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ABSTRACT

Sequential learning models situations where agents predict a ground
truth in sequence, by using their private, noisy measurements, and
the predictions of agents who came earlier in the sequence. We
study sequential learning in a social network, where agents only see
the actions of the previous agents in their own neighborhood. The
fraction of agents who predict the ground truth correctly depends
heavily on both the network topology and the ordering in which
the predictions are made. A natural question is to find an ordering,
with a given network, to maximize the (expected) number of agents
who predict the ground truth correctly. In this paper, we show that
it is in fact NP-hard to answer this question for a general network,
with both the Bayesian learning model and a simple majority rule
model. Finally, we show that even approximating the answer is
hard.
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1 INTRODUCTION

Information acquisition, opinion formation and decision making
are deeply embedded in a social context. There are many situations
in which people make decisions using information that carries un-
certainties, and such decisions are easily influenced by the decisions
of others. It is therefore of paramount importance to understand
how to effectively use information of inherent uncertainty, while
considering how social exchanges can reduce such uncertainties.
Broadly, there are two primary families of models that capture
decision making processes in a social network. The first family
considers opinion dynamics [2, 20], where all agents have indi-
vidual opinions that are repeatedly updated based on information
exchange with others. Opinion dynamics studies the evolution of an
opinion landscape over time and asks whether, and how quickly, a
consensus can be obtained. Recent work also studies the lack of con-
sensus (i.e., polarization) and asks whether this can be modeled and
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explained with natural factors [25]. The second family considers
sequential decision making processes [10, 18], where agents make
one-shot decisions. It is also assumed that there is an unknown
ground truth state which all agents wish to learn, whereas opinion
dynamics often omits such an assumption. Therefore, this second
setting is termed sequential social ‘learning’.

Our Model. We consider the classical sequential learning model,
where n agents sequentially predict an unknown ground truth
0 [14, 19]. Each agent has an independent private measurement of 6.
We consider the ‘bounded belief” setting, where each agents’ private
measurement has the same probability p, a constant away from 1,
of being correct [1, 24]. In addition, each agent has access to the
predictions of agents earlier in the sequence. Ideally, agents can use
the information extracted from the earlier predictions to improve
their own prediction. However, a well-known problem that arises
is information cascade or herding [5-7, 24, 26], where sufficiently
many wrong predictions early on can trigger all subsequent agents
to ignore their own private signals and ‘follow the herd’. Notably,
this can occur even for fully rational agents, in the absence of
behavioral factors like peer pressure. So herding arises not by fault
of the agents, but as a result of the sequential structure of the
setting. Indeed, whenever a large enough part of the crowd discards
its private information, whether rationally or not, the crowd as a
whole is unable to learn the ground truth.

Motivated by the problem of information cascades, a lot of follow-
up work examines how to restore truth learning in crowds. One
approach is to limit the visibility of agents [1, 21, 23] so that incor-
rect predictions do not propagate. A natural setup is to consider
a social network, rather than an unstructured crowd, in which an
agent can only see the actions of its neighbors earlier in the se-
quence [3, 4, 17]. It can be shown that certain network structures,
coupled with a good agent decision ordering, can in fact achieve a
strong learning result called asymptotic network-wide truth learn-
ing [17]: that all n agents, except o(n) of them, successfully predict
the ground truth as n goes to infinity. In other words, the average
network learning rate, or the average success probability over all
agents, approaches 1.

One natural open problem from [17] asks whether given a social
network, we can either find a good decision ordering or decide if a
good ordering exists. The authors in [17] presented sufficient con-
ditions and impossibility results, but the big picture is still largely
unclear. In general, there are two factors that prohibit truth learning.
If the network is too sparse or a constant fraction of agents make
decisions using only their private signals, then their success prob-
ability is bounded by a constant away from 1, and network-wide
truth learning is already doomed. On the other hand, if the network
is too dense or almost every agent is well connected with agents
earlier in the ordering, then herding happens. Again in this case,
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truth learning is not possible. Regarding the decision problem, [17]
conjectures that deciding if a network admits an ordering enabling
asymptotic truth learning is NP-hard.

Our Results. This work focuses on the problem of deciding if the
best possible average learning rate in a network exceeds a given
threshold 1 — e. We prove that this problem is NP-hard both for
networks of fully rational agents and those with bounded rationality.
Intuitively, we expect this problem to be hard—naively, there are
exponentially many decision orderings to check—but proving it
formally is highly non-trivial. At a cursory glance, the two barriers
for truth learning suggest that a successful network should avoid
very sparse and very dense structures. So a natural approach may
be to relate network learning and the maximum independent set or
maximum clique decision problems. However, it remains unclear
how to characterize a network’s learning rate by the sizes of its
max independent set or its max clique. Thus, it is not obvious how
to reduce either problem to the network learning problem.

We instead use a reduction from 3-SAT, the canonical NP-hard
decision problem asking if a given 3-CNF formula is satisfiable.
We construct a network from an input 3-CNF instance and map
decision orderings on the network to boolean variable assignments.
In our construction, satisfied clauses correspond to subgraphs with
higher learning rates than unsatisfied ones. Therefore, the larger
the number of satisfied clauses, the higher the network learning
rate. We prove that all orderings corresponding to a satisfying as-
signment achieve a strictly higher network learning rate than those
corresponding to non-satisfying assignments. Thus, deciding if the
optimal learning rate exceeds a well-chosen threshold immediately
implies an answer to 3-SAT. While the high-level idea is clean, the
details are fairly technical due to the dependence between predic-
tions of neighboring agents. We defer the most technical parts of
the proof to the Appendix.

Next, we focus on the approximation hardness of this problem.
We construct a reduction to Max 3-SAT, which asks for the maxi-
mum number of satisfiable clauses under any variable assignment
in a 3-SAT instance. It is known [12] that computing a solution
that satisfies more than %M* clauses is NP-hard, where M* is the
maximum number of clauses that can be satisfied. Using the ideas
from the 3-SAT reduction, we prove that it is impossible to find an
efficient approximation up to an arbitrary constant, unless P = NP.
Specifically, this also allows us to strengthen our previous claim
about NP-hardness—that finding the optimal learning rate is NP-
hard for any fixed prior p € (\/m, 1).

As noted above, we present hardness for sequential social learn-
ing both when agents are fully rational and when they have bounded
rationality. Fully rational agents can be realistic, for instance, in
modelling financial traders, while agents with bounded rationality
may be more faithful models for voters or users on a social plat-
form. More concretely, fully rational agents predict via Bayesian
inference, whereas agents with bounded rationality use a simpler
heuristic, such as majority vote over all available signals.

From a practical perspective, Bayesian inference is computation-
ally expensive to implement in simulations, and all prior work on
this topic [3, 4, 17] used bounded rationality in experiments, such
as majority vote. However, while simpler for implementation, ma-
jority vote is actually harder for analysis. With the Bayesian model,

the success rate of an agent is at least as high as the highest success
rate of its earlier neighbors, since a node can never do worse than
copying the action of an earlier neighbor. This monotonicity can
be helpful for constructing a good ordering. However, with major-
ity vote, this nice property no longer holds, so the validity of the
hardness reduction needs to be reconsidered for the majority vote
model. We modify the construction and restore the same hardness
claims for the majority vote model.

Related Literature. A number of recent works consider models
with repeated observations and information exchange, asking if the
agents successfully learn the ground truth (see e.g., [14, 19]). One
major model choice is how an agent aggregates information from
available signals in the network. The most natural choice is the
Bayesian model, in which agents compute the posterior probability
for 0 using all available information and any common knowledge,
such as the network topology. A recent line of work showed that
computing an agent’s prediction via Bayesian inference with re-
peated opinion exchange is PSPACE-hard [11, 13]. It is one of the
few works, to the best of our knowledge, that formally characterizes
the complexity of decision making in a social network. From this
perspective, our work adds to the relatively scarce literature that
combinatorial complexity arises in a sequential, one-shot setup with
Bayesian or non-Bayesian inferences, where decision orderings
need to be carefully decided with respect to the network topology.

Lastly, we remark that computing and approximating posterior
probabilities in general Bayesian networks is known to be hard [8,
9, 15]. Our setting considers a restricted variant of a Bayesian
network—for example, all private signals have the same probability
of error. Furthermore, we are interested in the average accuracy
of the agents in the network, not their individual posterior proba-
bilities. Thus, to the best of our knowledge, there is no straightfor-
ward way to translate the existing complexity results for a general
Bayesian network to our setting.

2 PROBLEM STATEMENT

This work studies two popular models of opinion exchange on
networks. The overarching goal is for a network of truthful, rational
agents to learn a binary piece of information, which we call the
state of the world or ground truth. We can also think of this state
as an optimal binary action (buying or selling a stock, voting for
a political party’s candidate, etc.). The agents are arranged on a
directed graph G = (V, E) and broadcast which of the two states
they believe is more probable to their neighbors.

