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Abstract
Circuit quantum electrodynamics enables the combined use of qubits and oscil-
lator modes. Despite a variety of available gate sets, many hybrid qubit-boson
(i.e. qubit-oscillator) operations are realizable only through optimal control the-
ory, which is oftentimes intractable and uninterpretable. We introduce an ana-
lytic approach with rigorously proven error bounds for realizing speci昀椀c classes
of operations via two matrix product formulas commonly used in Hamiltonian
simulation, the Lie–Trotter–Suzuki and Baker–Campbell–Hausdorff product
formulas. We show how this technique can be used to realize a number of oper-
ations of interest, including polynomials of annihilation and creation operators,
namely (a)p(a†)q for integer p,q. We show examples of this paradigm includ-
ing obtaining universal control within a subspace of the entire Fock space of an
oscillator, state preparation of a 昀椀xed photon number in the cavity, simulation
of the Jaynes–Cummings Hamiltonian, and simulation of the Hong-Ou-Mandel
effect. This work demonstrates how techniques from Hamiltonian simulation
can be applied to better control hybrid qubit-boson devices.

Keywords: quantum computing, bosonic qubits, circuit QED

1. Introduction

Today, many quantum computing architectures are homogeneous, with the same type of qubit
used throughout the device. From devices made of superconducting qubits [1–3] to ion trap
qubits [4], prior work largely focuses on linking qubits of the same type together in fault-
tolerant ways. However, there is emerging work [5–9] studying the use of heterogeneous
quantum computers that leverage two or more types of quantum architectures (e.g. qubits
and oscillator modes). Heterogeneous devices hold promise because they can be tailored for
speci昀椀c physical simulation problems, which would be especially useful in applications like
material discovery [10], molecular simulation [11, 12], topological models [13] or lattice gauge
theories [14].

In particular, hybrid qumode-qubit models [15] hold some advantages: for example,
microwave qumodes have long lifetimes and large accessible Hilbert spaces, making them
attractive targets for quantum error correction [15]. Introducing qumodes also enables new
physical gates, such as the Mølmer–Sørensen gate [16] while at the same time enabling
new forms of transduction between qubits and qumodes [17]. Oscillator interactions have
unique features, like nonlinearities, which are challenging to simulate even with homogen-
eous quantum architectures [8].

Ef昀椀ciently compiling logical operations to physical pulses is a critical, but computationally
expensive task. In theory, pulse design techniques like optimal control theory (OCT) [18–20]
can produce pulses that implement arbitrary quantum transformations on a hybrid qumode-
qubit system. These techniques have been applied to a variety of physical systems, including
NMR [19], superconducting transmon qubits [20], and qumodes [21–23]. In practice, OCT is
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Table 1. Overview of techniques for synthesizing particular unitary transformations and the quantum
gates needed. Our formulas allow the manipulations of broad classes of Hamiltonian block encodings,
denoted BA,BB. Each row contains the formula used, the target to approximate, the preconditions, and
a reference to the location of the precise statement of the performance of the method. Most formulas
use ‘conjugated’ hamiltonians (UHU†) which can be achieved via conjugation of the exponential. The
formula provided denotes hybrid gates with σi terms, and single-qubit gates are capitalized (e.g. S,X,H).
The bounds on the number of gates depend on the accuracy required of the approximation and are given
in the corresponding theorems.

Formula Target Preconditions Reference

BCH(itσiB, itσiA) exp(t2[A,B])1 A,B Hermitian theorem 2.4
BCH(itσjA, itσkB) exp(−i t2σi {A,B}) A,B Hermitian equation (18)

BCH(X · i tBB ·X, itBA) expσz(t2(AB− (AB)†)) [A,B] = 0 equation (30)
BCH(S · itBA · S†,X · itBB ·X) exp(i t2σz(AB+(AB)†)) [A,B] = 0 equation (31)
BCH(S · itBA · S†,X · itBB ·X) exp(2i t2σzAB) [A,B] = 0, AB= (AB)† equation (32)

X ·Trotter
(

tσy(AB− (AB)†),

itσx(AB+(AB)†)
)

·X

exp
(

2it

[

0 AB
(AB)† 0

]

)

[A,B] = 0 theorem 3.1

BCH(S · i tBA · S†,X · i tBB ·X) exp

(

it

[

2AB 0
0 −BA− (BA)†

])

AB= (AB)† theorem 3.2

computationally intensive and in昀氀exible, requiring pulses to be recompiled on a case-by-case
basis. Furthermore, OCT is almost always uninterpretable, yielding only a pulse which per-
forms the desired operation without providing any physical intuition. Experimentally, these
limitations prevent the high-昀椀delity realization of quantum algorithms; theoretically, the com-
plexity of our quantum circuits often inappropriately ignores the classical cost of required
compilation.

Inspired by recent experimental progress [24, 25], we introduce an extensible control
scheme for a universal, hybrid qumode-qubit quantum computer (table 1). Speci昀椀cally, we
show how block-encoded operators can be manipulated using the Lie–Trotter–Suzuki and
Baker–Campbell–Hausdorff matrix product formulas. We thus enable the creation of instruc-
tion set architectures (ISAs) that can be analytically compiled to experimentally available
gate sets. Prior art, namely Jacobs [26], has studied similar techniques to compile opera-
tions; we generalize these techniques to work in a variety of domains, including in settings
with multiple qumodes and more exotic operators, and prove concrete error bounds on these
techniques.

We develop two parallel approaches, one which primarily uses the creation and annihila-
tion operators which we refer to as based on ‘Fock methods,’ and the other primarily relying
on position and momentum operators which we refer to as based on ‘phase-space methods.’
We demonstrate that both methods can be used to generate an ISA for qumode-qubit devices.
Because our methods operate in both Fock and phase-space, we can achieve transformations
that are natively described in either picture; for example, exponentials of polynomials of anni-
hilation and creation operators for Hamiltonian simulation and state preparation in Fock space
and controlled parity and beam splitter operators in phase space. Our methods obtain almost-
linear asymptotic scaling.

Furthermore, we use the previously mentioned formulas to realize a number of operations
of interest, including polynomials of annihilation and creation operators, namely apa†

q
for

integer p,q. These block-encoded operations are crucial for quantum signal processing (QSP)
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Figure 1. A qubit-qumode Hilbert space. On the left, the qubit is a typical two-
dimensional Hilbert space. On the right, the qumode consists of Fock states of value
at most Λ = 4.

and certain problems in quantum simulation. Finally, we give examples for the Hamiltonian
of a nonlinear material and applications to key unsolved problems in quantum simulation such
as the Fermi-Hubbard model. While these approaches are expensive in terms of raw gate
counts, because they are analytic they provide intuition into synthesizing the gate robustly.
Furthermore, these gate sequences can be used as a starting point for optimal control methods,
helping to avoid cold start issues.

2. Preliminaries

In this section, we introduce the hybrid qumode-qubit architecturewe operate on and thematrix
product formulas we will use.

We aim to provide a generic toolbox to build unitary transformations on hybrid qumode-
qubit devices. Such devices are common in quantum systems, spanning circuit quantum elec-
trodynamics (superconducting qubits coupled to microwave photons) to ion-trap quantum
computing (for which the mechanical modes of oscillation are coupled to atomic qubits). The
challenge is that fundamentally different insights are needed to compile unitaries in the hybrid
setting over typical binary-based approaches.

We review the mathematical properties of qumode quantum mechanics that are needed
to understand the basic operations considered for the ISA architecture that we consider.
Speci昀椀cally, we present an analytic ISA based on the Lie–Trotter–Suzuki (Trotter) and Baker–
Campbell–Hausdorff (BCH) decompositions for decomposition of gates of the formU= eiĤσ

j
,

where Ĥ is a Hermitian operator composed of phase-space operators and Pauli gates. Before
jumping into the speci昀椀c details of our gate operations, we need to review the basics of qumode
quantummechanics as well as the mathematical results needed to use these qumode operations
to compile a given unitary transformation.

2.1. A hybrid qumode-qubit device

We 昀椀rst produce a mathematical description of a qumode, then describe operations which can
be performed on the qumode and qubit (昀椀gure 1). Qumodes store bosonic states. Bosons are
are already commonplace in quantum computing experiments: photons (energy quanta of the
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electromagnetic 昀椀eld) are used in photonic chips, cavity QED, and hybrid circuit QED, while
phonons (quanta of mechanical vibrations) are used to couple ion-spin qubits in ion traps.
However, we are interested in using the qumode as an explicit computational resource, rather
than as a conduit for entangling operations or source of noise.

2.1.1. Representing the qumode. There are two different bases that are commonly used to
describe the state of the qumode:

1. Phase-space representation, where operators are written in terms of position (x̂) and
momentum (p̂) operators

2. Fock-space representation, where operators are written in terms of qumode creation (a†)
and annihilation (a) operators.

In the phase-space representation, the computational basis corresponds to the strength of the
electric 昀椀eld in the case of photons (or equivalently the position of a mechanical oscillator for
vibrational systems). We refer to this with the operator x̂ and we have that for any x ∈ R, x̂|x⟩=
x|x⟩. We also use the corresponding operator for momentum p̂. This describes the magnetic
昀椀eld for a photonic system. In practice, cutoffs are imposed on the values of the 昀椀eld and
further discretization error on the gates and the outputs prevents arbitrary precision readout;
however, for simplicity we ignore the latter issue in order to provide a simpler if less realistic
computational model and ignore the issue that even when cutoffs are imposed the vector space
does not strictly form a Hilbert space without also including spatial discretization.

In the Fock-space representation, we track the number of bosons (number of photons or the
energy level of the harmonic oscillator for the vibrational case) in the computational basis. In
this representation the computational basis is de昀椀ned to be an eigenvector of the boson number
operator n̂|n⟩= n|n⟩, where n̂= a†a is the number operator and a and a† add and remove a
boson from the system, respectively. Formally this spectrum is countably in昀椀nite, but after
truncation it forms a 昀椀nite-dimensional Hilbert space and thus can be thought of as a qudit.
For example, assuming a cutoff Λ = 3 on the boson number n̂

P3a
†P3 =




0 0 0 0
1 0 0 0
0

√
2 0 0

0 0
√
3 0


 P3aP3 =




0 1 0 0
0 0

√
2 0

0 0 0
√
3

0 0 0 0


 . (1)

Here PΛ is the projector onto the subspace of the cavity containing at most Λ photons

PΛ : PΛ|n⟩=
{
|n⟩ n⩽ Λ

0 otherwise
. (2)

Observe that this Hilbert space has dimension Γ+ 1 corresponding to the Fock states from
|0⟩ to |Γ⟩. Truncation of the Hilbert space is required to provide error bounds, otherwise the
remainder terms become unde昀椀ned. Provided that an appropriate cutoff is picked for the sys-
tem, the discrepancies between the truncated and untruncated systems will often be negligible.
For notational clarity, we assume a cutoff of Λ for all further equations and assume the anni-
hilation and creation operators implicitly have the projectors PΛ.

To incorporate the qubit’s state, we take the tensor product of the qubit and qumode Hilbert
spaces, so that the state space is H2 ⊗HΛ+1. This means that, for example, a computational
basis state will be of the form |q⟩⊗ |m⟩ where the state |q⟩ here can be thought of as the union
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of the qubits in the system, and |m⟩ represents a qumode state where the system is either in
position x=m for the phase-space encoding or has m photons if the Fock-space encoding is
used.

2.1.2. Representing operations and measurements via block encodings. Depending on
whether the qumode is described in Fock or phase space, there exist two pairs of complement-
ary qumode operators. In Fock space, the operators are creation and annihilation operators
a†,a; in phase-space, the operators are position and momentum x̂, p̂.

Our techniques can be applied in both spaces because Fock and phase-space operators have
the equivalencies

x̂=
1
2

(
a+ a†

)
⇔ a= x̂+ i p̂, (3)

p̂=− i
2

(
a− a†

)
⇔ a† = x̂− i p̂, (4)

and commutation relations

[x̂, p̂] =
i
2
, (5)

[
a,a†

]
= 1. (6)

To illustrate the qumode-qubit ISA, we de昀椀ne three types of operations with examples:

1. Qubit-exclusive: these include typical qubit gates like the Pauli (X,Y,Z) gates,

X=

[
0 1
1 0

]
, Y=

[
0 −i
i 0

]
, Z=

[
1 0
0 −1

]
, (7)

and Hadamard (H) and phase (S) gates

H=
1√
2

[
1 1
1 −1

]
, S=

[
1 0
0 i

]
. (8)

2. Qumode-exclusive: we assume that linear optical operations (which are at most quad-
ratic in the 昀椀eld operators) can be performed on the qumode. This includes the displace-
ment operations eαa

†+α∗a for ³ ∈ C, phase delays (or phase-space rotations) e−iαa†a, and
squeezing operations eα(a

†)2−α∗a2 . Qumodes can also be entangled with other qumodes via
beamsplitter operations e(αa

†b−α∗ab†) where b is the creation operator acting on a differ-
ent qumode. In this work, we primarily focus on the single-qumode case. The multi-mode
case with beamsplitters is discussed in [5, 14] but without the rigorous convergence bounds
provided in the present work.

3. Qumode-qubit entangling: there are several entangling operations between individual
qumodes and qubits that widely appear in the circuit QED literature. Two common oper-
ations we consider are the conditional displacement operation [25] e−iσz⊗(αa†+αa) and
the Selective Number-dependent Arbitrary Phase (SNAP) gate [24] e−iσz⊗

∑
nαnP̂n , where

P̂n = |n⟩⟨n| is the projector onto the nth Fock state.

Note that, for clarity, we use uppercase letters for qubit-exclusive gates and lowercase letters
for qumode-exclusive or qumode-qubit gates. For example, we use S,X,H for qubit-exclusive
gates and σi notation for Paulis in hybrid gates.

6
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Our compilation strategy describes operations in terms of qubit-exclusive gates and the S1

gate, a primitive qumode-qubit entangling gate (de昀椀nition 2.1). S1 is a useful ‘block-encoding’
primitive to compose complex gates because it embeds a 昀椀rst-order Fock operator in the off-
diagonal blocks. ‘Block-encoded’ matrices refer to how ‘blocks’/submatrices of a larger mat-
rix can be expressed as an existing matrix. Block encodings are frequently used in quantum
algorithm design [27, 28].

