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Abstract—This paper explores decentralized learning in a
graph-based setting, where data is distributed across nodes. We
investigate a decentralized SGD algorithm that utilizes a random
walk to update a global model based on local data. Our focus
is on designing the transition probability matrix to speed up
convergence. While importance sampling can enhance centralized
learning, its decentralized counterpart, using the Metropolis-
Hastings (MH) algorithm, can lead to the entrapment problem,
where the random walk becomes stuck at certain nodes, slowing
convergence. To address this, we propose the Metropolis-Hastings
with Lévy Jumps (MHLJ) algorithm, which incorporates random
perturbations (jumps) to overcome entrapment. We theoretically
establish the convergence rate and error gap of MHLJ and
validate our findings through numerical experiments.

I. INTRODUCTION

Traditional machine learning typically stores and trains
models on a single server. This framework struggles with
large-scale data and poses privacy leakage issues. These chal-
lenges have led to a shift towards researching distributed learn-
ing [1], [2]. A particularly focused framework is centralized
distributed learning, which requires a central server, suffers
from a communication bottleneck [3], and is vulnerable if
the central server fails [4], [5]. Decentralized learning models
remove the dependency on a central server. In this paper, we
study the setting of decentralized learning via random walks
(RWs), as shown in Fig. 1. The data needed to train the global
model is held by local devices (nodes) in a network. Moreover,
no central server is needed to aggregate the local updates
performed in each iteration at the nodes [6], alleviating the
problems of communication bottleneck, privacy, and failures
that come with a centralized setting. The learning task is
accomplished by leveraging the local communication links
among the devices. The learning task can be expressed as:

1
min — > f,(z), (1)
(2%

z€R4 m
v
where f, is the local loss function of v, which depends on the
local data. Existing decentralized learning approaches can be
categorized into two main categories: gossip algorithms [7],

[8], which have been extensively studied, and random walk
algorithms [9], [10], which have been garnering increasing
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Fig. 1: Decentralized learning via random walk. The model z is
carried by a random walk, which is represented by the red arrows.
The model is updated using local data of the visited node in each
iteration.

interest recently. In this work, we focus on random walk
algorithms due to their overall low communication overhead.
We study solving Eq. (1) using a random walk SGD method
[11]-[13], that is, with the initial model z°, starting node vy,
repeat the following steps: at iteration ¢, node v; updates the
model using the stochastic gradient §,, calculated based on the
local data, and then passes the model to one of its neighbors
randomly chosen according to a transition matrix P.

We focus on the effect of designing P on the algorithm’s
convergence. Three choices of P have been studied.

1) The simplest approach is to choose the next node u is
chosen uniformly at random: P(v,u) = ﬁ(v)' However,
the stationary distribution of this RW is proportional to
the nodes’ degrees.

2) The most extensively investigated approach is to em-
ploy the Metropolis-Hastings (MH) algorithm [14],
[15] to construct P with the goal of achieving
a uniform stationary distribution [16]: P(v,u) =
ﬁ(v)min{l, ggggzg},u # v, (u,v) € E. This design
tries to mimic the vanilla centralized SGD that samples
the data uniformly.

3) For a general desired stationary distribution 7 on the

nodes, use the following transition probability obtained
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from MH [10]:

P(v,u) = min{

We are interested in the last option, where the desired
distribution 7 is set to be the importance sampling distribution.
In centralized learning, sampling the data according to their
“importance” may speed up the convergence [17]. We show
in this work that using the Metropolis-Hastings algorithm
to implement importance sampling in decentralized learning
may cause a phenomenon we term the entrapment problem.
Namely, the random walk may become entrapped in specific
nodes or regions of the graph for an extended duration, thereby
slowing down the convergence rate. We propose a new design
strategy based on perturbing the Metropolis-Hastings transition
probability P with Lévy-like jumps [18] to overcome entrap-
ment and show that it can speed up the convergence.

1 Tu

deg(v)’ deg(u)m, } yu# v, (u,v) € E.

A. Previous Work

The original work by [9], [16], [19] marked the initial
exploration of random walk learning with the (sub-)gradient
method. Subsequently, the work of [20] extended the results
to accommodate changing topology networks. Utilization of
curvature information to accelerate the convergence rate of
random walk SGD was studied in [21]. Meanwhile, random
walk SGD with adaptive step sizes was investigated in [22]. Er-
godic sampling for the mirror descent method was explored in
[23]. Under Markovian sampling, non-convex results for SGD
were presented in [24], the AdaGrad method was examined
in [25], variance reduction methods applicable to non-convex
cases are investigated by [26].

