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Convergence and Privacy of Decentralized
Nonconvex Optimization With Gradient
Clipping and Communication
Compression

Boyue Li and Yuejie Chi

Abstract—Achieving communication efficiency in decentralized
machine learning has been attracting significant attention, with
communication compression recognized as an effective technique in
algorithm design. This paper takes a first step to understand the role
of gradient clipping, a popular strategy in practice, in decentral-
ized nonconvex optimization with communication compression. We
propose PORTER, which considers two variants of gradient clipping
added before or after taking a mini-batch of stochastic gradients,
where the former variant PORTER-DP allows local differential pri-
vacy analysis with additional Gaussian perturbation, and the latter
variant PORTER-GC helps to stabilize training. We develop a novel
analysis framework that establishes their convergence guarantees
without assuming the stringent bounded gradient assumption. To
the best of our knowledge, our work provides the first convergence
analysis for decentralized nonconvex optimization with gradient
clipping and communication compression, highlighting the trade-
offs between convergence rate, compression ratio, network connec-
tivity, and privacy.

Index Terms—Communication compression, convergence rate,
gradient clipping, local differential privacy.

1. INTRODUCTION

ECENTRALIZED machine learning has been attracting
significant attention in recent years, which can be often
modeled as a nonconvex finite-sum optimization problem:

min f(@) = = 37 @), filw) = 3 esz), )

Rd
zE zZ€EZ;

where 2 € R? and z denote the optimization parameter and one
data sample, ¢(x; z) denotes the sample loss function that is
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nonconvex in x, and f;(x) and f(x) denote the local objective
function at agent ¢ and the global objective function. In addition,
Z,; denotes the dataset at agent i, m = | Z;| denotes the local
sample size, and n denotes the number of agents. An undirected
communication graph G is used to model the connectivity be-
tween any two agents, where there is an edge between agent 7
and j only if they can communicate. The goal is to efficiently
optimize the global objective function f(x) in a decentralized
manner, subject to the network connectivity constraints specified
by G.

Communication efficiency is critical to decentralized opti-
mization algorithms, as communication can quickly become
bottleneck of the system as the number of agents and the
size of the model increase. This has led to the development
of communication compression (or quantization) techniques,
which can significantly reduce the communication burden per
round by transferring compressed information, especially when
the communication bandwidth is limited. Therefore, a number of
recent works have focused on designing decentralized noncon-
vex optimization algorithms with communication compression,
including but not limited to [1], [2], [3], [4], [5], [6].

Built upon this line of work, the paper aims to understand
the role of gradient clipping in decentralized nonconvex opti-
mization algorithms with communication compression. On the
one hand, gradient clipping has been used widely in privacy-
preserving algorithms [7] to enable (local) differential privacy
guarantees [8]. On the other hand, gradient clipping is also
observed to be beneficial in stabilizing neural network train-
ing [9]. However, since gradient clipping necessarily introduces
bias, the characterization of the convergence becomes much
more challenging compared to their unclipped counterpart. As
a result, most of the existing theoretical analyses for stochastic
gradient algorithms with clipping—in the context of centralized
and server/client settings—make strong assumptions such as the
bounded gradient assumption [7], [10], [11] and the uniformly
bounded gradient assumption [9], [12], [13]. To the best of our
knowledge, the convergence of stochastic gradient algorithms
with clipping in the decentralized setting has not been investi-
gated before.!

'A preliminary version of this paper was posted on Arxiv in May 2023 and
reported in the dissertation of the first author.
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TABLE I
COMPARISON OF FINAL UTILITY UPPER BOUNDS AND COMMUNICATION COMPLEXITIES OF DIFFERENT STOCHASTIC ALGORITHMS THAT ACHIEVE (6, é )—DP/LDP

Algorithm Privacy Compression Bouqded Utility Communication
operator gradient rounds
DP-SGD
[7] P : v G ]
DDP-SRM -
[10] DP - v Lo, n2de; !
Soteria-SGD (1) , T "

(1] LDP Unbiased 4 (1+ 91/2)(1+Tw) / dm | (1 +91/2)(1+%) / e}
PORTER-DP 1 >
(Algorithm 1) LDP General v (1—)373 473 Pm o
PORTER-DP 1 S
(Algorithm 1) LDP General X (1—c) 1673 5873 m o