Definition 2.1 (S1 primitive gate). For any t> 0 and any positive integer cutoffΛ, we de昀椀neS1

to be the unitary acting on the Hilbert spaceH2 ⊗HΛ+1 that has the following representation
as a block matrix

S1 = exp

(
it

[
0 a†

a 0

])
. (9)

Note that S1 can itself be decomposed into conditional displacements (see appendix A)
or implemented directly via OCT [29–32]. Also note that the block encoding can also be
expressed as the sum of qumode-qubit tensor products

[
0 a†

a 0

]
= |0⟩⟨1| ⊗ a† + |1⟩⟨0| ⊗ a. (10)

We also consider the broader class of block-encoded Hamiltonians:

Definition 2.2 (Block encodings). For a qumode operator A acting upon HΛ+1, we denote
the joint block-encoded Hamiltonian to be

BA =
[
0 A
A† 0

]
, (11)

so that the subscript is the upper right block and the lower left block is the transpose and
complex conjugate to preserve Hermiticity. I.e., BA is Hermitian for any A, and thus is
a suitable Hamiltonian. Note that BA can describe a qumode-qubit Hamiltonian acting on
H2 ⊗HΛ+1. Furthermore, if A Hermitian, exp itBA = exp itσxA, otherwise it corresponds to
exp it(|0⟩⟨1| ⊗A+ |1⟩⟨0| ⊗A†).

In this block-encoding notation, observe thatS1 = exp itBa† . Throughout this work, we con-
sider increasingly exotic Amatrices that can be created via polynomials of qumode operators.

Finally, to simplify notation, we oftentimes write tensor products implicitly as follows

σi ⊗M= σiM. (12)

This notation is used extensively to abbreviate the action of σi on H2 and M (which is com-
prised of qumode operators) onHΛ+1.

We further assume that the qubit can be measured directly, but the qumode can only be
measured by entangling it with a qubit and reading out the state of the qubit to obtain a single
classical bit of information about the qumode state [5].

2.2. Matrix product formulas

Matrix product formulas describe the behavior of products of matrix exponentials (namely
eAeB). These formulas are well-known in Hamiltonian simulation [33–35] and are used to

7
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Figure 2. A visualization of the Trotter and BCH formulas. (a) A Trotterized formula
that approximates e(M+N)t via eMt,eNt evaluated at t′. (b) A BCH product formula which
approximates e[M,N]t2 via eMt,eNt evaluated at t,−t.

approximate a discretized version of the time evolution operator e−iHt using the Trotter for-
mula. Thus, they often have rigorous error bounds that describe how e−iHt can be approximated
given constituent e−iHjt. In our setting, e−iHt will be the operation we seek to implement using
the S1 gate.

As stated above, we use two product formulas: the BCH formula and the Trotter formula
(昀椀gure 2). The BCH formula is used to create a commutator (or anticommutator) of operat-
ors. The Trotter formula is used to add these commutators and anticommutators together. We
introduce the informal theorems below:

Theorem 2.3 (Informal Trotter theorem from [34]). Suppose we may implement eMλ and eNλ

for arbitrary λ ∈ R and anti-Hermitian M,N. Then, a pth order Trotter formula has the error
scaling

Trotter2p (Mλ,Nλ) = e(A+B)λ +O
(
(∥M+N∥λ)2p+1

)
, (13)

requiring no more than 4 · 5p−1 exponentials.

Theorem 2.4 (Informal BCH theorem from [36]). Suppose we can implement the operators
eMλ,eNλ for λ ∈ R and anti-Hermitian M,N. Then, a BCH formula of order p has the error
scaling

BCHp (Mλ,Nλ) = e[M,N]λ2

+O
(
(max(∥M∥ ,∥N∥)λ)2p+1

)
, (14)

requiring no more than 8 · 6p−1 exponentials.

These product formulas are de昀椀ned recursively and are comprised of sequences of eMλ,eNλ

gates evaluated at varying values of λ. While the sequences may be long, as there is an
8
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exponential dependence on p, it is important to note that these error bounds are known to
be loose, so experimental implementations may bene昀椀t from improved accuracy.

Finally, note in our notation these formulas take the logarithm matrix and output sequences
of matrix exponentials which approximate a desired exponential. Additionally, note that
Hamiltonians can be ‘conjugated’, i.e. we can transform a Hamiltonian from H to UHU† for
any unitary U via:

Uexp(−i tH)U† = exp
(
−itUHU†) (15)

Conjugation, Trotter, and BCH give us immense 昀氀exibility for the Hamiltonian manipulations
which can be achieved (table 1).

3. Producing Anticommutators and Exponential Products

In this section, we formalize our technique to build polynomials of block encodings in both
Fock and phase space. This is notable because it shows howHermiticity is not a requirement for
our compilation scheme: whereas phase-space operators x̂ and p̂ are Hermitian, Fock operators
a,a† are decidedly non-Hermitian.

We 昀椀rst show how our hybrid qumode-qubit architecture allows for the synthesis of anti-
commutators of Hermitian operators and, by proxy, matrix products of phase-space operators.
We then use similar techniques with non-Hermitian operators such as Fock-space operators to
manipulate block encodings of matrices. Finally, we contextualize these methods with asymp-
totic error bounds, providing theoretical analyses of our proposed techniques.

3.1. Intuition of polynomial building via anticommutators in phase space

Our qumode-qubit architecture uses BCH to natively implement anticommutator-like expo-
nentials by exploiting the qubit’s Hilbert space. In conjunction with Trotter, these anticom-
mutators are used to build larger block encodings; we generate nontrivial transformations like
beamsplitters and the Hong-Ou-Mandel effect in section 4.

To begin, we recall the qumode-qubit commutators

[x̂, p̂] =
i
2

σi = ϵijk
i
2

[
σj,σk

]
, (16)

where ϵijk is the Levi–Civita symbol, and i, j,k ∈ {x,y,z}. We use these relations, as well as the
Pauli product identity

σi = ϵijkiσ
jσk (17)

to decompose the anticommutator σi {A,B} in terms of a qumode-qubit commutator
[
iσjA, iσkB

]
=−σjσkAB+σkσjBA

= iϵijkσ
iAB− iσiBA

= iϵijkσ
i {A,B} . (18)

Note this assumes A,B ∈HΛ+1 are Hermitian so that exp[iσjA] is unitary and commutes with
σi, as is the case when A,B are mode-only operators. Thus, by using a hybrid qubit-cavity
operation of the form exp iAσj,exp iBσk, the BCH formula can convert commutators into
anticommutators.

9
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Finally, because 1
2 [A,B] +

1
2{A,B}= AB, we use the Trotter formula to produce

Trotter

(
1
2
σi [A,B] ,

1
2
σi {A,B}

)
≈ exp

(
σiAB

)
, (19)

assuming we may implement exp
(
1
2σ

i [A,B]
)
via a traditional BCH formula.

3.2. Polynomial building non-Hermitian block encodings in Fock space

In this section, we show how to achieve Aq for an arbitrary qumode operator A. We also show
that our techniques work in a multi-qumode setting. This extends the prior techniques, which
require A to be Hermitian. When A is a Fock space operator, this corresponds to realizing
arbitrary powers of a and a†, which is known to generate a universal set of operations on the
qumode. This is useful for the simulation of nonlinear materials, which naturally lead to terms
that are polynomial in a,a†, as well as QSP [27].

Our method again uses the qubit coupling to induce a phase in the compound qumode-
qubit system, similar to the previous section. We begin with block encodings as described in
equation (11). To manipulate the block encodings, we begin by recognizing that qubit-only
operations can modify the exponential via ‘conjugation,’ i.e.

UeAU† = eUAU
†

. (20)

Thus, given any block encoding, we can also create the auxiliaries

X · exp(itBA) ·X= exp

(
itX ·

[
0 A
A† 0

]
·X
)
= exp it

[
0 A†

A 0

]
= exp(itBA†) , (21)

S · exp(itBA) · S† = exp

(
itS ·

[
0 A
A† 0

]
· S†
)
= exp it

[
0 −iA
iA† 0

]
= exp(itB−iA) , (22)

recalling that S is a qubit phase gate. Applying BCH yields the commutators

[X · itBA ·X, itBA] =−t2
([(

A†)2 0
0 A2

]
−
[
A2 0

0
(
A†)2

])

= t2σz
(
A2 −

(
A†)2) , (23)

[
S · itBA · S†,X · itBA ·X

]
=−t2

([−iA2 0

0 i
(
A†)2

]
−
[
i
(
A†)2 0
0 −iA2

])

= i t2σz
(
A2 +

(
A†)2) . (24)

These commutators themselves can be conjugated. Recall that HZH= X and SHZHS† = Y

SH · [itBA† , itBA] ·HS† = t2σy
(
A2 −

(
A†)2) , (25)

H · [itB−iA, itBA† ] ·H= i t2σx
(
A2 +

(
A†)2) , (26)

so that

i t2σx
(
A+

(
A†)2)+ t2σy

(
A2 −

(
A†)2)= 2it2

[
0

(
A†)2

A2 0

]
. (27)

10
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Thus, using only BA(t) gates, we can approximate BA2 .
We now lift this procedure to produce exp itBAB given exp itBA,exp itBB for commuting

A,B ∈HΛ+1. Observe the following commutators (whose exponentials we can implement via
BCH)

[iτBB† , iτBA] = τ 2

[
AB− (AB)† 0

0 (BA)† −BA

]
, (28)

[iτB−iA, iτBB† ] = iτ 2
[
AB+(AB)† 0

0 −BA− (BA)†

]
. (29)

Provided that [A,B] = 0 and via conjugation, the equality simpli昀椀es to

SH · [itBB† , itBA] ·HS† = τ 2σy
(
AB− (AB)†

)
, (30)

H · [itB−iA, itBB† ] ·H= iτ 2σx
(
AB+(AB)†

)
. (31)

Via Trotter, we can directly implement the sum:

τ 2
(
AB− (AB)†

)
σy+ iτ 2σx

(
AB+(AB)†

)
= 2iτ 2

[
0 (AB)†

AB 0

]
. (32)

We select τ =
√

t
2 to obtain the desired time and conjugate by σx to produce the desiredmatrix.

This procedure is described in algorithm 1 and thus allows us to approximate exp i tBAB. This
process can be repeated iteratively, assuming AB commutes with B; for example, if A= B= a,
then this process can be used to produce higher powers ak,(a†)k.

Our formulas require [A,B] = 0 to build higher order polynomials. This requirement is tol-
erable, as we still may achieve a broad class of transformations, including homogeneous poly-
nomials of a or a†. Our formulas can also be extended to more general cases where the operat-
ors commute, e.g. when the synthesized unitary operates on two different qumodes, as in the
conditional beamsplitter (a gate that acts as a beamsplitter controlled on an ancillary qubit).

Algorithm 1 is an extension of the prior commutator approaches in phase space because the
σi =− i

2 [σ
j,σk] relation is natively expressed in the algorithm; i.e. if we haveBA = BB = Bx̂ =

exp itx̂σx, the ‘Left’ term vanishes and the‘Right’ term is the commutator we would apply.
Finally, in algorithm 2, we demonstrate how to implement AB if AB= (AB)†. This process

places AB in the upper left block, which is useful to exactly execute exp itAB by preparing the
qubit state to |0⟩, but it prevents the process from being executed recursively. Simplifying the
commutator from equation (29) 昀椀nds

[iτB−iA, iτBB† ] = iτ 2
[
2AB 0
0 −BA− (BA)†

]
. (33)

3.3. Error analysis

The prior description of our algorithm assumes errorless product formulas. However, the BCH
and Trotter formulas introduce errors which must be accounted for, especially when applying
our algorithm recursively. In this section, we cite the error scaling of the general addition
algorithm described in algorithm 1 and the multiplication algorithm described in algorithm 2.
The proofs and full results are included in appendix B.

11
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Algorithm 1. ADD(BA(t),BB(t),pl,pr, t).

Input: [A,B] = 0,

∥

∥

∥

∥

BA− exp it

[

0 A
A† 0

]∥

∥

∥

∥

∈ O((cAt)pA),

∥

∥

∥

∥

BB− exp it

[

0 B
B† 0

]∥

∥

∥

∥

∈ O((cBt)pB),

pA,pB ⩾ 1, t> 0

Output: BAB where

∥

∥

∥

∥

BAB(t)− exp it

[

0 AB
(AB)† 0

]∥

∥

∥

∥

∈ O((Ct)min(pA,pB)/2) for constant C

q :=max(⌈ 1
2 (min(pl,pr)− 1)⌉,1)

s :=max(⌈ 1
2 (min(pl,pr)− 1)⌉,1)

τ :=
√

t/2
Left := BCHq,1(X · iτBB ·X, iτBA)

Right := BCHq,1(S · iτBA · S†,X · iτBB ·X)
Left’ := SH ·Left ·HS†

Right’ := H ·Right ·H
return X ·Trotters(Left’,Right’) ·X

Algorithm 2.MULT(BA(t),BB(t),pl,pr, t).

Input: AB= (AB)†, pl,pr ⩾ 1, t> 0

Output: An upper-left block encodingMAB where

∥

∥

∥

∥

MAB(t)− exp it

[

AB 0
0 1

2 (−BA− (BA)†)

]∥

∥

∥

∥

∈

O((C2t)min(pA,pB)/2) for constant C
q :=max(⌈ 1

2 (min(pl,pr)− 1)⌉,1)
τ :=

√

t/2
return BCHq(S · iτBA · S†,X · iτBB ·X)

Theorem 3.1. Suppose we have approximations B̃A(t), B̃B(t) with the error scaling
∥∥∥exp itB̃A− exp itBA

∥∥∥ ∈ O
(
(ct)pA

)
, (34)

∥∥∥exp itB̃B− exp itBB
∥∥∥ ∈ O

(
(ct)pB

)
, (35)

for some constant c and order pA,pB ⩾ 1where [A,B] = 0. Then, the application of algorithm 1
will yield the scaling

∥∥∥ADD
(
itB̃A, itB̃B

)
− exp itBAB

∥∥∥ ∈ O
(
(CTOTALt)

min(pA,pB)/2
)
, (36)

with CTOTAL =max(∥AB∥ ,∥BA∥ ,C2
BCH) and CBCH =max(∥A∥ ,∥B∥ ,c), using no more than

1.07 · 30q exponentials, where q=max(⌈min(p1,p2)−1
2 ⌉,1).

Theorem 3.2. Suppose we have approximate block encodings B̃A, B̃B with the error
∥∥∥∥exp itB̃A− exp it

[
0 A
A† 0

]∥∥∥∥ ∈ O
(
(ct)pA

)
, (37)

∥∥∥∥exp itB̃B− exp it

[
0 B
B† 0

]∥∥∥∥ ∈ O
(
(ct)pB

)
, (38)

12



J. Phys. A: Math. Theor. 58 (2025) 175301 C Kang et al

for constant c and pA,pB ⩾ 1 where AB= (AB)†. Then, algorithm 2 has the error

∥∥∥∥∥MULT
(
itB̃A, itB̃B

)
− exp it

[
AB 0

0 1
2

(
−BA− (BA)†

)
]∥∥∥∥∥ ∈ O

((
C2t
)min(pA,pB)/2

)
, (39)

with C=max(∥A∥ ,∥B∥ ,c), using no more than 8 · 6q−1 exponentials where q=
max(⌈min(pA,pB)−1

2 ⌉,1).
While the asymptotic error analysis suggests that the cost of this method is onerous, we note

that the product formulas often have overly pessimistic error scaling and operation counts [37].
In the applications below, we provide numerical simulations which suggest our technique is
more readily implementable than theory suggests.