Another direction relevant to this work is importance sam-
pling. Needell et al. showed in [17] that sampling the data
proportional to the gradient Lipschitz constant of the local
loss function can speed up the convergence rate when the
data is heterogeneous. The work in [27] connected importance
sampling with minimizing the variance of the gradient estima-
tor. Importance sampling for minibatches was studied in [28].
All these works focused on centralized scenarios and did not
address the decentralized case we focus on here.

All the aforementioned work on random walk learning pri-
marily studied scenarios where the random walk’s stationary
distribution is uniform across the nodes. The work in [10], [29]
went beyond uniform sampling using importance sampling and
multi-armed bandits.

B. Contributions

We investigate the impact of designing the transition proba-
bility of the random walk on the convergence properties of the
random walk learning algorithm. We start by implementing
importance sampling in a decentralized learning framework
via the Metropolis-Hastings algorithm. Subsequently, we show
that when the data is heterogeneous, and the network is not
well-connected, the random walk governed by Metropolis-
Hastings transition may become entrapped at certain “impor-
tant” nodes. We call this phenomenon the entrapment problem.

This entrapment phenomenon will force the model to be biased
toward the local data and marginalize the updates. To mitigate
this issue, we propose a novel algorithm, the Metropolis-
Hastings with Lévy Jump (MHLJ), which incorporates random
perturbations to help the random walk avoid getting entrapped.
We then analyze the convergence rate and error gap of the
MHLJ algorithm, supplementing our theoretical findings with
simulations to validate our results.

C. Organization

The rest of the paper is organized as follows: Section II
introduces the problem setting. Sections III and IV introduce
the decentralized way of implementing importance sampling
and the entrapment problem. Our proposed algorithm, MHLJ,
to overcome the entrapment problem and the simulation results
are introduced in Section V. Finally, we give our theoretical
convergence result of MHLJ in Section VI. The complete
proof of the theoretical convergence result and the simulation
settings can be found in the Appendix of an extended version
of this paper’.

II. PROBLEM SETTING
A. Network and Objective Function

We consider a communication network represented by a
connected graph G = (V, E), where V is the set of nodes,
and £ C V x V represents the communication links between
nodes. Nodes that are connected can communicate with each
other. We assume that each node in the graph has a self-
loop. Each node v of the network has its local data = € R,
which induces a local loss function f,(z). The goal is to
find a decentralized algorithm to solve Eq. (1) using only
local communications without the help of a central server. The
objective function to minimize can be expressed as follows:

1
f(z) = m Z fo(x), z € R

veV

2)

B. Data Heterogeneity

We will work under the Lipschitz smooth assumption:

Definition 1. A function f(z) is L-smooth if

IVf(x) = Vil < Lllz —yll, for all x,y € dom(f),

where L is the gradient Lipschitz constant of the function.

For example, in linear regression f,(z) = 1|y, — 27 A, |?
one can set L, = ||A4,]|?, and in Logistic regression f,(z) =
yorT A, —log(1 + e* “4v) one can set L, can be chosen as
1[| Ay %, where (A, y,) is the local data stored at node v.

We are interested in the scenario where the data owned
by the nodes is heterogeneous, i.e., not sampled from iden-
tical distributions. We will look at the gradient Lipschitz
constants L, of the local loss functions f, as a proxy for
heterogeneity. We denote Lyax = max{L,|v € V}, Ly =

Uhttps://github.com/ZonghongLiu/ISIT2024-Entrapment-Extended
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min {L,|lv € V}, and L = ﬁZveV L,. In particular, we
consider the following heterogeneous scheme:

Lmin ~ -Z/ S Lmax~ (3)

In this case, importance sampling consisting of sampling data
proportional to the local gradient Lipschitz constant can lead
to a speed-up in convergence [17] .

C. Random Walk Learning

We want to design a decentralized algorithm that solves
Eq. (1) via a random walk. A random walk algorithm for
decentralized optimization [10] with a given transition proba-
bility matrix P consists of the following steps:

1) Start from a randomly selected node v, with the currently

visited initial model z°;

2) At iteration ¢, v; updates the model using the stochastic

gradient g, calculated based on the local data:

2t =at — gy, (), )
3) Node v; randomly chooses one of its neighbors (including
itself) as v;y1, according to a distribution P(vy, -).
4) Node v; passes the model 2™ to node vy .
The algorithm runs steps 2), 3), and 4) iteratively for a given
number of iterations 7. The model passed among the nodes
and their neighbors can be seen as a time-homogeneous ran-
dom walk on the graph G with transition matrix P. We assume
that P is aperiodic and recurrent. Therefore, the random walk
is ergodic and converges to a stationary distribution 7.

