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Trigonometric cubature rules of degree t are sets of points on the torus over which
sums reproduce integrals of degree ¢ monomials over the full torus. They can be thought
of as t-designs on the torus, or equivalently ¢-designs on the diagonal subgroup of the
unitary group. Motivated by the projective structure of quantum mechanics, we de-
velop the notion of ¢-designs on the projective torus, which, surprisingly, have a much
more restricted structure than their counterparts on full tori. We provide various new
constructions of toric and projective toric designs and prove bounds on their size. We
draw connections between projective toric designs and a diverse set of mathematical
objects, including difference and Sidon sets from the field of additive combinatorics,
symmetric, informationally complete positive operator valued measures (SIC-POVMs)
and complete sets of mutually unbiased bases (MUBs) from quantum information the-
ory, and crystal ball sequences of certain root lattices. Using these connections, we
prove bounds on the maximal size of dense B; mod m sets. We also use projective toric
designs to construct families of quantum state designs. In particular, we construct
families of (uniformly-weighted) quantum state 2-designs in dimension d of size exactly
d(d 4+ 1) that do not form complete sets of MUBs, thereby disproving a conjecture
concerning the relationship between designs and MUBs (Zhu 2015, Phys. Rev. A 91,
060301). We then propose a modification of Zhu’s conjecture and discuss potential
paths towards proving this conjecture. We prove a fundamental distinction between
complete sets of MUBs in prime-power dimensions versus in dimension 6 (and, we con-
jecture, in all non-prime-power dimensions), the distinction relating to group structure
of the corresponding projective toric design. Finally, we discuss many open questions
about the properties of these projective toric designs and how they relate to other
questions in number theory, geometry, and quantum information.
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1 Introduction

Given a measure space (M, u) and a set of polynomials on M, a t-design on M is a measure
space (X C M,v) satisfying fX fdv= fM f dp for all polynomials f of degree <t [1-13]. Classic
examples are Gaussian quadrature rules [1] and spherical designs [2, 3], where the measure space
M is the hypercube and hypersphere, respectively. Typically, one is interested in finding designs
where X is a discrete measure space such that the integral over X with respect to v reduces to a
weighted sum that is often simpler to compute. However, this is not always possible; in the case
of rigged designs (defined below), it is often crucial that X be a non-discrete measure space [14].

Specific forms of ¢t-designs for particular choices of measure spaces M have found a plethora of
uses in the field of quantum information theory [15-49]. In particular, complex projective space
CP9~! describes the space of d-dimensional quantum states [50], so t-designs on M = CP?~! are
called complex-projective or quantum state t-designs. These quantum state designs also relate to
other mathematical objects such as symmetric, informationally complete positive operator valued
measures (SIC-POVMs) and complete sets of mutually unbiased bases (MUBs), which themselves
are conjectured to relate to finite projective geometry. Finite-dimensional quantum state designs
can be generalized to designs on infinite-dimensional, or continuous-variable, quantum systems by
defining rigged quantum state t-designs, which are designs on the space of tempered distributions
M = S(R)’ [14]. The (projective) unitary group PU(d) describes the space of noiseless dynamics
of quantum states, and these too admit constructions of unitary t-designs. Finally, the space of
mixed quantum states with the Hilbert-Schmidt volume measure allows for mized-state t-designs
[49]. Therefore, a better understanding of various kinds of ¢-designs can also lead to deep insights
about quantum information.

Consider the complex sphere €4; that is, the set of unit vectors in C?. Any vector in g can
be written (non-uniquely) as |g, ¢) = Zi:l @ne'® |n), where {|n)}?¢_, forms an orthonormal
basis, ¢ = (g,)%_; is a discrete probability distribution (3" ¢, = 1), and ¢ = (¢,,)2_; is a set
of phases. Therefore, ¢ belongs to the (d — 1)-simplex A?~! and ¢ to the d-torus T¢. Via this
mapping A?"! x T¢ — Qg, one can combine simplex designs and toric designs to form complex
spherical designs [10]. Identifying CP?~! with Q4/U(1) (that is, quantum states are complex unit
vectors with a global phase redundancy), we have a similar mapping AY™! x P(T9) — CP?¢-!
defined as (g, [#]) + [|q, ¢)], where P(T%) = T?/U(1) is the projective torus (see Definition 2.4)
and [-] denotes equivalence classes in the respective quotient spaces. In a similar way as before,
via this mapping one can combine simplex designs and projective toric designs (see Definition 2.5)
to form quantum state designs [10, 14].

In what follows, we flesh out and formalize this argument. Specifically, we formalize the notion
of projective toric designs—both finite- and infinite-dimensional-—and provide various construc-
tions thereof. We discuss the connection between projective toric designs and difference sets
[61-53], and use this correspondence to construct more projective toric designs, including some
minimal ones. We illustrate the connection to quantum state designs and various other math-
ematical objects. Using minimal projective toric 2-designs, we construct an infinite family of
almost-minimal complex-projective 2-designs. Finally, we discuss many exciting open questions
regarding projective toric designs, some of which are deeply connected to long-outstanding con-
jectures in mathematics, such as some conjectures relating to finite affine and projective spaces.
In particular, we construct explicit counterexamples to a conjecture by Zhu [54, Conj. 1] on the
relationship between uniformly-weighted quantum state 2-designs and complete sets of MUBSs, and
we prove a fundamental distinction between complete sets of MUBs in prime-power dimensions
versus in dimension 6.

Accepted in (Yuantum 2024-11-26, click title to verify. Published under CC-BY 4.0. 2



Relation to prior work. Toric designs have been considered before. Trigonometric cubature
rules are such designs on the torus [5-7]. Ref. [10] generalized the idea of trigonometric cubature to
more general algebraic tori. Ref. [14] studied designs on projective tori and showed an equivalence
to a specific case of Ref. [10], and further showed that such projective toric designs are related
to complete sets of MUBs [55]. However we believe the presentation given in Section 2 gives new
clarity and focus on the subject. Furthermore, Section 2.1 compiles, to the best of our knowledge,
all previously known constructions of projective toric t-designs', and indeed generalizes some of
these constructions.

The main novel contributions of our work lie in Sections 2.2, 3 and 4. In Section 2.2, we
prove a general lower bound on the size of projective toric ¢-designs for all dimensions and all
t by relating these designs to the crystal ball sequence corresponding to the root lattice A, _;
[56, 57]. In Section 3, we relate difference sets to projective toric designs. We show how the
former can be used to construct the latter. Using the connection between difference sets and
projective toric designs, we furthermore relate dense difference sets to the crystal ball sequence
mentioned above, and derive new (to the best of our knowledge) bounds on the size of B; mod m
sets (¢f. Corollary 3.6). In Section 3.1, using our construction of projective toric ¢-designs for all ¢
and dimensions n, we construct corresponding toric ¢t-designs for ¢ and n (where recall that a toric
design is also a design on the diagonal subgroup of the unitary group). In Section 4.1, we describe
the relationship between projective toric designs and quantum state designs. This relationship was
first noted in Refs. [10, 14], though we believe that Section 4.1 greatly clarifies the details of this
connection. In Section 4.1, we also construct an infinite family of almost-minimal quantum state
2-designs—that is, quantum state 2-designs of size exactly one more than minimal. While these
specific almost-minimal designs have been noted before in Ref. [58], we arrive at the construction
via a different route that utilizes projective toric designs, which we believe may have a better hope
of generalizing to other infinite families and ¢ > 2.

In Section 4.2, we use projective toric 2-designs from our difference set construction to yield
uniformly-weighted quantum state 2-designs in dimension d of size exactly d(d + 1) that do not
form complete sets of MUBs, thereby disproving a conjecture by Zhu that has been open for
nine years [54, Conj. 1] (see also Ref. [59] for a discussion on Zhu’s conjecture). In Section 4.3,
we further characterize the relationship between projective toric 2-designs and complete sets of
MUBs by proving (c¢f. Proposition 4.6) that the phases involved in any complete set of MUBs
in dimension 6 must form a non-group projective toric 2-design. In particular, this highlights
a fundamental distinction between all known constructions of complete sets of MUBs in prime-
power dimensions versus any potential construction in dimension 6 (and, we conjecture, in all non-
prime-power dimensions). We then discuss one possible modification of Zhu’s conjecture relating
to this fundamental distinction and discuss potential paths towards proving this new conjecture
(¢f. Conjecture 4.8). Finally, Section 5 compiles a number of new interesting open problems
involving projective toric designs, highlighting their connection to a number of other open problems
in mathematics.

2 Theory of projective toric designs

We begin with some basic definitions that are used throughout the rest of the paper.