The Big-O notation (defined in Section I-C) is omitted for simplicity. DP-SGD is a single-server optimization algorithm that serves as a baseline, to show the
overhead brought in by the distributed setting. DDP-SRM and Soteria-SGD are server/client distributed algorithms, but DDP-SRM doesn’t use communication

compression. = (1 - 0) 2012

A. Our Contributions

This paper proposes PORTER (cf. Algorithm 1),% which is
a communication-efficient decentralized algorithm for noncon-
vex finite-sum optimization with gradient clipping and com-
munication compression. PORTER is built on BEER [3]—a
fast decentralized algorithm with communication compression
proposed recently—by introducing gradient clipping to the local
stochastic gradient computation at agents, while inheriting the
desirable designs such as error feedback and stochastic gradient
tracking that are crucial in enabling the fast convergence of
BEER. PORTER considers two variants of gradient clipping,
corresponding to adding it before or after taking a mini-batch of
stochastic gradients. In particular, the former variant PORTER -
DP allows local differential privacy (LDP) analysis with addi-
tional Gaussian perturbation, and the latter variant PORTER-GC
helps to stabilize training. Assuming a smooth clipping operator
(Definition 2) and general compression operators (Definition 3),
the highlights of our contributions are as follows.

1) We establish that PORTER-DP (cf. Algorithm 1) achieves
(e, 6)-LDP under appropriate Gaussian perturbation. Un-
der the bounded gradient assumption (when gradient clip-
ping can be ignored), PORTER-DP converges in average
squared /5 gradient norm as = 2 otelr) ]EHVf(:E(t)) ||§ <

p3(1—a) i¢y, in T = ¢,2 iterations, where &) is

\/dlog(1/8)

the average parameter, ¢,, = — is the baseline
utility® for a centralized stochastic algorithm to achieve
(e, 9)-DP with m data samples [7], p € (0, 1] is the com-
pression ratio, and « € [0, 1) is the mixing rate of the
topology.

However, the bounded gradient assumption might be
too stringent to hold in practice. Instead we further

2)

2The name is coined for two reasons: 1) PORTER has strong connection to
the prior algorithm BEER (porter is a kind of dark beer), and 2) the authors
developed this algorithm in Porter Hall at Carnegie Mellon University.

3Here, the utility is defined as the average of gradient norms

7 2 IV @3,

, where o is the parameter for unbiased compression.

establish that under the local variance and bounded
dissimilarity assumptions, PORTER-DP converges in
T = ¢,.2 iterations in minimum ¢y gradient norm as
mingepr) B[ VAED)|, S p 8 (1—a) Fenl”.

We establish that under the local variance and bounded
dissimilarity assumptions, by properly choosing the
mini-batch size, PORTER-GC converges in minimum
{5 gradient norm as min,¢ 7y E||Vf(§c(t))||2 <pE(l—

3)

a)’%T’l/ 2 which matches the convergence rate of clas-
sical centralized stochastic algorithms.

Our work develops a novel analysis framework that estab-
lishes their convergence guarantees without assuming the strin-
gent bounded gradient assumption, highlighting comprehensive
trade-offs between convergence rate, compression ratio, network
connectivity, and privacy. To the best of our knowledge, our work
provides the first private decentralized optimization algorithm
with communication compression, and a systematic investiga-
tion of gradient clipping in the fully decentralized setting. Table I
provides a detailed comparison of PORTER-DP with prior art
on private server-client algorithms, where the bounded gradient
assumption is all in effect except ours.

B. Related Works

Decentralized optimization algorithms have been extensively
studied to solve large-scale optimization problems. We review
most closely related works in this section, and refer readers to
more comprehensive reviews in [14], [15].

Decentralized stochastic nonconvex optimization: Decentral-
ized stochastic algorithms have been a actively researched area in
recent years. Various algorithms have been proposed by directly
adapting existing centralized algorithms, e.g., [16], [17], [18],
[19], [20], [21], [22]. However, the simple adaptations usually
fail to achieve better convergence rates. Gradient tracking [23],
originally proposed by the control theory community, can be
used to track the global gradient at each agent, which leads to a
simple systematic framework for extending existing centralized
algorithms to the decentralized setting. Gradient tracking can be

Authorized licensed use limited to: Carnegie Mellon University Libraries. Downloaded on May 25,2025 at 15:00:47 UTC from IEEE Xplore. Restrictions apply.