More explicitly, we encode the ground truth in 6 € {0, 1}, dis-
tributed according to Ber(q), Bernoulli distribution with probability
of g of taking 1 and 1 — g of taking 0. Every agent v € V initially re-
ceives an independent private signal s, € {0, 1} correlated with the
ground truth. They then announce a prediction a, € {0, 1} of the
ground truth along outgoing edges, so out-neighbors of v may use
ap to improve their own predictions. Importantly, the probabilities
p and g, as well as the graph G are all common knowledge. This is
captured in the following formal definition of a network.

Definition 2.1 (Social Network). A social network is N := (G, q, p),
where

(1) G = (V,E) is a directed graph with agents as vertices,



(2) g € (0,1) is the prior probability of § = 1,
3)p e (% 1) is the accuracy of agents’ private signals s, €
{0, 1}, such that

Pr[sy =1]|0=1] =Pr[s, =0]|0=0] =p,
We further denote n := |V|.

Yo eV.

We consider a classic asynchronous sequential model [10], in
which agents announce their predictions in a decision ordering,
given by a one-to-one mapping ¢ : V — [n]. We denote the set of
all possible orderings by 3. At every time step i, agent v = ¢~ 1 (i)
makes an announcement a, € {0, 1}. The announcement depends
on the agent’s private measurement s,, along with the previous
announcements of in-neighbors, which we denote as a tuple Ny,
defined as

Ny=(ay |lueV Auw e EAoc(u) <o(v)).

We call the tuple X, = (sy) U Ny the inputs of node v. This setup of
limiting visibility to an agent’s neighborhood has been studied in a
number of recent papers [3, 4, 17].

When making announcements, agents follow an aggregation
rule, which is a function y : (Xy, G, 0) +— a,. Broadly speaking,
aggregation rules can either be Bayesian or non-Bayesian. In the
Bayesian model, agents are fully rational and make predictions
according to their posterior probability for 6, given their inputs and
knowledge of the network topology G. In particular, agents take
into account the correlation between their inputs resulting from
the network topology and from the current ordering o.

1 ifPrg o0 =1]Xy] >
1B(X0,G,0) =140 ifPrg o [0 =0 Xy] >
Ber(%) otherwise.

1
2
1
2

5

We also consider a non-Bayesian model, in which agents have
bounded rationality and instead use simpler heuristic rules. This is
perhaps a more practical model, as computing posterior probabili-
ties in arbitrary networks can become computationally expensive.
In particular, we examine the majority dynamics model, in which
agents simply follow the majority among their inputs [4, 16, 22].
Since this model does not require agents to take into account corre-
lations between their inputs derived from the network topology or
the ordering, we omit G and o as inputs to yM:

. 1 1

1 1f_|X,,| 2xex, X > 3

M — e 1 1

H(Xo) =40 if e Yxex, X < 3
sy otherwise.

Finally, we quantify how successful the network is in predicting
the ground truth by defining the following notion of a learning rate.

Definition 2.2. The cumulative learning rate (CLR) of a network
N under the ordering ¢ and an aggregation rule y is

Z 1{%:9}] = gﬁ lao = 0],

veV veV
where the equality follows from linearity of expectation. Further,
the learning rate (LR) of a network N under the ordering o is simply

Z(N,o,p) = LL(N o p).

L(N,o,u)=E
0,s

We are mainly interested in the optimal learning rate of a net-
work, defined as follows.

Definition 2.3 (Optimal LRs). The optimal cumulative learning
rate of a network N is

L5(N, p) = max L(N, o, ),

ogEeZ,
and the optimal learning rate of a network N is
Z* (N, p) == max L(N, o, ).

oe,

Note that when p and q are clear from the context, we use the
learning rate notation with only the graph, for example z (G,p) =
Z*((G, p,q), 1t). We can now present a formal definition of our
main focus, the OpT NETWORK LEARNING optimization problem,
and NETWORK LEARNING, its decision version.

Definition 2.4 (OprTr NETWORK LEARNING). Suppose p is a fixed
aggregation rule. Given a network N, the OpT NETWORK LEARNING
problem is to maximize L(N, o, 1), over o € Zp,.

Definition 2.5 (NETWORK LEARNING). Suppose /i is a fixed aggre-
gation rule. Given a network A and a constant threshold ¢ € (0, 1),
the NETWORK LEARNING decision problem asks whether

(Foe3,) LIN,ou)>1-e.

Note that Definition 2.5 can be formulated equivalently by asking
whether an optimal ordering ¢ which maximizes the network
learning rate achieves LR at least 1 — ¢.

In Sections 3 and 4, we focus on the decision problem, offering a
proof that it is NP-hard for y = B and y = p™. Finally, in Section 5,
we use insights from the NP-hardness proofs to show OpT NETWORK
LEARNING is hard to even approximate. Surprisingly, this gives us a
stronger NP-hardness statement, showing that NETWORK LEARNING
is NP-hard even if we arbitrarily fix the agents’ accuracy p € (%, 1).

3 PROOF OF NP-HARDNESS FOR THE
BAYESIAN MODEL

We now state one of the main results of this paper—the hardness
of NETWORK LEARNING.

THEOREM 3.1. NETWORK LEARNING with the Bayesian learning
rule y = B is NP-hard.

3.1 ProofIdea

We perform a reduction from 3-SAT to NETWORK LEARNING. Specif-
ically, we assume in our reduction that all formulas have exactly
3 distinct literals in each clause, and never a literal along with its
negation. For a given formula ¢, we construct a network A and an
e > 0, such that

Z*(N, ,uB) >1-¢ &= ¢ issatisfiable.

The network N consists of a directed graph G, the ground truth
prior g, and the prior of the agents’ private signals p. Our reduction
requires setting p and G based on the formula, but it allows us to
setq = % regardless of ¢.



Figure 2: The graph G, for 9 =C = (x Vy Vv —z2).

3.2 Graph Construction & Notation

First, we construct the directed graph G. Our construction consists
of N wvariable cells, and M clause gadgets, where N and M are the
number of variables and clauses in ¢, respectively. We define the
cell and gadget first, and then define the full graph in Definition 3.4.

Definition 3.2 (Variable cell). Let x be a variable of a formula ¢.
A variable cell of x is a directed graph C(x) = (Vy, Ex), where

(1) Vi = {x, =x,dy}, and
(2) Ex = {(dx,x), (dx, ), (2, %), (-x, %) }.

Figure 1 depicts a cell for some variable x;.

Definition 3.3 (Clause gadget). Let C = j V k V ¢ be a clause of
a 3-CNF formula ¢, where j # k # ¢ are some literals. Then the
clause gadget is G(C) = (V¢, Ec), where

(1) Ve = {j.k ¢}, and
@) Ec={(xy) |xye{jike} Ax+y}

Definition 3.4 (Formula graph). Let ¢ =C1 AC2 A--- ACprbea
CNF formula of variables y = {x1, ..., xn}, where each clause C; is
the disjunction of exactly three literals. Then G, is a disjoint union
of the graphs C(x;) for all x; € y, and G(C;) for all clauses C; € ¢.
Additionally, there is an edge to each of the vertices in every G(C;)
from the corresponding literal nodes in the respective variable cell.

Note that that there are no incoming edges to any cell, except
from within the same cell, so the learning rate of each cell is deter-
mined only by the ordering of its own vertices. Also, no two clause
gadgets share any vertices, so the ordering of vertices within a gad-
get only affects that gadget. For an illustration of the formula graph
construction, refer to Figure 2, where we give a sample formula
graph for the formula ¢ =x Vy V -z

Ordering-assignment relation. To determine satisfiability of ¢
from the learning rate of G, we map vertex orderings to variable

assignments. We then show that orderings achieving higher learn-
ing rates correspond to assignments with more satisfied clauses. For
a more detailed description of both the mapping and its properties,
see Section 3.4.

For clarity, we introduce some more notation. Let ¢ be a literal
of some variable x € y, meaning £ = x or £ = —x. We say that cell
C(x) is in one of two states: it is “on” under a decision ordering
o if o(=x) < o(x); otherwise, cell C(x) is “off”. We say that the
literal ¢ is “on” if £ = x and C(x) is on, or £ = —=x and C(x) is off;
otherwise, literal £ is “off”. For brevity, we further denote C(¢) :=
C(x), regardless of whether £ = x or £ = —x.

3.3 Gadget Learning Rates

This section lists the learning rates of the cells and clause gadgets
under Bayesian aggregation. We assume WLOG for this section
that 6 = 1, and compute all probabilities in this section conditioned
on 0 = 1. Since we always take 0 to be uniform on {0, 1}, this yields
the same values as taking the probability over 6 as well. We note
that our computations were verified using Wolfram Mathematica.

