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Abstract

It has recently been understood that the complete global symmetry of finite group topo-
logical gauge theories contains the structure of a higher-group. Here we study the higher-
group structure in (3+1)D Z, gauge theory with an emergent fermion, and point out that
pumping chiral p + ip topological states gives rise to a Zg 0-form symmetry with mixed
gravitational anomaly. This ordinary symmetry mixes with the other higher symmetries
to form a 3-group structure, which we examine in detail. We then show that in the con-
text of stabilizer quantum codes, one can obtain logical CCZ and CS gates by placing the
code on a discretization of T3 (3-torus) and T2 X, S! (2-torus bundle over the circle)
respectively, and pumping p +ip states. Our considerations also imply the possibility of
a logical T gate by placing the code on RP? and pumping a p + ip topological state.
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1 Introduction

A key distinguishing feature of topologically ordered phases of matter is the universal structure
that arises from their topological defects. For example, anyons in (2+1)D topologically ordered
phases of matter [1] can be thought of as codimension-2 topological defects, which exhibit
universal braiding and fusion properties that form the structure of a unitary modular tensor
category (UMTC) [2-5]. Over the last 10-15 years, it has been understood that, in addition
to anyons, (2+1)D topological phases of matter host other classes of codimension-1 and 2
topological defects with non-trivial universal properties [6-18]. These include topologically
distinct classes of gapped codimension-1 defects, and codimension-2 domain walls between
distinct codimension-1 defects. Altogether, the universal properties of these topological defects
of varying codimension is expected to form the structure of a unitary fusion 2-category [19,20].
In higher dimensions, (d + 1)D topologically ordered phases of matter can host topological
defects of varying codimension, which are expected to form a unitary fusion d-category.

In modern language, the topological defects are interpreted as defining a “higher sym-
metry” of the corresponding topological quantum field theory (TQFT) [21-24]. From the per-
spective of quantum many-body systems, the topological defects can be understood as defining
emergent higher symmetries of the ground state subspace of a topological phase of matter. The
higher symmetries arise from sweeping the topological defects through lower dimensional sub-
manifolds of the space on which the system is defined. They are in general emergent symme-
tries because they keep the ground state subspace invariant, but do not necessarily commute
with the microscopic many-body Hamiltonian.
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A special class of topological defects are invertible, which means they possess an “inverse”
defect with which they fuse to the trivial defect. The invertible codimension-k defects are
associated with (k—1)-form higher symmetries [21]. The complete algebraic structure defined
by the invertible defects defines an invertible subcategory of the higher fusion category of
defects [25]. This invertible subcategory forms the mathematical structure of a higher-group.
Such higher-group symmetry has appeared in the study of (241)D topological phases [17,26,
27] and in quantum field theories more generally [28-32,32-39].

Recently, it has been observed that finite group gauge theories in (d +1)D generally possess
a d-group symmetry [ 33,40], which arises by considering gauged invertible topological phases
[41-48] decorated on lower dimensional submanifolds, in addition to the usual electric and
magnetic defects. The interaction between the magnetic defects and the gauged invertible
phases causes the higher form symmetry to mix into a non-trivial higher group.

These topological defects and corresponding emergent higher symmetries have two im-
portant applications. One is in characterizing and classifying symmetry-enriched topological
phases of matter; roughly speaking, topological phases of matter with a symmetry group G
can be characterized by a certain map from G to the higher fusion category that defines the
emergent higher symmetry [17,49].

The second major application, which is the primary focus of this paper, is for fault-tolerant
quantum computation. Topologically ordered phases of matter can in principle provide a phys-
ical substrate for fault-tolerant quantum computation [1,50-52]. Moreover, most, if not all
quantum error correcting codes can be understood in terms of topologically ordered states
of matter with qubits defined on an appropriate cellulation of some manifold [50, 53-57].
The code subspace corresponds to the topologically degenerate ground state subspace of the
parent Hamiltonian. It is well-known that one way to obtain fault-tolerant logical gates is
through mapping class group operations, e.g. braids and Dehn twists in (2+1)D, which can
be viewed as sweeping geometric defects through the system. The emergent higher symmetry
operations corresponding to sweeping topological defects of varying codimension give rise to
another class of fault-tolerant logical gates on the code subspace [33,58-61]. This insight has
led to new ways of implementing logical gates even in the well-studied Z, toric codes [40,62].
Remarkably, Ref. [33] showed that the non-trivial algebraic relationships among various logi-
cal gates in (3+1)D Z, toric codes can be understood as fundamentally arising from the higher
group structure defined by the topological defects: Logical gates that correspond to sweeping
codimension-k defects have group commutators that produce logical gates corresponding to
higher codimension defects. As such, understanding deeply the nature of topological defects
and corresponding emergent higher symmetries is crucial for understanding the possible fault-
tolerant logical gates that a given quantum error correcting code admits.

In this paper, we focus on the case of Z, gauge theory in (34+1)D where the Z, electric
charge is a fermion, which we refer to as fermionic Z, gauge theory. Such a theory can arise
from the fermionic toric code model [63-65]. The theory can also arise as a description of su-
perconductors, where the condensation of Cooper pairs breaks the dynamical electromagnetic
U(1) gauge group to Z, subgroup [66]. It can also arise in color superconducting phase of
non-Abelian gauge theory [67].

The (3+1)D fermionic Z, gauge theory hosts a codimension-1 topological defect, which
arises by decorating codimension-1 submanifolds with a p + ip invertible topological phase
prior to gauging Z, fermion parity.! As we discuss, this topological defect defines a Zg emer-
gent 0-form symmetry. In addition to this Zg O-form symmetry, the theory also has a 2-form

!n this paper, a p+ip superconductor refers to a fermionic invertible phase with Z); symmetry carrying chiral
central charge c_ = 1/2, where no spontaneous U(1) symmetry breaking is implied. Also, in this paper a Chern
insulator refers to a fermionic invertible phase with Z); symmetry carrying c_ = 1, where U(1) global symmetry is
not implied.
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symmetry generated by the Wilson line, and 1-form symmetries generated by the magnetic
flux and gauged Kitaev chains [33, 68]. We discover that these symmetries form a 3-group,
which corresponds to the fact that the generators of the symmetries obey intricate commuta-
tion relations. By exploiting submanifolds with different topologies that support the symmetry
generators, we discover various logical gates in the fermionic Z, toric code. This includes a
fault-tolerant logical CCZ gate when the system is defined on a discretization of the 3-torus
T3 [69], and a new fault-tolerant Controlled-S gate when the system is placed on T?xS'. Our
considerations also imply the possibility of a T (i.e. 7/8) gate when the system is placed on a
discretization of RP3.

This work is organized as follows. In section 2, we investigate the symmetries in Z, gauge
theory with an emergent fermion in (3+1)D. Using such symmetries, we derive the corre-
sponding logical gates in section 3. From section 4 to section 6, we discuss various examples
of logical gates obtained by taking different topologies of the symmetry generators. In Ap-
pendix A, we derive the logical gate for the 1-form symmetry generated by surface operator
decorated with Kitaev chain. In Appendix B, we derive the logical gate for the symmetry gen-
erated by the domain wall decorated with p+ip topological superconductor. In Appendix C we
summarize the details for pumping a Chern insulator. In Appendix D we review the fermionic
toric code lattice model. In Appendix E we give details for the partial rotation used in pumping
the p+ip phase.

2 3-group symmetry of (3+1)D Z, gauge theory with emergent
fermion

In this section, we describe the higher symmetries of the (3+1)D fermionic Z, gauge theory,
their 3-group structure, and the associated 't Hooft anomaly. In the fermionic Z, gauge theory,
the Wilson line is a fermion instead of a boson as in ordinary Z, gauge theory. We can view
the gauge field as a “dynamical spin structure,” where magnetic flux corresponds to defects in
the spin structure.? The theory can be obtained from the trivial fermionic invertible phase by
gauging the fermion parity symmetry without additional local counterterm. After this gauging
process, the fermion becomes topologically non-trivial, meaning there are no local operators
that create an isolated fermion.

We can also describe the theory in terms of the low energy properties of the fermionic toric
code model in (3+1)D on cubic lattice [63] (see also [70] for similar construction for U(1)
gauge theory with electrons). The vertex term is the same as ordinary toric code, given by the
product of the Pauli X operator on the six edges that meet the vertex. The plaquette term is
modified compared to the ordinary toric code, and it is given by the product of Z on the four
edges surrounding the plaquette, as well as X on the two edges that are perpendicular to the
plaquette at two diagonal corners (the choice depends on the branching structure) and on two
sides of the plaquette (see Appendix D for a review).

2.1 Electric and magnetic symmetries

The theory has the following (emergent) global symmetries, generated by invertible topo-
logical operators of various dimensions. We will organize them according to whether they
carry magnetic flux (magnetic vs. electric operators) and the dimension of the subspace that
supports the operator (a line, a surface or a domain wall). The electric operators supported

2More precisely, magnetic flux defects can be understood as a cutting out a neighborhood of a codimension-2
submanifold and changing the spin structure (fermion boundary conditions) on the linking circle from bounding
(anti-periodic) to non-bounding (periodic).
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on subspace M of dimension n are obtained by gauging the fermion parity of the fermionic
invertible phase in n spacetime dimension. The list of symmetries are as follows:

* Z, 1l-form symmetry generated by the codimension-two magnetic surface operator,
around which the Z, gauge field has nontrivial holonomy.

* Z, 2-form symmetry generated by the electric Wilson line of the Z, gauge field. We
can also view the line operator as gauging the fermion parity symmetry in the fermionic
invertible phase in (0+1)D (see e.g. [44]).

* Z, 1-form symmetry generated by the electric surface operator given by gauging the
fermion parity symmetry in the Kitaev chain fermionic invertible phase in (1+1)D [33,
41,44,68].%

* Zg 0-form symmetry generated by the electric domain wall operator given by gauging the
fermion parity symmetry in the chiral p+ip fermionic invertible phase in (2+1)D [71].
This is related to the 16-fold way [72, 73] as we will explain below.

To sum up, the theory has Zg 0-form symmetry, Z, x Z, 1-form symmetry, and Z, 2-form
symmetry. We will specify how these symmetries interplay with one another in subsequent
sections.

2.1.1 Reduced classification of symmetries: Nontrivial symmetries in Hilbert space

The above symmetry groups generated by the electric operators can differ from the classifi-
cation of fermionic invertible phases. In particular, (2+1)D fermionic invertible phases with
ZJ; fermion parity symmetry have a Z classification, generated by the p + ip state, but in the
above discussion, this gives rise to a Zg 0-form symmetry of the (3+1)D Z, gauge theory.

Moreover, since we can consider the subspaces that support the electric operators to be
unorientable, it is appropriate to consider the classification of fermionic invertible phases with
time-reversal or spatial reflection symmetry, which would naively give us a Zg 1-form symme-
try for the Kitaev chain [74]. However, this symmetry is actually reduced to Z, and, as we
will see, the symmetry generator squares to the electric Wilson line when it has support on a
unorientable surface. This indicates a non-trivial mixing between the Z, 1-form symmetry of
the Kitaev chain defect, the Z, 2-form symmetry of the Wilson line, and space-time orientation
reversing defects.

The larger symmetry groups are extensions of the above minimal symmetries, but the extra
symmetries act trivially on the Hilbert space, i.e. the code space, up to an overall phase, and
so we do not consider them as symmetries any more than multiplication by complex numbers
is a symmetry. In what follows we will explain in more detail the origin of these reductions of
the symmetry. The details are technical and can be safely skipped for readers only interested
in the application to logical gates.

Reduction of the p+ip symmetry As mentioned above, the symmetry generated by the
electric domain wall operator decorated with p+ip is Zg instead of the classification Z (where
the domain walls are labelled by the half-integer chiral central charge c_ = v/2 for integer v).