LI AND CHI: CONVERGENCE AND PRIVACY OF DECENTRALIZED NONCONVEX OPTIMIZATION 275

used for both deterministic optimization algorithms, e.g., [24],
[25], [26], [27], and stochastic algorithms, e.g., [28], [29], [30],
[31], [32], [33].

Communication compression: In [34], [35], gradient com-
pression was adopted to create a server/client distributed SGD
algorithm, however, the large variance of compressed gradients
leads to a sub-optimal convergence rate. [36] first proposed the
use of error feedback to compensate for the variance induced
by compression. [37], [38], [39], [40], [41], [42] all equipped
similar mechanism to improve convergence for server/client
distributed optimization algorithms, and [43], [44] formalized
the error feedback mechanism and reaches an O(1/T') con-
vergence rate for smooth nonconvex objective functions. [1],
[21, [3], [6], [45], [46], [47], [48] further extended communi-
cation compression schemes to the decentralized setting, [49]
to vertical federated learning, and [50] considered second-order
convergence.

Private optimization algorithms: The concern of leaking sen-
sitive data has been increasing with the rapid development of
large-scale machine learning systems. To address this concern,
the concept of differential privacy is widely adopted [8], [51],
where a popular approach to protect privacy is adding noise
to the model or gradients. This approach is first adopted in the
single server setting to design differentially private optimization
algorithms [7], [52], [53], [54], [55], [56], while [11], [57],
[58], [59], [60], [61], [62] considered differential privacy for
the server/client distributed setting.

Gradient clipping: Understanding gradient clipping has
gained significant attention in recent years. Earlier works, e.g.
[63], [64], [65], [66], [67], used gradient clipping as a pure
heuristic to solve gradient vanishing/exploding problems with-
out theoretical understandings. Then, [13], [68], [69], [70] in-
troduced theoretical analyses to understand its impact on the
convergence rate and training performance. This question is
also investigated in [55], [62], [71], [72], which applies gradient
clipping to limit the magnitude of each of the sample gradients,
so that the variance of privacy perturbation can be decided
without the bounded gradient assumption. While finishing up
this paper, we became aware of [73], which also develops
convergence guarantees on the minimum ¢ gradient norm of
clipped stochastic gradient algorithms in the centralized setting
with a piece-wise linear clipping operator. In contrast, our focus
is on the decentralized setting with a smooth clipping operator,
where extra care is taken to deal with the discrepancy between
the local and global objective functions.

C. Paper Organization and Notation

Section II introduces preliminary concepts, Section III de-
scribes the algorithm development, Section IV shows the theo-
retical performance guarantees for PORTER, Section V provides
numerical evidence to support the analysis, and Section VI
concludes the paper. Proofs are postponed to the supplemental
material and can be found at [74].

Throughout this paper, we use uppercase and lowercase
boldface letters to represent matrices and vectors, respectively.

We use || -|op for matrix operator norm, | -||r for Frobe-
nius norm, I,, for the n-dimensional identity matrix, 1,, for
the n-dimensional all-one vector and 0y, for the (d x n)-
dimensional zero matrix. For two real functions f(-) and g(-)
defined on R", we say f(x) = O(g(x)) or f(x) < g(z) if there
exists some universal constant M > O such that f(z) < Mg(x).
The notation f(x) = Q(g(z)) or f(z) 2 g(x) means g(z) =
O(f ().

II. PRELIMINARIES

We introduce a few important preliminary concepts in this
section.

A. Mixing

The information mixing between agents is conducted by up-
dating the local information via a weighted sum of information
from neighbors, which is characterized by a mixing (gossiping)
matrix. Concerning this matrix is an important quantity called
the mixing rate, defined in Definition 1.