We begin by examining the learning rate of an arbitrary cell
under a pair of orderings in which the cell is either “on” or “off”.
The following lemma shows that cells achieve the same learning
rate under either of these orderings, and that this learning rate is
the best possible over all orderings.

LEMMA 3.5 (BAYESIAN CELL LR). Letx € y. Letq = %, and p > %
be given. Then
L7(C) = 3p+3p" - p’.
In particular, if under an optimal ordering o* a literal £ is on, then
its corresponding literal node has learning rate L (¢, 0", uB) = 1% +
%pz — p3; otherwise L(¢, %, 1B = p.

Proor. First, observe that for the optimal ordering ¢*, it is al-
ways beneficial to put the dummy node dy before the nodes x and
—x. This is because dx has no incoming edges, so it cannot acquire
more information by going later, and it has edges going to x and
—x, which can only increase their chances of getting the correct
answer. Hence, we can see that £*(dx) = p.

The case of the remaining two nodes is symmetric, so WLOG,
let us assume that ¢*(x) < 0 (—x) (so the cell C(x) is “off”). The
node x then receives the action of dy, which is i.i.d. from its private
information. So node x chooses its action correctly either if both
sx and ag_ are correct, where ag_ is the action chosen by node dy,
or if exactly one of the two are correct and x tiebreaks correctly.
The first outcome occurs with probability p?, and the second with
probability 2p(1 — p)%. Thus, the learning rate of node x is

L) =p*+p-p’=p.

Finally, the node —x receives its private signal, s—x and the ac-
tions ag_and ay. Notice that these three pieces of information are
not independent, since x was influenced by dy. We perform case
analysis on the relative likelihood

CPr[0=1]Xox]  Pr[Xox|0=1]

T Pr[f=0]|X_x] Pr[X-x|0=0]
where the equality follows from Bayes’ theorem and from the fact
that the prior ¢ = % Recall that X—x = {s-x, ax, ag, }, and that s




is independent of the other two. Thus, A can be expressed as

_ Prlsoy |0 =1] . Pr[adx | 6= 1] . Pr[ax | 6= l,adx]
 Prs—x | 0=0] Pr[adx | 6= 0] Pr[ax | 6=0, adx].

We compute A for each case of (s-x, ax, adx):

1 (1,1,1):
_p p pr(-p)/2 _ _p*  1/24p/2
A=15 15  Goprwpfz ~ GpiF 1-pz > -
@) (1,1,0):
- P . l=p _p2 _ _p
A=1% % Tpr-Tp !
3) (1,0,1):

(4) (1,0,0):
A= P 1-p (-p)ip/z _ 1-p/2

5" P pr(-pj2 = izeplz < L

The inequalities hold for % < p < 1. The remaining cases (that is
(0,1,1), (0,1,0), (0,0,1), (0,0,0)) follow from symmetry. It is now
clear that if @ = 1, ax is correct in cases 1, 2, 3, 5. We now compute
L*(—x), which is the probability of cases 1, 2, 3, or 5 occurring.

L¥(=x) = Pr[Xox € {(1,1,1),(1,0,1),(1,1,0), (0,1, 1)}]
=plp+(1=-pEN+A-pplp+(1-p)3)
_ % + %pz —pt
The cumulative learning rate of the clause gadget is then the
sum of the above,

L(Cw) = 3p+3p"-p’.
]
To summarize, there exist two orderings for each cell which
yield the same cell learning rate. The two orderings place dy first,

and correspond to either the “on” state (when o(x) < o(—x)) or
the “off” state (o(x) > o(—x)). For now, we will defer the question

of which of the two is optimal in the overall network ordering.

Addressing this first requires examining the learning rates of the
clause gadgets. Since the graph contains edges from cells to clause
gadgets, there is an optimal ordering which orders all cell nodes
before all clauses gadgets. We begin by examining the learning rate
for arbitrary clause gadgets.

LEMMA 3.6. LetC = aV Vy beaclause of p. Let ™ be an optimal
ordering on N. Let p’ := % + %pz — p3. Then if under o*, exactly i
cells of a, B,y are “on”, then L(G(C), ") = L;, where

Lo:=p2p* —5p> +5p +1).

Li=p*2p' - 1) +p*(2—4p)) +p*(1-2p") +4pp’ +p/,
Lo=4p*(p' — Dp +p*(=6(p")? +4p" + 1) +2pp’ + ' (p' +1),
L3:=p'(p?(2(p")* = 3p" +1) = p(2(p")* +p’ = 3) +2p +1).

Furthermore, if D € ¢ is a satisfied clause under the ordering o*,
meaning at least one of the literals of D is “on” under o*, then

L3> L(G(D),c%) > L1 > Lo.

,m////
==
= 25t =
) // — L3
% 2 = L2
- Ll
—L
1.5 t t t t
0.5 0.6 0.7 0.8 0.9 1
p

Figure 3: The relationship between learning rates of G(C),
depending on the number of “on” literals, as a function of p.

Proor IDEA. The full proof is long and technical. Here we offer
the main idea, which is similar to that of Lemma 3.5.
The actions of the nodes in G(C) are exactly determined by

(1) the ordering of the nodes in G(C),
(2) the private signals of the nodes in G(C),
(3) the actions taken by «, f, y, as well as «, f, y being on or off.

We compute the learning rate in each case. We then compute the
expected value over the private signals and the actions of , §, v,
the probabilities of which are given by Lemma 3.5.

The resulting cumulative learning rate of G(C) depends only on
the states of @, §, y. Among these are the learning rates £; and L3,
which are the learning rates of the clause gadget when one or all
of the literals are on, respectively.

The case of £; actually corresponds to three sub-cases, depend-
ing on whether the node corresponding to the “on” literal is first,
second, or third in the ordering. Notice that swapping the ordering
of the three vertices inside the clause gadget does not affect the
learning rate of other vertices in the network. Thus, since ¢* is an
optimal ordering, it maximizes the learning rate for this clause, and
as such, £ is the maximum over the three subcases.

The full proof can be found in Appendix A. O

See Figure 3 for the relationship between the different values as
a function of p. Notice that L3, L2, L1 and Ly converge as p ap-
proaches 1 and as it approaches %, regardless of the graph topology
and ordering. This is exactly what we expect: if p = 1, the agents
have perfect information from their private signals alone, while if
p= % then the private signals give the agents no extra information,
and thus their the LR approaches %

3.4 Optimal Ordering & Restrictions on p

We can now determine the optimal ordering by examining the
learning rates derived in the previous section. First, we define an
induced ordering below:

Definition 3.7. Let A : y — {0, 1} be any assignment of values
to variables. Define the (partial) ordering o(A) induced by A as
follows: if A(x;) = 1, then cell C(x;) is on; otherwise, C(x;) is off.

In particular, the above definition gives a bijection between as-
signments and partial ordering over variables. We further say that
a total ordering o respects an assignment A (denoted by o ~ A) if
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Figure 4: The plot of the numerator and the denominator of
the condition on M — 1 from Lemma 3.6. The denominator
approaches zero noticably faster, suggesting the fraction ap-
proaches infinity as p goes to 1.

it contains o(A) as a partial ordering over variable nodes. We also
write 0% (A) := arg max,... 4 L(N, o, u5).

Definition 3.8. Let A : y — {0, 1} be an assignment of values to
variables maximizing the number of satisfied clauses. Then A is a
maximal assignment.

LEMMA 3.9 (OPTIMAL ORDERING). Let A* be a maximal assign-
ment. Let p(M) = (3M — 4)/(3M — 3) be a threshold probability
determined by M, the number of clauses. Then for all p > p(M),
o*(A*) is an optimal ordering.

Proor. Note that an assignment-induced ordering only specifies
whether each cell is on or off. From Lemma 3.5, an optimal cell or-
dering exists both if the cell is on or off, and yields the same learning
rate in either case. Therefore, the optimal ordering is determined
by comparing clause learning rates.

Also note that any total ordering must respect some assignment.
So we argue the optimality of ¢*(A*) by comparing it to o*(A")
for any non-maximal A’. Let S* be the number of satisfied clauses
under A* and ' < S* that under A’. By Lemma 3.6, for any clause
satisfied under an arbitrary assignment A, the corresponding clause
gadget under an ordering ¢ ~ A achieves learning rate lower
bounded by £L;. Further, by Lemma 3.6, £ > Ly, so having more
satisfied clauses in an assignment can never decrease the CLR
under the induced ordering. However, note also that £3 > £ (by
Lemma 3.6). Hence, in the most extreme case, all S’ satisfied clauses
under A’ are satisfied with three true literals, while all S* satisfied
clauses under A" are satisfied with one true literal.

