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ABSTRACT: Tropical cyclones are known to expand to an equilibrium size on the f plane, but the expansion process is
not understood. In this study, an analytical model for tropical cyclone outer-size expansion on the f plane is proposed. Con-
ceptually, the storm expands because the imbalance between latent heating and radiative cooling drives a lateral inflow
that imports absolute vorticity. Volume-integrated latent heating increases more slowly with size than radiative cooling,
and hence, the storm expands toward an equilibrium size. The predicted expansion rate is given by the ratio of the differ-
ence in size from its equilibrium value rt,eq to an environmentally determined time scale trt of 10–15 days. The model is
fully predictive if given a constant rt,eq, which can also be estimated environmentally. The model successfully captures the
first-order size evolution across a range of numerical simulation experiments in which the potential intensity and f are
varied. The model predictions of the dependencies of lateral inflow velocity and expansion rate on latent heating rate are
also compared well with numerical simulations. This model provides a useful foundation for understanding storm size dy-
namics in nature.
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1. Introduction

Tropical cyclone (TC) outer size is known to expand with
time toward an equilibrium size in idealized simulations on
the f plane (Chan and Chan 2014, 2015; Chavas and Emanuel
2014; Martinez et al. 2020). Expansion with time is also seen
in reanalysis or simulations on spherical geometry (Schenkel
et al. 2018, 2023). Reanalysis data show that the median
expansion rate of TC outer radius (of 8 m s21 near-surface
wind) is tens of kilometers per day, with extreme cases being
hundreds of kilometers per day (Schenkel et al. 2023). Al-
though TC intensity and intensification have been understood
with the help of some relatively well-established analytical
theories (Emanuel 1986, 2012; Emanuel and Rotunno 2011;
Wang et al. 2021a,b), a conceptual understanding of tropical
cyclone size and size expansion is not as complete. Although
theoretical models link inner size (radius of maximum wind)
to outer size (Emanuel and Rotunno 2011; Chavas and Lin
2016), the mechanism of the changes in inner and outer sizes
is not the same (Weatherford and Gray 1988; Chavas and
Knaff 2022); the present study will focus on the TC outer-
size-expansion mechanism.

Recently, Wang et al. (2022) proposed a model for tropical
cyclone potential size (TC PS) on the f plane that explains
equilibrium TC size and is solely dependent on environmental
parameters. The model yields a new scaling that is similar to

the length scale Vp/f, where Vp is the potential intensity and f
is the Coriolis parameter, proposed in prior work (Chavas
and Emanuel 2014). The TC PS model combines the Carnot
cycle model for the energetics of a TC (Emanuel 1988, 1991)
and a model for the complete low-level TC wind field (Chavas
et al. 2015) to solve for an equilibrium size based on the most
efficient thermodynamic cycle. However, such a method does
not provide a description of how other parts of the TC are
working, without which the potential size may not be achieved
at all. It is also unsatisfying that the thermodynamic cycle is for-
mulated in steady state so that it does not mechanistically ex-
plain how and why a TC expands toward equilibrium. Although
the model suggests that an energy surplus exists when a TC is
smaller than its potential size, it cannot explain how this energy
surplus might drive expansion.

Previous studies on TC size expansion consistently note the
importance of low-level inflow for bringing environmental ab-
solute angular momentum inward to drive expansion (Hill
and Lackmann 2009; Bui et al. 2009; Wang 2009; Chan and
Chan 2014, 2015, 2018; Martinez et al. 2020; Wang and Toumi
2022), which is a direct reflection of the spinup of the outer-
core wind field. The TC size-expansion rate has been further
found to depend on initial vortex size (Xu and Wang 2010;
Chan and Chan 2014; Martinez et al. 2020) and rainband ac-
tivity (Hill and Lackmann 2009; Wang 2009; Fudeyasu et al.
2010; Martinez et al. 2020), as well as cloud radiative forcing
(Bu et al. 2014, 2017). Simulations have also shown that TC
size is able to continue expanding substantially long after in-
tensity becomes quasi-steady (Hill and Lackmann 2009; Chan
and Chan 2014, 2015; Martinez et al. 2020). However, a simple
universal understanding of why a TC should expand, how
fast, why size should approach an equilibrium, and how this
behavior depends on environmental parameters is still lack-
ing. This is partly because the lateral inflow or import of abso-
lute angular momentum has yet to be fully and quantitatively
linked to environmental parameters and internal processes.
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Such a quantitative link, either direct or indirect, is necessary
for a predictive model for size. Indeed, if given an inflow ve-
locity, then size expansion may be predicted as shown in
Wang and Toumi (2022). However, the inflow velocity varies
significantly with height, from larger values within the bound-
ary layer to near zero at some height above the top of the
boundary layer. Thus, one needs to consider the integrated in-
flow mass flux instead of picking one single height.

In this study, we propose a model for size expansion toward
equilibrium on the f plane, in terms of the outer radius of a
certain tangential wind speed at the top of the boundary
layer.1 We seek a model that

• is predictive and analytic;
• yields a characteristic expansion rate from the environmental/
external parameters;

• explains the physical process that drives TC expansion and
why this expansion vanishes such that there exists an upper
bound of size.

We test these model outcomes via comparison of model
predictions with sets of numerical simulation experiments.

Our model for TC size expansion is presented in section 2.
Basic predictions of the model and its comparison to numeri-
cal simulations are provided in sections 3–5. Further physical
interpretations of the model are provided in section 6. A sum-
mary of key conclusions and discussion is given in section 7.

2. Theory: An analytical outer-size-expansion model on
the f plane

a. Basic model structure

Below, we present a theory for TC expansion toward equi-
librium that is summarized conceptually as follows: 1) in

radiative–convective equilibrium (RCE) without a TC, net
condensational heating equals net radiative cooling; 2) when
a TC forms, the TC volume is shifted substantially out of
RCE, such that condensational heating substantially exceeds
radiative cooling (consistent with enhanced surface fluxes);
and 3) the TC expands in response as a result of strong low-
level inflow as part of the overturning circulation that exports
excess heat. As it expands, area-integrated radiative cooling
increases faster than net condensational heating until low-
level inflow is weak enough so that surface friction prevents
any further expansion of wind field. The storm has reached its
equilibrium size. A schematic plot is shown in Fig. 1.

We define rt as the radius of a fixed tangential velocity y t
(e.g., r8 is the radius of y t 5 8 m s21 tangential wind) at the
top of the boundary layer in the TC outer-core region. As TC
size expansion is basically low-level spinup of TC outer core,
the expansion rate of rt can be given by

drt
dt

5
­y

­t

/
2

­y

­r

( )
, r 5 rt, (1)

which is obtained by taking dy /dt5 0 with y 5 y [r(t), t], where
y is the tangential wind, r is the radius, and t is the time.2 This
relation is also presented in Tsuji et al. (2016).

The local spinup tendency for an axisymmetric TC at any
height on the f plane is given by

­y

­t
52u(f 1 z) 2 w

­y

­z
1 F, r 5 rt, (2)

where z 5 (­y /­r)1 (y /r) is the relative vorticity, u is the radial
velocity, w is the vertical velocity, and F ’ (1/rd)(­ty /­z) is the

FIG. 1. A schematic plot of the expansion model presented in section 2. See the text for details.

1 For TC size, one may consider a single outer wind radius be-
cause the wind field structure is fully specified from a single input
size (Chavas et al. 2015).

2 Technically, rt is understood as rt5 r(y t, t, q), where q represents
a series of environmental parameters and y t is a time-independent
tangential velocity. Since the main focus for the expansion rate is with
a fixed y t in a given environment (fixed q), we write drt/dt instead of
­rt/­t.
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turbulence frictional force, with rd being the dry air density
and ty being the turbulence stress in the azimuthal direction.
Equation (2) is simplified by choosing rt sufficiently far from
the center so that z can be neglected compared to f. Further
integrating Eq. (2) from the surface to hw, some height in the
lower troposphere below which the inward mass flux consti-
tutes the majority of the total lateral inward mass flux, and ne-
glecting vertical advection, gives

­y

­t
’2fut 2 Cd(my t)2/hw, (3)

where the aerodynamic formula for surface stress ty ,sfc 5

rdCd|V10|y10 is applied, with Cd being the surface exchange
coefficient for momentum, V10 being the 10-m surface hori-
zontal velocity, and y10 being the 10-m tangential velocity,
ut is the vertical mean radial velocity, y t is the correspond-
ing tangential velocity at the top of the boundary layer at rt,
and m is a surface wind reduction factor (i.e., basically the
ratio of y10 to y t). An implicit assumption made moving
from Eq. (2) to (3) is that ­y /­t and z are approximately
constant in the vertical below hw.

3 In Eq. (3), the second
term on the RHS can be taken as a constant, a key concep-
tual benefit since we are following the radius of a fixed wind
speed. Substituting Eq. (3) into Eq. (1) gives

drt
dt

5
1

2
­y

­r

( ) [2fut 2 Cd(my t)2/hw]: (4)

There are two quantities ­y /­r and ut that are not specified
and must be linked to internal processes or environmental pa-
rameters. The slope of the wind profile ­y /­r can be obtained
from the wind profile solution for the outer wind field from
Emanuel (2004, hereafter E04) model (see appendix A), which
depends only on the environmental parameters. The E04 model
does not have a simple analytical solution, but we will pro-
vide an analytic approximation for ­y /­r based on this model
in section 2b. An expression for ut is derived next.

We propose ut to be driven principally by the energetics of
the TC, i.e., latent heating and radiative cooling, which can be
described by a dry-entropy budget. Here, dry entropy is
loosely defined by sd 5 cp ln(u/Ttrip), where cp is the specific
heat of dry air at constant pressure, u is the potential tempera-
ture, and Ttrip is the triple-point temperature; sd thus defined
is a close approximation of the true dry entropy and is more
convenient for budget analysis in numerical simulations. The
budget of the dry entropy sd within the TC volume from the
center to rt is written as

­S
­t

5
Qlat

Te,lat
2

Qrad

Te,rad
1 Ṡ res 1 F r 1 Fu, (5)

where S is the mass-integrated dry entropy within the volume;
Qlat and Qrad are the net condensational heating (latent heat)
and the total radiative cooling (defined positive), respectively,
with Te,lat and Te,rad being their respective effective tempera-
tures; Ṡ res represents other sources of dry entropy, such as
surface sensible heating, diffusion of sensible heat, and dissi-
pative heating; and F r and Fu are the fluxes of dry entropy
into the volume from the lateral (at rt) and vertical directions
(at the upper extent of the volume), respectively.4 The first
two terms on the RHS are dry-entropy sources due to latent
heating and radiative cooling, respectively. See appendix D
for detailed expressions. To achieve a simple expression for
size expansion, we neglect ­S/­t, Ṡ res, Fu. This assumes that
the dominant terms are sources/sinks from latent heating
(source), radiative cooling (sink), and net lateral transport
into the TC from the environment (supported by simulations
in appendix D). Doing so yields the balance equation

Qlat

Te,lat
2

Qrad

Te,rad
’2Dsd2prtriuthw, (6)

where we have rewritten the lateral flux term in terms of a
bulk free-tropospheric dry static stability given by

Dsd 5 F r/(2prtriuthw): (7)

Though Dsd must also depend on the vertical profile of lateral
flow (for which we lack a clear constraint), the physical mean-
ing of Dsd can be better understood in the ideal case where
the inflow is confined to near the surface and the outflow is
confined to near the tropopause level: In this case, Dsd repre-
sents the difference of sd between the surface and tropopause.
Appendix D shows that this is a reasonable assumption for
TCs; discussion of the meaning of Dsd in general is also pro-
vided in appendix D. The parameter ri is an effective inflow
air density corresponding to ut so that 2prtriuthw is the lateral
mass flux at rt below hw. A reference of Dsd is the difference
between moist entropy and dry entropy near the sea surface,
which is equivalent to the difference of sd between tropopause
and surface. A corresponding sufficient condition5 is the eye-
wall being in slantwise neutrality, which applies to the later
stage of TC intensification and peak intensity (Bryan and
Rotunno 2009; Peng et al. 2018; Wang et al. 2021b), which is
the principal period for size expansion to occur (e.g., Martinez
et al. 2020). For near-surface air with water vapor mixing ratio
qy 5 0.018 kg kg21, temperature T 5 300 K, and relative hu-
midity 80% (tropical value; see Dunion 2011), this gives a ref-
erence Dsd of Lyqy/T ’ 150 JK21 kg21, where Ly 5 2.501 3

106 J kg21 is the latent heating of vaporization. Thus,
Dsd can be taken as primarily determined by sea surface
temperature.

3 A diagnostics of ensemble simulations of the CTL experiment
(appendix C) shows that this assumption is generally reasonable
except that it deviates more from simulations at the beginning
stage of the expansion process, suggesting a potentially lower pre-
dictive capability of the expansion model at the beginning of stage
of the TC size expansion.

4 A dry static energy budget is also viable, and the effective tem-
peratures will not appear so that sensible and latent heat need not
be separated. However, we use dry-entropy budget because it is
more tractable for comparison with numerical simulations.

5 This specific assumption is common but is not critical to the
present theory since it is a storm-integrated theory.
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Latent heating is assumed to be principally produced in the
eyewall (see appendix D), which is largely driven by boundary
layer frictional convergence as found in both observations
of vertical velocities (Stern et al. 2016) and implicit in the
slantwise neutrality assumption of potential intensity theory
(Emanuel 1986, 1995; Khairoutdinov and Emanuel 2013).
Hence,Qlat may be written as

Qlat 5
ep,ew
ap

Qc,ew ’
ep,ew
ap

LyqybMew, (8)

where qyb is the boundary layer water vapor mixing ratio just
outside of the eyewall corresponding to Mew; ep,ew is the pre-
cipitation efficiency in the eyewall region, defined as the ratio
of condensation to the mass of water vapor imported upward
into the eyewall (see appendix D for practical diagnosis);
Qc,ew is the latent heating rate due to the total condensation
in the eyewall; ap is the ratio of net latent heating in the eye-
wall region to that within rt; and Mew is the eyewall updraft
mass flux. Given that the eyewall updraft is driven by
boundary layer frictional convergence, Mew is also equal to
the friction-induced inflow mass flux into the eyewall. Thus,
Mew/rw (which will appear shortly) should be strongly con-
trolled by the inner-core size and TC intensity, where rw is
the effective dry air density for the boundary layer inflow
under the eyewall (close to ri; see appendix C for calcula-
tion). Here, rw becomes implicit, as in the boundary layer
momentum equations, only the gradient wind matters and
air density will not explicitly appear (Kuo 1982; Kepert
2001).