Definition I (Mixing matrix and mixing rate): The mixing ma-
trixis amatrix W = [w;;] € R™*", such that w;; = 0 if agent ¢
and j are not connected according to the communication graph
G.Furthermore, W1, = 1,,and W '1,, = 1,,. The mixing rate
of a mixing matrix W is defined as

o= ||W - %1n11|\0p. (2)

The mixing rate describes the connectivity of a communica-
tion graph and the speed of information sharing. Generally, a bet-
ter connected graph leads to a smaller mixing rate, for example,
W can be the averaging matrix for a fully connected communi-
cation network, which results in « = 0. A comprehensive list of
bounds on 1 — «vis provided by [75, Proposition 5]. Our analysis
does not require the mixing matrix to be doubly stochastic, while
allows us to use a non-symmetric matrix with negative values as
the mixing matrix, such as the FDLA matrix [17], which has a
smaller mixing rate under the same connectivity pattern.

B. Gradient Clipping

In practice, gradient clipping is frequently adopted to ensure
the gradients are within a predetermined region, so that the
variance of privacy perturbation can be decided accordingly. The
clipping operator we adopt is a smooth clipping operator [12]
defined in Definition 2, which scales a vector into a ball of radius
T centered at the origin.

Definition 2 (Smooth clipping operator): For & € R%, the
clipping operator is defined as

T
Cli = —=x.

For X = [z, ...
tor is defined as

C|Ip.,.(X) = [C“pT(wl)v crt CllpT(wn)]

,,] € R¥™ the distributed clipping opera-
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Fig. 1. TIllustration of input norm and clipped norm for the smooth clipping

operator (Definition 2) and piece-wise linear clipping operator, where 7 is the
clipping parameter.

Remark 1: Another widely used clipping operator is the
piece-wise linear clipping operator, which scales inputs when-
ever its gradient norm is larger than 7 and does nothing other-
wise, defined by

Clip,(x) = xmin {1,7/|x|2} .

Fig. 1 plots the norm of a vector before and after clipping for
these two clipping operators, which show that they behave quite
similarly.

C. Compression Operators

Following [43], [44], Definition 3 defines a randomized gen-
eral compression operator that only guarantees the expected
compression error E||C(x) — x||3 is less than the magnitude of
original message ||z||3.

Definition 3 (General compression operator): A randomized
map C : RY — R% is a p-compression operator if V& € R? and
some p € [0, 1], the following inequality holds:

E|[c(z) — 2|2 < (1 - p)||z|3.

Many widely used compression schemes can be modeled as
special cases, for example, random sparsificiation and top-k
compression.

Example 1 (Random sparsification): Random sparsification
keeps an element from a d-dimensional vector with probability
B Letue R where u; ~ B(%), then random sparsification is
defined as randomy () = u ® x, which satisfies Definition 3
with p = %.

Example 2 (topy,): top,, [371, [38] keeps k elements that have
the largest absolute values and sets other elements to 0, which
is defined as top,(z) := & ® u(x), where [u(xz)]; =1 if the
absolute value of the i-th element is one of the k-largest absolute
values, otherwise [u(x)]; = 0. It follows that top, satisfies
Definition 3 with p = k/d.
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D. Local Differential Privacy

In decentralized learning systems, all agents share informa-
tion with their neighbors that are potentially sensitive. If some
agents are exploited by adversaries, the system will face a
risk of privacy leakage even when the system-level privacy is
protected. Therefore, we introduce local differential privacy
(LDP)—defined in Definition 4—following [76], [77], [78],
which protects each agent’s privacy from leaking to other agents.

Definition 4 (Local differential privacy (LDP)): A random-
ized mechanism M : Z — R with domain Z and range R
satisfies (¢, ¢)-local differential privacy for client 4, if for any two
neighboring dataset Z;, Z', € Z atclient i and for any subset of
outputs R C R, it holds that

P(M(Z;) € R) < P (M(Z,) € R) + 6. 3)

The two datasets Z; and Z’, are called neighboring if they are
only different by one data point at client .

Definition 4 is a stricter privacy guarantee because it can imply
general differential privacy (DP). Consequently, LDP requires
a larger perturbation variance than general DP. To identify the
impact of the decentralized LDP setting compared to centralized
DP setting, we define the baseline utility

b = /dlog(1/9)

me

“)

which can be understood as the final utility of a centralized sys-
tem with m data samples that guarantees (e, §)-DP. For typical
private problems, the local sample size m has to be large enough
for the privacy perturbation to deliver meaning guarantees, we
impose a mild assumption that ¢,, < 1 to simplify presentation.
For example, the problem defined in (1) has in total mn data
samples, running an (¢, §)-DP algorithm on one server that can
access all data will achieve %qﬁm utility in ng;, ! iterations.