III. IMPORTANCE SAMPLING

Our main objective is to design the transition matrix P of
the random walk to speed up the convergence of the learning
algorithm. Our approach is to mimic centralized importance
sampling, which has been shown to improve convergence in
certain regimes [17], [27]. The main challenge is that the
data sampled by the random walk is not i.i.d anymore, but is
governed by a Markovian dependency imposed by the graph.

A. Importance Sampling in Centralized Learning

Importance sampling has been mainly studied in the cen-
tralized setting. In the standard SGD algorithm, the data is
sampled uniformly. Importance sampling goes beyond the
uniform distribution and samples the data based on a certain
measure of importance, still in i.i.d. fashion. Of particular
importance to our work here is the work of Needell et al. [17],
where it was shown that weighted sampling in a centralized
setting can speed up the convergence of SGD. It was proposed
to use the gradient Lipschitz constant of the local loss function
L; as the importance of data z;, and to sample the data
proportional to its importance, i.e., according to the following
distribution:

Z?Ll Li7

where 77 is defined to be the importance sampling distribution.
The following convergence rates of SGD for Lipschitz smooth

®)

(i) :

L1 ~ 100 ~ 20

L3%1

L4 ~1
(@) (b)

Fig. 2: (a) An example of ring topology with five nodes that may
cause the entrapment issue. (b) In the Markov chain representation
of the random walk on the graph in (a).

and strongly convex objective functions were shown in [17,
Theorem 2.1]:

1) Uniform Sampling: O(Zuax);

2) Importance Sampling: @(LHL;T),
where Liax, Lmin, and L are the maximum, minimum, and
average of local gradient Lipschitz constants, respectively.
From the convergence rate, we see that when Eq. (3) holds, i.e.,
when the gap between Ly, and Lis significant, and Ly,;, is
close to L, sampling according to the importance distribution
in Eq. (5) will speed up the convergence of SGD.

B. Importance Sampling in Decentralized Learning

In a graph-based decentralized setting, there is no central
server to implement importance sampling. Ayache et al. [10]
proposed importance sampling in random walk learning by
designing the transition probability P to achieve a desired
stationary distribution m = 7y, which is proportional to L;
as in Eq. (5), via Metropolis-Hastings algorithm. Given a
distribution 7, the MH algorithm allows designing a transition
matrix P that has 7 as its stationary distribution:

plig) = | QENmn{LIGSERY i#0
7 L- Zk:(i,k)eE P(i k), i=j,

where () is any proper transition probability that satisfies the
graph structure, i.e., Q(i,j) = 0if (4,7) ¢ E, Q*(3,7) > 0 for
some k if there is a path from ¢ to j. For example, we can take
@ as the simple random walk on the graph, i.e., the neighbors
are selected uniformly Q(,j) = mﬁ’(i,j) €E.

To mimic importance sampling, i.e., 7(i) o< L;, the transi-

tion probability matrix can be chosen to be [10]:
deg(i)L;

sy min{l : iFJ
P, ) =4 T 2L GGz b )
1) { 1= hpmer Pl k), i=.

IV. THE ENTRAPMENT PROBLEM

(7

In certain cases, the Metropolis-Hastings importance sam-
pling transition given by Eq. (7) can lead to a degradation in
the convergence rate. We show that when the data is hetero-
geneous, and the graph is not “well-connected”, the random
walk moving according to Eq. (7) may get entrapped in a local
area of the graph, leading to a slowdown in convergence.

We will illustrate our ideas using the example of a ring
network with heterogeneous data. Fig. 2.a gives such an
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example where the data are stored over a ring network with 5
nodes. Here, node 1 stores the data set that has a much larger
gradient Lipschitz constant. We show that in this case, the
convergence rate of Metropolis-Hastings importance sampling
is dramatically slowed down, as shown in Fig. 3. The reason is
that the random walk is getting entrapped on the “important”
nodes, i.e., nodes holding data with large L;’s. This forces the
algorithm to update the model using the same data a large
number of times, pushing the model to converge to the local
optimum, thus slowing down convergence.