Let us first explain the reduction of the Z symmetry to Z,. The domain wall with v =16
differs from v = 0 by a bosonic Eg phase (i.e. an invertible bosonic phase described by (Eg);

3Since the Wilson line is a fermion, on top of the magnetic defect the fermion does not have a well-defined spin
structure.

4This surface operator is referred to as “electric” since it braids trivially with the Wilson line, in contrary to the
“magnetic” surface operator which braids with the Wilson line by a sign.
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Chern-Simons theory). Thus the difference does not depend on the spin structure, which
means that such defects do not interact with magnetic efects or electric defects, and thus act
trivially on the ground state subspace up to an overall phase.

Furthermore, there is a refinement that reduces the Z;¢ symmetry to Zg symmetry: The
effective action for the class ¥ = 8 does not depend on the spin structure. To see this, we can
start with the description of the class v =2 as a U(1) Chern-Simons theory [72]:

1
—udu + iuda, (D
4 21

where the local fermion is described by the Wilson line et/ Y, and a is the spin structure
(da = w,). The equation of motion for u implies that the Wilson line eifu=enifa [75,76].

When we change the spin structure by a Z, background gauge field B, a — a + B (we take
a lift to integer 1-cochain), the theory changes to

ifudu+£JAud(a+B):ifu’du’—l—iju'da—szdB, (2)
4n 27 4r 21 4

where u’ = u + nB. Thus dependence of the theory on spin structure is captured by

T

(v=2): —ZJBdB. 3)

The effective action of the v = 8 theory is 4 copies of v = 2, and it is independent of the spin

structure:
4.(_%J3d3):2nJBd7B=0mod2n, 4

where we used dB = 0 mod 2. Thus we conclude that the effective action does not depend on
the spin structure, although it requires a spin structure to be well-defined. This implies that
the codimension-1 defect decorated with v = 8 does not interact with the magnetic defect at
all, from which we conclude that it acts trivially on the Hilbert space, up to an overall phase.®
This expectation is borne out by our concrete computations in later sections, where we see
that all logical gates induced by sweeping the p+ip defect have order 8.

Reduction of symmetry in terms of mixed gravitational anomaly The higher symmetries
have a mixed gravitational anomaly that can be described by the (4+1)D topological term

21 | o
16 C1U(P1/3)+7TJ‘C3UW2: (5)
where Cj is the background 3-form gauge field for the Z, 2-form symmetry generated by the Z,
Wilson line of the emergent fermion, C; is a Zy lift of the background 1-form gauge field C; for
the Zg symmetry, and p; is the first Pontryagin class. The first term describes the gravitational
anomaly of the chiral p+ip state, while the second term describes the fact that the Z, charge

>One can also see the reduction to Zg symmetry by the following alternative argument. In general, the depen-
dence of the theory on the spin structure a is encoded in the additional Z, 0-form symmetry with the background
gauge field B, since two different spin structures a,a’ are related by a background Z, gauge field as a’ = a + B.
With this in mind, the spin structure dependence of the spin invertible phase with a partition function Z(a) can be
captured by the ratio of partition functions Z’(a, B) := Z(a +B)Z~!(a). The partition function Z’(a, B) describes a
spin invertible phase with the additional Z, unitary internal symmetry, such that setting B = 0 leads to the trivial
phase Z’(a,0) = 1. The spin invertible phases with partition function Z’ in D spacetime dimension are classified
by Qgpm(BZz)/ Qgpin(pt) [77]. In particular, setting D = 3 gives Zg, in agreement with the Zg faithful symmetry
found here.
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particle is a fermion. When the p+ip defect sweeps a closed 3-manifold M> Poincare dual to
C,, we obtain an overall phase obtained by evaluating 21—2 f w4 P1/3 on a 4-manifold W* such
that oW* = M3.

The reduction of the 0-form symmetry from Z to Zg requires that the above anomaly action
be invariant under a shift of €; — C; + 8A,, with A; an integer 1-cochain. This is indeed the
case as long as we also shift C3 — C3+w,UA;. The effective action is invariant because of the
property p;/3 = W% mod 2 on orientable manifolds [78]. Such transformation means that the
Zg 0-form symmetry and the Z, 2-form symmetry combine into a 3-group symmetry [28,31].°

Across a domain wall decorated with 16 copies of the p+ip phase, C; — C; + d¢ where
¢ = 16 on one side of the wall. The anomaly implies that on that side there is an extra term
27 f ¢(p1/3), which can be written as the effective action 16CS,,, on the domain wall. This
is the effective action of the bosonic Eg phase, as expected from 16 copies of the p+ip phase.

Similarly, if we perform the transformation with ¢ = 8 instead of 16, the first term in (5)
produces an extra term 7 f (p1/3) on the side with ¢ = 8. However, there is a contribution
from the second term in (5) under the accompanying transformation C3 — C3 +w, Ud¢ /8,
which produces an extra term 7 f w5 Uw, on the side of the domain wall with ¢ = 8. Using
P1/3 = W% mod 2, we find the side with ¢ = 8 has total term 27 f p1/3 just as the previous
case. Thus 8 copies of the domain wall also produces a bosonic domain wall.

We remark that the Z,4 two-fold extension of the Zg symmetry is obtained from another
argument in [80, 81], but the faithful Zg symmetry and the mixed anomaly with gravity are
not discussed there.

Reduction of the Kitaev chain symmetry, and gravitational anomaly The symmetry gen-
erated by the electric surface operator decorated with Kitaev chain is Z, instead of the classi-
fication Zg when the surface is unorientable. This can be seen as follows:

(1) The middle class in Zg is bosonic, and thus the fourth power of the operator on an
unorientable surface does not depend on spin structure and produces a decoupled trivial
operator that does not act on the Hilbert space. There is a mixed gravitational anomaly
corresponding to the (4+1)D topological term (see e.g. [40])

2 [
Tﬂ 2UW3+TEJC3UW2, 6)

where C, is an integer cochain lift of the 2-form background C, for the Z, 1-form symme-
try, and W5 = dw, /2 is the integral third Stiefel-Whitney class (W, is an integer cochain
lift of the second Stiefel-Whitney class). If we change the lift C, — C, + 22, for some in-
teger cochain lift of Z, 2-cocycle A,, the first term changes by « f AUW5 =11 f % Uw,.
Thus the change can be compensated by the transformation C; — C3+ %. Such a trans-
formation indicates that the 1-form symmetry and the 2-form symmetry combine into a

3-group.

Under a transformation C, — C,+4A where A is a lift of the Z, 2-cocycle A, the anomaly
inflow produces a boundary term Trfk Uw,y = ”fPD(/l) Wy =T f PD(A) w%, where PD

®Another explanation for such correlated transformation is as follows. The v = 8 class in the 16-fold way [72]
can be obtained from the v = 0 class by shifting the background of the symmetry generated by the emergent fermion
[79]. The emergent fermion generates an 1-form symmetry on the wall, and if the background for the 1-form
symmetry is shifted by w,, the particles that transform under such 1-form symmetry will carry “additional projective
representation” described by w,, i.e. the spin of these particles will acquire additional fermion spin, such as
changing from boson to a fermion and vice versa. The shift of the background can be described by C; — C3+w,UA4,
where A, is the Poincaré dual for the wall with 8 copies of p+ip phase.
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(2)

denotes the Poincaré dual. This is the fourth power of the operator, and the operator
does not depend on the spin structure.

The square of the operator on an unorientable surface reduces to the electric Wilson
line operator on the Poincaré dual of w; (See Appendix A). Let us show this using the
effective field theory description of Kitaev chain given by the Z, gauge theory with the
action [36,44,82,83]

%TABK(Z,a), (7
where X is a closed 2d surface that supports a Kitaev chain (which may be unorientable),
and where a is the induced pin~ structure of the surface ¥ (and we identify it with the
bulk gauge field). ABK(X,a) denotes the Arf-Brown-Kervaire (ABK) invariant of the
pin~ surface valued in Zg, which indicates the Zg classification of the Kitaev chain in the
presence of the time reversal or reflection symmetry. One can express the ABK invariant
in terms of a Z, gauge theory with support at %,

s
EJan(b)> (8

where ¢ is the quadratic function that refines the intersection between Z,-valued 1-
cocycles on the surface, and b is a dynamical ordinary Z,, gauge field with bosonic Wilson
line, which is defined on the surface X (instead of the whole 4D spacetime). Summing
over configurations of the dynamical gauge field b yields the ABK invariant evaluated at
the surface .

Taking two copies of the theory (denote the dynamical gauge fields by b, b’ in the two
copies) gives the total effective action:

gfqa(b)+§fqa(b’)=gfqa(ia)ﬂrfBub+nfbub

9)
:nga(5)+nf(E+wl)Ub,

where b = b+b’, the first equality uses the property g(x+y) = q(x)+q(y)+2xUy mod 4
for any Z,-valued 1-cocycles x, y [36,44,82], and the second equality uses bUub = w;Ub
on the surface, where w; denotes the 1st Stiefel-Whitney class on the surface . Inte-
grating out b imposes b = w1(X), and thus two copies of the Kitaev chain phase can be
described by the effective action

EJ Za(w (). (10)
2 b

Let us examine how the effective action depends on a: If we write a = ay + s for some
fixed reference pin~ structure a,, then the effective action reduces to =« f wy Us up
to terms independent of s. In other words, the square of the electric surface operator
decorated with the Kitaev chain phase produces an electric Wilson line of a on the loop
that reverses the orientation of the surface.

2.1.2 Symmetry generator with non-Abelian topological order can be invertible

We note that gauging the fermion parity symmetry in p+ip topological superconductor pro-
duces a non-Abelian topological order [72], but the domain wall decorated with such topologi-
cal order nevertheless generates an invertible symmetry. Let us explain how the two properties
coexist.
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The closed magnetic defects are invertible, but once they end on the p+ip domain wall they
give rise to non-Abelian anyons on the domain wall. The reason is that invertible defects such
as magnetic defects of Z, gauge theory can become non-invertible once they have a boundary
(such as ending on the gauged SPT defect) which can carry additional degrees of freedom. In
particular, the magnetic defect ending on the p+ip domain wall with additional Majorana zero
mode (see e.g. the lattice model for p+ip phase discussed in [72]).

Such examples are ubiquitous. For instance, the Z, electromagnetic duality in (2+1)D Z,
gauge theory can end on the boundary to become the non-invertible Kramers-Wannier duality
defect [16,84,85], and similar examples in higher dimensions discussed in e.g. [86,87].

2.2 Zg p+ip 0-form symmetry defines automorphism of 1-form symmetry

We will show that the Zg ordinary symmetry generated by the domain wall decorated with p+ip
fermionic invertible phase (we will refer to it as the “p+ip symmetry”) generates an automor-
phism transformation on the Z, x Z, 1-form symmetry for the magnetic flux surface operator
V@ and the electric surface operator U® decorated with Kitaev chain fermionic invertible
phase. Conjugating by the p+ip domain wall operator generates the following automorphism
transformation:

U® -y , v L y@pu® (11)

The above automorphism can be derived by the charge-flux attachment argument [40].
Consider a magnetic flux defect intersecting the domain wall decorated with p+ip. The inter-
section is a magnetic vortex defect on the p+ip domain wall, and such vortex has Majorana
zero mode [72]. Such Majorana zero mode is the boundary mode of the electric Kitaev chain
surface defect, and thus the magnetic flux surface defect intersecting the domain wall is trans-
formed into the “dyonic” defect with additional electric Kitaev chain surface defect, as in (11).

We remark that the charge-flux attachment also follows from twisted dimensional reduc-
tion of the fermionic invertible phases on a circle with periodic boundary condition, similar to
the reduction of bosonic SPT phases on a circle with nontrivial holonomy as discussed in [40].
The p+ip phase can be described by a single free Majorana fermion field theory in (2+1)D with
a negative mass (where we choose a regulator such that fermion with positive mass belongs to
the trivial phase). Reducing the fermion theory on a circle by demanding the Majorana field to
be independent of the circle direction (which requires the periodic boundary condition on the
circle, as in the presence of magnetic defect) produces the theory of a single Majorana fermion
with a negative mass in (1+1)D, and it is the effective field theory for the Kitaev chain phase.
The argument generalizes to any dimensions. An example of twisted reduction of (14+1)D
Kitaev chain phase to (0+1)D fermionic invertible phase is discussed in [88].

