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ARTICLE INFO ABSTRACT

Keywords: Periodic origami patterns made with repeating unit cells of creases and panels bend and twist
Origami in complex ways. In principle, such soft modes of deformation admit a simplified asymptotic
Homogenization description in the limit of a large number of cells. Starting from a bar and hinge model for the

Generalized elasticity elastic energy of a generic four parallelogram panel origami pattern, we derive a complete

set of geometric compatibility conditions identifying the pattern’s soft modes in this limit.
The compatibility equations form a system of partial differential equations constraining the
actuation of the origami’s creases (a scalar angle field) and the relative rotations of its unit
cells (a pair of skew tensor fields). We show that every solution of the compatibility equations
is the limit of a sequence of soft modes — origami deformations with finite bending energy
and negligible stretching. Using these sequences, we derive a plate-like theory for parallelogram
origami patterns with an explicit coarse-grained quadratic energy depending on the gradient
of the crease-actuation and the relative rotations of the cells. Finally, we illustrate our theory
in the context of two well-known origami designs: the Miura and Eggbox patterns. Though
these patterns are distinguished in their anticlastic and synclastic bending responses, they
show a universal twisting response. General soft modes captured by our theory involve a rich
nonlinear interplay between actuation, bending and twisting, determined by the underlying
crease geometry.

1. Introduction

Mechanical metamaterials are many-body elastic systems that derive their bulk elastic properties primarily from the complex
geometry and arrangement of their building blocks. Origami-inspired variants, composed of patterns of stiff panels and flexible folds,
achieve a wide range of nonlinear mechanical properties. A well-designed folding pattern can produce an origami metamaterial that
deploys from flat to folded flat (Feng et al., 2020a; Koryo, 1985; Lang and Howell, 2018; Tachi, 2009), is bistable (Faber et al., 2018;
Feng et al., 2020b; Kresling, 2012; Liu et al., 2019), is soft in one configuration but stiff in another (Filipov et al., 2015), exhibits
tunable stiffness (Silverberg et al., 2014; Zhai et al., 2018) and/or achieves target shapes upon folding (Dang et al., 2022; Dieleman
et al., 2020; Dudte et al., 2016). These alluring properties have made origami a popular design motif in applications spanning soft
robotics (Kim et al., 2018; Rafsanjani et al., 2019; Wu et al., 2021), biomedical devices (Kuribayashi et al., 2006; Velvaluri et al.,
2021) and space structures and habitats (Melancon et al., 2021; Pehrson et al., 2020; Zirbel et al., 2013). However, they also raise
many fundamental questions in mechanics: what is the interplay between geometry and elasticity in these materials? How should
we characterize this interplay? How do we model it?
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Fig. 1. Miura origami — the canonical example in the family of parallelogram origami patterns. (a) The Miura origami can fold from flat to folded flat by a
mechanism motion. (b-d) A paper model exemplifying the Miura’s non-mechanistic soft modes of deformation.

This paper answers these questions for parallelogram origami, a class of metamaterials composed of repeating unit cells of
folds and parallelogram panels. Fig. 1 shows the most well-known example — the Miura origami (Koryo, 1985), whose corrugated
pattern is built from a single parallelogram. Fig. 1(a) illustrates a key kinematic property: the Miura can fold from flat to folded flat
through a continuous family of rigid-body motions of the panels coordinated by the flexible folds called a mechanism (Pellegrino
and Calladine, 1986) or floppy mode (Lubensky et al., 2015). Like the Miura, every parallelogram orgami pattern possesses a single
degree-of-freedom (DOF) mechanism. This property makes these origami soft to a wide range of loads, and enables deformations
that are far from intuitive. For instance, the Miura origami in Fig. 1 makes a saddle shape when bent along its centerline (Fig. 1(b));
it makes a bow-tie shape when pinched (Fig. 1(c—d)). Importantly, these deformations are not mechanisms. Instead, we call them
soft modes. In a soft mode, a mechanical metamaterial can have a small amount of strain, with energy that is sub-volumetric rather
than having classical bulk scaling.

From an energetic point of view, it is clear why soft modes occur in parallelogram origami — the panels can bend when the
pattern is generically deformed, and bending is energetically cheap as compared with stretching. The puzzle lies with understanding
how the bending of many individual panels leads to a particular gross shape. The explanation lies in the interplay between the
geometry of the crease pattern and the elasticity of the panels. In the literature, this interplay is typically captured through bar and
hinge simulations (Filipov et al., 2017; Liu and Paulino, 2017; Schenk et al., 2011) or related spring methods (Deng et al., 2020;
Zhou et al., 2023). The bar and hinge approach replaces the origami with assemblies of hinges and bars that reflect the creases
and panels. Elasticity is accounted for by modeling bars/hinges as linear/torsional springs. This approach has proven successful for
simulating particular soft modes, but it leaves much to be desired theoretically. It does not, for instance, explain why the Miura
origami makes a saddle shape upon bending, nor does it identify the class of all possible soft modes.

The first theoretical discussions of soft modes in origami metamaterials are due to Schenk and Guest (Schenk and Mark, 2013)
and Wei et al. (2013) in their investigations of Miura origami. By enriching the origami’s rigid kinematics with “bending” creases
along the panel diagonals, both sets of authors demonstrated a connection between panel bending and crease folding through a
local compatibility argument involving slightly bent Miura cells. Strikingly, this local argument shows that the Miura’s in-plane and
out-of-plane Poisson’s ratios are equal and opposite. Since the Miura is auxetic with a negative in-plane Poisson’s ratio, this identity
is consistent with the anticlastic saddle-shape in Fig. 1(b).
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Recent lines of research have advanced this idea. Nassar et al. (2017) demonstrated the same Poisson’s ratio link for Eggbox
origami and postulated that this link, when appropriately coupled to the Gauss and Codazzi-Mainardi equations from differential
geometry (Do Carmo, 2016), yields a set of partial differential equations (PDE) for the effective or cell-averaged deformation of
the origami. They later expanded on this idea for general parallelogram origami (Lebée et al., 2018; Nassar et al., 2022), showing
by a local fitting argument that a suitable interpretation of the Poisson’s ratio link holds in general, and that the aforementioned
coupling to classical differential geometry appears robust. McInerney et al. (2022) also established the Poisson’s ratio link for general
parallelogram origami using a symmetry analysis applied to infinitesimal isometries. They too appear to be building towards an
effective description of soft modes (Coulais et al., 2018; Czajkowski et al., 2022, 2023; Czajkowski and Rocklin, 2024).

What is missing from this literature is a self-consistent coarse-graining rule — one that uses averaging to derive a continuum field
theory for the effective deformations of parallelogram origami, and then justifies that rule by producing soft modes corresponding
to every possible solution of the continuum equations. Our previous work (Zheng et al., 2022) produced such a rule in the simpler
setting of planar kirigami. There, we linked an angle field quantifying the actuation of the kirigami’s panels and slits to its overall
deformation through a metric constraint. We justified this rule by showing that for any effective deformation and angle field
satisfying this metric constraint, there is a corresponding sequence of planar kirigami deformations converging to the given effective
deformation, with elastic energy far less than bulk. We take a similar approach here.

This paper goes beyond the metric constraint of planar kirigami to link the kinematics of slightly bent origami cells to canonical
tensor fields from surface geometry. Rather than dealing with first and second fundamental forms and applying the Gauss and
Codazzi-Maindari equations, we prefer to use Cartan’s elegant (and equivalent) method of moving frames (Cartan et al., 2001;
Ciarlet et al., 2008; Mardare, 2003, 2007). We find Cartan’s method to be ready-made for coarse graining origami. The reason is
simple: when trying to fit together a neighborhood of slightly bent origami cells, one must rotate each cell relative to the other by
a small amount; these relative infinitesimal rotations are skew tensors in Cartan’s theory (they are not fundamental forms). Upon
coarse graining, we derive a coupled set of partial differential and algebraic equations (Eq. (40) below) involving an angle field
quantifying the cell-wise actuation of the origami’s creases, along with two skew tensor fields we parameterize as vectors. When
combined with a metric constraint similar to the kirgiami setting, this yields an effective surface theory for parallelogram origami.
Formulas for the first and second fundamental forms follow quickly in the discussion section (see Eq. (144)).

Our starting point is a more or less standard bar and hinge model for the elastic energy of a generic parallelogram origami
pattern, which has a fully corrugated (non-planar) stress-free configuration. The total energy is the sum of panel stretching and
bending energies, as well as a crease folding energy, all of which are formulated to allow for any reasonable material and geometric
nonlinearity. We coarse grain this energy in the finely patterned limit where the number of cells goes to infinity while the extent
of the overall pattern is fixed, assuming the following scale separation of stiffnesses:

the bulk stiffness of the panels > the bending stiffness of the panels > the stiffness of the folds.

Thus, panel stretching is severely limited, while panel bending is allowed; in comparison, the folds can actuate freely. Asymptotic
analysis of the stretching and bending strains in the model leads to our effective surface theory. To justify it, we produce a globally-
defined “recovery sequence” associated to each of its solutions, i.e., a sequence of finite-bending and nearly-zero stretching origami
deformations that converges to the given effective deformation, along with an asymptotic formula for its energy. This is the most
delicate part of our work, as it requires ensuring that the stretching of our sequence is actually asymptotically negligible compared
to its bending. In the end, we derive an effective plate theory for parallelogram origami, with a continuum bending energy that is
quadratic in the gradient of the angle field and the skew tensor fields described above. Theorem 1 collects the precise statements
of our results; see also Eq. (153) and the surrounding text for further discussion.

The mathematically inclined reader may recognize our terminology of recovery sequences as half of the definition of I-
convergence (Braides, 2002; Dal Maso, 2012), a widely used method for producing rigorous coarse-graining or homogenization
results for non-convex energies. We take inspiration from prior work on small-displacement homogenization of metamaterial
structures, such as the truss beam structures with pentographic sub-structures considered by Seppecher and others (Alibert et al.,
2003). Their work showed by I'-convergence that these structures homogenize to strain gradient and higher order elastic theories,
assuming a linear response. There has since been a systematic effort to coarse grain the linear response of a myriad of truss analogs
to mechanism-based metamaterials (Abdoul-Anziz and Seppecher, 2018; Dell’Isola et al., 2019; Durand et al., 2022; Seppecher
et al., 2011). A key distinction in our work is nonlinearity — we address the physically relevant, fully nonlinear problem of origami
deformations with finite panel rotations. While other such research is starting to emerge, for instance, on two-dimensional Kagome
and checkerboard-type metmaterials (Diill et al., 2024; Li and Kohn, 2023), there is still much to be discovered. Rigorous analysis
that embraces the nonlinearity of mechanism-based metamaterials can be a powerful tool for deriving predictive continuum theories
with minimal ad hoc fitting parameters. We hope this paper inspires new lines of research in this direction.

We close this introduction by noting that our effective continuum theory is not of the strain gradient type; instead, and
presumably as a consequence of nonlinearity, it is better seen as a “mechanism gradient” theory, namely, a type of generalized
elastic continuum that associates elasticity to fields parameterizing spatial variations of a locally mechanistic response. As a classical
subject codified by Eringen in the 1960s-70s (Eringen, 2012), generalized elasticity introduces auxiliary fields beyond deformations
as a constitutive hypothesis aimed at capturing the macroscopic effect of microscale rearrangements. Recently, this approach has
been applied to mechanical metamaterials including origami and kirigami (Kadic et al., 2019; Lakes, 2022; Nassar et al., 2020;
Saremi and Rocklin, 2020; Sarhil et al., 2023a,b; Sun and Mao, 2020). However, this literature has focused almost exclusively
on the linear/small displacement response regime, which is not suitable for dealing with the large, macroscopic shape changes
achievable by these systems. Our work on parallelogram origami and our related work on kirigami (Zheng et al., 2022, 2023) add
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to the discussion by deriving from first principles new generalized elastic theories that fully express the nonlinear coupling between
design, deformation and actuation. We discuss generalized models further at the end.

The rest of this paper is organized as follows. Section 2 introduces the general class of parallelogram origami patterns, describes
our bar and hinge energies, and states our main coarse-graining result in Theorem 1. Sections 3-4 and Appendix B provide the
technical work needed to prove Theorem 1. Section 5 concludes with examples showing predictions of our theory for the Miura and
Eggbox origami patterns, along with a discussion of our results in the context of other continuum theories and a brief outlook for
future research.

2. Problem formulation and main results
2.1. Parallelogram origami designs and mechanism kinematics

We study a class of origami patterns made by tessellating a unit cell composed of four parallelograms and eight creases. Besides
the usual global Euclidean motions, generic such parallelogram origami patterns possess a continuous one parameter family of
mechanism deformations, made up of rigid panel motions that fold the creases. This section defines this class of patterns and
describes their mechanism kinematics.

Each four-panel parallelogram origami pattern has a reference unit cell parameterized by four design vectors t € R3,i=1,2,3,4.
These vectors label the creases in a counterclockwise fashion around the central vertex of the cell as in Fig. 2(a), and they also label
the boundaries of the cell. The gray panel in Fig. 2(a), for instance, has two parallel sides described by t] and two other sides
described by t]. Additional restrictions on the design vectors ensure the existence of a well-defined mechanism motion. We assume
that the creases have a well-defined mountain-valley assignment, achieved by either partially folding a flat reference pattern or
by considering a non-Euclidean pattern (one whose sector angles do not sum to 2x). Specifically, we impose the nondegeneracy
conditions

X)) £0, 6t X) 0, th-(t)xt) A0t (] X)) #0. (€h)
In addition, we exclude self-intersecting panels through the restrictions

conv({0,t],t7}) nconv({0,t],t;}) = {0}, conv({0,t],t;}) N conv({0,t],t;}) = {0}, (2)

where conv(:) is the convex hull of a set of points. Finally, to fix a reference frame, we take u, = t{ — t] and v, = t] — t] to span the
e,,e,-plane and require {uy, v, e;} to be a right-handed basis of R3:

uy-e3=0, vy-e3=0, e3-(uyxvy >0. 3)

Tessellating the resulting unit cell along the Bravais lattice vectors u, and v, produces a perfectly connected periodic pattern of
parallelogram panels. This defines the reference origami pattern we use throughout our analysis (see Fig. 2(c)). Its panels and unit
cell are given by

(the panels:) P; = conv({0,t/, t;(i),

(the unit cell:) Q. =P, UP, UP;UP,,

t,r+t;(l)})a i=1,..,4, (4)

where 6(-) is a cyclic permutation of the set {1,2,3,4}. The overall pattern is
Tori = {Qcenl + i + j¥o : (i, )) € Z7). 5)

We come now to the mechanism motion of parallelogram origami. Section 3 develops the mechanism kinematics in detail; we
report the main points here as they are needed to state our coarse-graining result (Theorem 1). Let 6, denote the dihedral angle of the
t;-crease in the reference unit cell, shown in Fig. 2(a). This angle belongs to either (0, z) or (z, 27) depending on the mountain-valley
assignments, but it cannot take a value of 0 or = due to Eq. (1). In Section 3.1, we verify that all mechanism deformations of this
cell that preserve its mountain-valley assignment are parameterized completely up to rigid motion by folding this crease to a value
0,y + 0 for an interval

0,07, 0 = 07 (t],....t) <0, ot = 9+(t’,...,t2) > 0. (6)

Fig. 2(b) shows the deformed tangents under this actuation. Each tangent is set by the folded t;-crease, and thus is parameterized
in a mechanism by 6 up to an overall rigid rotation. We denote the deformed tangents by t;(9), i = 1,...,4. The interval (§~,6") is
the largest open interval that preserves the reference mountain-valley assignments, per the restrictions

[t] - (t]’. X )10 - (£;(0) X ,.(0)] > 0,  ijk € {123,234,341,412} forall 6 € 67,0%). @

While it is often possible to include mechanism kinematics that change the mountain-valley assignment, we do not pursue this here,
other than to point out that it would have implications for coarse-grained elastic moduli: a physical sample can easily “pop” in
and out of two different mountain-valley assignments when one of the creases is close to flat (Hanna et al., 2014; Silverberg et al.,
2014). This feature is ruled out by Eq. (7).
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Fig. 2. Labeling of the design and ideal mechanism kinematics of parallelogram origami. (a) The unit cell in its reference configuration and (b) after a mechanism
deformation. (c) The pattern in its reference configuration and (d) after a mechanism deformation.