4. Applications

In this section, we show how our technique is a powerful tool for analytically realizing desired
operations. This technique succeeds both for Hamiltonian simulation problems and general
control problems. In particular, we show how the aforementioned physical intuition for a
desired transformation is often suf昀椀cient to produce an approach to create desired operations.

We include applications in both phase and Fock space:

1. Phase-space techniques are demonstrated to be useful in the case where displacements
(e(αa

†+α∗a) = eiαx̂ for ³ real or eαp̂ for ³ imaginary) are the only experimentally avail-
able gates. We produce the controlled parity operator eitσ

za†a (section 4.2); the beamsplitter
e−itσz(a†b+ab†) (section 4.4); gates for two encodings of universal control of the restricted
span{|0⟩ , |1⟩} Hilbert space (appendix E); and gates for simulation of Fermi-Hubbard lat-
tice dynamics using the two lowest Fock states of the cavity (appendix F), including same-
site, hopping, controlled-beamsplitter (appendix C.2), and FSWAP gates.

2. Fock space techniques are shown to be useful assuming compilation to S1 (de昀椀nition 2.1)
and single-qubit operations to produce polynomials of annihilation and creation operators,
(namely apa†

q
for integer p,q). We demonstrate how polynomials of these operators can be

used in Hamiltonian simulation (e.g. with χ(3) nonlinear materials, appendix D.2) and state
preparation (appendix D.3).

4.1. Nonlinear Hamiltonian simulation

As a simple application, let us consider the case of simulating a χ(3) nonlinear material. These
interactions commonly occur in nonlinear optics and appear when the index of refraction for
a material varies linearly with the intensity of the electromagnetic 昀椀eld. Such interactions can
be modeled for a single qumode using the expression

H= ωa†a+
κ

2

(
a†
)2
a2. (40)

Our goal here is to examine the cost of a simulation of such a Hamiltonian in our model for
time t and error tolerance ϵ and to determine the parameter regimes within which a hybrid
simulation using our techniques could provide an advantage with respect to a conventional
qubit-based simulation of the Hamiltonian.

13
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Each of the terms can be approximated using formulas from table 1. The ωa†a term requires
an embedding of Hermitian a†a, so that

BCH
(
S · iτ1Ba† · S†,X · iτ1Ba ·X

)
= 2iτ 21

[
a†a 0
0 −aa†

]
. (41)

The second order term is treated in the sameway, noting thatB(a†)2 can be produced via table 1,
so that

BCH
(
S · iτ1B(a†)2 · S†,X · iτ1Ba2 ·X

)
= 2iτ 22

[(
a†
)2
a2 0

0 −a2
(
a†
)2

]
. (42)

Thus, via the BCH formula, we can block-encode the two Hamiltonian terms. Trotterizing
allows us to block-encode the entire Hamiltonian into the upper-left quadrant. Thus, by setting
the qubit to |0⟩, we can approximate the Hamiltonian. The error scaling is as follows and is
proven in appendix D.2:

Theorem D.4 (Generating non-linear Hamiltonians). Let H be the following non-linear
Hamiltonian:

H= ωa†a+
κ

2

(
a†
)2
a2, (151)

(i.e. a Hamiltonian with a Kerr non-linearity). Let t be the evolution time and ϵ be the target
error tolerance. For any positive integer q we can approximate an exponential of the block-
encoded Hamiltonian with error at most ϵ in the operator norm using reO(q) S1 operations

where r ∈ Ω

(
(Λ4t)1+1/(q− 3

4 )

ϵ1/(q−
3
4 )

)
.

This shows that we can perform a simulation of the dynamics within error ϵ using a number
of operations within our instruction set that scales near-linearly with the evolution time and
subpolynomially with ϵ. Further, this approach requires no ancillary memory and can be done
with a single qumode and a qubit. In contrast, a qubit-only device would require a polylogar-
ithmic number of qubits in Λ.

It is worth noting that in this case the ancillary qubit is not being used directly in the model.
Instead it is being used to control the dynamics and generate the appropriate nonlinear inter-
action between the photons present in the model.

4.2. Nondestructive measurement of the qumode

We now demonstrate how the approach can extend beyond problems in Hamiltonian simula-
tion. We begin with an example of the technique for control: In particular, we seek to perform
a nondestructive measurement of the qumode in which we project the information into the
qubit [11, 38].

To construct such a nondestructivemeasurement, we seek to implement eitn̂σ
z
where n̂= a†a

is the number operator. If we could implement this gate for arbitrary t, we could perform phase
estimation on the qubit to nondestructively project the qumode into a 昀椀xed number of bosons.
This could be done by setting t suf昀椀ciently small so that tΛ⩽ 2π is calculable with phase
estimation. Alternatively, for t= π, this operation checks the parity of the qumode and applies
an RZ gate for odd parities. We employ the instruction set in the phase-space representation
to synthesize the in昀椀nitesimal conditional rotation gate

Urot,k = eiλ
2n̂σk

(43)

14
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for k= x,y,z. We rewrite n̂ in terms of the phase-space operators by recognizing:

n̂= â†â (44)

= x̂2 + p̂2 − 1
2
. (45)

Applying equations (3), (4), and (45) yields

iλ2n̂σk = i

(
x̂2 + p̂2 − 1

2

)
σkλ2, (46)

such that the gate is expressed via the Trotter decomposition as the product of exp([A1,B1]) =
exp
(
iλ2x̂2σk

)
, exp([A2,B2]) = exp

(
iλ2p̂2σk

)
, and conditional displacement exp

(
−iλ2σk/2

)
.

Given the Pauli commutator relation, the 昀椀rst commutator is

[A1,B1] = ix̂2σk (47)

= ix̂2
(
− i
2

[
σi,σj

])
(48)

=

[
1√
2
x̂σi,

1√
2
x̂σj
]
, (49)

and the second commutator is

[A2,B2] = ip̂2σk (50)

= ip̂2
(
− i
2

[
σi,σj

])
(51)

=

[
1√
2
p̂σi,

1√
2
p̂σj
]
, (52)

such that both terms are amenable to BCH decomposition, and the in昀椀nitesimal conditional
rotation is composed with a gate-depth lower bound of nine. To perform an error analysis, we
may directly apply the error scaling of BCH and Trotter to 昀椀nd:

TheoremC.1. Suppose we can implement eit̂xσ
i
,eitp̂σ

i
without error. Then, wemay approximate

exp itBx̂2+p̂2 with arbitrary error scaling p as
∥∥∥exp itB̃x̂2+p̂2 − exp itBx̂2+p̂2

∥∥∥ ∈ O
(
(Ct)p+1/2

)
, (109)

where C=max(
∥∥x̂2 + p̂2

∥∥ ,∥x̂∥2 ,∥p̂∥2) and using no more than 4 · 5 p
2− 1

4 exponentials.

We then provide numerics in 昀椀gure 3. As expected, the wavefunction initialized in the
second excited state of the cavity and the ground state of the associated qubit has an autocor-
relation function that oscillates with phase exp(2it). Dynamics are well reproduced with 2000
time steps for a 昀椀nal time of 20with cutoffΛ = 14. Note the units are arbitrary in the absence of
de昀椀nition of the cavity frequency ω, with the only units de昀椀ned by setting the reduced Planck
constant to unity ℏ= 1arbitrary units. The close agreement between the BCH-synthesized and
exact gates is supported by the error scaling after a single gate application computed for time
step t, which features a power law scaling in agreement with the predicted error scaling for
both BCH and Trotter decompositions.
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Figure 3. The above plots characterize the performance of using phase-space operators
to synthesizeUrot,k = ein̂σ

zt. (a) The BCH-synthesized conditional rotation gate success-
fully approximates the exact dynamics for a wavefunction initialized in the ground state
of the qubit and the second excited state of the cavity. (b) Error of the real part of the
autocorrelation function Re(⟨ψ(0)|ψ(t)⟩) for the BCH-synthesized gate after a single
time step of length t= 0.01.

We can obtain a similar decomposition with Fock-space operators. Observe that the MULT
subroutine applied to the exp itBa, exp itBa† using theorem 3.2 can also yield

∥∥∥∥MULT(itBa, itBa†)− exp i t

[
a†a 0
0 −aa†

]∥∥∥∥ ∈ O
((
C2t
)p+1/2

)
, (53)

when Ba’s implementation is error-free. Note that aa† = a†a+ 1, so the block encoding that
is actually applied is

exp i t

([
a†a 0
0 −a†a

]
+

[
0 0
0 −1

])
= exp it(σzn̂− (1−σz)1Λ+1) . (54)

Thus, our Fock-space methods would also achieve the same transformation, albeit requiring a
phase and RZ correction.

4.3. State preparation from the vacuum

Consider the case where we seek to prepare Fock state |k⟩b on the qumode. On qubit devices,
preparing integer states is trivial, assuming the qubits represent logic in a binary fashion.
However, hybrid boson-qubit devices natively implement exponentials of the phase-space or
Fock-space operators. Thus, preparing |k⟩b directly can often be challenging. Existing work
[39] enables the preparation of states, but are less granular in their control of the qumode-
qubit state. We present a method that only swaps the |1⟩|0⟩ ↔ |0⟩|k⟩ states for integer k, oth-
erwise leaving the initial state intact.

To begin, we aim to implement (a†)k on the vacuum. It is suf昀椀cient to approximate

Tk (t) := exp i t

[
0

(
a†
)k

ak 0

]
, (55)
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which we call the ‘unprotected’ state preparation operator. Selecting appropriate t yields pre-
cisely the desired behavior, which gives the following result:

Theorem D.5 (Unprotected state preparation). For k⩽ Λ, we can take t= (2n+ 1) π
2
√
k!
for

any n ∈ N so that

Tk (t) |1⟩⊗ |0⟩= |0⟩⊗ |k⟩.

While Tk(t) performs the desired transformation, it may incur unwanted side effects if the
starting state is of the form |1⟩⊗ |b⟩ for b> 0. We can use our same approach to produce the
following operation:

Theorem D.6. Consider the Fock preparation unitary Pk with the form

exp

(
i t

[
0

(
a†
)k |0⟩⟨0|

|0⟩⟨0|(a)k 0

])
.

When t= (2n+ 1) π
4
√
k!
, we have that Pk performs our desired state preparation

exp

(
i t

[
0

(
a†
)k |0⟩⟨0|

|0⟩⟨0|(a)k 0

])
|1⟩⊗ |b⟩=

{
|0⟩⊗ |k⟩ b= 0

|1⟩⊗ |b⟩ b ̸= 0
.

We claim that we can approximate this unitary with P̃k,p where

∥∥∥P̃k,p−Pk

∥∥∥ ∈ O
((

Λk/2t
)p)

,

using no more than 4 · 5q−1 T̃k,p subroutines.
The proofs of theorems D.5 and D.6 are provided in appendix D.3. Though this sub-

routine appears expensive, numerical results suggest it is far more implementable than the-
ory would suggest. In the following simulations, we apply the above technique but always
use a second-order symmetrized BCH formula and second-order (symmetrized) Trotter for-
mula. This amounts to 480 exponentials for the unprotected case and 960 exponentials for the
protected case. The synthesized gates are provided in 昀椀gures 4 and 5.

As can be seen in 昀椀gure 6, the protected gate has higher compilation errors than the unpro-
tected gate. This is likely due to the fact that the protected formula requires an additional
application of the Trotter product formula. This will further incur commutator error over the
unprotected gate.

We also analyze the error scaling as the order of the BCH formulas used increases. Figure 7
describes the error-resource tradeoff as the Trotter step within each BCH formula increases.
Observe that the error decays as higher order formulas are used or Trotter step size is reduced,
as expected. While modest depths have relatively high in昀椀delity, in theory our compilations
can achieve arbitrary accuracy at the level of both entire gates and matrix individual elements.

4.4. Hong-Ou-Mandel effect/conditional (controlled-phase) beam splitter gate

The operations we seek to realize need not act on a single qumode; in fact, our techniques
are extensible to hybrid setups with multiple qumodes or qubits. Consider the conditional
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Figure 4. Unprotected T2 Gate: plots visualize the unitary’s elements. Brighter colors
represent higher absolute values / magnitudes of the matrix entries. Left is the exact form
of the T2 gate with selected t and right is the BCH-synthesized form. The state |j⟩q|k⟩m
has index j ·Λ+ k where Λ is the cutoff. By observation, the analytically realized form
is accurate.

Figure 5. Protected T2 Gate: left is the exact form of the protected T2 gate with selected
t and right is the BCH-synthesized form. The state |j⟩q|k⟩m has index j ·Λ+ k where Λ
is the cutoff. By observation, the analytically realized form is still accurate, albeit with
more incurred Trotter error.

(controlled-phase) beam splitter

Ubeam split = e−iλ2(â†1 â2+â1â
†
2 )σ

z

. (56)

This gate naturally pertains to certain lattice gauge theories [14] and gives rise to exponential
SWAP (eSWAP) [40] and controlled-SWAP (cSWAP) gates for state puri昀椀cation and SWAP
tests, when paired with an ordinary (uncontrolled) beam splitter [41]. The argument in phase-
space representation is

−iλ2
(
â†1â2 + â1â

†
2

)
σz =−2iλ2 (x̂1x̂2 + p̂1p̂2)σ

z, (57)
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Figure 6. Absolute element-wise error when compiling T2 gate via scheme: left is when
the compilation target is the unprotected gate, while right is when the target is the pro-
tected gate. The protected gate has higher synthesis errors.

Figure 7. Error scaling of protected T2 gate with respect to BCH circuit depth according
to (a) the state-昀椀delity metric and (b) the trace norm. Prime denotes that the formula has
been symmetrized.

such that the gate is decomposed in terms of a Trotter expansion as the product of two exponen-
tial terms exp

(
[A1,B1]λ

2
)
= exp

(
−2iλ2x̂1x̂2σz

)
and exp

(
[A2,B2]λ

2
)
= exp

(
−2iλ2x̂1x̂2σz

)
.

According to the Pauli commutation relation, the 昀椀rst commutator is

[A1,B1] =−2ix̂1x̂2σ
z (58)

=−2ix̂1x̂2

(
− i
2
[σx,σy]

)
(59)

= [ix̂1σ
x, ix̂2σ

y] , (60)

and the second is

[A2,B2] = [ip̂1σ
x, ip̂2σ

y] , (61)

with the following error scaling:

Theorem C.2. Assume we may implement ei t̂xmσ
j
,ei tp̂mσ

j
for m ∈ {1,2}; i.e. we may implement

the qubit-conditional position shifts and momentum boosts on either qumode without error.
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Figure 8. Hong-Ou-Mandel effect simulated with (a) exact and (b) BCH-synthesized
conditional beam splitters, illustrated as probability cavity 1 is found in states |0⟩, |1⟩,
or |2⟩. Observe that the probabilities of |0⟩, |2⟩ coincide; (c) probability of leakage into
higher cavity modes; and (d) error of the real part of the autocorrelation after a single
application of a BCH-synthesized gate for time step t relative to the application of the
exact gate for the same time step.