Definition 2.1 (Torus). Let T := R/27xZ. When n € N, let I, .= {1,2,...n}; when n = oo, let
I, = I = N. For such n, let T™ = Hieln T with the product topology. Define the projection
maps p;: T™ — T as (¢j)jer, — ¢i. For alln € NU{oo}, let pu,, denote T™’s unit-normalized
Haar measure.

Note that by Tychonoff’s theorem, T is compact. For all n, T™ is therefore a compact abelian
group and thus has a unique unit-normalized Haar measure.

By definition, the product topology on T is the coarsest topology such that the projection
maps p; are continuous. Similarly, we endow T°° with the smallest o-algebra such that the pro-

jections p; are measurable. This o-algebra is generated by sets of the form A = [[;.y Ai, where

LOf course, many toric designs are known, and these always project to projective toric designs. Such constructions
are not compiled in this manuscript.
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each A; is a measurable subset of T" and all but finitely many A; are equal to T'. Define a measure
p' on T by p'(A) = [[;cn #1(As). From Ref. [60, Thm. 10.6.1] (or Ref. [61] for a shorter proof),
this definition of y’ on such subsets uniquely determines p’ on the whole space. Clearly p’ is
transitionally-invariant and unit-normalized, and therefore p' = fiso.

We now define trigonometric cubature rules [5-7], which are designs on the torus. To match
the general terminology of this paper, we prefer to use the term toric design.

Definition 2.2 (Toric design). A T™ t-design (or trigonometric cubature rule of dimension n and
degree t [5-7]) is a measure space (X C T"™, X, v) such that

/Xexp i;ajqﬁj du(qﬁ):/Tnexp ij;ozjqﬁj dpen () (1)

for all oo € Z™ satisfying >77_, |aj| <t.

The torus T™ is the same as the maximal torus of the unitary group 7 (U(n)) [62], and indeed
a T™ design is a design on T(U(n)) [10]. Since T'(U(n)) is the diagonal subgroup of the unitary
group U(n), we see that toric designs can equivalently be thought of as designs on the diagonal
subgroup of U(n). Such designs are of interest in quantum information theory [63].

Example 2.3. In this example, we consider n = 1 and ¢t = 2. Let X be the discrete, uniformly-
weighted measure space X = {0,27/3,4n/3} C T'. Then, for every integer —2 < a < 2,

1 . 1 [ 1 ifa=0

i __ il _

— e = — e’ do = 2

|X|Z 21 Jo {O if 1 <|al <2 @
peX

Hence, X is a T 2-design. o

We now consider the projective torus, an important object in the study of quantum mechanics
because it removes a global phase redundancy (see Section 4).

Definition 2.4 (Projective torus). Let P(T™) denote the projective torus P(T™) := T™ /T, where
here T' denotes the inclusion T — T™ by T 360 — (0,0,...) € T™.

In other words, P(T™) is the set points in T™ identified up to a constant additive factor. Clearly,
for any f : T — C to descend to a well-defined function on P(7T™) it must be constant on the cosets
of the diagonal subgroup; in other words, it must satisfy f(e!®17i0 el2H10 ) = f(eltr el®2 )
for all § € T. Hence, when studying designs on P(7™), we need only consider monomials on 7™
where the degree and conjugate degree are equal. A degree t monomial on P(T™) therefore lifts to

exp (i S (Pay — qﬁbk)) for a,b € I'. We are thus now in a position to define a P(T") t-design.

Definition 2.5 (Projective toric design). Fiz an n € NU {oco} and t € N. Let X C P(T™) and
(X,%,v) be a measure space. X is called a P(T™) t-design if for all a,b € I,

t

[ e 120 = )| a0 - [ D BCNEN) ETICRC)

j=1

Here we denote the unit-normalized Haar measure on P(T™) as simply ji,—1 since P(T™) = T"~1,
X s called discrete if v is a counting measure, and is called finite if it is discrete and | X| < oo.
If X s finite, then |X| is called the size of X.

We note that, in the language of Ref. [10], a P(T™) design is a design on the maximal torus of
the projective unitary group T(PU(n)). It was shown in Ref. [14] that the two notions coincide?.
Clearly a P(T™) t-design is also a (¢ — 1)-design, since we can let a; = b; and have the integrand
become an arbitrary degree (+ — 1) monomial. Additionally, a P(T™) t-design is also a P(T"™1)
t-design, as can be seen by picking a subset of indices.

2We note that, in contrast to our manuscript, Ref. [14] refers to P(T™) designs as T™ designs and refers to T"
designs as trigonometric cubature rules.
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Example 2.6. In this example, we consider n = 2 and ¢t = 1. For any point in P(7?), which is
itself an equivalence class, we choose a representative of the equivalence class to be zero in the first
entry of the tuple. In other words, since the equivalence relation ~ that we quotient 7™ by to get
P(T™) = T"/_is (¥,¢) ~ (0 + 6,0 + 0), we can always choose 6 such that the first entry in the
tuple is 0.

Let X be the discrete, uniformly-weighted measure space X = {(0,0), (0,27/3), (0,47/3)} C

P(T?). Then,
1 X 1 27 . 1 f _ b
_ Z ol(Pa—d) — 7/ i0a=00) 4g, — 1 a 7

X1 peX 21 Jo 0 ifa#b.

Note that, since we fix the first entry of any element of P(T?) to be 0, §; = 0 and the Haar measure
on P(T?) is dfy. Hence, we see that X is a P(T?) 1-design. o

Throughout this work, we use double braces to denote multisets, whereas single braces denote
sets as usual; that is, {1,2,2} = {2,1,2} # {1,2}, whereas {1,2,2} = {1,2} = {2,1}. Since the
integrand in Eq. (3) contains only a finite number of projection maps, we can use Fubini’s theorem
to compute the integral on the right-hand side. By choosing a set of representatives of P(T™) to
be those phases ¢ for which p;(¢) = ¢1 = 0, we can think of P(T™) as {0} x T"1. In this way,
we have that p;(¢) = 0 for all ¢. It follows that X C {0} x T~ is a P(T™) t-design if

/X exp (i (¢a, — ) | dv(g) = /{ exp (i (¢a, — bv,) | ditn-1() (52)

j=1 0}xTm—1 j=1

:{1 if fai i (L)) ={bilie{l....0}} (5D)

0 otherwise

Suppose that we set each b; = 1. It follows that X must match integration of polynomials on
Tt of degree t and conjugate degree 0 (because ¢p;, = 0). Similarly, we can set each a; = 1,
and thus X must match integration of degree 0 and conjugate degree t. More generally, we see
that it must match on monomials on 77! of degree (t1,t2) whenever t; <t and to < ¢. It follows
that a T~1 (2t)-design is a P(T™) t-design, and a P(T") t-design is a T"~! t-design. The reverse
implications however do not hold in general.

By linearity, a P(T™) t-design exactly integrates all polynomials on P(T™) of degree ¢ or less.
It is the projective nature of the polynomials that we are integrating that give projective toric
designs their interesting structure that is quite different than the structure of toric designs. For
example, as we will see, for finite n, P(T™) 2-designs must be of size at least n(n — 1) 4+ 1, and
indeed this can be saturated for many n; in contrast, it is known that a T"™ 4-design requires
size at least 2n?, 3-design requires at least 4n points (which can often be achieved), and 2-design
requires at least 2n points (and 2n + 1 can often be achieved) [6]. Indeed, the difference between
toric designs (i.e. trigonometric cubature rules) and projective toric designs is analogous to the
difference between (complex) spherical designs and (complex) projective designs.

2.1 Constructions of projective toric designs

In this section, we present a few simple constructions in order to get a handle on projective toric
designs. Later, in Section 3, we construct more (and smaller) projective toric t-designs by utilizing
difference sets and Sidon sets from additive combinatorics [51]. Throughout this section, we write
points in P(T™) as representatives in 7" with the first entry set to 0.

Our first example is a P(T") 2-design of size n? whenever n is prime, and slightly larger when
n is not prime. Note that this construction can be generalized to be size n? whenever n is a prime
power, but we do not do this here. The generalized construction can be seen in the phases in the
complete set of MUBs in prime-power dimensions given in Ref. [18].

Theorem 2.7 (Thm. C.9 of [14]). Let n € N. Define p to be the smallest prime number strictly
larger than max(2,n) (by the prime number theorem, p € O(n +logn)). Let X C T™ be the set

X ={(0,27(q1 + q2)/p, 27(2q1 + 4g2)/p, . ... 27((n — Vg1 + (n — 1)%q2)/p) | 1 € Zyp, 2 € Zp% |
6
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Figure 1: The construction of the 2-design in Theorem 2.7 for (left) n = 2 with p = 3 and (right) n = 3 with
p = 5. Note we are representing points in P(T™) here as points in "' by discarding the first coordinate
which we fix to 0. The number of points in the design for (left) n = 2 is p and for (right) n = 3 is p* = 25.

and v the constant map® v(¢) = 1/|X|. Then X with the counting measure weighted by v is a
P(T™) 2-design.

