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ERGODIC THEOREM FOR NONSTATIONARY RANDOM
WALKS ON COMPACT ABELIAN GROUPS

GRIGORIT MONAKOV

ABsTrRACT. We consider a nonstationary random walk on a compact metriz-
able abelian group. Under a classical strict aperiodicity assumption we estab-
lish a weak-* convergence to the Haar measure, Ergodic Theorem and Large
Deviation Type Estimate.

1. INTRODUCTION

1.1. Main result. Consider a topological compact metrizable abelian group
(A, 0, +) with shift-invariant metric® d:

dlz+a,y+a) =d(z,y) Vo,z,y € A.

Let B denote the Borel o-algebra. It is well-known [Ha, Chapter XI]| that there exists
a unique shift invariant Borel probability measure on A that is usually referred to
as Haar measure. Let us denote this measure by h.

Denote the space of all probability measures on (A, B) by M. We define convo-
lution of two measures pu,v € M by the following formula:

(1.1) (15 1)(B) = /A]lB(a +8)du(8) dv(a) VB € B,

One can view the measure u * v as a distribution of the image of a random point
a € A, distributed with respect to v, shifted by an independent random element
B € A, distributed with respect to u.

We will need the following strict aperiodicity condition (see, for instance,
[Bol]):

Definition 1.1. We say that a random shift defined by a measure p is strictly
aperiodic if the smallest semigroup containing {« — § | «, 8 € supp(p)} is dense
in A (we denote by supp(u) the topological support of the measure p, i. e. the
smallest closed subset of a full measure).

It is not hard to see that the condition above is equivalent to supp(u) not being
contained in a coset of any proper closed (normal) subgroup of A.
The main result of this paper can be stated as follows:

Theorem 1.2. Consider a compact (in weak-* topology) K C M, such that any
u € K is strictly aperiodic. Let uq, o, i3, ... be a sequence of measures in K.
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11t is worth noticing that the statement that all compact separable abelian groups of real power
are metrizable can be neither proved nor disproved in ZFC [H|. However, it is well-known (see [Bi]
and [K]) that any topological group is metrizable if and only if it is first countable, and, moreover,
the metric can always be taken to be left-invariant.
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Then for any ¢ € C(A,R) and any x € A almost surely

n—1

1
(1.2) —Zg@(m+a1+a2+...+ak)—>/cpdh as n — oo,
" =0 A
where the elements a1, aq,... are independent random elements in A and «a; is

distributed with respect to ;.
Moreover, an analogue of the Large Deviations Theorem holds. Namely, for any
€ > 0 there exist C,d > 0 such that for any x € A and any n > 1
1
(1.3) P <

n—1

_Z<p(x+a1+a2+...+ak)—/<pdh
"= A

P= H L -
n=1

Some classical examples of abelian groups to which our results can be applied
include flat tori, p-adic integers, and Cantor dyadic group. Additional motivation
for studying stationary and nonstationary random shifts on tori comes from the
recent interest to dynamics of mixed random-quasiperiodic cocycles, see [CDKI,
CDK2].

> 5) < Cexp(—dn),

where

Remark 1.3. The proof presented in this paper relies heavily on the commutativity
of A. Nevertheless, we expect a similar result to hold in a noncommutative case as
well and plan to study it in future publications.

1.2. Random and nonstationary ergodic theorems. Ergodic Theorems and
Large Deviation Type Estimates have been intensively studied for both stationary
and nonstationary stochastic dynamical systems. Let us mention some classical
and recent results in that area.

Let X be a compact metric space and p a Borel probability measure on the space
of continuous functions C(X, X). For any Borel probability measure v on X we
can define its convolution with p by

(1.4) (1) (4) = /C T )

for any Borel set A C X. The resulting measure p * v can be understood in the
following way: it is the distribution of f(z), where 2 € X is distributed with respect
to measure v, the map f € C(X,X) is distributed with respect to the measure u
and f and x are chosen independently from one another. Notice that formula (1.1)
is a special case of (1.4).