The automorphism is also obtained from another argument in [80].

We can describe such automorphism using the background gauge fields for the correspond-
ing symmetries generated by the defects. The background gauge fields satisfy

dCz :B2UC1, (12)

where C; is the background gauge field for the Zg 0-form symmetry, and C,, B, are the back-
ground gauge fields for the Z, x Z, 1-form symmetry generated by the electric Kitaev surface
operator and the magnetic flux surface operator.

2.3 Non-invertible operator-valued associator

The electric Wilson line on the p+ip domain wall is the fermion 1. It obeys the following Ising
fusion rule with the magnetic vortex 0: o x o =1+, o x =0 [72].
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p+ip wall

Magnetic flux

Figure 1: Two fusion configurations for fusing the p+ip domain wall with (1) a pair
of magnetic flux surface operators indicated by the red lines entering the wall (black
line), and (2) a pair of “dyonic” surface operators indicated by the purple lines that
carry magnetic flux and are decorated with the Kitaev chain phase due to the au-
tomorphism (11). The dotted line in the configuration on the right is the trivial
defect. One of the configurations has additional 1 + 1) defect due to the fusion rule
o x o = 1+1) for vortex ¢ in p+ip phase [72]. We can relate the two configurations
by the “defect-valued associator” whose value is given by the non-invertible defect
1+ 1. Such a (generalized) associator is similar to the 2-group symmetry, which
can be regarded as an “F symbol” that takes value in abelian anyons for fusing the
domain walls that generate O-form symmetry [17,31].

The first fusion rule o x 0 = 1 + ¢ implies that if there are two magnetic flux surface
defects intersect the p+ip domain wall, and we bring the intersection locus together, there
will be the condensation 1 + 1) left behind at the intersection locus. This also follows from
the fusion of two open Kitaev chain defects. The extra condensation defect can be viewed as
an operator-valued associator for fusing magnetic flux surfaces and the p+ip domain walls as
shown in Figure 1, similar to the 2-group symmetry as operator-valued associator for domain
walls [31].

Similarly, the fusion rule o x 1) = o implies that the intersection locus of a single magnetic
flux with the domain wall can absorb an electric Wilson line.

2.4 Z4 C Zg 0-form symmetry and 3-group

Let us consider the Z, C Zg symmetry, i.e. the even classes in the 16-fold way [72], indexed by
v =2j mod 16 for j integer. The topological order on the domain wall associated with such
symmetries is Abelian. In particular, since the vortex on such domain wall is Abelian (it obeys
the fusion m x m =1 when v =4k + 2 and m x m = 1 when v = 4k, for k integer) [72], the
associator for the domain wall and the magnetic flux is also invertible.

In the following we will discuss in detail the 3-group structure that arises from the interplay
between such Z, 0-form symmetry generated by the domain wall with v = 2 in the 16-fold way
(which we sometimes refer to as the Chern insulator), the Z, x Z, 1-form symmetry generated
by the magnetic flux surface and the surface decorated with the Kitaev chain invertible phase,
and the Z, 2-form symmetry generated by the Wilson line of the Z, gauge theory. It turns
out that the 3-group structure for the symmetries translates into the commutation relations
obeyed by the corresponding symmetry generators, allowing us to obtain logical Clifford gates
implemented by the Z, 0-form symmetry action.

2.4.1 3-group symmetry structure

The symmetries form a 3-group structure, where three stands for the highest codimension
of the symmetry defects (the Wilson line). The v = 2 generator of the Z, 0-form symmetry

10
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does not permute the 1-form symmetry. The higher-group structure arises from the different
junctions of the domain walls and the surfaces that can produce the Wilson line.

The 3-group symmetry structure between the 2-form symmetry and the 1-form symmetries,
i.e. the junctions of surface defects that can produce the Wilson line, is discussed in [33,40,89].
Here we will focus on the three group structure from the junctions that involve the domain
walls (or both the domain walls and the surface defects). There are two junctions that can
produce Wilson line:

Junctions of domain wall and surface defects that produces Wilson line The first junction
consists of intersection of the domain wall with the tri-junction for the magnetic flux surface
defects. We note that such tri-junction can be described by background B, with nontrivial
dB,/2. On the v = 2 domain wall, the magnetic flux m obey the fusion rule m x m = [72].
Thus then the junction of fusing two magnetic fluxes intersect with the domain wall, there is
additional Wilson line 1). See Figure 2 for an illustration. Such junction thus contributes to
the 3-group symmetry structure, and was also studied in other examples in [40].

The second junction consists of the intersection of the magnetic flux surface defect with the
tri-junction of domain wall that fuses two v = 4 domain walls into v = 8 domain wall. We note
that such tri-junction can be described by the background C; with nontrivial dC; /4. This can
be understood from the fusion of two semion magnetic fluxes on the two v = 4 domain walls
into a fermion (and the 3 fermions in the v = 8 phase are all on equal footing) Another way to
understand such property is from the dependence of spin structure for the v = 4 domain wall,
which can be captured by twice of (3), and it is the effective action of the Levin-Gu phase. The
junction is thus essentially discussed in [32,40] (see Figure 3), and when the magnetic flux
intersect the junction there is additional electric charge.

3-group symmetry structure as background fields relation We can also describe the 3-
group symmetry structure in terms of equations satisfied for closed (flat) background gauge
field configurations for the higher symmetries. Let us introduce the following background
gauge fields for the symmetries:

* Background 2-form gauge field B, for the Z, 1-form symmetry generated by the magnetic
flux surface defect.

* Background 2-form gauge field C, for the Z, 1-form symmetry generated by the electric
surface defect decorated with the Kitaev chain invertible phase.

* Background 3-form gauge field C; for the Z, 2-form symmetry generated by the electric
Wilson line.

* Background 1-form gauge field C; for the Z, subgroup 0-form symmetry generated by
the electric domain wall defect decorated with the Chern insulator (i.e., v = 2 phase
which carries c_ = 1).

The 3-group symmetry structure can be described by the following relation among the
background fields:

dB dcC
d63:qu(cz)+BZUC2+(Tz+w3)UC1+(Bz+w2)UTl, (13)

where the first two terms on the right hand side are discussed in [40,89] and describe the fact
that the intersection of the Kitaev string and magnetic string nucleates a fermion.

The last two terms on the right hand side are a new contribution to the 3-group structure
and corresponds to the two junctions discussed above. In the last two terms, B, is a lift of

11
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the Z, 2-form gauge field to Z, value, and C; is a lift of Z, 1-form gauge field to Zg value.
The relation between the background fields does not depend on the choice of lift.” The three-
cocycle dB,/2 + ws is only nontrivial in the presence of the junction of fusing two magnetic
fluxes, and (dB,/2 +w3) U C; is nontrivial only when the junction intersects the domain wall
that generates the subgroup O-form symmetry. This is the junction that produces the electric
Wilson line defect discussed above, and it gives nontrivial background Cj.

3-group symmetry in effective field theory We can also derive the above equations for the
closed background gauge fields of the 3-group symmetry explicitly in the following way. We
will focus on the 1-form symmetry generated by the magnetic surface operator and the Z,
subgroup 0-form symmetry. The O-form symmetry is generated by the domain wall decorated
with the gravitational Chern-Simons term —2CS,,,,. Let us examine how the theory depends
on the spin structure a. The gravitational Chern-Simons term 2CS,,,, can be expressed in
terms of an emergent U(1) gauge field u as follows: (see e.g. [75,90])

1 du 1 i
—2CSgy[a]l  — 4—nudu + mo_a= 4_71:U/dU/ — Zada, (14

where the left hand side includes [a] to remind ourselves the theory depends on the spin
structure a; on the right hand side we use the change of variables u’ = u + 7a, and we take a
lift of a to be an integer 1-cochain with holonomy 0, 1. The equation of motion for u relates
the holonomy et/ 4 = +1 with the spin structure. From the last expression, the theory on the
wall depends on the spin structure by

—f%auda. (15)

In the presence of background C;, the action on the spacetime is modified with the term

—%Jaudauél, (16)

where C; is a lift of the background C; to Zg value.

If we turn on background B, for the 1-form symmetry generated by the magentic flux sur-
face operator, the quantization of the flux is modified to be da = w, + B,. The action (16)
needs additional corrections that depend on B, in order to be invariant under the transforma-
tion a — a+ 22, where 1, is an integer lift of a Z, 1-cocycle A,. The transformation changes
the action by

nJ)\ludaUC'l:TCJ11U(32+W2)UC1. (17)

Thus the correction is

gJaU(Bz'i‘ﬁ/z)UCl, (18)

where B,, W, are lifts of By, w, from Z, value to Z, value.
However, the theory with the correction term by itself is not well-defined: Under a gauge
transformation a — a + d ¢, the action is not invariant due to both the original action and the
correction term. The original action (16) transforms under a — a +d¢ by
dc,

. dé
—%Jd¢daclznf¢dauTl=nJ¢(Bz+w2)uT. (19)

"The object dB,/2 is the image of B, under the connecting homomorphism for the long exact sequence in
cohomology from the group extension short exact sequence 1 — Z, — Z, — Z, — 1. Similarly, the object dC, /4
is the image of C; under the connecting homomorphism for the short exact sequence 1 — Z, — Zg — Z, — 1.

12
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Magnetic flux

; [ﬂh‘(lli('rlmrg‘v

Figure 2: A pair of magnetic vortices (orange dots) are placed at the codimension-1
domain wall defect (gray sheet) that generates subgroup Z, 0-form symmetry carry-
ing the v = 2 phase. When two magnetic fluxes fuse on the domain wall, it produces
the Wilson line (red dot) from the fusion rules in the class two theory U(1), in the
16-fold way [72].

The correction (18) transforms by

We can compensate the transformation ¢ by including nontrivial background field C; for the
2-form symmetry generated by the Wilson line, which couples to the theory as

chaUCB. 2n

The total couplings are invariant under the transformation a — a + d¢ provided the back-
ground fields satisfy
d  x d¢ dB dc
dC3 = E ((BZ + ﬁ/z) U C1)+(32+W2)UTl = (TZ + W3)UC1+(32+W2)UTl mod 2, (22)
where we used the property that dC; is a multiple of 8. This reproduces (13) with C, =0,
and wy = dw,/2 mod 2 on orientable manifolds.
We note that although C; is the background for Z, C Zg subgroup O-form symmetry,

the coupling (16) is not invariant under changing the Zg value lift C;: If we change the lift
C, — C; + 42, with an integer 1-cochain A1, the coupling changes by

nfaudaull=nfaU(B2+W2)Ull. (23)

Thus for the coupling to be well-defined, the background C; must also transform as
C3 — C3 +wy U Aq. This is consistent with the relation (22).

We note that the first term on the right hand side in (22) can also be understood from
the dependence on the spin® structure on the domain wall: If we turn on a spin® connection
A, the domain wall theory (16) becomes —%Tudu + %udA, and the dependence on A is the
same as the insertion of the local fermion particle (i.e. the Wilson line eif 4y at the Poincaré
dual of dA/27 with respect to the domain wall. This is consistent with the transformation
w3 = w3 +dA,, C3 = C3 + A, U Cq, where for global transformation A, = dA/27 mod 2.