We can easily write out the construction for n = 2, where we have p = 3, and therefore
X = {(0,0),(0,27/3),(0,47/3)} with weight v(¢) = 1/3 is a P(T?) 2-design. We show the
construction in Fig. 1 for this example of n = 2 with p = 3 as well as for n = 3 with p = 5.

We can extend this construction to the case when n = oco.

Theorem 2.8. Let X C T be the set
X ={(0,9+¢,20 +4p,....59+ j%p,...) | 9,9 € [0,27]} (7)

and v the unit normalized Lebesgue measure on [0,27)? (i.e. dv = dddy/(27)?). Then X is a T™
2-design.

Proof. For any a,b,c,d € N,

dvd
/ exp(i(¢a + ¢ — de — ¢a)) dv(¢) = / exp(id(a+b—c—d) +ip(a® + b — 2 — d*) T=E
X [0,27]2 (2m)
(8a)
_ 1 ifa—|—b.=c—|—d/\a2—|—b2=c2—|—d2 (8h)
0 otherwise
1 if b} = {c,d
b He bk = de ) (50)
0 otherwise
where in the last line we used [14, Lem. C.10]. O
We now consider a construction for arbitrary t.
Theorem 2.9 (Thm. C.8 of [14]). Let n,t € N, and X C T" be the set
X ={(0,2nd /(t + 1),27da /(t + 1),...,27d,—1 /(t + 1)) | d € Z} '}, (9)

and v be the constant map v(¢) = (t + 1)~V Then X with the counting measure weighted by
v is a P(T™) t-design.

3We corrected a minor error in Thm. C.9 of [14]. Namely, the map v was stated as v(¢) = 1/p2. This is correct
for all n > 2, as | X| = p?. However, when n =2, |X| =p = 3.
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Example 2.10 (n =2, t = 3). We have

X =1,00,(002:2) (0.272.0), (0,0,2x2), (0,2x2.0
- b ) b )77T3’ 771-37 b )77T3’ 771-37 b
0,27, 2 0,272 202 ) (0,271 2 0,272 22
7T3 7T3 T\ gy 7T3 7T3 IR &

with v(¢) = 1/9, is a P(T®) 2-design. o

(10)

We now extend this construction to n = co.

Theorem 2.11. Let t € N and X1 C T be the discrete probability space X1 = {2nd/(t + 1) |
d € Ziy1}. Let X = [[;en X1 and its o-algebra be generated by sets of the form [[; oy Ai where
each A; in the power set A; € P(X1) and for all but finitely many i we have A; = X;. Define v
by its action v(A) = [],cn(|As] /| X1]), and note that v uniquely extends to a measure on X [60,
Thm. 10.6.1]. Then X is a T t-design.

Proof. Let m = max(max; aj, max; b;). Since ¢ is finite, we are only ever dealing with a finite
number of projection maps p; in the integrand. Therefore, we can apply Fubini’s theorem to
separate the integral [  into a product of an integral over X{" and an integral over the rest of the
space. Hence,

t

t
o
/ exp 12 ba; — op;) | dv(9) Z exp ™ Z(da]. —dy,) (11a)
= ]Zm t+1 o

dey,

:{1 if fa; [ € {0} = b [5 € (1. 0}} (11b)

0 otherwise

O
Finally, for completeness, we note the asymptotic existence theorem proven in Ref. [10].

Theorem 2.12 (Thm. 3.3 and Cor. 5.4 of [10]). Asymptotically in n — oo but for finite n, a

P(T™) t-design must have size at least % and there exists t-designs of size n*(1+ o(1)).

2.2 Minimal projective toric designs

A very natural question that one can ask is what is the size of the smallest projective toric t-design?
We call such designs minimal. Ref. [14, Prop. C.11] proved a lower bound on the size of minimial
projective toric 2-designs. In this section, we generalize this bound and prove a lower bound on
the size of minimal projective toric t-designs for all t. In the case when ¢ is even, we conjecture
that this bound is tight. In Section 3, we show that the ¢ = 2 bound can be saturated in many
dimensions.

We begin by, for all n,s € N, defining the set

Ps(”) = {q—r q,r € Ny, ZinZHZS}~ (12)

i=1 i=1
An element q — r € P{™ corresponds to a monomial exp(i > i-1(g5 —75)¢;) on P(T™). We show

that |Ps(n)| is the s*™" element of the crystal ball sequence corresponding to the root lattice A,,_; =
{vez"| Y v =0} [56, 57], and therefore arrive at the explicit formula for |P\™)| given in
Eq. (13). We begin by defining the crystal ball sequence of A, _1. Let S,,_1(t) denote the number
of vertices of A, 1 a distance ¢t away from some fixed vertex, where we define distance for the
lattice A,,_1 as follows: letting R := {e; —e; | i,7 € {1,...,n}} be the roots of A,_1, the distance
between x,y € A, _1 is the smallest d such that x —y € dR, where dR := R+ R +---+ R is the
d-fold set sum of R. The sequence (S,,—1(t))ten, is the coordination sequence of A,_1 [56]. The
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crystal ball numbers are the partial sums G,,—1(s) = > o _, Sn—1(x) [56]. The explicit formula for
Gr_1(8) is [56, 57|

Gno1(s) = 3Fo(l —n, —s,m;1,1;1) = Z (nf 1>2(n_i+‘9_ 1), (13)

, ) s—1
1=0

where 3F5 denotes the generalized hypergeometric function [64—67]. We can easily see that Ps(n) =
s$R, and furthermore G,,—1(s) = |sR| by definition since it is precisely the set of all points that are
reachable within a path of at most s edges. It therefore follows that

[P = Groi(s)- (14)

We recall that Ref. [14] showed the equivalence of P(T™) designs and designs on the algebraic
torus T(PSU(n)) as defined in Ref. [10]. Ref. [10] further explored the connection between such
designs and the root lattice of PSU(n), which is A,,_1. This gives a hint as to why A4,,_; shows up
in the analysis of projective toric designs. Indeed, each point in A,,_; corresponds to a monomial
on P(T"). Ps(n) is precisely all points on A,,_; a distance of less than or equal to s from the
origin. Since the origin corresponds to the constant monomial (i.e. degree 0), p™ corresponds to
all monomials of degree less than or equal to s.

We now prove a lower bound on the size of projective toric designs. We note that this bound
is compatible with the asymptotic bound given in Theorem 2.12. One can see this by using the
asymptotic expansion of the binomial coefficients in Eq. (13).

Proposition 2.13. Letn € N and (X, X, v) be a finite P(T™) t-design. Then |X| > G,_1([t/2]),
where Gp_1(8) is given in Eq. (13).

Proof. We prove the bound for even ¢t. The bound for odd ¢ is then automatically valid since the
minimal size of a (¢ + 1)-design is at least as large as the minimal size of a ¢-design. We therefore
restrict our attention to even t for the rest of the proof.

Since X is a finite, discrete measure space, we can rewrite [, (-)dv as Y sex V(@)()). The
projective toric t-design condition can be expressed as follows. Let each ¢ € X label a basis

element of V := C¥l so that {|¢) | ¢ € X} is an orthonormal basis of V. Then for k € Pt(;;), define

k) =2 gsex \ /v(¢)e’®?|¢). The t-design condition is equivalently stated as (k|k’) = 8 . Hence,

{Ik) | k € Pt(/n;} must be orthonormal in V', meaning that |Pt(72)| < dimV = | X]|. The proposition

then follows from Eq. (14). O
Furthermore, we can prove that a minimal ¢-design for even ¢ must be uniformly weighted.

Proposition 2.14. Let X C P(T™) and let v: X — (0,00) define a weighted discrete measure
on X. Suppose the measure space defined by X and v is a minimal t-design with t even. Then
v(0) =1/1X].

Proof. This proof essentially follows that of Ref. [6, Thm. 2.2]. The P(1™) t-design condition is

written as MMT =T _c) ), where My g = /v(0)e’®?. If X is minimal—that is, if | X| =
1P, 5 1% 1Py 3 | '

|Pt(72)\—then M is a square matrix so that MMT = T if and only if MTM = I. From the latter
condition, it follows that dg,or = \/v(0)v(0") X2, pem) e (0= When 6 = #', we therefore find
t/2

that v(0) = 1/|P()| = 1/[X]. O

Finally, we conjecture that the bound given in Proposition 2.13 is tight for even t.

Conjecture 2.15. When t is even, the bound given in Proposition 2.13 is tight in the sense that
there are infinitely many dimensions n for which the bound is saturable.