The radiative cooling Qrad may be written as (Chavas and
Emanuel 2014)

Qrad 5 pr2t cp
Dp
g

Qcool, (9)

where

Dp 5
p0

R/cp 1 1
ps
p0

( )11R/cp
2

pt
p0

( )11R/cp
[ ]

:

In the above, Qcool is a constant radiative cooling rate for po-
tential temperature, Dp/g is the effective mass obtained by the
vertical integration over a pressure layer, with g being the
gravitational acceleration, p0 5 1000 hPa is the reference pres-
sure, R is the gas constant of dry air, and cp is the heat content
of dry air at constant pressure. Taking the surface pressure
ps 5 1000 hPa and the tropopause pressure pt 5 100 hPa
with Qcool 5 1 K day21 yields a value of 88 W m22, close to
the 100 W m22 value in tropics (Pauluis et al. 2000).

An expression for the inflow velocity is obtained by first re-
arranging Eq. (6):

2ut 5
1

2prthwri

Qlat

Te,latDsd
2

Qrad

Te,radDsd

( )
, (10a)

and then substituting forQlat using Eq. (8) andQrad using Eq. (9)
to yield

2ut 5
1

2phw

ep,ew
ap

Lyqvb
Te,latDsd

Mew

rw

( )
1
rt
2

1
2hw

cp
Dp
rig

Qcool

Te,radDsd
rt,

(10b)

where we take ri ’ rw. We may write this more compactly as

2ut 5
1
hw

A
Mew

rw

( )
1
rt
2

1
hw

Brt, (10c)

where we define two thermodynamic parameters

A 5
1
2p

ep,ew
ap

Lyqvb
Te,latDsd

and (11a)

B 5
1
2
cp

Dp
rig

Qcool

Te,radDsd
: (11b)

Parameter A is nondimensional and is related to the latent
heating that drives expansion, while B is a velocity and is
related to radiative cooling that suppresses expansion.

The size-expansion model is obtained by substituting Eq. (10c)
into Eq. (4) to yield

drt
dt

5
rt,eq 2 rt

trt
: (12)

Here, rt,eq is the equilibrium size when drt/dt 5 0 is achieved
[Eq. (12)] and trt is the time scale for expansion. Equation (12)
states that the expansion rate is given by the difference in size
from equilibrium divided by a time scale trt.

Quantity rt,eq in Eq. (12) is given by

rt,eq 5 fA
Mew

rwrt

( )
2 Cd(my t)2

[ ]/
( fB), (13a)

which can be expressed explicitly by Qlat and Qcool as [using
Eqs. (8) and (11)]

rt,eq 5 f
1

2prtri

Qlat

Te,latDsd
2 Cd(my t)2

[ ]/
1
2
fcp

Dp
rig

Qcool

Te,radDsd

[ ]
:

(13b)

Equations (13a) and (13b) indicate that rt,eq may vary with rt
(and thus time), but here, we will take it to be a constant in
order to seek an analytical solution of Eq. (12); this assump-
tion is later tested in section 4b. A useful form of rt,eq is ob-
tained by writing Eq. (13a) at equilibrium (rt 5 rt,eq):

rt,eq 5 fA
Mew

rw

( )
eq

1
rt,eq

2 Cd(my t)2
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
/
(Bf ), (14)

where the subscript “eq” means equilibrium. Before solving
for rt,eq, we first define the equilibrium radius of zero net
source of dry entropy rRCE,eq, inside of which the system is in
RCE, by taking the LHS of Eq. (6) to be zero [using Eqs. (8)
and (9)] and solving for rt at equilibrium:
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rRCE,eq 5

��������������
A
B

Mew

rw

( )
eq

√√√
: (15)

Thus, rRCE,eq scales with
���������������
(Mew/rw)eq

√
(this relationship will be

revisited later). Note that rRCE,eq cannot be obtained by directly
taking y t 5 0 in Eq. (14) because y t 5 0 implies ut 5 0 in equilib-
rium [Eq. (4)], but Eq. (7) does not allow ut 5 0. Substituting
Eq. (15) into Eq. (14) and solving for rt,eq, we have

rt,eq 5

2Cd(my t)2
1
Bf

1

����������������������������������
C2

d(my t)4
1

B2f 2
1 4r2RCE;eq

√
2

, (16a)

which can be written compactly as

rt,eq 5
2jy2t 1

���������������������
j2y4t 1 4r2RCE,eq

√
2

(16b)

by defining

j 5 Cd

m2

Bf
: (17)

Equations (16a) and (16b) imply that rt,eq scales with 1/f if rRCE,eq
scales with 1/f. Equation (16b) also shows that rRCE,eq. rt,eq.

6

The time scale for expansion trt in Eq. (12) is given by

trt 5 2
­y

­r

( )
hw
fB

: (18)

Here, trt is proportional to 1/f and ­y /­r, meaning that the
time scale is larger if f is smaller or the local slope of the wind
profile is larger in magnitude. Note that trt exists independent
of the specific parameters for eyewall dynamics, as it depends
on B but not A.

Conceptually, the model links the expansion to the radial
velocity ut induced by the dry-entropy imbalance within the
TC volume. A stable equilibrium size rt,eq independent of
time and current size is assumed to exist [Eq. (12)]. The fol-
lowing parameters of the model are taken as constants: ep,ew,
ap, hw, f, Ly, qyb, Te,lat, Te,rad, Dsd, Dp, and ri, and thus A, B,
and j. Doing so simplifies the problem enough to make it ana-
lytically tractable. Simulations also indicate that taking parame-
ters ep,ew, ap, Dsd, Dp (implicit in Fig. D1), ri (not shown, also
Te,lat and Te,rad) as constant is reasonable (see appendix D).7

Note a constant rt,eq also implies a constant Mew/(rwrt)
[Eq. (13a)]. In this manner, Qlat is proportional to rt [Eq. (8)]
and Qrad is proportional to r2t [Eq. (9)]. Hence, ut [Eq. (10)]

monotonically decreases in magnitude with expansion so that
TC size will approach an equilibrium.

If, in addition to rt,eq, trt is also time invariant, the solution
of Eq. (12) with initial condition rt(t0)5 rt0 is given by

rt(t) 5 (rt0 2 rt,eq)e2(t2t0)/trt 1 rt,eq: (19)

As trt is positive definite, rt will exponentially approach the equi-
librium size rt,eq, where trt is the e-folding time scale. Moreover,
rt,eq is a stable equilibrium, as size approaches rt,eq for rt0 , rt,eq
(expansion) and rt0 . rt,eq (shrinking). Equation (19) gives an ex-
ponential solution, similar to Wang and Toumi (2022) for abso-
lute size, though this solution is exponential in the decay of the
distance from equilibrium and hence allows for size to reach an
equilibrium value as is known to exist on the f plane.

Up to this point,­y /­r in trt [Eq. (18)] is not yet defined ana-
lytically, which is needed for a full analytical solution of
Eq. (12). Moreover, rt,eq [Eq. (13)] is not yet defined in terms
of environmental parameters, which requires an expression
for (Mew/rw)eq. In the following subsections, we will resolve
these issues and obtain a full analytical solution of Eq. (12).

b. Analytical expression of ­y /­r

Equation (16) provides an expression for the equilibrium ra-
dii of different wind speeds, which has the exact same form as
the E04 model (see appendix A). The slope of the equilibrium
wind profile ­y t/­rt,eq can be obtained by taking the derivative
of rt,eq with respect to y t in Eq. (16) in a fixed environment:

­y t
­rt,eq

( )21

5
­rt,eq
­y t

52

2y t
1
2
y tj

′ 1 j

( )
rt,eq

2rt,eq 1 jy2t
, (20)

where j′ 5 dj/dy t. Equation (20) has the same form as the E04
model (see appendix A). Note that j is a constant with respect to
rt in a given environment when y t is fixed but may vary with y t.
For example, closer to the center (larger y t), the absolute vorticity
is larger, so j should decrease accordingly (though above we have
approximated the absolute vorticity by f). Here, as j′ should also
be a constant with respect to rt at fixed y t, to simplify the math,
we take the approximation (1/2)y tj′ 1 j 5 sj, with s being a
constant fitting parameter. Here, s is set to a constant value of 0.7
(for y t 5 8 m s21, shown below).8 Note that s . 0 is presumed so
that the RHS of Eq. (20) is negative, corresponding to a TC wind
profile in which the azimuthal wind speed decreases with radius.

6 Actually, rRCE,eq would be equivalent to r0,eq, the equilibrium
radius of vanishing wind, if limy t"0jy

2
t 5 0. A close relation between

rRCE,eq and r0,eq is indeed seen in numerical experiments (not
shown).

7 Diagnosed qyb from the CTL simulation (appendix C) in-
creases ;15% during expansion (not shown), but this size depen-
dence is secondary because the expansion model eventually
depends on equilibrium size rt,eq. Note also that the qyb increase is
not explained by a corresponding surface pressure drop, which is
only;2.5%.

8 Fitting parameter s accounts for d lnj/d lny t 52d ln(z 1 f )/
d lny t 1 d ln(Cdm

2/B)/d lny t 52d lnza/d lny t 1 d ln(Cdm
2/B)/d lny t 5

2(s 2 1). Note f is originally za in Eq. (2); if za ’ f were not applied,
the derivation up to Eq. (18) will be the same except replacing f by za.
For ­y /­r, za cannot be approximated by f as in Eq. (3); z must be re-
tained here for a proper understanding. Qualitatively, za increasing
with y is generally supported by the E04 solution. Quantitatively,
d lnza/d lny t at r8 is found in the E04 solution to generally increase
from 0.2 to 0.4 with decreasing r8 when r8 , 1000 km and about 0.1
when r8 . 2000 km (not shown). This translates to s ranging from 0.8
to 0.95. The deviation from 0.7 should be accounted for by the assump-
tions made in Eq. (3) and by d ln(Cdm

2/B)/d lny t, which the present
model cannot predict.
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With this, we rewrite Eq. (20) in general by dropping the subscript
“eq” and write j as j0 to mark that it is only associated with­y /­r:

­y

­r

( )21∣∣∣∣
y5y t

5
­r
­y

∣∣∣∣
y5y t

52
2rty tsj0
2rt 1 j0y

2
t
: (21)

The assumption implicitly made to move from Eqs. (20) to
(21) is that (­y /­r)|y5y t

at given rt and y t for slowly evolving
wind fields can be approximated by equilibrium values. This
assumption follows the fairly nice performance of the E04
model, which is derived for steady state, of matching observed
TC outer wind profiles for storms that are not necessarily in
steady state (Chavas et al. 2015). This assumption will be
shown to work nicely in section 5. Equation (21) provides an
analytical approximation of ­y /­r. Compared to the full E04
model, Eq. (21) does not need numerical integration but still
contains similar physics to the E04 model. Additional discus-
sion of the properties of Eq. (21) is provided in appendix B.
In the next subsection, we will substitute Eq. (21) into Eq.
(18) to yield an analytical solution of Eq. (12).

Now, we demonstrate that s 5 0.7 is useful for­y /­r [Eq. (21)]
at y t 5 8 m s21 (this specific y t will be used for the evaluation of
the model in sections 3 and 4). We define a baseline environment
of j0 5 35105 s2 m21 with f 5 5 3 1025 s21, Cd 5 0.0015, and
surface air temperature Ts 5 300 K for demonstration (note that
a complete parameter setting in this baseline environment is
given in section 3). The radiative-cooling-induced subsidence ve-
locity wcool 5 0.0027 m s21 is set (positive downward) for the
E04 model in the baseline environment. The quantity ­y /­r at r8
from the E04 model (solid) and in Eq. (21) (dashed) in the base-
line environment is shown in Fig. 2a. The parameter s is varied
from 0.1 to 1.1 to show the sensitivity of Eq. (21) to this quantity.
Indeed, Eq. (21) with s 5 0.7 does very well in reproducing­y /­r
for any value of r8 and over a wide range of values of f (Fig. 2b),
compared to the E04 model.

In addition, we test whether Eq. (21) performs reasonably
when wcool changes. Note the present expansion model is not
framed to have wcool but have B playing the same role in
Eq. (21) as (1/2)wcool in the E04 model (see appendix A). In ad-
dition, as wcool ’Qcool/(­u/­z) and ­u/­z can be considered
mainly determined by sea surface temperature TSST, thus wcool

may be considered as a function ofQcool and TSST, both of which
enters Eq. (21) through j0 by B [Eq. (11b)]. To vary wcool, we
pick four values 0.0042, 0.0032, 0.0027, and 0.0022 m s21 for the
E04 model, which corresponds to TSST 5 286, 293, 300, and
307 K,9 respectively, in the set of numerical experiments sea

surface temperature TSST (ExSST) (see appendix C), for
Eq. (21). Quantity Qcool 5 1 K day21 is set. The ­y /­r at r8 is
shown in Fig. 2c. It is seen that Eq. (21) works qualitatively
the same as the E04 model: Higher SST corresponds to
lower magnitude of slope, except that Eq. (21) produces a
larger variation of ­y /­r than the E04 model. This is associ-
ated with the fact that B basically follows with the Clausius–
Clapeyron (C–C) scaling while wcool appears to vary more

FIG. 2. (a) The value ­y /­r at r8 from the E04 model (solid) and
the expansion model Eq. (21) (dashed) with s varied from 0.1 to
1.1 (light to dark, with an interval of 0.1) at f 5 5 3 1025 s21 and
wcool 5 0.0027 m s21. (b) As in (a), but with s 5 0.7 and with dif-
ferent f (1025 s21; see the legend); the E04 model in solid lines and
Eq. (21) in dashed lines. (c) As in (b), but for different wcool (m s21;
see the legend) for the E04 model (solid) and TSST (286, 293, 300,
307 K; warmer color means lower TSST) for Eq. (21) (dashed). See
the text for parameter settings.9 The corresponding B is 0.0016, 0.0011, 0.0007, 0.0005 m s21,

about half of (1/2)wcool. This quantitative difference by itself does
not indicate that Eq. (21) is wrong; rather, it raises a question
whether the E04 model is correct as a result of compensating er-
rors. As shown in appendix A, the E04 model is a mass-balance
derivation in the same framework as for Eq. (21), which is an en-
ergy (entropy)-balance derivation. As both are physical, the error
should arise from simplifying assumptions. For the E04 model, the
uncertainty seems to be whether the actual subsidence velocity is
indeed a radially constant value given by wcool. However, an analy-
sis toward a more complete mechanistic understanding of ­y /­r is
out of the scope of this study.
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slowly. It will be shown in section 5 that Eq. (21) turns out
to match nicely with simulations.

