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Abstract

A spontaneous symmetry-breaking order is conventionally described by a tensor-product
wavefunction of some few-body clusters; some standard examples include the simplest
ferromagnets and valence bond solids. We discuss a type of symmetry-breaking orders,
dubbed entanglement-enabled symmetry-breaking orders, which cannot be realized by
any such tensor-product state. Given a symmetry breaking pattern, we propose a crite-
rion to diagnose if the symmetry-breaking order is entanglement-enabled, by examin-
ing the compatibility between the symmetries and the tensor-product description. For
concreteness, we present an infinite family of exactly solvable gapped models on one-
dimensional lattices with nearest-neighbor interactions, whose ground states exhibit
entanglement-enabled symmetry-breaking orders from a discrete symmetry breaking.
In addition, these ground states have gapless edge modes protected by the unbroken
symmetries. We also propose a construction to realize entanglement-enabled symmetry-
breaking orders with spontaneously broken continuous symmetries. Under the unbro-
ken symmetries, some of our examples can be viewed as symmetry-protected topological
states that are beyond the conventional classifications.
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1 Introduction

Spontaneous symmetry breaking is a ubiquitous phenomenon and plays fundamental roles in
numerous physical systems, ranging from astronomical objects like neutron stars to quantum
mechanical objects like atoms forming a crystal. It is also the basis of many important modern
technologies, such as hard drives, maglev trains, and spintronics.

In quantum physics, a standard recipe in characterizing a spontaneous symmetry breaking
order is by representing it as a tensor-product wavefunction of some few-body clusters. For
example, as depicted in Fig 1, a quantum ferromagnetic order is often described as a tensor
product of spin-ups or spin-downs; a valence-bond-solid order is described as a tensor product
of spin-singlets. Note that while a generic symmetry-breaking state is not a tensor-product
wavefunction, here we stress that the recipe is about the possibility of realizing such a symmetry
breaking state via a tensor-product wavefunction as a characteristic description. The tensor-
product description is also usually the “fixed point” wavefunction of the symmetry breaking
orders. This conventional wisdom seems to suggest that all symmetry breaking orders can be
represented by a tensor-product wavefunction.
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Figure 1: “Classical” symmetry-breaking orders. (a) A quantum ferromagnetic order.
(b) A valence-bond-solid order.

Nevertheless, remarkably, there exist symmetry-breaking orders that are impossible to be
described by any tensor-product state, fundamentally requiring entanglement. We dub such
orders entanglement-enabled symmetry-breaking orders (EESBOs), which will be defined more
precisely later. How would such orders arise? An expected scenario is where the remaining
symmetry has some Lieb-Schultz-Mattis (LSM) constraints, mandating the states to be long-
range entangled. Later we will review how LSM constraints from the remaining symmetry
mandate EESBOs via an example from Ref. [1].
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On the other hand, in this work, we investigate a less anticipated and less discussed situ-
ation where the symmetries do not have LSM constraints but are still incompatible with any
tensor-product wavefunctions. That is, although the wavefunction is short-range entangled, it
can never be smoothly deformed to a limit represented by a tensor-product wavefunction, as
long as the given symmetry-breaking pattern is to be realized. We make this notion of EESBO
precise, and propose a diagnostic to check if a symmetry-breaking order is entanglement-
enabled. To illustrate the idea more concretely, we construct models with exactly solvable
ground states to unambiguously prove that such EESBOs can exist, where the spontaneously
broken symmetries are discrete. We then discuss more examples with spontaneously broken
continuous symmetries, which show additional interesting properties, such as novel structures
of the Goldstone modes.

In passing, we note that models exhibiting short-range EESBOs which can be diagnosed by
our diagnostic have appeared in Refs. [2-4]. However, the motivations to study such models
appear to not be based on EESBOs, and the obstruction of the local-product-state realization
of the order was not shown explicitly therein. In Appendix A, we will apply our diagnostic to
verify that they are indeed EESBOs.

Here we point out some potential significance of EESBO. The usual description of the
symmetry-breaking orders suggests that all symmetry-breaking orders are essentially “clas-
sical” [5], since they allow a description by a tensor-product wavefunction. On the other
hand, EESBO is intrinsically quantum, indicating the incompleteness of the above description.
For instance, recent development in the systematic understanding of the magnon topological
band structures is based on “classical” symmetry-breaking orders [6-10]. However, the com-
plete understanding must incorporate the magnons arising from EESBOs. Furthermore, the
properties of the symmetry defects associated with EESBOs are largely unexplored and could
pave a way to future technologies, much like the roles of skyrmions in spintronics [11-13].

This paper is organized as follows. In Sec. 2, we present a precise definition of EESBOs,
which is followed by some convenient diagnostics to check whether a symmetry-breaking or-
der is entanglement-enabled in Sec. 3. In Sec. 4, we provide an infinite family of models with
exactly solvable ground states that exhibit EESBOs (together with some other interesting prop-
erties), where the spontaneously broken symmetries are discrete. In Sec. 5, we discuss more
examples of EESBOs where the spontaneously broken symmetries are continuous. We finish
the paper with discussion in Sec. 6. Additional details are presented in various appendices.

2 Definition of entanglement-enabled symmetry-breaking orders

To define EESBOs precisely, we first need to clarify how to specify the symmetry setting of
a physical system, and the notion of a tensor-product state of few-body clusters. We will
see that EESBOs arise from some incompatibility between the symmetries and tensor-product
wavefunctions.

For concreteness, we consider a quantum system on a lattice, described by a tensor product
of local Hilbert spaces. Changing the structures of the local Hilbert spaces, i.e., their dimen-
sions and operator contents, changes the physical system. Below we often use “spin-S system”
to mean a bosonic system with 2S + 1 dimensional local Hilbert spaces. We assume that the
system is described by some local Hamiltonian with a symmetry group G.

To describe spontaneous symmetry breaking, we first have to specify the symmetries of the
Hamiltonian.! In particular, we need the symmetry setting specified by i) the group G, formed
by the symmetry actions on local operators, ii) how states in each local Hilbert space transform

We only consider 0-form, ordinary symmetries.
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under the symmetry, and iii) the locations of the degrees of freedom (DOF).? For example, a
spin system on a kagome or honeycomb lattice described by the usual Heisenberg Hamiltonian
has G, = S0O(3)x Zg x p6bm, where SO(3), Zg and pém describe the spin rotation, time reversal
and lattice symmetries, respectively. We stress that the group G, does not fully specify this
symmetry setting without specifying how each spin transforms under G, e.g., the magnitude
of the spin, whether it is a Kramers doublet, etc. We also need to specify the locations of the
spins, i.e., whether they live on a kagome or honeycomb lattice. However, for convenience,
we just use the group G to denote the symmetry setting, keeping other information implicit.

The ground states of the system may spontaneously break the symmetry G, to its sub-
group G,®> and we denote this symmetry-breaking order by “G, — G”. To define EESBO more
formally, let us define the “classical” symmetry-breaking order first.

Definition 1 Given G, and G, we call the symmetry-breaking order “classical” if its G-symmetric
ground states [1)) can be represented by a local product state, i.e., |Y) = @; |;)a,, where [1);) 5,
is supported only in a local region A; for all i.

Here by local we mean that the “size” of A; does not scale with the system size, and we will
call the state “ultralocal” if each A; is just one site. Note that although a “classical” G; — G
symmetry-breaking order can be realized by local product states, generically it can also be
realized by other states, which may have (even long-range) entanglement, since G alone does
not fully determine the ground states. As mentioned in Sec. 1 and Fig. 1, the all-up or all-down
ferromagnetic states and the valance-bond-solid state are examples of the classical order, since
the G-symmetric states (i.e., , the G, symmetry-breaking states) can be realized as a local tensor
product state.

We now give a definition of EESBO, which is defined as the non-“classical” symmetry break-
ing orders.