In Section 3, we show how minimal ¢-designs are related to difference sets. Using this connection,
we construct an infinite family of minimal 2-designs that indeed saturate the bound given in
Proposition 2.13, and we derive a bound on the size of dense difference sets.
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3 Relation to difference sets

We say that X C P(T™) is a group toric t-design if X is a t-design and also inherits group structure
from P(T™). In this section, we consider the case when X is a cyclic group for finite n and a circle
group for n = co. In this case, we find connections to Sidon sets and difference sets [51]. Using
this, in Section 3.1, we construct minimal P(T™) 2-designs whenever n — 1 is a prime power, and
more generally we construct ¢-designs of size w whenever n — 1 is a prime power.

We begin with the infinite case. Suppose that X C P(T°°) is a t-design and isomorphic to the
circle group U(1). Then there is a single element z € Z* such that X = {0z = (0z1,022,...) |
0 € [0,27]}. In order for X to be a design, it must be that

/Oﬂexp iGZ(zaj—zbj) de_{l if fa;|je{l,....t}}={b;|jec{1,....t}} as)

21 |0 otherwise

for all a,b € Nt. Tt follows that z must satisfy

Sz, =Y m, | = failie{l. 3 ={blie{l....1}}). (16)
j=1 j=1

In other words, the sum of any ¢ elements of z must be unique. If we restrict z to be in ZZ, then
Eq. (16) is exactly the definition for z to be a By set [51, Def. 4.27]. In the special case of t = 2,
we need to find a z € Z, such that z, + 2z, = 2. + 24 if and only if {a,b} = {c,d}. Such a z is
called a Sidon set [51].

Definition 3.1 (B, and Sidon sets [51]). A By set® is an element z € L%, satisfying Eq. (16) for
all a,b € Nt. A Sidon set is a By set.

We have therefore proven the following proposition.

Proposition 3.2. Group P(T) t-designs isomorphic to the circle group are in one-to-one cor-
respondence with By sets.

We next give a simple example of a B; set.

Example 3.3 (Exponential B; set). Let z € Z* be defined by z, = t®. In this case, z, written in
base tis 100...0, a 1 followed by a 0s. It follows easily that every sum is unique up to reordering. ¢

We now discuss finite n. Suppose that X C P(T™) is a t-design and isomorphic to the cyclic
group Z,. It follows that X is a size m t-design and is generated by a fixed z € Z7},. In order for
X to be a design, it must be that

m—1 t

S exp 2mdz(%_%) :{1 if fa;lje{l,....t}}=4b1je{l,....t}} (17)

m .
= = 0 otherwise

for all a,b € I, where recall that I,, = {1,2,...,n}. It follows that z must satisfy

ZzajEZzbj (mod m) | <= ({a; |je{l,....t}}={b; |ie{1,....t}}). (18)

In other words, the sum of any ¢t elements of z must be unique, or equivalently,
! n+t—1
Hz,zaj modm|a€[ﬁb}‘:< ; ) (19)
j=1

Eq. (18) is precisely the definition for z to be a B, mod m set of size n [51].

4Note that we are considering z to be a tuple and yet calling it a difference “set”. It is understood that we are
talking about the set {z, | a € N}.
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Definition 3.4 (Modular B, and Sidon sets [51]). A B; mod m set of size n is an element z € Z7,
satisfying Eq. (18) for all a,b € I%. A Sidon set of size n mod m is a Ba mod m set of size n.

We have therefore shown the following proposition.

Proposition 3.5. Group P(T™) t-designs isomorphic to the cyclic group Z.,, are in one-to-one
correspondence with By mod m sets of size n.

Given Proposition 3.5 and the bound in Proposition 2.13, we immediately arrive at the following
corollary.

Corollary 3.6. Any B; mod m set must have size n satisfying m > Gn_1(|t/2]), where G,,_1(s)
is given in Eq. (13). Furthermore, if Conjecture 2.15 is true, then this bound is tight for even t in
the sense that there are infinitely many dimensions n for which the bound is saturable.

We have been unable to find the bound in Corollary 3.6 in the existing literature on difference
sets. If this bound is indeed new, it illustrates the utility of studying projective toric designs due
to the many interesting mathematical objects to which they relate.

In the special case of t = 2, B,—5 mod m sets are called a Sidon sets of size n mod m. Notably,
by a simple counting argument, any Sidon set of size n mod m must satisfy m > n(n — 1) + 1.7
Further, for many but not all n, this bound can be saturated, as we discuss later. When the bound
is saturated, we say the Sidon set is dense. Hence, for every n for which there is a Sidon set of
size n mod n(n — 1) + 1, there is a minimal P(T™) 2-design—that is, a P(T™) 2-design of size
n(n — 1) + 1, hence saturating the lower bound from Proposition 2.13.

For one example of a dense Sidon set, consider n = 6 and m = G,,—1(1) =n(n — 1) + 1 = 31.
Then one can easily check that z = (0,1,3,8,12,18) is a Sidon set and thus gives rise to a P(T°)
2-design of size 31. A simple numerical search however reveals that there does not exist a Sidon
set of size 7 mod 7(7 — 1) + 1 = 43. Furthermore, by the classification of finite abelian groups, any
group of order 43 must be isomorphic to Z43. Therefore, we have the following corollary.

Corollary 3.7. Either there are no P(T") 2-designs of size saturating the lower bound given in
Proposition 2.13, or such a saturating design cannot be isomorphic to a group.

3.1 Explicit families of designs from Singer sets

There is a general construction of dense Sidon sets—called Singer sets—whenever n — 1 is a prime
power [68]. Thus, with this, we have constructed minimal P(T™) 2-designs whenever n — 1 is a
prime power, and these designs are isomorphic to the cyclic group Z,,—1)41. For completeness,
we review the Singer set construction in Appendix A. However, we note that the details of the
Singer set construction are not necessary to understand for our work. Indeed, our results only use
that such a construction ezists. For reference, we provide code for constructing Singer sets [69].
Indeed more generally, we review Singer’s construction in Lemma A.2 of B; mod %
sets of size n whenever n—1 is a prime power. Using Proposition 3.5, we have therefore constructed
explicit P(T™) t-designs of size % whenever n — 1 is a prime power, and these designs are

isomorphic to the cyclic group Z,_1jt+1_, . Furthermore, since the restriction of a P(T™) t-design
n—2
to P(T™) for n < m is still a ¢-design, it follows that for all n we have constructed explicit P(T™)
t+1
t-designs of size %
m
m — 1 is a prime power.

, where m is the smallest integer greater than or equal to n such that

Finally, we recall that a P(T™) t-design is a 7" ! t-design (see the discussion below Eq. (5)).
We also note that a P(T™) t-design be made into a T" (2t)-design by twirling over a 7! = S?
(2t)-design. For example, if a set ® C {0} x "~ is a P(T™) t-design, then the set {¢p+ (0, ...,0) |
¢ € ®0ecO}isaTm (2t)-design when O is a S! (2t)-design. We can see this as follows. Suppose
2?21 |aj| < 2t. Then,

; 12 e (% i o 1 iy " b
[EHE] 22« 2 @O0 2 4y (0) ) e 2 @i (20a)

bed 0cO T

5The Sidon set condition can be restated as stipulating that z, — ze = 24 — 25 if and only if {a,b} = {c,d}. We
therefore need z, — 2. to be unique for all a and c. First choose an a € I,, and then choose a ¢ € I,, with ¢ # a.
This gives us n(n — 1) distinct values. Further, we have one more value—mamely 0—coming from when a = c.
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_ 1 iy " e,
=05 07| D el iz (20b)

PP

=0 / eizjzlaj% dptn—1(¢ 20c
Zj:l a;=0 P(T™) 1 ) ( )

_ H 80;.00 (20d)
j=1

where in Eq. (20c) we used that e 2 % is at most a degree t monomial on P(T™) when

> iy aj=0. Theset © = (%)thﬂ f a St (2t)-design. We have therefore constructed explicit

T™ (2t)-designs of size (2t + 1) x % for all n.

4 Relation to quantum state designs and MUBs

Projective toric designs are closely connected to complex-projective designs [15-26], continuous-
variable (CV) rigged designs [14], and complete sets of mutually unbiased bases (MUBs) [55].
These connections arise by concatenating projective toric and simplex designs in order to generate
elements in complex-projective space, which in turn satisfy the design condition. We discuss the
connection here. In Section 4.1, we set up the connection between projective toric designs and
quantum state designs and use it to construct almost minimial quantum state 2-designs (ie. quan-
tum state 2-designs in d dimensions of size d?+1). Using this connection, in Sections 4.2 and 4.3, we
find a close connection between projective toric designs and MUBs, and we use this connection to
prove various results. Namely, in Section 4.2, we disprove Zhu’s conjecture, and in Section 4.3, we
characterize a fundamental difference between complete sets of MUBs in prime-power dimensions
vs in dimension 6 in terms of the group structure of the associated projective toric designs.