As discussed above and demonstrated by Fig. 2, we use
Eq. (21) with s 5 0.7 for (­y /­r)|y5y t

in the expansion model.
Combining Eqs. (18) and (21) gives a final expression for trt:

trt 5
2rt 1 j0y

2
t

2rty tsj0

hw
fB

: (22)

c. Analytical solution for size evolution

Substituting Eq. (22) into Eq. (12) yields

drt
dt

5 2
fB
hw

sj0y t
rt(rt,eq 2 rt)
2rt 1 j0y

2
t
, (23)

which gives an explicit form of the expansion rate (drt/dt . 0
when 0 , rt , rt,eq and drt/dt , 0 when rt . rt,eq). Equation
(23) again indicates that rt,eq is a stable equilibrium, and
drt/dt5 0 when rt 5 rt,eq (and for rt 5 0). The maximum ex-
pansion rate occurs at a size given by

rt,expmax 5
2j0y

2
t 1

����������������������
j20y

4
t 1 2rt,eqj0y

2
t

√
2

, (24)

where it is seen 0 , rt,expmax , rt,eq/2. When rt . rt,eq,
(­/­rt)(drt/dt), 0, meaning that size shrinks faster toward rt,eq
when rt is farther from rt,eq.

Solving Eq. (23) with the initial condition rt 5 rt0 at t 5 t0
gives

t 2 t0 5
1

2j0y t
fBs
hw

2 2 1
j0y

2
t

rt,eq

( )
ln

rt,eq 2 rt
rt,eq 2 rt0

( )
1

j0y
2
t

rt,eq
ln

rt
rt0

( )⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, rt . 0 and rt Þ rt,eq: (25)

Equation (25) is the analytical solution of the full size-expansion
model in section 2a. The solution is expressed by time t as a func-
tion of rt, which is an implicit function of t; an analytic solution
for rt(t) is not tractable. The input parameters are all external or
environmentally defined (presently rt,eq can be either external or
environmentally defined by TC PS). A method for determining
rt,eq [Eq. (16b)] from environmental parameters is provided next.

d. Formulation for updraft mass flux

An environmentally defined rt,eq will be obtained through
Eqs. (15) and (16b) if (Mew/rw)eq is environmentally defined.
In this subsection, we parameterize (Mew/rw)eq by using a
combination of theory and empirical estimation based on nu-
merical simulation results.

The parameterization may be derived directly from mass
continuity: The eyewall updraft mass flux is balanced by a
constant subsidence velocity, which is usually assumed to be
driven by radiative cooling (e.g., E04). The streamfunction is
given by­c/­r5 2prdrw, where rd is the dry air density and w
is the vertical velocity. Integrating radially over the subsi-
dence region at the altitude of hw yields

r2c0
’

cmax

prwwcool
1 r2cmax

, (26)

where rc0 and rcmax are the radii of c 5 0 and maximum c (or
cmax) at hw, respectively, and wcool is the environmental clear-
air subsidence velocity (positive downward). The inner radius
term r2cmax

may be neglected as it is more than an order of
magnitude smaller than r2c0

. Hence,

cmax ’ prwwcoolr
2
0, (27)

where r0, the radius of vanishing wind, should be equivalent
to rc0 in E04. TC PS shows that equilibrium r0 (or r0,eq) scales

with VCarnot/f, which does not depend on Cd. Following our
assumption that most of the upward mass flux occurs within
the eyewall so thatMew ’ cmax, thus, we propose that���������������

(Mew/rw)eq
√

~
���������
pwcool

√
Cn

dVCarnot/f (28),

a relationship we test with numerical simulations, with n being a
constant coefficient. Here, a role of Cd is tested as it may influ-
ence the eyewall upward mass flux by influencing surface friction.
Following Eq. (27) of Wang et al. (2022), VCarnot is defined as

V2
Carnot 5 (heCLy 2 RyTSST)q*vs, (29)

where eC 5 (TSST 2 Ttpp)/TSST is the Carnot efficiency, Ttpp is
the tropopause temperature, Ry is the gas constant of water
vapor, q*vs is the saturation water vapor mixing ratio at TSST, and
h 5 0.4 is a coefficient accounting for the “triangle” shape of the
thermodynamic cycle following section 3b of Wang et al. (2022).

The exact relationship is not known, and thus, we seek the
relation in Eq. (28) via linear regression from equilibrium
states of simulated TCs (see appendix C). There is a tight lin-
ear relationship between the two quantities in Eq. (28). We
estimate the coefficient based on the linear fit to the experi-
ment sets varying Ttpp, Cd, Ck, and TSST to avoid overfitting
to the experiments varying f, whose slope deviates slightly, but
the result holds reasonably well for those experiments too. The
result is shown in Fig. 3. A best-fit estimate of n 5 20.07 is
obtained, which suggests that Cd has nearly zero effect on
(Mew/rw)eq, consistent with the finding in Wang et al. (2022).
As a final result of the fitting, we have

������������
Mew

rw

( )
eq

√√√
5 0:79

���������
pwcool

√
C20:07

d VCarnot

/
f : (30)
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The environmentally defined rt,eq is obtained by substituting
Eq. (30) into Eq. (15) and substituting the resulting rRCE,eq

into Eq. (16b). As discussed in section 2b, rt,eq will scale

with 1/f and additionally increase with C20:07
d VCarnot. The

expansion model is now capable of being fully predictive
and analytic.

e. Model summary and implementation

To summarize, this section has proposed a model for the
expansion of TC size in which expansion is driven by latent
heating, which is dominated by heating in the eyewall and
suppressed by radiative cooling. The model can be fully pre-
dictive and analytic if there is an environmentally defined
size-independent rt,eq. The steps to put the model into practice
are as follows:

• Assuming known rt,eq, the evolution of outer radius rt is
given by Eq. (25). Parameter B is given in Eq. (11b), and
parameter j0 5 j is given in Eq. (17). For y t 5 8 m s21,
j0 5 35 105 s2 m21 for Cd 5 0.0015, TSST 5 300 K and
f 5 5 3 1025 s21 and s 5 0.7.

• The equilibrium size rt,eq is predicted from the environ-
mental parameters by using Eq. (30) for(Mew/rw)eq, plug-
ging the result into Eq. (15) to calculate rRCE,eq and
plugging the result into Eq. (16) for rt,eq.

Once given rt,eq, Qlat as a proportional function of rt is calcu-
lated through Eqs. (15), (16), and (8), or directly by Eq. (13b).
The radial velocity ut is given by Eq. (10); the local tangential
wind acceleration­y /­t (at r5 rt) is given by Eq. (3).

In section 3, we examine the basic properties of the analyti-
cal solution for the evolution of storm size as well as the un-
derlying physical processes of the model. In section 4, we use
numerical simulations to test the model predictions of both
expansion rate (section 4a) and rt,eq (section 4b). Section 5
provides detailed tests of the expansion model against numer-
ical simulations in terms of simplifying assumptions and pre-
diction of intermediate variables. Section 6a explores the
physical meaning of rt,eq. Section 6b examines the model’s
representation of the dependence of the inflow velocity, the
local tangential wind spinup, and the size-expansion rate on
the latent heating rate. Section 6c discusses the sensitivity of
the model to Dsd and other parameters.

3. Behavior of theoretical model

a. Parameter settings in baseline environment

We next discuss the basic behavior of the expansion
model solution in an idealized baseline environment. We take
y t 5 8 m s21 as our outer-size wind speed, and hence we use r8
in lieu of rt at times. We define an idealized baseline environ-
ment for analysis with parameter values representative of
tropical cyclones in the present-day tropical atmosphere. We
set as constants: f 5 5 3 1025 s21; Qcool 5 1 K day21;
hw 5 2.5 km (depth that captures the majority of the lateral in-
flow mass flux); ri 5 1.1 kg m23; Cd 5 Ck 5 0.0015; m 5 0.92
(to match CM1 simulations, where a surface gustiness has been
added, described in appendix C); Ly 5 2.501 3 106 J kg21;
ep,ew 5 1, ap 5 0.8 (indicating that the eyewall dominates
the net latent heating in a TC, estimated from simulations in
appendix C); and s 5 0.7. VCarnot [Eq. (29)] is defined with
TSST 5 300 K, Ttpp 5 200 K, and environmental surface

FIG. 3. (a) The term
���������������
(Mew/rw)eq

√
(m1.5 s20.5) as a function

of ���������
pwcool

√
Cn

dVCarnot/f (m
1.5 s20.5) in TTPP (red), CD (green),

CDTTPP (blue), CK (purple), FCOR (gray), and ExSST (orange)
during equilibrium periods. Data of TTPP, CD, CDTTPP, CK, and
ExSST are used to determine n by linear regression. Note that only
ensemble index 0 in TTPP and ExSST is used, to be consistent with
the sample sizes of CD, CDTTPP, and CK, which do not contain
ensemble experiments. Fitted n is shown on the upper right of the
plot. Data are first processed by a 120-h running average. The black
line visualizes the equation shown in the figure. In the equation,

y5
���������������
(Mew/rw)eq

√
and x5 ���������

pwcool
√ Cn

dVCarnot/f . See appendix C for

experimental design. (b) As in (a), but zoomed in without FCOR.
Equilibrium periods for TTPP, FCOR, and ExSST are defined in
section 4, and those for CD, CDTTPP, andCKare the same as TTPP.
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pressure ps 5 1015 hPa, which collectively yields VCarnot 5

66 m s21. These values correspond to the Control (CTL)
simulation. We further set qyb 5 q*y s 5 0:022 kg kg21, with
q*y s being the environmental saturation mixing ratio of the
surface air temperature.10 The parameter Dsd is set to Dsd 5
Lyq

*
vs/Ts 5 187:1 J K21 Kg21, and we set Te,rad 5 Te,lat 5 Ts

without loss of generality.11 Tropopause pressure pt is set to
100 hPa [forQrad, Eq. (9), which gives 89.3 W m22]. These
settings yieldA5 0.16, B5 0.0007 m s21, and j 5 35105 s2 m21,
and we set j0 ; j throughout, except in section 6c. Finally, we
set wcool 5 0.0027 m s21, which will only be used to calculate rt,eq
from (Mew/rw)ew [Eq. (30)] in section 4b. Unless otherwise noted,
these values are held constant throughout so that the use of the
analytic model is in as simple a setup as possible.

These constants are complete for the fully predictive size-
expansion model and will be used for tests below unless oth-
erwise noted. In particular, we will at times arbitrarily set rt,eq
for certain examinations in sections 3–6, which will also be
noted.

b. Behavior of theoretical model

In this subsection, we examine the basic behavior of our TC
size-evolution model and the underlying physical processes.

First, the basic evolution of size predicted from our model
[Eq. (25)] is shown in Fig. 4. Two representative cases are
shown from an initial size of rt0 5 250 km at the initial time
t0 5 0 day: expansion toward a larger equilibrium size of
rt,eq 5 1200 km (blue curve) and shrinking toward a smaller
equilibrium size of rt,eq 5 100 km (red curve). For both cases,
the model predicts a reasonable time scale of 10–20 days. The
rate of expansion/shrinking vanishes as size approaches its
equilibrium (rt,eq). The maximum expansion rate occurs dur-
ing the first half of the expansion process at a radius rt,expmax

of approximately 500 km [Eq. (24)].
Next, we show the solution for expansion toward a range of

equilibrium sizes (rt,eq). The size evolution rt(t), expansion
rate drt/dt, and time scale trt are shown in Fig. 5. The radius r8
increases with time and approaches rt,eq after day 20. Larger
expansion rate corresponds to larger rt,eq (Fig. 5b). This is be-
cause the time scale trt is the same across all experiments
[Eqs. (12), (18), and (21), Fig. 5c], as this quantity is a function
of size alone in this example. Time scale trt monotonically de-
creases with size, with a first rapid decrease when r8 , 500 km

and slowly decrease afterward (note trt 5 22.4, 13.2, 10.2, 7.9
days at r8 5 250, 500, 750, 1200 km, respectively, Fig. 5c).
Physically, this is because the E04 model is flatter (smaller
slope) for larger storm (longer tail) so from Eq. (18) trt be-
comes smaller too. Note that trt is greater than 15 days when
the TC is small (r8 ’ 400 km) and decreases below 10 days as
size approaches rt,eq. The variation of trt is determined by the
variation of ­y /­r at r8 [Eq. (18), Fig. 2). Correspondingly, the
expansion rate peaks at tens of kilometers per day (Fig. 5b), a
similar order of magnitude to that seen in observations
(Schenkel et al. 2023). Finally, the radius of the maximum ex-
pansion rate increases with rt,eq, following Eq. (24).

We next explore physically why the TC expands in the first
place and why it eventually reaches equilibrium, following the
conceptual diagram in Fig. 1. We examine the budget terms in
the expansion equation [Eq. (4)] and the equation for the de-
pendence of the inflow velocity on latent heating and radia-
tive cooling [Eq. (10a)]. The five underlying processes/terms
in the schematic (Fig. 1) are the latent heating per unit area
Qlat/(pr2t ), the radiative cooling per unit area Qrad/(pr2t ), ut,
turbulent friction 2Cd(my t)

2/hw, and ­y /­t at rt. Our model
prediction of each of these terms is shown in Fig. 6.

During the expansion stage, latent heating is significantly
larger than radiative cooling. The latent heating rate can exceed
900Wm22 when the TC is small (r8 ’ 250 km), which is also sup-
ported by the simulations in appendix C with f 5 5 3 1025 s21

(not shown). This amount of heating would induce ;8 K day21

temperature increase of the atmosphere (assuming constant
pressure) without lateral energy/entropy exchange, whereas
the actual average temperature change rate is on the order of
1021 K day21 in a TC (estimated from the CTL simulation
with Ttpp 5 200 K and f 5 5 3 1025 s21 in appendix C). Thus,
the overturning circulation is needed to export excess latent

FIG. 4. Analytical solution of size evolution (rt, km vs t, day; solid
lines) in Eq. (25) for two cases: rt expanding toward a larger rt,eq
(blue) and rt shrinking toward a smaller rt,eq (red). Horizontal
dashed lines mark rt,eq. Dots mark the initial condition t0 and rt0.
The triangle marks the location (rt,expmax) of the maximum expan-
sion rate.