Definition 2 Given the symmetry breaking relation Gy — G, if all possible G-symmetric ground
states cannot be realized by local product states but can be realized by some entangled states, we
call the Gy — G symmetry-breaking order an "entanglement enabled symmetry-breaking order”
(EESBO).

It is worth emphasizing that the above definition of EESBO is different from the usual phe-
nomenon of coexistence of spontaneous symmetry breaking and nontrivial topological phase.
In the latter, the ground state with spontaneously broken symmetries can be a nontrivial topo-
logical phase, but usually one assumes that it does not have to be a nontrivial topological
phase and the symmetry breaking pattern of interest can be represented by a local product
state. However, in our definition of EESBO, the ground states with the relevant symmetry
breaking pattern can never be represented by any local product state. An explicit example
that highlights this difference is given at the end of Sec. 4.

3 Diagnostics for long-range and short-range EESBOs

Having defined EESBOs, in this section we provide some convenient diagnostics that can be
used to check whether a symmetry-breakng order is entanglement-enabled.

%In this definition of a symmetry setting, if there is a U(1) symmetry, the filling factor is allowed to be tuned
after specifying these three pieces of data, unless it is pinned by other symmetries.

*How states transform under G is determined by how they transform under G,, and the locations of the DOF
are often unchanged after spontaneous symmetry breaking. So the symmetry setting after spontaneous symmetry
breaking is fully specified.
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As discussed in the Introduction, a somewhat expected scenario that gives rise to an
EESBO is if there are LSM-type constraints* that mandate all G-symmetric ground states
to be long-range entangled [14-17], so the corresponding symmetry-breaking order must
be entanglement-enabled. For instance, consider a kagome lattice qubit system with
Gy =S0(3) x Zg x pém, i.e., G, includes an SO(3) spin rotation symmetry where the qubits
carry spin-1/2, a Zg time reversal symmetry where the qubits transform as Kramers dou-
blets, and a pém lattice symmetry that moves the locations of the qubits. It is proposed that
Gy — G = SO(3) x p6m for some Hamiltonian [1] (i.e., ZZT is spontaneously broken), which
has an LSM constraint mandating all G-symmetric ground states to be long-range entangled.
LSM constraints therefore serve as a useful diagnostic for the long-range entangled type of
EESBOs.

Although interesting by itself, the entanglement-enabled nature of such symmetry-breaking
orders is anticipated due to the LSM constraints. It may be more remarkable that EESBOs
can arise even if G-symmetric states have no LSM constraint, i.e., G-symmetric states can be
short-range entangled but cannot be local product states. Given the original and remaining
symmetries G, and G without the LSM constraints, how do we diagnose if the symmetry-
breaking order is entanglement-enabled? Assuming the G, — G symmetry-breaking order is
realizable, we can have a useful general criterion to show its entanglement-enabled nature:
G contains a lattice symmetry which constrains the structure of any local product state, and
an on-site symmetry which is incompatible with this constraint. This symmetry G therefore
forbids the possibility of local-product-state realization, forcing the symmetry-breaking order
to be entanglement-enabled. In practice, the lattice symmetry will often constrain any local
product state to be ultralocal, which is then incompatible with the on-site symmetry.

4 EESBOs with a broken discrete symmetry

We first show an infinite family of examples of EESBO with a broken discrete symmetry. These
examples are inspired by a setup in Ref. [18], and we will point out the difference between
our consideration and Ref. [18] later. Each of this infinite family of EESBOs lives on a one
dimensional lattice, where each site hosts an n? dimensional local Hilbert space, labeled by
an integer n > 3. We represent a basis of the local Hilbert space at site j by |a, 8);, where
a,fp=0,1,--- ,n—1 are defined modulo n. We consider the generalized Pauli operators u}c’z

and vj.(’z, where

2mi

“?la:ﬂ>j:ena|a9ﬁ)j> ,u;‘|a,[5)]:|a+1,ﬁ)1,
2mi

V?la:ﬂ>j:e”ﬂ|a:ﬂ>j, Vj'cla’ﬂ>j:|a:ﬂ+1>j'

While it is convenient to view variables a and f as fictitious DOE it is crucial to keep in mind
that the local Hilbert space is formed by a and 3 together; in particular, one cannot discuss the
entanglement between the a and 3 DOF at the same site.

The symmetry group G, of the Hamiltonian contains a Z; x Z internal symmetry, where
Zy is implemented by [ ]; uf v}, and Z; is implemented by njeeven(ujvj)]_[jeodd(,uﬁvi)_l.
Gy also contains a lattice translation symmetry T: &);[a;8;); = &;|a;B;);+1 and a reflection
symmetry with respect to the site j=0, 0: @;la;B;); = &;[B;a;)—;.

We comment on some noteworthy aspects of this symmetry setting. First, while the sym-
metry G, can be defined on an infinite 1d lattice, defining it on a finite lattice with L sites

“As commented before, in our definition the U(1) filling factor is not fixed unless it is pinned by other symme-
tries, so there is no LSM constraint purely associated with the filling factor.
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requires a periodic boundary condition and L to be even. Second, all operators transform in a
linear representation of the Z} x Z? symmetry. But the states at each site transform in its pro-
jective representations, and pairs of adjacent sites together form a linear representation [18].
Third, T and Z} x Z do not commute, and our setting has no LSM constraint.

4.1 Application of the EESBO diagnostic

We now consider the symmetry breaking pattern where T is broken to T2 with other symme-
tries intact, namely, G, — G, where G is generated by Z} x Z>, o and T 2. Below we show
the obstruction in realizing such a symmetry-breaking order as a local product state using the
diagnostic laid out previously in Sec. 3 for the short-ranged entangled EESBOs.

We first show that the lattice symmetries T2 and o enforces any local tensor-product de-
scription to be ultralocal. Recall that a local tensor-product description [¢) = &); [v;), Te-
quires the possibly entangled cluster [v;),. to be supported only in a local region A; which
does not scale with the system size for all i. If we assume sites 2j; and 2j, (or sites 2j; +1
and 2j, + 1) are entangled, then T2 would require extensively many sites to be entangled,
contradicting the assumption of the local tensor-product description. That is to say, to be rep-
resentable by a local product state, no lattice sites labeled with even (odd) numbers can be
entangled. Now if sites 2j; and 2j,+ 1 are entangled, then o requires sites 2j; and 4j;—2j,—1
to be entangled. T2 further requires sites 4j;—2j,—1 and 6j; —4j,—2 to be entangled, and we
now see that two even-numbered sites have to be entangled, which would result in a contra-
diction again. So any tensor-product description must be ultralocal, i.e., the size of A; is one.
However, because the states at each site transform in projective representations of the Z7 x ZZ
symmetry (recall n 2> 3), no ultralocal product state is invariant under Z; x Z:.

ETE AT R )
v{\-n{\vn{_\-‘

Figure 2: The symmetry-breaking ground states of the Hamiltonian Eq. (1) with
periodic boundary condition. With open boundary condition, the ground states have
dangling edge degrees of freedom, depicted by the same figure but with the dashed
lines removed.

4.2 An infinite family of exactly solvable models

We have shown that if this symmetry-breaking order can be realized, they must be EESBOs
since it is impossible to be realized as a tensor-product state. In the following, we present
explicit parent Hamiltonians and ground states for them, which firmly establishes that such
EESBOs are theoretically possible.