A probability measure v on X is called stationary if pu* v = v. A stationary
measure always exists. For instance, one can observe that any limit point of the
sequence

n—1

1 j
—E W x v
n <

j=0

will be a stationary measure (for details see [BQ, Lemma 2.10]). Now the Birkhoff
Ergodic Theorem for stationary stochastic dynamical systems can be formulated as
follows [DMPS, Theorem 5.2.9]:
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Theorem 1.4. Let v be any p-stationary ergodic (extremal point of the set of u-
stationary measures) measure on X and ¢ € C(X,R) be a continuous function.
Then for v-almost every point x € X and pN-almost every sequence fi, fo,... €
C (X, X) one has

X

n—1
% S (0 1020 fi(E) —neo / o) dv(z).
k=0

Large Deviation Type Estimates are also well studied for the stationary case. For
that setting it turns out to be useful to operate in terms of Markov processes instead
of stochastic dynamical systems. Some of the results can be found in [V, A, DK]
and references therein. In their recent paper Cai, Duarte and Klein obtained an
abstract Large Deviations Theorem (see Theorem 1.1 and Remark 2.3 in [CDK3)).
One application of this result is a Large Deviation Theorem for random translations
on the torus (see Theorem 1.2). Although this result is similar to our Theorem 1.2,
it provides a more accurate estimate for the probability of large deviations in a more
restrictive setting and uses completely different methods. In classical Probability
Theory Large Deviation Type Estimates are also known for nonstationary sequences
of independent random variables. This fact is often referred to as Gértner-Ellis
theorem (see, for example [DZ]).

For the nonstationary deterministic setting some results are also known (some-
times such systems are referred to as sequential). For instance, in [BB] authors deal
with the situation when all transformations have a common invariant measure, in
[CR] authors consider nonstationary sequences of piecewise expanding transforma-
tions of [0,1], and in [GBK] authors generalize Krylov-Bogolyubov theorem and
other classical results from ergodic theory of smooth dynamical systems for a non
autonomous (non stationary) dynamical system, defined by a sequence of uniformly
convergent maps.

Ergodic Theorem for random nonstationary systems has also been studied from
the point of view of Markov processes (and is referred to as strong law of large
numbers). For various results on that topic see [G, LL1, LL2, LY, Y1, Y2, ZYW].
Large Deviation Type Estimates for inhomogeneous Markov chains can be found in
[DS]. A recent monograph by Dolgopyat and Sarig [DSa| investigates various limit
theorems including Large Deviations Theorem for nonstationary Markov processes
(see also references therein). Finally, an abstract version of ergodic theorem that
we use as a black box to establish our result (see Theorem 2.4 below) was recently
obtained by Gorodetski and Kleptsyn in [GK].

1.3. Random walks on groups. The literature concerning random walks on
groups is vast and goes far beyond the scope of our paper, for example, one can
see surveys [BQ, BL, Fu| and references therein. In this section we will concen-
trate on random walks on compact groups only. Limit theorems for this case have
been studied intensively since 1940s. For a detailed survey of results about random
walks on flat tori see [DF]. Generalizing results of Lévy [L] for a random walk on
R/Z several convergence results for the sequence p*™ were obtained in pioneering
works of Kawada and Ito [KI|, Kawada [Ka|, Prékopa, Rényi and Urbanik [PRU]
and Urbanik [U]. In the work [K]| by Kloss one will find a uniform stationary
version of Ergodic Theorem and first results on the weak-* convergence of a non-
stationary sequence i, * fin—1 * ... * 1. In [S] Stromberg proves the most general
result about weak-* convergence in the stationary case (see Remark 2.6 below). In
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[BE] it is proved (in noncommutative case) that Ergodic Theorem for a stationary
random walk is equivalent to the smallest closed subgroup containing supp(u) be-
ing equal to the whole group (such measures p are usually referred to as adapted).
Results about convergence of p*™ in the sense of total variation can be found in
[B, RX, AG]. Finally, Borda in the recent works [Bol, Bo2| established the Central
Limit Theorem and Law of Iterated Logarithm for the stationary random walks on
groups. The works mentioned above also include several nonstationary forms of the
ergodic theorem. However, all those theorems impose some additional Doeblin-type
conditions on measures u1, t2, - - -, fbn, which is not required for our approach.