Then, we may approximate Bx̂1 x̂2+p̂1p̂2 with arbitrary error scaling p as
∥∥∥exp itB̃x̂1 x̂2+p̂1p̂2 − exp itBx̂1 x̂2+p̂1p̂2

∥∥∥ ∈ O
(
(Ct)p+

1
2

)
,

where C=max(∥x̂1x̂2 + p̂1p̂2∥ ,∥x̂1∥2 ,∥x̂2∥2 ,∥p̂1∥2 ,∥p̂1∥2) and using no more than 4 · 5 p
2− 1

4

exponentials.

The two exponential terms are decomposed via the BCH formula for a lower-bound gate
depth of eight. Results are shown in 昀椀gure 8 for 15 states per cavity with a shared qubit over a
昀椀nal time of π/2with 200 equal time steps, where the system is initially in the 昀椀rst excited state
of each cavity and the ground state of the shared qubit |11g⟩. As expected for the conditional
beam splitter, the gate exhibits the Hong-Ou-Mandel effect, in which the occupation of cavity
1 oscillates between the 昀椀rst excited mode and a superposition of the ground and the second
excited states of the cavity. The BCH-synthesized results closely agree with that of the original
gate, with no visible leakage beyond the physical states (the lowest three states of the cavity)
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into the working space under the time duration studied. As for the conditional rotation gate,
the relative error of the BCH-synthesized gate computed for a single time step of length t was
found to scale according to a power law with the time step, in accordance with the analytic
result for Trotterization and BCH decomposition.

5. Discussion

Our main contribution in this paper is a systematic approach to synthesizing unitary dynam-
ics on a hybrid quantum computer that has access to both qubit and qumode operations. Such
gate sets naturally model systems such as cavity quantum electrodynamics systems and ion
trap-based quantum computers. Our main innovation here is the development of high-order
analytic formulas that can be used to place bounds on the complexity of implementing arbit-
rary unitary operations on such a hybrid device. Speci昀椀cally, we see that these methods are
capable of achieving subpolynomial scaling with the inverse error tolerance (1/ϵ) and allow us
to implement arbitrary nonlinearities in the 昀椀eld operators in the generator of the unitary that
we wish to implement at low cost asymptotically. In particular, we focus on using a construct
known as a block-encoded creation operator as our fundamental construct and show numeric-
ally highly accurate approximations to the exponential of a block encoding of the square of the
creation operator. Further, we study the Hong-Ou-Mandel effect and observe that the synthes-
ized operations used in our construction can have negligible error with respect to our target
precision. Beyond compilation, our work thereby provides intuition when compiling a variety
of gates. For example, our methods give mathematical understanding for the recent successes
of echoed conditional displacement (ECD) gate sets for quantum computing [25].

While this work enables better analytic control of qubit-qumode systems, there remain
many open questions. In particular, lowering the resource cost of these compilations, espe-
cially in noisy environments, is key to practical implementations. We note that for both the
Hong-Ou-Mandel effect and the block encoding of (a†)2 that thousands of gate operations are
needed to achieve in昀椀delities of 10−3 or smaller. This makes such sequences impractical for
near-term applications where the gate in昀椀delities are on the order of 1%. Ideally, these ana-
lytic sequences can be used as an initial sequence which can be further optimized via existing
optimal control techniques. This would reduce warmstart challenges and potentially improve
convergence.

Another concern arises from the nature of the qubit system, namely that creating qubit-
qumode interactions requires truncating the qubit system to a two-level system. For example,
transmon qubits are typically truncated to two levels [15, 42, 43]; in reality, these transmons
can experience leakage to higher states, meaning that the qubit may itself exhibit qumode-
like properties when poorly calibrated. While leakage is a practical concern, it can be some-
what avoided via well-de昀椀ned pulse shapingmethods (e.g. DRAG [44] pulses). These methods
allow one to approach the control speed limit set by the anharmonicity of the level structure.

Several avenues of approach exist that could be used to improve upon these results: 昀椀rst,
note that our technique is connected to ideas from QSP [27, 45]. Thus, QSP could be applied
to approximate polynomials of qumode operators; this could potentially improve the scaling
with respect to the error tolerance from the subpolynomial scaling currently demonstrated
to polylogarithmic scaling. Alternatively, our approach could seed gradient-descent optimiz-
ation procedures for control such as GRAPE [19] at the pulse level or numerical optimiza-
tion of parameterized gates at the SNAP [46] or ECD [25] instruction level. These locally
optimized sequences may then prove to be either better, or more understandable, than existing
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gradient-optimized pulse sequences for control of such systems. Designing pulses is, in prac-
tice, sensitive to device properties and noise environments, and presents a rich area for further
research.
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Figure 9. Circuit to approximateS1 with conditional displacement gates on the qumode-
qubit device.

Appendix A. Obtaining S1

We demonstrate how to obtain the S1 operator with the native gates present in the dispers-
ive coupling regime of the Jaynes–Cummings model. Astute readers may recognize the S1

operator as being a Jaynes–Cummings Hamiltonian when rewritten in the form

|0⟩⟨1| ⊗ a† + |1⟩⟨0| ⊗ a. (62)

It is thus unsurprising that we may implement these types of operations on a circuit QED
device that exhibits a similar native Hamiltonian.

The conditional displacement operator with magnitude ³ is written:

Ud (³) = eiσ
z(αa†+α∗a). (63)

For a Fock state |n⟩, a†a|n⟩= n|n⟩; therefore eia†aθa†e−ia†aθ = eiθa†. Taking ³= ³∗, we have

ei(π/2)a
†a · eiσy(α(a†+a)) · e−i(π/2)a†a = exp

(
³

[
0

(
ia† − ia

)
(
−ia† + ia

)
0

])
. (64)

This operation can be built using single-qubit operations on a controlled displacement gate
with additional phase delays on the oscillator. Both are linear optical operations or single-
qubit operations, which we expect to be inexpensive in our computational model.

Next, note that

ei(α(a
†+a))⊗σx

= exp

(
³

[
0 i

(
a† + a

)

i
(
a† + a

)
0

])
. (65)

Thus to O(³2) the block-encoded creation operation can be constructed using single-qubit,
controlled-displacement, and linear-optical operations through

S1 ≈ ei(π/2)a
†aei(α(a

†+a))⊗σy

e−i(π/2)a†aei(α(a
†+a))⊗σx

. (66)

Figure 9 describes the circuit.

Appendix B. Error analysis

To assess the error scaling of our approach, we must consider three sources of error: the under-
lying implementation error from using approximations of BA(t), the error from BCH, and the
error from Trotter. In appendix B.1, we show that the BCH and Trotter formulas can still be
applied on exponentials that have error. Then, we use these formulas in appendix B.2 to pro-
duce the error bounds for addition. Finally, in appendix B.3, we produce the error bounds for
multiplication.
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B.1. Product formulas with implementation error

We begin by formally stating the Trotter and BCH formulas when there is no implementation
error:

Theorem B.1 (BCH Product Formula (Theorem 2 from [36])). Let A and B be bounded
complex-valued matrices and assume without loss of generality t ∈ R

+ is assumed for the
purposes of asymptotic analysis to be in o(1). We then de昀椀ne

BCH1,k
(
At,Btk

)
:= eAteBt

k

e−Ate−Btk . (67)

We further de昀椀ne BCHp,k recursively for p⩾ 2 and odd k⩾ 1:

BCHp+1,k
(
At,Btk

)
:= BCHp,k

(
Aµpt,B(µpt)

k
)
BCHp,k

(
−Aµpt,−B(µpt)k

)
(68)

×BCHp,k

(
A´pt,B(´pt)

k
)−1

BCHp,k

(
−A´pt,−B(´pt)k

)−1
(69)

×BCHp,k

(
Aµpt,B(µpt)

k
)
BCHp,k

(
−Aµpt,−B(µpt)k

)
, (70)

with the constants

´p := (2rp)
1/(k+1)

,µp := (1/4+ rp)
1/(k+1)

,rp :=
2

(k+1)
2p+k+1

4
(
2− 2

k+1
2p+k+1

) . (71)

This recursive formula has the error scaling, where µ =max(∥A∥ ,∥B∥1/k) [36]

BCHp,k
(
At,Btk

)
= e[A,B]t

k+1+O((γt)2p+k) (72)

and uses 8 · 6p−1 exponentials when k= 1 and 4 · 6p−1 exponentials otherwise.

Theorem B.2 (Trotter Formula (Lemma 1 from [34])). Let {Hj : j = 1 . . .m} be a set of M
bounded Hermitian operators acting on a Hilbert space of dimension 2n and assume without
loss of generality that t≥ 0. For H=

∑
Hj, the error in the Trotter-Suzuki formulas of order

k and timestep r obeys the error bound

∥∥∥∥∥∥
exp


−it

m∑

j=1

Hj


−Trotter2k ({Hj} , t/r)r

∥∥∥∥∥∥
⩽ 5

(
2× 5k−1mτ

)2k+1
/r2k, (73)

where τ = ∥H∥ t and

4m5k−1τ/r⩽ 1, (74)

(16/3)
(
2× 5k−1mτ

)2k+1
/r2k ⩽ 1, (75)

using no more than 2m5k−1r exponentials. We de昀椀ne the kth order Trotter formula as

Trotter2k (λ) := [Trotter2k−2 (pkλ)]
2Trotter2k−2 ((1− 4pk)λ) [Trotter2k−2 (pkλ)]

2
,
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where pk = (4− 41/(2k−1))−1 and k> 1. The relation has the base case

Trotter2 (λ) =
m∏

j=1

eHjλ/2
1∏

j′=m

eHj′λ/2.

This implies the following corollary:

Corollary B.1. If r= 1, i.e. there is no time stepping, the Trotter formula exhibits the error
scaling

∥∥∥∥∥∥
exp


−it

m∑

j=1

Hj


−Trotter2k ({Hj} , t)

∥∥∥∥∥∥
∈ O

(
(∥H∥ t)2k+1

)
, (76)

using no more than 2m5k−1 exponentials.

Both of these formulas, however, assume that our implementation of exponentials occurs
without error. However, if we would like to apply our technique recursively, our matrix product
formulas must account for implementation error, i.e. be able to use primitives that themselves
may have error. Thus, we restate both Trotter and BCH when the operators have asymptotic
error:

Lemma B.1 (BCH under implementation error). Suppose there are some ideal operators
U1(t),U2(t) that are exponentials of some anti-Hermitian matrix, i.e.:

U1 (t) = exp tA1, (77)

U2 (t) = exp tA2. (78)

We seek to build exp t2[A1,A2], the exponential of the commutator of the matrices. Also suppose
that may approximate U1(t),U2(t) with Ũ1,p1(t), Ũ2,p2(t) with the error scaling

∥∥∥Ũ1,p1 (t)−U1 (t)
∥∥∥ ∈ O

(
(ct)p1

)
, (79)

∥∥∥Ũ2,p2 (t)−U2 (t)
∥∥∥ ∈ O

(
(ct)p2

)
, (80)

for some p1,p2 ⩾ 1. Call the logarithms of Ũ1,p1 , Ũ2,p2 to be Ã1,p1(t), Ã2,p2(t). Then, apply-

ing a qth-ordered BCH formula, where q=max(⌈min(pl,p2)−1
2 ⌉,1) on the implementable

Ũ1,p1(t), Ũ2,p2(t) can still approximate the commutator exponential by applying theorem B.1:

∥∥exp t2 [A1,A2]−BCHq,r
(
Ã1,p1 (t) , Ã2,p2 (t)

)∥∥ ∈ O
(
(Ct)min(p1,p2)

)
, (81)

where C=max(∥A1∥ ,∥A2∥ ,c). This procedure uses 8 · 6q−1 total exponentials.

Proof. Recognize that wemay decompose the error involved in implementing the commutator
exponential into two sources: the error incurred from the BCH formula intrinsically and the
implementation error from the realizable terms. Thus, by the triangle inequality

∥∥exp t2 [A1,A2]−BCHq
(
Ã1,p1 (t) , Ã2,p2 (t)

)∥∥

⩽
∥∥exp t2 [A1,A2]−BCHq (A1,A2)

∥∥

+
∥∥BCHq (A1,A2)−BCHq

(
Ã1,p1 (t) , Ã2,p2 (t)

)∥∥ . (82)
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We begin with the LHS term. By theorem B.1,

∥∥exp t2 [A1,A2]−BCHq (A1,A2)
∥∥ ∈ O

(
(CBCHt)

2q+1
)
, (83)

where CBCH =max(∥A1∥ ,∥A2∥). For the RHS, recall by Box 4.1 of Nielsen and Chuang [47]
that implementation errors accumulate at most linearly; thus, we can sum over the 8 · 6q−1

operations used by BCH. By symmetry of the BCH formula, we apply the Ũ1,p1(t), Ũ2,p2(t)
exponentials precisely 4 · 6q−1 times. Thus,

∥∥BCHq (A1,A2)−BCHq
(
Ã1,p1 (t) , Ã2,p2 (t)

)∥∥⩽
4·6q−1∑

j=1

O
(
(ct)p1

)
+O

(
(ct)p2

)
(84)

∈ O
(
(ct)min(pl,pr)

)
. (85)

Setting q=max{⌈min(pl,pr)−1
2 ⌉,1} and recalling µ ⩾ 1, we observe

∥∥exp t2 [A1,A2]−BCHq
(
Ã1,p1 (t) , Ã2,p2 (t)

)∥∥ ∈ O
(
(Ct)min(pl,pr)

)
, (86)

as desired.

Lemma B.2 (Trotter under implementation error). Given lemmaB.1’s assumptions, theorem
B.2’s assumptions, and assuming ∥A1 +A2∥⩾ 1, an operator can be constructed by applying
a qth-ordered Trotter formula Trotter2q by setting q=max(⌈min(pl,p2)−1

2 ⌉,1) so that

∥∥exp t(A1 +A2)−Trotterq
(
Ã1,p1 (t) , Ã2,p2 (t)

)∥∥ ∈ O
(
(Ct)min(p1,p2)

)
, (87)

where C=max(∥A1 +A2∥ ,c) and using no more than 4 · 5q−1 operator exponentials.

