap1g > £paprq >
5 — €(s), it follows that ’A{pplpg - g’ < €(s). Note by Lemma 3.2 we
have £(Vf(p1),pp1) < e( ) so by triangle inequality we obtain

(4.28) (Vf,0" (1))(0)] + (V£ 0" (7)) (d(p2, p1))| < e(s).

By the dimension reduction Theorem 3.7 we have R~Y2(I'(s)) <
%d(pl,pg) and
(4.29) p(o(R7V2(T(s)) = CT RTVA(T(s)).
By the Zg—symmetry it follows that o intersects with ¥ orthogonally at
o (3d(p1,p2)), and ‘T—ld(pl 2 )cp(a(r)) = 0. So by the concavity of ¢
we get

(430) plo(R ) < (o (G ) < im o) =,

r—00

which together with (4.29) implies the lemma. q.e.d.
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Now we prove Theorem 1.5 of the equation

. . g o
(4.31) Slggo R(I'(s)) = sin 5
The main idea of the proof is as follows: First, for each sufficiently large
s, we find a unit speed minimizing geodesic ¢ : [0,a] — M from I'(s)
to I'(—s), such that £(Vf(c(0)),0’(0)) is close to =5, Then by the
Zy-symmetry we get that (V f,o’(r)) |§ is close to 2|V f[(I'(s)) sin §. By
the soliton equation Ric = V2 f we have

(4.32) (Vf,o(r) \8:/ Ric(o'(r), o' (1)) dr.
0

To estimate the integral [ Ric(o’(r),o’(r))dr, we split [0,a] into
three intervals [0, b1], [b1,b2], [b2,a], such that the manifold looks like
R x Cigar on ([0, b1] U [b2, a]), and the curvature is sufficiently small on
o([b1, b2]) such that the integral on this part is negligible. So the overall
integral is close to 2RY/?(T'(s)) cos 5. Therefore, the theorem follows
from (4.32) and the identity R + |V f|?> = R(p).

Proof of Theorem 1.5. Without loss of generality we may assume Rm >
0, and (M, g, f,p) is not a Bryant soliton, since the theorem clearly holds
for R x Cigar and the Bryant soliton. We may also assume R(p) = 1.

For each fixed s sufficiently large, let o : [0,d(p1,p2)] = M be a
minimizing geodesic from p; = I'(s) to po = I'(—s). By the soliton
equation V2f = Ric and by integration by parts we obtain

d(p2,p1)

(4.33) (Vf,0(r)) [dP2P1) = / - Ric(o’(r), o' (r)) dr.
0

First, we claim

(434)  [(VAS @) (7" =2 VA(D(s)) sin T | < e(s).

If o = 0, the claim holds by (4.28). So we may assume « > 0.

Let p3 = I'(2s), and ppa, pp1, p1p2, P1P3, P2p3 be minimizing geodesics
between these points, where pips = ¢ in particular. On the one hand,
by replacing geodesics pp1, p1p3 with their images under suitable O(2)-
actions (note p,p1,ps € I' are fixed under O(2)-actions), we may assume
Lpp1p2 + 4£pap1p3 < w. On the other hand, by Lemma 3.2 we have

d(p1,p3)
S

d d
(4.35) ‘W—1‘+‘M—2‘+’ —1‘§6(s),
s s
which by Lemma 4.2 implies

(4.36) }d(pl’m) — V2= 2cosa

S

< €(s).

+ ‘d(p27p3) — 5 —4dcosa

S
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Since a > 0, we have /2 —2cosa > 0. So by the cosine formula we
obtain

~ s (8]
(4.37) ’419]911?2 BT +

~ T+«
Apapips — 2‘ < €(s).

Then by the angle comparison it follows that £pp1ps > "5 4 €(s) and
Apopips > ”Ta + €(s), which combining with £ppips + Lpopips < w
implies

(4.38) 'Kpplpz - (W 5 a) ‘ < e(s).

Note by Lemma 3.2 we have £(V f(p1),pp1) < €(s), which combined
with (4.38) implies

(439 Vi) - (75| < o

So claim (4.34) holds.