3 Logical gates in (3+1)D Z, gauge theory with emergent
fermion

In this section, we derive the action of the logical gates of (3+1)D Z, toric code with an
emergent fermion, which are implemented by the emergent global symmetry of Z, gauge

13
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Electric charge E Sv=38

Magnetic flux loop

Figure 3: A pair of Z, 0-form symmetry defects carrying the v = 4 phase fuses into a
trivial symmetry defect carrying the v = 8 phase. The arrow indicates the orientation
of the defect. The magnetic flux at each of the v = 4 symmetry defects behaves as
a semion. The two semions fuse into a fermionic particle at the junction, which is
identified as an electric particle. This is one symptom of the 3-group structure of the

symmetry.

theory discussed above. We consider the (3+ 1)D Z, gauge theory with an emergent fermion,
and derive the action of the emergent symmetry on the Hilbert space. The 3d space is taken to
be a generic oriented 3-manifold M>. Recall that the (3+1)D Z, gauge theory has the following
global symmetries, all of which give rise to the logical gates of the (3+1)D toric code with an
emergent fermion.

* Zg 0-form symmetry; the generator is given by decorating the codimension-1 defect with
the (24+1)D p+ip superconductor with c_ = 1/2.

* Z, 1-form symmetry generated by the magnetic surface operator of codimension-2.

* Z, 1-form symmetry generated by decorating the codimension-2 defect with the (1+1)D
spin invertible phase given by Kitaev’s Majorana chain.

* Z, 2-form symmetry generated by the electric Wilson line operator of an emergent
fermion.

First of all, when we have |H;(M?3,Z,)| = 2V there are N logical qubits. The Pauli X j operator
for the j-th qubit with 1 < j < N is implemented by the magnetic surface operator on a closed
surface X3;, where the set of surfaces {X;} spans the basis of the 2nd homology Hy(M 3.Z,).

The Pauli Z; operator is then encoded by an electric Wilson line operator along the curve
v, which is dual to X; by the intersection pairing satisfying #(y;, Zx) = 8 jx (mod 2).

3.1 Logical gate from Kitaev chain defect

Let us denote the dynamical Z, gauge field for the (3+1)D Z, gauge theory on a 3d space
as a € C'(M3,Z,) satisfying da = w,(M?), which represents a dynamical spin structure of
the 3d space. Each eigenstate of the logical Pauli {Z;} operator can then be represented by a
state |[{a}), which is the state obtained by equal weight superposition over all gauge equivalent
configurations of the Z, gauge field a. Each state |{a}) corresponds to a choice of spin structure
on M3. The Z ; eigenvalue can be read by evaluating the holonomy (—1)f ¢ along the curve y;.

Let us now derive the action of the 1-form symmetry operator W(X;) corresponding to
the Kitaev chain defect. We take {X;}, for j =1,--- ,dimH,(M 2 7Z,) to define a representative
basis for the second homology group H,(M?3,Z,), where % j can be unorientable.

The surface operator Wx(Z;) then evaluates the Arf-Brown-Kervaire (ABK) invariant of a
pin~ surface %;,

Wi(E)) l{a}) = exp (%“ABK(ZJ-, a)) ). (24)
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Here, the ABK invariant evaluates the partition function of the Kitaev chain on the (14+1)D pin™
surface [36,44,83]. The pin™~ structure on X; is induced by the spin structure of a 3-manifold
M3, where the spin structure of M° along y ; is specified by the configuration of the Z, gauge
field a. The above action of the logical gate can be expressed by the following Clifford unitary
(see Appendix A for derivations):

fE.UkUI fZ.UkUk f leaxes omi 4
_ ) )z OkOk o 28 paa(s 3w
Wi(Z)) = ]J 7 [ [V O e N I
s k
k<l,j#k,j#l Jj#k
_ l_[ Czkf,\l,,s 0jok0L l_[CZjL]fg UjUkO'k(SZ)fMg ojo)0y | (E%S;)IW 9j0i%;  (25)
k1 ’ k ’
k<L, jZk,j#1 j#k

whereo; € H L(M3,z,) is the Poincaré dual of the surface & ;- The triple intersection is defined
to be #(Z],ZJ,Z]) = fM?’ O']O']U']

3.2 Logical gate from p+ip defect

Now we want to derive the action of the 0-form symmetry arising from the p+ip superconduc-
tor. For this purpose, it is convenient to first consider the 0-form symmetry of (3+1)D Z, x Z,
gauge theory with two emergent fermions. This theory has a 0-form Zg symmetry generated
by a decoration of (p+ip) x (p—ip) state on the codimension-1 defect. This state is regarded as
(2+1)D Z, x Zg SPT phase with the Zg classification. Our strategy is to first derive the action
of this (p+ip) x (p—ip) defect on the Z, x Z, gauge theory in the form of the tensor product
operator V;® Vp, where each V;, Vp acts on each Hilbert space of Z, gauge theory with a single
fermion. The action of the p+ip defect can then be obtained by V.

The details of the computation is relegated to Appendix B. The expression of the p+ip
logical gate is given as follows (up to overall phase):

Vp+ip(M3) = l_[ (CCZj’k,l)fM3 0j0k0 .l_[(cs;"k)st Oj0kOk .l_[(Tj)fms 0j0j0; (26)
k,l k i
j<k<l j<k !

This p+ip logical gate indeed gives the order 8 operation, as its 8th power becomes the overall
phase acting trivially on the Hilbert space. This is consistent with our discussions in Sec. 2.1
showing that the 0-form symmetry reduces to Zg.

In the following sections, we will describe several examples of logical gates from the p+ip
defects on different spatial 3-manifolds: for M3 = T3, T2 x-S, RP?, where T2 xS! denotes a
mapping torus of T2 twisted by the modular S? = C transformation. For each choice of a spatial
3-manifold M3, the p+ip logical gate produces CCZ, Controlled-ST and T gate, respectively.

4 Example: Review of fault-tolerant CCZ gate in (3+1)D Z,
fermionic toric code

In this section, we review the microscopic realization for the the p+ip logical gate on a torus
M?3 = T3, which has been studied in [69]. We will see that our formula for the p+ip logical
gate Eq. (26) on M3 = T2 reproduces the results in [69].

4.1 Pumping a Chern insulator through a 3d torus

We first recall the construction of a unitary Ugyer, acting on a 3d fermionic system on a cubic

lattice, which is regarded as pumping the Chern insulator through the whole 3d space [69].
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This unitary turns out to be an exact O-form symmetry of a trivial atomic insulator state, so

generates the 0-form symmetry of the (34+1)D fermionic toric code after gauging the ijc sym-
metry. This O-form symmetry corresponds to the symmetry defect obtained by a decoration
with the Chern insulator with integer c_ studied in Sec. 2.4.

To construct this unitary, recall that the Chern insulator can be realized with a 2d free
fermion Hamiltonian with two energy bands:

Hepern(k2q) = X (ko)X + ¥ (kpg) Y + ¢Z (Kpq) 21, 27)

where the Pauli matrices for the flavor index are denoted as X, Y1, Zl. The real coefficient
{cX,cY,c?} satisfies (c¥)?+(c¥)?+(c?)? =1, and it is a map T? — S? with non-trivial winding
number 1. An explicit choice of the function {c*,c?,c?} is made in Appendix C.

The inverse phase of the Chern insulator carrying the winding number —1 can be obtained
by flipping the sign of the second term:

Henern (ko) = X (kg )X — ¥ (kp) Y1 + ¢Z (kpq)Z". (28)

By stacking the above two theories Hepery and Hcper, We obtain the paired Hamiltonian with
four energy bands

Hpair(?zd) = X (ko)X + ¥ (kog) 2"y + 2 (ko) 21, (29)

where the Pauli matrices for the layer index is denoted as X'&ver, ylaver zlayer - A trivia]l atomic
insulator can be transformed into this paired Hamiltonian Hp,;, by a unitary U nuel pbtained
in [69] (see also Appendix C for an explicit definition of U™)

Ul‘ll.lClTHpair Unucl — Zﬂ . (30)

In other words, this unitary can nucleate a pair of topological insulators with the Chern number
+1 starting with a pair of trivial atomic insulators.

One can now construct a unitary pumping the Chern insulator through the 3d cubic lattice
on a torus T2 as follows; we take the 3d system to be the 2N layers of 2d square lattices
stacked along the z direction. Starting with the 2N layers of the trivial atomic insulators, we
first nucleate the pair of the Chern insulator and its opposite on two layers (2j — 1, 2j) by the
unitary U™, Next, we annihilate the pair of the nontrivial insulators into the trivial one by
applying the unitary U2mnih .= xlaverynucli ylayer a¢ the pair of layers (2, 2j +1) (see Figure 4).
The whole process is summarized in the following single unitary

Uchern = l_[ UChern(kzd) 5 (31
o
with .
Uchem(oa) = [ | U3mh (o) [ | UL, (Roa).- (32)
1<j<N 1<j<N

4.2 Pumping a p+ip superconductor through a 3d torus

Since the above unitary is symmetric under the translation by two layers in the z direction, one
can Fourier transform in the z direction, which brings Ugy,e, into a 4 x 4 matrix for the bilayer
Uchem(ﬁm, k,). This operator UChern(iéZdJ k,) is shown to commute with Zf, UChern(iéZda k,) is
expressed in the block diagonal form for each eigenspace of Zl = (—1)?,

- V,_o(kog, k 0
Uchern(kad, kz) = ( a_O(Ozd ) Vo (o, )) . (33)
a= vz
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Figure 4: Pumping a Chern insulator through 2N layers of atomic insulators.

Focusing on each subspace for a = 0, 1, each 2 x 2 matrix V,—y(kag, k,), Ve (Kog, k,) is identi-
fied as pumping a p+ip superconductor [69]. To see this, one can check that the matrix V,_;
can be homotopically deformed into V,,_, after performing the particle-hole conjugation acting
on the a = 0 energy band, since both of the unitaries V,, turn out to carry the same winding
number 1 associated with the map V,, : T®> — SU(2) = S3. The unitary can then be regarded
as two copies of the identical unitaries acting on each band a = 0, 1, both together constitute
the pumping of a Chern insulator. This means that each of V,_y(kag, k,), Ve (Kag, k,) carries
a “half” of the Chern insulator, which is a p+ip superconductor. Therefore, let us explicitly
write the unitary pumping the p+ip superconductor as

Vp+ip = l_[ Vazo(zzd:kz)- (34)
%Zd’kz

4.3 Fault-tolerant CCZ gate

Here we argue that the above unitaries pumping the Chern insulator or p+ip superconductor

can be expressed as a constant-depth circuit of quasi-local unitaries with at most exponentially
. . . . 1 7 ih (7

decaying tails, following [69]. The unitaries U;}L"sz(kzd), U;J“‘;] %1(kaq) can be expressed as

the time-ordered exponential for the Hamiltonian evolution,

t t

UMY (kpy) = T exp (IJ

0

dTR™ (kyy, T)) , UAmh(Ry,) = Texp (i J

AR (Kyy, 7)) , (35)
0

with Kn“d(@d, T) = —iUn“CI(KZd, T)to, U““CI(EZd, T) a Hermitian operator. Here, a unitary
U “‘ICI(_IEZd, 7) is a function of 0< 7 <t that smoothly interpolates between U““Cl(fézd, 7 =0)=id
and U nu"l(ﬁm, T=t)=U nu"l(KZd). Such a smooth interpolation is possible, because U“‘ICI(EZd)
is identified as a map T2 — SU(4) which can be homotopically deformed to an identity map
since 111(SU(4)) = m,(SU(4)) = 0. A similar description also works for K annih(izd, T).

Since the Hamiltonians K™ (kyoq, 7), K*™ (%4, 7) are smooth functions of ko, 7, this evo-
lution is quasi-local in real space in the sense that they have at most exponentially decaying
tails. This implies that the pumping of the Chern insulator Ug,e,, can be implemented by a
finite-time evolution by a quasi-local Hamiltonian with exponentially decaying tails. We ex-
pect that this can be approximated by a constant depth local unitary circuit and it can give a
fault-tolerant logical operation, but this requires further study to understand in detail.