Consider the Hamiltonian on a 1d lattice with an even number of sites L and a periodic
boundary condition (j + L = j),

L
H=)(I-Pj;), &)
j=1
where I is the identity operator, P; ;,; is the projector onto the linear space

span{lD((lfxg), |D((1{5b)),a, b=1...n},
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where

n
|Dc(:b)> = Z|aj:d:ﬁj:a)aj+1:d>ﬁj+l:b>:
d=1
® N
DY) = Dllaj=a,B;=d,aj=b, B =d),
d=1
are the “dimers” of the DOF a or 3. It is easy to verify that the two unnormalized zero-
correlation-length G-symmetric states

L/2

[Ya) = Z l_[5a2jazj+15/52j_1/32j|a1/51---aLﬁL>,
{a;.B;} j=1
L/2

We) = D | |8y ras 06060 lct1Br 1B, @

{a;,5;} j=1

are the ground states, i.e., H|y;)) = 0, which are depicted in Fig. 2. In Appendix B, we
show that these two states are indeed the only two ground states of H, and that H has a
spectral gap in the thermodynamic limit. Note that these two states are orthogonal only in the
thermodynamic limit but are linearly independent at any finite L.

Intrigueingly, these symmetry-breaking ground states are Z; x Z: symmetry-protected
topological (SPT) states. This can be shown by examining the ground states with open bound-
ary condition. In this case, the dimension of the ground state subspace becomes 2n?, where
the extra degeneracy comes from the edge states of the dangling a or 3 DOE as depicted in
Fig. 2 with the dashed lines removed. These edge DOF transform projectively under Z; x Z:,
which is a hallmark of 1d Z} x Z7 SPTs [19-21]. More interestingly, under the remaining
Zy x 7 x o symmetry, these ground states can be viewed as SPTs beyond the conventional
group-cohomology-based classification [22, 23], which is possible because the states at each
site transform projectively under the on-site symmetries [18]. To capture such states, a more
refined classification like the ones in Refs. [18,24] is needed. We leave the derivation of these
statements in Appendix B.

It is worth mentioning that the model analogous to Eq. (1) can be defined for n = 2. In this
case, similar analysis shows that the ground states still realize a G, — G symmetry-breaking
order, and that they are still nontrivial SPTs under the remaining Z3 x Z3 symmetry. However,
the G, — G symmetry-breaking order in this case is not entanglement-enabled, because it
can be realized by a tensor-product state, e.g., l_[jeeven(lll)j + |22)j)l_[jeodd(|11>j —122))).
This example highlights the difference between the notion of EESBOs and the usual notion of
spontaneous symmetry breaking coexisting with nontrivial SPTs.

Before finishing this section, we comment on some differences between the examples dis-
cussed above and the one in Ref. [18]. One of the major differences is that our setups have
spontaneous symmetry breaking, while the one in Ref. [18] does not. Moreover, in Ref. [18],
it was argued that a G-symmetric short-range entangled ground state must have nontrivial
edge states for the case of n = 4. Although it is not explicitly discussed there, this statement
is actually true for all n 2 3, i.e., for the entire infinite family discussed here. However, in our
diagnostic of EESBO above, we actually do not need to and did not use this property.

5 EESBOs with spontaneously broken continuous symmetries

The above section firmly establishes that EESBOs can exist even without LSM constraints asso-
ciated with the remaining symmetry G. In this section, we present examples of entanglement-
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(a)
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Figure 3: (a) A spin-S tate can be represented as 2S points on a Bloch sphere, where
the SO(3) rotation can be viewed as a rigid body rotation of the 2S points, here
S = 7/2. (b) An example of a spin-S state which breaks SO(3) symmetry to Z,,
generated by the 7 rotation with respect to S,.

enabled spontaneously broken continuous symmetries, which result in richer structures and
illustrate some important features of EESBOs.

Consider a d-dimensional spin-S system with G, = SO(3) x Z¢, where the Z? translation
symmetric lattice has one site per unit cell, and a spin-S moment lives on each site. We consider
the case where d > 1 and G = Z, x Z4, i.e., SO(3) is broken to Z, while the translation is
intact.”> Note that there is no LSM constraint associated with the symmetry G, so we will apply
our short-ranged EESBO diagnostic below.

5.1 “Classical” symmetry-breaking orders for S > 1

First, it is easy to verify that the translation symmetry forces all local product states to be
ultralocal, i.e., |¢) = @, |x); where i is the site label and |y) is a spin-S wavefunction. It
therefore suffices to examine the compatibility of the onsite SO(3) — Z, symmetry with the
tensor-product description.

To start, first recall that any spin-S state can be uniquely represented by 2S points on a
Bloch sphere [25-27] (see Fig. 3(a)); this representation is known as the Majorana representa-
tion, and it is a generalization of the familiar statement that any spin-1/2 state can be uniquely
represented by a single point on a Bloch sphere. The validity of this representation is based
on the fact that all spin-S states can be constructed by symmetrizing 2S spin-1/2 states. The
advantage of the Majorana representation is that the SO(3) spin rotation acts as a rigid body
rotation of these 2S points.

Now it is easy to see that for all S > 1, there are single-site spin-S states |y) with a Z,
symmetry generated by the 7 rotation with respect to S,, and one example is to put 2 of the
2S points at spherical coordinates with polar angle anything but not 7t/2, and azimuthal angles
0 and 7 for each of them. The other 2S5 — 2 points are put on the north pole (see Fig. 3(b)). It
is easy to check that such a state has no symmetry other than the Z,. Therefore, the Gy — G
symmetry-breaking order can be represented by an ultralocal product state for S = 1, and
a representative wavefunction is simply taking the spin at each site to be the Z, symmetric
single-site state discussed here.

On the other hand, if S = 1/2, all translation symmetric ultralocal product states have a re-
maining U(1) on-site symmetry. Specifically, any translation symmetric ultralocal product state
of a spin-1/2 system has a wavefunction of the form ); (cos %ISZ = %)l + sin %ew ISzz—%)i),

>The Mermin-Wagner theorem forbids such a symmetry-breaking order for d = 1.
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which has a U(1) symmetry generated by N = > (cos 9§iz + sin O cos ¢§f + sin 6 sin ¢§ly)
Therefore, SO(3) can never be broken down to Z, if S = 1/2 and if the ground state can be
represented by a local product state. We therefore see that for S = 1/2 the G, — G symmetry-
breaking order must be entanglement-enabled if it can be realized.

5.2 EESBO for S =3

A representative wavefunction of this EESBO can be taken as a stack of spin-1/2 chains (see
Fig. 4), where each chain is described by a matrix-product state

1Y) :Ztl’(A[sl]...A[sL]NS]---5L>’ )

{Sj}
1 0 b

1+a 0 _
]: [sz__
( 0 1—a )’ A

Each chain has a translation symmetry along itself, and different chains are arranged so that
the entire system has the Z¢ translation symmetry. If a = b = ¢ = 0, this state is a product
state (and therefore not an EESBO) with all spins pointing in the z-direction, and it has the
aforementioned remaining unbroken U(1) and translation symmetries. To make the wave-
function an EESBO with the unbroken Z, and translation symmetry, we consider nonzero a, b
and c. In Appendix C, we show that for generic nonzero real-valued a, b and c, the remaining
symmetry of this system is G = Z, x Z¢ and that the state is short-range entangled.

Figure 4: Stacks of spin-1/2 chains that realize the G, = SO(3) x Z¢ — G = Z, x Z4
EESBOs in 2 (left) and 3 (right) dimensions, where each chain is described by the
matrix-product state in Eq. (4).

with matrices

Nl
Dl

A[sz:

A remarkable aspect of this wavefunction is that it can be viewed as a G-SPT beyond the
conventional group-cohomology-based classification in Refs. [22,23,28] and in some sense
even beyond the more refined classification in Refs. [18,24], which is possible because the Z,
symmetry acts on states as a Z, group. Furthermore, in these symmetry-breaking orders, for
all S > 1/2, there are generically two gapless Goldstone modes, where one of them has a linear
dispersion and the other has a quadratic dispersion. We present these analyses in Appendix C.