=

Under a mechanism, the lattice vectors uy = t| —t{ and v, = t} — t; transform to new lattice vectors through a map
(uy, vp) — (u(9), v(9)) given by

u©) = ,0) — t5(0). V(0 = t,(0) — t,(0). ®)

The deformed cell remains a two-by-two array of connected and non-intersecting parallelograms, and tessellating it along u(9) and
v(9) produces a new periodic pattern of parallelogram panels. Passing through 6 € (6~,0%) yields the mechanism motion of the
overall pattern (see Proposition 2 for a formal statement; similar observations appear in Lang (2017), McInerney et al. (2022),
Nassar et al. (2022) and Pratapa et al. (2019)). Fig. 2(c~d) illustrates this transformation.

For later use, observe that

u(f) - v(@) =uy-v, forall 66 ,6"), ©

since the sector angles and lengths of each parallelogram panel are preserved by rigid deformations (i.e., t;(9) - t;(8) =t/ - t7 for all
ij € {12,23,34,41}). With more effort, it is possible to find smooth and explicit parameterizations for the squared lengths |u(8)|> and
|v(8)|?, though we will not need such parameterizations here. (For Euclidean parallelogram origami, one can apply ideas from Feng
et al. (2020a), Huffman (1976), Lang and Howell (2018) and Tachi (2009); see Foschi et al. (2022) for a discussion of Euclidean and
non-Euclidean formulas.) The scalar functions u(9) - v(6), |u(6)|> and |v(9)|* are intrinsic quantities describing the distortion of the
unit cell under a mechanism. We are free to choose certain extrinsic quantities, like a frame of reference for the deformed tangents
t,(0),...,t4(0). As in Eq. (3), we require that

u@®)-e5=0, v(0)-e5=0, e @) xv(@)>0 forallde@,0). 10)

This emphasizes the effectively planar nature of the mechanism motion.

Finally, we define the shape tensor and Poisson’s ratio of a given parallelogram origami design. Let i, and ¥, € R? denote the
usual (orthogonal) projection of u, and v, to R?, with u, = (ii,0) and v, = (¥,,0). The shape tensor A (@) € R¥? is the unique
linear transformation such that

A0y = u(d), A (0)¥, = v(0). an
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Fig. 3. Reference domain and labeling for the bar and hinge model. The parallelogram origami is finely patterned with unit cell of characteristic length ~ #. It

covers the effective domain £ in the e, e,-plane. The reference and deformed vertices are labeled by x:? and y?? with the nearest neighbor description shown.

For the Poisson’s ratio, introduce the lattice-direction strain measures

e - w@+O)—u@O)] [0 +30)| -~ [vO) s
o [u(®)| v V@)
associated to a small perturbation 66, and define
e Eu VO (W 0) - u®)
V(e) = 6191?0_% - <|u(0)|2)(vl(9)V(0)> (13)

As we verify later on in Lemma 1, the sign of this Poisson-like ratio is independent of § and depends only on the design vectors of
the unit cell. We use these definitions when stating our main result in Theorem 1.

2.2. Bar and hinge models for parallelogram origami

We now account for the elasticity of a general parallelogram origami pattern. First, to fix a reference domain, let 2 c R?
be a simply connected planar reference domain with a smooth boundary, and assume after non-dimensionalization that £ has
characteristic length ~1 and that the undeformed configuration of the origami is a graph over this set with unit cells of length
¢ < 1. Building off of the tessellation in Eq. (5), we define the origami reference domain as

Q) = L £ Qe + Cling + j¥y) : £liug + jvg) € 2,0, j €L} (14)

ori
Fig. 3 shows a stylized example.

Next, we label the vertices of the origami. Given Qf)’;) as above, fix a connected subset 7() of Z2 such that {xfi) eR3:(,j)e IV}
bijectively labels the vertices of the reference origami, and whose nearest neighbor relationships match those of the origami (see
Fig. 3). Such a set ) exists given the topology of the crease pattern. We often write {xfi)} = {xf’? e R3: (i,j) € I¥) for short.
With this labeling, elastic deformations of the origami are maps

¢ ¢
XEJ) - y§’j> (15)
defined for (i, j) € I¥). The deformed origami pattern is called {y?i)} for short.

We are now ready to define the general class of bar and hinge energies we coarse-grain. As is standard practice in the engineering
origami literature (Filipov et al., 2017; Liu and Paulino, 2017; Schenk et al., 2011), we consider three stored energy functions to
account for the stretching, bending and folding of the origami panels and creases:

) ) p ¢ ¢ ¢ ¢
El YD = EL U D + £ (v D + Eh Uy D. (16)

ben
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We define each of these below.

The stretching energy Ss(tr) is generically a function of the panel strains. For the (i, j)-vertex in the pattern, we have four panel

strains e( ) ,k=1,...,4, given by

14 4 4 3
@) y?»)|—|x() — x|

@) @) @) @)
(f) _ Iyz+1 J i+1,j i.j (f) |y1/+] Yij |- Ix —Xi; |

_ i.j+1
i T X9 (f)l ’ fija = x <f>| ’
i+l,j i,j ij+1 i.j (17)
yo - (f)l SOy WO —yO S _x© |
(f) _ yl+1]+l y i+1,j+1 i.j @) _ yl J+1 yl+1j 1]+l 1+1/
€ij3 = (®) @) YA R @) ’
|Xi+1j+1 —Xij | Ix ij+1 Xi+l,j|
We also use (i, j) to label the panel with x ) as its lower left corner point. The stretching energy is then
@) 1@ (f) a5 st ) O (&) (&)
g =" Y AfenelE) e e ) 18)

@.)er®

where £% dif‘jr(sl, ..., &4) is the stretching energy per unit reference area of the (i, j)-panel. Its area is Aﬁi) before deformation. The

functions cbffj.r are smooth, non-negative and equal zero if and only if (¢;,...,e4) = 0. They also have the periodicity property

Str St _  pStr : : : : : (f) _ A _ 4@ ;
D}, = D, = @7, consistent with the pattern. Likewise, the reference areas satisfy A, = A’+2/ = A Finally, the

dimensionless “stretching modulus” #% quantifies the relative stiffness of stretching as compared to bending and folding. We explain
how we select the exponent «, after introducing the remaining energies.

Next, we define the bending energy ‘91521 a When the four vertices x, ) x® and x*
@) @) @)

ij 2 Ti+l,j? Tij+l i+1,j+1
Yier Yijan LD they need not belong to a single plane. We can measure this deviation by calculating the angle between
the deformed normals

of the (i, j)-panel deform to yfi),
and y;

@) (f) @) @) @) @) @) @)
o _ (yz+11 j)X (yz/+1 Yij) m® = (yi,j+1 B yi+1,j+1) Oigy J Y j+l) 19)
BT @) (f) @) [GNN Ll T (@) @) @) @) ’
|(yl+1/ )X (ylj+1 Yij )l |(yi,j+1 - yi+1,j+1) (yl+1j - yl+lj+l)|
which is
@) (f)
(y )
@) _ - (NI L+1j ) (f) &) )
W,y = arcsin —| 7% % | ( i Xm:, . (20)
yl J+l yi+1.j
Alternatively, the deviation from a plane can be measured using the normals
(] @) @) _ (f”) @) (f) @) (D]
((3) (y1+1 J+1 - yl+lj) x (y l+l j) m(f) _ (yi,j 1/+1) (yl+1 J+1 - yl /+l) (21)
2 = 109 -y )%y (f) yO O T2 T 09—y k@@ gD )
y1+1 J+1 y!+l N 1+1 \J yi,j i,j+1 y1+1 J+1 yl J+1
and the angle
@) (f)
&y i)
&) _ . i+l 1,/ ( @) 2) )
Wiin = arcsin —| @ (f)| P2 Xm iin (22)
y1+1 J+1

The engineering origami literature often uses only one of the angles ll/i(,f';,)l or Wi(,t';,)Z to measure panel bending, and interprets the
bending kinematics of the panel in terms of an additional fold added to the panel diagonal (like in Fig. 3). For our analysis,
however, we prefer to not assume a bias towards one or another diagonal, and so we use both angles in our bending energy (a
similarly unbiased calculation appears in Wei et al. (2013)). Our bending energy is

(@] (f) (f) a, bend @) (f)
gbend({ b= z A ¢ b¢ v, 1/ ¥ ij, 2)
(i.))er®)

(23)
where f”’btbbe"d(y/l,wz) is the bending energy per unit area of the (i, j)-panel. As with the stretching energy, the functions tbbe“d
are smooth, non-negative and vanish if and only if (y;,y,) = 0; they also satisfy the periodicity conditions (bbe“d = dJ[bf;‘j @}’72‘;
Finally, #* quantifies the relative stiffness of bending. The exponent is specified below.

The final term é‘f(‘?d in Eq. (16) models the energetic cost of folding the creases. To define it, we must track how each dihedral
angle changes when the pattern deforms. Again, we measure angles between deformed normals. Since there is a clear definition of

dihedral angle, we may use the first set of deformed normals “1(:?1 in Eq. (19) and their reference normals

(x(f) - xff.)) X (X(f) - x@)

&) i+1,j i,j+1
vl = . 24)
i.j,1 @) (f) @) @)
I(x i+l )X (Xu+l X[,j |
The reference and deformed horizontal folding angles at the (i, j)-vertex are then
@) @) @)
) —x) )
— arcsin | W (@) @) @) — progin | T (@) )
Bijo= arcsm[l T (vi’j’l X vi’j71’1>], By = drcsm[l @y (ni’j’l X ni’jil’l)]. (25)
Xi+l,j j y1+1 j
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Likewise, the reference and deformed vertical folding angles at the (i, j)-vertex are

@) (f) @) @)
(x; i) O —Yi))
_ . L+l J @) &) @) ij+l1 (@) (]

Yijo = arcsm[ﬁ . (Vi.j,l X Vi—Lj,l)]’ vy = arcsm[ﬁ (“,-,,-,1 xn') )] (26)

|Xl J+1 j | |y1 J+1 |

Note the reference folding angles are independent of ¢. The total folding energy is
(f) (f) (f) fold ( p(©) @)

Erora1Y; 2 AT DS (ﬂ,-,j =bBijo-vi; J’i,j,())- 27)

(z,)elm

The terms ¢°/ ¢f°ld(ﬁ Bo-v — 70) give the folding energy per unit reference area of the panels. The functions dﬁf"'d are smooth,
non-negative and vanish if and only if § = §, and y = y,. They satisfy the periodicity conditions thOld tbfﬂ’rl;l (D’ﬁ;ldz The
reference folding angles also satisfy the periodicity conditions f; ;o = ;120 = Bis2,0 @a0d 7,0 = Viy20 = Vi j+20- They encode a
fully corrugated, non-planar stress-free reference configuration.

At this point, we have defined our general class of bar and hinge models. Since we intend to perform an asymptotic analysis
of the above energies, we must now fix a scaling relationship between the stretching, bending and folding moduli #%, #% and
¢% . We do so to enforce the scale separation of stiffnesses mentioned in the introduction, which manifests here via the asymptotic

relationships
% > ¢% > ¢% when ¢ <1 (i.e., for finely-patterned origami). (28)

From an engineering point of view, these scalings are natural: stretching a panel should require much more energy than bending
it, which in turn should require more energy than folding a crease. These relationships are ensured by the requirement that

a; € (—4,-2), a,=-2, ap > 0. (29)

In fact, Eq. (29) does more. For reasons that will become clear only after the statement of Theorem 1, we shall be concerned with
constructing a general family of soft origami deformations {xfi)} — {yft;)} with

(negligible panel strain:) 55?1, e f’;>4 ~2,
(slight panel bending:) Wi(’;;"”z(j)z ~, (30)
(large fold actuation:) ﬁ.(f) ﬁl(f)o, If ,(f)o ~1

independently of (i, j). The stretching, bending and folding energies of such deformations scale as

ELQUY I ~ e, 80 YD~ 1 gAY ~ e (31)

str ben

Eq. (29) implies that the stretching and folding energies vanish in the limit # — 0, resulting in an effective plate energy for
parallelogram origami governed by the bending of its panels. We state this energy as part of Theorem 1.

2.3. The main coarse-graining result

Our main results are as follows: first, we identify a surface theory that captures the effective origami’s soft modes in the parameter
regime in Egs. (28)—(29), leading to the first half of Theorem 1. Then, in the second half of Theorem 1, we produce a plate-like
energy by coarse graining the bar and hinge model. Our main technical tool is an ability to construct general origami soft modes
corresponding to solutions of the surface theory. We go into more detail now.

We begin with a question of local kinematics. Fig. 4 shows four slightly bent unit cells, where the panel diagonals (the purple
lines in Fig. 4(a)) are shown as stiff creases to help visualize bending of the panels. We assume that the lower-left cell in Fig. 4(c) has
been actuated by taking the dihedral angle 6, (of the t}-crease in Fig. 2(a)) to a value 6, = 6, +6. We also assume that its panels are
bent along their diagonals through the folding angles #«x;, i = 1, ..., 4, shown in Fig. 4(b). With this setup, we seek an understanding
of how to fit together this deformed two-by-two set of unit cells based on the following physical heuristic: neighboring cells should
not deviate too much from each other when they belong to a pattern of many such cells. In other words, like creases and like
panels of neighboring cells should fold and bend in similar ways. By this heuristic, the neighboring cell in the u,-direction should
be actuated by taking its 6, dihedral angle to an angle ~ 6, + £6,,, and its panels should bend through folding angles ~ ;. The
cell in the v,-direction should be perturbed analogously, which introduces an additional actuation angle 60,

A basic question of compatibility emerges: to what extent can such a two-by-two set of slightly bent origami cells fit together?
The answer is given in Section 3. Summarizing the results, we find that the cells need to be rotated slightly relative to each other
via rotations ~ I + fWuo and ~ I + fWVO to match their deformed boundaries, as in Fig. 4(c), and furthermore that these rotations
are linked to the internal cell-based DOFs 0, 56, , 66y .k, ..., x, introduced above. Note that W, and W, are 3 x 3 skew tensors,
and so are completely parameterized by vectors o, and o, € R3 via

Wy, = @, ). W, = (@), (32)
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Notation:

0q =00+ 0 M+€Wuo

Fig. 4. Local bending kinematics. (a) Stiff creases along the panel diagonals in purple provide a model for panel bending. (b) Folding angles ¢k; at the stiff
creases denote slight bending of the cell. (c) Notation for the local fitting problem of four neighboring cells with slightly bent kinematics.

where (ax) is defined by (ax)b = a x b for all b € R3. Thus, there are 13 DOFs in the two-by-two set of bent cells, plus the obvious
translations. Fitting the boundaries of the deformed cells together supplies eight constraints. We show that the cells fit together with

negligible stretching at leading order in # (precisely, with panel strains < #2) if and only if 6, @y, By, 60, and 56, satisfy

@y, X V(O) +56,,V'(0) = @y, X u(f) + 56, u'(6), 33)
oy, - v (0) = oy, - u'(0),

and «y, ..., k4 are given linearly as functions of @, ®,, 60, and 66, in an explicit dependence with coefficients parameterized by

0. Note u(9) and v(0) are the lattice vectors from Section 2.1. See Proposition 3 for the formal statement of this result.