The unitary Ugper, acts within the Fock space of each flavor a = 0,1 with Z1 = (—=1)%, and
focusing on one flavor index we obtain the operator V,_q, V,—; pumping the p+ip supercon-
ductor. By gauging the ZJ; symmetry for each flavor distinctly, we obtain two copies of (3+1)D
fermionic toric codes, where the local constant-depth circuit Ugy,.,, acts as the diagonal fault-
tolerant logical gate Vi, ® V,,,j, on the copy.
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The pumping of p+ip superconductor V,,;, realizes the logical CCZ gate on a torus
T3 [69]. This is understood as a consequence of the permutation of 1-form symmetry gen-
erators by the action of the p+ip symmetry defect discussed in Sec. 2.2, leading to the group

commutation relation between the emergent symmetries introduced in Sec. 3,

Permutation action: [V, ip,X,z] = Wi yz» (36)

which corresponds to the permutation action where the magnetic surface operator X, ex-
tended in y, z direction is attached to the surface operator for the Kitaev chain. As discussed in

Sec. 3.1, the Kitaev chain operator Wy ,, on a torus TyzZ implements the CZ gate for the logi-

cal qubits on T with Pauli operators {Z v>Xsx}{Z5, X, }. The above commutation relation is
realized by V},,;, = CCZ involving all three logical qubits of the Z, fermionic toric code on T3,

5 Example: Fault-tolerant controlled-S gate in (3+1)D fermionic
Z, toric code

Next let us consider the 3d space M3 = T2 x S, which is a mapping torus of T2 twisted by
the modular transformation S? = C. As we will see below, pumping the p+ip superconductor
through this mapping torus can implement a fault-tolerant Controlled-S™ gate.

5.1 Warm-up: Controlled-Z gate by pumping Chern insulator and 3-group

Before discussing the properties of the p+ip defect, let us first consider the 27 subgroup of
. . 2

the O0-form symmetry generated by the Chern insulator, generated by the unitary Viiip AS

described in Sec. 2.4, this 0-form symmetry for the Chern insulator forms a non-trivial 3-group

together with the other emergent invertible symmetries. The 3-group structure is characterized

by the relation among the background gauge fields

dB dc
d63=5q2(C2)+BzuC2+(72 +w3)uC1+(Bz+w2)uTl, (37)

where the backgrounds of O-form symmetry, magnetic 1-form symmetry C; € Z(M,,Z),
1-form symmetry for the Kitaev chain, and electric 2-form symmetry are denoted by
C, € ZY(My,Z), By € Z%2(My,7y),Cy € Z*(My,Z,), C5 € C3(My,Z,). The last term for the
3-group d_gz U C; affects on the commutation relation between O-form symmetry generator
VPZJrip and the magnetic surface operator X. To see this effect explicitly, let us consider a 3d
space given by a mapping torus M> = T2 x S!. This 3d space can be filled by a cubic lattice
with the boundary condition along z direction twisted by C, rotation of the square lattice,
which makes up Tfy X, SZ1 (see Figure 5 (a)). This topology stores three logical qubits acted
on by three pairs of the Pauli operators {X,,,Z,},{X,;,Z}, {X;\, Z, }.

In this setup, the magnetic surface X, extended in yz direction is supported on a Klein
bottle. Due to the above non-trivial 3-group structure, the 0-form symmetry for the Chern
insulator acts on the junction of the magnetic defects by attaching an electric charge. Noting
that the junction here corresponds to the orientation-reversing defect of the magnetic surface,
the 3-group structure is reflected in the commutation relation between the generator of 0-form
and 1-form symmetry giving that of the 2-form symmetry,

3-group equation: [Vp2+ip’X vl =2Zy. (38)
This implies that VPZJrip acts by the CZ gate on the two logical qubits with Pauli operators
{X+, 2y}, {X,,Z,,} encoded in the Z, gauge theory. This CZ gate comes from the second
term of the expression of V,, in Eq. (26) that involves Controlled-ST between two qubits,
where we get CZ from the square of CS".

18


https://scipost.org
https://scipost.org/SciPostPhys.16.5.122

Scil SciPost Phys. 16, 122 (2024)

5.2 Lattice model for pumping Chern insulator through T2 x, S*

One can explicitly construct a unitary sz+ip on a cubic lattice defined on Tfy X, Szl. This can
be done by slightly generalizing a unitary pumping a Chern insulator obtained in [69] to the
case with twisted boundary condition by C, along the z direction.

In the presence of the C, twisted boundary condition, we want the pumped Chern insulator
to be symmetric under the C, rotation. Suppose that the C, symmetry acts on the complex

fermion {f %, f*'} of the Chern insulator by
fThaa] = (ZMap - £PIkzal, (39)

one can then see that this C, action makes the Hamiltonian of the Chern insulator Hcper,
explicitly defined in Appendix C. In the presence of the C, twisted boundary condition, one
can also define the unitary pumping the Chern insulator in the same fashion as the untwisted

case,
2 17 _ annih nucl
Uchern[ T2 %¢, 8 1= [ ] vamah |1 [T viels; |- (40)
1<j<N 1<j<N
To see directly how the C, twisted boundary condition enables us to realize the Controlled-Z
gate by pumping the Chern insulator, let us evaluate the action of the pumping unitary Ucper
on the 3d trivial atomic insulator. This unitary acts by a phase on the atomic insulator given

by

(trivial| Ugpern[ T2 Xc, S 1 |trivial) = (trivial| ( l_[ U;;“zufﬂrl) . ( l_[ U;}lfll,zj) |trivial)

1<j<N 1<j<N

= (Chern[2N + 1]|Chern[1]) - l_[ (Chern[j]|Chern[j]),
2<j<2N
: (41)

where the state |Chern[j]) is the Chern insulator state created at the j-th layer. Noting that the
C, twisted boundary condition is introduced by the identification between (2N + 1)-th layer
and the 1st layer by the C, rotation, we can further rewrite the expression as

(trivial| Ugpern [ T2 X, S1]|trivial) = (Chern[1]|C,|Chern[1]) - l_[ (Chern[j]|Chern[j])
2<j<2N

_ (Chern[1]| Gy |Chern[1]) . . e
= Chern[1jiChernf1])  \viall Uenem [ T7] lirivial),
(42)

where the last equation shows that the difference between the unitaries Ugpern[ T2 X¢, S'1and
Uchern[ T2 1is encoded in the layer on which the C, twist acts, where we have the C, expectation
value at the single Chern insulator. We will see that this C, expectation value gives rise to a
non-trivial logical gate.

For the free fermion Hamiltonian Hcy., of the Chern insulator, one can explicitly evaluate
the C, expectation value for each boundary condition of Zg symmetry. For simplicity, let us
assume that the Chern insulator is defined on a periodic square lattice with the length L,, L,
both even. In that case, the C, expectation value taken on the Chern insulator with each
boundary condition is given by

(AP,AP| C, |AP, AP) = (P, AP|C, |P, AP) = (AP,P|C, |AP,P) =1,
(P.PIC, PPy = [ ] (Koa| CylKoa) =1, (43)

%zd:—zzd
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where {ABP} denotes the Z£ boundary condition of the Chern insulator in x, y direction. The
above relation can be checked as follows. First, note that the C, acts on the pair of complex
fermions c.;'é CT'IE with k * —k by flipping the sign. When both of L,, L, are even, there are
always even number of such pairs, so one can discard the contribution of these palrs in the
C, expectation value. Hence, only the high symmetric momentum under C, satisfying k=—k
contributes to the expression. Such high symmetric points exist only for {P,P} boundary con-
dition. By evaluating the Z1 eigenvalue at each high symmetric momentum of Hgpep,, OnNe
can see that (P,P|C, |P,P) = —1. This observation that this C, expectation value becomes —1
when the 2d torus T2 has the periodic boundary condition in both x and y direction, and 1
otherwise, implies that Ucpern[ T2 Xg, S 171in Eq. (42) implements the CZ gate with respect to
the two logical qubits {X,, Z,,}, {X,,Z,,}.

At the level of effective field theory of the Chern insulator, one can also see that the C,
expectation value gives the sign that corresponds to the CZ gate. To see this, we describe
the state of the Chern insulator on T2 in terms of the U(1), Chern-Simons theory, which is
the bosonic dual of the Chern insulator under the sixteen fold way. The U(1), theory has
four anyons {1, v,1, vy} including the trivial one, so it has four-dimensional Hilbert space on
T2, where each state is labeled by the anyon. The Chern insulator state for each boundary
condition of T? is then expressed by that of the U(1), as

AP, AP) = [1) + [y}),
|AP,P) = 1) — ).
IP,AP) = [v) + [vap), “4
P,P) = [v) — [vap)

The C, rotation now acts by the S? modular transformation on the states of U(1), theory,
which turns to be the charge conjugation permuting the anyons as v < v1). Indeed, S,S?
matrices are expressed in the basis of {|1),|v),|y),|vy)} as

1 1 1 1
(45)

(05}
Il
|
[ -

i -1 —i 1

One can then immediately see that S acts on the state |P,P) by —1 sign, while acts as identity
on the others. This gives the alternative field theoretical explanation for why the above unitary
Uchern[ T? ¢, S'] implements the CZ gate.®

5.3 Controlled-S gate by pumping p+ip superconductor

Let us then study the logical gate implemented by pumping the p+ip superconductor. As we
have seen in Sec. 2.2, the codimension-1 p+ip defect induces the permutation of the generators
of the 1-form symmetry, by attaching the Kitaev chain defect to the magnetic defect. This
permutation action is expressed as the commutation relation between the 0-form and 1-form
symmetry generators on T2 X, s,

Permutation action: [V, Xy, 1= Wk s - (46)

8In general, the action of the crystalline C, rotation can differ from the modular C transformation of effective
field theory by an internal Z, symmetry, as a result of the crystalline equivalence principle [91,92]. Our setup
corresponds to the case that the internal Z, symmetry acts trivially on the Hilbert space, where the microscopic
C, action is identified as the modular transformation. It would be interesting to study how the different action of
crystalline C, symmetry gives rise to a distinct realization of the logical gates.
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Figure 5: Boundary conditions of the layered system. (a): Twisted boundary condi-
tion for C, rotation symmetry acting on the whole 2d torus, which makes the topology
of T2 Xg, S 1. (b): Twisted boundary condition for the partial C, rotation acting on
the disk within the 2d torus, which makes the topology of RP3#T?3.

The expression of the Kitaev chain operator W ,,, as a logical gate can be read from Eq. (25),
and given by

Weyz = CZy,CZ, ST, (47)
we then have
Vosip = cczx,y,zcsjc,y, (48)

where the Controlled-S' logical gate CS:S y is enabled by the C, twisted boundary condition.
To explicitly see how the C, twist makes the pumping of p+ip superconductor a non-trivial
logical operation, we again consider the 3d system that consists of the 2N layers of the 2d
trivial atomic insulators, and suppose of the process nucleating the pair of p+ip and p—ip
superconductors for the pair of layers (2j—1, 2j), then annihilate them for each pair (2j,2j+1).
By repeating the same argument as the previous subsection, the unitary realizing the whole

pumping process Vi, acts on the 3d trivial insulator by a phase, which is given by

{(p+ip| C, Ip+ip),
(p+iplp+ip);

where (p+ip| C, |p+ip); is the C, expectation value of the p+ip superconductor at the first
layer.

We can again understand the origin of the Controlled-S™ gate at the level of the effective
field theory of p+ip superconductor. To do this, we describe the state of the p+ip supercon-
ductor on T2 by that of the Ising TQFT with the anyons {1, 0,1}, which is the bosonic dual of
p+ip superconductor under the sixteen fold way. The state of p+ip superconductor with each
boundary condition is then expressed as [93]

|AP,AP) = [1) + |9},

(trivial| Vi,p[ T? % ¢S Y |trivial) = - (trivial| V[ T3] |trivial) (49)

|AP,P) = 1) —|¢),
1P AP) = |o). (50)
[P,P) =|o; ),

where |o; 1)) is the state on a punctured torus, where the fermion 1 is inserted at the puncture
and terminates at the ¢ line in the bulk of the solid torus. The modular & matrix of the
punctured torus is computed in [93], and given by Spp = e’™/4  The 8% acts on the other
sectors in a trivial way, which is written in the basis of {|1),|y),|o)} as

1 1 V2
8:5 1 1 =2, &*=id. (51)
V2 =2 0
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The C, rotation S? hence acts by the phase (—i) in the {BP} sector, while it acts trivially on
the other sector. This means the logical gate involving two logical qubits {X,,Z,,}, {X,,Z,,}
is given by diag(1,1,1,—i) in the Z basis, which is nothing but the Controlled-S™ gate.