III. PROPOSED ALGORITHM

We propose PORTER, a novel stochastic decentralized op-
timization algorithm for finding first-order stationary points
of nonconvex finite-sum problems with gradient clipping
and communication compression; the details are described in
Algorithm 1. On a high level, PORTER is composed of local
stochastic gradient updates and neighboring information shar-
ing, following a similar structure as BEER [3], in terms of the use
of error feedback [43], which accelerates the convergence with
biased compression operators, and stochastic gradient tracking
to track the global gradient locally at each agent. A key dif-
ference, however, is the use of gradient clipping. Motivated
by efficient training and privacy preserving, we consider two
variants, corresponding to clipping before the mini-batch with
privacy perturbation (PORTER-DP), and after taking the mini-
batch (PORTER-GC), respectively.

Before proceeding, we introduce some notation convenient
for describing decentralized algorithms. Let &; € R? be the op-
timization variable at agent ¢, we define the collection of all op-
timization variables as a matrix X = [z, @, ..., @,] € R¥™,
and the average as T = %Z:;l x;. The gradient estimates
V/, stochastic gradients G, perturbation noise E, compressed
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Algorithm 1: PORTER

1: input: (), gradient stepsize 7, consensus stepsize 7,
clipping threshold 7, mini-batch size b, perturbation
noise o, number of iterations 7’

2 initialize: V(¥ = Q\” = GV = 04,
QY = x© =zO77
3: fort=1,...,7T do
4: Draw the local mini-batch of size b uniformly at
random Z(®) = {Z(}"_ at each agent i
5: Option I: PORTER-DP (differentially-private
SGD)
G =13, 0 Clip (VU(X"V; Z))
: Gl =G + EY, where el ~ N(04,0214)
8: Optlon II: PORTER-GC (gradlent clipping
SGD)
9: GV =1y, .0 Vyx"; z)
10: Gl =G\ = Clip.(G")
QY =@V +e(virt - Qi)
12: ) =
V(tfl) +’YQ1(,t)(W I )_|_ G(t G}()tfl)
13: Q(t) — Q(t b4 C(X Q(t 1))
14: (0 = x4 yQ“ (W I,)—nv®
15: end for

16: output: x,,; ~ Uniform({wz(»t)\i € [n],t € [T}).

surrogate @, and @Q,, and their corresponding agent-wise values
are defined analogously. The distributed gradient is defined as
VE(X) = [Vfi(21),V fa(@2), ...,V ful(@,)] € R,

To provide more detail, PORTER initializes gradient-related
variables to 04 and other variables to the same random value
#(©) which improves stability in early iterations and simplifies
analysis, but has no impact on the convergence rates. Within
each iteration, PORTER is consisted of 3 major steps.

1) Computing clipped stochastic gradients: We consider two
options. The first option PORTER-DP corresponds to
differentially-private SGD (Lines 6-7), where Line 6 com-
putes a batch of clipped stochastic gradient on each agent,
and then Line 7 adds Gaussian noise to ensure privacy.
The second option PORTER-GC corresponds to SGD with
gradient clipping (Lines 9-10), where Line 9 computes
a batch stochastic gradient on each agent, and Line 10
applies clipping to each batch stochastic gradient.

2) Updating gradient estimates: Line 11 updates the auxil-
iary variable Q'", which is a compressed surrogate of

v

v, by adding the compressed difference to itself

c(vY — Q1) Meanwhile, each agent i sends its
compressed difference C(’ul(-t*l) — qile)) to all of its

neighbors, so that every neighbor can reconstruct the
(t)

auxiliary variable g, ; by accumulating this difference.

Line 12 then adds a correction term vQ(W —1I,,),
and applies stochastic gradient tracking to update gradient

estimates.

3) Updating variable estimates: Similar to updating gradient
estimates, Line 13 updates the auxiliary variable Q(t)
which is a compressed surrogate of variable estimates
X1 and communicates with neighbors. Line 14 ap-
plies correction and updates the variable estimates by a
gradient-style update.