Consider that extreme case, and further impose the worst-case
choices of §” and S* by setting S* = M and S’ = M — 1. Then over
all clause gadgets, o™ (A*) gives a CLR of MLy, o*(A’) gives a
CLR of (M —1) L3+ Ly. We can now solve for conditions on p such
that o™ (A*) achieves a higher network learning rate:

MLy > (M - 1).£3 + Ly

Li-Lo _
ool M-1.

The numerator and denominator is plotted in Figure 4 as a function
of p. Since the left-hand side can be lower bounded by ﬁ for
all p € (0.5, 1), it is sufficient to have ﬁ > M — 1. We can thus

define p(M) := %, which respects the condition. Note that p(M)

is well-defined for any M > 2, and lies in the interval (% 1). O

To recap, given any instance ¢ of 3-SAT with N variables and
M clauses, we can construct a network Gy with ground truth prior
q = 1/2 and signal accuracy p = p(M). In particular, whenever
¢ is satisfiable under some maximal assignment A", there is an
optimal decision ordering o* which respects the ordering induced
by A*, and which achieves a network CLR of at least N (2p +3p® —
2p%) + ML;. Otherwise, if ¢ is non-satisfiable under any maximal
assignment A*, then the optimal decision ordering o* respecting
the ordering induced by A* achieves a network CLR of no more
than N(2p + 3p% — 2p®) + (M — 1)L3 + Lo. Choosing p = p(M)
allowed us to show the optimality of o*, as well as to separate the
learning rates in networks corresponding to satisfiable and non-
satisfiable formulas. All that remains to complete the reduction is
to pick an appropriate choice of ¢, such that a formula graph G,
achieves expected network learning rate greater than ¢ under an
optimal ordering iff ¢ is satisfiable.

3.5 Picking the Epsilon

We will simply pick ¢ to lie exactly halfway between the satisfiable
and non-satisfiable network learning rates. Recalling that each
variable and clause gadget contains 3 vertices, we can compute

the learning rates below. For networks corresponding to satisfiable
NLa+M Ly
3(N+M)

non-satisfiable formulas, we have

formulas, we have , and for networks corresponding to

NL+(M-1) L3+ L L
%. This gives

. 1 INLeen+ ML+ (M—-1)L3+ Ly
T2 3(N + M) ’

thus completing the reduction.

3.6 Generalization for a constant range of p

Finally, we remark that, while this construction proves the Theorem,
it uses p approaching 1 as the size of ¢ increases. A natural question,
then, is whether it is hard to compute the maximum learning rate
for other values of p, especially when p is a fixed constant. In fact,
Section 5 shows a stronger version of Theorem 3.1, stated as follows.

THEOREM 3.10. NETWORK LEARNING with Bayesian learning rule
pg= /lB and a fixed p € (1/7/8,1) is NP-hard.

This follows as a direct corollary of Theorem 5.1.

4 PROOF OF NP-HARDNESS FOR MAJORITY
DYNAMICS

In this section, we adapt the statement of Theorem 3.1 to the Ma-
jority dynamics setting.

THEOREM 4.1. NETWORK LEARNING with the majority vote rule
u =M is NP-hard.

The proof is again a reduction from 3-SAT. The main idea is
identical to that of Theorem 3.1, so we offer here only the main
points and construction, with emphasis on differences from the
proof of Theorem 3.1. We offer the full proof in Appendix B.



Figure 5: The graph G, for ¢ =C = (x Vy V —z2).

4.1 Adapted Graph Construction

Unfortunately, if we wanted to directly apply the previous construc-
tion, we would find that the worst-case satisfied ordering reaches
a lower learning rate than the best-case unsatisfied ordering (as
discussed in Section 3.4). Then there is no ¢ which separates the
learning rates corresponding to satisfied and unsatisfied assign-
ments. We thus adapt the construction from Section 3.2, modifying
the clause gadget. We keep the variable cell unchanged.

Definition 3.2 (Variable cell). Let x be a variable of a formula ¢.
A wvariable cell of x is a directed graph C(x) = (Vy, Ex), where

(1) Vi ={x,-x,dx}, and
(2) Ex = {(dx, x), (dy, =x), (x, %), (=x, %) }.

Intuitively, we need to give the nodes in the clause gadgets more
input, so they are better equipped to use the input from the “on”
cells. To achieve this, we add two dummy nodes to the clause gadget.

Definition 4.2 (Clause gadget). Let C = j V k V £ be a clause of
a 3-CNF formula ¢, where j # k # ¢ are some literals. Then the
clause gadget is G(C) = (V¢, Ec), where
(1) Ve = {j.k t.d, d?*},
() Ec = {(xy) | x,y € {jkthx # yp U{(d'.x) | i €
{1,2},x € {j, k, £}}.

We now define the formula graph using the same definition, only
with the new clause gadget.

Definition 3.4 (Formula graph). Let 9 =C1 ACa A--- ACprbea
CNF formula of variables y = {x1, ..., xn}, where each clause C; is
the disjunction of exactly three literals. Then G, is a disjoint union
of the graphs C(x;) for all x; € y, and G(C;) for all clauses C; € ¢.
Additionally, there is an edge to each of the vertices in every G(C;)
from the corresponding literal nodes in the respective variable cell.

See Figure 5 for an illustration of this construction for the simple
formula ¢ = x V y V z. Note that we also use the “on”/“off” states of
a variable/literal, as defined for the Bayesian proof (see Section 3.2).

Next, we compute the learning rates of the variable cell, and of
the clause gadgets, depending on whether its literals are on or off.

LEmMA 4.3 (MajoriTy DynaMmics CELL LR). Letx € y. Letq = %
and p be given. Then

L¥(C(x)) = 2p +3p? — 2p°.

LEMMA 4.4 (MAJORITY DYNAMICS GADGET LEARNING RATE). Let
C be a clause. Suppose that o™ is an optimal learning rate. Then, in
the gadget for C, o™ places the cells first, then the dummy nodes, and
finally the three literal nodes. Further,

(1) if one literal is on, then L(G(C), %) is
Li=p (2 +2p +6p° +11p° + 4p* — 51p° — 6p° + 21p”
+115p% — 136p° + 13p1% + 36p*! — 12p12) .
(2) if one literal is on, then L(G(C),c") is
Ly=p (12p8 —54p” +76p° — 14p°
—40p* +9p® + 12p% + 2p + 2) .
(3) if one literal is on, then L(G(C),d*) is
L3=p (2 +2p +3p? + 14p> + 22p* — 66p° — 69p° + 310p7
-688p° +710p° + 756p10 — 2581p*! + 2304p'2 — 558p13
—372p™ + 264p!5 — 48p16) .

Furthermore, for a clause D satisfied under o*, it holds
L3> L(G(D),d%) = L1 = L.

Finally, we can now determine the optimal ordering, compute
its learning rate, and show that there is an ¢ such that the learning
rate is above ¢ if and only if the induced ordering is satisfied.

LEMMA 4.5 (OPTIMAL ORDERING). Let A* be a maximal assign-
ment. Let p(M) < 1 be a threshold probability determined by M, the
number of clauses. Then for all p > p(M), the decision ordering o*
which places all dummy nodes first, then all variable nodes respecting
the partial ordering induced by A*, and finally all literal nodes in
the clause gadgets, maximizes the network learning rate.

The proof of this Lemma is very similar that of Lemma 3.9, and
is included in Appendix B.

We now apply the same reasoning as in Section 3.5.If p = p(M),
then the worst-case learning rate of a satisfying assignment is

%, strictly higher than the best-case non-satisfying LR,

%. We can thus define the threshold (mind the

new number of vertices—G, now has 5 for each clause):

g_l eNLen+ ML +(M-1)Ls+ Ly
T2 3N +5M :

This concludes the proof.

5 APPROXIMATING THE OPTIMAL LR

In this section, we extend the ideas from the 3-SAT reduction to
show that even approximating a solution to NETWORK LEARNING is
hard. More precisely, we show hardness for the optimization version
of the problem, defined in Section 2 as OPT NETWORK LEARNING.
We give a proof for the Bayesian learning rule; we believe for the
proof for majority vote to be similar.

THEOREM 5.1. OPT NETWORK LEARNING with the Bayesian infer-
ence it = yB is APX-hard.



Proor. We perform a PTAS reduction to Max 3-SAT, where
again each clause has exactly three literals (also referred to as Max
E3-SAT), which is known to be APX-hard. In particular, we show
that an approximation scheme of z (N) implies an approximation
scheme of Max 3-SAT.

Given an instance of Max 3-SAT, we construct the graph Gy
from Definition 3.4. Let A* be a maximal assignment, defined in
Definition 3.8, satisfying M* clauses. To prove the theorem, it suf-
fices to show that for every § € (0, 1), there is an & € (0,1) such
that if an ordering ¢ achieves a LR which is a-close to the optimum,
then the induced assignment A(o) satisfies SM* clauses. Abusing
notation, for an assignment A we denote L(A) := L(N, c*(A)).