10 This can be a;20% overestimate of qyb as it does not account
for the vertical profile of boundary layer qy. This would lead to a
;200-km overestimate of rt,eq in section 6c. Taking a vertical aver-
age from surface to 2 km of altitude (approximately the inflow
depth associated with Mew) of the analytical saturation mixing ra-
tio q*y profile of Romps [2016, his Eqs. (8) and (11)] appears to re-
solve this issue, though here we keep it simple and not adopting
the Romps (2016) model.

11 In simulations with TSST 5 300 K, Te,lat and Te,rad are about
275 K, though here we avoid specifying these values based on sim-
ulations for simplicity. Our approach yields Te,latDsd 5 Te,radDsd 5
Lyqyb, i.e., a characteristic difference of the dry static energy be-
tween tropopause and the surface. This ;10% overestimation
Te,lat and Te,rad would induce a ;10% overestimation of j and a
;55-km underestimate of rt,eq in section 6c.
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heating in the TC by exporting higher-entropy air aloft and
importing lower-entropy air at low levels. The induced low-
level inflow by this overturning circulation may be strong
enough so that the local spinup at rt is achieved and TC starts
to expand. Quantity ut linearly increases with rt [Eq. (10)] with
an equilibrium value of about 20.65 m s21 (Fig. 6b), which
corresponds to zero local spinup. Friction at rt is a constant by
design at a value of ;23.25 3 1025 m s22 (Fig. 6c). As a re-
sult, ­y /­t at rt linearly decreases with size [Eq. (3)], such that
an equilibrium is guaranteed.

It follows from Eq. (13) that larger rt,eq corresponds to
larger Qlat (Fig. 6a), and thus, the quantity Qlat/(pr2t ); 1/rt.
Meanwhile, the quantity Qrad/(pr2t ) is a constant ;89 W m22.

FIG. 5. Idealized expansion model prediction. (a) Time evolution
of r8 (km; solid) with rt,eq (km; dotted); (b) dr8/dt (km day21) as a
function of r8 (km); (c) trt (day) as a function of r8 (km); in (a)–(c),
thicker and more opaque lines mark higher values of rt,eq. The dot
marks the initial condition, and triangles mark the location of the
maximum expansion rate.

FIG. 6. As in Fig. 5, but for (a) latent heating per unit area
Qlat/(pr2t ) (W m22; red) and radiative cooling per unit area
2Qrad/(pr2t ) (W m22; blue), (b) radial velocity ut (m s21),
(c) 2Cd(my t)2/hw(m s22), and (d) local spinup rate­y /­t (m s22) at
rt, The dots in (b) and (d) mark equilibrium.
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Thus, there exists a TC size at which there is zero net heating
in the TC, and thus the expansion rate must vanish before this
radius is reached. At equilibrium itself, the area-integrated la-
tent heating inside of rt,eq still slightly exceeds radiative cool-
ing because the nonzero surface friction also exists [Eqs. (4)
and (10)].

Finally, taking ­y /­t (Fig. 6d) and ­y /­r (Fig. 2) together, the
expansion rate (Fig. 5c) peaks in the middle of expansion
rather than the beginning because of the larger slope of the
wind profile when the TC is small.

4. Comparison of theoretical prediction against
simulations

a. Evaluating modeled expansion assuming known
equilibrium size

In this subsection, we test our model’s prediction for the
time-dependent evolution of size against numerical simula-
tions for the case where rt,eq is known. To do this, we set rt,eq
constant and equal to the ensemble-mean equilibrium size of
the simulated TC in each experiment to evaluate how well the
analytical expansion model solution [Eq. (25)] can capture
the first-order structure of expansion and its variations across
experiments. We define trt using the parameters of the base en-
vironment in section 3a. Three sets of numerical simulations
(see appendix C) are taken for comparison: one set varying the
tropopause temperature Ttpp (TTPP), which modulates the po-
tential intensity and VCarnot, one varying f Coriolis parameter
(FCOR), and one varying the ExSST, which also modulates the
potential intensity and VCarnot. CTL experiment is defined at
Ttpp 5 200 K, TSST 5 300 K, and f5 53 1025 s21, correspond-
ing to TCs on real Earth. In simulations, r8 is defined at 950 m
of altitude.

1) COMPARISON WITH TTPP

The ensemble size evolutions across experiments for TTPP
are shown in Fig. 7a (solid line and shading). The ensemble-
mean time series of r8 (and other variables of interest) is cal-
culated in the following manner in order to exclude the effect
of possible different start times of expansion in different en-
semble members. Time series of r8 (and other variables of in-
terest) in each ensemble member is shifted in time so that day
0 is the first day when r8 exceeds an estimated value of half-
equilibrium size, which is taken as half of the equilibrium
(days 40–50) r8 of ensemble index 0. Cases with Ttpp 5 174,
187 K are neglected (here and throughout, except in section 6b)
because their size evolution is very similar to Ttpp 5 163 K. It is
seen that TC size increases with time for about 20 days and ap-
proaches an equilibrium, similar to the qualitative behavior of
the ideal expansion model prediction in section 3a. We take the
average of ensemble-mean r8 during the last ten days of ensemble-
mean r8 time series in TTPP as rt,eq for our expansion model; in
this manner, the expansion model only needs trt, which is the
same as in section 3a (Fig. 5b) as determined by the same param-
eters as in section 3a.

To compare theory and simulation, we set rt0 and t0 in our
expansion model [Eq. (25)] to be the first ensemble-mean r8

above rt,eq/2 and the corresponding time in simulations, re-
spectively, for all cases. This approach was used to compare
intensification theory against simulations in Ramsay et al.
(2020). The analytical model predictions of size evolution
[Eq. (25)] are shown in dashed lines (Fig. 7a). The corre-
sponding expansion rate in TTPP and that predicted by the
expansion model is shown in Fig. 7b. Overall, there is a very
good match between TTPP and the expansion model prediction.
Higher Ttpp corresponds to smaller equilibrium r8 and smaller
peak expansion rate (Figs. 7a,b). The lone case that matches a
bit less well is the 163 K case, which expands a bit more slowly
than the theory predicts in the first half of expansion.

2) COMPARISON WITH FCOR

An equivalent comparison as in Fig. 7a is performed with
FCOR (Fig. 7b). First, we note that equilibrium size in FCOR
scales approximately with a 1/f scaling, with the time scale of
expansion longer with lower f. Here, we define equilibrium
size as the average ensemble-mean r8 during the last 20 days
for f 5 1.25 3 1025 and f 5 2.5 3 1025 s21, the last 10 days
for f 5 5 3 1025 s21, the 20-day period ending 10 days before
the end of the ensemble time coordinate for f 5 10 3 1025 s21,
and the 5-day period ending 30 days before the end of the en-
semble time coordinate for f5 153 1025 s21. An earlier period
is chosen for high f cases to capture their peak sizes. These equi-
librium sizes are used as rt,eq for the expansion model. Analo-
gous to our analysis for TTPP in Fig. 7a, the expansion model
only needs trt then, which is determined by the same parame-
ters in section 3a. The lone exception is that trt depends on f,
which is set to the corresponding value in FCOR in each
experiment.

The analytical solution of size evolution [Eq. (25)] is then com-
pared with FCOR (Fig. 7c). Integration constants rt0 and t0 are
set in the same manner as Fig. 7a. The expansion rate in FCOR
and that predicted by the expansion model is shown in Fig. 7d.
Overall, the expansion model again compares reasonably well
with the experiments in FCOR. The lone case that does not
match as well is for f 5 1.25 3 1025 s21, which expands more
gradually than predicted by the theory. Otherwise, the expansion
model does reasonably well for f5 2.53 1025 s21 (to a lesser ex-
tent for the early stage of expansion) and f5 5 3 1025 s21 (and
larger f ), which are the principal latitudes (108 and 208N) of TC
development on Earth.

3) COMPARISON WITH EXSST

An equivalent comparison as in Figs. 7a and 7b is per-
formed with ExSST (Figs. 7c,d). It is first noted that in ExSST
when TSST is higher, both the equilibrium size and expansion
rates are higher (solid lines and shading of Fig. 7c). We define
rt,eq as the average ensemble-mean r8 during the 10-day pe-
riod ending 15 days before the end of the ensemble time coor-
dinate for TSST 5 286 K, the last 10 days for TSST 5 293 and
300 K, and the 10-day period ending 10 days before the end of
the ensemble time coordinate for TSST 5 307 K. Earlier peri-
ods are chosen for two cases to capture their peak sizes.
Unlike comparison with TTPP and FCOR, to compare the ex-
pansion model prediction with ExSST, more parameters need
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to be set according to different TSST. In particular, Dsd, Te,rad,
Te,lat, and ri are set corresponding to TSST,

12 so that we have
the corresponding B in Eq. (25).

The expansion model predictions of r8 evolution in com-
parison with ExSST are shown in dashed lines of Fig. 7e.
The expansion model works nicely, except that the model
struggles to fully capture the high expansion rate when
TSST 5 307 K, though the expansion model does qualita-
tively correct predictions (Fig. 7f). We note that the peak
ensemble-mean expansion rate r8 in ExSST is ;25, 35,
55, 95 km day21 when TSST 5 286, 293, 300, 307 K,
respectively.

Overall, the expansion model prediction compares fairly
well with the simulation experiments in Fig. 7. We conclude
the following:

1) Quantity trt provides a reasonable time scale for expan-
sion (10–15 days for 208N).

2) Quantity rt,eq can be assumed constant with respect to rt
(here r8) given an environment defined by Vp (and VCarnot)
and f (to a lesser extent for 58 and 108N).

3) The expansion model predicts a reasonable size evolution
(and expansion rate) when Ttpp, TSST, and f change.

b. Prediction of equilibrium size

The above subsection indicates that the expansion model
works reasonably well given a known value of rt,eq taken from

FIG. 7. (a) Temporal evolution of a 120-h running averaged ensemble-mean r8 (km) in TTPP (solid; cases with
Ttpp 5 241, 227, 214, 200, 163 K are shown) and analytical prediction of the expansion model (dashed) taking rt,eq
equal to equilibrium sizes of TTPP (see the text). The shading marks 1 standard deviation from ensemble mean. Dots
mark the initial condition for the expansion model. (b) The corresponding expansion rate dr8/dt (km day21) in TTPP
(solid lines are ensemble mean of the 24-h expansion rate as a function of the 120-h running averaged ensemble-mean
r8; shading marks one standard deviation) and in the expansion model (dashed). (c),(d) As in (a) and (b), but for
FCOR; (e),(f) As in (a) and (b), but for ExSST. Warmer color means higher values of the variable being varied (see
the legend).

12 Quantity ri is simply set proportional toT21
SST.
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the simulations. We next test how well the model can predict
rt,eq from environmental parameters based on the parameteri-
zation of (Mew/rw)eq [Eq. (30)] in section 2d. The quantity
VCarnot in TTPP, FCOR, and ExSST is directly calculated
with TSST, Ttpp, and surface pressure (about 1012 hPa in CTL)
from the initial state.

The resulting predictions for rt,eq are compared with the en-
semble-mean equilibrium r8 in TTPP (Fig. 8a), FCOR (Fig. 8b),
and ExSST (Fig. 8c). The predictions for rt,eq reasonably follow
the simulated values in TTPP, FCOR, and ExSST, with a closer
match in TTPP and ExSST. Specifically, rt,eq increases with
VCarnot and is proportional to 1/f, though the latter dependence
is a bit weaker than a pure linear dependence on 1/f. Thus, rt,eq
can in principle be estimated from environmental parameters.

5. Evaluation of model foundation

a. Simplifying assumptions: constant Qlat/(2prt) and
constant rt,eq

The size-expansion model assumes constant rt,eq, which comes
from the assumption of constantQlat/(2prt) [see Eq. (13)]. In this
subsection, we first assume whetherQlat/(2prt) and rt,eq are ap-
proximately constant in simulations.

1) CONSTANT Qlat/(2prt)
The diagnosed Qlat/(2pr8) in TTPP, FCOR, and ExSST

is shown in Fig. 9 (solid lines and shading). It is seen
that Qlat/(2pr8) generally increases with expansion, but an

FIG. 9. (a) The termQlat/(2pr8)(108 Wm21) in TTPP (solid lines:
ensemble mean; shaded: one standard deviation) and those corre-
spondingly predicted by the expansion model (dashed; see the text
for details). (b) As in (a), but for FCOR. (c) As in (a), but for
ExSST. Colors have the same meaning as Fig. 7.

FIG. 8. (a) Ensemble-mean equilibrium sizes of TTPP simula-
tions (solid) and the predicted rt,eq (dashed). (b) As in (a), but for
FCOR. (c) As in (a), but for ExSST. Dots mark different cases in
TTPP, FCOR, and ExSST. In (a)–(c), colors have the same mean-
ing as Fig. 7.
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assumption of that being constant may not be considered un-
reasonable considering the relative variations of Qlat/(2pr8)
and r8 itself. To evaluate how good the assumption of constant
Qlat/(2prt) is, we seek Qlat ~ rat at r8 and see whether a is close
to 1, compared to 2 (the Qrad scaling), with a obtained by lin-
ear regression. As a result, for TTPP, a ’ 1.2 for Ttpp 5 163,
200, 214, 227 K and a ’ 1.1 for Ttpp 5 241 K; for FCOR,
a ’ 1.4, 1.2, 1.2, 1.0, 1.2 for f 5 1.25 3 1025, 2.5 3 1025,
5 3 1025, 10 3 1025, 15 3 1025 1/s, respectively; for ExSST,
a 5 1.1, 1.2, 1.2, 1.1 for TSST 5 286, 293, 300, 307 K, respec-
tively. Values of a are all close to 1. Thus, the assumption of a
constant Qlat/(2prt) is verified for r8 in TTPP, FCOR (to a
lesser extent for f5 1.253 1025 s21), and ExSST.