Eq. (33) solves the local fitting problem for slightly bent parallelogram origami cells. It also plays a crucial role for coarse graining
general soft modes. A basic observation is that the pattern’s soft modes of deformation are locally mechanistic: at the scale of each unit
cell they look like a mechanism, the features of which can vary from cell to cell. Much like in our work on planar kirigami (Zheng
et al., 2022), we capture this behavior by linking the first fundamental form of the effective (cell-averaged) deformation of the
origami to the actuation of its unit cells, i.e., the cell-wise change in a dihedral angle 6 parameterizing the mechanism motion (see
Fig. 2(a-b)). Mathematically, the effective deformation and actuation should be smooth and generally heterogeneous continuum
fields yeq: 2 — R? and 6: Q2 — (6~,6*) that satisfy the metric constraint

(VYesr®) " Vyer(®) = AT (0(x)Aogr(6(x)) 34)

for the shape tensor A.¢(6) in Eq. (11). At the level of the panel strains, Eq. (34) enforces the requirement that these strains vanish
as ¢ — 0. Even so, it is only part of the description of soft modes, since we have yet to incorporate the constraints from Eq. (33) on
the local kinematics of bent origami cells. For this purpose, we rewrite the metric constraint.

By linear algebra, Eq. (34) is equivalent to the system

Oy, Yeff(X) = Regr(x)u(0(x))
Oy, Yeff(X) = Regr(x)V(6(x))
for a rotation field Reg; : 2 — SO(3). Note dy, ()(x) = lim_g ™ [()(x+€ilg) = ()] and dy, ()x) := lim_g e~ [(x+e7g) = ()] are

the directional derivatives along u, and v, respectively (see Fig. 5). Applying these derivatives to R.¢(x) defines two skew tensor
fields parameterized as vectors Oy, Oy Q — R3 that measure the relative rotations of the deformed origami cells:

Veir(X) = Regr(X)Aofr(0(x)),  equivalently: { (35)

Yo

Oy Regt(X) = Regp(3) (@, (X)X ), 9y Regr(X) = Rege(X) (@, (%)X ). (36)
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\ Origami Bending:
EVO
€u0

Fig. 5. Illustration of a locally mechanistic origami deformation and its effective description. The reference Bravais lattice vectors u, and v, distort according
to the local mechanism as u, — R (X)u(0(x)) and v, — R 4(x)v(8(x)) for a rotation field R.(x) and spatially varying actuation field 6(x).

Compatibility links the vector fields @y, (X) and o, (x) to the actuation angle 6(x). In particular, Oy Oy Yeft(X) = Oy Oy Vet (X) implies
that

0y, (%) X V(0(x)) + 9y, 0x)V (0(x)) = oy (x) X u(d(x)) + oy o)’ (8(x)) 37)

and 9y, 9, Regr(x) = 0y 9y Regr(x) implies that

Oy, @y, (X) — Oy @y (X) = By (X) X &y (X). (38)

In summary, Egs. (35)—(38) are implied when a deformation y.g(x) is linked to an auxiliary field (here, 6(x)) through a constraint
on its first fundamental form (Eq. (34)). In fact, these conditions are not only necessary but are also sufficient for the existence of
Yerr(x) satisfying Eq. (34), allowing us to take 6(x), @y, (X) and @y, (x) as our basic coarse-grained fields. (This result is more or less
standard in Cartan’s method of moving frames; for completness, we provide a proof in Proposition 4 of Section 4.1).

We now return to the local fitting conditions in Eq. (33). Eq. (37) is a continuous version of the first condition in Eq. (33),
under the replacement (68y,,60y,) F (9y,0(x), 9y O(x)). This is not surprising, as the statement that neighboring cells “fit together”
is a discrete analog of the statement that the second partial derivatives of the effective deformation commute. However, there is
additional rigidity present due to the use of an origami-based microstructure, and indeed the second condition in Eq. (33) cannot
be deduced from manipulations on the metric constraint in Eq. (34). On coarse graining, this constraint requires that

@y, (X) - V' (6(X)) = @y (X) - 0 (0(X)). 39

To be clear, we are not the first write down such a constraint; recent literature (Lebée et al., 2018; Mclnerney et al., 2022; Nassar
et al., 2017, 2022; Schenk and Mark, 2013; Wei et al., 2013) has linked normal curvatures of the effective surfaces described by
parallelogram origami to a Poisson-like ratio of their unit cells. However, to our knowledge we are the first to recognize the crucial
link between Eq. (39) and the order of magnitude of the panel strains: given Eq. (39), the panel strains in a soft mode can be
made < #2, and this smallness is necessary to achieve a bending-dominated response. See Section 5.1 for further discussion of the
literature, and the paragraphs following Theorem 1 for more on the panel strains.

10
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At this point, we have produced a full set of constraints for the fields 0(x), @y, (%) and ®y (X) governing the macroscopic kinematics
of parallelogram origami:

Effective surface theory for parallelogram origami:

0(x) € (0~,0%)
@y, (X) - V(0(x)) = @y, (x) - 0 (0(x)) (40)
@y, (X) X V(O(X)) + 9y OOV (0(X)) = @y (x) X U(O(x)) + 0y O’ (B(x))
Oy, @y (X) = Oy, 0y (X) = @y (X) X @y (X).
Our main result shows that for each solution of Eq. (40), there is a unique (up to rigid body motion) parameterized surface, along
with a sequence of deformed parallelogram origami patterns converging to this surface in the limit # — 0; in other words, we

construct a general family of soft modes. We also provide a formula for the asymptotic bendlng energy of these soft modes. The
precise statement is as follows. Note @ is the closure of the planar reference domain 2, (x) := i !2\ JoxdA and f((f) (x(f) el,x(f) 5)-

Theorem 1. Consider any parallelogram origami design composed of a repeating unit cell of four parallelogram panels joined at folds,
and its corresponding bar and hinge energy from Sections 2.1 and 2.2. Let §(x), o, (x) and o, (x) be smoothly defined on a neighborhood
of @, and assume that 6(x) € (§~,0%) on this domain. Assume also that these fields are analytic in the case that the Poisson ratio v(0) in
Eq. (13) is negative. Finally, assume that 6(x), @y, (X) and @y, (X) solve Eq. (40) on £. The following statements hold:

(Surface theory.) There exists a unique and smooth rotation field Reg : 2 — SO(3) solving

Oy Reff(X) = Regp (%) (@4, (X)X ), 0y Regr(%) = Rege(%) (@0, (X)X ) (41)

with Reg((x)) = L Also, there exists a unique and smooth effective deformation y.q : 2 — R? satisfying
Vefr(X) = Regr(X)Aefr(0(X)) (42)

and yeff(<x>) =0.
(Origami soft modes.) For y.¢(x) as above and any sufficiently small ¢, there is a deformation {y??} of the design {x??} such that
160 1,160, 1 = 0,

(it has slight panel bending:) |V’:(f)1 R |q/(f) | =0(), (43)

(it recovers the effective deformation:) |yi - yeff(x(f) )| = 0()

(it has negligible panel strains:)

for all (i, j) € I, i.e., for all origami vertices.
(Effective plate energy.) The bar and hinge energy of the above origami deformations obeys

@)1 ) _ @, (X) ] o, (X) @y (X) ) oy (X)
i o= [ (2) oo (50) (2 o (52) o

where the symmetric tensors K, () and K, (0) € R** are given by

K, ) __ b t,(0) x t3(0) ® 6, (0) X t;(0) +b—3 t,(0) X t4(0) ® t,(6) X t4(60)
T (V123(0)% \ 130) - £(0) t0)-t20) ) (13410 \ —t,(0) - t(0) —t,(0)-t}(0) )

(45)
K. (0) = by t3(0) X t4(0) ® t3(6) x t4(0) N by t,(6) x t;(0) ® t,(0) X t,(0)
Yo (V234 ()* \ £5(6) - t4(0) 60 - t40) /] (Van(0)* \ ~{(6) - 2(6) -t/(©) 10/
with V,;,(0) 1= t,(0) - (t;(8) X t,(6)). The bending moduli b,, ..., b, satisfy
|(:{—tj’)x(t;xt;>|2 \(t{-t;)x(t;xnj’n?
I —EDIIE <] =TI <]
PP FU |- Dpabend0) U i e {12,34),
2[ugy X Vol | 167 +)x(/xt))] i I+t xt7)]
I+ =] I+ D]
(46)
1€+ x| 147+t e
1 I+ <D bend \(t’+t*>||<t’xt'>|
S - DD@Pd (g , ij €{23,41}.
T 2lug X vl | e -thxaxen? n O I —t] Nt’x")lz i€t )
I DI <en] \(t’—t’>ll(t’xt’>l

Remark 1. The energy densities @be“d(q/, W), i=1,.
Eq. (23), labeled by the panel Varlant in Eq. (4). DDcDbe“d(O) € R?2 are their Hessian matrices evaluated at (v, y,) =

,4, above are the four periodically repeating bending strain energies from

Remark 2. Per the assumptions, there is an ¢, > 0 such that 0(x) € [0~ +¢,, 0" —¢,] on Q. In other words, the actuation is bounded
away from degenerate states where the origami contains unfolded or fully-folded creases.

11
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Remark 3. In the theorem, the folding energy becomes negligible in the limit because we assumed a bending dominated scaling
through the prescription a 7> 0,0, =-2,a, € (-4,-2) (recall Egs. (28)-(31)). If instead « =0, the limit energy becomes the sum of
the bending energy in Eq. (44) and a folding energy of the form [, W;,4(6(x))d A for an energy density Wey4(6) > 0 that vanishes
if and only if 6 = 0.

The proof of Theorem 1 is given in Sections 3-4, with some technical details in Appendices A and B. Given a solution of
the proposed effective surface theory in Eq. (40) and its corresponding effective deformation, our task is to construct a locally
mechanistic ansatz for the deformation of the origami, and to ensure it has negligible stretching energy and known bending energy.
Writing an asymptotic expansion for the panel strains e(f)k = efg) et feflj) k + ¢ (2) et O(¢?) with (i, j) indexing the panel and k
indexing one of four panel strains, the key is to find a way to set the first two terms in the expansion to zero: 5((;) 0= fl) =0
To understand why, consider each panel as a plate of thickness 7 < # and modulus E. The elastic energy per panel is of the
form Epge ~ E Jper(he? + h*k?)d A, where P is the panel and € and x denote stretching and curvature. Since we are after a
bending-dominated limit, we take x ~ z,u(f) /¢ ~ 1. If we can achieve & ~ g(ﬁ ~ ¢2, it follows that &y, ~ ERZS + ER*¢%. Bending

(ER3¢?) dominates over stretching (E hf(’) when #2 < h, a situation that is fea51ble as h < ¢. (Presumably, the alternative scaling
e ~ ¢ leads to an effective membrane theory, but deriving such a theory is not the subject of this paper.)

Actually achieving 650) = efll) . = 0 is a delicate matter. The construction divides into three main steps. First, we deform the
origami using a cell-wise sampling of the effective fields y.g(x), Reg(X), 6(x), @y, (X) and o, 0. In thlS first step, the zeroth order
strains e( ) g vanish due to the metric constraint in Eq. (42). However, the strains at first order e k fail to vanish, leading us to
enrich the ansatz through local perturbations. We introduce two auxiliary fields — a vector fleld co(x) and an angle field &(x) —
corresponding to linearized rotations and linearized mechanisms of the cells. Leveraging the remaining constraints in Eqs. (40)-(42),

we show that the enriched construction achieves 5( ) = 0 if and only if the auxiliary fields solve a linear PDE:

o(x)\ _
L(x) < : (X)> = f(x). (47)

The operator £(x) and right-hand side f(x) € R* depend smoothly and explicitly on the fields Rog(x), 8(x), @y, (X) and @y, (x), as well
as on the design parameters of the origami unit cell. In the final step of our construction, we prove that there is always a solution to
Eq. (47), and thus a choice of @(x) and £(x) that eliminates the first order strains. This yields the desired origami soft modes, along
with the plate energy in the theorem above.

3. Rigid and bending kinematics of parallelogram origami

We begin our analysis by characterizing the full mechanism kinematics of an arbitrary parallelogram origami design. Then, we
solve the local fitting problem for slightly bent origami unit cells.

3.1. Mechanism kinematics

Fix a set of four design vectors tf Ve ,ti that satisfy Egs. (1)-(2) and form the creases of the reference cell, as in Fig. 2(a). The
cell itself is the union of four parallelogram panels 2. = P; U --- U P, that depend on these design vectors through Eq. (4). To

deform the cell rigidly, we deform the crease vectors tf . ,t; to tf, ,tj in such a way that
(the lengths of the creases are preserved:) |t,."| =|t]|, i=1,...4,
(the angles between adjacent creases are preserved:) t[." . t;.’ =t - t; , ij€{12,23,34,41}, (48)
(the mountain-valley assignment is preserved:) [t - (t;.’ x ther - (t7 X t)] > 0,
ijk € {123,234,341,412}.
The collection of all deformed creases
M= {4, t4,19,t]) € R x R? x R? x R? subject to Eq. (48)} (49)

describes the mechanism kinematics of the cell consistent with the mountain-valley assignment of its reference configuration.
A tedious but straightforward application of the implicit function theorem proves that M is parameterized by an analytic single
DOF motion, up to an overall rigid motion. See Appendix A.1 for the details.

Proposition 1. There is an interval (§~,0%) containing zero and analytic functions t; : (§~,0%) — R3, i = 1,...,4 that parameterize the
mechanism set as

M = {(Rt;(6), Rt,(9), Rt;(6), Rty(0)) : R € SO(3),0 € (67,6%)}. (50)
These functions also satisfy the initial conditions t,(0) =t, i = 1,...,4, and the planarity conditions

e3- (4 (0) —t3(0)) =0, e3-(,(0) —,(0)) =0, e5-(t;(8) —t3(8)) X (t,(0) — t4(8)) > 0 (51)
for all 0 € (67,6M).
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(a) (b) (c) ‘

Fig. 6. Uniqueness of the mechanism motion. (a-b) Actuating a single crease determines the actuation of the opposite crease. (c-d) This argument is repeated
to construct the motion of the adjacent cells. (e) The mechanism motion of the fourth cell is compatible with its neighbors.

In the course of the proof, we establish an important property of the Bravais lattice vectors u(6) := t;(0) — t3(0) and v(9) :=
t,(0) — t,(0) introduced in Section 2.1, namely, that |u(9)| and |v(9)| depend in a strictly monotonic fashion on 6 € (6~,6%). We use
this later in the coarse-graining argument.

Lemma 1. u/(9) - u(9) and v'(0) - v(9) remain either strictly negative or strictly positive on (6~,0%). Hence, |u(9)| and |v(0)| are strictly
monotonic on (6~,60%).

Remark 4. The signs of u(9) - u’(6) and v/(0) - v/(6) need not agree.

See Appendix A.1 for the proof.