Proof. Similarly, we may apply the triangle inequality in order to determine a bound by sep-
arating the error accrued into the intrinsic Trotter error and the implementation error

∥∥exp t(A1 +A2)−Trotter2q
(
Ã1,p1 (t) , Ã2,p2 (t)

)∥∥
⩽ ∥exp t(A1 +A2)−Trotter2q (A1,A2)∥
+
∥∥Trotter2q (A1,A2)−Trotter2q

(
Ã1,p1 (t) , Ã2,p2 (t)

)∥∥ . (88)

To analyze the LHS, which represents the Trotter error, corollary B.1 provides a bound

∥exp t(A1 +A2)−Trotter2q (A1,A2)∥ ∈ O
(
(∥A1 +A2∥ t)2q+1

)
. (89)

To analyze the RHS, which represents the implementation error, recall by box 4.1 of Nielsen
and Chuang [47] that the error accrues linearly. Furthermore, the number of operations in
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Trotter is no more than 4 · 5q−1 operations in total. Therefore, we only apply each constituent
operation at most 2 · 5q−1 times. Thus, a loose upper bound can be written as

∥∥Trotter2q (U1 (t) ,U2 (t))−Trotter2q
(
Ã1,p1 (t) , Ã2,p2 (t)

)∥∥⩽
4·5q−1∑

j=1

O
(
(ct)p1

)
+O

(
(ct)p2

)

(90)

∈ O
(
(ct)min(p1,p2)

)
. (91)

It is suf昀椀cient to set q=max(⌈min(p1,p2)−1
2 ⌉,1) so that

∥∥exp t(A1 +A2)−Trotter2q
(
Ã1,p1 (t) , Ã2,p2 (t)

)∥∥ (92)

∈ O
(
(∥A1 +A2∥ t)2q+1

)
+O

(
(ct)min(p1,p2)

)
=O

(
(Ct)min(p1,p2)

)
, (93)

as desired.

B.2. Scaling of the addition algorithm

We apply the above results to produce the error analysis of algorithm 1:

Theorem 3.1. Suppose we have approximations B̃A(t), B̃B(t) with the error scaling
∥∥∥exp itB̃A− exp itBA

∥∥∥ ∈ O
(
(ct)pA

)
,

∥∥∥exp itB̃B− exp itBB
∥∥∥ ∈ O

(
(ct)pB

)
,

for some constant c and order pA,pB ⩾ 1where [A,B] = 0. Then, the application of algorithm 1
will yield the scaling

∥∥∥ADD
(
itB̃A, itB̃B

)
− exp itBAB

∥∥∥ ∈ O
(
(CTOTALt)

min(pA,pB)/2
)
,

with CTOTAL =max(∥AB∥ ,∥BA∥ ,C2
BCH) and CBCH =max(∥A∥ ,∥B∥ ,c), using no more than

1.07 · 30q exponentials, where q=max(⌈min(p1,p2)−1
2 ⌉,1).

Proof. Our proof proceeds by applying the above theorems upon our operations. By setting
q=max(⌈min(p1,p2)−1

2 ⌉,1), lemma B.1 implies that:

∥∥∥BCHq

(
X · B̃B (τ) ·X, B̃A (τ)

)
− expτ 2 [A,B]σz

∥∥∥ ∈ O
(
(CBCHτ)

pBCH
)
, (94)

∥∥∥BCHq

(
S · B̃A (τ) · S†,X · B̃B (τ) ·X

)
− exp iτ 2 {A,B}σz

∥∥∥ ∈ O
(
(CBCHτ)

pBCH
)
, (95)

where CBCH =max(∥A∥ ,∥B∥ ,c) and pBCH =min(pA,pB). We’ll need to set τ =
√

t
2 to

achieve the desired time evolution. Additionally, Pauli conjugation has no impact on the error
scaling. We call these formulas ‘Left’ and ‘Right’

LEFT := SH ·BCHq

(
X · B̃B (τ) ·X, B̃A (τ)

)
·HS†, (96)
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RIGHT := H ·BCHq

(
S · B̃A (τ) · S†,X · B̃B (τ) ·X

)
·H, (97)

where
∥∥∥LEFT− expτ 2σy

(
AB− (AB)†

)∥∥∥ ∈ O
((
C2t
)pBCH/2)

, (98)
∥∥∥RIGHT− exp iτ 2σx

(
AB+(AB)†

)∥∥∥ ∈ O
((
C2t
)pBCH/2)

. (99)

Finally, we use lemma B.2, implying that a Trotter formula with order q has the error scaling
∥∥∥∥Trotters (LEFT,RIGHT)− exp it

[
0 (AB)†

AB 0

]∥∥∥∥ ∈ O
(
(CTOTALt)

pBCH/2
)
, (100)

where

CTOTAL =max

(∥∥∥∥
[
0 (AB)†

AB 0

]∥∥∥∥ ,C
2
BCH

)
=max

(
∥AB∥ ,

∥∥∥(AB)†
∥∥∥ ,C2

BCH

)
. (101)

To bound the number of operations used, we recognize that the Trotter formula requires
at most 4 · 5q−1 commutators, each of which requires 8 · 6q−1 constituent operators. Thus, the
total number of operators required is bounded as

4 · 5q−1 · 8 · 6q−1
⩽ 1.07 · 30q, (102)

This implies the following corollary for the annihilation/creation operators:

Corollary B.2 (Algorithm 1 applied to polynomials of annihilation/creation operators).
Assume we can implement the following kl,krth order approximations of S with error scaling
pl,pr:

∥∥∥S̃kl,pl (t)−Skl (t)
∥∥∥ ∈ O

(
(ct)pl

)
, (103)

∥∥∥S̃kr,pr (t)−Skr (t)
∥∥∥ ∈ O

(
(ct)pr

)
, (104)

with c⩾ Λmax(kl,kr)/2. Then, we can implement higher-order operators with comparable t
scaling

∥∥∥∥S̃kl+kr,min(pl,pr) (t)− exp

(
i t

[
0

(
a†
)kl+kr

akl+kr 0

])∥∥∥∥ ∈ O
((
c2t
)min(pl,pr)/2

)
, (105)

using no more than 1.07 · 30q Skl ,Skr operators.
Proof. To synthesize the block encoding of higher-order annihilation/creation operators, we
directly apply theorem 3.1. We quantify the error by bounding the block-encoding norm. Note
that:

Fact B.1. A kth order block-encoded operator has a bounded norm
∥∥∥∥∥

[
0

(
a†
)k

(a)k 0

]∥∥∥∥∥⩽ Λk/2. (106)
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Thus, the constant CBCH is bounded, as CBCH ⩽max(Λkl/2,Λkr/2,c)⩽max(Λmax(kl,kr)/2,c)
= c by hypothesis. Next, observe that ∥AB∥ ,

∥∥(AB)†
∥∥⩽ Λ(kl+kr)/2. Thus, CTOTAL ⩽

max(Λ(kl+kr)/2,c2) = c2. Therefore, the 昀椀nal error scaling will be upper bounded by
O((c2t)min(pl,pr)/2).

B.3. Scaling of the multiplication algorithm

Algorithm 2’s error scaling follows directly from the BCH formula:

Theorem 3.2. Suppose we have approximate block encodings B̃A, B̃B with the error
∥∥∥∥exp itB̃A− exp it

[
0 A
A† 0

]∥∥∥∥ ∈ O
(
(ct)pA

)
, (37)

∥∥∥∥exp itB̃B− exp it

[
0 B
B† 0

]∥∥∥∥ ∈ O
(
(ct)pB

)
, (38)

for constant c and pA,pB ⩾ 1 where AB= (AB)†. Then, algorithm 2 has the error

∥∥∥∥∥MULT
(
itB̃A, itB̃B

)
− exp it

[
AB 0

0 1
2

(
−BA− (BA)†

)
]∥∥∥∥∥ ∈ O

((
C2t
)min(pA,pB)/2

)
, (39)

with C=max(∥A∥ ,∥B∥ ,c), using no more than 8 · 6q−1 exponentials where q=
max(⌈min(pA,pB)−1

2 ⌉,1).

Proof. We can directly apply lemma B.1 using the B̃A, B̃B operators. When applied, we 昀椀nd
that
∥∥∥∥BCHq

(
S · iτ B̃A (τ) · S†,X · iτ B̃B ·X

)
− exp2iτ 2

[
AB 0
0 −BA− (BA)†

]∥∥∥∥

∈ O
(
(Cτ)min(pA,pB)

)
, (107)

where C=max(∥A∥ ,∥B∥ ,c) and q=max(⌈min(pA,pB)−1
2 ⌉,1). Then, by taking τ =

√
t
2 , we

yield
∥∥∥∥BCHq

(
S · B̃B (τ) · S†, B̃A (τ)

)
− exp i t

[
AB 0
0 −BA

]∥∥∥∥ ∈ O
(
(Cτ)min(pA,pB)

)

=O
((
C2t
)min(pA,pB)/2

)
. (108)

By counting the number of exponentials in the result via lemma B.1, we 昀椀nally 昀椀nd that the
number of exponentials needed is at most 8 · 6q−1.

Appendix C. Phase-Space Applications

In the following section, we derive error bounds for the two phase-space applications
described: the conditional rotation gate and the controlled-phase beam splitter. Note that the
cutoff approach we employ to bound ∥a∥ ,

∥∥a†
∥∥ is more complex for position and momentum

operators.
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To obtain error bounds, we leave all expressions in terms of ∥x̂∥ ,∥p̂∥. We leave a more
concrete bound that can be found by applying a cutoff upon both x̂, p̂ simultaneously to future
work.

C.1. Conditional rotation gate

TheoremC.1. Suppose we can implement eit̂xσ
i
,eitp̂σ

i
without error. Then, wemay approximate

exp itBx̂2+p̂2 with arbitrary error scaling p as
∥∥∥exp itB̃x̂2+p̂2 − exp itBx̂2+p̂2

∥∥∥ ∈ O
(
(Ct)p+1/2

)
, (109)

where C=max(
∥∥x̂2 + p̂2

∥∥ ,∥x̂∥2 ,∥p̂∥2) and using no more than 4 · 5 p
2− 1

4 exponentials.

Proof. Begin by directly applying theorem B.1 to identify the error scaling. This implies that

∥∥BCHp
(
iτ x̂σi, iτ x̂σj

)
− expτ 2x̂2

[
σi,σj

]∥∥ ∈ O
(
(∥x̂∥τ)2p+1

)
, (110)

∥∥BCHp
(
iτ p̂σi, iτ p̂σj

)
− expτ 2p̂2

[
σi,σj

]∥∥ ∈ O
(
(∥p̂∥τ)2p+1

)
. (111)

Without loss of generality, select σi = σy and σj = σz so that [σi,σj] = 2iσx. Then, by selecting

τ =
√

t
2 , the BCH formula is an approximation of exp itBx̂2 . Thus,

∥∥∥exp itB̃x̂2 − exp i tx̂2σx
∥∥∥ ∈ O

((
∥x̂∥2 t

)p+ 1
2

)
. (112)

Similarly, for p̂2,

∥∥∥exp itB̃p̂2 − exp i tp̂2σx
∥∥∥ ∈ O

((
∥p̂∥2 t

)p+ 1
2

)
. (113)

We apply lemma B.2 and observe
∥∥∥Trotterq

(
ĩtBx̂2 , itB̃p̂2

)
− exp i t

(
x̂2 + p̂2

)
σx
∥∥∥ ∈ O

(
(Ct)p+

1
2

)
, (114)

where C=max(
∥∥x̂2 + p̂2

∥∥ ,∥x̂∥2 ,∥p̂∥2) and q= ⌈ p2 − 1
4⌉. This requires no more than 4 · 5q−1

operator exponentials, thus implying

4 · 5q−1
⩽ 4 · 5 p

2− 1
4 . (115)

C.2. Controlled-phase beam splitter gate

Theorem C.2. Assume we may implement ei t̂xmσ
j
,ei tp̂mσ

j
for m ∈ {1,2}; i.e. we may implement

the qubit-conditional position shifts and momentum boosts on either qumode without error.
Then, we may approximate Bx̂1 x̂2+p̂1p̂2 with arbitrary error scaling p as

∥∥∥exp itB̃x̂1 x̂2+p̂1p̂2 − exp itBx̂1 x̂2+p̂1p̂2
∥∥∥ ∈ O

(
(Ct)p+

1
2

)
,

where C=max(∥x̂1x̂2 + p̂1p̂2∥ ,∥x̂1∥2 ,∥x̂2∥2 ,∥p̂1∥2 ,∥p̂1∥2) and using no more than 4 · 5 p
2− 1

4

exponentials.
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Proof. We may take a similar approach as above. Applying theorem B.1 yields

∥∥BCHp
(
iτ x̂1σ

i, iτ x̂2σ
j
)
− expτ 2x̂1x̂2

[
σi,σj

]∥∥ ∈ O
(
(∥x̂∥τ)2p+1

)
, (116)

∥∥BCHp
(
iτ p̂1σ

i, iτ p̂2σ
j
)
− expτ 2p̂1p̂2

[
σi,σj

]∥∥ ∈ O
(
(∥p̂∥τ)2p+1

)
, (117)

where we set ∥x̂∥=max(∥x̂1∥ ,∥x̂2∥) and ∥p̂∥=max(∥p̂1∥ ,∥p̂2∥). We again take τ =
√

t
2 so

that

∥∥∥exp itB̃x̂1 x̂2 − exp i tx̂1x̂2σ
x
∥∥∥ ∈ O

((
∥x̂∥2 t

)p+ 1
2

)
, (118)

∥∥∥exp itB̃p̂1p̂2 − exp i tp̂1p̂2σ
x
∥∥∥ ∈ O

((
∥p̂∥2 t

)p+ 1
2

)
. (119)

Applying lemma B.2 gives
∥∥∥Trotterq

(
B̃x̂1 x̂2 , B̃p̂1p̂2

)
− exp i t(x̂1x̂2 + p̂1p̂2)σ

x
∥∥∥ ∈ O

(
(Ct)p+

1
2

)
, (120)

where C=max(∥x̂1x̂2 + p̂1p̂2∥ ,∥x̂∥2 ,∥p̂∥2) and q= ⌈ p2 − 1
4⌉. This requires no more than 4 ·

5q−1 operator exponentials, thus implying

4 · 5q−1
⩽ 4 · 5 p

2− 1
4 . (121)

Appendix D. Fock-Space Applications

We now introduce a series of techniques that allow us to realize polynomials of Fock-space
operators. We 昀椀rst begin in appendix D.1 by identifying the error scaling of an arbitrary order
Fock-space block encoding, i.e. Bak . In appendix D.2, we show how the techniques can be
used to simulate the Jaynes–Cummings Hamiltonian, which itself is a polynomial of Fock-
space operators. In appendix D.3, we demonstrate how this technique can be extended beyond
simulation into realizing more general operators, such as a unitary for state preparation.

D.1. Realizing block encodings of arbitrary order

We seek to demonstrate the following result:

Theorem D.1. For positive integer k⩾ 1 and timestep t ∈ R, we seek to implement the target
block encoding Tk(t) de昀椀ned as

Tk (t) = exp

(
it

[
0

(
a†
)k

(a)k 0

])
. (122)

For any ϵ> 0 and p> 1 there exists an implementable unitary operation T̃k,p of order p such
that

∥∥∥Tk− T̃k,p
∥∥∥⩽ ϵ, (123)
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Algorithm 3. POWER(k, t,p) .