In addition, also shown in Fig. 9 is the Qlat/(2pr8) predicted
by Eq. (13b) given rt,eq as in section 4a. It is seen that the ex-
pansion model [Eq. (13b)] reasonably reproduces both the
qualitative dependence of Qlat/(2pr8) on Ttpp, f, and TSST and
values ofQlat/(2pr8) themselves as well.

2) CONSTANT rt,eq

Though in the above analyses rt,eq has been treated as a
time-independent constant, it can vary with time and size fol-
lowing Eq. (13b). The time-dependent rt,eq determined by
Eq. (13b) using the ensemble mean of simulated Qlat/(2pr8)
and all other parameters same as in section 3a (except that f
is set to the corresponding value in FCOR and the same treat-
ment of parameters for ExSST as in section 4a) are examined;
the results are shown in Fig. 10. It is seen that the time-dependent
rt,eq generally increases with expansion, and the magnitude of the
increase can be as large as;60% in TTPP and ExSST. However,
considering that the magnitude of size expansion of r8 itself can
be 300% of its initial value in TTPP and ExSST, then the assump-
tion of rt,eq being constant may be considered reasonable in TTPP
and ExSST.

In FCOR, this assumption holds reasonably for f 5 5 3

1025 s21 and larger values but does not hold for f 5 2.5 3

1025 and f 5 1.25 3 1025 s21, in which the time-dependent
rt,eq even approaches zero and negative values at the begin-
ning of the expansion. This may explain why the expansion
rate is overestimated by the expansion model in the early
stage of the f 5 2.5 3 1025 s21 case and in the whole expan-
sion period of the f 5 1.25 3 1025 s21 case (Fig. 7b). Notably,
negative rt,eq is obviously incorrect. This simply indicates that,
when f is small, the expansion model misses some important
process (likely eddy momentum flux in the tangential wind
budget) other than latent heating in favor of TC expansion
while overestimating latent heating. Additionally, it is reason-
able that Eq. (13b) does not produce the exact equilibrium
sizes in simulations because of the simplifications of the ex-
pansion model.

b. Intermediate model predictions

In this subsection, the intermediate variables predicted
by the expansion model underlying the final predictions in
section 4a are given, along with their comparison with sim-
ulations. The intermediate variables are ­y /­r, ­y /­t, ut at r8,
and trt.

For TTPP, ­y /­r, ­y /­t, and ut as well as those predicted
by the expansion model are given in Fig. 11. It is seen that
­y /­r at r8 predicted by the expansion model nicely matches
TTPP, except that when r8 , 300 km, ­y /­r decreases more
rapidly in TTPP. There is no clear systematic dependence
of ­y /­r on Ttpp, consistent with the expansion model, in
which ­y /­r is a single curve. The quantities ­y /­t and ut at
r8 predicted by the expansion model also nicely match
TTPP (Figs. 11b,c), which is systematically higher in mag-
nitude with lower Ttpp and has similar slopes with respect
to r8. This traces back to Eq. (10c), where ­ut/­rt 5 B/hw,
which is a constant when Ttpp changes. Following Eq. (3),
(­/­rt)(­y /­t|y5y t

)52f­ut/­rt; thus, given f a constant (ap-
proximated absolute vorticity), then (­/­rt)(­y /­t|y5y t

) is a
constant. Quantity trt for TTPP is the same as in Fig. 5.

FIG. 10. Time-dependent rt,eq (km) as a function of r8 (km) for
(a) TTPP, (b) FCOR, and (c) ExSST. Colors in (a)–(c) have the
same meaning as Fig. 7. See the text for details.
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For FCOR, trt, ­y /­r, ­y /­t, and ut predicted by the expan-
sion model as well as simulated values (other than trt) are
given in Fig. 12.

It is seen that trt, which is proportional to 1/f and 2­y /­r at
r8 [Eq. (18)], increases as f decreases. Changing f also changes
­y /­r at r8 (Fig. 12b). The wind profile is steeper (larger slope)
for larger f, which is also observed in FCOR. Hence, the ob-
servation that trt increases monotonically as f decreases indi-
cates that the effect of 1/f on trt dominates that of (2­y /­r).
Note that the difference of trt will vanish for very large rt as
expected by the property of [2(­y /­r)] in appendix B. The lon-
ger expansion time scale trt with lower f in the expansion
model is also consistent with the experiments in FCOR.

FIG. 11. (a) The term ­y /­r (s21) at r8 in TTPP (solid lines: en-
semble mean; shading: one standard deviation) and predicted by
the expansion model (dashed) directly underlying the prediction in
Fig. 7. Abscissa is r8 (km). (b) As in (a), but for ­y /­t (m s22) at r8.
(c) As in (a), but for ut (m s21) at r8. Warmer color means higher
Ttpp (see the legend).

FIG. 12. (a) The trt (day) for FCOR predicted by the expansion
model directly underlying the prediction in Fig. 7. Abscissa is
r8 (km). (b)–(d) As in Figs. 11a–c, but for FCOR. Warmer color
means higher f (see the legend).
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The expansion model also qualitatively correctly predicted
the weaker dependence of ­y /­t at r8 on r8 when f is smaller
(Fig. 12c) and the identical dependence of ut at r8 on r8 when
f varies (Fig. 12d). This also traces back to Eq. (10c). As B
does not depend on f, thus ­ut/­rt is a constant; then,
(­/­rt)(­y /­t|r5rt

) will be smaller when f is smaller [Eq. (3)]. A
smaller magnitude of ut in FCOR than predicted when f5 2.53
1025 and f 5 1.25 3 1025 s21 is consistent with the weaker than
predicted latent heating rate in these cases (Fig. 9).

The same analysis is repeated for ExSST (Fig. 13). First, it
is seen that trt increases with TSST. From Eq. (18), trt is pro-
portional to 1/B and [2 (­y /­r)] at rt. From Eq. (11b), it fol-
lows that 1/B closely follows the C–C scaling when TSST

varies. However, from Eq. (21), it is inferred that [2 (­y /­r)]
should decrease, but with a speed more slowly than the in-
verse C–C scaling, with TSST, because 1/B appears in both nu-
merator and denominator. This explains that trt increased
with increased TSST. Correspondingly, the expansion model
correctly predicts the decrease of the magnitude of ­y /­r at r8
when TSST increases (Fig. 13b). The prediction is also quanti-
tatively reasonable.

For ­y /­t at r8 in ExSST (Fig. 13c), it is seen to start from
similar values when r8 is small but decreases more slowly with
r8 when TSST is larger, which is seen qualitatively predicted by
the expansion model. This is in contrast with TTPP, where
(­/­rt)(­y /­t) is approximately the same (Fig. 11). Qualitatively
speaking, Qlat/(2pr8) and Dsd both (roughly for the former)
follow the C–C scaling, and then, the first term of the RHS of
Eq. (10) should not change much with TSST. This indicates
that when rt is small, ut and thus­y /­t should be approximately
the same when TSST varies. Similar to the analysis for TTPP
and FCOR, ­ut/­rt 5 B/hw and B decreases with TSST follow-
ing the inverse C–C scaling; thus, assuming absolute vorticity
roughly the same (compared to the C–C scaling), then ­y /­t at
r8 decreases more slowly with r8 when TSST is larger. For ut, it
is first noted that the predicted ut starting from similar values
and decreasing more slowly with r8 with increasing TSST is
supported by ExSST to some extent. However, it is noticed
that the equilibrium values of ut increase with TSST, whereas
they are identical as predicted by the expansion model. This
may be explained by the relative vorticity at r8, which in-
creases with TSST (it can be inferred from Fig. 13b), with the
same f. Thus, from Eq. (2), the equilibrium ut should increase
with TSST. Such behavior is not captured by the expansion
model because the relative vorticity is neglected (assumed
much smaller than f) in Eq. (3).

Finally, comparing ­y /­t and ­y /­r at r8, it is concluded that
the dependence of ­y /­r on TSST contributes considerably to
the faster peak expansion rate with higher TSST in ExSST
(Fig. 7).

6. Further physical interpretation of the model

a. Physical meaning of rt,eq

Equation (13a) provides an expression for equilibrium size,
which is derived independently of TC PS (Wang et al. 2022)

FIG. 13. (a) The trt (day) for ExSST predicted by the expansion
model directly underlying the prediction in Fig. 7. Abscissa is r8
(km). (b)–(d) As in Figs. 11a–c, but for ExSST. Warmer color
means higher TSST (see the legend).
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but shares many similar properties. In this subsection, we fur-
ther quantitatively discuss the physical meaning of rt,eq.

In essence, rt,eq principally depends on (or is reflected by) latent
heating rate, radiative cooling rate, Dsd, and f [Eq. (13b)].13 All
else being equal, rt,eq scales directly with Qlat/(2prt) [Eq. (13b)],
and hence, a larger equilibrium size should be associated with
a larger Qlat/(2prt) throughout the expansion. This is evident
in the TTPP experiments: Qlat/(2pr8) is indeed systematically
higher with lower Ttpp, corresponding to larger equilibrium
sizes (Fig. 9a, solid lines), which is also correctly predicted by
the expansion model, demonstrating that the larger latent
heating rate during the expansion leads to larger equilibrium
size. For TTPP, the enhanced latent heating rate arises princi-
pally because of the enhanced overturning mass flux [Eq. (8)],
which is larger at higher potential intensity [Eq. (30)]. And
this also leads to a higher expansion rate of TCs with lower
Ttpp, consistent with the analysis in section 3a.

Similar dependencies are evident when f is varied. Since
rt,eq scales as 1/f [Eqs. (15), (16), and (30)], Qlat/(2prt) should
also scale with 1/f [Eq. (13b)]. This is found to be qualitatively
true in both FCOR (Fig. 9b, solid lines) and the expansion model
prediction (Fig. 9b, dashed lines). The f5 1.253 1025 s21 simu-
lation case deviates more strongly in that this quantity is substan-
tially smaller than the model predicted value during the main
expansion stage when f5 1.253 1025 s21; this is consistent with
its deviation from the model prediction of size itself discussed in
section 3a.

When TSST increases, Dsd increases. As a result, Qlat needs
to increase (roughly following the C–C scaling) to achieve an
increase of rt,eq in ExSST (Fig. 9c). As Dsd also varies with
TSST, rt,eq cannot be inferred from Qlat alone when TSST is
changing.

To summarize, in the expansion model, equilibrium size is
effectively modulated by Qlat/(2prt), and the expansion rate is
modulated by the equilibrium size. For a given initial size and
environment, a largerQlat/(2prt) translates to a larger rt,eq and
thus a larger expansion rate. In practice, if a TC moves to a
more favorable environment for convection, then its expan-
sion rate would be expected to increase and its expected equi-
librium size also increases, as quantitatively described by
Eq. (13b). This interpretation is consistent with the behavior
of observed storms, which have been found to expand when
convection is enhanced outside of the storm inner core across
a variety of distinct forcing mechanisms (Maclay et al. 2008).

The dependence of rt,eq on the latent heating rate [Qlat/(2prt)]
is complementary to the TC PS model, with the former being
a reflection of the volume (or mass)-integrated processes of
the system instead of a single parcel’s cycle. As noted above,
the larger latent heating rate produces a larger rt,eq (with the
same f and TSST) as it is associated with a larger Vp, consistent
with VCarnot/f scaling (Wang et al. 2022).14 Meanwhile, the

effect of Cd in the size scaling is rather small because an in-
crease of Cd reduces the storm intensity but increases the in-
flow angle and the inflow depth under the eyewall at the
same time, such that Mew remains relatively constant.

b. Expansion mechanism

The model [Eq. (12)] physically assumes that TC size ex-
pansion is driven principally by latent heating, which drives
the low-level lateral inflow that imports absolute vorticity to
expand the storm. In this section, we test how the model pre-
dicts the dependencies of the inflow velocity ut, the local
spinup rate ­y /­t, and the expansion rate drt/dt on the latent
heating rate in a given TSST and how they are compared with
simulations. In this subsection, TTPP will be used as a demon-
stration as TTPP provides the cleanest test; FCOR will be
supplementary; ExSST does not serve as a material for the
test because Qlat and Dsd, which have compensating effects,
are both changing.

While the final version of the model is predictive based on
the environmental parameters alone, the model also provides
a quantitative dependence of a response of expansion rate to
a change of latent heating Qlat in a given environment. Equa-
tions (1), (3), and (10) indicate that all else being equal, an in-
crease of latent heating leads to an increase in the lateral
inflow magnitude and thus the expansion rate. This under-
standing is useful when a TC experiences an inner-core
structural variation such as the secondary eyewall formation
(e.g., Kossin and Sitkowski 2009), which may lead to a size
expansion.

Manipulating Eq. (10) gives that for a given rt,
­ut/­(Qlat/pr

2
t ) ~ rt. It follows that [­/­(Qlat/pr

2
t )](­y /­t) ~ frt

and [­/­(Qlat/pr
2
t )](drt/dt) ~ [2(­y /­r)]21frt at that given rt.

The linear relations are compared with TTPP, shown in
Fig. 14. The r8 is first taken as 550 km, and data in TTPP are
collected with r8 from 500 to 600 km (Figs. 14a–c). This size
corresponds to the relatively large (above median ;400 km;
Schenkel et al. 2023) TCs on Earth. We see an overall nice
match of both the slope (sensitivity) and the absolute value
between the expansion model prediction (baseline environ-
ment setting) and TTPP for all of ut, ­y /­t, and dr8/dt. TCs
with lower Ttpp in TTPP are associated with larger latent
heating rate, which leads to stronger inflow velocity, local
spinup rate, and expansion rate, consistent with the evolution
of r8 in Fig. 7. This also supports the overall hypothesis of the
expansion model that latent heating drives expansion. Note
that the expansion rate is rather sensitive to latent heating.
For Qlat/(pr28)5 500 Wm22 in Fig. 14c (dr8/dt ’ 40 km day21;
see the dotted fitting line), a 20% change of latent heating
may either double the expansion rate [dr8/dt ’ 75 km day21

with Qlat/(pr28)5 600 Wm22] or terminate expansion [with
Qlat/(pr28)5 400Wm22].

The same analysis is repeated but with r8 5 350 km in the ex-
pansion model and r8 from 300 to 400 km in TTPP (Figs. 14d–f).
This size corresponds to relatively small (below median) TCs on
Earth. The predictions of ut and ­y /­t as linear functions of
Qlat/(pr28) are still generally valid, except that the discrepancy for
dr8/dt appears larger compared to r8 5 550 km (Figs. 14a–c).