We now construct the mechanism motion of a given parallelogram origami pattern under the assumption that the motion contains
the reference pattern and does not change the mountain-valley assignment. Start with the fact that the cell’s mechanism motion is
given by deforming the creases via (t], ..., t)) = (t,(0), ...,t,(9)) from Proposition 1. Observe that there are unique rotation fields
R;: (67,6%) —» SO(3) such that

ROt =t,(0), ROt =1t;;,0), ROt xt7 ) =t,(0) X t;;(0), (52)

(i) (]

where o (i) is a cyclic permutation of {1,2,3,4}. The mechanism motion of the unit cell satisfies

Q0 :=R,(O)P, UR,(O)P, URL(O)P, UR,(O)P,, € (67,07 (53)

0 .
cell *
In turn, the mechanism motion of the overall pattern repeats the motion of the unit cell via

7o ={Q0 +iu@) +jvO):ij €L}, 00,0 (54)

ori
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for the lattice vectors u(d) and v(6).

Proposition 2. For each 8 € (9~,07), there is a continuous and rigid deformation y, : To,; — R3 that satisfies y,(Ty) = S ‘;i. Furthermore,
up to an overall rigid motion, y,(T,;;), 6 € (0~,0%), is the unique mechanism motion of T, that contains 7,; and does not change the
mountain-valley assignment. Finally, y,(7,) = Tori and the parameterization is analytic in 6.

It is not hard to show the existence of such a mechanism motion. Uniqueness is more subtle — its proof involves repeated
applications of the implicit function theorem under the hypothesis that the mountain-valley assignment is unchanged. We sketch
the proof using Fig. 6; again, see Appendix A.3 for the details.

Start by folding the crease between two adjacent panels of a cell in a manner that takes the dihedral angle from 6, to 6, + 0 as
in Fig. 6(a). We claim that the pattern’s mechanism motion is uniquely determined by this folding. Indeed, the deformed wedge in
red in Fig. 6(a) must be matched by a corresponding folding of the neighboring pair of panels. A basic geometry argument dictates
that there is exactly one way to do this folding while preserving the mountain-valley assignment (see Appendix A.2). This solution
is sketched in Fig. 6(b). In other words, the folding of a single crease determines the folding of the opposite crease about a vertex.
This argument can be repeated to fit the adjacent pair of panels uniquely and compatibly to the right of the deformed unit cell and
above it (Fig. 6(c)), and then again to the right and above (Fig. 6(d)). Moving on to the fourth cell, there are now two deformed
wedges to contend with. It is either the case that the two ways to march the construction yield the same result, or an incompatibility
arises and the pattern fails to have a mechanism motion that contains the reference configuration. The latter is impossible, since
the periodically repeating cells in Fig. 6(e) define a compatible mechanism motion. Uniqueness of the mechanism motion follows.

3.2. Local bending kinematics

Having characterized the mechanism motions of generic parallelogram origami patterns, we now study their local bending
kinematics. We start by relaxing the mechanism kinematics of a single unit cell to allow for perturbations that preserve the distances
between neighboring vertices to leading order. We then solve the fitting problem for such “slightly bent” neighboring unit cells, as
discussed in Section 2.3.

We first fix a single parallelogram unit cell QEQI = £ that has been scaled by 0 < ¢ <« 1, so that the crease vectors are
£tf, ..., ¢t} Per the previous section, the mechanism deformation is parameterized up to rigid motion by deforming the creases as
=0, i=1,...,4,0 € (0~,0%), where the deformed t,(0), ...,t,(0) creases satisfy Eqs. (166)—(167). Fig. 7(a-b) sketches this
deformation.

We seek a small perturbation to the mechanism that does not change lengths at leading order. We first argue that we may fix
the interior crease vectors to be t;(9), i = 1, ..., 4, and distort only the cell boundaries. Indeed, suppose we distort the interior crease
vectors through small perturbations

4,0) > @) + 28, i=1,. 4 (55)

that preserve lengths to leading order in #. For this to be the case, it is necessary and sufficient that the perturbations &t; € R?,
i=1,...,4, satisfy the orthogonality conditions

8 t,(0)=0 i=1...4 and (8 —8t) 4©0)—t,0)=0 ije {12,23,34,41}. (56)
Such perturbations turn out to be a combination of an overall infinitesimal rotation of the cell and a perturbation of the mechanism
angle 6 € (67,6%).
Lemma 2. Egq. (56) holds if and only if

8t =oxt(@)+E/0), i=1,...4 (57)
for some @ € R? and & € R. The perturbation satisfies

t,(0) + £8t; = [L+ £(@X)|t;(0 + £&) + O(¢%), i=1,....4. (58)
Proof. Proposition 1 shows that the set of mechanism deformations of a cell M is a 4-dimensional manifold, since each t;(6) is
smooth. The key observation is that Egs. (55)-(56) describe algebraic conditions that are necessary and sufficient for an infinitesimal
perturbation of the mechanism. As a result, each (Rét,, ..., Rét,) must belong to the tangent space of the manifold in Eq. (50) at the
point (Rt;(9), ..., Rt4(8)). Since the dimension of the tangent space of a manifold is the same as that of the manifold, we conclude
that the solution space to Eq. (56) is four dimensional.

Next, observe that the parameterization in Eq. (57) solves all the conditions in Eq. (56) for any choice of @ and &. We thus
complete the proof by showing that @ and & are four linearly independent DOFs in this parameterization. Assume

oXGO) +E(@) =0 foralli=1,.. 4 (59
By subtracting the i = 1,3 equations and the i = 2,4 equations, Eq. (59) implies that

oxu@)+&d'(@) =0, oxv(@) +&V(O) =0, (60)
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Fig. 7. Notation for the local bending kinematics of a single cell of characteristic length #. Boundary of (a) the reference configurations, (b) after folding and
(c) after folding and bending.

o

for u(9) = t;(0) — t;(9) and v(0) = t,(0) — t,(9), which span the plane normal to e; by construction. To characterize Eq. (60), we write
o in the {u(0),v(0), e;} basis as ® = w,u(0) +w,v(0) +w;e; and obtain the equations w,[e; - (v(6) X u(0))]e; +w;e; Xu() +&u’(6) = 0 and
w,le3 - (@) x v(0))]es + wsez X v(0) + v/ (0) = 0. Note that |u(8)[, |v(9)] are strictly monotonic functions of § by Lemma 1. As a result,
u’(9) and v'(6) have non-zero components in the u(6) and v(0) directions. It follows that {e;,e; X u(),u’(9)} and {e;, e; X v(6), V' ()}
both span R3. Thus, Eq. (60) implies ® = 0 and & = 0. This proves the desired linear independence and shows that Eq. (57) fully
characterizes the solutions to Eq. (56). The perturbation in Eq. (58) follows by Taylor expansion. []

Due to the structure of the perturbations in Eq. (58), we are free to fix the interior creases as t;(9), i = 1,....4, and distort
only the corner nodes of the cell to describe its bending kinematics. The point is that a bent cell with interior crease vectors
(I + Z(@x)t;(d + ¢&) can be transformed to leading order to a bent cell with fixed interior crease vectors t;(#) through an
infinitesimal rotation of the cell (I — #(wX)) and by replacing 8 + #¢& with . With this, the bending kinematics of a unit cell are
described as follows. Observe that the four corner points of the mechanism deformation are the sum of the deformed crease vectors
$1(0) 1= t,(0) + t,(0), ...,5,4(0) = t4(0) + t, (). Since three of the four vertices of each panel are now fixed, the corner points must be
perturbed along the normal of the panel. So, s;(0) — s;(0) + ¢6s; satisfies

88, = K (t,(0) X 1,(0)), 85y = Ky (15 (0) X t5(0)), 885 = K3(t5(0) X t,(0)), 5, = Ky (£,(0) X t,(0)) (61)

for panel curvatures «, ..., k, € R. For future reference, the boundaries of the slightly bent cell are ftl.(?(e, k) as indicated in Fig. 7(c),
where

670, 6) 1= 40) + £y (GO X 1,0),  70,K) 1= 4(0) + £x3(55(0) X 4(0)),

£)

t700,0) 1= 4,0) + £, (O X 4,(0)),  £7)0,K) 1= 5(0) + £ Ry (t,(0) X 15(6)),

(?) @) (62)
t,~ (6,x) :=t,(0) + Cx,(1,(6) X t5(0)), t4,_(9, k) 1= 1,(0) + Cx3(t5(6) X t4,(0)),

£700,6) 1= 40) + £y (1O X 1,0)), 1) 0,K) 1= 1,(0) + £x4(64(0) X 1, 0)).

This completes our parameterization of a single slightly bent cell.

We now show how to fit together neighboring slightly bent unit cells. Let Eq. (62) describe the boundaries of an actuated and
slightly bent Qiil)l, as in Fig. 7(c). Then, following Fig. 8(a), assume that the neighboring cell Qi’;ﬁ + ¢V, is actuated to a slightly
bent configuration with cell boundary tangents

t9 (0, x, 86

I,V Yo’

o) = A+ Lo, N0 + 250, .6), i=1,...4. (63)

Finally, following Fig. 8(b), assume that the neighboring cell Qi:;ﬁf u, is actuated to a slightly bent configuration with cell boundary
tangents

674, 05,605, 0y) 1= L+ £ (@ XN O+ £60,,6), i=1,....4. (64)

(SR i, g

The assumptions here are motivated by the physical observation that two slightly bent neighboring cells in an overall pattern do not
deviate much from each other in their kinematics. Compared to the original cell, the neighbors pick up an actuation angle #56,,, to
account for small changes in the folds between the cells. They also pick up an infinitesimal rotation I+ #(@.,x), which is needed to
fit the cells together compatibly at leading order. (Small perturbations of the curvatures k ~ k + ¢ 8k, are also possible. However,
they enter the kinematics at a higher order in #.)

15



H. Xu et al. Journal of the Mechanics and Physics of Solids 192 (2024) 105832

@ o),

Fig. 8. Neighbor compatibility for cells of characteristic length #. (a) Notation for the v,-neighbor and (b) uy-neighbor. (c) Description for fitting together three
neighboring cells. The four vector compatibility conditions indicated appear in Eq. (65).

Fig. 8(c) illustrates the local fitting problem constraining the parameters «, 66, , 60, , ®, and oy, in Egs. (62)-(64). There are

Uy’ “Tvp2 g
four compatibility conditions to solve. They concern an approximate fitting of neighboring tangents of the form

tf?%(a,x,w%,wvg)—tfj(e, x) = 0(£), tf_),u()(ﬁ,x,ée o,)—t7)0.5) = 0,

Vo’ 3.+

(65)
@) @) — O ® @) — O(?
tz,—,uo(g’K’ 80y, @y,) =ty (0.5) = O(7), t4,—,u0(0’ K, 80y, 0y,) = t, 1 (0,5) = O(£7).

Once these conditions are solved, cell translations can be chosen resulting in gaps ~ #> between the neighboring cells and strains
~ £2. (Doing so globally, however, requires additional enrichment of the ansatz by local perturbations, as will be described in
Section 4.2.)

Proposition 3. Eg. (65) holds if and only if @, ®,, 66, and 66, satisfy

@y, X V(0) + 86, V'(0) = @, X u(h) + 56, u'(6),

’ _ ’ (66)
oy, -V (0) =0, -u(b)
and k = (ky, ..., k) satisfies
(LOxt30)T OO 0 0
K V123(6) Vi23(0) , ®
1 0 0 (tO)xt )T (0)14(0) 59“0
2l , il V234(6) Va3(0) o
K3 (t4(0)xt; (0)) t(0)-t,(0) 0 0 oy, 67)
K V314(0) V314(0) , 50
4 0 0 t@Oxt )Tt ©O) 1) Yo
Vi21(0) Vi1 (0)

J

=:B(9)

where V() = t,(8) - (t;(6) X t,(6)).
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Remark 5. In the course of the proof, we also establish that Eq. (66) holds if and only if
59"0 v'(6) -u(d) — 56V0u/(9) -u(0)
e - (u(0) X v(9)) Jes
69uOv’(l9) -v(0) — 59vOu’(0) -v(0)
e - (u(®) X v(9)) Jes
for some x and 7 € R. These parameters can be interpreted as “bend” (x) and “twist” (z) of the unit cell; see Section 5.1 for further
discussion and Section 5.3 for examples of these modes.

oy, = Tu(0) + £ (0) - u(@)V(O) + (
(68)

o, = k(V'(0) - v(0))u(d) — tv(0) + (

Proof. By expanding out Eq. (65), we conclude from the O(¢) terms that it is equivalent to
[0y, + K484(0) + K 6O)] X t,(0) + 56, t[(0) = 0, [0y, — K3t4(0) — K2:(0)] X 15(6) + 56, t1(6) = 0, ©9)
(@4, — K2t5(0) = K1£(O)] X (8) + 80, t5(0) =0, [@y, + K3t5(8) + Kyt ()] X t4(6) + 56, t;(6) = 0.

We focus on necessary conditions to Eq. (69) and then turn to sufficiency.
To find necessary conditions, we eliminate the panel curvatures ki, ..., k, from Eq. (69) while simultaneously bringing in the
Bravais lattice vectors u(f) = t;(0) —t;(#) and v(0) = t,(#) —t,(9). Taking the difference of the first and second equation, and similarly

the third and fourth, in Eq. (69) gives that
@y, X u(0) + [K16(0) + K4t4(0)] X t,(8) — [—K2t(8) — K34 (60)] X t5(6) + 56, u'(6) = 0,

(70)
@y, X V(0) + [—K2t5(0) — K181 (0)] X t,(6) — [103t3(6) + Kyt (6)] X £4(6) + 56, V'(0) = 0.

Taking the difference of these equations produces the first identity in Eq. (66); the «;’s cancel.
Next, we dot the four compatibility conditions in Eq. (69) by t{(8) x t,(8), t;(8) X t3(9), t7(8) X t,(9), t,(6) x t,(9), respectively, to
obtain the necessary conditions
oy, t(0) + K16(0) - £](0) + K41,(0) t](0) =0, @
oy, - £(0) — x1£,(6) - £5(6) — Kt3(0) - £5() =0, @,

“t5(0) — iyt (8) - 14(0) — K3t4(0) - 15(0) = 0,
t5(0) + K4, (8) - t4(0) + K5t3(0) - t4(6) = 0,

Vo

(71)
ug
after manipulations involving t,.’(9) -t,(0) =0 and (tl.’(6’) X t;(0)) - (bx t;(0)) = (t[.’(@) . b)|t,.’|2, b € R3. Taking differences on the rows in
Eq. (71) gives that

oy - ' (0) + K, t,(6) - t{(é‘) + Kk4t4(60) - t;(@) + Kkt () - tg(&) + Kk3t4(0) - t; @) =0,

(72)
@y, - V' () = k1£,(0) - £5(0) — Krt3(6) - £3(0) — Kyt (6) - £,(6) — K3t5(6) - 4(6) = 0.
Taking the difference of these two equations and using the product rule of differentiation gives that
By, V(O =0, 0 (©0) =k (4,0) - 4,©0)) + 5 (60) - 150)) +r3(t:0) - ,0)) + x4 (£,0) - 1,9)) . (73)

Since t,(0) - t;,(0) =t - t],....t,(0) - t,(0) = t] - t; are constant, the righthand side of this equation is zero. The second identity in
Eq. (66) follows.

As a final set of necessary conditions, we dot the first condition in Eq. (69) by t,(6), the second by t,(6), the third by t;(6), and the
fourth by t,(9). After rearranging the terms in these dot products and using that t;(0) - (t;(0) X t,(9)) # 0 for all i # j # k € {1,2,3,4},
we obtain the formula for the K’l./ s in Eq. (67). In summary, we derive that Eq. (66) and (67) are necessary to solve Eq. (69).