This example highlights some intriguing points. First, in the previous examples, after
fixing G, G, is immaterial in determining whether the G; — G symmetry-breaking order is
entanglement-enabled. However, the nature of G, is important here. For instance, if the
SO(3) spin rotation symmetry is replaced by 0(2), G, = 0(2) x Z still has G = Z, x Z4 as its
subgroup, but the G, — G symmetry-breaking order is “classical” for all S.® Second, it is inter-
esting to see that fixing G, but enlarging G = Z, x Z¢ to G = U(1) x Z? makes the would-be
Gy, — G EESBO for S = 1/2 “classical”. In addition, in the previous examples, after explicitly
breaking G, while preserving G, the EESBOs cannot smoothly evolve into local product states.

SFor example, the O(2) = SO(2) x Z, can be taken to include the SO(2) spin rotation around S, and the Z, spin
rotation with respect to S, by 7. In the symmetry-breaking order under consideration, the SO(2) is completely
broken while the Z, is preserved. A representative state can be taken as ); |S, = %)i, which is an ultralocal product
state.
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However, here the EESBO can be evolved into a local product state by tuning b and c to zero
(though at which point it has an enlarged U(1) x Z¢ symmetry). Third, this example shows
that whether a symmetry-breaking order is entanglement-enabled can depend on the precise
representation of DOF under the on-site symmetry, rather than only the equivalence class of
projective representations.

5.3 Additional examples

Here we present two more examples of EESBOs with spontaneously broken continuous sym-
metries (but these by no means exhaust all such EESBOs).

The first example is a d-dimensional (d > 1) spin-1 lattice system with one site per unit
cell which may be realized in some generalizations of the bilinear-biquadratic model (see,
e.g., Ref. [29] for a discussion of the bilinear-biquadratic model). Suppose its Hamiltonian
has PSU(3) and translation symmetries, i.e., G, = PSU(3) x Z¢, where each site of the lattice
hosts a spin-1 moment that transforms in the fundamental representation of SU(3), which is
a projective representation of PSU(3). Consider the case G = SO(3) x Z4, i.e., the transla-
tion is intact while PSU(3) is spontaneously broken to SO(3). Here the translation symmetry
ensures that all local product states must be ultralocal, because if any two sites were entan-
gled, translation symmetry requires that extensively many sites are entangled. But ultralocal
product states are clearly not invariant under the remaining on-site SO(3) symmetry. So this
symmetry-breaking order is entanglement-enabled. Its representative wave function can be
simply taken as a stack of many copies of the Affleck-Kennedy-Lieb-Tasaki (AKLT) chains ar-
ranged to have the Z¢ translation symmetry [30]. If desired, one can also construct a cat state
that preserves the full G, symmetry by summing over the symmetry-breaking orbits. Because
each AKLT is short-range entangled, the entire stack is also short-range entangled. In other
words, there is no LSM constraint associated with the remaining symmetry G. Also, this repre-
sentative wavefunction shows that this EESBO is a within-group-cohomology state under the
remaining symmetry G.

The second example is a honeycomb lattice spin-1/2 system with G, = SO(3) x Zg x pém,
where the spins live on the sites of a honeycomb lattice with a pém lattice symmetry, and they
carry spin-1/2 under the SO(3) spin rotation symmetry and transform as a Kramers doublet
under the Zg time reversal symmetry. Such a system is free of LSM constraints [31]. Now
consider a spin-nematic order where the remaining symmetry G = Z, x Z, X Zg xpbm, i.e., the
lattice symmetry and time reversal symmetry are intact, while the SO(3) symmetry is broken
to Z, X Z, generated by 7 spin rotations around three orthogonal axes. It is straightforward
to check that the lattice symmetry again requires a local product state to be ultralocal, which
must then break the remaining Z, x Z, x Zg on-site symmetry, because each spin transforms in
its projective representation. So such a spin-nematic order is entanglement-enabled. To obtain
the wave function of this state, one can start from the G,-symmetric wavefunction in Ref. [31]
and perturb it so that G is broken to G. As a spin-nematic order, there are gapless Goldstone
modes carrying spin-2. Furthermore, Ref. [32] predicted that the vicinity of this EESBO may
realize an exotic quantum spin liquid that cannot be described by the usual parton approach.

6 Discussion
We have discussed various examples of EESBOs, which are intrinsically quantum symmetry-
breaking orders that elude the standard “classical” descriptions. While one mechanism of

EESBO is due to the LSM constraints of the remaining symmetry, we present a criterion for
EESBO in the cases without LSM constraints. Our work paves the way to discovering more
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interesting aspects and insightful results about EESBOs. We finish this paper by discussing
some future directions.

For our infinite family of one dimensional EESBOs, it is interesting to generalize them to
higher dimensions. Since these EESBOs have symmetry-protected gapless boundaries, it is
natural to expect the transitions out of these phases to be gapless SPT states [33-35], which
warrant a further study. For the EESBOs with spontaneously broken continuous symmetries,
finding their parent Hamiltonians is another important problem.

It might also be rewarding to connect the intrinsic quantumness of EESBOs to the com-
plexity of (path-integral) quantum Monte Carlo calculations from the perspective of quantum-
classical mapping. The Hamiltonian Eq. (1) is not stoquastic in either the u*/v*-diagonal basis
or the u*/v*-diagonal basis, though the ground state wavefunctions are nonnegative in both
basis. What would a corresponding “classical statistical mechanics model” look like for EESBO,
if such a sign problem of its Hamiltonian is curable? Could the intrinsic quantumness of EES-
BOs suggest that it is not curable by some (symmetry-preserving) local basis transformation,
signifying the sign-problem being symmetry protected or even intrinsic [36-39]?

Although much of the universal low-energy physics of EESBOs can be captured by the
usual effective field theory approach, it may require new methods to understand other impor-
tant properties of an EESBO due to the absence of a “classical” mean-field description. For
example, in EESBOs with spontaneously broken continuous symmetries, it is desirable to un-
derstand the band structures of their Goldstone modes. The conventional method is to analyze
the effective theory of these Goldstone modes based on a “classical” mean field, which is un-
available for EESBOs. To proceed, one may need techniques like the parton approach and/or
tensor networks. It is also interesting to understand the entanglement-enabled nature of these
symmetry-breaking orders from a field theoretic perspective, similar to the description of LSM
constraints using topological field theories [24, 28,32].

A more formal challenge is to classify all EESBOs. From our examples, we see that EESBOs
often arise when the local DOF carry specific representations under the symmetry. This is anal-
ogous to the physics of obstructed insulators, fragile topology and generalized LSM constraints
studied in the context of symmetric states [ 18,40-44], because in all these cases certain many-
body entanglement pattern is incompatible with the properties of local DOE It is interesting
to see if this analogy can be made sharper and useful. For example, one can ask how the
EESBO ground states with spontaneously broken continuous symmetries constrain the possi-
ble band topology of the Goldstone modes. To this end, anomaly-based methods developed in
Refs. [32,45] may be helpful.

Finally, it is important to identify more models and experimental systems exhibiting EES-
BOs. For example, it might be worth checking if some of the enigmatic “hidden orders” turn
out to be EESBOs. It is also interesting to see if various quantum simulators can realize EES-
BOs. Moreover, it is worth exploring whether the corresponding symmetry defects, whose
properties are not well understood so far, have potential technological applications.
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A Examples of EESBOs from the previous literature

In this appendix, we review some examples of EESBOs from the previous literature [2-4].
In particular, we will apply our diagnostics to verify that these symmetry-breaking orders are
indeed entanglement-enabled.

We start with the one dimensional example in Ref. [2], which has very similar flavor as the
examples presented in Sec. 2. The relevant symmetry G, in this example includes a PSU(4)
internal symmetry and a p1m lattice symmetry. Each site hosts a 6-dimensional Hilbert space,
and the states at each site transform as a vector under the SO(6) symmetry (while the operators
transform in the fundamental linear representation under PSU(4)), so these states are in the
projective representation of PSU(4). Furthermore, the p1m symmetry moves the locations of
the degrees of freedom in the same way as the example in Sec. 4. In addition, the ground
state breaks bond-centered reflection symmetry, just like the example in Sec. 4. Combining all
these observations, an argument almost identical to the one in Sec. 4 shows that the symmetry-
breaking order in Ref. [2] is entanglement-enabled.