Our proof of Theorem 1.2 consists of two independent parts: we prove that under
suitable conditions the sequence of measures i, * i, —1 *. . .* 1 converges (uniformly
with respect to the choice of i, pa, ..., n) to h in weak-* topology (see Theorem
2.5), and then apply a recent result by Gorodetski and Kleptsyn (see Theorem 2.4)
to deduce the ergodic theorem. Even though the weak-* convergence in Theorem
2.5 is similar in spirit to the classical theorem by Kawada and 1t6 (see [KI, Theorem
8]), our proof uses a completely different technique. In their work Kawada and It
used the machinery of representation theory to prove weak-* convergence in the
stationary case. However, we don’t know if these methods can be pushed further
to establish a uniform nonstationary result like the one in Theorem 2.5.

2. PROOF OF THE MAIN RESULT

Recently, A. Gorodetski and V. Kleptsyn proved a nonstationary analog of the
stochastic version of Birkhoff Ergodic Theorem [GK]. In order to state it we would
first need to recall the definition of the Wasserstein metric. Let X be a compact
metric space and M be the space of Borel probability measures on X. Then the
Wasserstein metric can be defined as follows:

Definition 2.1. Let 1,15 be two probability measures in M. Then the Wasser-
stein distance between them is defined as

W(v1,v) = inf //Xxx d(z,y) dv(z,y),

where the infimum is taken over all probability measures v on (X x X, a(B x B))
with the marginals (projections on the z and y coordinates) P, (7y) = v and Py (y) =
V.

Remark 2.2. Tt is well known (see, for example [Vi, Theorem 6.9]) that convergence
in Wasserstein metric is equivalent to the one in weak-* topology.

Remark 2.3. Another important property of Wasserstein metric that we will use is
the following convexity:

W(tv1 + (1 —t)ve,v3) < tW (v, v3)+(1—t)W (v, v3) Vui,va,v3 € M, YVt € (0,1).
This statement follows directly from Definition 2.1.
Let us also introduce the following

Standing Assumption: Let X be a compact metric space. We will say that a
sequence of distributions pi, s, ps, ... on C(X, X) satisfies the Standing Assump-
tion if for any 6 > 0 there exists m € N such that the images of any two initial
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measures after averaging over m random steps after any initial moment n become
d-close to each other in terms of Wasserstein distance:

W (fnm % -+« % flna1 * Vsl %« - % fipa1 ¥ V') < 8
for any probability measures v and v on X and any n € N.

Now the nonstationary stochastic version of Birkhoff Ergodic Theorem can be
formulated as follows :

Theorem 2.4 (|[GK, Theorem 3.1]). Let X be a compact metric space. Suppose the
sequence of distributions u1, e, 13, - . . satisfies the Standing A ssumption above.
Given any Borel probability measure vy on X, define

Up = fn *VUp—1, n=12....

Then for any ¢ € C(X,R) and any x € X, almost surely

n—1 n—1
o(fro...ofi(zx)) — @ dv

Moreover, an analogue of the Large Deviations Theorem holds. Namely, for any
€ > 0 there exist C,d > 0 such that for any x € X and anyn > 1

1 n—1 n—1
(2.2) P (— (frxo...ofi(x)) — dv

where

1
(2.1) — —0 as n— oo.
n

> 5) < Cexp(—dn),

P= H L -
n=1

Choosing X = A we see that to prove Theorem 1.2 it is enough to verify the
Standing Assumption for the sequence u1, po, i3, . . ., which brings us to the next

Theorem 2.5. Consider a compact (in weak-* topology) K C M, such that any
w € K is strictly aperiodic. Then for any € > 0 there exists m € N, such that
for any sequence of measures p1, pi2, ..., m € K and any starting measure v € M
the following inequality holds:

(2.3) W (fim * fhm—1 % ... % i1 % v, h) < €.