We turn to sufficiency. Observe that Eq. (69) comprises at most eight linearly independent constraints since the first, second,
third, and fourth conditions are orthogonal to t;(9), t;(9), t,(9) and t,(0), respectively. To complete the proof, it is enough to show
that Eq. (66) and (67) are, in fact, eight linearly independent constraints. Clearly Eq. (67) are four constraints. For Eq. (66), we write
@y, and oy, in the {u(6), v(0),e;} basis and obtain, through standard algebraic manipulations, that its general parameterization is
Eq. (68) where « and r are two DOFs. Thus, Eq. (66) constrains four of the six DOFs in @y, and @y, SO it is four total constraints.
This completes the proof. []

4. Derivation of the effective plate theory

Here, we derive the effective plate theory from Theorem 1. First, we establish the surface theory part of the result using the
kinematics of slightly bent parallelogram origami cells obtained in the previous section. Then, we construct the desired global
origami soft modes. Section 4.3 ends by proving Theorem 1.

4.1. Effective surface theory

The previous section showed that the slightly bent kinematics of neighboring parallelogram origami cells are characterized by

parameters § € (0, 60%), 3045 68y, @y, and @y, solving Eq. (66). We now extend these parameters to smooth fields on the reference

domain 2 through the substitutions

(0.80,,. 60, @y, ) = (OX). 0y O(X). 0, 0X), @y, (%), @y (X)). 74)

17



H. Xu et al. Journal of the Mechanics and Physics of Solids 192 (2024) 105832

As such, the constraints for slightly bent cells become global pointwise constraints of the form
0(x) € (67,6%),
uy () X V(O(X)) + 0, )V (0(x)) = @y, (X) X u(0(x)) + 0y O’ (O(x)), (75)
@y, (X) - V(0(X)) = @y, (%) - 0’ (0(x)).
We claim that these fields describe a parameterized surface when supplemented with the PDE constraint
Oy, @y, (X) = Oy @y (X) = @y (X) X @y (X). (76)
The surface, in particular, is given by a deformation y.g : £ — R with
Oy, Yert(X) = Regr(x)u(0(x)), Oy, Yefr(X) = Regr(x)V(0(x)),
Oy Refr(X) = Regr()(@y (X)X), 9y Ref(X) = Regr(X)(@y (X)X).

In fact, this is the core content of Cartan’s method of moving frames (Cartan et al., 2001), as it applies to our problem of coarse
graining parallelogram origami. For completeness, we provide a proof. Note (x) = I_-izl JoxdA.

(77)

Proposition 4. Let 6(x), @y, (X) and @y, (X) be smooth fields on £ solving Egs. (75)-(76). There exists a unique and smooth rotation field
Rer 0 2 — SO(3) with Ryg((x)) = I solving the Pfaff system

o Rer(X) = Regg(X) (@, (X)X ), 9y, Refr(%) = Regr(X) (@, () X ). (78)
In addition, there exists a unique and smooth deformation yg : 2 — R such that y.4((x)) = 0 and
Vefr(X) = Regr(X)Aefr(0(x)). (79)

The proof is based on well-known mathematical facts, which we collect in Lemmas 3-4 below. A convenient modern reference
is Ciarlet et al. (2008), Theorems 2-6.

Lemma 3. Let U C R? be a simply connected domain with a smooth boundary, let A, : U — R¥3, a = 1,2 be smooth matrix fields that

satisfy

01A5(n1,1mp) — 0, A (1, 1) + Ay (1, 1) As (11, 12) — A (111, 1) A (1) = 0 (80)
on U and let (7j;,7,) € U and F € R3*3 be given. There is one and only one smooth matrix field F : U — R33 solving the Pfaff system
0,F(ny,m) =¥y, m)A (1, mp), 0, F(ny,mp) = F(nys mp)Ar(ny, o) (81)

along with the condition F(ij;,7,) = F

Lemma 4. Let U C R? be a simply connected domain with a smooth boundary, and let h, : U — R3, a = 1,2, be smooth vector fields
that satisfy

o1hy (11, 1) = d,hy(ny,mp) (82)

on U. There exists a smooth vector field ¢ : U — R3, unique up to an additive constant, solving

019y, m) =hy(n,m), e, m) =hy(n,m). (83)

Proof of Proposition 4. Assume that Egs. (75)-(76) hold for smooth fields 6(x), @y, (X) and o, (X)on 2, a simply connected domain
with a smooth boundary.

Recall that the Bravais lattice vectors ii, and ¥, span R?. Thus, there exists reciprocal vectors if and ¥ such that &f - @, = 1,
iy - ¥y =0, ¥ - ¥, = 1 and ¥{ - @iy = 0. Hence x € £ satisfies x = (x - @), + (x - ¥)¥. Let ; :=x -0 and n, :=x - ¥, so that x is
parameterized as x(n;,n,) = 1,0 + 7, V. Finally, let U := {(n;,1,) : X(11,,1,) € £}. By construction, U is a simply connected domain
with a smooth boundary. Also, there is a unique (7, 7,) € U such that x(7j,,7,) = (x). We write n = (n,,n,) for short below.

Building on these definitions, let 8(n) := 0(x(n)), @, (1) := @y, (x(m) and w,(n) = o, (x(1). We claim that Eq. (76) implies Eq. (80)
for the tensors A, (1) := [@,;()x] and A,(n) := [@,()x]. This claim follows from a few basic observations. First, the definitions of
11,1, give that

-1

d1@,(n) = llm € (0(m +e,m) — (02(7]1,"/2))

(
= lim &~ (@y, (X011 1) + €8lg) = @y, (X(11.1) = Gy @, (X(M)),
(

1 (84)
0,0 (n) = 11m€ w1(7l1a'72+€)—w1("l1,’12))
= lim ™! (@4, (X011, 1) + €90) = Oy, (X011, 12))) = Oy, @y (X(D).
As a result, Eq. (76) implies that
0,@;(n) — 0,0, (1) = @, (M) X @, (1) (85)
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on U. Next, notice that

aj—a,—b; xb,=0 < (a;x)—(a,X%) — (b;X)(byX) + (by,X)(b;X) =0 (86)
for any a;,a,,b;, b, € R%. Indeed, standard properties of the cross-product yield vX (a; —a, —b; Xb,) = [(@;X) — (a;x) — (b X)(byx) +
(byx)(b; X)]v. Thus, Egs. (85)-(86) furnish the PDE

(01@2(MX) — (@1 (MX) + (@1 (MX)(@2(MX) — (@ (MX) (@ (MX) = 0 (87)

on U. The claim follows since (9, @,(1)x) = 9, (@, ()x) and (d,®,(m)X) = d,(@,(M)X).
By Lemma 3, there is a smooth and unique R : U — R3*3 solving the Pfaff system

0;R(m) =Rm) (0, %), R = R (@) ¥) (88)
with R(#) = L. To show that R(n) is a rotation for all n € U, observe that
0;[det R(p)] = det RapTr([9,R@)|R™" (1)) = det R Tr([w;(mx]) =0, i=1,2 (89)

where R(n) is invertible. Since det R(#) is smooth and det R() = 1, a continuation argument using Eq. (89) gives that detR(p) = 1
everywhere on U. As such, R™!(n) is well-defined and smooth. It also satisfies 9,;R~!(n) = (&;()x)R™1(y), i = 1,2, by differentiation
of the inverse. Consequently,

0,(RT@R™ (@) = [@m@xR™' @] R () + R )(@,()>)R" ) =0, i=12 (90)

and hence R~T(m)R~!(5) = I since R(#) = I = R~!(#). Finally, R(;)) € SO(3) because det R(n)) = 1.
Having shown that R(#) is a rotation field, we define Ry : 2 — SO(3) as Ry (x(1)) = R(n) for n € U. Similar to Eq. (84), the
derivatives of these fields are related via

0, R() = R [0 (1) X | = Regi(X(1) [0y, (X(1) X | = 9y Rege(x(m),
0,R() = R [0, () X | = Rege(x(m)) [COVO xm) x| = Oy, Rege(x(1)).
Thus, Re(x) is the unique and smooth rotation field satisfying Reg((x)) = I and the second set of identities in Eq. (77). (Concerning
uniqueness, if there were a second such rotation field Qg(x) # Res(x) satisfying these conditions, then there is also a rotation field
Q(n) := Qeg(x(m)) that is # R(n) and yet solves Eq. (88) with Q(n) = I. This would contradict the uniqueness of solutions to Pfaff

systems.)
Next, recall that 8(n) = 6(x())). So,

(91)

01 [RAODV@)] = Regr(Xn) [y, (X(1) X VOK) + 34, ORIV ()

. (92)
0, [Rpu@m)] = Rege(x(m) [“’VU (x(m) x u(@(x(m))) + BVOB(X('I))U'(f)(X(n)))] .

Since Eq. (75) holds, o, [Rav(@(m)| = 9, |[Rmu(@))|. It follows from Lemma 4 that there is a unique and smooth deformation
¢ : U = R3? such that () = 0 and

0,9 = Rmu@@)), 0,9 = Rpv(H)). (93)

Similar to the argument for the rotation field, we conclude that y.q: 2 — R? defined by y(x(1)) = ¢(), n € U is the unique and
smooth deformation with y.({(x)) = 0 and such that the first set of identities in Eq. (77) holds. This completes the proof of the
proposition. []

4.2. Construction of soft origami modes

We now construct general soft origami modes. Our plan is illustrated in Fig. 9. We sample the PDE in Egs. (75)-(76) in a cell-wise
manner to deform the origami cells. We impose the local cell-wise bending kinematics from Section 3.2 on the construction, but suffer
incompatibilities across the cell boundaries which must be resolved. Of course, such incompatibility is inevitable when sampling a
smooth PDE to construct a discrete structure. Here, the intercell gaps turn out to be coupled at leading order to an underdetermined
linear PDE system with three equations and four unknowns. We recognize how to solve this PDE, which we do in Appendix B. This
leads to the desired soft modes.

Preliminaries. Let us quickly recall the setup of the coarse-graining problem for the reader’s convenience. We consider any
parallelogram origami design built from crease vectors t{, ..., t; per Section 2.1. The design has a unique mechanism motion given
by deforming the crease vectors as t/ + t,(9) for 6 € (6™, 0%). The Bravais lattice vectors of the reference configuration are u, = ti—t!
and v, =t} — t;. These span the plane with normal e; and satisfy e; - (u, X vy) > 0. Analogously, their deformed counterparts are
u(d) = t,(0) — t3(9) and v() = t,(9) — t4(0). They too are taken to span the plane with normal e; and to have e; - (u(d) x v(6)) > 0.
Finally, i1, and ¥, denote the orthogonal projections of u, and v, onto R?.
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Cell-based deformation: xz(-?c > yz(?(

Global deformation: yf‘?C — y%?n

Fig. 9. Illustration of the cell-based construction of origami soft modes. Each cell is made up of nine points. These points are deformed according to the
local bending kinematics in Section 3.2, with parameters that vary from cell to cell according to a solution of the effective surface theory in Section 4.1. This
construction leads to small gaps between adjacent cells, which are then closed by an averaging procedure as shown.

The PDE description. Let 2 be the planar reference domain from Section 2.2. Let 6(x), Wy, (X) and oy (X) be smoothly defined on
a neighborhood of Q. In the case that the design’s Poisson’s ratio v(#) in Eq. (13) is negative, assume further that these fields are
analytic. Finally, assume that the fields solve the PDE in Egs. (75)-(76) on €. Extract from this PDE solution the unique and smooth
rotation field Ry : 2 — SO(3) and effective deformation y: £ — R? satisfying (77) along with the constraints Reg((x)) = I
and yeg((x)) = 0. Next, define a smooth analog of the bending parameters in Eq. (67) through a vector field x : 2 — R*, k(x) :=
(k1 (X), ..., k4(x)) that replaces 6, 50“0, 60vO, oy, and oy, in that description with 6(x), auoo(x), ()VO 0(x), oy, (x) and oy, (x). That is,

K1 (X) 0y, (%)
0, 0
2 poen| ™ 94)
K5 (®) 0, %)
Ky (X) BVOG(X)

for B(#) in Eq. (67). Our origami construction is based on sampling the fields 6(x), @y, (X), @y (%), Regt(X), Yefr(X) and x(x).

A cell-based construction. Let Qgg be the origami reference domain from Section 2.2. Its panels have characteristic length ~ # < 1.
(#)
Let T

el = {0y + jVy) C Q:i,j € Z} consist of the central vertices of the unit cells in fo;l) For each x € Iiil)l, observe that a

single undeformed cell is fully specified by nine vertices: the interior vertex Xéi—: := (X, 0) and the boundary vertices
@) ._ (@) r @) ._ &) r @) ._ &) r @) . _ @& r
X =Xt zf’tl, Xy =Xt ftz, Xyp =X+ ft3, Xy =Xt ft4, (95)
@) ._ (@) r @) ._ (&) r @) ._ &) r @) ._ @& r
Xso =X ot zf’tz, Xg =Xt ftS, e ft4, Xgo =X+ ftl.
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To deform each such cell we must deform the points xg? — yﬁ?, i=0,1,...,8. We proceed by constructing a preferred deformation
for each cell, and then by closing the intercell gaps. The labeling here is as in Fig. 9.

For each x € Iéil)l’ we deform the interior vertex of the origami cell x(()iz to

Yoy = Yetr(®) + £d(X) (96)
for some smooth vector field d(x) that will be chosen later. We then deform the adjacent vertices xf?, i=1,...,4, to
Ve = Yoy + £ [Reg®) 1+ £(@R)X) |0 + £6®), i=1,....4 (97)

@)

for some smooth vector and scalar fields w(x) and £(x) that will also be chosen later. Finally, we deform the corner vertices X,

i=5,...,8,to
Ve =¥+ Reg®) 1+ £(@®)X) ) (0%) + ££R), k(R),

X

( )]
Vo) =¥y + £ [Reg®) (1+ £(@)%) ) (0R) + ££(R), k()), 08)
( )]

Yoy =YY+ Reg®) (T4 £@®)%)) |t (0F) + £6®), kD),
¥ =¥+ £ [Reg® (14 £0®)) [t (0R) + ££R). k(%).

using the definitions for the slightly bent boundary tangents in Eq. (62) (see also Fig. 8(c)). Note in the analysis of gaps to come, we
assume that the sampled fields are (or can be) smoothly defined on a neighborhood of Q. This assumption will be verified for d(x),
o(x) and £(x) once we choose these fields; it holds for y.(x), Reg(x) and «(x) given their definitions using 6(x), @y, (X) and @y, (X).

The additional fields d(x), @(x) and &(x) enrich the ansatz without changing the lengths of the slightly bent cells at leading
order. In particular, when sampled at the cell-level, d(x) and (x) correspond to an infinitesimal rigid body motion, and &(x) is a
perturbation of the cell’s mechanism. This degeneracy is crucial to producing an overall origami construction with panel strain ~ £2,
as opposed to ~ £.

Intercell incompatibilities. All quantities in the cell-wise ansatz in Egs. (96)-(98) are specified by the effective surface theory in
Eq. (40), except for the fields d(x), o(x) and &(x). We now derive an auxiliary PDE involving these fields, governing the gaps between
neighboring cells at O(£2). The gaps are defined by

I R B N 7 N O S S 7 N |
8z T Yagren, Yixo Bosx T Yesten,  Ysxo Bisx T Yigeew, ~ Ysxo

@) _ O O O _ O O O O _©® (99)
Bz T Vazrew, T Vox Bssx T Ysxaew, Ysx Brex T Yimacw, ~Yex
forx e Ié:l)l. First, we relate all the gaps to two distinguished ones gg‘:)i and gfé)i.
Lemma 5. The ansatz satisfies
&) @) _ 3 @) @ _ 3 &) @) _ 3 @) @ _ 3
o5z~ 8315 = 00 B3 =853 =0, 8453 =8, =0, 8155 — 8,5 =0 (100)

Proof. The proof builds on the analysis in Proposition 3. Essentially, after a Taylor expansion of the gaps in ¢, we are able to match

the conditions for approximate compatibility in that proposition.