5.4 Fault-tolerance of controlled-S gate

Following the argument reviewed in Sec. 4.3, one can immediately see that the pumping uni-
tary Ugpen[ T2 X ¢S 17 for the Chern insulator implements the fault-tolerant logical gate. Again,

both of the unitaries Ug}lfll’z J.(_Iizd), U;‘jrtgi]il(_lézd) can be regarded as a finite-time evolution
by the quasi-local Hamiltonian with at most exponentially decaying tail regardless of the C,
twisted boundary condition. This unitary Ugpe,[ T2 Xg, S'] again acts within the Fock space of
each flavor a = 0,1 with Z = (—1)%, and focusing on one flavor index we obtain the opera-
tor V,,_o, V,,—; pumping the p+ip superconductor, both of which implement the Controlled-S*
gate. By gauging the Z’; symmetry for each flavor distinctly, we obtain two copies of (3+1)D
fermionic toric codes, where the local constant-depth circuit Ugpepn[ T2 X, S 11 then acts as the

diagonal Controlled-S™ gate Vp+ip ® Vp4ip 0N the copy.

6 Example: T gate in (3+1)D fermionic Z, toric code

Finally we consider M3 = RP3, where pumping p+ip superconductor through M2 is expected
to realize the logical T gate according to Eq. (26). In order to realize the topology of RP? in
a lattice model, we consider a boundary condition of a 3d layered system twisted by “partial”
C, rotation [94], as shown in Figure 5 (b). To understand how the partial rotation realizes the
RP? topology, we recall that RP® is obtained by carving out a disk D® from a 3-sphere, and
then identifying the north and south hemisphere of the boundary S? by the C, rotation map.
The boundary condition implemented by the partial C, rotation exactly does the identification
of hemispheres to obtain RP3. In the presence of this boundary condition, the 3d space for
the layered system has the topology of T2#RP3, where the partial rotation adds the RP? to
the original torus topology T°.

In order to construct an explicit logical T gate in this topology by a local constant-depth
circuit, we would need to obtain a unitary circuit which can nucleate a “bubble” of a p+ip
superconductor enclosing the partial rotation cross-cap. Then, one would be able to sweep
the p+ip superconductor over the whole 3d space, resulting in an emergent symmetry acting
on the code space of fermionic Z, toric code. While we do not attempt to work out the con-
struction of such a unitary logical gate pumping a (2+1)D invertible phase through the partial
rotation cross-cap, we strongly expect that a constant-depth unitary circuit for this logical gate
exists. Indeed, in (2+1)D one can pump a (1+1)D Kitaev chain through a cross-cap for spatial
reflection by a local constant-depth circuit to obtain the logical gate of the (2+1)D Z, toric
code on RP? [62]. A similar construction would work for pumping a (2+1)D invertible phase
through a cross-cap of RP? as well.

In this section, instead of explicitly constructing a logical T gate using a local unitary
circuit, we comment on our expectation for a certain operator which is unitary in the whole
Hilbert space of the 3d layered system, but does not act within the ground state Hilbert space,
so does not directly define the logical gate. Nevertheless, after projecting onto the code space
of fermionic Z, toric code, it is expected to become a non-unitary operator proportional to the
logical T gate up to overall amplitude.
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6.1 Warm-up: S gate by pumping Chern insulator and 3-group

Before considering the p+ip case, let us discuss the logical gate implemented by the Chern
insulator defect, which generates the 2Z subgroup of the O-form symmetry. Due to the 3-
group structure dCy = dB,/2 U C; discussed in Sec. 2.4, the 0-form symmetry for the Chern
insulator acts on the junction of the magnetic defects by attaching the electric charge. As
discussed in Sec. 5, this implies that the O-form symmetry acts on the orientation-reversing
defect of the magnetic defect by attaching the Wilson line of the electric charge.

Let us now consider a 3d space RP?, where we can think of the magnetic surface operator
supported at RP? embedded in RP3. This surface operator implements the logical X gate of the
Z,, gauge theory. The 3-group structure discussed above is then reflected in the commutation
relation between the 0-form and 1-form symmetry generator,

. . 2
3-group equation: [Vp i X lox< Z, (52)
where Pauli Z corresponds to the Wilson line of a fermion extended along the orientation-
reversing cycle of RP?, which is a nontrivial cycle of RP?. This commutation relation is indeed

: : 2 _
realized by Eq. (26), which says Voiip = S-

6.2 Realizing RP® topology via partial rotation, and pumping Chern insulator
through RP?

Here we consider the process of pumping the Chern insulator discussed in previous subsections
on a layered lattice system defined on a 3d space with the topology of RP?. As we mentioned
at the beginning of the section, to encode the topology of RP? in the 3d space, we employ the
idea of partial rotation, which is the spatial rotation acting within a disk subregion. For the
system of 2N layers of the 2d trivial atomic insulators, we consider the boundary condition that
identifies the (2N + 1)-th layer with the first layer by the partial C, rotation acting on the disk
inside the 2d torus (see Figure 5 (b)). The partial-rotation twist works as a “cross-cap” making
up the RP? topology, and the resulting 3d layered system corresponds to a discretization of
the 3-manifold T3#RP3.

Let us study the action of the operator pumping the Chern insulator in the presence of the
partial C, rotation twist. We can just define the pumping unitary in the same form as Eq. (32),

Uchern[T3#RP31=( [ U)( [ U;ﬁfa,zj)- (53)

1<j<N 1<j<N

In the presence of the partial C, twist, the state for the trivial atomic insulator is no longer an
eigenstate of the pumping operator Ucper,, SO this operator does not directly give the logical
gate of Z, gauge theory after gauging ZJZC symmetry. However, after gauging ZJZC fermion parity
symmetry, we can see that the projection of Ugyer, Onto the ground state subspace for the Z,
gauge theory behaves as the logical S gate on the logical qubit encoded by the RP? topology.
To check this, let us explicitly compute the expectation value of the unitary Ugpe,,, On the trivial
atomic insulator,

(Chern| C,[ D?]|Chern),
(Chern|Chern),

(trivial| Ugper [ T>#RP?] |trivial) = (trivial| Ugper [ T3] |trivial), (54)

where C,[D?] is the partial C, rotation operator acting within the disk of the first layer. One
can also get the expectation value of the operator Ugy,,, in the presence of the Z’;-twisted

boundary condition for RPP?, which corresponds to shifting the spin structure of RP3. This Z’; -
twisted boundary condition is achieved by inserting the ZJ; symmetry defect at the disk where
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we act by the partial rotation. The expectation value of Ugyer, With the ZJ; -twisted boundary
condition is then given by

(trivial| Ughern[ T2 #RP?, twisted] |trivial)

(Chern| Co(—1)F[D?]|Chern) . .
= (CiernlChern)l L (trivial| Ugpern [ T2 ] |trivial) , (55)

where C,(—1)f[D?] is the partial C, rotation associated with the partial ijc fermion parity
operator, acting within the disk of the first layer. The expectation value of the partial rotation
operator in the Chern insulator has been computed in [94], and has the form of

2mi

(Chern| C,[D?]|Chern); =e™ % x y, (Chern| C,(—1)F[D?]|Chern); = e’ x x, (56)

where y is a real non-universal value. See Appendix E for the detailed discussions about the
evaluation of the partial rotation. One can hence see that the operator U projected onto the

2mi
state for a 3d atomic insulator is proportional to S = diag(1,e + ) up to the overall value
e—2m’/8 X 7.

6.3 Pumping p+ip superconductor through RP? and T gate

Let us then study the logical gate implemented by pumping the p+ip superconductor in the
presence of the partial C, twist. According to Eq. (26), the p+ip symmetry acting on a 3d space
RP? generates the logical T gate on the Z, gauge theory. To explicitly see how the partial C,
twist makes the pumping of p+ip superconductor a non-trivial logical operation, we again
consider the process of nucleating the pair of p+ip and p—ip superconductors for the pair of
layers (2j—1,2j), then annihilating them for each pair (2j,2j+ 1), in the system of 2N layers.
This pumping unitary V,,,;, does not act by unitary on the ground state subspace for the Z,
gauge theory, but acts by the logical T gate once projected onto the ground state subspace.

Indeed, by repeating the same argument as the previous subsection, one can evaluate the
expectation value of the pumping unitary on the 3d trivial atomic insulator as

(p+ip| Co[ D*] |p+ip),
(p+iplp+ip);

(trivial| V4, [ T°#RP?] |trivial) = - (trivial| V4, [ T°] [trivial),  (57)

where C,[D?] is the partial C, rotation operator acting within the disk of the first layer. Also,
the expectation value with the shifted spin structure on RP? is given by

(trivial| V5[ T3#RP?, twisted ] |trivial)

+ip| Co(—1)F [D?] |p+i
_ (ptipl (2(+_ |)J[r )”p ip)y - (trivial| Vi, [ T3] |trivial) . (58)
p-+ip|p+ip);

The computation details of the expectation value of the partial rotation operator in the p+ip
superconductor is found in Appendix E, which largely follows the argument in [94,95]. The
result has the form of

. . _2ni . ) 2ni
(p+ipl Co[D?]|p+ip); =e 10 x x,  (p+ip|Co(—1)F[D*]|p+ip); =eT x y,  (59)

where y is a real non-universal value. This demonstrates that the unitary becomes propor-

tional to the logical T gate T = diag(1, e ) up to the overall value e 27/16 x y.
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7 Discussion

In this paper we have developed an understanding of the emergent 3-group symmetry of
(3+1)D Z, gauge theory with a fermionic charge. The 3-group symmetry is mathematically en-
coded by the equations obeyed by flat background gauge field configurations for the 3-group
symmetry. Physically the 3-group symmetry describes the result of space-time intersections
and junctions involving topological defects of varying codimension.

The emergent 3-group symmetry in general can act non-trivially in the code subspace of a
topological code, and gives rise to fault-tolerant logical operations. In this paper we provided
a general formula for the logical gates obtained by sweeping the Kitaev chain defect and the
p+ip superconductor defect. When we consider the code defined on the torus T3, the mapping
torus T2 x S, and RP3, our results imply that one can realize CCZ, CS, and T gates.

Our work raises several questions for further study. First, the unitary operators that we can
define are in terms of finite-time evolution of a quasi-local Hamiltonian. It would be of interest
to write down explicit constant depth local unitary circuits that approximate these unitaries
and prove rigorously that they give fault-tolerant logical gates. For the T gate on RP?, our
microscopic realization required applying a partial C, rotation, which took the system out of
the code subspace and required projecting back to the code subspace. As we discussed, we
expect that there is a unitary operator that leaves the code subspace invariant and implements
the same transformation; it would be of interest to explicitly find this operator.

Our results made use of the application of global and partial rotations to the topological
states that are decorated on the codimension-1 defect. As studied in [94-97], the results
of these operations might be modified by non-trivial topological invariants protected by the
crystalline rotation symmetry of the system, and may depend on the Wyckoff position of the
fixed point of the rotation. It would be interesting to investigate whether and how these
crystalline symmetry protected invariants affect the logical gates that are obtained.

As mentioned in the introduction, a large class of fault-tolerant logical gates can also be
obtained in topological codes using mapping class group operations, which can be viewed as
sweeping geometric defects through the system. The algebraic relationships between logical
gates obtained from mapping class group elements and those obtained from sweeping invert-
ible topological defects presumably give rise to a larger emergent 3-group symmetry that mixes
the one studied here with the diffeomorphism symmetry of the code.