Remark 2.6. A classical theorem by Stromberg [S| states that in a stationary case
a weak-* limit lim,, . p*" exists if and only if p is strictly aperiodic. More-
over, said limit is always equal to the Haar measure h. It can be easily seen from
Stromberg’s result that Theorem 2.5 will not hold if there is a not strictly ape-
riodic p € K. In fact, a simple counterexample can be constructed for A = R/Z:
consider y = d, for some irrational . Despite the fact that |J,cysupp(p*”) is
dense in R/Z, there is still no weak-* limit for p*".

The compactness of K is also essential. For the same A = R/Z fix some irrational
a € (0,1) and define

1 1
P = 550 + §5a/2n-
Even though every pu, is strictly aperiodic we have

SUPP(fin * fin—1 * ... * pi1) C [0, 0,

hence the weak-* limit of p,, * g1 * ... * py cannot be equal to h = Leb |jg 1.
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Postponing the proof of Theorem 2.5 until the next section we would like to
deduce Theorem 1.2:

Proof of Theorem 1.2. Tt follows from inequality (2.3) that for any sequence
1, 2, 13 ... € K the Standing Assumption holds. Applying Theorem 2.4 we
obtain that statements (2.1) and (2.2) hold. Since convergence in Wasserstein
metric is equivalent to weak-* convergence inequality (2.3) also implies that

n—1
PRIy
— edy, — [ ¢dh.
n kz:;) A A
After that formulae (1.2) and (1.3) follow directly from (2.1) and (2.2). O

3. PROOF OF THEOREM 2.5: WEAK-* CONVERGENCE TO THE HAAR MEASURE

We will denote by B(z,r) an open ball in metric d of radius r centered at . We
would like to start with a following

Definition 3.1. We say that a set () € B is e-wide if it is contained in a ball of
radius € and contains a ball of radius ¢/3.

Remark 3.2. Note that it follows directly from Vitali covering lemma [Vit] that
any compact metric space can be partitioned into finitely many e-wide sets for any
fixed € > 0.

Let us postpone the proof of the following technical statement until Section 4:

Proposition 3.3. Let K be a compact set in M, such that any p € K is strictly
aperiodic. For any € > 0 there exists m € N and § > 0, such that for any
Wiy 2, ..oy pim € K, any v € M and any e-wide set Q we have

(3.1) [t * =1 * ... % p1 % V](Q) > 0.
Before proving Theorem 2.5 let us establish the following

Lemma 3.4. For any u,v € M one has

(3.2) W (v, h) <W(v,h).

Proof of Lemma 8.4. Let v be a probability measure on A x A, such that P,(y) = v
and P,(y) = h. Define a measure

Bla) = [ drfa=ay—a)d(o).

It is clear that P,(y) = p* v and Py(¥) = h. Now

//AXA d(x,y) dy(x,y) =
=[] awparia—ay-a)aue -
- ///AXAXA d(r + o,y + a)dy(z,y) du(a) =
- ///AxAxA d(z,y) dv(z,y) du(a) =
://Amd(w’y) dy(z,y)
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and inequality (3.2) follows. O

Proof of Theorem 2.5. Let us fix ¢ > 0 and v € M. We will first show that for
m € N and § satisfying (3.1) the measure v("™) := p,, % i1 * ... % ju1 * v can be
decomposed into a sum

(3.3) VM =g + vy,
where v1(A) = § and

V1
3.4 W h) <e.
(34 <V1 (A) >

In order to construct that decomposition we fix a partition of A into e-wide sets
{Q;}1<j<k. Next, define a measure