4.1 Quantum state designs from projective toric designs

Denote the complex unit sphere by Q; = {z € C? | Z?:l |zi|> = 1}, which can be identi-
fied with $2¢=1. Let CP?~! be complex-projective space Q4/U(1). Pick an orthonormal basis
{In) |n€{1,...,d}} of C A polynomial f on Q4 descends to a well-defined polynomial on
CP?~1 if and only if it is invariant under the action of U(1)—that is, f(e' [1)) = f(|v)) for all @
and 1) € Qg. Tt follows that all degree ¢ monomials on CP*~! are of the form []'_, (a;|v)(1|b;)
for a,b € I} (vecall that I; = {1,2,...,d}). A CP?! t-design is thus a measure space (X,3,v)
such that, for all a,b € I,

T (ol _ Ty i ) ap = 1o @)
/. (H<azw><w|bz>) )= [ <H<az|w><¢|bl>> =8 ey

d
i=1 i=1 THE )

where Hgd) is the projector onto the symmetric subspace of (C%)%?,

1" (a:b) = <® <ai|> e <® |bz~>> ! (22)

i=1

and di» denotes the Fubini-Study volume measure on CP?~!. The last equality is a simple conse-
quence of Schur’s lemma and the unitary invariance of di [22, 24][14, Ap. C3|.

Let Al = {p € [0,1]¢ | Zg'l:l p; = 1} denote the (d — 1)-dimensional simplex. Simplex ¢-
designs have analogous definitions to those of toric and complex-projective designs [4, 8-11]. Any
vector |1) € Q4 can be represented as |p, ¢) = 22:1 /D€' |n) for some (not necessarily unique)
p € A%l and ¢ € T¢. For a complex unit vector [1)) € Qq, let [[¢)] denote the equivalence class
corresponding to a point in CP4~1. Let 7: A9~ x P(T9) — CP?~! be defined by (p, ¢) — [|p, #)],
where ¢ is any representative of an equivalence class in T¢/T = P(T?). The pullback of the
Fubini-Study volume form along = is precisely the Lebesgue measure on A%~! times the Lebesgue
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measure on P(T9) (see Appendix B). Together, this implies that the concatenation of a A4~!
t-design and a P(T?) t-design yields a CP?~! t-design [10, 14].

We note that the analogous result holds for the complex sphere €);; namely, concatenation of
a A971 t-design and a toric (2t)-design (see Definition 2.2) yields a 2 t-design. The reason that
we only need a projective toric design in the CP?~! case, as opposed to a full toric design as in
the Qg case, is because polynomials on CP?~! are more restricted than on Q4. On Qg, 212275 is
a valid monomial. On the other hand, this is an invalid monomial on CP?~! = Q,/U(1) since it
varies under the action of U(1).

One particularly nice simplex 2-design contains the extremal points and the centroid (see
e.g. [14, Thm. C4]), which we show in the following proposition (see Example 4.2 for a simple
example).

Proposition 4.1. Let ¢ = (1/d,...,1/d) € A" be the centroid of the simplex and ) =
(1,0,...,0), ..., e = (0,0,...,1) be the extremal points, and define D = {c,e(l), .. .,e(d)}.

Define the weight function w: D — [0,1] by w(eW)) = —L— and w(c) = The discrete

d
d(d+1) d+1i-

probability space defined by (D,w) is a A~ 2-design.

When concatenating the extremal points e?) of the simplex with a projective toric design, we get
the basis vectors [|7)] € CP?~!, since [|e\?), ¢)] = [|j)] for any . When concatenating the centroid
with a finite-sized projective toric design X, we get a collection of points {[|c, #)] € CP4~! | ¢ € X }.
Hence, the total number of points in the resulting complex-projective design is d + |X|. Recalling
Proposition 2.13, we have that |X| > d(d — 1) + 1. Furthermore, from Section 3, we found an
explicit construction using Singer sets of these minimal projective toric designs whenever d + 1
is a prime power. It follows that the resulting complex-projective 2-design is of size d? + 1 (note
that this complex-projective design is not uniformly-weighted). Interestingly, the smallest possible
complex-projective 2-design—also called a SIC-POVM-—has size d?. The existence of SIC-POVM’s
in all dimensions d is still an open problem.

These almost-minimal CP?~1 2-designs that we just constructed using Singer sets—CP?~! 2-
designs of size d? + 1—were first constructed in Ref. [58]. Notably, however, our utilization of
projective toric designs indicates a possible path toward extending such constructions to higher
t-designs.

Example 4.2 (d = 3). We construct the above almost-minimal CP?~! 2-design in the case of
d = 3. Let us utilize the minimal P(T3) 2-design given by the mod 7 Sidon set (0,1,3). The
corresponding projective toric design is given by the phases

ok 2
{(O,T,Tx3>|kez7}, (23)

where we understand (0, 0, ¢) € T2 to be a representative of an equivalence class in P(T%). Denote
by (po,p1,p2) an element of A%, Consider the A% 2-design from Proposition 4.1 given by the
centroid (1/3,1/3,1/3) weighted by 3/4 and the extremal points (1,0,0), (0,1,0), (0,0,1) each
weighted by 1/12. Finally, denote points in CP? by [|)] for |[¢) a unit vector in C?, and fix an
orthonormal basis {|0),|1),]2)}. Let

1
V3

Turn X into a discrete measure space by weighting [|0)], [|1)], and [|2)] each by 1/12 and each [|1)y)]
by 3/(4 x 7). The resulting measure space is a CP? 2-design of size 10. ©

X = (0L U020 U { 1) = | 7= (1) + 247 ) 4 3T 2)) ke 2} (20)

Similar to the finite-dimensional case above, we see analogous results in infinite-dimensional
quantum systems. Ref. [70] introduced the notion of a continuous variable (CV) t-design. Ref. [14]
proved that such designs do not exist and therefore introduced rigged CV t-designs. A simplex
design can be generalized to the unnormalized infinite-dimensional simplex. It then follows that
the concatenation of an infinite-dimensional simplex t-design and a P(T°) t-design yields a rigged
CV t-design. We therefore see that designs on the infinite-dimensional projective torus P(7T°) are
closely related to designs on other infinite-dimensional spaces.
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4.2 MUBs and quantum state designs: counterexamples to Zhu's conjecture

In this subsection, we explicitly derive the relationship between complete sets of MUBs and pro-
jective toric 2-designs. We then use this relationship to disprove Zhu'’s conjecture regarding the
structure of MUBs [54, Conj. 1].

The non-existence of complete sets of MUBs in non-prime-power dimensions has been a well-
known and long-outstanding question in quantum information theory. Since the question of non-
existence has proven incredibly difficult, there have been many related conjectures made in hopes
of making some progress. One such conjecture is as follows.

Zhu’s conjecture [54, Conj. 1]. Any (uniformly-weighted) quantum state 2-design in
d dimensions of size no more than d(d + 1) is either a complete set of MUBs or a
SIC-POVM.

See also Ref. [59] for a discussion on Zhu’s conjecture. In this subsection, we disprove this
conjecture by explicitly constructing counterexamples that utilize the difference set construction
of projective toric designs. We begin by recalling the definition of complete sets of MUBs. We
then show the relationship of MUBs to projective toric designs, and we restate Zhu’s conjecture
in terms of projective toric designs. We then show explicit examples of projective toric designs
that violate Zhu’s conjecture. We then prove a nice characterization of complete sets of MUBs
in dimension 6 in terms of non-group projective toric 2-designs (c¢f. Proposition 4.6). Finally, we
discuss one possible modification of Zhu’s conjecture and discuss potential paths towards proving
this new conjecture (¢f. Conjecture 4.8).

For brevity, we take Ref. [20, Thms. 3, 4] as our definition® of a complete set of MUBs.

Definition 4.3. A set M C CP?! is a complete set of MUBs if and only if
1. M| =d(d+1),
2. M is a (uniformly-weighted) quantum state 2-design (ie. a CP4~1 2-design), and
3. for every [) # @) € M, |($le)|* € {0,1/d}.

In Ref. [14, App. F], it was shown that projective toric designs are closely related to complete
sets of MUBs. For completeness, we state this relationship (modified from Ref. [14] to use the
terminology of our paper) as a theorem and sketch the proof of the direction that is most important
for us in this work.

Theorem 4.4 (App. F of Ref. [14]). A complete set of MUBs M exists in dimension d if and only
if there exists a uniformly-weighted P(T?) 2-design X of size | X| = d? satisfying

2
d

Vo#0eX: |Y Wil e{o,d}. (25)

Jj=1

Proof sketch. The “only if” direction is proven in Ref. [14, Lem. F.2] (in Ref. [14], a projective
toric design is referred to as a torus design).