Note that for any 3-CNF formula, assigning truth values inde-
pendently and uniformly at random satisfies % of the clauses in
expectation, implying that M* > %M [12]. From Lemma 3.6, it fol-
lows that unsatisfied clauses receive optimal CLR Ly, and satisfied
clauses receive at least £ and at most L3. It then follows that

LAY >M L1+ (M- M*)LO + N Leel-

Let A’ be an assignment which achieves £(A’) > z N)—¢e>
L(A*)—¢for some ¢ > 0 specified later. Multiplying by the number
of vertices in G, we get

LA 2 LAY —e(BM +3N) > L(A") — 6eM,

where the second inequality holds since WLOG N < M, by duplica-
tion of clauses. Re-arranging, we have that the number of satisfied
clauses under A’ is
’ Li—Loapx _ _6eM s (Li=Lo _ 48¢
Mz PERM - £ M (E5R - ).

where the second inequality holds since M* > %M . If we now set
the final expression equal to SM*, we get an equality in ¢ and p.
Solving for ¢, we get

e= L (L1~ Lo) - 8(Ls — Lo)). 1)

This is a function of p and §. We only require that this ¢ > 0. Using
thatp e (%, 1), this gives us

5 < 4pt—8p3 —4p?+8p+2
4p8—16p7 +13p°+17p° —12p* —23p3+5p>+12p+2°

Onpe (% 1), the RHS can be strictly lower-bounded by p2. It thus
suffices to set p > V6.

This proves that an approximation to OPT NETWORK LEARNING
within an additive bound ¢ for any p > V3 implies an approximation
to Max 3-SAT within a factor of §. Converting ¢ to a multiplicative
bound, since Z* € (0,1),

Z*—,s:(l—zi)f* <(-oZ".

Thus we also have a multiplicative bound ¢ = (1 — ¢) for each §,
which is what we wanted to prove. O

COROLLARY 5.2. For any fixed constant p € (4/7/8,1), an a-
approximation of OpPT NETWORK LEARNING with Bayesian inference
rule is NP-hard for every a > a(p), defined as

a(p) =1- & ((L1 - Lo) - (L3 = Lo)).

0.001
e(p)

—0.001

—0.002

—0.003

Figure 6: The value of ¢ w.r.t. choice of p below which (addi-
tive) approximation is hard (that is, § = % [12]). The require-
ment of ¢ > 0 gives us that p > /7/8.

Proor. This follows from Theorem 5.1, since approximating
Max 3-SAT is NP-hard for % + ¢, where ¢ > 0 [12]. The condition
of a(p) is achieved by substituting § = % to Equation (1). O

6 CONCLUSION

In this paper, we tackle the complexity of judging how well-equipped
a given network is for social truth learning. We consider this ques-
tion in the setting of sequential decision-making by agents with
bounded belief. We then show that it is NP-hard to decide whether a
large proportion of the network successfully learns a binary ground
truth, both when agents are fully rational and when agents have
bounded rationality. Finally, we show that it is actually hard to even
approximate the learning rate of a fully rational network.

Future Work

There are many remaining open directions for future work. A nat-
ural question to ask is whether this problem belongs to the class
NP, or not. Namely, it remains open whether there exists some
efficiently verifiable characterization of networks which achieve
high learning rates. We conjecture that the answer is no, but we
have so far been unable to prove it.

Yet another interesting direction is that of finding connections
between NETWORK LEARNING and other combinatorial problems.
NETWORK LEARNING seems to be somewhat connected to finding
big independent sets, which can allow for successful aggregation of
information, along with big enough cliques for efficient spread of
information. Clarifying the balance between these two contributing
factors could improve our understanding of both network learning
and its relation to the rest of combinatorics.

Finally, it would be fascinating to look for classes of networks
for which NETWORK LEARNING is easy. For example, the problem
of graph coloring is NP-hard in general, but easy for certain classes
of graphs, such as perfect graphs. Similarly, it would be useful to
develop characterizations of graphs which achieve high network
learning rates and graphs whose learning rates remain bounded
away from 1. An alternative quantity of interest is the network
learning rate under random, rather than optimal, decision orderings.
Further, one can also consider robustness of different networks
under networks with adversarial agents. We suspect that finding
such characterizations and families of networks would give us
a better understanding of the previously mentioned question of
connecting this problem to the rest of the field of combinatorics.
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Figure A.1: Construction used in General Ordering Learning Rate proof. ¢, f and y are the vertices from the cell gadgets
corresponding to the literals from C.

A BAYESIAN GENERAL LEARNING RATES
Lemma AL Let 3 <p <1.Letp’ =L +3p2 — p3. Then
2 ’
(L) it SN
1-p) ¢

Proor. This Lemma is proven by solving the stated inequality. We check all our calculations using Wolfram Mathematica. O

General Clause Setup. Consider a clause gadget with literal nodes a, b, and ¢. WLOG, suppose the optimal ordering ¢* orders a before b
before c. Let a, 8, and y be the literals corresponding to a, b, and c, respectively. We also use «, 8, and y, to denote the corresponding nodes
from their respective cells. (see Figure A.1 for details of the construction). Suppose that @, §, and y correctly predict the ground truth with
probabilities py, pg, and py, respectively. Note that since the literal nodes have no outgoing edges except to each other, ordering all literal
nodes after variable nodes gives the literal nodes more information at no cost to any other nodes. So we assume ¢* orders all literal nodes
after variable nodes, and also a before b before c.

OBSERVATION A.1. The predictions of a, f, y are independent.

Proor. The nodes «, f, y are from their variable cells. From each cell, there are only outward edges. This means that nothing outside of a
cell can affect any of its nodes. This includes the nodes of other cells. Hence, the predictions are independent. O

LEMMA A.2. Fora the earliest literal node in its clause gadget, L*(a) = p when its corresponding literal a is off, and L*(a) = p’ := % + %pz -p3

when « is on.

Proor. We compute the learning rate of a under Bayesian aggregation. Recall that Bayesian agents base their predictions on the posterior
probability for 6 given their inputs, tie-breaking by selecting an action randomly. So, the prediction of node a is determined by the posterior
of 6 given their private signal s, and their in-neighbor a. Therefore, a predicts correctly whenever its posterior for 8 = 1 exceeds 1/2 or
tiebreaks correctly. Equivalently, a predicts correctly whenever its corresponding likelihood ratio exceeds 1 or tiebreaks correctly. We denote
the ratio as A, defined as

Prlsq,a |0 =1 Pr[sq |0 =1] Prla|f=1
MO 11005y Prlswal0=1] _Prlsa|0=1] Prla]6=1]
Prisa=1,a=0|60=0] Pr[sg|0=0] Pr[a]|0=0]
where the equality holds due to s, and o’s prediction being independent.
In general, there are four cases which may arise.

P Pa : _ _

=5 " T-ps >1 ifsg=La=1,

1-p 1-Ppg .

—- <1 ifsg=0,a=0,
A(1:0|sg )= 1£p gz s =0.a=1

?i:g“ ifsg,=0,0=1,

= pa“ ifsg=1a=0.

The inequality in the first two cases holds because p, > p. Cases 3 and 4 need to be analyzed separately for « on and off.
o If o is off, then py =Prl[a =1| 6 =1] =Pr[a =0 | 6 = 0] = p, as discussed in Lemma 3.5. Thus

B

1-p p

‘g + %pz - p > p, again, as discussed in Lemma 3.5. Thus A(1: 0 | s, =

A1:0]sq=0,a=1)=A(1:0]|sg=1,a=0)= =1.

o Ifaison, then py =Prla=1|0=1] =Prla=0] 6 =0]
0,a=1)>1and A(1:0|s,=1La=0) <1.



Now, we compute the final learning rate of a, which is the probability Pr[a = 6]. Since we assume q = % this is the sameasPr[a=1| 0 =1].
Therefore, the probability of a being correct is the probability of any input configuration yielding either A > 1, plus the probability of a

configuration yielding A = 1 and tie breaking successfully with probability %

Pr[azl|a0ff]:Pr[sa:a:1|9:1]+%Pr[sa¢a|9:1]:p2+%(p(l—p)+(1—p)p):p,

Pr[azl|a0n]:Pr[a:1|0:1]:pa:§+§p2_

LEMMA A.3. For b the second earliest literal node in its clause gadget, L* () takes the following values:

3p? - 2p3
L5(b) = 1p"(p" +2p —2pp”)
p(p+2p”" —2pp”)

ifa, B both off,
ifa, B both on,

otherwise,

where p’ = ‘12—) + %pz -p3.

PROOF. As in the previous Lemmas, we first compute the ratio of %, denoted as A, to get b’s predictions for each of its input
configurations. We then compute the probability that b sees inputs that yield a correct prediction.