To understand the cause of the entrapment problem, notice
that the transition probability P; of the random walk given in
Eq. (7) satisfies the detailed balanced condition 7 (¢) P; (4, j) =
m(7)Pr(j, ) [30], which in our case leads to

Li/Lj = P(j,4)/ Pi(i, j). ®)

Therefore, when a node has much larger local gradient Lip-
schitz constants than its neighbors’, and the graph is sparse,
the probability of leaving this node is very small.

We observe that the entrapment problem does not occur
only in the ring network but also in other “sparse” networks,
like 2D-grids and Watts-Strogatz random graphs.

V. MHLJ ALGORITHM

We propose a new algorithm, Metropolis-Hastings with
Lévy Jumps (MHLJ), to solve the entrapment problem. The
main idea consists of perturbing the Metropolis-Hastings
transition probability in Eq. (7) by adding random jumps to
escape a local entrapment. The added jump requires no global
information on the graph. Each step of the jump requires
only local structure information, i.e., the neighbors of the
current node. The details are described in Algorithm 1, where
(ps,pa,r) are the parameters of the Lévy jumps, and N, is

Algorithm 1 Importance Sampling using Metropolis-Hastings
with Lévy Jumps (MHLJ)
Imput: G = (V,E), L, forveV, P, T, py, pa, T
Output: z”
Initialisation: z°, vg,
1: for t =0,1,7 -1 do
2: it =gt — 'YLI; vat (l't)
32 J ~Ber(py) '
4: if J =0 then
5: Vi1 P](’Ut, )
6:
7
8
9

else
d ~ TruncGeom(pg, )
while d > 0 do
Vi1 ~ Unif(Ny,)
UV = V41
d=d-1
10: end while
11:  end if
12: end for

13: return zT

—8— Importance Sampling via MHL)J
10-14 —¥— Uniform Sampling via MH
—%— Importance Samping via MH
1072 4
m
2 1034
10—4 B
10-5 4

6000 8000 10000 12000 14000

Iterations

0 2000 4000
Fig. 3: Linear regression model y = Az + € trained on a synthetic
heterogeneous data set over a ring network with 1000 nodes. We
compare the uniform sampling, importance sampling, and our Al-
gorithm MHLJ. The y-axis is the mean square error (MSE), i.e.,
Yovevllve — Aud |?/|V|. The z-axis is the number of iterations
with SGD updates, i.e., the number of times Eq. (4) is called. We
generate the data A, on node v with A, "X N (0, 0*I), where o
takes value 1 with probability p = 0.998 and 100 with probability

p = 0.002. The noise is generated from e R N(0,1). We use the
hyper-parameters: (ps, pa,r) = (0.1,0.5,3).

the neighbor set of node v. We compare the performance of
Uniform sampling via MH, Importance sampling via MH, and
Importance sampling via MHLJ in Fig. 3 for the ring network
with 1000 nodes. The simulation results show the following:

i. MHLJ can break the entrapment and significantly speed
up the convergence rate.

ii. MHLIJ exhibits asymptotically an error gap that we will
later explain in our theoretical analysis.

In MHLJ the random walk determines its next step after
each update. Specifically, it either executes a Lévy jump with
a probability of p; or adheres to the Metropolis-Hastings rule
with a probability of 1 — p;.

Lévy jump: When the random walk makes a jump: (a) The
random walk chooses how far it should jump. The jumping
distance d is sampled from a truncated Geometrig (TrunGeom)
distribution defined by P(D = d) = 2P0 10 < r}.
(b) Once the distance d is determined, the model undergoes d
consecutive transfers between nodes, wherein it is passed to a
uniformly selected neighboring node d times in succession
without undergoing any updates. The simple random walk
strategy employed during the jumps is deliberately designed
to disrupt the detailed balance condition, thereby enabling
the random walk to escape the entrapping region. As a
consequence, the sampling distribution of nodes deviates from
the desired importance distribution defined in Eq. (5), resulting
in an error gap, which will also appear in our convergence
result presented in Theorem 1.

Algorithm 1 induces a time-homogeneous random walk
with transition matrix P. We view this random walk as a
Metropolis-Hastings random walk (with transition matrix Py
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defined in Eq. (7)) perturbed by Lévy jumps, i.e.,
P = (1—py)Pr + pjPrewy, where

~ pa(l —pa)t

Pray =Y PO 2P0
YT T — (1 pa)”

diag{AL1} 1AL,
where Aq is the adjacency matrix of the given graph G. The
resulting stationary distribution 7 is thus no longer m;(v) =

L, . .
ST but a perturbed version of it.