13 Quantity Qlat/rt is completely determined by rt,eq through Eq.
(13b). Thus, the present model does not allowQlat to deviate from
its “expected” value, though it can happen in nature.

14 When TSST changes, Eq. (13b) can only predict the minimum
increase of Qlat to maintain the same rt,eq. In this sense, the TC PS
model is more powerful.
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FIG. 14. (a) Colored dots show ut (m s21) and Qlat/(pr28) (W m22) when r8 is above 500 km and below 600 km in
TTPP (all ensemble members); warmer color means higher Ttpp. The black line shows the expansion model predic-
tion (baseline environment setting) with r8 5 550 km, and black dots mark cases in Figs. 5 and 6. The dotted line is
a linear regression fitting to the centroids of each cluster (each Ttpp value). (b) As in (a), but for­y /­t (m s22) at r8.
(c) As in (a), but for dr8/dt (km day21), shown as the 24-h expansion rate of the 120-h running averaged r8. (d)–(f)
As in (a)–(c), but with r8 5 350 km in the expansion model and r8 from 300 to 400 km in TTPP. Note all cases in
TTPP are shown.
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This discrepancy likely arises from a bias in representing the
tangential wind budget.

The dependence of ut on the latent heating rate can also be
tested against FCOR, as (also at constant rt) ­ut/­[Qlat/(pr2t )]
does not depend on f {but ­(­y /­t)/­[Qlat/(pr2t )] and
­(dr8/dt)/­[Qlat/(pr2t )] depend on f}. Analogous to the com-
parison for TTPP in Fig. 14, the comparison is shown in
Fig. 15. The expansion model matches the simulations in
both the absolute value and the slope of the relations rea-
sonably well. Notably, the latent heating rate is substan-
tially larger with smaller f, consistent with Fig. 9b.

Physically, the correspondence of high Qlat to low Ttpp and
low f may be explained by the corresponding high frictionally
induced eyewall updraft mass flux. For low Ttpp, it is the high
intensity that is likely most responsible (Xi et al. 2023); for
low f, it is the low boundary layer inertial stability that is likely
most responsible (Smith et al. 2015; Li et al. 2023).

Overall, then, the expansion model can predict the depen-
dence of ut, ­y /­t, and dr8/dt on the latent heating rate, espe-
cially for ut. This provides experimental evidence that the
lateral inflow velocity and its resulting spinup are indeed
driven principally by latent heating in the TC, with their quan-
titative dependence described by Eq. (10).

c. Model parameters

1) SENSITIVITY TO Dsd

In this subsection, we test the sensitivity of the expan-
sion model (section 2) to Dsd, an important parameter that
modulates both rt,eq [Eq. (16)] and trt [Eq. (18)] through B.
Increasing Dsd decreases B, which decreases rt,eq and in-
creases trt, which both cause the expansion rate to decrease
[Eq. (12)].

Physically, the overturning acts to export entropy because
the inflow brings in lower entropy air while the outflow takes
out higher entropy air. This depends on Dsd. If Dsd is larger,
then the overturning circulation can be less intense to achieve
the same net export, which means smaller magnitude of the
inflow velocity and hence slower expansion. The expansion
model works reasonably partly because in a mature TC, the
main portion of the inflow mass flux is confined to low levels.
Hence, overturning circulations are very efficient at exporting
entropy; this behavior can be characterized as having a
strongly positive (i.e., stable) gross moist stability (Raymond
et al. 2009).

To perform the sensitivity test, we vary Dsd about the base
value (187.1 JK21 kg21) in section 3 by multiplying it by 0.5,
0.75, 1.0, 1.25, and 1.5. In the calculation, ­y /­r is not modified
(and hence j0 remains fixed to the value in section 3, though
A, B, and j vary with Dsd) for simplicity. The quantity rt,eq is
determined by the (Mew/rw)eq [Eq. (30)] in the base environ-
ment through Eqs. (15) and (16).

The results are shown in Fig. 16. When Dsd varies from
50% to 150% of its base value, rt,eq decreases from 2000 to
1300 km; the quantity trt increases by a factor of 3. The expansion
rate decreases from about 250 km day21 to below 50 km day21.
Though the overall values of the expansion rate rt,eq and trt
are still reasonable, it is evident that the expansion process

can be directly modulated by Dsd. This implies that in a
warmer climate, a likely increase of Dsd would partially offset
the effect of an increase of the latent heating rate that drives
faster expansion (this is already reflected by an increase of trt
with higher TSST in Fig. 13). More realistic simulations of TC

FIG. 15. (a) Colored dots show ut (m s21) and Qlat/(pr28)(Wm22) when r8 is above 500 km and below 600 km in FCOR
(all ensemble members); warmer color means higher f.
The black line shows the expansion model prediction with
r8 5 550 km, and black dots mark cases in Figs. 5 and 6. The
dotted line is a linear regression fitting to the centroids of each
cluster (each f value). (b) As in (a), but with r8 above 300 km
and below 400 km for FCOR and r8 5 350 km for the expansion
model.
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evolution in a warmer climate are an important avenue of
future work.

2) SENSITIVITY TO OTHER PARAMETERS

In this subsection, we provide a discussion of model sensi-
tivity to other parameters. The expansion rate is propor-
tional to (rt,eq–rt) and 1/trt [Eq. (12)]. The quantity trt is
proportional to [2(­y /­r)] at rt, hw, 1/f, and 1/B. The magnitude
of [2(­y /­r)] decreases with j0 (5j) (see appendix B), with a
specific example given in Fig. 2. The quantity hw 5 2.5 km is
considered a fixed value and should not vary because it is tightly
linked to the value of Dsd (see appendix D). Parameter B is in-
versely proportional to Dsd, which follows the C–C scaling.

If rt,eq needs to be predicted solely from environmental param-
eters, then Eq. (16b) indicates that rt,eq increases with rRCE,eq and

decreases with j. The quantity rRCE,eq depends on A/B and
(Mew/rw)eq, and Eq. (15) yields that ­ ln rRCE,eq/­ lnA5 1/2 and

­ ln rRCE;eq/­ lnB521/2; the quantity (Mew/rw)eq is propor-

tional to V2
Carnot/f

2 [Eq. (28)]. Figure 16 shows how rt,eq depends
on j. Figure 8 provides examples of how environmentally pre-
dicted rt,eq depends on Ttpp, TSST, and f.

7. Summary and discussion

In this paper, a predictive analytic model for the tropical cy-
clone size expansion on the f plane is proposed and its overall
behavior is tested against numerical simulations varying tro-
popause temperature (TTPP), Coriolis parameter (FCOR),
and sea surface temperature TSST (ExSST). The expansion
rate is described by a simple kinematic relation and is equal
to the ratio of the local spinup rate of the tangential wind
(­y /­t) at outer radius rt to the negative slope of the wind pro-
file at that radius. The model predicts that size expansion is
driven by latent heating (dominated by the eyewall) and sup-
pressed by radiative cooling. This prediction is achieved by
combining the tangential velocity budget at rt with the vol-
ume-integrated entropy (heat) budget inside of rt, with the
two linked via a simple relationship between outer storm size
and the upward mass flux of the overturning circulation.
Area-integrated latent heating is proportional to rt, while
area-integrated radiative cooling is proportional to r2t , such
that the storm size eventually reaches an equilibrium (rt,eq).
The size-expansion rate is the ratio of the difference between
rt,eq and the present size to a time scale trt, and both parame-
ters may be defined from environmental parameters alone.
Key takeaways are as follows:

• The model yields a predictive, analytic solution for the
evolution of storm size toward its equilibrium size (both
larger or smaller than the present size) given the environ-
mental parameters and an external set rt,eq. This solution
performs well in predicting the simulated size evolutions
and expansion rates in simulations across a range of val-
ues of tropopause temperature, sea surface temperature
(and hence potential intensity), and Coriolis parameter.

• The model successfully produces a characteristic expansion
rate for r8 of tens of kilometers per day with reasonable en-
vironmental parameters (Fig. 5), in line with past work us-
ing data for historical storms.

• The model predicts that the local spinup rate decreases
quasi-linearly with expansion and that ­y /­r at r8 decreases
in magnitude with expansion, both consistent with simula-
tions. The results taken together explain why the expansion
rate peaks during the early-to-mid stages of expansion
rather than at the beginning, as seen in simulations.

• The model predicts the reasonable time scale trt of 10–15
days when f 5 5 3 1025 s21, TSST 5 300 K, and the radia-
tive cooling rate 1 K day21. The time scale is constant
when varying Ttpp and larger when f is smaller, consistent
with simulations.

• The model predicts that the equilibrium size rt,eq increases
with �������

wcool
√

C20:07
d VCarnot/f , which is a scaling for the square

root of equilibrium eyewall updraft mass flux and r0,eq. The

FIG. 16. As in Fig. 5, but with Dsd varied from 50% to 150% of
its base value with an interval of 25%; see the text for details. In
(a)–(c), thicker and more opaque lines mark higher values of Dsd.
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quantity rt,eq is directly linked to the latent heating rate
within the TC volume and is complementary to the TC po-
tential size of Wang et al. (2022) while providing clearer
mechanistic insight into the process of expansion.

• The model predicts that enhanced latent heating will
cause the storm to expand faster (in a given environ-
ment), consistent with past observational work, finding
that storms tend to expand significantly after convection
is forced outside of the eyewall regardless of the forcing
mechanisms (Maclay et al. 2008).

• The model provides a mechanistic understanding of why TC
size expands toward an equilibrium in the first place: The
overturning circulation exports excess latent heating in
the TC when it is sufficiently small, and the resulting in-
duced low-level inflow that imports absolute vorticity into
the volume in excess to surface friction spins up the tan-
gential wind in the outer circulation. As a result, the TC
expands.

Here, we have taken a number of parameters as constant
across our tests for simplicity to arrive at an analytically trac-
table model that appears to capture the first-order behavior
of the dynamics of TC size. In reality, such parameters may
not be perfectly constant (both in time and across experi-
ments), a topic that could be more carefully examined within
the simulations presented in this paper. Here, we have evalu-
ated this assumption for a few key parameters, but additional
detailed tests of the model assumptions as well as quantifying
model parameters in simulations could be tackled in a future
study.

This model offers a valuable foundation for better under-
standing and predicting changes in storm size on Earth. For
example, it is known that TCs will shrink in the absence of
convection with nonzero b (meridional gradient of f) due to
radiation of planetary Rossby waves (Chavas and Reed 2019;
Lu and Chavas 2022). How this shrinking effect alters the evo-
lution of TC size on the f plane is an important question for
predicting changes in TC size in nature. Incorporation of the
b effect in the expansion model is a valuable avenue for fu-
ture work.

One key assumption of the present model is the existence
of an equilibrium TC outer size rt,eq that depends on environ-
mental parameters on the f plane. Though a short-term equi-
librium of size does exist in our simulations, a long-term
existence/maintenance of equilibrium size is not conclusive in
literature: Persing et al. (2019) pointed out that long-term
(longer than tens of days) maintenance in limited domains
may require an artificial source of relative angular momen-
tum. However, in the present expansion model, rt,eq is valid
and well defined at any particular instance and does not re-
quire that this radius remains constant for all time (it is able
to maintain for about 10 days or potentially longer in our sim-
ulations). Nonetheless, an understanding of rt,eq in the context
of long-term TC maintenance in limited domains remains an
open question.

One open mechanistic question that we did not analyze in de-
tail is the connection between potential intensity and updraft
mass flux. In our simulations, the expansion rate increases with

Vp (by lowering Ttpp) consistent with our theory, and the major-
ity of the condensational heating within r8 does occur within the
eyewall (appendix D). Hence, it is likely that Vp modulates the
strength of overturning circulation in the eyewall by modulating
TC intensity, which in turn modulates boundary layer frictional
convergence. However, we do not explicitly quantify the eye-
wall dynamics in the present model.15 This also simplifies the
problem a bit because potential intensity theory exists to de-
scribe the eyewall structure and successfully predicts a charac-
teristic maximum wind speed, whereas the rainband activity is
much less well understood and is much harder to predict. Cor-
respondingly, although the rainband activity has been reported
to effectively modulate TC size expansion, it is not actively pre-
dicted in the present model and is only parameterized by a
constant ap.

Finally, we note that the proposed expansion model predicts
that the expansion rate is a function of present size [Eq. (23)],
and hence, it is independent of the preceding history of storm
size including initial vortex size. This is supported by an addi-
tional set of experiments varying initial vortex size and inten-
sity (see the online supplemental material), suggesting that Vp

(VCarnot) may be a more effective factor than the initial vortex
structure to modulate the size-expansion rate.
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APPENDIX A

E04 Model and Its Relation to Expansion Model

The E04 model provides the near-surface wind profile
through a slab boundary layer model in the subsidence re-
gion where the net vertical velocity is typically negative and
is expressed as

­y

­r
5

2Cdry
2

wcool(r20 2 r2) 2 f 2
y

r
, (A1)

where wcool is a constant clear-air subsidence velocity (posi-
tive downward) induced by radiative cooling. In the model,
­y /­r is determined locally by the inflow mass flux and

15 Thus, we do expect Vp to represent a characteristic intensity
of the TC (see the supplemental material), though the exact rela-
tion between Vp and maximum wind speed is not considered here
(see the discussion of superintensity in Persing and Montgomery
2003; Li et al. 2020).
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friction and the inflow mass flux is determined by the accu-
mulated subsidence mass flux outward.

Rearranging Eq. (A1), we have za 5 z 1 f 5 2Cdry
2/

[wcool(r20 2 r2)]. Solving for r gives

r 5
2jE04y

2 1
�����������������
j2E04y

4 1 4r20

√
2

, (A2)

with

jE04 5
2Cd

wcoolza
: (A3)

It is seen that Eq. (16b) has the same form as Eq. (A2), with
j playing the same role as jE04, B playing the same role
as(1/2)wcool, f playing the same role as za, and rRCE,eq playing
the same role as r0. In addition, B, having the dimension of
velocity, is already in a form of Qcool divided by stability;
thus, B is also physically consistent with (1/2)wcool. Taking the
derivative of r with respect to y in Eq. (A2) will give the
same form as Eq. (20).