IV. THEORETICAL GUARANTEES

This section theoretically analyzes the privacy and conver-
gence properties of PORTER under various assumptions. Section
IV-A lists all assumptions required for convergence analysis,
Section IV-B shows the privacy and convergence of PORTER-
DP using a specific perturbation variance, and Section IV-C
shows the convergence of PORTER corresponding to clipped
SGD without privacy.

A. Assumptions

We start with smoothness assumption in Assumption 1, which
is standard and required for all of our analysis.

Assumption I (L-smoothness): For any x,y € R and any
datum z in dataset Z,

IVe(z; z) — VE(y:; 2)||2 < L@ — y|.

Note that the gradient clipping operator Clip(+) is utilized
to ensure gradients are bounded. In addition, the boundedness
of the gradient ensures the application of differentially-private
mechanisms. However, stochastic gradients at different agents
lose correct scaling after clipping, which breaks the stationary
point property at local minima and introduces bias. To sim-
plify analysis, one assumption that has been adopted widely
in theoretical analysis [11] is the following bounded gradient
assumption.

Assumption 2 (Bounded gradient): For any € R? and any
datum z in dataset Z, |V{(x; z)||2 < 7.

Under Assumption 2, PORTER can skip the clipping oper-
) becomes an unbiased estimator of local gradi-

ator, and g,
ent V fi(ml(.t)), while still allowing privacy analysis. However,
Assumption 2 is rather strong and seldomly met in practice. For
example, the gradient of a quadratic loss function is not bounded.
In addition, it may result in an overly pessimistic clipping
operation when there are possibly adversarial gradients with
large norms in the samples. Going beyond the strong bounded
gradient assumption, we consider a much milder assumption that
bounds the local variance as follows, which is more standard in
the analysis of unclipped stochastic algorithms.

Assumption 3 (Bounded local variance): Forany x € R? and

i € [n],

E.ez,[|VUz; 2) — Vi(@)|3 < 0.

An additional challenge is associated with dealing with the
decentralized environment, where the local objective functions
can be rather distinct from the global one. Our analysis identifies
the following assumption, called bounded gradient dissimilarity,
which says that the difference between the local gradient and the
global gradient should be small relative to the global one.
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Assumption 4 (Bounded gradient dissimilarity): For any « €
R% and i € [n],

|97 (@) - Vi), < 519 5@)]l,

B. Privacy and Convergence Guarantees of PORTER-DP

We start by analyzing the privacy and convergence guarantees
of PORTER-DP, assuming the batch size b = 1.

Privacy guarantee: Theorem 1 proves that PORTER-DP is
(e, )-LDP when setting the variance of Gaussian perturbation
properly.

Theorem 1 (Local Om =

VAU and b =1. For any € <T/m? and § € (0,1),

me

PORTER-DP is (€, 9)-LDP after T iterations if we set

T7121og(1
> _ Tr*log(1/0)

p

differential privacy): Let

o3 =T7%¢2 /d. (3)

Theorem 1 shows that PORTER-DP can achieve (e, §)-LDP
regardless of whether the bounded gradient assumption presents,
because using the clipping operator Clip.(+) can guarantee all
the stochastic gradients’ /o norms are bounded by 7, so that the
perturbation variance can be set accordingly.

Convergence with bounded gradient assumption: We start
by analyzing the convergence when the gradients are bounded
under Assumption 2, in which case PORTER-DP can omit
the clipping operator. Theorem 2 presents the convergence
result of PORTER-DP using general compression operators
(Definition 3).

Theorem 2 (Convergence of PORTER-DP with bounded gra-
dient assumption): Assume Assumptions 1 and 2 hold, and
use general compression operators (Definition 3). Let A =
E[f(@ )] = f*. Set 7 = O((1 — )p), n = O(v*/*p*3¢,,),
T = ¢,2,b=1and 05 = T7*¢;, /d. PORTER-DP converges
in average squared /5 gradient norm as

Pm

—_ 2 LAY. (6
p%(l—a) maX{T, } (6)

wloo

T

1 _

72 EIViE); <
t=1

Theorem 2 shows the convergence error of the squared /5
gradient norm with explicit dependency on the compression
ratio p and mixing rate . When we fix p and «, Theorem
2 reaches an O(¢,,) final average squared ¢» gradient norm,
which matches the result of SoteriaFL-SGD [11], the state-
of-the-art stochastic algorithm with local differential privacy
guarantees and wunbiased communication compression in the
server-client setting. However, due to extra complexities induced
by the decentralized setting and biased compression, PORTER -
DP takes O(¢, 2) iterations to converge while SoteriaFL-
SGD only takes O(¢,!) iterations; in addition, PORTER-
DP has a slightly worse dependency on the compression
ratio p.