We now sketch the proof of the “if” direction. Let X be a uniformly-weighted P(T?) 2-design.
As discussed in Section 4.1, we can concatenate X with the simplex 2-design given in Proposition 4.1
to yield the CP?~! 2-design M consisting of the elements

1. |n) for n € {0,...,d — 1}, each weighted by m; and

2. |e, ¢) for ¢ € X, each weighted by ;%45 x |71| = d(++U’

6The second condition in Definition 4.3 is actually implied by the first and third [71] (we thank Daniel McNulty
for pointing this out).
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where recall that ¢ = (1/d,...,1/d) € A4~1 is the centroid and |p,¢) = Zi:l V/Pre'?". Hence,
M is a uniformly-weighted 2-design of size M = d(d + 1). To show that M is a complete set of
MUBES, the only thing left to show is condition (3) of Definition 4.3. The only nontrivial overlaps
to consider are (c,f|c, ¢) for ¢ # 6 € X, giving

2

d
|<Cv 9‘67 ¢>|2 = Z ei(¢'770'j) € {07 1/d} ) (26)
j=1

ISR

which comes by assumption of Eq. (25). O

Using Theorem 4.4 and the fact that (as we saw in the proof) any uniformly-weighted P(7%)
2-design yields a uniformly-weighted quantum state 2-design of size d(d + 1) via concatenation
with the simplex design given in Proposition 4.1, we see that we can now rephrase part of Zhu’s
conjecture as follows.

Rephrasing of (part of) Zhu’s conjecture [54, Conj. 1]. Any uniformly-weighted P(7'%)
2-design X of size | X| = d? must satisfy Eq. (25).

We note that we are rephrasing Zhu’s conjecture as it pertains to uniformly-weighted quantum
state 2-designs of size d(d + 1), as this is the case of interest for complete sets of MUBs and for
the remainder of this manuscript. We do not make any statements regarding the existence of
uniformly-weighted quantum state 2-designs of size < d(d + 1).

In the language of our paper, Zhu’s conjecture can be seen as conjecturing that a complete set
of MUBs exists in dimension d if and only if there exists a uniformly-weighted P(T) 2-design X of
size | X| = d%. Given the Sidon set construction of P(T?) 2-designs from Section 3, we see that we
can disprove Zhu’s conjecture by finding a Sidon set of size d mod d? that does not satisfy Eq. (25).
Via brute force numerical searches for Sidon sets of size d mod d? for small d, we can find many
counterexamples. Indeed, there are 288 such Sidon sets when d = 6 (see our code [69]), hence
yielding 288 counterexamples to Zhu’s conjecture in dimension 6. The simplest counterexample
however occurs in dimension d = 3, as we show in the following example.

Example 4.5 (Counterexample to Zhu’s conjecture in dimension 3). Utilizing {0, 1,3}, which is
a Sidon set of size 3 mod 9, we arrive at the following uniformly-weighted quantum state 2-design
of size exactly d(d 4+ 1) = 12 that is not a complete set of MUBs:

1 0 0 1 21-k
0 1 0 — | ™5 ke {0,1,...,8 . 27
RN U\/ﬁeé €{0,1,...,8} (27)

4.3 MUBs and group designs

In this subsection, we consider general group projective toric 2-designs and when they can yield
complete sets of MUBs. We find that while such designs can yield complete sets of MUBs is
prime-power dimensions, they cannot in dimension in 6. This illustrates a fundamental difference
between the structure of MUBs in prime-power versus non-prime-power dimensions.

Consider the following general parameterization of a subgroup of P(T?). Suppose that the

subgroup is isomorphic to Za, X -+ X Z,,. We can generate each factor Z,; by 2(5) ¢ Zij,
where, since we are considering the projective torus, we fix ziaj ) = 0. We call the subgroup
X(al, a2 z(o"“)), and we have that
b 2mn;
X(al, g 20 ,z(“k)) = Z 2070 leyg) ‘ N1 € ZLoyy--- Nk € Ly, p - (28)
Qj

For example, when d is prime, the P(T'%) 2-design in the standard MUB construction [18] (Theo-
rem 2.7) is
X(d,d;(0,1,2,3,...,d —1),(0,1,4,9,...,(d — 1)%)) . (29)
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In the case of prime-power dimensions, the construction is a generalization of Theorem 2.7 that
uses the field theoretic trace [18]. Since the trace is linear, one can easily verify the design to be a
group. Thus, for all prime-power d, there are group 2-designs of size d? satisfying Eq. (25).

However, via a numerical bruteforce search (see our code [69]), we find that there are no P(T°)
group 2-designs of size 62 = 36 satisfying Eq. (25). The search is done by recognizing that, given
the classification of finite abelian groups, there are only four « to consider:

a = (a,az) = (4,9), (30a)
a = (ar,as,a3) = (3,3,4), (30b)
a = (a,az,a3) =(2,2,9), (30c)
a = (a1, as,a3,a4) = (2,2,3,3). (30d)

We can then explicitly check every generator z(®3) for each of these group structures. We have
therefore proven (via exhaustive numerical search) the following proposition, which comes as a
corollary of the exhaustive search and Theorem 4.4.

Proposition 4.6. If a complete set of MUBs exists in dimension 6, then there is a uniformly-
weighted P(T®) 2-design X of size | X| = 36 such that X is not a subgroup of P(T°).

Indeed, we believe this proposition highlights why finding complete sets of MUBs in dimension
6 is difficult: the projective toric designs that form the set must be something more complicated
than a group. We state the generalization of Proposition 4.6 to all non-prime-power dimensions as
a conjecture.

Conjecture 4.7. Let d be a non-prime-power. If a complete set of MUBs exists in dimension
d, then there is a uniformly-weighted P(T?) 2-design X of size |X| = d? such that X is not a
subgroup of P(T?).

Proposition 4.6 and Conjecture 4.7 highlight a fundamental distinction between complete sets
of MUBs in prime-power dimensions versus those in non-prime-power dimensions. To the best of
our knowledge, all currently known complete sets of MUBs in prime-power dimensions come from
projective toric designs that are groups. On the contrary, we showed that this is not possible in
d = 6, and conjecture it more generally.

Given this result, we make the following conjecture, which can be viewed as a modification of
Zhu’s conjecture that evades our earlier counterexamples.

Conjecture 4.8. A complete set of MUBs exists in dimension d that is not a prime power if
and only if there is a uniformly-weighted P(T%) 2-design X of size |X| = d? such that X is not a
subgroup of P(T?).

Given Conjecture 4.8, we naturally conjecture that there do not exist non-group, uniformly-
weighted P(T%) 2-designs of size 36. More generally, we conjecture that, in any dimension, a
complete set of MUBs must come from a group projective toric 2-design. We phrase this conjecture
in terms of Eq. (25).

Conjecture 4.9. Let d be any dimension and let X be a P(T%) 2-design of size |X| = d?. If X
is not a subgroup of P(T?), then X does not satisfy Eq. (25).

If this conjecture is true, then Proposition 4.6 would prove the nonexistence of complete sets
of MUBs in dimension 6.

5 Conclusion and open questions

In this work, we have developed the theory of projective toric designs and their relation to various
other objects in and areas of mathematics and physics. There is still much unknown and we
believe there are still many exciting connections to be made. We now discuss various future
research directions relating to projective toric designs.
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Complete sets of mutually unbiased bases In this work, we proved (c¢f. Proposition 4.6)
that the phases in a complete set of MUBs in dimension 6 must form a uniformly-weighted P(7°)
2-design of size 36 that is not a subgroup of P(T°). Using projective toric designs that are
subgroups, we constructed families of quantum state 2-designs of size exactly d(d + 1) that are
not complete sets of MUBSs, thereby disproving Zhu’s conjecture [54, Conj. 1]. Given this result,
we proposed a modified verison of Zhu’s conjecture (c¢f. Conjecture 4.8) regarding the relationship
between complete sets of MUBs and projective toric designs. An obvious interesting open problem
is to prove this conjecture. Another interesting direction is to try to prove that non-group P(T°)
2-designs of size 36 do not exist. If our conjecture is true, then this result would prove the long-
outstanding problem regarding the existence of complete sets of MUBs in dimension 6. Finally,
projective toric designs may have a close connection to Hadamard matrices, since the latter are
also related to MUBs [50]. We leave this interesting question to future work.

Minimal projective toric designs In this work, we showed that if X is a P(T™) 2-design, then
|X| > n(n — 1) + 1. Furthermore, using Sidon sets, we showed that the bound can be saturated
when n — 1 is a prime power. However, we also showed that the bound cannot always be satisfied
using the Sidon set construction; for example, when n = 7, the Sidon set construction does not
yield a minimal projective toric 2-design. We thus have the following open question: do projective
toric 2-designs saturating the bound exist for all n?