Next, we discuss the example in Ref. [3], which proposed a spin nematic phase in a model
on a square lattice spin-1/2 system with G, = SO(3) x Zg x p4m. The actions of the symmetry
on the degrees of freedom is the same as in the familiar square lattice Heisenberg model.
The complete remaining symmetry G is not explicitly discussed in Ref. [3], but it appears that
G = Zy x ZI x pmm, i.e., the SO(3) spin rotational symmetry is broken to Z, and the p4m
lattice symmetry is broken to pmm, while the time reversal symmetry is preserved. If this is
indeed the unbroken symmetry in this order, then there is still a nontrivial LSM constraint in
the system that enforces all G-symmetric ground states to be long-range entangled. That is,
this spin nematic order is a long-range EESBO.

However, various later papers question whether the model in Ref. [3] actually yields this
spin nematic phase (see Ref. [4] for a recent study). The new consensus is that upon adding a
mangetic field that explicitly breaks Gy = SO(3) x Zg x p4m in Ref. [3] to G, = U(1) x p4m,
the ground state spontaneously breaks this new G, to G = Z, x pmm. This symmetry-breaking
order is also entanglement-enabled, and it has a similar flavor as the example in Sec. 5. This is
because there is also no LSM constraint from the remaining symmetry, and the lattice symmetry
also forces all local product states to be ultralocal. Then an almost identical argument as that
in Sec. 5 shows that this is a short-range EESBO.

In passing, we note that the entanglement-enabled nature of the spin nematic state pro-
posed in Ref. [3] is independent of whether the model therein realizes this order. That is, as
long as this order is realized in any model with the same symmetry setting as in Ref. [3], then
it is entanglement-enabled, since our argument only relies on the symmetry breaking pattern.

B More on the one dimensional Hamiltonians

In this appendix, we show several properties of the 1d Hamiltonian Eq. (1) in the main text. We
will show that (i) the only ground states of these Hamiltonians are the ones given in the main
text, (ii) all these Hamiltonians are gapped, (iii) the ground states are nontrivial symmetry-
protected topological (SPT) states under the remaining Z; x Z; symmetry, and (iv) under
the remaining Z) x Z7 x o symmetry they are beyond the conventional group-cohomology-
based classification developed in Refs. [22,23]. Note that the first three properties apply to
the Hamiltonians defined for any n = 2, while the last one applies to the case with n = 3.
In the main text, we have shown that the relevant G, — G symmetry breaking orders are
entanglement-enabled when n = 3. For n = 2, the G; — G symmetry breaking order can be
realized by local product states, i.e., ]_[j(IOO) it (=1)/|11) ;) with j the site index, so it is not
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entanglement-enabled.
Here we repeat the Hamiltonian for reader’s convenience:

-1
Hy ZZU—P]',J'+1)+T”(I—PL,1) , (5)
=1

where P; ;,; is the projector onto the linear space P; ;1 = span{lD((l?‘b)), |D((1{513); a,b=1...n}
and

n
D) = Iy =d, By ayar=d, B D)
d=1

n
D) = Sl =gy b=,
d=1

are the maximum entangled states on a or 3 degrees of freedom. We may refer to the space
spanned by these states the “dimer” subspace of the a or 3 degrees of freedom, respectively.
In particular, we will consider the Hamiltonian with a open boundary condition (r = 0) or a
periodic boundary condition (r = 1).

It is sometimes useful to express the projector in terms of the operators [18]. Consider the

projectors projecting the states into the dimer subspace on a or 3 degrees of freedom pj(t;tfr /i)’
we have P](‘;‘i /i) = Pl py Pl py Where
= Lo
Py = o Z(u«}cujﬂ)d and P, = - Z(u?)d( H?H)_d , ©
d=0 ~
while
= o
Py ="~ ;)(v;‘ v and PE = ;(ﬁ)d(ﬁﬂ)_d . o

— pl@) #) (@) p(B)
We then have P; ;g = P; 0y + P — Pt Py

B.1 Uniqueness of the ground states

First we show the uniqueness of the ground states. Consider the following states depicted in
Fig. 2,

W) = > 9P, (@b ey,
{aj’ﬂj}

W& = > ¢§2ﬁj}(a,b)|a1/31...aL/5L), a,b=1...n, (8)
{Olj,ﬁj}

where

L/2—1
(A) _
1/){ot]-,ﬁj}(a’ b) - 5“1“( l_[ 5ﬁ2j1ﬁ2j5a2ja2j+1)5ﬂL1/5L5U‘Lb ’
j=1
L/2—1
(B) _ P
Wi g (@b) = By 1 5a2j1a2j5,32]_/52j+1)5aL1aL5ﬁLb, if Liseven,  (9)
j=1

13


https://scipost.org
https://scipost.org/SciPostPhysCore.7.1.010

SCIl SciPost Phys. Core 7, 010 (2024)

and

(L-1)/2
A) _
w{aj,[jj}(a’b) - 50‘111( l_[ 5/32j—1ﬁ2j6a2ja2j+1)5/5Lb’
j=1

(-1)/2
®) _ -
Yo gy (@) = 5,51a( 1 5a2j_1a215ﬁ2jﬂ21+1)5%b, if L is odd. (10)
j=1

Since the Hamiltonian is of the form of a sum of projectors, the eigenvalues of H; is
bounded below by 0. For the open boundary condition, it is easy to verify H L|¢Ej‘;) =0

and H Lllljgfg) =0 forall a,b = 1...n. We therefore would like to show that Ker(H;) = G;,

ElBg),a, b = 1...n}. Note that these 2n>

states are linearly independent (but not orthogonal) when L > 3, so dim(G;) = 2n? when
L>3.IfL =2, dim(G;)=2n*>—1.

To show Ker(H;) = G; for any L = 2, we use mathematical induction. Assume that for a
1d lattice with L sites (onsite Hilbert space dimension n?) and the corresponding Hilbert space
H;, the ground state space Ker(H;) = G; C ‘H;. Now we would like to add one more site and
to find Ker(H ) = Ker(H, ) NKer(I — Py, ; ), where both Ker(H} ) and Ker(I — Py, ; ;) should
be understood as a linear subspace in #; ;. (This means dim(Ker(H})) = 2n? x n? as a linear
subspace of H;_;.)

To find the intersection of the two linear subspaces, assume |v) € Ker(H;) C H;,;. Let us
first consider the case where L is odd. We can write

where the span of the states is G; = span{|1/)flAl)7), [

— A4 (B)
|"~p> - Z (AalﬂLaL+lﬂL+1xﬁ1a2...aL +BﬂlaLaL+1ﬁL+1Xalazﬁz...ﬂL_lﬁL) |a1/51 ce aL+1ﬂL+l) ’
{a;B;}
(1D
where
(L=1)/2 (L-1)/2
A _ (B) _
xﬁlaz...aL - l_[ 5/52]‘—1/32]'6(12]“12]'“ and Xalazﬁz...ﬁL,lﬂL - l_[ 6“21'—10‘215/52]'[32]'“ ’
j=1 j=1

(the dimer part of the wavefunction), and there are 2n? x n? coefficients A and

Requiring [+)) € Ker(I — Py ;1) as well, we can also express

arfrapifri

Bﬁl apap 1 Bri1”

) = Z{ajﬁj} (Xa1ﬁ1-~~aLaL+1 5ﬁLﬁL+1 + Ya1ﬁ1~--ﬁLﬁL+15aLaL+1) a1y ap1fren) ., (12)

whereX, g, .a,q,,, a0d Yy g, g, p, ., are the coefficients of the linear combination of the vectors
in Ker(I — Py ;41).