Consider any x € Ii':l)l. We show explicitly that gé?i - g(:l})i = O(£3). The other three statements follow by a similar argument.
@) y o

Observe first that Yox in Eq. (98) can also be written as

Voa = Via + ¢ [Reg®) (14 2(@(%)%)) ]t} (%) + ££X), k(%) (1o1)
since t;(0) +t, (0, k) = t,(8) + t; . (6, k) by Eq. (62). It follows that
g0 — 20 = £ [Regr® + £iig) (I + £(@(X + £180)0)) |6} (O + £0g) + CE + L), KX + L)
- £ [Rer®) T+ £(0(0)) | 7] (0%) + ££(), k(%))
= ERg(®)[+ (@, (0] [[+ £(@R)X)] ) (%) + £ER) + £0,, 0(%), k(%)) + O(¢?)
- £ [Rer®) (T+ £(0(0)) | 7] (0%) + ££(%), k(%))

= ¢ [Rege(®) (I + £(@(®))) | [T+ 2@, R3] 6, (OR) + £0,, 0(%), k(X)) + O(£?)
— 7 [Rege(®)(I+ £(@(0)) |7 (0%, k(R)),

(102)

The last equality uses that t\ (0 + ££.x) = £ (0.x) + ££t}(0) + O(¢?) and t{')(0 + ££.x) = t{')(0.x) + £&t,(6) + O(£?). Next, set
RO(X) := [Regt(X) (I + £(@(X)x))] and observe that

Zeox — 815 = RO} L (0. K(%).0,,0%). 0, (%) = )7 (0F). k®)] + 0(?) (103)
using the definition in Eq. (63). Proposition 3 furnishes that
6 4, (OR), K(R), 04, 0(0), @y, (X)) — 1)) (0R), k(%)) = O(¢?) (104)
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since Egs. (75) and (94) match Egs. (66) and (67) under the replacement of their arguments. We conclude that g(ﬁf)X - ggfi)x =0(?)
as desired. []

(&)
31.%

&)

We now compute the leftover gaps g 0%

and g, ’_ at leading order in 7.

Lemma 6. The ansatz satisfies
g = L”z{du(]d(i) + %a,,o [Rer®) (,(0) + 15(0R))] = Regr(®) [@(F) X u(0(X)) + G’ (0())] } +0(%) 105)
105
g = fz{d‘,od(i) + %a% [Ree®) (6,(00) + £,(0(%)))] = Regr(®) [@(F) X V(OR)) + ERV (0R)] } +0(23)

@)
foralxel .

Proof. The proof follows by Taylor expansion and algebraic manipulation involving the identities in Eq. (77). Let X € 1(1/’) Observe

that y(;i) +ou, €0 be expanded in powers of # as
Yoo, foy = =y, ray T O Rei &+ C0) [T+ (@ + £l t5(OF + £l) + 4R + L))
= Yo ®) + £ (d(i) + Oy Yeir®) + Reff(i)t3(9(i))> +22 { %%O Oy Yeft®) + Oy A(X) (106)
+ Ref(®) [0(X) X t3(0(R)) + ER(O(X))] + 0y, [Rer(R);(6(X))] } +0(2?).
Likewise,
yﬁ? = Yert(X) + t’(d(i) + Re (Rt (H(i))) +2 (Reff(i) [0(X) X t; (X)) + EX)t] (0(X))] ) (107)

Their difference is
g = f(auoyeff(i) eff(x)u(e(x))) +7° { =04y O, Veit(®) + 9y dR)
= Regr(0)[0(0) X u(0(R) + U OR)] + 0y, [Rer(030)] | +0(%)

since u(9) = t,(0) — t3(6). By Eq. (77), the term at O(¢) vanishes and

(108)

5 %y [Retr () (11 0(R)) + 15(0(%) ]| - 16  [Regt®) (£, (0) — t5(0)]
(109)

=; o [Ret®) ((0(%) + t5(0(%)))] — auoauOYeff(X)

Oy, [Reer B (0(R))] =

This establishes the first part of Eq. (105). The result for g 42x follows by a similar set of manipulations. []

Finally, we state conditions under which the leftover gaps in Eq. (105) vanish at O(£?).
Lemma 7. There is a vector field d(x) solving

0y, d(X) = R (%) [0(x) X u(0(x)) + £/ (0(x))] — %0.,0 [Rege(x)(t; (0(x)) + t3(0(x))) ]

(110)
Oy, d(%) = Regy(x) [0(x) X V(0(x)) + EX)V (0(x))] — %% [Reg(x) (£,(0(x)) + £, (0(x)))]
on Q if and only if (x) and &(x) solve
0uy (Resr)[0(0) X VO0) + £V (e(x»]) + 304,0v, (Rear0[t100x0) + £500)] )
(111)

= 0y, (Regr0)[0(0) X u(0(x)) + £’ (0(x))])+ 3 %un0v, (Rer(0[£2000) + t,(00x)] )

on . The vector field d(x) is smoothly extendable to a neighborhood of Qas long as o(x) and &(x) are.

Proof. Since partial derivatives commute, we derive the PDE in Eq. (111) by taking the 9, derivative of the first equation and the
0y, derivative of the second and setting them equal to each other. Since £ is simply connected, it follows by standard arguments
(Lemma 11) that finding a solution (@(x), £(x)) to Eq. (111) is sufficient for the existence of d(x) solving Eq. (110). The fact that d(x)
is smoothly extendable follows from its definition using a smooth extension theorem (e.g., the ones in Evans (2022), Chapter 5 will
do). O

The global origami construction. To finish, we need to know that there is a smooth solution (@(x), £(x)) of the linear system of PDEs in
Eq. (111). The proof of this is given in Appendix B. After some inspired manipulations, the proof amounts to a lengthy application of
technical but standard results from PDE theory. Mechanics and physics oriented readers can safely skip this proof as the techniques
are not required in the rest of the paper, only the result. Accepting the existence of a smooth solution (@(x), é(x)) to Eq. (111), we
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apply it to our ansatz. We choose d(x) as in Lemma 7. It follows from Lemmas 5-7 that all of the gaps in the cell-wise ansatz are
small:

@) @) O &) @O &) _ 3
(2315 Bos.x Brs .5 Banc- By Br65) = OC7) (112)

for all x e I(f)
Recall from Section 2.2 that {x<i) € R3:(i,j) € I¥)} bijectively labels the vertices of the origami in Q%) o 0 a way that is
consistent with the nearest neighbor description in Fig. 3. A valid origami deformation is given by mappmg all these pomts as
Ej) [ y“ﬁ) We now specify { (f)} by closing the gaps generated in our above cell-wise ansatz. In particular, for each x ) and

i,j) e IW, we define

y(()f; if x(f) = x(”ﬂ_) for some X € Z(f)
@) O “ ) = <” ) “
y(f) 3 _(yl Lty x+/u0) if X, for some x € T4 (113)
i (y(f ) yfx)Mv ) if x@ = x(f) for some % € I\E_il)l
¢ ¢ ¢ ¢ ¢ ¢
(y( ) yé x)+fu yé x)+/v yg x)+fu vev,) X ; ) = x( ) for some % € Zéell'
0 0 0 0

@) L @) @) ()
5x+y6x+fu0 y8x+fv0 y7x+fu0+fv0)'

Eq. (113) completes the construction: the full ansatz is specified by deforming the vertices x(f) to y('ﬂ) through the formulas in
Egs. (96), (97), (98) and (113) for any choice of fields yeg(x), Reg(x), 0(x), @, o, (X, @y (%), K(X), m(x), .f(x) and d(x) that satisfy the
assumptions and constraints outlined in this section.

We claim that these origami deformations have panel strains ~ #2, and that they approximate the given effective deformation
Yerf(X). To prove this, recall that the panel strains are defined by e(f) ([) in Eq. (17), and that f((f) denotes the orthogonal

in the figure is equal to - L 1O

Fig. 9 is helpful for visualizing this definition. As an example, mil il

projection of x' ) onto R2.
ij

Proposition 5. The origami deformation {yf } satisfies (i) |efi)] [, ]e (f) al= O(¢?) for all (i, j) € T, and (ii) |yf‘ ) yeff(x(f))l =0(¢)
for all (i, j) € T¥.

Proof. For part (i), we estimate the lengths of neighboring vertices in the origami construction {y(f)} by those in the cell-wise
construction {yﬁf)} We show in particular that the deviation between these lengths is O(#3). The de51red estimate then follows
because each cell in the latter is deformed by an approximate mechanism deformation, resulting in sufficiently small strain. We

demonstrate the result explicitly for one representative example. The other cases follow analogously.

4 4 4 4 4 4
Consider the panel strain s( ) in Eq. (17) for i and j in Eq. (113) such that yt(+)1 J ( gf + yé x)+fu0 y; x>+/v0 y; x)+fuo+t’vo) and
¥ = 0N ¥ R E zg ;1. It follows that
) @) Z @ 4 155 ©) ©) @ 4 140 @) _ &) 3
Yipr; =i T¥sg 4(2g65i + 8555 +g76x+fu0) Yax t 5805 = Vsx ~Yax +0(£°) 114)

using Egs. (99) and (112). The definitions in Egs. (97)-(98) then give that
IyS) = ¥l = 17 [Regr®) (1 + £(@(®))) | £17) (0 + ££(R), x(®))]

@) (pcx 2\ 3 (115)
=72t (0R) + £E(X), k(X)| + O(7)

since t;(8) +t, (0,x) = t,(d) + t, (8, x) and since |R(I + £(@x)v| = \/|V|> + O(¢?) = |v| + O(¢?) for any R € SO3) and @, v € R>.

Similarly, |t(/) 6,5 =1/ |t1(t§)|2 + 0(£?) = |t,(8)| + O(£?) using the definition in Eq. (62) and Taylor expansion, and |t (9)| = [¢r]. Tt
follows that

I OR) + £6®). @) = €16, 0@ + CER)| + O = £]t7]. 116
Since Z|t]| = |x</) (f)l = |xfi)1 i xgi)l by assumption, we conclude from Egs. (114)—(116) that
@) @) _ (f) @) 3y _ 3\ — @) @) 3
|Y,+,/ Yij | =1¥55 =¥ +0E&) = £t + O(£°) = IX,HJ x| +0&7). 117

Hence |£z('21| = 0(¢?).

For part (ii), consider any y( and x(f) (i,j) € I¥). Note that & A(f) (x(f) e, X ( ) - ;). Since each y(f) is defined by averaging
points in the cell-wise constructlon and since the gaps between ne1ghbor1ng cells are 0(¢?), we have that y(f) = yffz + 0(£?) for
some k € {0,1,...,8} and X € Iiefl Since the vertices inside the reference and deformed cell are at most a dlstance O(¢) apart,

Ve =Yoa + O(f) and X} =%+ 0(¢). Using the definition y{) := yx(X) + #d(%) from Eq. (96),

Iy} = yer Rl = |y<”> +0(0) = Vet (KN = |Yegt(®) + O(0) = yeg(X + O(£))| = O@). (118)

Here we used that y.g(x) is smooth. []
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(RO (£ + ot x £5)

RO (¢ + 1t x £3))

4 14 ¢
(b)  yo ys v v
(RO (65 4+ lrots? x £7) RO ROY| RO (£ + rr, 807 x £57)
¢ 4 4 14
0 " " 0
RO (RO
Panel 2 Panel 1
RO RO
4 4 4 4
0 " 0 0
RO (60 + 03t > t10) (RO RO RO (60 + gt x ¢17)
¢ l L ¢
vy vy v ys

(RO (65 + trgtl” x ) RO D+ gt x )
Panel 3 Panel 4

Fig. 10. Schematic for panel bending. The points and vectors drawn here are used to calculate the bending strains of the panels. Note R®) = R+ O(¢) for some
R € SO(3) and tf’/) =t,(0)+0(), i =1,...,4, for the deformed tangents t;(9) from Section 2.1.

4.3. Proof of Theorem 1

We are ready to prove Theorem 1, which we do in a series of short steps. Consider any parallelogram origami design from
Section 2.1, and the bar and hinge energy of this origami design in Section 2.2. Let 6(x), @y, (%) and @y, (X) solve the surface theory
and have the regularity properties from the statement of the theorem, so that we can guarantee a smooth solution to Eq. (111). The
first few results of the theorem have already been proven, but we reiterate them for clarity.

Step 1. There exists a unique and smooth rotation field Re : 2 — SO@3) with Reg((x)) = I such that 9, Reg(x) = Reg(x)(@y, (X)X) and
Oy, Refr(x) = Reg(X)(@y (x)X). In addition, there exists a unique and smooth effective deformation ye : 2 — R3 such that y.g((x)) = 0 and

V¥eri(X) = Regt(X)Aefr(0()).
Proof. This follows directly from Proposition 4. []

Fix the unique R.4(x) and y.(x) as above. Choose a smooth solution (&(x), £(x)) to Eq. (111), the existence of which is guaranteed
by Proposition 6 of Appendix B, and construct a global origami deformation { yi?} from the fields 0(x), Oy, (%), @, (X), Re(X), Yesr(X),
o(x) and £(x), as done in Section 4.2. Recall that the panels strains are defined by EE?I’ ,ef.i.) . in Eq. (17).

@)

Ol 16 = 0@ for dll (i, j) € 1.

Step 2. The origami deformation {yf?} satisfies |e P4

Proof. This follows directly from the first part of Proposition 5. []
Next, recall that ig? denotes the orthogonal projection of xgi) onto R2.

Step 3. The origami deformation {yf? } approximates the effective deformation y(x) in that |y§5) - yeff(ﬁlf?ﬂ = 0(¢) for all (i, j) € 1.

Proof. This follows directly from the second part of Proposition 5. []

We now calculate the bending energy of each individual panel. This involves a Taylor expansion of the angles ll/i(j)l and ‘/’:i)z
defined in Egs. (20) and (22). As these angles are cumbersome nonlinear functions of the panel vertices, we supply several useful
preliminary identities based on the schematic in Fig. 10. Let R®) = R + O(¢) for some R € SO(3) and tl.(f) =t(0)+0@),i=1,...,4,

for the deformed tangents t;(9) from Section 2.1. Note we do not assume that R is a rotation.
Step 3. The vertices y(lf), e yf) in Fig. 10 satisfy

Panel 1:
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@) _,(&)

oy ( o= <”>x<y<“ i) ] X{(y‘” v e v )_ & @O-EXMROL | 2,
-1 ey xe - 0)>| 1057 -y Oy - “’>| GO 4@ I, @)F :
¥y ( oy v o) ] x [ 0y 9y <y )0 ): oy OHOxa0L | 2
-y \LeY -y -y |<y“>—y2 ’)x(y(” “’n Ui+l 0

Panel 2:
¥ ¥ ([ 0=y =y ) BE e ) )= (OO0 | o p2)
-y el - <’))x<y§”—y§””))| oy~ y‘{’my“) ‘”’>| 2 O+l Iny30) ’

J
YO0 0Oy )
X | @o

_ 2
]) i 1(t(0)—t3(0))Xny3(0)] +O(f2).