The information available to b is the predictions of a and f, along with sp, b’s private signal. Observe that these are all independent. We
again define the ratio A as

_ Pr[spafl0=1] Pr[s,|0=1] Prla|6=1] Pr[f|0=1]
T Prlsp.afl0=0 Pr[s,|0=0] Prlal6=0] Pr[f|0=0]

The values of A are once again determined by p := Pr[s, = 0] and pq :=Pr[a = 0], pg = Pr[f = 0]. Notice also that pg, pg > p. We now list
A for all possible inputs.
1N Ifsp=a=p=1,
A= P Pa Pp

= . . > 1
1-p 1-pa 1-pg

@) Ifsp=a=16=0,

_ P _Pa 17Pp
1-p 1-pa Pp
3) Ifsy =1,a=0,=1,

P 1-pa Pp
1-p  pa 1-pp

4) Ifsp=1la=p=0,
- 1-
=P Lo pﬁ<1.
1-p  pa Pp

The rest of the cases follow trivially from symmetry, since
A(sp, a, ) = 1/A(5p, d, ).

For the cases (2) and (3), we perform case analysis on whether a and f are on or off. By Lemma A.2, p, = p when «a is off and p, = p
when « is on. From Lemma 3.5, f8 is correct with probability p when f is off and p’ when f is on. We consider two cases:

e If @, § are both on, or both off, then p, = pg, leaving A = lj_';p > 1in both of the middle cases.
p/

e Otherwise, WLOG « is on, f off. Then pq = p’,pg = p, resulting in A(sy =a=1,5=10) = = > 1 and A(sp = f=1a=0) =

’

(%)2 . 1;—{)/ > 1 by Lemma A.1.
We can see that b simply follows the majority of signals.
Pr[b=0]=Pr[b=1|0=1]=Pr[sp +a+f>2]=1-Pr[sp+a+f <1]
=1-(1=-p)(Q=pa)(1=pg) = p(1=pa)(1-ppg) = (1 =p)pa(l—pg) = (1= p)(1 - pa)pp-
Substituting p, = p (similarly, pj, = p) if « (B) is off and p” otherwise yields the desired probabilities. O



LEMMA A.4. For c the last literal node in its clause gadget, L*(c) takes the following values, depending on the state of (a, f,y):
(off, off, off) — p* (2p3 —5p% +2p+ 2) ,
(off offon) = p (~p> = p(p' =2)+1').
(off, on, off) — p (p3(2p’ —1)+p?(1—4p") +p(p’ + 1) +p’) ,
(off. on, on) — p (2p2(p’ -1)p +p (—3(10')2 +p' + 1) +p'(p" + 1)) ,
(on, off,off) — p*(2p" = 1) + p* (2~ 4p) + 2pp’,
(on.off o) = p (p* (2(0)7 = 2" +1) = 3p(p)* 49 (p' +2))
(on.on.off) = p (4p(p' ~ Dp’ +p (~6(p")? +4p" +1) +2()?)
(on, on, on) — p’ (p2 (z(p’)2 -3p" + 1) +p (—z(p’)2 +p' + 1) +p’) ‘

P{6=1|X.]

Proor. We again compute the value of A = PAO=0[X.] for all possible configurations of X.. From that, we determine the action ¢ chooses
- C

and compute the learning rate.
First, let us rewrite

_Prlsc|60=1] Prl[y|0=1] Prla]|6=1] Pr[b|a0=1]
" Pr[sc|#=0] Pr[y|0=0] Prla]8=0] Pr[b|a6=0]
From the proofs of the previous two lemmas, we have

Prlb=1la=1,0=1]=Pt[b=0]a=06=01=p+ps—ppp,
Prlb=1]a=00=1]=Pr[b=0]a=1,0=0] =ppg,
Prla=1[0=1]=Prla=0]0=0] = pg,

where py = p’ if a is on, p otherwise. We again use pg, py similarly.
We now perform case analysis on (sc, y, a,b):

(1) (1,1,1,1):

__p Py Pa 'P+Pﬁ_PPﬂ>l,
I=p 1-py 1-pa 1—-ppp
since it holds that 1 > p, pa, pg. py > %
2 (1,1,1,0):

N_ PPy pa .(l‘p)(l‘f’ﬁ) Py pa lPp_ p  p 1-p

= . . = . > > 1.
1=p 1=py 1-pa ppp l=py 1=pa pg ~1=p 1=p '
(3) (1,1,0,1):
o PPy l-pa _ PPp >( P )4,1—p'>1
l-p 1-py pa (l—p)(l—pﬁ) l-p) ¥
(4) (1,1,0,0):

Ao P Pr 1-pa 1-PPp
1-p 1-py pa Pp+pg—pPp

This is < 1if @, f are on and y is off, and > 1 otherwise. (By Wolfram, need to write this out)
(5) (1,0,1,1):

P 1-py  pa ‘P+Pﬁ_PPﬁ>( p )z‘l—p"P"'Pﬂ_PP,B>P+Pﬁ_PPﬁ>1
1-p py 1=pa 1-ppg ~\l-p) P 1-ppp 1-ppg '
(6) (1,0,1,0):

n_ P LoPr pa .(1_P)(l‘pﬁ)< »’ .(l—p)2<1.
1-p py 1-pa pPp S l=p U p



(7) (1,0,0,1):

_ P 1-py 1-pa prp >(1_p/)2.( » )3
1-p  py Pa (1—P)(1—Pﬁ) P’ 1-p

The lower bound on A is reached for y on and «, § off, and in such a case it is < 1. However, in any other state of «, f3, y, the value of A

is lower-bounded by
Ll (L)z >1
p' \1-p ’

__p l=py 1-pa 1-ppp cl-p 1-p
1-p  py Pa 1_(1_p)(1_pﬁ) P 2p-p?

by Lemma A.1.
(8) (1,0,0,0):
2
< 1.

The remaining cases follow from symmetry.
We now compute the learning rates in each case, and multiply them by the probability of that case taking place. Due to symmetry of § and
1 — 0, this is equivalent to Pr[A > 1 | 6 = 1]. This can be written as the sum of the probabilities of all cases yielding A > 1 assuming 6 = 1.
The configurations which always yield A > 1 are (1,1,1,1), (1,1,1,0), (1,1,0,1), (1,0,1,1), (0,1,0,1), (0,1, 1,1). Then, if @, § are off and y
is on, then (0, 1,1,0) gives A > 1, otherwise (1,0,0, 1) gives A > 1. Finally, if «, § are on and y is off, then (1,1, 0,0) gives A > 1, otherwise
(0,0,1,1) gives A > 1. The learning rate of ¢ is then the sum of the probabilities of these cases, given that 6 = 1. O

We now compute the CLR in the following three cases: when all literals are off, when all literals are on, and when only one literal is on.

LEMMA A.5. Suppose that an optimal ordering o* sets all literals in a clause C to be off. Then the resulting CLR of G(C) is
LXG(C) =Lo=p (Zp4 —5p> +5p+ 1) .
Proor. Follows directly from Lemmas A.2 to A.4. O
LEMMA A.6. Suppose that an optimal ordering o™ sets all literals in a clause C to be on. Then the resulting CLR of G(C) is
L7(©(0) = Ly =p' (o (2717 = 39" +1) = p (212 + ' = 3) + 29" +1).
Proor. Follows again directly from Lemmas A.2 to A.4. The expression in the lemma statement is just the sum of L*(a), L*(b), L*(c). O

LEMMA A.7. Suppose that an optimal ordering o* sets exactly one literal to be on. Then the resulting CLR is
L7(G(0) = Li=p"(2p" = 1) +p* (2= 4p") +p*(1-2p") +4pp” +p’.

Proor. This lemma is a bit more involved than the two ealrier ones, since there are now three cases which are not symmetrical—the
vertex corresponding to the “on” literal is either first, second, or third (in other words, it corresponds to either a, b, or ¢ from the general
lemmas).

It turns out that the highest learning rate is achieved when « is on. Intuitively, the fact that « is on means that a receives a stronger signal,
and it is able to be spread all over the gadget. Formally, we show that the learning rate corresponding to (, §, y) = (on, off, off) is higher
than (off, off, on) and (off, on, off).

By Lemmas A.2 to A.4, and assuming that all the variable cells are ordered before the clause gadget, the learning rate of the clause C is as
follows.

(1) If « is on, then

LG(O) =p"(2p" = 1) +p* (2 = 4p") +p*(1 - 2p) +4pp + 7/,

(2) if B is on, then

L@(O) =p (P20 = 1) +p (1= 4p)) = p(p' = 2) +3p" +1),
(3) if y is on, then
L@ =p (=392~ p(p =5)+p' +1).

It is not hard to see that indeed the first quantity is, assuming % > p > 1, the largest of the three, and it is thus the optimal value for the
cumulative learning rate of a cell with only one variable turned on. O

LEMMA A.8. Suppose that an optimal ordering o* sets exactly two literals to be on. Then the resulting CLR is

L(GO) = Lr=4p*(p" = 1p' +p* (-6 +4p" +1) + 29 + /(' +1).