~ Oh(Q;)
dvi(z) =) ——21g, (x) dv™ ().
1 g; Q)7

. . 5h(Q5) s
Notice that according to (3.1) we have Q) < T (@)

is a well-defined positive measure and v1(Q;) = dh(Q;). Clearly, 11(A) = 6. Now
let us show that (3.4) holds. We would like to construct a probability measure ~
on A x A, such that

(3.5) supp(y) € Uj_1Q; x Q5
Py(v) = %, and P,(y) = h. It immediately follows from (3.5) that

//AxA (z,y) dy(z,y) = Z//]XQJ (z,y) dy(z,y) <

<1,s01y = p(m) — 11

k
Z Qs x Q) =
The construction of required y can be done in the following way: for each @); define
VQ;xq, = L% ® hla,
iX&5 T
hQ;)

It’s easy to verify that ~ satisfies required properties and hence (3.4) holds.
Now we can apply the same reasoning to the measure vy. Namely, after applying
another m iterations of our random walk we will be able to decompose o, * tigp —1*
. ¥ [Lmp1 % Vo the same way as in (3.3) (up to scaling). That will give the following
decomposition for v3™) 1= g, % pigm_1 % ... % ju1 *

p(2m) — 1/(()2) + sz) + u§2)

)

where I/§2) = Mo ¥ Uom_1 % ... K i1 * U1, I/§2) (A)=0(1-9) and

2
W #,h <e.
vy (A)

In addition, combining Lemma 3.4 and inequality (3.4) we get
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Repeating this procedure r > log;_s(¢) times we will obtain a decomposition
) = {7 ),
such that

() ()
3.6 w T h | =W | —%—5.h] <e f 1<j<
30 <u(r)(A)7 ) <(1—5)J15’ )—5 Tt =g =T

J

and I/OT) (A) = (1-0)" < e. Finally, applying convexity of W stated in Remark 2.3,
we observe that

zr: (r) (r) " Z (r) vy
w v, h | <wvg (AW - o+ v (AW - Jh| <
= vy (&) =’ 7 (4)

< Diam(A)e + ¢ = (Diam(A) + 1)e

and since € was chosen an arbitrary positive constant Theorem 2.5 is proven.
O

4. PROOF OF PROPOSITION 3.3: £-DENSITY OF THE SUPPORT
We would like to start by proving the following

Lemma 4.1. Consider p € M that satisfies the strict aperiodicity condition.
Then for any € > 0 there exists m € N, such that supp(u*™) is e-dense in A.

Proof. 1t follows from strict aperiodicity of u that for a fixed £ > 0 there exists
mo € N, such that the set of points of the form Z?Zl aj — B with oy, 8; €
supp(p) and n < myg is e-dense in A. Let us choose a finite number of these sums

Dok ag-k) - ﬁj(-k) for 1 < k < N that forms a finite e-net in A. First of all, notice
that we can make ny = mg for all 1 < k < N by adding some bogus terms of the

form « — « for some « € supp(u). Define an angle

N mg

B=>> 8"

k=1j=1

Then all the sums of the form 27:01 (ag-k) — BJ(.k)) + B are elements of supp(u*™N).

Hence supp(u*™°Y) + 3 is e-dense in A and so is supp(u*™o™N)
satisfies the required statement.

, hence m = mgN

O

Remark 4.2. Notice that if supp(u) is e-dense then so is supp(f * p) = supp(u * i)
for any u, i € M.

Now, consider a compact set K C M such that any measure p € K has the
strict aperiodicity property and let us prove the key property of such compact
set:

Proposition 4.3. For any € > 0 there exists m, such that for any sequence
W1, 42y - oy o € K the support supp(fm * fhm—1 * - .. % p1) is e-dense in A.