Convergence without bounded gradient assumption: A more
interesting and challenging scenario is when Assumption 2
does not hold, PORTER-DP applies gradient clipping to ensure
gradients are bounded to suit the privacy constraints. Fortunately,

Theorem 3 describes the convergence behavior of Algorithm 1
in this case, under the much weaker bounded local variance and
bounded dissimilarity assumptions.

Theorem 3 (Convergence of PORTER-DP without bounded
gradient assumption): Assume Assumptions 1, 3 and 4
hold, and use general compression operators (Definition
3). Let A=E[f(2®)] —f* Set 7=max{365p 2 (1 —
@) S nl”, 2405}y = O(1 = a)p).n=O(L71),b=1,T =
¢,2 and 0}27 = T7%¢2,/d. Algorithm 1 converges in minimum
{5 gradient norm as

min B9 (2

< max {p*%u —a) 3 (LAgm)?, ag} )

Theorem 3 shows PORTER-DP converges in minimum /(5
gradient norm with explicit dependency on compression ra-
tio p, mixing rate o and gradient variance o,, under much
weaker assumptions. To compare with Theorem 2, we can
take the square root of (6), which translates to minimum
{5 gradient norm convergence on the order of O(p~2/3(1 —
a) 43¢ % - max{r, (LA)Y/2}).In comparison, although The-
orem 3 has worse dependency on compression ratio p and
mixing rate «, it matches the dependency on the baseline privacy
10SS @y

C. Convergence Guarantees of PORTER-GC

Theorem 4 further establishes the convergence of PORTER-
GC without the bounded gradient assumption, which applies
the clipping operator to mini-batch stochastic gradients without
privacy perturbation.

Theorem 4 (Convergence of PORTER-GC without bounded
gradient assumption): Assume Assumptions 1, 3 and 4 hold,
and use general compression operators (Definition 3). Let
A =E[f(@")] - f*. Set 7 = O(p~3 (1 — a) FT1/2), y =
O((1—a)p),n=0(L ") and b= O(c2p 5(1 —a) 5T").
PORTER-GC converges in minimum /5 gradient norm as

1 1
. = (t) < .
IV S i

Theorem 4 suggests that by picking the clipping thresh-
old 7 and batch size b properly, PORTER-GC converges at
an O(1/T'/?) rate. In comparison, assuming gradients are
bounded by O(1/T"/?), the gradient clipping threshold of
Theorem 4, standard centralized SGD converges in average
squared (o gradient norm at an O(1/T’) rate, which also trans-
lates to a minimum {5 gradient norm convergence in the form of
mine ) E(|V f(2®)]|, < 1/T*/2. Therefore, roughly speak-
ing, using gradient clipping for decentralized SGD does not
affect the convergence rate, providing proper hyper parameter
choices.

When the gradients are bounded, we can omit the clipping
operator in PORTER-GC, which become the same as BEER
[3]. Recall that BEER guarantees a minimum /5 gradient norm

convergence at the rate L. In comparison,

1
pl/Z(1—a)3/2 " T1/Z"
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Theorem 4 has a better dependency on the mixing rate «, but
has a slightly worse dependency on the compression ratio p,
which again emphasizes that gradient clipping does not harm
convergence.

V. NUMERICAL EXPERIMENTS

This section presents numerical experiments to examine the
performance of PORTER-DP, with comparison to the state-of-
the-art server/client private stochastic algorithm SoteriaFL-
SGD, which also utilizes communication compression and guar-
antees local differential privacy. More specifically, we evaluate
the convergence of utility and accuracy in terms of communi-
cation rounds and communication bits, to analyze the privacy-
utility-communication trade-offs of different algorithms.