Equating the above two equations Eqs. (11) and (12), we obtain n®+1 linear equations
(aj,fj=1...n)

A4 (B)
AalﬁLaLHﬁLﬂ Xﬁlaz...aL + BﬁlaL ap+1Br+1 Xalazﬁz...ﬁL_lﬂL
= Xalﬁl'--aLaL+1 5ﬁLﬁL+1 + Ya1ﬂ1~-~/5L/5L+15aLaL+1 >

which pose constraints on AalﬁLaL+1ﬂL+1 and BﬁlaLaL+1[5L+l (Or Xalﬂlu-aLaLH and Yalﬁl-nﬂLﬁLﬂ
conversely). For convenience, we will use the notation a; to denote the numbers in the set
{a;=1...n,a; # a;} and similarly for Bj.

First, considering the subset of the equations where fy; = B4, agji1 = ay; for
j=1...(L—1)/2 (so that y® = 1), B, # Brs1, @ # a;.; (so that the right-hand side
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is zero) and f3;_; # B; (so taht y®) = 0), we have Ay prayify
equations where a,; = ayj_1, B2j41 = Baj for j=1...(L—1)/2 (so that 2® =1), B # Bri1s
ay # ag, (so that the right-hand side is zero) and a;_; # a; (so that y® = 0) give us

= 0. Similarly, the subset of the

B/jlaLdLﬁLJrl =

Next, we consider again the equations where ,; = f85j_1, agj41 = agjforj=1...(L—1)/2
(so that y® = 1), but now with 8, = 8, and a; # a;; (so that B = 0), giving us

arBrapi1fr _Xa1ﬁ1~~aL+1aL+l :

Note that on the right-hand side, it is independent of 3; (but depending on a; and a;_;). We
therefore conclude that A, g o,,.5,., = Qaya,,,0p,p,,,- Similarly, we consider the equations

where azj = azj_l, ﬁ2j+1 = ﬂ2] forj = ].(L - 1)/2 (SO that X(B) = 1), but now with
Br # Pr+1 (so that A=0) and a; = a;,,. We have

BﬁlaLaLﬁL-H = Yalﬂl--~/§L+lﬂL+1 '

Again, since it is independent of a; on the right-hand side, we conclude that

BﬁlaLaL+1ﬁL+1 = bﬁl/jLJrl(SaLaLJrl .

This shows that G; . 2 Ker(H; ). Since we already know G;_; € Ker(H;, ), we indeed have
Gr+1 =Ker(Hp4).

If L is even, a similar argument can be made with some modification. In particular, the set
of linear equations constraining the coefficients A, B, X and Y are now

Agyayar B Xé?lz...m,lm + B a1 nglzﬂz...%m = Xopy.ayor 1 OBy T YarByrprOaray, -
where
L/2—1 L/2—1
Ko pip = l_! 86 1y Dassaryn Oy apy AN Xor g o = l_! Oayi1ayOPyiPaja Oy ray -
J= J=

Again, considering the subset of equations where B5;_; = By; for j = 1...L/2, ay; = a5
forj=1...L/2—1, By # Br41, ap # ar41 and a;_; # a;, we have A, 4 4,p,,, = 0; while
considering the subset of equations where ay;_; = ay; for j = 1...L/2, fBy; = 34, for

j=1...L/2—=1, ap # a1, By # Bry1 and By # B, wehave Bg g , 5 =0
Now the set of equations where fy; 1 = fBy; for j = 1...L/2, ay; = ayj;q for

J=1...L/2—=1, By # Br+1, ap = apy1 8iVe US Ay 4 0,6, = Yo, f,..p,,, FESULLING in
AalaLaL+1ﬁL+1 = aalﬁL-H 50‘L0‘L+1 :

Similarly, the set of equations where ay;_; = ay; for j = 1...L/2, By; = Pgjyq for

J=1...L/2=1, B, = P41, 0 # ap4q give us Bg g o,..8, = Xa;..a,,,a,,,> FESUltING in
BﬁlﬁLaL+1ﬁL+l = bﬂlaL-H 5ﬁLﬂL+1 :

We therefore conclude G; ,; = Ker(H; ;) if L is even. The mathematical induction is therefore
establish since G, = Ker(H,) = Ker(I — P, ,).

Finally, we show that if L > 4 and even , and r = 1 (periodic boundary condition), the
ground state space is spanned by the states depicted in the main text. We would like to find
Ker[H;(r = 1)] = Ker[H,(r =0)]NKer(I —P, ;) CH;,.
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By expressing 1) as

_ A (B)
lp) = {Zﬂ:} (AalaLX/jlaz.‘.aL + Bﬁ1l3LXa1a2/32.../3L71/3L) laify - api1Bria)
@jPj
= Z (Xalazﬁz...aL SﬁLﬂl + Yﬁlaz.../jL 5aLa1) |a1ﬁ1 T aL"rlﬁL"rl) > (13)
{ajﬂj}
where
L/2—1 L/2—-1
A) _ (B) —
Xﬂlaz.l.[jL,lﬂL - l_! 6ﬂ2j71ﬁ2j5a2ja2j+15/5L71/5L and Xalazﬂzl..aL[jL - l_! 5a2j—la2j6ﬂ2jﬂ2j+l6aL—laL ’
j= j=

we have the linear equations

@ ®) _x

alaLX/ilaz...aL +Bﬁ1ﬁLXala2ﬂ2.../5L_l/3L - a10‘2ﬁ2---0‘L5ﬁLﬁ1 + Yﬁ1a2~~ﬁL5O‘La1 : (14)

The equations such that xé’gz”. B p, = L A # a; and B, # B give us

AalaL = Y...5a1aL = a6a1aL )

(B)

ayazfi...frafr

while the equations such that y =1, B;_1 # B, and a, # a; give us

BﬁlﬂL :X-~~5/51/5L = béﬁlﬁL .

B.2 Existence of the spectral gap in the thermodynamic limit

To show the existence of the spectral gap in the thermodynamic limit, we will use Theorem 2 in
Ref. [46]. Our ground states in a open chain are indeed a type of the generalized valence bond
solid (GVBS) states defined in Ref. [46]. Consider an interval [M,N] in an infinite 1d lattice,
we can define our Hamiltonian in this subregion Hpy y1 = Zﬁvz_]\}[ h;, where h; = (1 —P;j j11).
Now in the previous section, we have shown that the ground state subspace is indeed the
GVBS states (condition F,, = F;, in Theorem 2 of Ref. [46]). Due to the projector construction
of the Hamiltonian, we also have the condition Ker(H)[y y7 = Gy n, Where Gy, y is the span
of the eigenvectors obtained from the reduced density matrix of w on the region [M,N]. We
therefore conclude that our model and ground states satisfy the conditions of Theorem 2 in

Ref. [46], which shows the existence of the spectral gap in the thermodynamic limit.

B.3 Symmetry-protected edge states under open boundary condition

As pointed out in the main text, the ground states of Eq. (5) have dangling edge degrees
of freedom, and here we show that they are indeed protected by the symmetry Z; x Z?, by
showing that these edge degrees of freedom transform in projective representations under
L X L5,

The ground states under open boundary condition are given by Eq. (8). Recall the
symmetry Z% is implemented by []; pyv and Z;, by ]_[jeeven(uifvj)]_[jeodd(ujvj)_l. To
determine the effective symmetry actions on the edges, it suffices to examine the action
of these symmetries on the “dimer” ZZ=1 |dd), which is the building block of the bulk.
One can easily verify that uju ZZ=1 |dd) = ZZ:l |dd), and similarly for v*; similarly,
pi(ua) Y, 1dd) = >5_, Idd) and likewise for v:(v%)™!. The bulk of the wavefunction
is therefore invariant under the symmetry action, and the symmetry action only transforms
the edge degrees of freedom. Moreover, the ground states transform among the same A-type
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|¢((1‘?1))) or same B-type of states |¢((ll?;). It is then easy to identify the edge symmetry operator.