Input: k= 2ℓ for nonnegative integer ℓ, timestep t> 0, order p> 1

Output: T̃k with

∥∥∥∥T̃k− exp it

[
0 (a†)k

ak 0

]∥∥∥∥ ∈ O((Λk/2t)p)

if k= 1 then
return S1(t)

else
p ′ := 2p
HalfOp := POWER(k/2,

√
t/2,p ′)

return ADD(HalfOp,HalfOp,p ′,p ′,
√
t/2)

end if

and the number of applications of S1(t) needed to implement the operation scales in

r · n1.630np420n2p/26log2 n+1, (124)

where r ∈Θ
(

(Λk/2t)1+1/(p−1)

ϵ1/(p−1)

)
.

Because we can add two lower-order block encodings via algorithm 1, we can exploit a
binary expansion to achieve arbitrary orders (e.g. (a†)9 = (a†)2

3
a†). Thus, our 昀椀rst task is to

demonstrate the implementation of these block encodings with orders that are a power of two.
This is achievable through the recursive POWER algorithm:

This builds to the following result:

Theorem D.2. For any t⩾ 0, p⩾ 1, and 昀椀xed k= 2ℓ for some ℓ⩾ 1 we have that the unitary
implemented by algorithm 3, POWER acting onH2 ⊗HΛ, satis昀椀es

∥∥∥∥∥POWER(k, t,p)− exp

(
i t

[
0

(
a†
)k

(a)k 0

])∥∥∥∥∥ ∈ O
((

Λk/2t
)p)

, (125)

using no more than 6log2 k · 420kp/2 unitary S1 operators.

To bound the error of this algorithm, we begin by identifying the implementation error of
the second-order formula, i.e. S̃2, the 昀椀rst operator with implementation error:

LemmaD.1 (Implementing second-order block encodings). Suppose we can implement the
following operation without error (as de昀椀ned in de昀椀nition 2.1 and subject to a bosonic cutoff)

S1 (t) = exp

(
it

[
0 a†

a 0

])
. (126)

Then, we can approximate S2(t) to the pth order, i.e. implement S̃2 such that

∥∥∥S̃2,p (t)−S2 (t)
∥∥∥ ∈ O

(
(Λt)p+

1
2

)
, (127)

using no more than 6 · 14p S1(t) operations.
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Proof. Note that, if S1(t) is errorless, then we only need to account for error incurred by the
BCH and Trotter formulas. By employing a pth order BCH formula we can produce commut-
ator exponentials with error O((Λ1/2τ)2p+1) by theorem B.1 and fact B.1.

We again set τ =
√

t
2 so that the error scales in at worst O((Λt)p+

1
2 ). Then, we apply a

Trotter formula lemma B.2 of order ⌈ p2⌉ so that
∥∥∥∥∥exp

(
i t

[
0

(
a†
)2

(a)2 0

])
− S̃2 (t)

∥∥∥∥∥ ∈ O
(
(Ct)p+

1
2

)
, (128)

with C⩽max(Λ,Λ2/2) = Λ. Our worst case error scaling is then O((Λt)p+
1
2 ). This requires

no more than 2 · 2 · 5⌈ p
2 ⌉−1 of the commutators, each of which required 8 · 6p−1 昀椀rst order

operations. Thus, the cost scales in no more than

4 · 5p/2 · 8 · 6p−1
⩽ 6 · 14p (129)

total number of S1 operations.

This base case allows us to analyze the performance of algorithm 3:

Proof of theorem D.2. We demonstrate the bounds inductively. The base case (ℓ= 1) holds
via lemma D.1. For the inductive hypothesis, we assume that, for any p ′ ⩾ 1 and k= 2ℓ, we
may implement POWER(k, t,p ′) as

∥∥∥∥∥POWER(k, t,p ′)− exp

(
i t

[
0

(
a†
)k

(a)k 0

])∥∥∥∥∥ ∈ O
((

Λk/2t
)p′)

. (130)

To demonstrate the inductive step, we seek to apply corollary B.2 directly to the implementable
operators from the inductive hypothesis. Thus, we set p ′ = 2p so that
∥∥∥∥∥POWER(2k, t,p)− exp

(
i t

[
0

(
a†
)2k

(a)2k 0

])∥∥∥∥∥ ∈ O
((

Λ2k/2t
)p′/2)

=O
((

Λ2k/2t
)p)

,

(131)

our desired error scaling. By corollary B.2, we require an adder of order max(⌈ p
′−1
2 ⌉,1)⩽ p+

1
2 . Thus, the adder requires 1.07 · 30p+1/2 ⩽ 6 · 30p of the POWER(k, t,p ′) operations, namely

COST(2k,p)⩽ 6 · 30p ·COST(k,2p) (132)

⩽ 6 · 30p · 6 · 302p ·COST(k/2,4p) (133)

⩽

n∏

j=1

6 · 302j−1p ·COST(2k/2n,2np) (134)

⩽ 6ℓ · 30kp ·COST(2,kp) . (135)

Since COST(2,kp)⩽ 6 · 14kp by lemma D.1, the number of S1 operations is upper bounded
by

COST(2k,p)⩽ 6log2 k+1 · 420kp =⇒ COST(k,p)⩽ 6log2 k · 420kp/2. (136)
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Algorithm 4. ARB_POWER(k, t,p, l,r) that produces Tk(t) for any k⩾ 1.

Input: k> 0 and has the binary representation k= knkn−1. . .k1.
if r− l= 0 then
if kr = 1 then

return POWER(H,2r, t,p)
else
return RX(t)⊗ 1

end if
else
return ADD(ARB_POWER(k,

√
t/2,p, l,⌊ r−l

2 ⌋+ l),ARB_POWER(k,
√
t/2,p, l+ ⌊ r−l

2 ⌋+ 1,r)
end if

Together, the POWER and ADD algorithms allow us to approximate arbitrary orders. We
describe a recursive algorithm below to construct any order k⩾ 1:

Theorem D.3. Assuming that the S1 operator can be implemented without error, the
algorithm 4 produces a series of gates {S1(ti(t))} such that

∥∥∥∥∥
∏

i

S1 (ti (t))−Tk (t)
∥∥∥∥∥ ∈ O

((
Λk/2t

)p)
, (137)

where Tk is our target operator and we have order k> 0. The number of S1 gates required is
no more than n1.630np420n

2p/26log2 n+1.

Proof. We demonstrate this constructively on the worst case scenario where k= knkn−1. . .k1
and kn,kn−1. . .,k1 = 1. Without loss of generality, we assume n= 2ℓ for some integer ℓ. This
is because, if n not a power of two, we can simply pad the leading digits with zeros to achieve
a balanced binary tree.

The proof is as follows: We 昀椀rst identify the error scaling necessary for each leaf node of
the binary tree so that the overall formula has our desired order, and we then perform the cost
accounting and estimate the number of S1 operations required.

To achieve an error scaling of O((Λ2n/2t)p), the two terms being ‘added’ below must have
error scaling of order at worst O((Λ2n/4t)2p) by corollary B.2, and so on for each subsequent
layer. Thus, each of the leaf POWER terms must have order at least O((Λ2n/21+log2 n t)2

log2 np) =
O((Λ2n/2nt)np).

Now, we compute the cost incurred by the formula. We begin by counting the number
of times POWER is used, then accounting for the number of S1 required to implement each
POWER. Note that each POWER term will be used proportionally to the number of ADD
operations necessary, so we can compute the cost of implementing each POWER operation
for the ith digit, i.e. the POWER operation has degree j = 2i. We thus bound the number of S1

operations required to implement this npth-ordered operator as

6log2 j · 420j np/2 = 6i · 4202i np/2. (138)

Finally, we seek to bound the number of times each POWER operator is used through the
ADD algorithm. Recall from corollary B.2 that each ADD operation requires at most 1.07 · 30q
of the constituent operators, where q=max(⌈min(pl,pr)−1

2 ⌉,1) and pl,pr are the orders of the
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underlying operators. By assuming symmetry of the Trotter formula for ADD, each addition
requires 1

21.07 · 30q of the underlying operator. Thus, we can obtain a bound on the number of
applications required of each fundamental POWER operator as

log2 n∏

s=1

1
2
1.07 · 302s−1p+1/2

⩽ 3log2 n30np ⩽ n1.630np (139)

because the sth layer of ADD requires constituent operators of order 2sp, so q⩽ 2s−1p+ 1
2 .

Finally, considering the total cost by adding up the cost of the individual POWER operators
multiplied by the number of applications required yields

log2 n∑

i=1

n1.630np · 6i · 4202inp/2 ⩽ n1.630np420n
2p/2

log2 n∑

i=1

6i (140)

⩽ n1.630np420n
2p/26log2 n+1, (141)

as desired.

Now, we seek to 昀椀nalize the number of operations required in terms of ϵ. Recognize that
we may use timeslicing to reduce the error arbitrarily. Note that:

Lemma D.2. Suppose we may implement T̃k,p(t), an approximation of Tk(t) with p> 1 such
that

∥∥∥Tk (t)− T̃k,p (t)
∥∥∥ ∈ O

((
Λk/2t

)p)
. (142)

Then, by timeslicing the approximation, we can produce T̃ r
k,p(t) where

∥∥∥Tk (t)− T̃ r
k,p (t)

∥∥∥⩽ ϵ, (143)

where T̃ r
k (t) requires r ∈Θ

(
(Λk/2t)1+1/(p−1)

ϵ1/(p−1)

)
applications of the T̃k(t) operator.

Proof. We de昀椀ne the timeslicing of T̃k(t) as applying T̃k(t/r) operator r times

T̃ r
k,p (t) = T̃k,p (t/r)r . (144)

To 昀椀nd a Taylor expansion for T̃k,p(t/r)r, note the explicit form for T̃k,p(t)

T̃k,p (t) = eiAkt+∆(t)
(
Λk/2t

)p
, (145)

where ∥∆(t)∥ ∈ O(1). This allows us to express the re昀椀ned operator as

T̃k (t/r)r =
(
eiAkt/r+∆

( t
r

)( tp
rp

))r

(146)

= eiAkt+



r−1∑

j=1

(
eiAkt/r

)j
∆
( t
r

)(
eiAkt/r

)r−1−j



((

Λk/2t
)p

rp

)
+O

((
Λk/2t
r

)p+1
)
.

(147)
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Thus, when we analyze the error,

∥∥Tk (t/r)r− eiAkt
∥∥⩽O

(
r

∥∥∥∥
(
eiAkt/r

)r−1
∥∥∥∥
∥∥∥∆
( t
r

)∥∥∥
((

Λk/2t
)p

rp

))

⊂O
((

Λk/2t
)p

rp−1

)
. (148)

To bound the implementation error by ϵ, i.e. ϵ ∈ O
(

(Λk/2t)p

rp−1

)
, we should select r as

r ∈Θ

((
Λk/2t

)p/(p−1)

ϵ1/(p−1)

)
=Θ

((
Λk/2t

)1+1/(p−1)

ϵ1/(p−1)

)
, (149)

as desired.

Finally, we demonstrate our original theorem statement, which allows us to create a bound
on the number of S1 operations necessary to achieve an arbitrarily ordered operator:

Proof of theorem D.1. By theorem D.3, we can perform a single Trotter step of timestep t
r

using n1.630np420n
2p/26log2 n+1 S1 operations. Thus, the total number of S1 operations required

scales in

r · n1.630np420n2p/26log2 n+1, (150)

where, by lemma D.2, it is suf昀椀cient to set r ∈Θ
(

(Λk/2t)1+1/(p−1)

ϵ1/(p−1)

)
.

D.2. Generation of nonlinear Hamiltonians

Theorem D.4 (Generating non-linear Hamiltonians). Let H be the following non-linear
Hamiltonian:

H= ωa†a+
κ

2

(
a†
)2
a2, (151)

(i.e. a Hamiltonian with a Kerr non-linearity). Let t be the evolution time and ϵ be the target
error tolerance. For any positive integer q we can approximate an exponential of the block-
encoded Hamiltonian with error at most ϵ in the operator norm using reO(q) S1 operations

where r ∈ Ω

(
(Λ4t)1+1/(q− 3

4 )

ϵ1/(q−
3
4 )

)
.

Proof. We 昀椀rst show that the two Hamiltonian terms are implementable separately. Then, via
Trotter, we combine them and perform an error analysis. In particular, we hope to embed the
Hamiltonian such that we approximate the operator

exp it

[
H 0
0 ·

]
, (152)

i.e. where the Hamiltonian is embedded in the upper left hand block. Thus, when applied to a
system with the |0⟩ qubit, this amounts to implementing exp i tH on the mode.
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We begin by embedding the a†a term. Notice that a†a Hermitian; thus, we can apply
algorithm 2 on the a,a† block encodings. By the error analysis in theorem B.1 and the bound
on the norm from fact B.1,

∥∥∥∥MULT(iτBa† , iτBa)− exp2iτ 2
[
a†a 0
0 −aa†

]∥∥∥∥ ∈ O
((

Λ1/2τ
)2q+1

)
. (153)

By setting τ =
√

ωt
2 , we can achieve the a

†a term:

∥∥∥∥∥MULT

(
i

√
ωt
2
Ba† , i

√
ωt
2
Ba
)
− exp i tω

[
a†a 0
0 −aa†

]∥∥∥∥∥ , (154)

requiring 8 · 6q−1 total exp i tBa† operations (which can be reduced to S1 operations via con-
jugation).

We now tackle the second order term. Recall that we can block-encode (a†)2 and (a)2 via
algorithm 3.We then apply algorithm 2 to (a†)2,a2 to yield the desired upper-left block encod-
ing. Namely, we can implement exp i tB(a†)2 with the following error scaling:

∥∥∥exp itB̃(a†)2 − exp iτB(a†)2

∥∥∥ ∈ O
(
(Λτ)

p+ 1
2

)
, (155)

using no more than 6 · 14p S1 operations, we can apply algorithm 2 to 昀椀nd
∥∥∥∥∥MULT

(
iτB(a†)2 , iτB(a)2

)
− exp2iτ 2

[(
a†
)2
(a)2 0

0 (a)2
(
a†
)2

]∥∥∥∥∥ ∈ O
((

Λ2τ
)p+ 1

2

)
,

(156)

by setting ℓ= ⌈ p−
1
2

2 ⌉⩽ p
2 + 1 and thus using 8 · 6ℓ−1 exponentials. When τ =

√
κt
4 ,

∥∥∥∥∥MULT

(
i

√
κt
4
B(a†)2 , i

√
κt
4
B(a)2

)
− exp i t

κ

2

[(
a†
)2
(a)2 0

0 (a)2
(
a†
)2

]∥∥∥∥∥ ∈ O

((
Λ4κt

) p
2
+ 1

4

)
,

(157)

using no more than 8 · 6ℓ−1 · 6 · 14p ⩽ 48 · 6p/2 · 14p ⩽ 48 · 35p total S1 operators. Then, we
may set p= 2q so that, given no more than 48 · 352q total S1 operations, we can implement the
BCH formula with error scaling O((Λ4κt)q+

1
4 ).