Below, we show that the E04 model can show up in the
same framework as in section 2, with a mass balance deri-
vation. Considering the approximate mass balance in a cyl-
inder from the TC center to rt and from the surface to hw:

1
ap

Mew 2 pr2t wcoolrw 522prtriuthw: (A4)

Rearrangement gives

2 ut 5
1
hw

1
2p

1
ap

Mew

rw

( )
1
rt
2

1
hw

1
2
wcoolrt

5
1
hw

Amb

Mew

rw

( )
1
rt
2

1
hw

Bmbrt, (A5)

where

Amb 5
1

2pap

, (A6a)

Bmb 5
1
2
wcool, (A6b)

where the subscript “mb” means “mass balance.” It is no-
ticed that Eq. (A5) has the equivalent form as Eq. (10c),
with A and B replaced by Amb and Bmb, respectively. The
following derivation for drt/dt will be the same as in section 2.
In particular, the equivalent counterpart of j will be
jmb 5 2Cdm

2/( fwcool), which more closely resembles jE04.

APPENDIX B

Further Discussion on ­y /­r [Eq. (21)]

Equation (21) indicates that ­y /­r is negative definite and
it tends to 2‘ when rt tends to 0; ­y /­r tends to 21/(sj0y t)
when rt tends to 1 ‘. Specifically, Eq. (21) gives

­

­j0

­y

­r

∣∣∣∣
y5y t

( )
5

1

sj20y t
. 0, (B1)

which indicates that the magnitude of ­y /­r decreases with in-
creased j0 and vice versa. Physically, when Cd is increased or f
is decreased, the magnitude of ­y /­r will decrease. Additionally,
when 2rt .. j0y

2
t , then (­y /­r)21 |y5y t

’22rty tsj0/2rt 52y tsj0,
giving a proportional dependence of ­y /­r on fB/Cd. When
2rt ,, j0y

2
t , then (­y /­r)21 |y5y t

’22rts/y t, proportional to rt
and independent of j0.

APPENDIX C

Experimental Design and Processing

Numerical experiments are performed with Cloud Model 1
(CM1; Bryan and Fritsch 2002), which is a nonhydrostatic
model mainly designed for idealized simulations. The model
configuration is essentially the same as Wang et al. (2022).
The radiation is represented by applying a constant cooling
rate Qcool of potential temperature u where the temperature is
above a prescribed tropopause temperature Ttpp. Where the
temperature is lower than Ttpp, the u is relaxed to the value
corresponding to Ttpp with a time scale t 5 12 h. A surface
gustiness usfc 5 5 m s21 is added to 10-m wind in the aero-
dynamic formula for surface drag and enthalpy fluxes. The
Morrison double-moment microphysics scheme (Morrison
et al. 2005) is used.

We set the environment in the CTL simulation as Ttpp 5

200 K, TSST 5 300 K, f 5 5 3 1025 s21, Cd 5 Ck 5 0.0015,
and Qcool 5 1 K day21. In the first set of experiments
(TTPP; Table C1), we vary the tropopause temperature to
vary Vp. This method has an advantage to isolate structural
changes in the TC owing to changes of Vp without substan-
tially affecting the lower-tropospheric properties, such as
wcool. To further test the role of Cd in modulating Mew, two
more sets of experiments CD and CDTTPP are designed
(Table C1). In CD, Cd is varied, while in CDTTPP, Cd and
Ttpp are both varied in a manner that Vp does not change
(assuming the same air–sea enthalpy disequilibrium). The
parameter Ck is further varied in CK (Table C1) to test
whether Mew is dominantly friction driven, as the boundary
layer thermodynamic property is expected to change in CK. In
the fifth set of experiments (FCOR, Table C1), we vary the
Coriolis parameter f. In the sixth set of experiments (ExSST,

TABLE C1. Parameters in experiments.

TTPP CDTTPP
CK FCOR ExSST

Ttpp (K) Cd Ttpp (K) Cd Ck f (1025 s21) TSST (K)

241 0.0031 241 0.0007 0.0007 } }

227 0.0023 227 0.0010 0.0010 1.25 286
214 0.0019 214 0.0012 0.0012 2.5 293
200 0.0015 200 0.0015 0.0015 5 300
187 0.0012 187 0.0018 0.0018 10 307
174 0.0010 174 0.0022 0.0022 15 }

163 0.0009 163 0.0025 0.0025 } }
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Table C1), we vary TSST. Note that CD, CDTTPP, and CK
will only be used for parameterizing (Mew/rw)eq (section 2d),
with their equilibrium periods all set to 40–50 days.

TCs are simulated using the axisymmetric configuration
of CM1, and the base state of the atmosphere is generated
by three-dimensional simulations in radiative–convective
equilibrium without the background rotation, same as Wang
et al. (2022). In FCOR, CD, and CK, the base state of the at-
mosphere is all the same as the case with Ttpp 5 200 K in
TTPP. TCs are simulated for 50 days in all simulations except
150 days for f 5 1.25 3 1025 s21 and 100 days for f 5 2.5 3

1025 s21 as the TCs with low f take longer to reach size equi-
librium. The initial vortex for all experiments is the same and
defined as in Rotunno and Emanuel (1987). The initial vortex
maximum wind is about 13 m s21 at a radius of about 100 km;
see also the supplemental material. For each value of the pa-
rameter being varied in TTPP, FCOR, and ExSST, we perform
four ensemble simulations. We denote ensemble-index-0 as the
ensemble member where the initial sounding outside of the
vortex is not perturbed. For the other three ensemble mem-
bers, the initial state of potential temperature over the whole
domain is randomly perturbed with a maximum amplitude of
2.5 K (“irandp” 5 1 in CM1 namelist) based on that of ensem-
ble-index-0.

The eyewall upward mass flux is approximated by the in-
flow under the eyewall:

Mew(t) 522prew

�h

0
rdu dz, (C1)

where rew is some radius not far from the eyewall (here
chosen as two times rumin, the radius of the minimum radial
velocity in the boundary layer), u is the radial velocity, and
h is the height of the inflow layer, taken as the height
where the radial velocity u is greater than 0.1 times the
minimum u at rew (52rumin) following Zhang et al. (2011).
The Mew is processed by a 120-h running average. And rw
is calculated such that 22prew_hrwuavg 5Mew in Eq. (C1),
where uavg is the vertical mean radial velocity of the inflow
after 120-h running average and where h is h after 120-h
running average.

To evaluate Eqs. (1), (3), and (4), a spatial and temporal
average is applied to remove noise in CM1 outputs:

[X] 5 1
z2 2 z1

�z2

z1

2

(rt 1 Dr)2 2 (rt 2 Dr)2
[

3

� rt1Dr

rt2Dr

1
P

� t1P/2

t2P/2
X dt

( )
r dr

]
dz: (C2)

This average [ ? ] will apply to each term of Eq. (3): ­y /­t
and ut in Figs. 11–13, ut in Figs. 14 and 15; Dr 5 100 km,
P 5 120 h, z1 5 0, and z2 5 hw 5 2.5 km are set. Note that
one exception is that when applied to ­y /­r (Figs. 11–13):
We take the central difference using two radii rt 2 Dr and
rt 1 Dr of the 120-h temporal running average of y , at a
fixed height 950 m, for smoother results. As ­y /­t and
­y /­r are very noisy, they are further applied to a 24-h

running average after applying [ ? ] in Figs. 11–13 for
clearer visualization.

Quantity wcool is calculated in the same manner as Wang
et al. (2022). A typical value of wcool is 0.0027 m s21 in the
simulations.16 Quantity Qlat from simulations (Figs. 9, 14,
and 15) is also needed: Qlat is calculated as the 120-h run-
ning average of the mass integration (radially within rt) of
cpPu̇pc, with u being the potential temperature, P being the

Exner function, and u̇pc being the potential temperature source

due to phase changes (the tendency from the microphysics sec-
tion provided by CM1 subtracted by the energy fallout term;
see below). The height of the volume for the integration is de-
fined as follows. First, the location of the maximum outflow ve-
locity umax of 120-h running averaged fields is found. The
height of the volume is defined as 1 km above the height
where the outflow velocity is less than 0.1 umax.

APPENDIX D

Support for Eq. (6) and Some Parameter Diagnosis and
Interpretation

First, we provide a support of the dry-entropy balance equa-
tion Eq. (6). Recall that we define sd 5 cp ln(u/Ttrip). Each term
in Eq. (5) may be given as follows [see u budget in Bryan and
Rotunno (2009) and CM1 governing equations in the CM1

homepage], defining volume integration
�
y
5

�zl

0

� rt

0
2pr dr dz:

­S
­t

5

�
y

­rdsd
­t

, (D1a)

Qlat

Te,lat
5

�
y

rd 2
cy
cym

Ly

T
q̇gl 1

Lf

T
q̇ls 1

Ls

T
q̇gs

( )[{

1
cy
cym

2
R
Rm

( )
Ry (q̇gl 1 q̇gs)

]}
, (D1b)

2
Qrad

Te,rad
5

�
y
rd

cp
u

u̇rad

( )
, (D1c)

Ṡ res 5

�
y
2rd

cy
cym

Rm 2 R
( )

=u 1

�
y
2

cy
cym

=J

T

1

�
y

cy
cym

1
T
(WT 1 e), (D1d)

F r 5

�zl

0
22prt(rdusd)|r5rt

dz, (D1e)

Fu 5

� rt

0
22pr(rdwsd)|z5zl

dr, (D1f)

where cy is the specific heat of dry air at constant volume;
cym 5 cy 1 cvvqy 1 clql 1 csqs, with cyy, cl, and cs being the
specific heat of water vapor, liquid water, and solid water at

16 Quantity wcool was incorrectly calculated to be about half of
the correct value inWang et al. (2022).
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constant volume, respectively, and ql and qs are the mixing
ratios of liquid water and solid water, respectively; R is the
gas constant of dry air, Rm 5 R 1 qyRy is the gas constant
of moist air, with Ry being the gas constant of water vapor;
Ly, Lf, and Ls are the latent heat of vaporization, freezing,
and sublimation, respectively; q̇gl and q̇gs are the qy source
from phase changes between gas and liquid water and gas
and solid water, respectively; q̇ls is the ql source from phase
changes between liquid and solid water; u̇rad is the u source
due to radiative cooling; vector u is the velocity; vector J is
the sensible heat flux per unit area; WT is the heating/cool-
ing rate per unit volume due to falling hydrometeors; and e

is the dissipative heating. In particular, WT 5 2cyydy=T 2

cldl=T 2 csds=T 1 g ? (dy 1 dl 1 ds), where dy, dl, and ds
are the diffusion (fall out) fluxes of water vapor, liquid wa-
ter, and solid water per unit area, respectively (see also ap-
pendix A of Romps 2008; Wang and Lin 2021), and g is the
gravitational acceleration.

In practice, Eq. (D1) in a CM1 simulation is obtained by
its automatic output of u budget. Specifically, Qlat/Te,lat is
obtained from the CM1 output “ptb_mp” (u source from
the microphysics section) subtracted by the effect of WT us-
ing the CM1 output of the terminal fall speed of different
hydrometeors. Note, in particular, that ptb_mp itself can be a
close approximation of u source due to phase changes because
a simple scale estimation gives that the dry-entropy source
due to WT [Eq. (D1d)] is only a few percent of that due to
phase changes [Eq. (D1b)], assuming ­T/­z 5 27 K km21

and a mean condensation height (for the vertical distance of
falling) of 3 km (this estimation is supported by explicit diag-
nosis not shown).

Figures D1a and D1b show the support of the approxi-
mation given by Eq. (6) by representative cases of CTL and
Ttpp 5 163 K case in TTPP. It is evident that the local ten-
dency ­S/­t, dry-entropy source Ṡ res, and vertical flux Fu
are indeed negligible with dominant terms Qlat/Te,lat, F r
and 2Qrad/Te,rad, which is important when TC is large. The
crucial assumption/approximation that Qlat/Te,lat scales with
rt and Qrad/Te,rad scales with r2t is more clearly (than in the
main text) supported by Figs. D1c–f for TTPP and FCOR
(similar for ExSST, not shown).

In section 3, we set ap 5 0.8, ep,ew 5 1; here, some sup-
port for this setting is shown in Fig. D2. Consistent with the
definition in section 2a, ap is calculated as the ratio between
the latent heating within two times the radius of maximum
wind rm and Qlat. Two times of rm is to account for the
slope of the eyewall, which could also include some inner
rainband according to Wang (2009). It is seen that ap in
TTPP and ExSST is approximately constant being about
0.7–0.8, suggesting the dominant contribution of latent heat-
ing in the eyewall to total latent heating within r8. In
FCOR, however, it is seen that ap can be substantially
smaller when f 5 2.5 3 1025 and f 5 1.25 3 1025 s21, indi-
cating that latent heating outside of the eyewall is impor-
tant in driving the expansion of these cases. It is also noted
that when f 5 2.5 3 1025 s21, ap is still mainly above 0.6
when r8 is smaller than 1000 km, a radius more relevant to
TCs on Earth.

Here, for convenience, ep,ew is diagnosed/estimated as the
ratio of 120-h running averaged precipitation to the 120-h
running averaged sum of surface water vapor and lateral
water (vapor and hydrometeors) fluxes within (at) two
times of rm. Note ep,ew thus defined is similar to the large-
scale precipitation efficiency in Sui et al. (2005). It is seen
in Figs. D2d–f that ep,ew is about 1 during the whole expan-
sion stage. This indicates a negligible local accumulation of
water in the atmosphere, and nearly all water vapor input
to the eyewall changes phase.

We also show Dsd diagnosed by Eq. (7) in simulations in
Fig. D3. It is seen that the diagnosed Dsd is approximately
constant with time in TTPP, FCOR, and ExSST. The diag-
nosed Dsd is very close in different experiments of TTPP and
FCOR; the value is also not far from the 187.1 JK21 kg21 esti-
mation in the ideal base environment in section 3. The diag-
nosed Dsd in ExSST also matches well with the expansion
model, following the C–C scaling. This supports our assumption
of a constant Dsd and directly supports the interpretation of
Dsd. Our assumption that Dsd is mainly driven by sea surface
temperature is verified. Note the diagnosed Dsd slightly in-
creases with decreasing Ttpp; this also means the faster expan-
sion rate with lower Ttpp is not caused by a Dsd sensitivity.