We showed that if the t-design is a cyclic group, then the constructions are in one-to-one
correspondence with B, mod |X| sets. In the case of e.g. n =7 and t =2, n(n —1)+1 =43 is
prime so that the only group design could be a cyclic group. Therefore, if one can prove that a
minimal design must be a group, then one would prove that the ¢ = 2 bound cannot be saturated
for all n. Must the minimal design be a group?

We further proved that if X is a P(T™) t-design, then |X| > G, _1(|t/2]). We conjectured that
the bound is tight when t is even. Can this conjecture be proven? Can the bound be tightened
for odd ¢? Can one construct saturating designs? As we saw in Proposition 2.13, the lower bound
on the size of projective toric 2-designs matches the lower bound on the size of dense modular
Sidon sets. We believe that the analogous statement holds for all . Using the connection between
difference sets and projective toric designs, we related dense B; mod m sets to the root lattice
A, _1 and proved a bound relating the size n of the set and the value of m. This connection seems
to be a fruitful area to continue exploring.

Connection to affine/projective planes A finite projective plane is a tuple (P, L) of a finite
set of points P and lines L C 27 (where 2 means the power set of set P, i.e. the set of all subsets
of P) such that:

1. Any two points are elements of a unique common line
2. Any two lines intersect at a unique point
3. There exist four points in P such that no line contains more than two of them.

Affine planes are defined similarly. A tuple (P, L) can ounly be a finite projective plane if there
exists some d € N such that |P| = |L| = d? + d + 1. However, finite projective planes have only
been constructed for d a prime power, and are known to not exist if d is both not the sum of two
squares and d = 1 or 2 mod 4. These numeric similarities, along with deep connections between
combinatorial designs and finite geometry, hint at a deeper connection between projective toric
designs and finite projective planes. In addition, projective planes appear in the construction of
Sidon sets, and are conjectured to correspond to dense ones [72].

Further, a complete set of MUBs yields a finite projective plane, while a SIC-POVM in prime
power dimensions yields a finite affine plane [73, 74, 55]. As mentioned above, MUBs are closely
related to projective toric designs, while SIC-POVMs are minimal complex-projective designs. All
of this circumstantial evidence begs the question: are there interesting direct connections one can
make between projective toric designs and finite planes, either projective or affine?
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Connection to other designs Recall that complex projective designs can be constructed by
concatenating simplex and projective toric designs. Similarly, rigged continuous variable t-designs
can be constructed in an analogous way by using P(7°°) designs. One can ask: how much can
this result be generalized? Can we use similar constructions for toric varieties and flag varieties?
Indeed CP" is a toric variety with moment map to the associated polytope being the simplex A™.
The moment map allows us to project CP™ designs to A™ designs. Projective toric designs allow
us to pullback along the moment map and build CP™ designs from A™ designs. How much more
general can this result be made?

New families of quantum state designs Using the families of P(T") t-designs constructed
in Section 3.1, can we generate new interesting families of quantum state ¢t-designs? To do this, we
need to find families of simplex ¢-designs. In the ¢ = 2 case, we used a particularly nice simplex
2-design that allowed us to construct almost-minimal quantum state 2-designs from minimal pro-
jective toric 2-designs. Can we find similarly nice simplex t-designs for ¢ > 27 Our construction in
Section 3.1 of P(T%) t-designs of size (asymptotically in d) ~ d yields quantum state ¢-designs of
size ~ |D|d', where D is an A9~! t-design. It is an interesting question to study simplex ¢-designs
to arrive at potentially new explicit constructions of quantum state ¢-designs.

Approximate designs One can consider approximate projective toric ¢t-design, which are points
on the projective torus that integrate monomials of degree < ¢ up to an error of €. How does the
size of the minimal approximate t-design depend on ¢t and €7 If one takes an e;-approximate
simplex t-design and ey-approximate projective toric design and concatenates them, what is the ¢
with which we get an e-approximate complex-projective t-design? In Appendix C, we take the first
steps to study such approximate designs. In particular, we define e-approximate P(T™) t-designs,
and we provide an upper bound on the minimum number of points drawn uniformly randomly from
P(T™) needed to form an e-approximate P(T™) t-design with probability 1 — . We show that the
resulting bound depends on the crystal ball sequences of the root lattices A,_1 [56, 57] given in
Eq. (13). Using the discussion around Eq. (20), these approximate P(T") designs can be lifted to
approximate T designs, which we recall are then approximate designs on the diagonal subgroup
T(U(n)) of U(n), which are of inherent interest in quantum information theory [63]. Ref. [63] also
constructs approximate designs on T'(U(n)), which can of course be projected to designs on P(T™).
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A Singer sets

In this appendix, we review Singer’s construction of Sidon sets of size p™ + 1 for cyclic groups
of size (p™)? + (p™) + 1 with p a prime [68, p. 380-381] [52, Sec. 3.5] [53]. The existence of
these Singer sets implies that there is a P(T™) 2-design of size (n — 1)24+n =n%? —n+1, i.e., a

minimal one, whenever n — 1 is prime-power. More generally, we review Singer’s construction of
+1_1

B; (mod m = %

5—) sets (cf. Lemma A.2), which yield P(T™) t-designs of size m whenever
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n — 1 is a prime power for any ¢. We emphasize that everything in this appendix is review. We
also provide code for constructing Singer sets [69].

Let 6 be the generator of F(n 1)1 and then let
T, :={0}U{a€[(n—1)""—1] | (0* —0) € F_1 CFrp_1yes1 }. (A1)

(n— 1)t+1—1

The inclusion F,, 1 < F(,,_1)++1 is done by identifying the generator of F(Xn with 6 ,

1)

which makes sense as for any finite field F,, [Fx| = ¢ — 1, and F is cyclic.
Further, note that F(,_1):+1 is a (t+1)-dimensional IF,,_;-vector space. Thus, {6°}_ isaF,_1-

basis of F(,,_1):+1. This means that all 6¢ = 22:0 k;0" for some unique k; € F(,,—1). However, if

Mm we know all 4 > 1 have k; = 0.

Then, let
1)L
Si((n—1),0) = {l € Z(n_1yt+14 | I =a mod <(nnl)_21> ,a € Tt} (A2)

%. We now recount proofs of some of Sy((n —1),8)’s properties.

be the residues of T; mod
Lemma A.1. |[S;((n—1),0)| =n.

Proof. First we note there are n distinct elements of F,,_qy:+1 of the form 6 + 4, v, € F,,—1 by
the [, _;-linear independence of 6 and 1. As all elements of F(,_1y:+1 equal 6¢ for some unique

a € [(n — 1)"*! — 1], we see that |T;| = n. Now, we must show that every element of T; has a
t4+1
different residue modulo %
PO Dl
Suppose a,a’ := a + k¥ €T, k€ Zso. Then r := 0% /0% = e € F,_;. But

by definition of T3, 6% = 6 + ~,, 0% =6+ Yo - But
0% = r6% = rf + rv,. (A3)

Thus, r = 1, meaning (n — 2)|k, which means that only a can be in [(n — 1)**! — 1], and thus that
t—1
no two elements of T; can have the same residue modulo ("_i)fQH O

Lemma A.2. S;((n—1),0) is a B; (mod %) set.

Proof. Recall that {#'}!_, is a F,,_;-basis of F(n—1)¢+1. In other words, there exist no non-elementwise-
zero tuples (¢;)!_, € Ft‘H such that

t
> et =0. (A4)
=0

Equivalently, 8 cannot be the root of any polynomial of degree < t with [F,,_;-coeflicients.
Now, consider two multisets A, B, |A| = |B| < t, taking entries from S;((n — 1),6). Then, by
the definition of S¢((n — 1),0) and T}, we see that for alla € AUB

0% = a,(0 4+ va) (A5)

for some a, € F,,_1. Now, consider 114 := ], 4 0* and I := [],c 5 6°. It is clear that II5/I14 €
F,_1 and only if
(n— 1)t+1 1

Za_Zb mod —3 . (A6)

a€cA beB

Thus, IT4 — Ba,gllp = 0 for some B4 p € F,,_; if and only if Eq. (A6) holds. However, for any

B € F,_1, we see that I14 — Bllp is a degree-t polynomial equation in 6 with F,,_; coefficients,
(n—1)t*1—1

———) condition is satisfied. O

meaning it cannot have any solutions, meaning the B; (mod
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A.1 Explicit example of dense modular Sidon set

In this appendix, we work through an explicit example of the construction of the Sidon set Si—o((n—
1),0) for n = 5 = 22 + 1. We begin by constructing T;. Consider the field Frpytr = Fys =
Fas. With the irreducible polynomial f(z) = 1+ z° + 2% € Fy[z], we work in the polynomial
representation Fos = Folz]/(f(2)).