Finally, we apply the Trotter formula to the two subterms via lemma B.2. De昀椀ne the approx-
imate matrix exponentials as follows:

FIRST := logMULT

(
i

√
ωt
2
Ba† , i

√
ωt
2
Ba
)

(158)

SECOND := logMULT

(
i

√
κt
4
B(a†)2 , i

√
κt
4
B(a)2

)
, (159)

so that,
∥∥∥∥Trotter2s (FIRST,SECOND)− exp i t

[
H 0
0 ·

]∥∥∥∥ ∈ O
((

Λ4max(ω,κ) t
)q+ 1

4

)
(160)
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where the constant factor can be obtained by observing the Hamiltonian norm is bounded via
the triangle inequality. Now, by setting s= ⌈ 12 (q− 3

4 )⌉⩽
q
2 +

5
8 , we can obtain the desired

error scaling. This formula requires no more than 4 · 5s−1 total operations; by symmetry, we
can assume each of the BCH formulas only must be applied 2 · 5s−1 times. Thus, the total
number of S1 operations is no more than

2 · 5s−1
(
8 · 6q−1 + 48 · 352q

)
⩽ 4 · 5 q

2 · 48 · 352q ⩽ 192 · 2900q. (161)

To produce an ϵ scaling, we apply lemma D.2 to the Trotterized operator, implying that we
require the following r scaling for 昀椀xed q:

r ∈ Ω



(
Λ4t
)1+1/(q− 3

4 )

ϵ1/(q−
3
4 )


 , (162)

where the total number of S1 operations is no more than

r · 192 · 2900q ⊂ reO(q). (163)

D.3. Application to state preparation

We 昀椀rst need to demonstrate the connection between block-encoded powers of annihila-
tion/creation operators and state preparation. First, observe that the ideal block encodingwould
allow for initialization from the vacuum:

Theorem D.5 (Unprotected state preparation). For k⩽ Λ, we can take t= (2n+ 1) π
2
√
k!
for

any n ∈ N so that

Tk (t) |1⟩⊗ |0⟩= |0⟩⊗ |k⟩.

Proof D.3. The proof is algebraic; begin by producing the Taylor series expansion of the
operator:

Tk (t) = exp

(
it

[
0

(
a†
)k

(a)k 0

])
(164)

=
∞∑

j=0

(it)j

j!

[
0

(
a†
)k

(a)k 0

]j
(165)

=
∞∑

j=0

(it)2j

(2j)!

[
0

(
a†
)k

(a)k 0

]2j
+

∞∑

j=0

(it)2j+1

(2j + 1)!

[
0

(
a†
)k

(a)k 0

]2j+1

, (166)

where the matrix products have well-de昀椀ned forms

[
0

(
a†
)k

(a)k 0

]2j
=




((
a†
)k
(a)k

)j
0

0
(
(a)k

(
a†
)k)j


 , (167)
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[
0

(
a†
)k

(a)k 0

]2j+1

=




0
(
a†
)k(

(a)k
(
a†
)k)j

(a)k
((
a†
)k
(a)k

)j
0


 , (168)

so that

exp

(
it

[
0

(
a†
)k

(a)k 0

])
|1⟩⊗ |0⟩ (169)

=
∞∑

j=0

(it)2j

(2j)!

√
k!

2j|1⟩⊗ |0⟩+
∞∑

j=0

(it)2j+1

(2j + 1)!

√
k!

2j+1|0⟩⊗ |k⟩ (170)

= cos
(
t
√
k!
)
|1⟩⊗ |0⟩+ i sin

(
t
√
k!
)
|0⟩⊗ |k⟩. (171)

When t
√
k! = (2n+ 1)π2 for n ∈ N, the |1⟩⊗ |0⟩ term vanishes andwe are left with the |0⟩⊗ |k⟩

Fock state, as desired.

While this result allows us to prepare the |k⟩ Fock state, it also will incur unwanted trans-
formations on starting states other than the vacuum (|1⟩⊗ |n⟩,n ̸= 1). By applying the BCH
formula, we can isolate this operation so that it only operates on the |1⟩⊗ |0⟩ term. In partic-
ular, we argue:

Theorem D.6. Consider the Fock preparation unitary Pk with the form

exp

(
i t

[
0

(
a†
)k |0⟩⟨0|

|0⟩⟨0|(a)k 0

])
.

When t= (2n+ 1) π
4
√
k!
, we have that Pk performs our desired state preparation

exp

(
i t

[
0

(
a†
)k |0⟩⟨0|

|0⟩⟨0|(a)k 0

])
|1⟩⊗ |b⟩=

{
|0⟩⊗ |k⟩ b= 0

|1⟩⊗ |b⟩ b ̸= 0
.

We claim that we can approximate this unitary with P̃k,p where

∥∥∥P̃k,p−Pk

∥∥∥ ∈ O
((

Λk/2t
)p)

,

using no more than 4 · 5q−1 T̃k,p subroutines.
Proof. The general construction of the operator emerges from the use of a Trotter formula in
conjunction with a phase rotation gate. We begin by de昀椀ning the rotation operator:

Definition D.7. Call RZ0 the phase-昀氀ip operator acting on some set of modes B to be

RZ0 := 1⊗ (1− 2|0⟩⟨0|) , (172)

i.e. only 昀氀ip the phase for the vacuum. This operator is implementable using a 0-controlled
cavity-conditioned qubit rotation gate.
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Then, because RZ0 is self-adjoint, we can conjugate Tk(−t) without error as

RZ0Tk (−t)RZ0 = RZ0 exp

(
it ′
[

0
(
a†
)k

(a)k 0

])
RZ0 (173)

= exp

(
−itRZ0

[
0

(
a†
)k

(a)k 0

]
RZ0

)
(174)

= exp

(
it

[
0

(
a†
)k
(2|0⟩⟨0| − 1)

(2|0⟩⟨0| − 1)(a)k 0

])
, (175)

where speci昀椀c left- and right-hand (2|0⟩⟨0| − 1) terms vanish given the annihilation/creation
operators. We then apply the Trotter formula upon Tk(t/2),RZ0Tk(−t/2)RZ0, which yields

exp

(
i t

[
0

(
a†
)k |0⟩⟨0|

|0⟩⟨0|(a)k 0

])
, (176)

as desired.
To compute the error scaling, recall our result from theorem D.3, which states the error

scaling of T̃k,p (and, respectively, RZ0T̃k,pRZ0) is
∥∥∥T̃k,p (t)−Tk (t)

∥∥∥ ∈ O
((

Λk/2t
)p)

, (177)

so that, by lemma B.2,

∥∥∥∥∥Trotter2q
(
T̃k,p (t/2) ,RZ0T̃k,p (−t/2)RZ0

)
− exp

(
i t

[
0

(
a†
)k |0⟩⟨0|

|0⟩⟨0|(a)k 0

])∥∥∥∥∥

∈ O
((

Λk/2t
)p)

, (178)

when q=max(⌈ p−1
2 ⌉,1) and using no more than 4 · 5q−1 operator exponentials. Thus, we can

set q= p+1
2 ⩾max(⌈ p−1

2 ⌉,1) so that we use no more than 4 · 5 p−1
2 ⩽ 2 · 5p/2 T̃k,p terms.

Thus, our approximate operators can be applied to yield the same result with high
probability:

Theorem D.8. We can prepare the |0⟩⊗ |k⟩ with probability at least 1− ¶ using no more than

r ∈Θ
(

(Λk/2t)1+1/(p−1)

(δ/2)1/(p−1)

)
Fk,p operators or at most

r · 2 · 5p/2 · n1.630np420n2p/26log2 n+1 (179)

S1 operators.

Proof. Begin by identifying the ϵ precision necessary to yield a failure probability less than
¶. A suf昀椀cient condition would be that

∣∣∣∣
∥∥∥|0⟩⟨0| ⊗ |k⟩⟨k|P̃k,p|1⟩⊗ |0⟩

∥∥∥
2
−∥|0⟩⟨0| ⊗ |k⟩⟨k|Pk|1⟩⊗ |0⟩∥2

∣∣∣∣⩽ ¶. (180)
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Observe that our idealized operator has a success probability; thus, we seek to demonstrate
that

∣∣∣∣
∥∥∥|0⟩⟨0| ⊗ |k⟩⟨k|P̃k,p|1⟩⊗ |0⟩

∥∥∥
2
− 1

∣∣∣∣⩽ ¶. (181)

Because the probability of measuring |0⟩⊗ |k⟩ lies in [0,1], the above inequality holds when

∥∥∥|0⟩⟨0| ⊗ |k⟩⟨k|P̃k,p|1⟩⊗ |0⟩
∥∥∥
2
⩾ 1− ¶. (182)

We recognize that we can lower bound the norm
∥∥∥|0⟩⟨0| ⊗ |k⟩⟨k|P̃k,p|1⟩⊗ |0⟩

∥∥∥ (183)

=
∥∥∥|0⟩⟨0| ⊗ |k⟩⟨k|

(
Pk−

(
Pk−P̃k,p

))
|1⟩⊗ |0⟩

∥∥∥ (184)

⩾

∣∣∣∥|0⟩⟨0| ⊗ |k⟩⟨k|Fk|1⟩⊗ |0⟩∥−
∥∥∥|0⟩⟨0| ⊗ |k⟩⟨k|

(
Pk−P̃k,p

)
|1⟩⊗ |0⟩

∥∥∥
∣∣∣ (185)

⩾ 1−
∥∥∥Pk−P̃k,p

∥∥∥
∞

(186)

by requiring
∥∥∥Pk−P̃k,p

∥∥∥
∞

⩽ 1. This allows us to produce a lower bound on the original LHS

∥∥∥|0⟩⟨0| ⊗ |k⟩⟨k|P̃k,p|1⟩⊗ |0⟩
∥∥∥
2
⩾ 1− 2

∥∥∥Pk−P̃k,p

∥∥∥
∞
. (187)

Thus, it is suf昀椀cient to hold

1− 2
∥∥∥Pk−P̃k,p

∥∥∥
∞

⩾ 1− ¶ ⇐⇒
∥∥∥Pk−P̃k,p

∥∥∥
∞

⩽
¶

2
. (188)

We apply lemma D.2 to theorem D.6 so that the time-sliced P̃ r
k,p has

∥∥∥P̃ r
k,p−Pk

∥∥∥⩽
¶

2
, (189)

by using r ∈Θ
(

(Λk/2t)1+1/(p−1)

(δ/2)1/(p−1)

)
applications of P̃k,p(t/r). The S1 bound follows from a similar

analysis to theorem D.1 applied to the result from theorem D.6.

Appendix E. Universal control of the span {|0⟩ , |1⟩} fock space

To further demonstrate the ef昀椀cacy of the instruction set, we employ the approach to encode
a qubit in a cavity either via generation of effective Pauli gates or imposition of an effect-
ive Hubbard interaction in the Jaynes–Cumming Hamiltonian. In this sense, the techniques
presented here are analogous to those in [48], in that we use our results to effectively trun-
cate the quantum information to a two-dimensional subspace despite the fact that the natural
dynamics of the systems causes the quantum information to leak from this space into the larger
Hilbert space of the cavity. Error bounds for these complex operations are considered outside
of the scope of the present work and are left for future research.

For universal control in the restricted span{|0⟩ , |1⟩}Hilbert space, we generate three effect-
ive Pauli operators σxeff, σ

y
eff, and σ

z
eff that produce Pauli rotations in the lowest twomodes of the
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cavity, with minimal leakage to higher energy states. The form of the effective Pauli operators
is determined by expressing the standard Pauli operators

σx =

(
0 1
1 0

)
, (190)

σy =

(
0 −i
i 0

)
, (191)

σz =

(
1 0
0 −1

)
, (192)

in terms of creation and annihilation operators truncated to the 昀椀rst two Fock states

â†eff =

(
0 0
1 0

)
, (193)

âeff =

(
0 1
0 0

)
, (194)

n̂eff = â†âeff =

(
0 0
0 1

)
, (195)

which yields

σxeff = â†eff + âeff, (196)

σyeff = i
(
â†eff − âeff

)
, (197)

σzeff = I− 2â†effâeff. (198)

To reduce leakage into higher energy states, we ensure the creation operator â†eff only acts on
the ground state |0⟩ and the annihilation operator âeff only acts on the 昀椀rst excited state |1⟩
with the projector

P̂0 ≈ I− n̂ (199)

=

{
0 n= 1

1 n= 0
, (200)

where n is the number of photons in the cavity and where only the span{|0⟩ , |1⟩} states are
populated. Since the operator is a projector, it obeys the relation

P̂2
0 = P̂0, (201)

such that the effective Pauli gates are

σxeff = â†effP̂0 + P̂0âeff (202)

≈ â† (I− n̂)+ (I− n̂) â, (203)

σyeff = i
(
â†effP̂0 − P̂0âeff

)
(204)

≈ i
(
â† (I− n̂)− (I− n̂) â

)
, (205)

σzeff = I− 2â†effP̂
2
0âeff (206)

≈ I− 2â† (I− n̂) â. (207)
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E.1. Pauli X Gate

Consider the in昀椀nitesimal σx-rotation gate in the span{|0⟩ , |1⟩} Fock space

Uspan{0,1},x = eiλ
2σx

effσ
z

(208)

= eiλ
2(â†(1−n̂)+(1−n̂)â)σz

. (209)

Expression of the exponent in terms of phase-space operators equations (3), (4) and (45) gives

iλ2
(
â† (I− n̂)+ (I− n̂) â

)
σz

= iλ2 (2x̂−{x̂, n̂}+ i [p̂, n̂])σz. (210)

The gate is therefore given by Trotter for each of three terms: exp
([
Â1, B̂1

]
λ2
)
=

exp
(
−iλ2 {x̂, n̂}σz

)
, exp

([
Â2, B̂2

]
λ2
)
= exp

(
−λ2 [p̂, n̂]σz

)
, and exp

(
2iλ2x̂σz

)
.

The terms consisting of exponentials of commutators are decomposed via BCH. The rela-
tionship between the commutator and anticommutator required for the 昀椀rst term is given by
the Pauli anticommutation-commutation relation

−i{x̂, n̂}σz =−i(i [ix̂σx, in̂σy]) (211)

= [ix̂σx, in̂σy] (212)

=
[
Â1, B̂1

]
, (213)

where Â1 corresponds to a position displacement and B̂1 corresponds to the y-conditional rota-
tion gate. The argument of the second term is already in the form of a commutator, such that

[
Â2, B̂2

]
=− [p̂, n̂]σz (214)

= [ip̂, in̂σz] , (215)

where Â2 corresponds to an unconditional momentum boost, and B̂2 corresponds to the z-
conditional rotation gate. Lastly, the third term already belongs to the ISA and needs no further
decomposition.