Finally, it would be interesting to place our results in the wider context of schemes for
realizing universal fault-tolerant quantum computation, and whether these results be utilized
to improve the optimal space-time overhead for universal quantum computation.
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A Derivations for logical gate of Kitaev chain defect

Here we derive the expression Eq. (25) of the logical gate implemented by the Kitaev chain
defect. We will present two derivations, one based on property of the ABK invariant, the other
based on commutation relation.

A.1 Derivation from factorization property of invariant

The ABK invariant on the surface %; can be described by Z, gauge field b with the effective
action [36,44,82,83]

i

_J qa(b): (A1)

2 )5

J

where b is a dynamical field that satisfies db = 0. Let us examine how the theory depends
on the pin~ structure a by writing it as a = ay + B for some fixed reference pin~ struc-
ture q, (the pin~ structure on the surface %; are the restriction of the spin structure in the
3-manifold M that contains X; [44]). Using the property q, 5(x) = qq,(x) + 2x U B and

q(x+y)=q(x)+q(y)+2x Uy, we can rewrite the effective action as

T / _E
2 quao(b) . L.qao(B), (A2)

]

where b’ = b + B. Thus the theory depends on the pin~ structure by the effective action

7'[.'
_E JZ an(B)' (A.3)

J

Consider the operator acting on the state |{a}) (where the eigenvalue of (—1)§ 4 =41
labels the spin structure of the 3-manifold M, which extends to pin~ structure on the surface
%; inside the 3-manifold) as follows:

2mi

WiE)lay) = e * 5% a}y, (A4)

where q, is some fixed reference pin~ structure related to the choice of embedding of the
surface %; in the 3-manifold. For instance, if the spin structure differs from the pin™ struc-
ture by w; of the surface, it is the same as the embedding with opposite orientation, since
gfqa0+wl(x) = 5qq,(x) + nfx Uw; =—3 f qq,(x). It is sufficient to pick a choice of em-
bedding; different choices are related by shifting a, i.e. a basis transformation that conjugates
Wk by Pauli X gates. We can set a, = 0, but in the discussion let us keep general aj,.

Let us augment ¥; with additional surfaces such that {X;, ¥} forms a basis of H,(M, Z,).
We can parameterize a as

a=n;PD(S))+ > mPD(Sy), (A.5)
k#j

where (—1)", (—1)" = %1 are the eigenvalues of the Pauli Z gate on the corresponding qubits
(we will take them to be nj,n € {0,1}), and PD denotes the Poincaré dual. In the notation of
(25), PD(Z}) = 0.

Let us substitute (A.5) into (A.4) and using the property q(x +y) =q(x)+q(y)+2xUy
mod 4:

WK(Z )l{a} l_[ Czk l} oJo; (l—[ Zfz o;Uoy ]:fz O’kUO'k) fz o;uo |{a}) (A.6)

k<l,k,l#j k#j
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where the CZ gates are from the contributions 7tn;n; fz- o, Uo; and mtnjng fz» o;Uoy, the
J J

. . TT T 2 __
S gates are from the contributions n; 3 fZ]- q(oy) and n;3 fz,— q(o;) where we used n ;= n;

])
i = ny for nj,n; =0, 1. Using the property

J UjUUk:f O'jUO'jUO'sz Sql(aj)UakZJ ajUSql(ak)=f orUo, mod 2,
% M M M %
(A.7)

n

S, o500k ) [5. oxuoy
we can replace the term CZ]. N in (A.6) with CZJ. % . Then the operator reproduces

the expression (25) up to an overall constant phase e s #(Z/%j%5),

A.2 Derivation from commutation relation

Here we present an alternative derivation for Eq. (25) based on the commutation relations
between the Kitaev chain operator and the logical Pauli operators. First, the commutation
relation between the Kitaev chain operator and the logical Pauli X operator is given by

XkWIi(Zj)XkWK(Zj) [{a}) = exp (%M(ABK(ZPQ) — ABK(Zj,a + O'k))) [{a})

271 (A-8)
=eXP(TJ qa(ok))l{aD-
.

J

The phase exp (% fz- qa(ak)) measures the pin~ structure of a surface X, along a close loop
J

y Poincaré dual to o; U 0. This implies that this phase is proportional to the action of the
Wilson line of the fermion ) along y, which can be expressed as a product of logical Pauli Z

Jus ojoxoy
l

operators as [ [, Z . Concretely, we have

X WL (ENX V() = i) 91k ]_[zlfMS 7iTkIL (A.9)
1

The additional phase factor iJu3 93949 reflects the property that the phase exp (% le qa(ak))
]
becomes +i when y crosses through the orientation-reversing defect of the surface %; odd

times, which happens when fMg 000 = 1. Meanwhile, the commutators between the
Kitaev chain operator and the Pauli Z operators become trivial,

ZWLENZW(Z) = 1. (A.10)

The unitary is completely specified by the commutator between Pauli X and Z operators up to
overall phase. In our case, the above commutators fix the form of the Kitaev chain operator
up to phase as

000 000 ; ) - P
WK(Z]'): l_[ CZI{,AZ/Is 9k z.l_[Cij’,\kﬂs %k k(SII)fM3oJO'kO'k.(S})fMgoj(f]UJ.

i . (A1D)
k<lj#k,j#l j#k
One can check this expression as follows.
1. When j # k, the commutation relation can be evaluated by
X |1 czlf’f seon | = T zlwe oo, (A.12)
L<m i im m
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and

Xk,l_[Cijj”g N (g Troen | = zijs 7T ¢ s 0100 W T (a 13
l
J#l
where [A,B]:=A"'B~'AB. These two commutation relations together produce Eq. (A.9).

2. When j = k, the nontrivial commutation relation comes from

x, [ Jezhw oo =Tzl (A.14)
l l
j#l Jj#l
and

j9i%;j

[Xj> (5}“)st UjUjUj] = ist 0j0j0; zij3 d (A.15)

These two commutation relations together produce Eq. (A.9).

The additional phase factor appears when the surface ¥; satisfies f - w% = 1, in which
J

case the ABK invariant exp (ZTMABK(Z] i a)) becomes the 8th root of unity. This happens when

f M3 a?’ = 1, where we must introduce a phase factor exp (% fMg o?). Otherwise the eigen-
value of the above operator should match the ABK invariant of the surface ;, since the ABK
invariant of %; with the choice of spin structure such that Z; =1 for all k is expected to be 1.
So we get the expression (25),
_ f3U'UkUz fsU'UkUk F : 2 GO
wEp= ] czr™. l:[czjf,f 9 (s i (55 5T ws i A16)

k,l
k<l,j#k,j#l Jj#k

For example, when the 3d space M? is taken to be RP?, the fermionic toric code stores a
single logical qubit. The Kitaev chain operator on RP? embedded in RP? can then implement
ST logical gate up to overall phase e2"/8, which originates from the last term in the above
expression. Such a logical ST gate in (2+1)D Z, toric code and honeycomb Floquet code on
RP? has been explicitly constructed in [62].°

B Derivations for logical gate of p+ip defect

Let us write the Pauli operators of the Z, x Z, gauge theory as {Z;;,X¢ ;}, {Zp ;, X ;}, where
Z¢, Zy denote the Wilson line for fermions 1,1’ respectively. Each Z, gauge theory has the
Kitaev chain defect, with corresponding operators denoted by Wx(%;), Wi/(%;).

To describe the expression of the symmetry operator corresponding to the (p+ip) x (p—ip)
defect, let us first express the Z, x Z, gauge theory in a different basis, by redefining the Pauli
operators as

Zf’j :Zf,j, Zb,j :Zf’jZf/)j, Xf,j :Xf,ij/,j, Xb,j :Xf/’j. (Bl)
The Pauli Zb’j operator corresponds to the Wilson line for the bosonic particle b := 2)’, so
the above expression amounts to describing the Z, x Z, gauge theory as stacking of Z, gauge

°In [62], this logical gate for the Kitaev chain operator on RP? is presented as v'Y ' gate instead of S = v/Z 'i-,
since [62] works in the basis where the line operator of the fermion on RP? is identified as a Y gate instead of Z
gate (up to overall phase).
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theory with a bosonic particle and that with a fermionic particle. In this basis, we can describe
the eigenstate of the Pauli Z operators as |{a, b}) with a, b Z, gauge fields on M3, where the
Wilson line of a corresponds to Z;, and that of b corresponds to Z;,. On the eigenstate |{a, b}),
the action of the operator V that corresponds to the (p+ip) x (p—ip) defect is given by [98,99]

Vi{a,b}) = exp(%ﬂa(b)) l{a, b)) == exp(%ABK(PD(bxa)) @b), (B2

where PD(b) denotes a 2d surface Poincaré dual to the Z, gauge field b.

This operator V can be expressed in terms of a certain non-Clifford unitary. To see this, we
compute the commutation relation between V and Pauli operators. First, we obviously have
[v, Zf’j] = [V, Zb’j] = 1 since V is diagonal in the Z basis. Then, the commutator involving
the Pauli X operator can be computed by exploiting the following property of the invariant

Ba(b) (98],
exp 22 (Ba(b) + B(b) — Bu(b-+ ') ) = exp(zT”if qa(b')) . e
PD(b)

exp (25 (Buso(0) — Fu(0)) ) = exp (—%J qa(b)) . e
PD(0)

Here we introduced the function q,(b) defined on a pin™ surface X. a is pin~ structure induced
on the defect X, and b is the flat Z, gauge field for the bosonic electric particle. q,(b) is a
Z4-valued quadratic function with the property

f qa(b)+J q,(b") =J q.(b+ b/)+2f bub’ mod4. (B.5)
= 2 2 b

The commutator between V and Pauli X operators are then computed by

LV iV (e b1 = exp(— 22 B, () )exp (257 Bul®) ) (e, B

=exp(27”ij qa(b))ua,b}), (B.6)
P2

£V %oV a, b)) = exp <252 ulb + 1) Jexp( 22 () e, )
= exp (% J qa(b)) - exp (—%MABK(ZI,(, a)) |{a,b}). (B.7)
2k

We then use the following relation between g, and the ABK invariant

ABK(X,a) — ABK(XZ,a+ b) = ZJ qq.(b)  mod 8. (B.8)
b

We then have
)N(f’kVT)N(f,kV [{a, b}) = exp (%ABK(Z,(, a)) exp (—%ABK(Z,(, a+ b)) [{a, b})
= Wk(ZOW,, (30 {a, b)), (B.9)
Xp 1V Xy iV [{a, b}) = exp (—%ABK(ZIO a+ b)) [{a, b})

=W}, (Z) {a, b}). (B.10)
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One can then obtain the commutation relation between V and Pauli operators in the original
basis X¢, Xy as

XeViXe V= Wi(Z),  XexV X V= WS- (B.11)

By expressing V in the form of V; ® V¢, the problem now reduces to finding a unitary V; acting
within the Z, gauge theory with a single fermion, satisfying

Zf,kaTZf,ka =1, Xf,kaTXf,ka =Wk(Zk), (B.12)

where V; is regarded as the action of the p+ip defect. This commutation relation
Xf’kaTXf’ka = Wk(Z) explicitly shows that the p+ip operator V; induces the automorphism
of 1-form symmetries X, Wk, as discussed in Sec. 2.2.

Since the unitary is completely specified by the commutator between Pauli X and Z opera-
tors up to overall phase, it suffices to find a single unitary that satisfies the above commutation
relations. We find an expression of such a unitary V; (up to overall phase) as

i) = [ | (cez;plm o] Jes v e T Jarhlws e @.13)
Jk,l Jj.k J
j<k<l j<k

One can check this expression by the following commutation relations:

X [ ] cczpp)lwaonon| = [T (czyp)lusoroon, (B.14)
I,m,n Im
I<m<n _ k#Lk#m,l<m

Ko [JCspmfwoonon | =[Jczuusormoshhsooe, @)
I, l
1<m 1w
Xk’l_[(TlT)fM3010101:|:(E%SZ)stakakok_ (B.16)

l

These three commutation relations together produce Xf’kaTXf’ka = Wk(Zp).