For example, if L is even, within the A-type ground state space span{l@bgA;)},

Wi =ui, We =i,
WE=@d™, Wy=wis

while

X __ X X X
Wy =7, We =715

wi=07)", WE=0i,

within the B-type ground state space span{lwgfg)}. The case for an odd L is similar.

It is straightforward to check that the actions of Z) and ZZ no longer commute on the
edge DOE which means that these edge DOF transform in projective representations un-
der Z7 x ZZ. Projective representations of Z* x Z are classified by HZ(Z’é X ZE) = ZLn,
and they can be characterized by an integer 1 that is defined modulo n, which is given by

W Wi g = eizTn”L’RWLZ’RWLX’R. Using the above symmetry actions, we see that n; = —1 and
ng = 1, for both the A-type and B-type ground states. Since the degeneracy between the A-type
and the B-type subspace is protected by the spontaneous breaking of the reflection symmetry
To, we conclude that all these edge modes are protected by the unbroken symmetries and

spontaneous symmetry breaking.

B.4 Beyond the group-cohomology-based classification

In the above section, we have shown that the ground states we obtain are nontrivial SPTs
under the remaining Z; x ZZ symmetry. Since the remaining symmetry in fact contains a
Zy x 77 x o symmetry, we can ask what kind of SPT our ground states are under this symmetry.
We will see that our ground states are actually beyond the conventional group-cohomology-
based classification developed in Refs. [22,23].

The argument is a generalization of that in Ref. [18], which only discusses the case with
n = 4 and has no spontaneous symmetry breaking. The group-cohomology-based classification
of 1+ 1 dimensional Z} x ZZ x o SPTs is

Z,, oddn

Z3, evenn 1%

H*(ZX x 2% x 0,U(1),) = {
where the subscript ¢ in U(1) means that the U(1) phase factor should be complex conju-
gated when acted by o. For odd n, the nontrivial SPT is protected only by o, which has no
protected edge state. Since our states do have protected edge states, they are beyond this
classification. For even n, the only possible edge states protected by the Z} x ZZ symmetry
from this classification have 7 = n/2. In our case, 7 = %1, so our states are also beyond
the group-cohomology-based classification if n > 2. As noted in Ref. [18], here going beyond
the group-cohomology-based classification is possible because the states at each site transform
in projective representations of the on-site symmetries. To capture such states, one needs a
more refined classification that takes into account the possible projective representations of
the states at each site, such as the ones proposed in Refs. [18,24].

C The G, =S0(3) x Z? - G = Z, x Z¢ symmetry-breaking orders

In this apeendix, we present the detailed calculations regarding the EESBO in spin-S lattice
system with G, = SO(3) x Z¢ and G = Z, x Z¢. We will verify that the remaining symmetry of
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the wavefunction presented in the main text is indeed G. Next, we will show that this wave-
function represents a G-symmetric short-range entangled state that is beyond the conventional
group-cohomology-based classification of Refs. [22,23], and in some sense even beyond the
more refined classification of Refs. [18,24]. Finally, we will show that for all S = 1/2, this
symmetry-breaking order generically has two gapless Goldstone modes, where one of them
has a linear dispersion and the other has a quadratic dispersion.

C.1 Verification of G-symmetry

Here we verify that for the one dimensional matrix product state (MPS) in the main text,
represented by the matrices

_1 l1+a O -1 0 b
A[Sz—ﬂ:( 0 1_a), Al 21:(C 0), (16)

for generic nonzero real-valued a, b, ¢, the state is short-range entangled and that the only
subgroup of SO(3) that is still a symmetry of this state is a Z, symmetry generated by the
rotation with respect to S,. This implies that the stack of chains described in the main text is
also a short-range entangled state, whose symmetry is G = Z,, x Z.

Showing that this state is short-range entangled amounts to show that this MPS is injective.
To this end, we first construct the tensor

Ss S, 1\*
Tei= 2, A (A% a7
S,=+3%
from which we construct the 4 x 4 transfer matrix
Tann =Tijkl - (18)

Here the relation between the indices of the tensor T and those of the transfer matrix T is that
(11) > 1, (12) > 2, (21) <= 3 and (22) < 4. Using Egs. (16) and (17), we get

(a+1)? 0 0 b?
- 0 1—a® bc 0
r= 0 bc 1—a? 0 ’ (19)
c? 0 0 (a—1)?

which has eigenvalues {1 + a? + v/4a2 + b2c2,1 — a?  bc}. The largest eigenvalue is non-
degenerate for all a # 0. That is, this MPS is injective and represents a short-range entangled
state as long as a # 0.

Below we show that Z, (generated by the 7t rotation with respect to S, ) is the only subgroup
of the SO(3) spin rotation symmetry that is still a symmetry of this MPS. Our strategy is to
first consider an operation whose action on the physical states is given by U(0) = exp (iS,0),
where 0 < 0 < 2m. These are just all spin rotating with respect to S,. We will see that the
MPS given by Eq. (16) is invariant only if & = 0, w. This means that the Z, generated by the
7t rotation with respect to S, is indeed a symmetry of this MPS. We then show that this is the
only symmetry of that MPS, by showing that (S, ) = (S, ) = 0 while (S,) # 0 for this MPS.

U(0) = exp(iS,0) is a symmetry of the MPS if and only if [47,48]

U(0)s,5,A5] = e*vAS:Iy T, (20)

with @ € R and V € SU(2). Here a and V can depend on 6. In the eigenbasis of S,, U(0) is
diagonal, and this equation simply becomes

el 2A8:=1] = playAISi=ily T omiTplS=a) = layalS=aly T (21)
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Now we use the fact that any 2 x 2 matrix has a unique expansion in terms of the identity
. . . . =1
matrix and the Pauli matrices, o, ,,. In our case, we can rewrite Al%:=31 = 1 4+ g0, and

=1 —c. .
AlS:==31 = %o 7+ %loy, so the above equation becomes

ei%(l +ao,) = e*V(1+ao,)V', (22)
o (b+c b—c : b+c b—c¢
e_l%( 2 o, + 5 iay) = e“"V( 5 o, + 5 iay)V' . (23)

Under the conjugation by V € SU(2), the identity matrix is invariant while the Pauli matrices
transform as a vector under SO(3). So, when a # 0, for the first equation to hold, we must

. )
have e'* =¢'2 and V = exp(i%gb) for some ¢ € R. Then the second equation becomes

_iob+c b—c. b+c ) .b—c .
e 19( 2 o, + 2 lay)zT(cosqﬁax+s1n¢>c7y)+lT(—s1n¢ax+cos¢>c7y)

be 1 4 cel® be 1 —cel®
= o, + oy,
2 2

which implies that
e fb+c)=be? +ce'?, e f(b—c)=be? —ce'?. 24

If bc # 0, then e = ¢i® = 1%, giving us el = +1,i.e., 0 =0 or 6 = 7. Therefore, within
the group of U(1) spin rotations with respect to S,, the Z, generated by 7 rotation is the only
symmetry of the MPS in Eq. (16). Note that if any of b and ¢ vanishes, any 8 = ¢ solves these
equations and the MPS has a U(1) symmetry corresponding to the S, rotation.

The above Z, symmetry implies that (S,) = (S,) = 0 for the MPS in Eq. (16). As long as
we can show that (S,) # 0, we know that the only subgroup of SO(3) spin rotation which can
possibly be a symmetry of Eq. (16) must be a subgroup of U(1) spin rotations with respect
to S,. Then combined with the previous result, we conclude that the only subgroup of SO(3)
spin rotation that is still a symmetry of Eq. (16) is the Z, generated by 7 rotation with respect
to S,.