01 500 0- <f)>| 65—y xe- (f’>| 2 1@O-6O)] 3O
Panel 3:
v ( 0O ] 5 [ 0O ) )_ (GO-LEROF | o p2)
Oy Lol -y a5 16—y~ "”>| 3 I60)-4O)Iny @) ’
vy <[ 0O ) ] 5 [ 0O ) ]) — 410, (BOHOXROF | 2
=71 e -y xed - (’“>| R A T 3 601+l Iny @) :
Panel 4:
v vy N (y“)—y(”))x(y“)—y“)) IBE: e i) )= ex (OO OP | 6 p2)
Iy -yl |<y<f) )>x<y<f) YO - “nx(y;p “’>| 140+ Ol Ing ) ’ 119
Wy ( @O ) ] 5 [ 050 )= OOy OF | o p2)
Iy I~ f))x(y(“ g))l 10—y -y 10— ©)lIng; ) '
where n;(0) 1= t;(0) x t;(0).
Proof. Observe from the diagram of Panel 1 that
(y(f) )) x (y(f) (f)) =2 [cof R(t’)](t(f) x t(f))
12 f 4 4 (4 3 4 3 12 4
0 =y x (¢ =y ) =~ [cof RO x ) + £, — ) x (¢ x ()}, 120)

v - “)x(y“’) 5”)=—fz[cofR“)]{(tf)xt}“)—mtf")x(ti“xtgﬂ)},
G =y x ¢ =y = =22 [eof ROt x 1) + 5t x 17 x 1)}

by standard properties of the cross product and cofactor, namely that (cof A)(ax b) = Aa x Ab for A € R¥3 and a,b € R3. Taking
the cross product of the first two and second two equations above, respectively, yields

[(y(f) (f)) x (y(f) (f’) ] [(y(f) (f)) x (y(f) (f))]

£x, [cof[cof R<f>]]<t<f> O =)

(121)
f f f /’ f f ¢
14 14 14 14 £ 14
=k [cof[cof R<f>]](t§ >xt; ) x {(t; >+t§ Nx 7 x )} + o)
That R®) = R + O(¢) for a rotation R furnishes the identities [cof R®)] = R + O(#) and [cof[cof R®¥)]] = R + O(¢). Thus,
[ 0y Oy ) ] [ 09—y x5 ] = £, ROOX OO 4 @001 | 602y
168y x) - (”’)| 16—y xy - “’>| @) ’ (122)
e T ) ] [ oy - m)x(y v ] £ 1, R @OXUGQO OX0p0) 4 42
Tkl T o gy (@) ’

since each t(f) = t;(0) + O(). The desired result for Panel 1 follows after noting that y( y;f) = R(t,(0) — t,(0)) + O() and

ygf) y(f) R(t;(0) + t,(8)) + O(?). The calculations for Panels 2—4 are similar and not done here for brevity. []

Now recall from Section 3.1 that each deformed tangent t;(9) is related to the reference tangent t through ¢-dependent panel
rotations. We therefore establish the following.

Step 4. In each formula in Eq. (119),
[(£,0) = £,(0) xn; O |t £ ) x (& x t))]*

L — = bt ij € (12.23,34,41), (123)
1t,(0) = t;(0)|In,;(6)] It £ EDIE X D]

i.e., these terms do not depend on 6.

Proof. Since we are dealing with adjacent crease vectors, t;(6) = R;(0)t" and t;(0) = R, (0)t/’ for some rotation R;(#). As a result,

n,;(0) = (R,(O)t] X R,(O)t)) = R,(O)(t] xt7) and thus (t,(0) +t,(0)) xn,;(0) = [R,(O)(t] J_rt;)] X[R,(O)(] X t))] = ROt £t) X &/ xt))]. [
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Next, we derive asymptotic formulas for the angles Wi(j and V/ |- The formulas are organized using the notation for the reference

vertices x( ) introduced in Section 4.2. They also involve the panel curvature fields «(x), ..., x;(x) in Eq. (94) and the moduli b’.i;

above.

L 1w | = 0(#) for dll i, j) € T®. Specifically,

Step 5. The origami deformation {y( )} satisfies Iq/(f) 12

ij, 1"

£,k (%) + O(2?) ifxgi) = X(f’) for some % € I ().
£ e® + 0% ifx) = X(f) for some % € 1.
Wff) _ - ij cell (124)
il £by,K3(X) + ow? if xl(.’;_) = ng,—z for some x € Iiil)l’
LﬂbL K, (X) + 0% if x?i) = x;i_: for some x € Iéil)l,

and

- . 12 4 - 13
£h () + 02  if x?vj) =x! _) for some x € I\/).

v |fhnm®+oe?) ifx) = x(” ) for some x € 1Y),
w @ = : (125)
M et m@ o) i) = (” ) for some x € 1)

cell”

_ - . 4 4 = 4
£b (B + 0 if X)) = x;x) for some x € 1))

Proof. Again, each yg? is defined by averaging points in the cell-wise construction where the gaps between neighboring cells are

0(£?) small. Thus, we have y(f) = y(f) + O(¢3) for appropriate k € {0, 1, ..., 8} for some % € Iéil)l. We use this to estimate functions

which depend on the origami vertices y( ) by the cell-wise vertices y(f) Eventually, we obtain an expression for the angles Wi(j,)l and
(f) that is very similar to Eq. (119) The proof then follows from the previous two steps.

Let us focus on the case that yi’ = y(f,) for some x in Eq. (113). Recalling the definitions of nl(,j.?l and mg”’?l in Eq. (19), we have
o _ RoYIHOEN KGR -YHOE) | GR-WDXOR-ND
““|W>ﬁ+w%wﬁ>ﬁ+ww mwy@ww>ﬁn “
o WY IH0) x (6] -y 0@ 05 -y x 6 ¥ . 126
%JKW)&+WWNW)&+WW|MW Dxy\)- @WF(L (126
Yoy Vigw | Yiam¥RtO@)  vQ-v o
YO, =¥ -y + o] Iy‘/) Yo '

Thus, the angle Wi(,j,)l defined in Eq. (20) satisfies
@) _® @) _ Oy @) _y©) Q) Q)

V’i(j,)1 = arcsin([li(lfi; yle] ’ { [lg(lfx) yo):::igf:) iz ):I] X [‘:gf:) z:’;ii:(]fx)_ysﬁ; ] } + O(fz)). 127)

In this formula, each y 7 is akin to y( " in Fig. 10 and Eq. (119) with R = Re4(X) [I+ L”(a)(x)x)], t([) =;(0(X)+££(X)) and k; = k;(X).
Consequently, Eq. (1 27) simplifies to
® [(;(6(%)) — t(0(X))) X N1, (O(R))|? O(KZ))
It (0(%) — ,(0(R))| Inj,(OX))
(£, (0(%)) — t,(0(X))) X 1112(9(X))|
16 (0(%)) — t(0R))|Iny>(0X))I*

due to the results of the previous two steps and since sin(f) ~ # to leading order. The other statements in Egs. (124)-(125) follow
in an analogous fashion. []

3
v

L],

= arcsin(fx
(128)
=7k (%)

O(£?) = £h,x,(X) + O(L?)

At this point, we have proved everythlng 1n Theorem 1 up to Eq. (44). The rest of the proof deals with the bar and hinge energy
EQYN = LAy D + £ (D + £G4y from Section 2.2.

tot str beng ld(

Step 6. The origami deformations {yl.v J } satisfy lim,_,, 5("ﬁ)({y§5>}) =0.

str
Proof. Step 1 proved |e(f) l. |£(_f_) | = 0£?) for all (i, j) € ). Thus,

£O(1y® @) pay gystr((£) (&) (&) (&) \ _ 2\ st st 2
ERWvIh =Y AfenalE) el el el )= Y o ow?)

(i-.)HeI® (i./)eI® (129)
Y, 0 [0?) - DDBTOMO?)] = Y 0,
(i.))eL®) (i,))el®)
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where the strain energy tDStr( -) has been Taylor expanded using that it is smooth and minimized on (e(f)l,efi)z, fi)?’ @ ) = 0. Next,

the set I) contains ~ 1/ fz points, since the characteristic length of Q is ~ 1. It follows that é‘s(?({ (f)}) = O(£*H%). The stretching
energy vanishes, since a, € (-4, —2) by the hypothesis in Eq. (29). O

Step 7. The origami deformations {y(f) } satisfy hmf_,o fol d({ (f)}) =

Proof By their deflnlthI‘IS in Egs. (25)—(26), ﬂ([) ) ﬂ({i), (f) ,y(f) take values in the compact set [—z, z]. As such, th"ld(ﬂ(f) ﬂ(f ,y(f)
i,j,0 J0 0’0
) < MaXg,e-2z20] <I7 ldp ) = : M, ;. Also, difOld @fj_lfj = cblfOIJ‘jz for all (i, j) € I, leading to M, ; =M, ., for all

(z j) € 1. Thus, there i 1s an absolute constant M such that M, ; < M for all (i, j) € I©. It follows that

i+2,j
;<
@ oy @) pay gfold (@) _ o) (&) _ (@) « @ «
v =" Y Aler @ (5 -5 — ) sMew Y A <cev

(130)
(i-)eT® (i,))eT®

since each A?i) ~ ¢% and T contains ~ 1/£2 points. The result follows as « >0 is assumed in Eq. (29). [

(f)

Step 8. The origami deformations {y;; } satisfy

@) @ Oy, (X)) @y (X) 0y, (X)) oy (X)
lim £y, D = /Q { ( 0“0%(,()) K, (0(x)) ( 6“0%(,()) + < 0%(;,@) K, (6(x)) ( 6v0(t)9<x>> }dA (131)

for Ky, (@) and K,, in Eq. (45).

Proof. Since there are four panels per unit cell, é‘éizld({y?? }) defined panel-by-panel in Eq. (23) can be written in a cell-by-cell sum as
£ @)y — A©) pap gpbend (&) () @) a, bend @) @)
bend({y D= Z { f/(D (lel’wu2)+A1 1,j— lf h(D 1( i—1,j— ll’wL 1,j— ]2)
—f(:u0+jv0)elcen (132)
(f) a, gpbend ., (£) @) pay gpbend, (£) @)
+A qujl] l(wlj ll’sz 12)+A1 ljf b¢l lj(wl l]l’wl 1]2)}

This uses the definition of 1“31 at the start of the cell-based construction in Section 4.2. Note that the four panel areas Af.? are

2|7 x t7| for kI € {12,23,34,41}. By Step 5,

soyIn="3Y {f2+“b|t{xt;|q>‘;,j"d(fbl—2;<1(x)+0(f2),fb1+2xl(x)+oofz))

@)
XEZcell

+ 27|t x tg|¢‘;;"d(fb;3,<2(x) +0(£), bk (%) + O(£?)) (133)

+ 7|t x t;|q>';§nd(fb;4,<3 (®) + O(£%), £b%,K3(%) + O(£?))
+ 7|t x t;@;’,j"d(szl K4(X) + O(£?), £ by, k4(%) + O(£?)) }

where we have used the periodicity condition tbbe“d @}’eﬁg dil’f;‘d for all (i, j) € I to label the energy densities according to

the four types of panels being bent in Eq. (4). Focusmg on the first term in Eq. (133), a Taylor expansion gives that
bend — < 2 + % 2 &2 b1_2 bend bl_z
DRy ®) + O?), £h,ky () +0(E%) = = ) DDD™(0) i

12 12

> (k1 ®)” + 0
(134)
2 lag X v

_\\2 3
TRRH by (xk,(®)” +0%)

since tb?,?“d is smooth with minimum d>';f]“d(0) = 0. The second equality follows by matching the definitions for bli2 in Eq. (123) to
b, in Eq. (46). Analogous Taylor expansions of each term in Eq. (133) yield

LTV = T 0t xvl{ T bia @) +00)]. 135)

We now take ¢ — 0 in Eq. (135). Note &, = —2 by assumption, each & (), ..., k4(x) is smooth on Q and lim,_, __, £2ug X vl =
cell
Q. Thus,

lim £0) (v ) = /Q {16100 + (62007 + b33 (0)° + by (X)) [ dA. (136)

ben

Substituting the formulas in Eq. (94) for the panel curvature fields «;(x), ..., k4(x) and recalling the definition of B() proves the
result. []

This completes the proof of Theorem 1.
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5. Discussion, examples and outlook

We end by discussing some of the most intriguing aspects of our effective plate theory for origami, and by illustrating these
aspects in examples. Section 5.1 starts by rewriting the surface theory for 6(x), @, (x) and o, (x) into one involving more standard
quantities such as the first and second fundamental forms of the effective deformation y.g(x). Along the way, we identify the three
basic soft modes of deformation available to parallelogram origami (actuation, bending and twisting modes) and provide variables
to parameterize general deformations in terms of these modes. Section 5.2 goes on to discuss our effective theory in the context
of more familiar continuum theories, namely Kirchhoff’s plate theory (Friesecke et al., 2002) and models of generalized elastic
continua (Eringen, 2012). Section 5.3 applies our theory to the examples of Miura and Eggbox origami. Finally, Section 5.4 ends
with a brief commentary on future directions.

5.1. Reformulation of the effective surface theory
So far, we have described the effective deformations of parallelogram origami through field variables 6(x), @y, (X) and @y, (X) that
solve Eq. (40). As a quick recap, this equation is composed of the angle restriction 6(x) € (67, 6"), the algebraic constraints
@y, (x) X v(0(x)) + 6“0 Ox)V (0(x)) = @y (x) X u(@(x)) + aVO ox)’ (0(x)),
@y, (%) - V(0(X)) = @y, (%) - 0/ (0(%))

and the compatibility condition Oy @y, (X) = Oy @y (X) = By (X) X @y (X).

137)

Actuation, bend and twist. We now show how to write the effective theory in a way that emphasizes the three natural modes of
deformation for parallelogram origami: actuation, bend, and twist. First, observe that Remark 5 allows us to explicitly solve for
the algebraic constraints in Eq. (137). To do so, we expand the vector fields @y, (X) and oy, (x) in the basis {u(6(x)), v(9(x)), e;} and
choose the components of this expansion using the remark. This gives

@y, (%) = 7()UOX)) + K X)[U' (OX)) - u@OE)VOX) + [Ty, (0X)) - Vo0(x)]e3,

(138)
@y, (%) = kXY (O(X)) - vOED @) — 7()V(OX)) + [y (0(x)) - Voo(x)]e3
for some «,7: 2 — R, and where
. 4 e, — . / e . 4 e, — . / e
I ®) = [u(8) - V/(0)1&, — [u(®) - W' O)1; r® = [v(0) - V' (0)1&; — [v(0) - w' ()&, (139)

ey - (u(0) X v(9)) e; - (u(d) X v(9))

with {&,,8&,) as the standard basis of R?. The gradient V, is defined as V,0(x) := Oy, O(X)€; + 0y O(X)&;.
Substituting Eq. (138) into the remaining conditions of the effective surface theory leads to a system of three scalar PDEs in 6(x),
x(x) and 7(x) equivalent to the original ones:

Equivalent formulation of the effective surface theory for parallelogram origami:

600 € (670"
VL [FO00)V,000] = (K((z;) - AG) <fg> (140)
K(X) _

T(X

[M,,O (0(x)dy, — My, (0(x)d,,, +M(O(x), voa(x))] ( 0.