We will start by proving the following
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Lemma 4.4. For any ¢ > 0 and any measure p € K there exist § > 0 and m € N,
such that for any sequence of measures i1, fia, . . ., m € K, such that W, ;) < 6
the support SUpp(fbm * fim—1 * ... * p1) is e-dense in A.

Proof of Lemma 4.4. Since p € K it is strictly aperiodic, we can apply Lemma
4.1 and conclude that for a fixed e there exists m, such that supp(u*™) is €/2-dense
in A. We would like to denote £ = £/(2m) and prove the following technical

Lemma 4.5. There exists § > 0, such that for any [, such that W (p, i) < § we
have supp(u) C supp(f) + B(0,£).

Proof of Lemma 4.5. Assume such ¢ does not exist. Then for any positive § > 0
there is a measure fis and a point xs, such that x5 € supp(u) but x5 ¢ supp(jis) +
B(0,&). Then B(zs,é) Nsupp(fis) = @ and hence p(B(xs,£/2)) - /2 < W(u, ).
The last inequality is true because for any measure v on A x A, such that P, (v) = p
and Py(v) = jis we will have

/ /A RCLCE / /B I COL CE
pu(B(z5,6/2)) - is(A\ B(zs,€/2)) = 5 - p(B(z5,€/2)).

Recalling that W (u, fis) < 0 we arrive to

>

M|
M| o

- 20

w(B(zs,€/2)) < -
Taking § — 0 and choosing a convergent subsequence of z5 by compactness we find
a point xg € supp(u), such that u(B(zo,&/2)) = 0, which contradicts the definition

of supp(u). O

Applying Lemma 4.5 to every individual measure p; for 1 < j < m we see that
for the same § we have
*m)

supp(p*™) C supp(fm * fm—1 % ... * p1) + B(0,£/2),
which fact guarantees that supp(gm * ftm—1 * ... * p1) is e-dense in A. (]

Proof of Proposition 4.3. Let us fix some € > 0. First, since K is compact we can
choose such mg € N and 6 > 0 that for any sequence of measures p1, fi2, . . ., hmg €
K with W(u;, i) < § the support supp(fime * fmg—1 * - .. * p1) will be e-dense
in A. We can also choose a finite covering of K by balls of radius §/2. Assuming
that covering has n balls let us take m = nmg. Then any sequence of m measures
will have at least mq terms fin,, fin,, - - -, fn,,, from the same ball of radius 6/2
and hence W (in,;, tin, ) < 6 will hold. Due to commutativity we can rearrange the
measures in a following way:

B % fon—1 % oo ® b = oo ¥ Uy K g KK iy

The support supp(fin,,,, * Hn,,, 1 * - - - * Hiny ) is e-dense because of our choice of .
Applying Remark 4.2 we conclude that the support supp(tim * fhm—1 * ... * p1) is
also e-dense. (]

Using Proposition 4.3 we can finally finish the proof of Proposition 3.3. Assume
that it is not true and fix € > 0 for which the statement fails. Then by Proposition
4.3 there exists m € N, such that for any sequence 1, pio, ..., um € K the support
SUpP(fm, * fhm—1 % . .. % 1) is €/8-dense in A. Let us fix that m. By our assumption
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for any n € N there exists a sequence ugn),,ug"), oo™ e K, v™ € M and an
e-wide set @, such that

n n n 1
[uﬁ,ﬁ”*usn)_l **u§ Ve N(@Qn) < e

Due to compactness of A we can choose an infinite subsequence @, , such that all

Qn, cover the same ball B of radius £/4 (see Definition 3.1). After that we can
choose a convergent subsequence m + 1 more times, so that ugn) —n—oo [ for

1 <j <mand v . v. Now we see that for some W1, 2y -« -5 i € K and
v € M we have

[t * -1 % ... % p1 xv](B) =0,
which contradicts the fact that supp(gm * ftm—1 * ... * p1) (and hence, by Remark

4.2 also supp(fm * fim—1 * ... * 1 %)) is £/8-dense. That concludes the proof of
Proposition 3.3.
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