It is clear R™'/2(T(s)) < €(s)d(p1, p2) for large s. Let
1

D(s) = ——
(%) = T000¢(s)
then D(s) < 3d(p2,p1). So it follows by the e-closeness at I'(s) to
R x Cigar that d(o(D(s)),T) > $D(s)cos%. Then by the same argu-
ment as in Lemma 4.3 we get R < C(D(s))~2 in the two metric balls
B(o(D(s)), 3D(s)cos ¢) and B(o(d(p2,p1) — D(s)), $D(s) cos ). This
implies by the second variation formula that

R7VA(D(s)),

d(p2,p1)—D(s) C
(4.40) / Ric(a'(r), o' (r)) dr < < e(s)RY*(I'(s)).
D(s) D(S)
Iflims_oo R(I'(s)) = 0, by the uniform curvature bound in Lemma 3.3
for all dimension reductions, we have

(4.41) R™Y2(D(s)) / Ric(o’(r), o’ (1)) dr < C,
I
where I = [0, D(s)] U [d(p1,p2) — D(s),d(p1,p2)] This fact combined
with (4.34)(4.40) and (4.33) implies & = 0. So the theorem holds in this
case.
If limg o0 R(I'(s)) > 0, we claim that

(4.42) ’<R1/2(F(s)) / Ric(a’(r),a’(r))dr) —2cos;“ < €(s).

I
To this end, let gop be the metric on R x Cigar such that R =1 at p; :=
(0,ztip) € R x Cigar. Then by Theorem 3.7 (Dimension Reduction),
there is a smooth map v : (Bg, (P, %),go,ﬁl) — (M, g,p1) that is a
diffeomorphism onto the image, such that |R(p1)y*g — 90’0[1/6] < e
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Let a(r) = ¢~ Yo(R™Y2(p1)r)), r € [0, 1555:] be a smooth curve on
R x Cigar. Then by (4.39) we have

(4.43) ‘4(0'(0),1;) - <7T 3 a) ’ < ¢(s),

where v € Tp, (R x Cigar) is a unit vector in the R-direction. More-
over, by V4,0’ = 0 we have |[V25'| < §(¢), where here and below d(e)
denote all constants that go to zero as ¢ — 0. In particular, we have

dgy(@(r), 5(r)) < 6(e), r € [0, 1555:), Where & : [0, 1o55:] — R x Cigar is

a unit speed go-geodesic starting from p; with £(6'(0),v) = 5. So
/ Ric(a'(r), ' (r)) dr —/ Ric(a'(r), ' (r)) dr
0 0

(4.44) < 5(e).

Note that for a cigar soliton with R = 1 at the tip, the sectional cur-
vature K equals to % at the tip, and the integral of K along a geodesic
emanating from the tip is fooo Kdr = OOO %sechQ(%T) dr = 1. Note also
that the projection of 6 on {0} x Cigar C R x Cigar is a geodesic ema-
nating from the tip, which forms an angle with & equal to § at p;, we
get

To00: o
(4.45) / Ric(6'(r),d'(r)) dr — cos 5 < é(e),
0
and hence by (4.44) we get
To00: o
(4.46) / Ric(a'(r),a (r)) dr — cos 5 < 0(e).
0

Rescaling back, this gives

(4.47) < e(s).

D(s) N
(R_l/Q(I‘(s))/O Ric(o'(r), o' (r)) dr) — 2cos 5

Similarly we can show the same inequality holds at ps. So the claim
(4.42) holds.
Claim (4.42) combined with (4.40) implies

(0%

d(p2,p1)
(4.48) /0 Ric(o’(r), o' (r)) dr — 2RY?(T(s)) cos ) < e(s).

Combining (4.34)(4.48) in (4.33) and letting s — oo we obtain
(4.49) lim [V f\(F(s))sin% = lim RY2(I(s)) cos =.

5§—00 2

By the identity R+ |V f|> = R(p) = 1, this implies lim,_,o, R'/?(I'(s)) =
sin § and lims o [V f|(I'(s)) = cos §, which proves the theorem. q.e.d.
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Corollary 1.6 follows immediately from Theorem 1.5 and Theorem 3.7.

Now we prove Theorem 1.3 by a bootstrap argument, and the main
idea can be summarized as the following: First, since ¢ = gn +¢?d#? on
M\T, the vector field % is a killing field. Then by the killing equation
and the soliton equation we can establish the following inequality:

ha(s)
(4.50) ha(s) < CR(~(s)).
If the soliton was not a Bryant soliton, then by combining the es-
timates from Lemmas 4.3-4.5 in the equation (4.50), we will obtain
ha(s) << s'/2. Replacing Lemma 4.4 with this new upper bound, the
same argument will show ha(s) < C. This by Lemma 4.6 would imply
lims_,oo R(I'(s)) > 0, a contradiction to Theorem 1.5.