The in昀椀nitesimal σx-rotation gate in the span{|0⟩ , |1⟩} Fock space is therefore composed
of a product of nine rotation and displacement gates or 21 displacement gates.

E.2. Pauli Y Gate

The in昀椀nitesimal σy-rotation gate in the span{|0⟩ , |1⟩} Fock space is determined analogously

Uspan{0,1},y = eiλ
2σy

effσ
z

(216)

= e−λ2(â†(I−n̂)+(I−n̂)â)σz

. (217)

Expression of the argument of the exponent in terms of phase-space variables equation (4) and
equation (3) yields

−λ2
(
â† (I− n̂)− (I− n̂) â

)
σz

=−λ2 (−2ip̂+ [n̂, x̂] + i{n̂, p̂})σz, (218)
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such that the gate is a Trotter–Suzuki decomposition of exp
([
Â1, B̂1

]
λ2
)
=

exp
(
−λ2 [n,x]σz

)
, exp

([
Â2, B̂2λ

2
])

= exp
(
−iλ2 {p,n}σz

)
, and exp

(
2iλ2pσz

)
.

Again, the 昀椀rst two exponential terms are decomposed via BCH. The 昀椀rst commutator is

[
Â1, B̂1

]
= [n̂, x̂]σz (219)

= [n̂σz, x̂] , (220)

where the exponent of Â1 is a z-conditional rotation gate and the exponent of B̂1 is an uncondi-
tional position displacement. The second commutator is given by the Pauli anticommutation-
commutation relation

i{p,n}σz = i(i [ipσx, inσy]) (221)

= [ipσx, inσy] (222)

=
[
Â2, B̂2

]
, (223)

where the exponent of Â2 corresponds to a conditional momentum shift and the exponent of
B̂2 is a y-conditional rotation gate.

The in昀椀nitesimal σy-rotation gate in the span{|0⟩ , |1⟩} Fock space therefore has a lower
bound gate depth of nine displacement and rotation gates or 21 in displacement gates.

E.3. Pauli Z Gate

The in昀椀nitesimal σz-rotation gate in the span{|0⟩ , |1⟩} Fock space is

Uspan{0,1},z = eiλ
2σz

effσ
z

(224)

= e−λ2(I−2â†(I−n̂)â)σz

, (225)

whose argument in terms of ladder operators is

−λ2
(
I− 2â† (I− n̂) â

)
σz

=−λ2
(
I− 2â†a+ 2â†â†ââ

)
σz, (226)

Given the ladder operator commutator equation (6),

â†â= ââ† − I, (227)

the relationship between the fourth-order ladder operator term and the number operator is

â†â†ââ= â†
(
ââ† − I

)
â (228)

= â†ââ†â− â†â (229)

= n̂2 − n̂. (230)

The argument of the exponential in terms of number operators is then

−λ2
(
I− 2â† (I− n̂) â

)
σz =−λ2

(
I− 4n̂+ 2n̂2

)
σz. (231)
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The argument is further simpli昀椀ed given that the state is restricted to the 昀椀rst two cavity modes,
as for n= 0 and n= 1 the quantity n̂2 − n̂ is zero, such that

−λ2
(
I− 4n̂+ 2n̂2

)
σz

=−λ2 (I− 2n)σz. (232)

The gate is therefore directly synthesized as the product of the qubit rotation gate exp
(
−λ2σz

)

and the z-conditional rotation gate exp
(
2λ2n̂σz

)
for a lower bound gate depth of two.

E.4. Effective Hubbard-lattice interaction approach

An alternative scheme to encode a qubit in a cavity with the instruction set is to map the
qumodes to a qubit by imposing an n̂(n̂− 1) anharmonicity where the Jaynes–Cummings
Hamiltonian that describes the quantum system. This anharmonicity term increases the
energy gap between higher levels of the oscillator to effectively restrict propagation to the
span{|0⟩ , |1⟩} Fock space in which there is universal control.

Consider the standard Jaynes–Cummings Hamiltonian

ĤJC = ωRâ
†â+

ωQ
2
σz+ g

(
âσ+ + â†σ−) , (233)

where ωR is the cavity frequency, ωQ is the qubit frequency, and g is the coupling parameter.
Inclusion of the simulated n̂(n̂− 1) anharmonicity of strength Γ yields

Ĥan = ωRâ
†â+Γn̂(n̂− 1)+

ωQ
2
σz+ g

(
âσ+ + â†σ−) , (234)

and the system is switched between states |0⟩ and |1⟩ with a weak time-t-dependent drive of
strength Ω at the resonance frequency ωR as

Ĥdrive (t) = ΩeiωRtâ† +Ω⋆e−iωRtâ. (235)

Synthesis of a propagator of the form exp
(
iλ2n̂(n̂− 1)

)
is then suf昀椀cient to employ the nat-

ive qumodes as a qubit. Note the choice of λ for practical implementation must take into
account both the time step and the fact BCH yields a square root in the exponential argu-

ment. The required propagator is given by Trotter for exp
([
Â, B̂

]
λ2
)
= exp(iλ2n̂2σz) and

exp(−iλ2n̂σz).
The 昀椀rst term is synthesized according to BCH with a commutator determined by the Pauli

commutation relation equation (16)

[
Â, B̂

]
= in̂2σz (236)

= in̂2
(
− i
2
[σx,σy]

)
(237)

=

[
1√
2
n̂σx,

1√
2
n̂σy
]
, (238)

where Â and B̂ correspond to x-conditional and y-conditional rotations, respectively. The
second term is a z-conditional rotation gate.

The resulting anharmonicity gate therefore has a gate depth of lower bound 昀椀ve displace-
ment and rotation gates or 45 displacement gates.
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Appendix F. Fermi–Hubbard Lattice Dynamics

To further demonstrate the power of our strategy, we employ the approach to simulate fermi-
onic dynamics on qubit-qumode systems. We detail the required operations, with error estim-
ates an area for future work. We consider the Fermi–Hubbard lattice Hamiltonian

ĤFH = T̂FH + V̂FH, (239)

T̂FH =−J
∑

i,σ

ĉ†i,σ ĉi+1,σ + ĉ†i+1,σ ĉi,σ, (240)

V̂FH = U
∑

i

n̂i,↑n̂i,↓. (241)

The kinetic energy term T̂FH describes the nearest-neighbor interaction for hopping of a single
spin between two sites with hopping parameter J and spin σ given annihilation operators {ĉj,σ}
and creation operators

{
ĉ†j,σ

}
for sites {j}. The potential energy term V̂FH describes the same-

site interaction, which gives the energetic unfavorability of a spin up ↑ and spin down ↓ coex-
isting on the same site i, where n̂j,σ gives the number of spin σ particles on site j. According
to fermion statistics, no more than a single particle of a given spin can exist on a single site.

Each individual set of qumodes represents either a spin up or spin down particle on a single
lattice site, for direct comparison to the qubit-based schemes of [49–51]. Each qmode set is
connected to a qumode set that represents the same site of opposite spin to facilitate compu-
tation of the potential energy V̂FH, as well as to qumode sets of the same spin on neighboring
sites to facilitate computation of the kinetic energy T̂FH. Qumode sets are also connected along
Jordan–Wigner strings to take into account fermionic statistics.

The |0⟩ qumode represents absence of a spin and the |1⟩ qumode represents presence of a
spin. Within each cavity, only the qumodes in span{|0⟩, |1⟩} are considered, as in section (E),
which prevents leakage into unphysical high-energy qumodes. At the end of each operation,
the qumode must be in either the |0⟩ or |1⟩ mode and the transmon state must also be in the
ground state |g⟩, which provides an error syndrome and therefore a degree of error detection
not employed in qubit-based representations of the Fermi–Hubbard lattice.

Propagation of any combination of up and down spins is simulated with three gates that
operate on two sets of qumodes. The 昀椀rst two gates—the same-site and hopping gates—are
de昀椀ned as the propagator of the same-site and hopping Hamiltonians, respectively. The same-
site term of the Hamiltonian for site i is

Ĥsame = Un̂i,↑n̂i,↓. (242)

This term is zero if only one spin is on a site and U if both spins are on the same site, which
gives the diagonal Hamiltonian in the reduced 4× 4 Hilbert space

Ĥsame =




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 U


 (243)

and the diagonal propagator Usame = e−iĤsameτ

Usame =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 e−iUτ


 . (244)

46



J. Phys. A: Math. Theor. 58 (2025) 175301 C Kang et al

The diagonal propagator is recognized as both the conditional cross-Kerr interaction and the
controlled-phase (CPHASE) gate in the reduced subspace span{|0⟩ , |1⟩}. The hopping term
of the Hamiltonian for each σ spin in sites i,(i+ 1) is

Hhop =−J
(
ĉ†i,σ ĉi+1,σ + ĉ†i+1,σ ĉi,σ

)
(245)

=−J
(
ĉ†i,σ ĉi+1,σ − ĉi,σ ĉ

†
i+1,σ

)
, (246)

where the latter expression employs the commutator relationship of the annihilation and cre-
ation operators. The hopping Hamiltonian for the speci昀椀ed mapping is then the off-diagonal
matrix

Hhop =




0 0 0 0
0 0 −t 0
0 −t 0 0
0 0 0 0


 , (247)

which gives the hopping propagator Uhop = e−iHhopτ

Uhop =




1 0 0 0
0 cos(tτ) isin(tτ) 0
0 isin(tτ) cos(tτ) 0
0 0 0 1


 , (248)

which is recognized as a conditional controlled-phase beamsplitter restricted to span{|0⟩ , |1⟩},
or equivalently a Givens/iSWAP-like gate in the reduced span{|0⟩ , |1⟩} subspace [50, 51]. The
昀椀nal gate of the three-gate set incorporates the fermionic statistics of the spins via the fermionic
SWAP (FSWAP) gate [49, 51]. The state of each set of qumodes is swapped with one of its
neighbors with inclusion of a phase where both spins are present in neighboring sets as

UFSWAP =




1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −1


 , (249)

which is recognized as the product of a conditional rotation gate and a beam-splitter on 3D
cQED systems.

Finally, initial states are prepared by the universal set of gates in span{|0⟩ , |1⟩} detailed in
section E.

F.1. Conditional cross-Kerr (CPHASE) gate

We consider the in昀椀nitesimal conditional cross-Kerr gate

Ucross-Kerr = eiλ
2n̂1n̂2σz , (250)

which is also employed in Gottesman-Kitaev-Preskill codes encoded in qubit-qumode systems
[52].

The argument is expressed in terms of a commutator according to the Pauli commutation
relation equation (16)

[A,B]λ2 = iλ2n̂1n̂2σz (251)
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= iλ2n̂1n̂2

(
− i
2
[σx,σy]

)
(252)

=

[
1√
2
n̂1σ

x,
1√
2
n̂2σ

y

]
λ2, (253)

where Â corresponds to an x-conditional rotation gate and B corresponds to a y-conditional
rotation gate.

The resulting gate features a lower bound gate depth of four displacement and rotation gates
or 16 displacement gates.

F.2. Span{|0⟩ , |1⟩} conditional beam splitter gate

In order to generate a span{|0⟩ , |1⟩} that operates only when n̂1n̂2 ̸= 1 (i.e. 1− n̂1n̂2 = 0), we
formulate the in昀椀nitesimal conditional (controlled-phase) beam-splitter gate

Ucond. beam = e−iλ2(â†1 â2+â1â
†
2 )(1−n̂1n̂2)σ

z

, (254)

which is decomposed via the Trotter–Suzuki decomposition in terms of exp(−iλ2(â†1â2 +
â1â

†
2)σ

z) and exp(iλ2(â†1â2 + â1â
†
2)(n̂1n̂2)σ

z). The 昀椀rst term is the conditional beam splitter
Ubeam split. Equation (4.4) and the second term is decomposed via BCH as described below.

Given the expression of the number operator in terms of the phase-space operators
equation (45), the argument of the second exponential operator is

iλ2
(
â†1â2 + â1â

†
2

)
n̂1n̂2σ

z

= iλ2 (2(x̂1x̂2 + p̂1p̂2)) n̂1n̂2σ
z. (255)

The term is then expressed as a Trotter decomposition of exp
([
Â1, B̂1

]
λ2
)
=

exp
(
2iλ2x̂1x̂2n̂1n̂2σz

)
and exp

([
Â2, B̂2

]
λ2
)
= exp

(
2iλ2p̂1p̂2n̂1n̂2σz

)
.

The 昀椀rst commutator is given by the Pauli commutation relation equation (16)

[
Â1, B̂1

]
= 2ix̂1x̂2n̂1n̂2σ

z (256)

= 2ix̂1x̂2n̂1n̂2

(
− i
2
[σx,σy]

)
(257)

= [x̂1n̂1σ
x, x̂2n̂2σ

y] . (258)

The Â1 term is determined by a Trotter decomposition such that

Â1 =
1
2
{x̂1, n̂1}σx+

1
2
[x̂1, n̂1]σ

x (259)

= Â1a+ Â1b, (260)

where, according to the anticommutator-to-commutator relation Â1a, is given by BCH with

[
Â1a′ , B̂1a′

]
=

1
2
{x̂1, n̂1}σx (261)

=
i
2
[ix̂1σ

y, in̂1σ
z] (262)
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=

[
− 1√

2
x̂1σ

y,− 1√
2
n̂1σ

z

]
, (263)

where B̂1a′ is a z-conditional rotation gate. Distribution of terms yields Â1b as
[
Â1b′ , B̂1b′

]
=

[
1√
2
x̂1,

1√
2
n̂1σ

x

]
, (264)

where B1b′ is an x-conditional rotation gate.
According to the same procedure,

B̂1 =
1
2
{x̂2, n̂2}σy+

1
2
[x̂2, n̂2]σ

y (265)

= B̂1a+ B̂1b, (266)

where B̂1a is given by

[
Â1a′ ′ , B̂1a′ ′

]
=

1
2
{x̂2, n̂2}σy (267)

=
i
2
[ix̂2σ

z, in̂1σ
x] (268)

=

[
− 1√

2
x̂2σ

z,− 1√
2
n̂2σ

x

]
, (269)

with B1a′ ′ an x-conditional rotation, and B1b is given by
[
Â1b′ ′ , B̂1b′ ′

]
=

[
1√
2
x̂2,

1√
2
n̂2σ

y

]
, (270)

where B1b′ ′ is a y-conditional rotation gate. The second term follows analogously with the
position x replaced by the momentum p.

F.3. Conditional FSWAP gate

The FSWAP gate follows immediately from the conditional cross-Kerr gate detailed above and
a complete beam-splitter gate (or conditional beam-splitter gate detailed above) as

UFSWAP = Ucond. KerrUcond. beam. (271)
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