In the following, we use the standard transfer matrix method to calculate (S, ) for a spin-1/2
described by the MPS in Eq. (16), which contains L sites and has periodic boundary condition.
To this end, we first consider the tensor

Mi,j,k,l = Z AET]Sz,mm’ (AE(T/])* s (25)

m,m’=i%
and convert it into a matrix in a way similar to Eq. (18):
Mk (1) = Mij e » (26)

where §, = diag(1/2,—1/2). Explicitly, we have

(a+1)? 0 0 —b?
. 0 1—a® —bc 0
M= 0 —bc 1—a? 0 (27)
—c? 0 0 (a—1)?
Then
Tr(MTL 1
(5,) = MT) 28)

Te(TL)
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To evaluate the above expression, we perform Jordan decomposition for T and M to obtain
T= STJ'TS;1 and M = SMJMS]\_/[l, where

(o

2a—+/4a2+b2c2  4/4a2+b2c24+2a

0 c2 c2
s, = 11 0 0 ,
1 1 0 0
\ o o 1 1
(O V4a2+b2c2—2a  —+4/4a2+b2c>—2a
c2 c2
s, = |1 -1 0 0 , 29)
1 1 0 0
\0 0 1 1

and J; = Jy; = diag(1 —a? — bc,1 —a?+ be, 1+ a® — vV4a2 + b2c2,1 + a® + V4a? + b2c2).
Plugging these into Eq. (28) and taking the limit L — oo yield

4a*—b>c?
> i v 4a2+b2c?
Y1+ @+ Vaaz 1 b2

Clearly (S,) # 0 for generic nonzero a, b,c € R.

Therefore, we have completed the proof that, for generic nonzero a,b,c € R, the only
subgroup of SO(3) that is still a symmetry of the MPS in Eq. (16) is the Z, generated by the
7 rotation with respect to S,, which further implies that the remaining symmetry of the stack
of chains described in the main text is G = Z, x Z.

1+a®+

(s (30)

C.2 G-symmetric short-range entangled state beyond the conventional classifi-
cation

In the previous section, we have already shown that the stack of spin-1/2 chains described
in the main text is a G-symmetric short-range entangled state. It is then natural to ask how
this state fits into the classification of d + 1 dimensional G symmetry-protected topological
states (G-SPTs). In this subsection, we show that this stack of spin-1/2 chains is beyond the
classification of d + 1 dimensional G-SPTs develeped in Refs. [22,23], and in some sense even
beyond the more refined classification proposed in Refs. [18,24].

According to Refs. [22,23], the classification of d +1 dimensional G-SPTs is H**1(G, U(1)),
with G = Z, x Z<. This group cohomology has been calculated in Ref. [28], and it is found
that

Y
d+1
H G, Uu) =] [H* (2., U(1))( k=1 31

k=1

This classification has a simple interpretation in terms of dimensional reduction: to construct
a G-SPT in d spatial dimensions, we can first pick up k — 1 spatial dimensions, build up
(k — 1) + 1 spacetime dimensional Z,-SPTs along these dimensions, and stack these lower
dimensional Z,-SPTs in a way that preserves the Z? translation symmetry. Using the fact that
H"(Z,,U(1)) = Z, for odd k and H*(Z,,U(1)) = Z, for even k > 0, we can get the classifi-
cation of G-SPTs in various dimensions. When d = 1,2 and 3, the classification is Z, Z% and
Zg, respectively. The analysis can be extended to higher d, in which case it is still true that our
stack of spin-1/2 chains is beyond this group-cohomology-based classification, but below we
will focus on the case with d < 3.
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Let us start with the case where d = 1 and the classification is Z,. The dimensional reduc-
tion picture implies that the nontrivial 1+ 1 dimensional G-SPT, roughly speaking, has each of
its translation unit cells hosting a Z, odd state. More precisely, it means that when the length
of the chain increases by 1, the Z, eigenvalue of the ground state changes. In other words, the
two different 1+ 1 dimensional G-SPTs are expected to be characterized by A = lim; _, o, A)Lf ,
where A; is the eigenvalue of the ground state with length L, |v¢);, under the Z, symmetry
action X, i.e., X|y); = A |yp); [21]. Itis natural to identify the G-SPT with A =1 (A = —1) as
the trivial (nontrivial) SPT. Then a simple example of a trivial (nontrivial) 1+1 dimensional G-
SPT is a many-qubit state [ | i |0) j a1 j 1) j), where the on-site Z, symmetry action X; satisfies
X;]0); =0); and X;|1); = —|1);. Note that both of these SPTs are ultralocal product states, al-
though they have symmetry—protected distinction. This highlights the fact that in the presence
of lattice symmetries the notions of trivial and nontrivial SPTs are in some sense semantic.

For our MPS state described by Eq. (16), the results from the previous subsection im-
ply that L“ = ¢'* = i, which is neither 1 nor —1. This means that this simple MPS is a
G- symmetrlc short-range entangled state beyond the conventional group-cohomology-based
classification [21], which is possible because in our case the Z, on-site symmetry acts on states
as a Z, group. Notice that this is different from having projective representations under the
on-site symmetry (Z, actually has no projective representation), so in some sense such a state
is not even captured by the more refined classification proposed in Refs. [18,24]. We also
remark that, if only the remaining symmetry G is preserved but G, is explicitly broken, it
should be possible to deform our state such that b = ¢ = 0 without closing the gap [21], which
smoothly connects our state to the all-spin-up ultralocal product state. During the course of

this deformation, /{:1 = { is invariant. Moreover we can consider another MPS state obtained

by switching AS==31 s AlS:=— 1, which has 2441 = —i and can be smoothly connected to the
all-spin-down ultralocal product state while preservmg the symmetry G. This again reflects
the fact that the notions of trivial and nontrivial SPTs are somewhat semantic in the presence
of lattice symmetries. More generally, it is more appropriate to view these states as being
described by a torsor over H%(Z, x Z, U(1)), rather than elements of H*(Z, x Z, U(1)).

Next, we move to the case with d = 2, where the classification is Z%. It is easy to see
that one of the two root SPTs is simply the nontrivial SPT protected only by Z,, where the
translation symmetry is unimportant, and the other root SPT is simply the higher dimensional
generalization of the 1+ 1 dimensional G-SPT discussed above. Roughly speaking, each trans-
lation unit cell in this SPT hosts a Z, odd state. Clearly, our stack of spin chains is neither of
these two states, which means it is beyond the group-cohomology-based classification.

Finally, we turn to the case with d = 3, where the classification is Z‘Z‘. One of the four root
states is simply again the generalization of the 1+ 1 dimensional state, where each translation
unit cell hosts a Z, odd state. The other three root states can be viewed as stacks of 2+ 1
dimensional Z,-SPTs that have Z> translation symmetry. Again, it is clear that our stack of
spin chains is none of these states, and it is therefore beyond the group-cohomology-based
classification. Instead, such a state should be thought of as a torsor over H2(Z, x Z,U(1)),
rather than an element in H%(Z, x Z, U(1)).

C.3 Properties of the Goldstone modes

In this subsection, we discuss the properties of the Goldstone modes associated with the
Gy, — G symmetry-breaking orders. This discussion applies to all S = 1/2.

We will use the results in Ref. [49], which connect the number of broken generators of a
continuous symmetry and the expectation values of the charge density in the ground states
to the number and dispersion of the Goldstone modes. The expectation values of the charge
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density enter through the anti-symmetric matrix p defined as

pay =—i([84,5,1)/V , (32)

where §a, , are the broken generators, and V is the volume of the system. Denote the number
of the broken generators by ngg;, Ref. [49] shows that the total number of Goldstond modes
is ngg — %rank(p ), where ng; —rank(p) of them generically have linear dispersion, and the
other %rank(p) of them generically have quadratic dispersion.

In our case, the number of broken generators is ng; = 3. Because the remaining sym-
metry of G does not require (S) = 0, the matrix p generically has rank 2. So there will be
NG — %rank(p) = 3—2/2 = 2 gapless Goldstone modes, where one of them generically has
linear dispersion and the other has quadratic dispersion.
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