For all experiments, we split shuffled datasets evenly to 10
agents that are connected by an Erd&s-Rényi random graph with
connecting probability p = 0.8. We use the FDLA matrix [17] as
the mixing matrix to perform weighted information aggregation
to accelerate convergence. We use biased random sparsification
(cf. Example 1) for all algorithms where k = L%j , i.e., the
compressor randomly selects 5% elements from each vector.
We also apply gradient clipping with 7 = 1 to all algorithms for
simplicity. For each experiment, all algorithms are initialized to
the same starting point, and use best-tuned learning rates, batch

size 1 and 0, = @'

A. Logistic Regression With Nonconvex Regularization

We run experiments on logistic regression with nonconvex
regularization on the a9a dataset [79]. Following [80], the ob-
jective function is defined as

d. g2
Uz {f,1}) = log (1 +leXp(7.’1}T_f)) 4 )“Z Lix-ﬁ’
i=1 i

where {f, [} represents a training tuple, f € R? is the feature
vector and [ € {0,1} is the label, and A is the regularization
parameter which is set to A = 0.2.

Fig. 2 shows the convergence results of PORTER-DP
and SoteriaFL-SGD for logistic regression with nonconvex
regularization on the a9a dataset to reach (10-2,1073)-LDP
and (10~1,1073)-LDP, respectively. Under (1072, 10~3)-LDP,
which is a stricter privacy setting, PORTER-DP converges
faster than SoteriaFL-SGD in test accuracy, while con-
verges slightly slower in train utility. Under (107, 10~3)-LDP,
PORTER-DP performs slightly worse than SoteriaFL-SGD.
Given that PORTER-DP operates under the decentralized topol-
ogy with much weaker information exchange, the results high-
light PORTER-DP’s communication efficiency by showing it
can achieve similar performance as its server/client counter-
part, i.e. SoteriaFL-SGD, especially under strict privacy
constraints.
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B. One-Hidden-Layer Neural Network Training

We evaluate PORTER-DP by training a one-hidden layer
neural network on the MNIST dataset [81]. The network uses 64
hidden neurons, sigmoid activation functions and cross-entropy
loss, where the loss function over a training pair is defined as

Uz; (f,1))
= CrossEntropy(softmax(Wy sigmoid(W 1 f + ¢1) + ¢2),1).

Here, the model parameter is defined by x =
vec(W1,¢1,Wa,cy), where the dimensions of the network
parameters Wi, c1, W, co are 64 x 784, 64 x 1, 10 x 64,
and 10 x 1, respectively. In addition, the training pair {f,[}
are specified with f € R™ and I € {0,...,9}.

Fig. 3 shows the convergence results of PORTER-DP and
SoteriaFL-SGD for training a one-hidden-layer neural net-
work on the MNIST dataset to reach (1072,1073)-LDP and
(1071,1073)-LDP, respectively. Under both privacy settings,
PORTER-DP converges at a similar rate as SoteriaFL-SGD
in train utility. However, in terms of convergence in test ac-
curacy, PORTER-DP outperforms SoteriaFL-SGD under
the stricter (1072,1073)-LDP, while the two algorithms have
similar performance under the other setting. This experiment
again emphasizes PORTER-DP’s communication efficiency in
comparison to the server/client algorithm SoteriaFL-SGD.

VI. CONCLUSION

In this paper, we propose an algorithmic framework called
PORTER, which incorporates practically-relevant gradient clip-
ping and communication compression simultaneously in the
design of decentralized nonconvex optimization algorithms. We
propose two variants: PORTER-DP and PORTER-GC. While
they share a similar structure that makes use of gradient tracking,
communication compression, and error feedback, their focuses
are on different perspectives motivated by applications in privacy
preserving and neural network training, respectively. PORTER -
DP adds privacy perturbation to clipped gradients to protect
the local differential privacy of each agent, with explicit utility
and communication complexities. PORTER-GC applies gradi-
ent clipping to mini-batch stochastic gradients, which converges
in minimum /9 gradient norm at similar rate as centralized SGD
without clipping under proper choices of hyperparameters. The
development of PORTER offers a simple analysis framework to
understand gradient clipping in decentralized nonconvex opti-
mization without bounded gradient assumptions, highlighting
the potential of achieving both communication efficiency and
privacy preserving in the decentralized framework.
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