Remark 1 (Computation v.s. Communication overheads of
MHL)). Each iteration in MHLJ (x-axis in Fig. 3) corresponds
to one gradient decent update according to Eq. (4). Fig. 3
shows that MHLJ saves on computation cost since it requires
less updates to achieve a given accuracy. However, by adding
jumps, we actually admit transitions without updates, which
leads to an increase in the communication overhead. For
each update, the expected number of transitions (node visits)
required can be bounded by

1
(1—=py)-14+p,E[d <1 +pJ(]7d —1).

In our example, this upper bound is equal to 1.1, i.e., at
most 10% increase in the average communication cost in our
example.

VI. CONVERGENCE RESULT
Now, we give our theoretical convergence result.

Theorem 1 (Convergence of Algorithm MHLIJ). Suppose
that each local loss function f, is L,-smooth and p-strongly
convex, and Hva( )|L2 < 02, Vv € V, then for v <

min{L, # In T%} the output of Algorithm I after
T iteratlons 2T satisfies:?
L2700

Ells” - 2*|? < O ( ) L0 BRIIPr — Prn?)

9

where Ty, is the mixing time of P = Py —p J(Pr — Pray),
and L =%, ., Ly/|V].

The first term in Eq. (9) implies that the algorithm converges
with a sub-linear rate. Here, 7,,;, is the mixing time [30]
of the random walk and represents the effect of sampling
dependency induced by the graph topology. Also, note that
Tmie 18 smaller than its Metropolis-Hastings counterpart be-
cause making jumps makes the graph better connected. The
second term describes the error gap caused by the jumps.
The choice of p; creates a trade-off between the speed with
which the random walk can escape from the entrapment and
the magnitude of the error gap expressed in the second term
of Eq. (9). When the value of p; is small, the random walk
experiences difficulty escaping the entrapment, resulting in a
slow convergence; conversely, a large value of p; yields a
more substantial error gap. As for ||P;r — Prayl|l1, its value
depends on the graph and the gradient Lipschitz constants,

LII’]IHT

20 hides logarithmic factors.

and can be upper bounded by n?. In practice, the error gap
can be made arbitrarily small by decreasing p; as the number
of iterations increases.

The proof of Theorem 1 presents two challenges compared

to the standard proof of SGD:

1) The stochastic gradient V f,, (') used in each update step
is not an unbiased estimator of the true gradient due to
the graph topology, i.e., E[V f,, (x!) | vi—1] # Vf(a!).
Thus, each step is not a descent step in expectation as in
standard SGD.

2) The detailed balance equation is violated by the added
Lévy jumps, causing the expectation with respect
to the stationary distribution to be also biased, i.e.,
E., [V fo(z*)] # 0. This breaks the first order optimality
condition .

To address the first challenge, we use an auxiliary sequence
{y'}I_, to bound ||zT —z*|| without relying on the conditional
unbiasedness of the gradient estimate. This proof technique
was first introduced in [31] to study the random reshuffling
method, and then used for the proof of Markovian SGD in
[26]. Namely, we construct {y*}~; by letting:

L
v =y =V (), (10)

The following lemma controls the distance between x! and
y* and is adapted from Lemma 9 in [26] to incorporate the
smoothness constants.

Lemma 1. For any {y'}I_, satisfies Eq. (10), we have

— |2

Hl‘t—H t+1||2

(L =ywlla’ = y*|I* +vLlly" —

By setting y7 = x*, we can upper bound ||zt — 2*||? by

E[HxT
+3v°L Z

t<T

= 2"|PP] <201 — )"l — 2|

2

> VL)

t<s<T

—y)TT'E

Accumulated error term
1D
In the case of an MH random walk with no jumps, the
accumulated error term in Eq. (11) should converges to zero as
T — oo due to ergodicity. To address the second challenge,
we prove in Lemma 2 an upper bound on the accumulated
error term for MHLJ.

Lemma 2. For 1 < s <t <T, we have

Lo 2
> FVRG)

- 2
L
< (t— 8)OTmizo? +2(t — s)Qp?I |Pr — PLéVy”%O'f (L : ) .

Lemmas 1 and 2 serve as essential blocks for completing
the proof of Theorem 1.
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