One can check that the generator 6 of the multiplicative group F2; is « in this representation—
in other words, [{z™ mod f(z) | m € Zg3}| = 63. We identify F,_; = Fa2 C Fas via generating
2. with

(nfl)t‘*'lfl

y=x 2 =% (A7)
so that Fo2 = {0} U {y* | k € Z3}. Then
Tieo = {0} Ufa € Zs 1\ {0} | (2 —2) (mod f(x)) € Fa2}. (A8)
Clearly, 1 € Ti—>. With that out of the way, we can rephrase this as
Ti—o = {0,1}U{a € Zyz_1\{0,1} | 3k € Z3: 2" —ax=y" (mod f(z))}. (A9)

One can straightforwardly numerically verify that T, = {0,1, 14,25, 58}. To ensure understanding
of the construction, we work through why 14 € Ty. We need to show that 24 —z = y* (mod f(x))
for kK = 0,1 or 2. It turns out that k = 2 satisfies this equation. In particular,

(21 —2) (mod f(z)) =2® +2* +2° =3 (mod f(z)) =2*? (mod f(x)), (A10)
where recall we’re working with polynomials over the field Fy. Similarly, for 25,
(#*® —z) (mod f(x)) =1+2*+2* +2° =y (mod f(z)) = 2** (mod f(z)), (A11)
and for 58,
(6% —2) (mod f(x)) =1=4° (mod f(z)). (A12)

Hence, we have found that T = {0, 1, 14,25,58}. To get our Sidon set, we compute the residues
t+1
So = T mod [ i R T, mod 21, giving

n—2
Sy ={0,1,14,4,16} = {0,1,4,14,16} . (A13)

One can easily confirm that this is a Sidon set mod 21. In particular, the set of all sums a+b mod 21
for a,b € S is {0,1,2,4,5,7,8,9,11,14,15,16, 17, 18,20}, which has size 15 = ("*/7") = (), which
is the maximal possible size.

B Pullback of the Fubini-Study volume form

Tt is shown in Ref. [50, Sec. 4.5, 4.7, 7.6] that the volume measure on complex projective space is
the product of the flat measure on the simplex and the flat measure on the torus. For completeness,
in this appendix, we show the same result via a different method.

Let [Zo : -+ : Z,] be homogeneous coordinates on CP". Consider the coordinate patches
Co,...,Cy, on CP", where C; = {[Zy:-++: Z,] | Z; # 0}. The volume of CP4~!\ Cj is zero, and
therefore for the purposes of volume integration we can restrict our attention to Cy. On Cj, we
use the coordinates z; := Z;/Zy for i = 1,...,n. The (unnormalized) Fubini-Study volume form w
can then be written as

1
w= - dzy ANdzy A .. .dz, AdZ,. B1
(1 S Py 948 Y
We can write Z; = \/Eeid’i for i = 0,...,n and Z;L:Opi = 1. In other words, p is a point on
the simplex p € A" == {p € [0,1]" | Y. p; < 1} (with po :=1— Y p;) and ¢ is a point on
the projective torus ¢ € P(T"*1) (e.g. we can choose a representative with ¢y = 0). Therefore,

2z = Pi gidi—igo
Po

Consider the map 7: A" x P(T"H) — Cy, where Amisallpe A" satisfying pg > 0. The map
is i (p, ) = , /B,
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Proposition B.1. The pullback m*w is
m*w = (=1)"2dpy A ... dp, Adgy A ... do. (B2)

It follows from this proposition that the unit-volume normalized volume measure on CP” is
equal to the product of the Lebesgue measure on the simplex A™ and the Lebesgue measure on
P(T™*1) (where recall the latter is equal to the Lebesgue measure on 7).

Proof of the proposition. We can without loss of generality fix ¢y = 0. We can rewrite

w=pptltdzy AdZ AL dz, AdZ,. (B3)
Therefore,
m*w = pyttdet(J)dpy A...dp, Adoy A...do,, (B4)
where N
B
(2 8) -
is the Jacobian with
ot on? on? on?
709, 7 Op, 709, 7 Op, (BY)
We can check that
87ri 1 i ((5” 1 ) 87Ti . ;
5 =57 pa¢ —+—, 7:15%”1?7(15- B7

Therefore, A and C are diagonal and thus commute, meaning that det(J) = det(AD — C'B). The
matrix elements are (AD — CB);; = pio (51']' + %).
By the matrix determinant lemma [75], det(M +uvT) = det(M)(1+vT M~ u) with M;; = -6,

Po
and u; =1i/py and v; = p;/po, we find that

det(J) = (plo)n <1 + Xj; ;Z) = (pl)n pio = (1)?:2. (BS)

The proposition follows. O

C Approximate projective toric designs

Throughout this appendix, we are concerned with uniform finite P(7™) t-designs; that is, P(T™)
t-designs X that are finite and the measure space (X,% = P(X),v) is such that v(A) = |4| /| X].
We restrict to finite n. We define approximate projective toric designs and prove a loose bound on
the number M (¢, ¢,0) of uniformly random points needed to form such a design.

For p € Nj, let f5(¢) denote the monomial [;-, e*i?:. Notice that fp (9) = fp(—=¢) = f_p(@).

Definition C.1. We say that C C P(T") is a (uniform) e-approximate projective toric t-design
if, for oll p € Pt(n),

1
i pr<¢>>—/

peC P

1
dip—1| = |— ) <e. C1
(Tn)fp Hn—1 |C| ;e:cfp(éi’) p,0 € ( )

Here, Pt(n) is the set defined in Eq. (12),

pM = {q -r

q.r € Ng, iqi=in=t}. (C2)
=1

i=1
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Note of course that with ¢ = 0 we recover the definition of an (exact) projective toric design.
There is redundancy in Pt("). Indeed, if Eq. (C1) is satisfied for p, then it is automatically satisfied
for —p. Furthermore, Eq. (C1) is trivially satisfied for any C' when p = 0. Hence, we are in fact
interested in the set St(n) defined by St(n) = (Pt(n) \ {0})/Zs, where Zy denotes the group action

p — £p. Therefore, C C P(T™) is an e-approximate t-design if and only if, for all p € St(n),

ﬁ S fol@)| <. (C3)

peC

Define the probability space Cys to be the ensemble over subsets of P(T™) of size M. Specifically,
to draw a random C C P(T™) from Cjps, we simply draw M uniformly random points from P(T™)
with respect to the Haar measure. We often denote a subset C C P(T") of size M by C =
{oM ..., oM} where each ¢V € P(T™).

Definition C.2. Let M(t,e,0) denote the minimum M such that a random C drawn from Cyy
is an e-approximate P(T™) t-design with probability 1 — §. In other words,
M(t,e,d) = min M
MEN

s.t. Pr [C is an e-approx t-design on P(T™)] > 1—4.
CceCm

(C4)

In the following, we find an upper bound on M (¢, e, 4). This tells us that for any M > M (t,e,4),
C € Cys is an e-approximate t-design with probability > 1 — 4.

Theorem C.3. M(t,e,d) < G"%i?_l, where Gp_1(t) given in Eq. (13).

Proof. Recall that [P{™| = 25| 4+ 1, and from Eq. (14) |P{™| = G,_1(t). We will therefore

(n)
prove that M (t,e,0) < 15 | Define the following notation:
oe

E = dpty,— Cha
B SO = [ fls (C5a)
1
E =— b
L @) =152 19) (C5b)
¢eC
E = E . (C5¢)
CeCn {pW) ... ,p(M)YeP(Tn)M
For p € St(n), define
2 2
ACE) =| B, ) -, B 50| =| B, 5(0) (©6)
We compute the mean,
1 M
- DY F ()
B ACP =35 o B ; Fo(8) fo(61) (CTa)
1 _ _
— i LB, SR M0 -0 (B @) (,_E, #0)]
(C7b)
1
=5 (CT7c)
Meanwhile, we have that
Pr [C is an e-approx t-design on P(T™)] (C8a)

CeCy
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— (n) . 2
= b [vp e S™ A, p) <e } (C8b)
—1_ (n) . 2
=1 CECIM [Hp €S,V AC,p) >e¢ } (C8c)
. B 2
(union bound) > 1 Z ClggM [A(C,p) > €] (C8d)
pes(™
. , Ecec, A(C,P)
(Markov’s inequality) > 1 — Z Ma—z (C8e)
pESt(")
£
=1- . f
= (C8f)
Thus, we require that
L\ gm)
1—M62|St [>1-4. (C9)
(n) (n)
It follows that any M > lf;fsz | satisfies, so that M (t,e,0) < “?EQ L O
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