PRrOOF. As in the previous lemma, we need to decide which of the literals should be the “off” one—in this case it is y. Intuitively, again,
the fact that @ and f are on means that their stronger signals can be better spread over the gadget. Formally, we show that the learning rate
corresponding to (a, B, y) = (on, on, off) is the highest.

By Lemmas A.2 to A.4, and assuming that all the variable cells are ordered before the clause gadget, the learning rate of the clause C is as
follows.

(1) If @ is off, then
LG =p (2020 = 1p' = p (36607 + 0" = 2) + ()7 +3p" +1),
(2) if B is off, then
L(G(O) =p" +pp"(4+p") +p* (1= 2p" =3(p")") +p° (1 = 2p" +2(p")?),
(3) ify is off, then
L@(C) = 4p>(p' = 1)p + p* (<6(p")? +4p” + 1) +2pp” + 9/ (p + 1.
It is not hard to see that indeed the last quantity is, assuming % > p > 1, the largest of the three, and it is thus the optimal value for the
cumulative learning rate of a cell with exactly two variables turned on. O

Lastly, observe that as the number of literals which are set to on increases, the optimal gadget learning rate increases because the literal
nodes get stronger signals for 8. We can verify this for the cases computed above:

CoRroOLLARY A.9. Forp € (%, 1),
Ls>Ly> Ly > L.

Proor. Follows by substituting the expressions from Lemmas A.5 to A.8. The calculations were verified by Wolfram Mathematica. For a
visual representation of these learning rates, see Figure 3. O

CoRrOLLARY A.10. For clause gadgets with at least one on literal, the optimal gadget learning rate is lower bounded by L1 and upper bounded
by L3.

B FULL PROOF OF THEOREM 4.1

As stated in Section 4, we perform a reduction from 3-SAT to NETWORK LEARNING, adapting the proof of Theorem 3.1. The graph construction
we use is described in Section 4.1.

Literal notation. We now introduce some notation for use in subsequent sections. Let ¢ be a literal of some variable x € y, meaning
either £ = x or £ = —x. We extend the notation of the cell to be C(¢) := C(x). We say that cell C(x) is “on” under a decision ordering o if
o(—x;) < o(x;); otherwise, cell C(x) is “off”. We say that a literal £ is on if £ = x and C(x) is on, or £ = =x and C(x) is off; otherwise, literal
¢ is off.

B.1 Gadget Learning Rates

We begin by examining the learning rate of an arbitrary cell under a pair of orderings in which the cell is either “on” or “off”. The following
lemma shows that cells achieve the same learning rate under either of these orderings, and that this learning rate is the best possible over all
orderings.

LemMA B.1 (MajoriTy Dynamics CELL LR). Letx € y. Letq = % and p be given. Then
L*(C(x)) = 2p +3p? - 2p°.

ProoF. First, observe that for the optimal ordering ¢*, it is always beneficial to put the dummy node dy before the nodes x and —x. This
is because dy itself has no incoming edges, so it cannot benefit from any further information, and it has edges going to x and —x, which can
only increase their chances of getting the correct answer. Hence, we can see that L*(dx) = p.

The case of the remaining two nodes is symmetric, WLOG let us assume that 6*(x) < ¢*(=x) (so the cell C(x) is “off”). The node x then
receives, apart from its private information, the action of dy. Due to tie-breaking, it still always chooses to believe its private signal, so
L5(x) =p.

Finally, the node —x receives the private signal, s—, the action of dy, aq, and the action of x, ay. Notice that all these three pieces of
information are independent (since x was not influenced by dy due to tie-breaking). This makes it easy to compute the learning rate of node
—x as the probability that at least two of the three pieces of information are correct

L (—x) = Pr[at least two of sy, ay, ag, are correct]
= 3p2 - 2p3.

By linearity of expectation, it then holds that
L7(C(x) =2p +3p” - 2p°.



Figure B.1: Construction used in General Ordering Learning Rate proof. @, § and y are the vertices from the cell gadgets
corresponding to the literals from C.

O

We defer the question of which of the two orderings is optimal to the next section. Addressing this first requires examining the learning
rates of the clause gadgets, which are also affected by cell node orderings. We begin with a general expression for the CLR of any clause
gadget under a particular partial ordering. We then use this expression to compute the CLR for specific clauses, observing that the optimal
clause node ordering must respect the partial ordering given earlier.

LEmMMA B.2 (MajoriTY CLAUSE LR). For any clause C = (£1 V £, V £3), let a, b, ¢ be the literal nodes in the clause gadget corresponding to ¢1,
tp, and t3. Also, let a, B, y be the cell variable nodes corresponding to £1, £z, and €3 (see Figure B.1 for details of the construction). Suppose that a, f3,
andy correctly predict the ground truth with probabilities pa, pg, and py, respectively. Consider a partial ordering o which orders all variable
and dummy nodes before all literal nodes. WLOG, suppose o also orders a before b before c. Then the cumulative learning rate of the clause
gadget under o is

L(G(C),0) = 2p +Pr[a] +Pr[b] + Pr[c],
where
Prla] = p((1 - p)pa +p(p +2)),
Pr(b] = p (1= p)(pa +5pp) + p(4 = 3p)).
Pric] = p? (1= p)*(pal1 = py (pp+ P — 1) + ppp) + 2ppp = Py (pp(5p = 3) = 3p = 2)) + p(4 = 3p) ..

Proor. Note that the dummy nodes have no incoming edges, and therefore each contributes a learning rate of p. We now compute the
learning rates of a, b, and c.
The first node, a, is correct iff

(1) both d; and d; are correct, and at least one of their private signal and « is correct:
Prla|dy,dz] =1-(1-p)(1-pa),
(2) or one of d; and dj are correct, and their private signal is correct:
Prla | di,dz] = Pr[a | di,d2] = p,
(3) or neither dq nor dy are correct, but both & and their private signal are correct:
Pr(a | dy, dz] = ppa.
Therefore, the total probability of a being correct is
Prla] = p? (1~ (1= p)(1 = pa)) +2p(1 = p)p+ (1= p)*ppa = p(pa ~ p(pa =P = 2) = p((1 = p)pa + p(p +2).

Node b is correct with conditional probabilities:

Pr(b|di,dz2] =1-(1-pp)(1-Prla]did2])(1-p),

Pr[b | di,da2] = ppPrla| di,da]p + (1 - pg) Prla | di,d2]p + pp(1 = Pra | d1,d2])p + ppPr[a | di,d2] (1 - p)

=Pr[b | di, da],

Pr[b | di,dz] = ppPrla | di, dz]p.

The total probability of b being correct is then

Pr[b] = p° ((1 —p)*(pa +5pp) + p(4 - 3p>) .



We can also compute the following joint probabilities between a and b, conditioning again on the dummy nodes:
Prla, b | di,d2] =Prla | dy,d2],

Pr[ab | di,dz2] = (1~ pp)(1-p)(1-Prla]|di,da]),

Prlab|did2] = (1= (1-pp)(1-p)) Prla|di dz],

Pr[a,b | di, d2] = (1~ ppp)(1 —Prla|dida]),

Prla,b | di,dz] = pppPrla| di,dz],

Pr(a b | dy,do] =1—Prla|dy,do].

Similarly, c is correct with conditional probabilities
Prlc|di,dz2] = p+(1-p)(py(1=Pr[ab | di,dz]) + (1~ py) Prla b | di,dz]).
Pr[c | di,d2] = p(1—(1—py) Pr[a,b | di,d2]) + (1 - p)p, Pr[a,b | di,ds]
=Prlc| di, do],
Pr[c| di.dz] = p(py(1 —Pr[a b | di,da]) + (1 - py) Pr[ab | di,d2]).
Therefore, the total probability of ¢ being correct is:

Prlc] = p? (1= p)2(pa(1 = py (pp+ p = 1) + ppp) + 20p = Py (pp(5p = 3) = 3p = 2) + p(4 = 3p)) .
Finally, nodes d; and dy are both correct with probability p. So the total learning rate of the clause is
2p +Prla] + Pr[b] + Pr[c] .
O
LEMMA B.3 (1 V 0V 0 LEARNING RATE). Let C = £1 V €2 V {3 be a clause. Suppose that an optimal ordering o™ sets the literal £; to be “on”, and

the rest of the literals to be “off . Then, in the gadget for C, o* places ¢y first, then the other two, and finally the node C. Further, the resulting CLR
is

Li=p (2 +2p+6p? + 11p> + 4p* — 51p° — 6p® + 21p7 + 115p8 — 136p° + 13p10 + 36p!! - 12p12) .