The meaning of Dsd may be further understood in a more
ideal picture where the inflow at rt occurs only from the surface
to the height zi and the outflow only occurs from zi to zl and
where zi�zl so that the outflow is well confined to the tropo-
pause level. To simplify the math, we also assume that the
buoyancy frequency N is a constant so that ­sd/­z5 (cp/g)N2 is
a constant (not a bad approximation as seen in CTL; see the
supplemental material). We denote sd at the surface to be sd0
so that sdi 5 sd0 1 (cp/g)N2zi is the sd at height zi; we denote
sd,tpp the sd at height zl. Thus, F r [Eq. (D1e)] is written as

F r 5

�zi

0
22prt(rdusd)dz 1

�zl

zi

22prt(rdusd)dz (D2)

The first term on the RHS is written as�zi

0
22prt(rdusd)dz

522prt

�zi

0
rdu sd0 1

cp
g

N2z
( )

dz

5 sd0 22prt

�zi

0
rdu dz

( )
2 2prt

cp
g

N2
�zi

0
rduz dz

5 sd0ci 1
cp
g

N2
�zi

0

­c

­z
z dz

5 sd0ci 1
cp
g

N2 (cz)|zi0 2

�zi

0
c dz

[ ]

5 sd0ci 1
cp
g

N2cizi 2
cp
g

N2
�zi

0
c dz

5 sdici 2
cp
g

N2
�zi

0
c dz, (D3)

where c is the mass streamfunction. The second term on
the RHS of Eq. (D2) is written as
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FIG. D1. (a),(b) Terms in the dry-entropy budget Eq. (D1) (J K21 s21) in CTL and the Ttpp 5 163 K case in TTPP;
legend shows (from top to bottom) terms F r, Fu, Qlat/Te,lat, 2 (Qrad/Te,rad), Ṡ res, ­S/­t as the sum of these terms
and directly calculated (solid lines: ensemble mean; shading: one standard deviation). (c),(d) The equation
[(Qlat/Te,lat)1 Ṡ res 1 Fu]/r8 (J K21 s21 m21) in TTPP and FCOR (solid lines: ensemble mean; shading: one standard
deviation), respectively. Warmer color means higher values of Ttpp or f; dashed lines mark the expansion model pre-
dictions in section 4. (e),(f) As in (c) and (d), but for2(Qrad/Te,lat)/r8 (J K21 s21 m21).
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FIG. D2. (a)–(c) Diagnosed ap (solid lines: ensemble mean; shading: one standard deviation) as a function of r8
in TTPP, FCOR, and ExSST, respectively. (d)–(f) As in (a)–(c), but for ep,ew. Warmer colors mean higher values
of the variable being varied. See the text for details.
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�zl

zi

22prt(rdusd) dz 5

�zl

zi

­c

­z
sd dz ’ sdi(2ci): (D4)

Thus, we have F r 52(cp/g)N2
�zi
0 c dz52(cp/g)N2czi. Note

also that 2prtriuthw 52chw
. Then, Dsd [Eq. (7)] is

Dsd 5 F r/(2chw
)

5
cp
g

N2zi
c

chw

’ (sd,tpp 2 sd0)
c

chw

: (D5)

Thus, we see that Dsd will represent the difference of sd be-
tween tropopause and the surface if chw

is close to the vertical
mean of c in the whole inflow layer. A structure with the in-
flow confined near the surface satisfies this condition, but
other vertical profiles of the inflow can also be valid.

REFERENCES

Bryan, G. H., and J. M. Fritsch, 2002: A benchmark simulation
for moist nonhydrostatic numerical models. Mon. Wea. Rev.,
130, 2917–2928, https://doi.org/10.1175/1520-0493(2002)130
,2917:ABSFMN.2.0.CO;2.

}}, and R. Rotunno, 2009: The maximum intensity of tropical
cyclones in axisymmetric numerical model simulations. Mon. Wea.
Rev., 137, 1770–1789, https://doi.org/10.1175/2008MWR2709.1.

Bu, Y. P., R. G. Fovell, and K. L. Corbosiero, 2014: Influence of
cloud–radiative forcing on tropical cyclone structure. J. At-
mos. Sci., 71, 1644–1662, https://doi.org/10.1175/JAS-D-13-
0265.1.

}}, }}, and }}, 2017: The influences of boundary layer mix-
ing and cloud-radiative forcing on tropical cyclone size. J. At-
mos. Sci., 74, 1273–1292, https://doi.org/10.1175/JAS-D-16-
0231.1.

Bui, H. H., R. K. Smith, T. Montgomery, and J. Peng, 2009: Bal-
anced and unbalanced aspects of tropical cyclone intensifica-
tion. Quart. J. Roy. Meteor. Soc., 135, 1715–1731, https://doi.
org/10.1002/qj.502.

Chan, K. T., and J. C. Chan, 2014: Impacts of initial vortex size
and planetary vorticity on tropical cyclone size. Quart. J. Roy.
Meteor. Soc., 140, 2235–2248, https://doi.org/10.1002/qj.2292.

}}, and }}, 2015: Impacts of vortex intensity and outer winds
on tropical cyclone size. Quart. J. Roy. Meteor. Soc., 141,
525–537, https://doi.org/10.1002/qj.2374.

Chan, K. T. F., and J. C. L. Chan, 2018: The outer-core wind
structure of tropical cyclones. J. Meteor. Soc. Japan, 96, 297–
315, https://doi.org/10.2151/jmsj.2018-042.

Chavas, D. R., and K. Emanuel, 2014: Equilibrium tropical cyclone
size in an idealized state of axisymmetric radiative–convective
equilibrium. J. Atmos. Sci., 71, 1663–1680. https://doi.org/10.
1175/JAS-D-13-0155.1.

}}, and N. Lin, 2016: A model for the complete radial structure
of the tropical cyclone wind field. Part II: Wind field variabil-
ity. J. Atmos. Sci., 73, 3093–3113, https://doi.org/10.1175/JAS-
D-15-0185.1.

}}, and K. A. Reed, 2019: Dynamical aquaplanet experiments
with uniform thermal forcing: System dynamics and implications

FIG. D3. Diagnosed Dsd (J K
21 kg21; solid lines: ensemble mean;

shading: one standard deviation) in (a) TTPP, (b) FCOR, and
(c) ExSST using Eq. (7). Colors have the same meaning as Fig. D2.
Note in the calculation, the numerator and denominator of Eq. (7)
are first processed by a 120-h running average. Dashed lines in
(c) show the expansion model predicted Dsd 5 Lyq

*
y s/Ts, which are

also used in section 4.

WANG AND CHAVA S 1123JULY 2024

Unauthenticated | Downloaded 05/28/25 03:22 AM UTC

https://doi.org/10.1175/1520-0493(2002)130<2917:ABSFMN>2.0.CO;2
https://doi.org/10.1175/1520-0493(2002)130<2917:ABSFMN>2.0.CO;2
https://doi.org/10.1175/2008MWR2709.1
https://doi.org/10.1175/JAS-D-13-0265.1
https://doi.org/10.1175/JAS-D-13-0265.1
https://doi.org/10.1175/JAS-D-16-0231.1
https://doi.org/10.1175/JAS-D-16-0231.1
https://doi.org/10.1002/qj.502
https://doi.org/10.1002/qj.502
https://doi.org/10.1002/qj.2292
https://doi.org/10.1002/qj.2374
https://doi.org/10.2151/jmsj.2018-042
https://doi.org/10.1175/JAS-D-13-0155.1
https://doi.org/10.1175/JAS-D-13-0155.1
https://doi.org/10.1175/JAS-D-15-0185.1
https://doi.org/10.1175/JAS-D-15-0185.1


for tropical cyclone genesis and size. J. Atmos. Sci., 76, 2257–
2274, https://doi.org/10.1175/JAS-D-19-0001.1.

}}, and J. A. Knaff, 2022: A simple model for predicting the
tropical cyclone radius of maximum wind from outer size.
Wea. Forecasting, 37, 563–579, https://doi.org/10.1175/WAF-
D-21-0103.1.

}}, N. Lin, and K. Emanuel, 2015: A model for the complete
radial structure of the tropical cyclone wind field. Part I:
Comparison with observed structure. J. Atmos. Sci., 72, 3647–
3662, https://doi.org/10.1175/JAS-D-15-0014.1.

Dunion, J. P., 2011: Rewriting the climatology of the tropical
North Atlantic and Caribbean Sea atmosphere. J. Climate,
24, 893–908, https://doi.org/10.1175/2010JCLI3496.1.

Emanuel, K., 2004: Tropical cyclone energetics and structure.
Atmospheric Turbulence and Mesoscale Meteorology,
Cambridge University Press, 165–191, https://doi.org/10.
1017/CBO9780511735035.010.

}}, 2012: Self-stratification of tropical cyclone outflow. Part II:
Implications for storm intensification. J. Atmos. Sci., 69, 988–
996, https://doi.org/10.1175/JAS-D-11-0177.1.

}}, and R. Rotunno, 2011: Self-stratification of tropical cyclone
outflow. Part I: Implications for storm structure. J. Atmos.
Sci., 68, 2236–2249, https://doi.org/10.1175/JAS-D-10-05024.1.

Emanuel, K. A., 1986: An air-sea interaction theory for tropical
cyclones. Part I: Steady-state maintenance. J. Atmos. Sci., 43,
585–605, https://doi.org/10.1175/1520-0469(1986)043,0585:
AASITF.2.0.CO;2.

}}, 1988: The maximum intensity of hurricanes. J. Atmos. Sci., 45,
1143–1155, https://doi.org/10.1175/1520-0469(1988)045,1143:
TMIOH.2.0.CO;2.

}}, 1991: The theory of hurricanes. Annu. Rev. Fluid Mech., 23,
179–196, https://doi.org/10.1146/annurev.fl.23.010191.001143.

}}, 1995: The behavior of a simple hurricane model using a con-
vective scheme based on subcloud-layer entropy equilibrium.
J. Atmos. Sci., 52, 3960–3968, https://doi.org/10.1175/1520-0469
(1995)052,3960:TBOASH.2.0.CO;2.

Fudeyasu, H., Y. Wang, M. Satoh, T. Nasuno, H. Miura, and
W. Yanase, 2010: Multiscale interactions in the life cycle of a
tropical cyclone simulated in a global cloud-system-resolving
model. Part II: System-scale and mesoscale processes. Mon. Wea.
Rev., 138, 4305–4327, https://doi.org/10.1175/2010MWR3475.1.

Hill, K. A., and G. M. Lackmann, 2009: Influence of environmen-
tal humidity on tropical cyclone size. Mon. Wea. Rev., 137,
3294–3315, https://doi.org/10.1175/2009MWR2679.1.

Kepert, J., 2001: The dynamics of boundary layer jets within the
tropical cyclone core. Part I: Linear theory. J. Atmos. Sci., 58,
2469–2484, https://doi.org/10.1175/1520-0469(2001)058,2469:
TDOBLJ.2.0.CO;2.

Khairoutdinov, M., and K. Emanuel, 2013: Rotating radiative-
convective equilibrium simulated by a cloud-resolving model.
J. Adv. Model. Earth Syst., 5, 816–825, https://doi.org/10.1002/
2013MS000253.

Kossin, J. P., and M. Sitkowski, 2009: An objective model for
identifying secondary eyewall formation in hurricanes. Mon.
Wea. Rev., 137, 876–892, https://doi.org/10.1175/2008MWR2701.1.

Kuo, H. L., 1982: Vortex boundary layer under quadratic surface
stress. Bound.-Layer Meteor., 22, 151–169, https://doi.org/10.
1007/BF00118250.

Li, Y., Y. Wang, Y. Lin, and R. Fei, 2020: Dependence of superin-
tensity of tropical cyclones on SST in axisymmetric numerical
simulations. Mon. Wea. Rev., 148, 4767–4781, https://doi.org/
10.1175/MWR-D-20-0141.1.

}}, }}, and Z. Tan, 2023: Is the outflow-layer inertial stability
crucial to the energy cycle and development of tropical cy-
clones?. J. Atmos. Sci., 80, 1605–1620, https://doi.org/10.1175/
JAS-D-22-0186.1.

Lu, K.-Y., and D. R. Chavas, 2022: Tropical cyclone size is
strongly limited by the Rhines scale: Experiments with a bar-
otropic model. J. Atmos. Sci., 79, 2109–2124, https://doi.org/
10.1175/JAS-D-21-0224.1.

Maclay, K. S., M. DeMaria, and T. H. Vonder Haar, 2008: Tropi-
cal cyclone inner-core kinetic energy evolution. Mon. Wea.
Rev., 136, 4882–4898, https://doi.org/10.1175/2008MWR2268.1.

Martinez, J., C. C. Nam, and M. M. Bell, 2020: On the contribu-
tions of incipient vortex circulation and environmental mois-
ture to tropical cyclone expansion. J. Geophys. Res. Atmos.,
125, e2020JD033324, https://doi.org/10.1029/2020JD033324.

Morrison, H., J. A. Curry, and V. I. Khvorostyanov, 2005: A new
double-moment microphysics parameterization for applica-
tion in cloud and climate models. Part I: Description. J. At-
mos. Sci., 62, 1665–1677, https://doi.org/10.1175/JAS3446.1.

Pauluis, O., V. Balaji, and I. M. Held, 2000: Frictional dissipation
in a precipitating atmosphere. J. Atmos. Sci., 57, 989–994,
https://doi.org/10.1175/1520-0469(2000)057,0989:FDIAPA.

2.0.CO;2.
Peng, K., R. Rotunno, and G. H. Bryan, 2018: Evaluation of a

time-dependent model for the intensification of tropical cy-
clones. J. Atmos. Sci., 75, 2125–2138, https://doi.org/10.1175/
JAS-D-17-0382.1.

Persing, J., and M. T. Montgomery, 2003: Hurricane superinten-
sity. J. Atmos. Sci., 60, 2349–2371, https://doi.org/10.1175/
1520-0469(2003)060,2349:HS.2.0.CO;2.

}}, }}, R. K. Smith, and J. C. McWilliams, 2019: Quasi
steady-state hurricanes revisited. Trop. Cyclone Res. Rev., 8
(1), 1–17, https://doi.org/10.1016/j.tcrr.2019.07.001.

Ramsay, H. A., M. S. Singh, and D. R. Chavas, 2020: Response of
tropical cyclone formation and intensification rates to climate
warming in idealized simulations. J. Adv. Model. Earth Syst.,
12, e2020MS002086, https://doi.org/10.1029/2020MS002086.

Raymond, D. J., S. L. Sessions, A. H. Sobel, and Ž. Fuchs, 2009:
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