Proof of Theorem 1.5. Let €(s) be constants that converge to 0 as s —
00, and let C' denote all constants that are uniform for all large s.
Suppose by contradiction that M is not a Bryant soliton. We shall use
the notations in Lemmas 4.3-4.5. Since g = gy + ¢?df? on M \ T, it
follows that X := % is a killing field. So by the identity of killing field
we have

(4.51) (VxX,Vf)+(VysX,X)=0.
Note that (X, Vf) = 0 and V2f = Ric, this gives the identity
(X X (V£ VX))
(4.52) Ric ( ) WL VAL,
X[ x| X

Restrict Ric (%, |X—‘) on y(s) and abbreviate it by R(s). Then noting
lims 00 [V £|(7(s)) = C~1 > 0, it implies

(4.53)
h‘/Q(S) < y f7 v ’XD(’Y(S)) R(S) R S S
ha(s) — (IVf]-1XD)(v(s)) [V fI(v(s) < CR(s) < CR(v(s)).

[(v(s))
Then by the relations among h1(s), ho(s) and R(v(s)) from Lemmas 4.5,
4.4, and 4.3 we obtain

(4.54) s R(v(s)) < Cha(s)ha(s)R(~(s)) < e(s)hi(s)R(7(s)) < €(s),
which by (4.53) and hf(s) > 0 implies

hh(s) _e(s) e
4.55 2 < - < —=
( ) hQ( ) — Cs
for all large s and some €y € (0, 3). So ha(s ) < C's% for all large s.

Next, by using ha(s) < C's© and applying Lemma 4.5 again we obtain
hi(s) > C~'s'= and hence by Lemma 4.3,

(4.56) R(v(s)) < Cs™2t20,



326 Y. LAI
Combining this with (4.53) we obtain

hy(s)
4.57 2 Cs™ 220
(4.57) ho(s) < ©* )

1+2¢g

which implies ho(s) < Ce™¢%" , and hence limg_, o, ho(s) < co. This
by Lemma 4.6 implies lims_,o, R(I'(s)) > 0, which by Theorem 1.5 yields
a contradiction. q.e.d.

Corollary 1.4 follows directly from Theorem 1.3. It remains to prove
Corollary 1.7.

Proof of Corollary 1.7. First, by the proof of Theorem 1.1 and Theo-
rem 1.3 there exists a sequence of Zg x O(2)-symmetric 3d expanding
gradient solitons with positive curvature operator {(Mig, g1k, P1k)} 51,
which smoothly converges to a 3d flying wing (M1, g1,p1). We may as-
sume Ry, (p1x) = Ry, (p1) = 1, and the asymptotic cone of (M, g1,p1)
is a sector with angle oy € (0, 7). This by Theorem 1.5 implies
a
lim Ry, (I(s)) = sin® 71
Let (Mo, go, po) be a Bryant soliton with Ry, (pg) = 1. Then we have
limg 00 Ry, (I'(s)) = 0. So we can find s; > 0 such that Ry (I'(s1)) <
%sin2 % < Rg,(I'(s1)). Then by the same continuity argument as in
Theorem 1.1, we can find a sequence of Zy x O(2)-symmetric expanding
gradient solitons (Mag, gok, p2x) With positive curvature operator and
Ry, (p2r) = 1, which smoothly converges to a 3d steady gradient soliton
(M, g2, p2), with Ry, (p2) = 1 and Ry, (I'(s1)) = §sin? %, Assume the
asymptotic cone of (May, g2,p2) is a sector with angle as. Then by
Theorem 1.5 and the monotonicity of R along I', we have

N L . oo
(4.58) sin? 5 = Slgg} Ry, (I'(s)) < Ry, (I'(51)) = 3 sin? 5

Therefore, by induction we obtain a sequence of 3d flying wings
(M;, gi, p;) whose asymptotic cone is a sector with angle «; satisfying
sin? L < %sin2 St for all i. So a;; — 0 as i — oo. q.e.d.
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