PrOOF. Since ¢* is an optimal ordering, it must place the dummy nodes d; and dz, as well as all variable nodes, before all literal nodes.
Otherwise, the literal nodes receive strictly less information. To determine the order in which the literal nodes #1, 2, 3 are placed, we can
simply compute the expected learning rate for every permutation of them, and then pick the maximizing order. Note that ¢, and #; are
identical, so we can treat permutations which just exchange these two as identical as well.

We use the learning rate for the general clause gadget, as computed in Lemma B.2. We simply analyze the three non-isomorphic cases:
£ =a,f = b, and £; = c. Note that the first case corresponds to setting p, = 3p? — 2p> and pp = py = p, and similarly for the latter cases.
We get the following cumulative learning rates:

(th=a)—p (2 +2p+6p? +11p> + 4p* — 51p° — 6p® + 21p7 + 115p% — 136p” + 13p10 + 36p!! - 12p12) ,
(Lt =b) = —p (—2 —3p+p? —28p> + 6pt +85p° — 95p° + 132p7 — 248p8 + 165p° + 42p0 — 84p!! + 24p12) ,
(f1=c)—>p (2 +3p+2p? +21p> — 25p* — 29p° + 143p® — 440p” + 684p® — 458p° + 54p10 + 72p!! - 24p12) .

The first polynomial is always strictly larger than the other two for % < p < 1, so placing [; first in the ordering gives the highest learning
rate in the clause. So we conclude that
Li=p (2 +2p +6p° +11p° + 4p* —51p° — 6p° + 21p” + 115p® — 136p° + 13p% + 36p!! - 12p12) ,
Moving forward, we refer to this probability simply by L1, regardless of the order that the literals appear in the clause itself. O

Before we continue with other clauses, note that the CLR of any clause increases with the number of true literals in the clause. One can
verify this by checking that for any literal node or the clause node C in the gadget, its probability of correctly predicting the ground truth
increases monotonically with each of the variable probabilities. So we will only compute the CLR for clauses which involve the smallest and
largest possible variable probabilities.

LEMMAB.4 (0V OV 0,1V 1V 1LEARNING RATES). Let C = £; V £ V #3 be a clause. Suppose that an optimal ordering o* sets all three literals
to false. Then the resulting CLR is

Lo=p (2 +3p +2p” +25p° — 42p* +23p° — 67p% +102p7 — 31p® — 24p° + 12p1°) .



If instead o™ sets all three literals to true, then the resulting CLR is
Ly=p (2 +2p +3p? + 14p> + 22p* — 66p° — 69p° +310p” — 688p° + 710p°+

756p10 — 2581p!1 + 2304p1% — 558p!3 — 372p1* + 264p° - 48p16) )

PROOF. As before, the optimal ordering o* must place node C after all literal nodes. Observe that by symmetry, the ordering of I3, I, and I3
doesn’t matter, since all three variable probabilities are identical. Using the Lemma B.2 and supplying variable probabilities po = pg = py = p,

we get the desired CLR p°00. Supplying variable probabilities p, = Pp=py= 3p? — 2p> gives the desired value of £3. O

LEMMA B.5 (0 V 1V 1 LEARNING RATE). Let C = 1 V €2 V 3 be a clause. Suppose that an optimal ordering o™ sets one literal to false, the other
literals to true. Then the resulting CLR is

Ly=p (12p8 —54p” +76p° — 14p° — 40p* + 9p> + 12p + 2p + 2) .

ProorF. WLOG assume that #» = £3 = 1 and #; = 0 We analyze the probabilities of all three (non-isomorphic) possible orderings by setting
Proper pg, pg, py from Lemma B.2. This results in the following CLRs:

(th=a)—>p (—24p1° +132p° — 282p8 + 279p7 — 116p° + 28p° — 36p* + 11p° + 8p% +3p + 2) ,
(&1 = B) — —8p0 +44p? — 86p® +57p” +18p° — 21p° — 11p* — 7p> + 15p® + 2p + 2,

(i=y) > p (12p8 —54p” +76p° — 14p° — 40p* + 9p> + 12p% + 2p + 2) .

It is not hard to prove, that for p € (% 1), the biggest value is received when #; = y, and thus its CLR is the optimal CLR. This finishes the
proof. O

LEMMA B.6 (CLAUSE LEARNING RATE COMPARISON). Forp € (% l), it holds
Ls>Ly> Ly > L.
ProoF. We know the learning rates of L3, L2, L1, Lo by Lemmas B.3 to B.5. The statement then follows by simple algebra. ]

B.2 Optimal Ordering & Restrictions on p

Finally, we can now determine the optimal ordering by examining the learning rates derived in the previous section. First, we define an
assignment-induced ordering below:

Definition B.7. Let A : y — {0,1} be any assignment of values to variables. Define the (partial) ordering induced by A as follows: if
A(x;) = 1, node x; is ordered after node —x; (cell C(x;) is “on”); otherwise, x; comes before —x; (cell C(x;) is “off”).

Definition B.8. Let A : y — {0,1} be an assignment of values to variables maximizing the number of satisfied clauses. Then A is a
maximal assignment.

LEMMA B.9 (OPTIMAL ORDERING). Let A* be a maximal assignment. Let p(M) < 1 be a threshold probability determined by M, the number
of clauses. Then for all p > p(M), the decision ordering o* which places all dummy nodes first, then all variable nodes respecting the partial
ordering induced by A*, then all literal nodes, and finally all clause nodes, maximizes the network learning rate.

Proor. First note that by the same reasoning as in Lemma B.1, there is an optimal ordering ¢* which places all dummy nodes before all
variable nodes. Similarly, the same reasoning as in Lemma B.3 gives that there is an optimal ¢* in which all literal nodes are ordered after
all variable nodes, and all clause nodes are ordered after all literal nodes. So all that remains is to show that there is an optimal ¢* which
respects the ordering induced by A*.

First recall that by Lemma B.1, an optimal ordering always gives the same cumulative learning rate p? = p} per cell regardless of whether
the cell is “on” or “off”. So the ordering of variable nodes only affects the network learning rate through the clauses. Consider any other
assignment A which is not maximal. Let S* be the number of satisfied clauses under A* and S < S* that under A. By Lemmas B.3 and B.4,
the CLR for any satisfied clause is lower bounded by L1, which is strictly greater than that for an unsatisfied clause, Ly. So having more
satisfied clauses should improve the CLR. However, note also that L3 > L3 > L1 > £y, by Lemma B.5. So in the most extreme case, all S
satisfied clauses under A are satisfied by having three true literals, while all S* satisfied clauses under A* are satisfied by having one true
literal.



Consider that extreme case, and further impose the worst-case choices of S and S* by setting S* = M and S = M — 1. Then over all clause
gadgets, the ordering induced by A* gives a CLR of M L1, while the ordering induced by A gives a CLR of (M — 1) L3 + L. In order for the
ordering induced by A" to maximize the network learning rate, we must have

MLy >2(M-1)L3+ Ly
Li-Lo
Ls— L,
One can verify that the left-hand side can be lower bounded by ﬁ for all p € (0.5, 1), so the following is sufficient:
6M -7
>M-1=p>pM):= ,
6—6p 6M -6
which is well-defined for any M > 2. Thus, the ¢* respecting the ordering induced by A" is optimal for all p > p(M). O

To recap, given any instance ¢ of 3-SAT with N variables and M clauses, we can construct a network G, with ground truth prior g = 1/2
and signal accuracy p > p(M). In particular, whenever ¢ is satisfiable under some maximal assignment A*, there is an optimal decision
ordering o* which respects the ordering induced by A*, and which achieves a network CLR of at least N(2p + 3p? — 2p>) + ML1. Otherwise,
if ¢ is non-satisfiable under any maximal assignment A*, then the optimal decision ordering o™ respecting the ordering induced by A*
achieves a network CLR of no more than N(2p + 3p® — 2p3) + (M — 1) L3 + Lo. Choosing p > p(M) allowed us to show the optimality of o,
as well as to separate the learning rates in networks corresponding to satisfiable and non-satisfiable formulas. All that remains to complete
the reduction is to pick an appropriate choice of ¢, such that a formula graph G,, achieves expected network learning rate greater than &
under an optimal ordering iff ¢ is satisfiable.

B.3 Picking the Epsilon

We will simply pick ¢ to lie exactly halfway between the satisfiable and non-satisfiable network learning rates. Recalling that each variable
gadget contains 3 vertices and each clause gadget contains 4 vertices, we can compute the learning rates below. For networks corresponding
to satisfiable formulas, we have at least
NLeen + MLy
3N +5M
and for networks corresponding to non-satisfiable formulas, we have at most
NLeen + (M -1)Ls + Lo
3N +5M '

>

This gives
1 (2NLeey + MLy + (M -1)L3 + Lo
2 3N +5M

5

thus completing the reduction.
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