C Details of unitary pumping a Chern insulator

Here we describe the details for the lattice model of a Chern insulator and a unitary that pumps
it, following the definitions of [69]. As outlined in the main text, the Hamiltonian of the Chern
insulator has the form of

Hehern(kaq) = X (ko)X + ¢ (kpq) Y + ¢Z (kpq) 21 (C.1)

To describe an explicit example of {cX,c?,c?} for a Chern insulator, we take two numbers
0 < k; < ky < 1 and define a function 0(|kyy|), which satisfies 8(|kyql) = O for [koy| = ks,
0 (|kog|) = 7 for |koq| < k;, and smoothly interpolates between them for k; < |kpg| < ky. Then
{cX,cY,c?} is taken to be

(05 0, _1)7 for |_I£2d| < kl y
. g k . - - -
(%%, ¢8) = { (£ sin(00kauD), 5 sin(0(Kaal), cos(O(IRaa)) ), for ko < [lesgl < s,
(0,0,1), for [kogl > ks,
(C.2)
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b

Figure 6: The Hamiltonian terms for fermionic toric code model on cubic lattice.

which realizes a non-trivial winding number 1 associated with a map {c*,c",c?}: T? — S2,
hence defines a Chern insulator.

Next, we describe the details of the unitary that pumps a Chern insulator. Let us define
¢(§2d) = tan_l(ky/kx), and the unitaries for |_IE2d| >k,

V, (kyq) = exp (i (ko)(1 + 2)/2) exp (16 (kg )Y /2) ,
V_(kaq) = exp (—i¢ (kag)(1 + 21)/2) exp (16 (|kaq))Y/2) .

Then, a unitary U™ that can nucleate a pair of Chern insulator and its opposite out of a trivial
atomic insulator is given by

(C.3)

U (zq)
(IRaal /Ky exp (ip (ko) 2 (1 + 2)/2) + 14/ 1 — [Rgg 2/K2X™0 ) i¥™,  for [Kyg| < ki,
= { Vi(kpa)(1 + Z'%) /2 4+ V_(kpa)(1 — 2'°7) /2, for ky < [kaal < kp,

r(Ikaal) exp (i (kaa)Z' ¥ (1 + 21)/2) + 14/ 1 — r([koql)2/K2X 125", for [kpg| > ks,
(C4)

where r([kyg|) is a positive function satisfying r(|kyq|) = 1 for |[kyg| < ko, r(|kogl) = O for
|_122d| > 1, and smoothly interpolates between them for k, < Ifézdl < 1. U™ s a continuous but
not smooth function of iZd, while it is likely that U nuCI(§Zd) together with the Hamiltonian of
Chern insulator Hcpep, can be slightly deformed homotopically so that U™ becomes smooth.
In the main text, we assume that U““CI(EZd) can be taken to be a smooth function of %2d.

Similarly, we define the unitary for annihilating a pair of Chern insulators as
panmnih — xlayergynucliylayer -~ Ag outlined in the main text, the unitary pumping a Chern in-
sulator through a layered system in 3d can be expressed as

Uanen= | | U530 [ ] U550 (€5
1<j<N 1<j<N

which can also be defined in the presence of C, twisted boundary condition as discussed in the
main text. In either case, each of U™, 2™t does not commute with Z due to the presence
of the factor that depends on Y, but they cancel out with each other in the expression of
Uchern- Uchern after all preserves the flavor index, and acts within the Fock space of each flavor
a = 0,1 with Z = (=1)®. Each unitary acting within one specific Fock space for a flavor is
written as V,_, V,—;, each of which is identified as pumping a p+ip superconductor.

D Fermionic toric code in (3+1)D

Let us review the fermionic toric code in (3+1)D [63], whose ground states describe Z, gauge
theory with emergent fermion.

It is more convenient to describe the theory using dual Z, 2-form gauge field instead of
1-form gauge field. In terms of dual Z, 2-form gauge field b, which satisfies db = 0 mod 2,
the theory for the ground states has the topological term

anUb. (D.1)
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To see this is the correct topological term, we can rewrite it as 7 f b Uw, where w, is the
second Stiefel-Whitney class for the tangent bundle. We can restore the 1-form gauge field as
a Lagrangian multiplier that enforces db = 0 by the action © f buda. Then integrating out b
instead enforces da = w,, which implies that the Wilson line of a is a fermion.

Let us construct a lattice model for the action. It can be obtained by gauging Z, 1-form
symmetry in Z, 1-form symmetry protected topological phase with the cocycle ¢ (b) = b U b,
the latter is discussed in [100]. We introduce qubit on each face, acted on by the Pauli operators
Xp, Yy, Zg. The result is the Hamiltonian

H= _Z l_[ X; '(—1)f bué+éub_Z l_[ 7, (D.2)

e fiecdf ¢ fedc

where e are edges, f are faces and c are cubes, € is the 1-cochain that takes value 1 on an edge
e and O otherwise, and Z; = (—1)*¢), where b(f) = 0, 1 is the value of the 2-form gauge field
on face f.

The above construction works on any lattice with a triangulation. For instance, we can con-
sider the Hamiltonian model on lattice with the topology of RP? by suitable twisted boundary
condition.

For the special case of cubic lattice, we sketch the Hamiltonian terms in Figure 6 on the
dual lattice, where we dualize the surface variable Z = (=1)®Y) into edge variable X, one the
dual lattice. The magnetic flux membrane operator is unmodified compared to the ordinary
toric code, while the Wilson line needs modification with additional X in order to commute
with the plaquette terms, and the modification gives the particle nontrivial statistics.

E Detailed descriptions of the partial rotation

Here we review the properties of the partial Cy; rotation taken for a disk subregion of a (2+1)D
fermionic invertible phase, following the argument of [94,95].

The partial C,; rotation of the (2+1)D fermionic invertible phase within a disk can be an-
alytically computed by using the cut-and-glue approach established in [101], which describes
the entanglement spectrum of the disk subregion in the long wavelength limit by that of the
(1+1)D CFT on its edge. That is, the reduced density matrix for the disk subregion D is ef-
fectively given by pp = pcpr, where pcpr denotes the CFT on the edge of the disk. The edge
of the disk entangled with the complement subsystem is described by a thermal density ma-
trix of a perturbed edge CFT at high temperature [102]. The form of the perturbation in the
entanglement Hamiltonian is not universal. In the following, we assume that the entangle-
ment Hamiltonian is that of the unperturbed CFT: pcpr = e P, where the validity of this
assumption should be checked with numerics.

Due to the crystalline equivalence principle [91,92], the C;; rotation symmetry effectively
acts as a translation symmetry combined with an internal Z,; symmetry of the edge CFT on
the boundary of D. For simplicity, here we assume that the Z,, internal symmetry acts trivially
on the state. See [95] for the discussions about the case with the non-trivial Z;; action, where
the partial rotation defines the invariants of the crystalline invertible phases.

The partial rotation then reduces to evaluating the expectation value of the translation
operator within the (1+1)D edge CFT. Let us write the state of a (2+1)D fermionic invertible
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phase as |¥), with chiral central charge c_. The partial rotation is then expressed as

Elh

Te[eiPre3H]

Tr[e_VH ]

2ni Zazl,w Xa % - %)
Zazmp X a(%)

where we introduced the velocity v of the CFT, finite temperature correlation length of the

edge theory & := f3v, the length of the boundary L = |dD|. P is the normalized translation
operator

(U] Cy[D?]1¥) =
(E.D

=e

2

e I S ]

so that P |vac) = 0 on the vacuum state |vac) of the CFT.
Also, y,(7) is the chiral Virasoro character of Spin(2c_); WZW model that corresponds to
the partition function on a torus. That is,

Xa(7) = Tr, [ 270~ | (E.3)

where a labels the chiral primary field, which is valued in {1,%,0} when c_ € Z + 1/2, and
valued in {1,%,v,v'} when c_ € Z.
Let us evaluate the above CFT characters in the case with even M. We perform the modular
STMS transformation on the character as
M )

2, X“(%_ﬁ): 2. Zsab?(b(
= > st )abxb(l;M_) E.4)

a=1, a=1lp b
a=1lp b M

= Z Z(STM)abSchc(Nll—gg"‘ﬁ)-

a=1,) b,c

By plugging the modular S, T matrices of Spin(2c_); WZW model into the above expression,
we get
lg 1 27'nMc ( lL 1 )
E ———|=e 2 E —+—|. E.5
a:WX“(L M) - xe M2, M (E-5)

At high temperature we have é > 1, where we can approximate the character in terms of the
highest weight state |h,):

xc(zxxwﬁ)wzﬁl(hc e e e ) (E.6)

Due to the exponentially dropping factor e Mzi( ) , the lightest state with ¢ = 1 has the
dominant contribution at large system size. We hence get to the leading order

3 Xa(é_l)_e LM MG T (E.7)
L M
a=1,9
Also, we have
> xe(T)= 2 Dsan(F). ®8)
a=1,y a=1ly b
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where the character can again be approximated by the contribution of the highest weight state

(L _2nlep =
m(%)“e . (E9)

Hence, to the leading order we get

i& 21l ¢
Z xa(f)%e £ (E.10)

Combining the above results, we obtain the final expression of the partial rotation

2L C— 27 c—

(U] Cy[D2] W) = e~ 5 Wi o2 2% o~ E 27 (E.11)

Similarly, the expectation value of the partial rotation followed by the partial Zg fermion
parity symmetry is given by
Tr[eP# (—1)F e~ +H]
Tr[e‘éH ]
G- -G -%
Za=1,¢ X a(f) .

(T| Cy(—1)F[D?]|w) =

(E.12)

=e
In that case, we have
i 1 £ 1) _ y iL 1
21 (——M)—Xw (I_M) —;(Slb—swb)ﬂ, SbCXC(M_Zg + M) . (E.13)

By plugging the modular S, T matrices of Spin(2c_); WZW model into the above expression,
we get

o) ()

) ez“s’M- e 0 «/_Soclc(,\gg ﬁ) ifc_ez+3,
- 2 2mM 1 . (E-14)
e Db 2uc Sbcxc( +M)> ifc_eZ.
To the leading order with ¢ = 1, for any c_ we get
lg 1 lg 1 ) 2miM . 2miM . 2mi 2nL -
- == ———|=e 8 “e @ e MzmemEN, E.15
(1) (52 e
We then obtain
(W] Cyy (—1)F[D2]|W) = o8 5 M+ f)e- g ise 7 =5 5 (E.16)
Summarizing, the results of the partial rotation are given as follows:
2 _ WM+ E) e Frp2 _ M 2+ 2
(U|Cy[D7]|W) =e 2 x y, (U][Cy(—1)"[D]|¥) =e 5 “e 200 W)= x i,
(E.17)

2L C— _2nL —
where the amplitude y = e%*? ¢ ¢ 2 is a non-universal positive value. Taking M = 2,

c_ =1,1/2 produce the expressions Egs. (56), (59) respectively.
At large system size, a number of numerical results suggest that the phase of the partial
rotation converges to the universal value predicted by the CFT computation [94, 95, 103].
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Meanwhile, the amplitude y is in general sensitive to the microscopic detail of the wave func-
2nL ¢ 2ml c—

tion and is not expected to be simulated by the CFT result eM? ¢~ ¢ 22, However, we expect
that the ratio between the partial rotations

(V| Cy[D?]1®)
(| Cy(—DF[D2]|®)’

(E.18)

has the universal amplitude predicted by the CFT computation. In our case, the above ra-
tio is the pure phase, which implies that the non-universal amplitudes | (¥| C,,[D?]|¥) | and
| (¥| Cpy(—=1)F[D?]|W) | are expected to converge to the exactly same value at large system size.
This expectation has been verified numerically with the Haldane model for a Chern insulator
on a honeycomb lattice [104], with the rotation angle M = 2,6.1°
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