In the standard Cartesian basis, the purely 6-dependent R>*? tensors in these expressions are
r@) = ! u®)-v'(©) —u()-u'(0) v () - u@®)][V(©) - v©)] 0
TAG) \vo)- Vo) -vo)-u©e)) 0 1)

M, () = V(O - v(O)I[u®) -]  —v(©0)-e M, (0 = W' (@) - u@]v() - e] u@) -e ’
0 V(O - v(OI[u®) - e;]  —v(O) e, 0 [u' () - w@)][V(0) - e;]1 (@) e,

A(9) = —A®©) <[
(141)

where A(9) = e; - (u(d) x v(9)) is the area of the parallelogram formed by u(f) and v(9). The last tensor M(4, § € R?>*? in Eq. (140)
has a lengthy expression, whose coefficients in the standard basis are
M,1(0.8) := —[&, - TOEIY'(6) - v(O)][u(d) - &;] + [&; - T'(O)E][W'(6) - u(B)][v(0) - ;]
+(E&-&)[g 'MLO(H)él] - @ -&)[e 'M:,O(H)él],
M5(0,8) := [&, - TOEIY' () - v(D)][u(®) - e;] - [&; - [(O)E][W'(6) - u(H)][v(0) - ]
+(E-&)[e 'MLO(H)él] -@-&)[e,- M:,O(H)él],
M5(0,8) 1= [€ - T'(0)EI[V(D) - e;] + [€, - I'(6)E][u(®) - €],
+(E &g 'MI,O(H)éz] - @ -&)[e 'M:,O(H)éz],
My(0,8) 1= —[& - I'(0)8][v(0) - e;] — [&; - T'(0)8][u(0) - e]
+ (@& &)[6 - M, (0] - @ &)[&; - M (0)&].

(142)
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Note M(6, §) is linear in g for each fixed ¢. The operator V- in Eq. (140) satisfies V{ - [[(0(x))Vo0(x)] := oy, [T (O(x)Vo0()] - & —
04 [TO))Vo0(X)] - &,.

Given a solution (6(x), k(x), 7(x)) of Eq. (140), the effective deformation of the origami can be recovered by defining @y, (X) and
oy, (x) via Eq. (138), and solving for Rg(x) and ye(x) via Proposition 4.

The fundamental forms of parallelogram origami. As in the original formulation of the surface theory, the field 6(x) gives the cell-
wise actuation of the mechanism. The new fields x(x) and z(x) reflect two additional basic modes of deformation of the origami
in question: these can be understood as bending and twisting modes. To see why, first recall from the differential geometry of
surfaces (Do Carmo, 2016) that a deformation y : 2 c R* — R3 has first and second fundamental forms defined by
T T

L) = (Vy®) Vyx), ILx) :=—(Vyx) Vo, x) (143)

where ny(x) = % is a unit normal to the surface parameterized by y(x). These forms are frame-indifferent descriptors of the
1 2

intrinsic and extrinsic geometry of surfaces, and are used in typical plate theories as measures of strain corresponding to stretching
and bending of the plate. Here, for parallelogram origami, the fundamental forms obey a set of algebraic constraints involving
0(x), k(x) and z(x). In particular, by Egs. (42), (138) and (143), every effective deformation in our theory must satisfy

origami actuation modes:

Iy () = ALH(0(X))Afr(6(x)),

origami bending modes:

iy - Iy (0ity = u(0(x)) - (@, (%) X €3) = —AO)) [’ (O(X)) - u@x))] x(x),
Vo - Iy (X)¥ = V(O(X)) - (0, (X) X €3) = A(BX)[V'(0(x)) - V(0(x))] x(x),
origami twisting modes:

(144)

a - IIyeff(x)\"'O =u(0(x)) - (va (x) X e3) = A(0(x))7(x),
Vo - Iy ()i = v(0(x)) - (@, (x) X €3) = AO(x))7(x).

The first constraint links the first fundamental form to the actuation and reflects the fact that the pattern should deform in a manner
consistent with a local mechanism, as discussed in Section 2.3. The other two sets of constraints link the second fundamental form
to k(x) and 7(x). Observe that x(x) is proportional to the normal curvatures in the u, and v, directions, while z(x) is proportional to
the cross terms. This dichotomy reflects our terminology — bending for « and twisting for = — and is illustrated in the forthcoming
Fig. 12.

In-plane and out-of-plane Poisson’s ratios. Many notable features of the soft modes of parallelogram origami can be derived from the
constraints in Eq. (144). To demonstrate this, we now re-derive and discuss an important identity from the literature on origami
metamaterials, popularly stated as the origami’s in-plane and out-of-plane Poisson’s ratio are equal and opposite (Lebée et al., 2018;
Mclnerney et al., 2022; Nassar et al., 2017, 2022; Schenk and Mark, 2013; Wei et al., 2013).

First, eliminate x(x) from the middle constraint in Eq. (144) to obtain

[v'(6(x)) - v(O(x)][ihg - I, . ()0,] = —['(0(x)) - u(@)][¥, - I, . (x)¥ol. (145)
Next, introduce the normal curvatures of y.g(x) in the u,- and v,-directions,
i - 10, (%)ii, Vo - Iy (x)¥
K“()(x) = Ny—ffN, Ky, = ~y—ff~, (146)
u, - Iy (01, Vo - Iy (X)¥o

and recall the Poisson’s ratio v(0) defined in Eq. (13). Combining the first identity in Eq. (144) with Eq. (145) gives the desired
result: if Ky, (x) is non-zero, then

Ky ()

K vo (x)

= v(0(x)). (147)

Eq. (147) quantifies the coupling between actuation and bending of parallelogram origami. As mentioned in the introduction, it
was discovered independently by Schenk and Guest (Schenk and Mark, 2013) and Wei et al. (2013) in the case of the Miura origami
and later expanded upon and generalized to parallelogram origami by Lebée et al. (2018), Nassar et al. (2017, 2022) and McInerney
et al. (2022). We point out that the terminology “in-plane Poisson’s ratio” for v(¢) and “out-of-plane Poisson’s ratio” for —« /ky, is
really a vestige of earlier works on Miura and Eggbox origami. In these cases, the strains and normal curvatures are appropriately
orthogonal — u(#) - v() = 0 for Miura and Eggobx, as explained in Section 5.3 below — making their ratios proper Poisson’s ratios.
However, such orthogonality is not present for generic parallelogram origami patterns, and interpreting Eq. (147) as a statement
on Poisson’s ratios is a bit of an abuse of terminology, although one that we too find convenient.

Effectively planar origami. There is a case in which the identity in Eq. (147) fails: effectively planar origami. This case is obtained
by setting «x(x) = 7(x) = 0, and thus II, _(x) = 0. Our surface theory then reduces to a single governing equation in the actuation
angle:
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(planer origami soft modes:) Vé - [FOE)V0x)] = 0. (148)

In fact, we derived essentially the same field theory in our previous work on planar kirigami metamaterials (Zheng et al., 2022,
2023), albeit with a different formula for the tensor I'(d), and with 6(x) encoding the cell-wise actuation of the kirigami’s slits
(the kirigami analog of creases). This observation suggests a universal character to the soft modes in locally mechanistic systems;
for instance, it raises the question of whether a version of the full surface theory in Eq. (40) could hold for non-planar kirigami
deformations. We leave this to future work.

5.2. Discussion of the effective plate theory for origami

We are now ready to compare our effective plate theory for origami with other, more familiar continuum theories. The plate
theory in Theorem 1 involves both a quadratic stored energy function in the fields V4(x), o (x) and oy, (x), and a hard constraint on
these fields expressed in the form of the surface theory discussed above. That a hard constraint should arise when coarse-graining
the soft modes of origami is not surprising after all, especially given the microscopic origins of our effective energy. Nonlinear
plate theories, when derived asymptotically for thin bodies in a bending-dominated limit, usually involve a constraint on their
first fundamental forms. In the classical Kirchhoff plate theory the first fundamental form is required to be the identity matrix
(see Friesecke et al. (2002) for a modern, variational derivation); similar constraints arise in plate models of “‘active sheets” made
of hydrogels or liquid crystal elastomers (Lewicka and Pakzad, 2011; Plucinsky et al., 2018b). These constraints are also well-
understood in the physical literature in the language of non-Euclidean plate theory (Aharoni et al., 2014; Efrati et al., 2009; Klein
et al., 2007), and have provided key design guidance for engineers looking to “program” desired shapes in applications (Aharoni
et al., 2018; Mostajeran et al., 2016; Plucinsky et al., 2018a).

Origami is different. It too admits a plate-like theory, as we have shown, but not one that involves only a constraint on the first
fundamental form. Rather, there is an algebraic coupling between the first and second fundamental forms implied by the discrete
nature of the origami’s unit cells — again, see Eq. (39) or Eq. (145). In this way, the task of coarse graining origami, and mechanical
metamaterials more broadly, adds to our understanding of continuum mechanics by forcing us to go beyond the paradigm of classical
(or even non-Euclidean) plate theories. This merits further discussion.

Effective plate theory for origami. To aid in the discussion, we first rewrite the plate theory from Theorem 1 in a more “classical”
form, using the first and second fundamental forms derived in the previous section. Recall the effective energy density from the
main result:

(0™ 0,0, (000 04,
a0 2= (0%09()()) Fu O (auo%(x>>+<av0%<x)> Fr(@ <av009(x>>' (49

Eliminating «(x) and z(x) in Eq. (138) via Eq. (144) gives the fields Oy, (X) and @y, (x) as

VoIly . (X)iig oI, ()l
@y, (%) = ( 22 Yu(0(x)) — ( 22 )v(0(x)) + [[y, (0()) - Vo0(x)]es,
0 ( A(0(x) ) ( AO(x)) ) (L 00()]e; (150)

Vo-lly_ (X)¥ oIy (0%

oy, (%) = ( e )u(O(X)) - (W )v(a(x)) + [y, (0)) - Vb 5.

Due to the linearity of this parameterization in II, _(x) and VO(x), W(x) can also be written as a quadratic form in these variables:

Yeff

1I 1I
Wep = (2™ ooy s (™ as1)
vox)T vox)T

for a fourth order tensor K(#) € R¥>*?*3*2 with the major symmetry A : K(9): B =B :K(9): A for all A,B € R¥2. This tensor can be
made explicit using Egs. (45)-(46) and (149)-(150).

To write the plate theory in full, recognize that the constraints linking the first and second fundamental forms of the effective
deformation y.g(x) to the actuation #(x) are the first constraint in Eqs. (144) and (145). Correspondingly, we define the set of
admissible angles and symmetric tensors as

Agsi :={(9,G, H) € (0-,6%) x 22 x R subject to

sym sym

(152)
G = Al(O)A(0) and [V'(6) - v(O)I[i, - Hily] = —[u'(6) - w(O)1[¥, - H] } .
The complete limiting plate theory for parallelogram origami is thus
I, .(x) K600) I, .(x) iA FE®L I @) e A o
: X): if (6(x), X), X . on
geff(yeff’ 9) = Q V@(X)T VG(X)T Yeff Yeff ori (153)

+00 otherwise.
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Comparison with Kirchhoff’s plate theory. We now compare Eq. (153) against Kirchhoff’s plate theory, which is based on the
constrained bending energy

+ /(2{2,4|11y(x)|2 T [Tr (1, 0)]? }dA if L,x) =T on @

+00 otherwise

Eioy) 1= (154)

where 4 and y are the Lamé constants. The constraint I,(x) = I in Kirchhoff’s theory selects isometric deformations, i.e., ones that
preserve Euclidean lengths and angles. To each isometric deformation the theory assigns an energy that is quadratic in its second
fundamental form, the bending strain measure in the theory. However, Kirchhoff’s theory does not have any analog of the second
constraint in .A,,; on the origami’s second fundamental form.

Of course, there is a pointwise constraint on the second fundamental forms in Kirchhoff’s plate theory, although it is not usually
made explicit in its formulation. According to Gauss’s theorem egregium, any sufficiently smooth deformation y(x) satisfying the
isometry constraint I, (x) = I must have a second fundamental form whose determinant is zero: det IL, (x) = 0. More generally, when
applied to shell theory or to non-Euclidean plates, Gauss’s theorem constrains the ratio of the determinants of the first and second
fundamental forms to be equal to the Gauss curvature of the shell, a quantity that is completely determined by the first fundamental
form (Do Carmo, 2016). Gauss’s theorem also applies to the effective deformations of origami, but in a way that is implied by the
coupling I (x)= A:ff(e(x))Aeff(e(x)) in A,y; the last part of A is an additional coupling of microscopic origin, not a manifestation
of Gauss’s theorem.

Origami as a generalized elastic continua. The second key difference between our effective theory for origami and standard continuum
theories is the actuation field 6(x), which reflects origami’s local degrees of freedom, i.e., the existence of a mechanism. This field
is felt throughout our theory. It enters nonlinearly into the moduli K(0(x)), its gradient enters as an additional quadratic strain
measure, and it couples to the first and second fundamental forms via constraints that differ greatly from those of a Euclidean
isometry (see the examples in Fig. 12). The presence of an actuation field makes our theory not only a generalization of Kirchhoff’s
plate theory, but also an example of a generalized elastic continuum, which we discuss now.

As mentioned in the introduction, generalized elasticity refers to a class of models that incorporate auxiliary fields — beyond
the deformation — as additional degrees of freedom leading to an enriched set of governing equations. The Cosserat brothers first
proposed the concept via “director models” in the early 1900s (Cosserat and Cosserat, 1909). Eringen later codified the subject in
much detail (Eringen, 2012) by developing a wide range of microcontinuum models, including the popular micropolar, microstretch,
and micromorphic theories. These theories introduce the auxiliary fields to capture mechanical rearrangements at the microscale
with consequences for elasticity at larger scales. Perhaps, as a result, a few lines of research beyond our own (Zheng et al., 2023)
have connected mechanical metamaterials to this subject. R. S. Lakes recognized that extremal hinged lattices cannot be modeled
using conventional elasticity and advocated for a Cosserat continuum (Lakes, 2022); Nassar et al. (2020) proposed a “microtwist”
continuum theory to explain topological polarization in the kagome lattice; Sarhil et al. (2023a,b) modeled the size effects in
metamaterial beams using relaxed micromorphic theories; a review article has noted the link (Kadic et al., 2019); others (Saremi
and Rocklin, 2020; Sun and Mao, 2020) have made analogies to these theories to arrive at strain gradient models.

Like our theory, the generalized elastic models referenced above introduce elastic energy terms that are quadratic in the gradient
of the auxiliary field(s). Unlike our theory, these models have mostly focused on the linear response regime, making them small
displacement theories; particularly, their stored energies are quadratic in a linear measure of strain. This assumption is not consistent
with the large deformation response of parallelogram origami undergoing a soft mode. Our generalized elastic theory in Eq. (153)
captures these large soft modes. It couples the first and second fundamental forms of their effective deformations to the origami’s
local actuation. This coupling is made explicit by the constraints in .A,,;. Only after getting this coupling right does the theory
resemble a more-or-less familiar generalized elastic continua, with an energy density that is quadratic in the appropriate nonlinear
strain measure I, () and the gradient of the auxiliary field VO(x).

5.3. Examples: the Miura and Eggbox patterns

We close by demonstrating a few solutions to the surface theory in Eq. (140) for the Miura and Eggbox origami. Both are canonical
examples of parallelogram origami, obtained by tessellating a cell composed of a single parallelogram of length / > 0, width w > 0
and angle « € (0, z/2). Fig. 11(a) and (d) show flattened versions of each unit cell. The Miura pattern in Fig. 11(a—c) is Euclidean.
Its sector angles sum to 2z around each vertex, yielding a flat crease pattern. The Eggbox pattern in Fig. 11(d-f) is not Euclidean.
Its sector angles sum to 4« and 4(x — a) in an alternating fashion around each vertex. It cannot flatten out.

Regarding kinematics, both patterns have a single degree-of-freedom mechanism described by an orthogonal parameterization
u®) = 1,(0)e, and v(0) = A,(0)e, for 4,00),4,(0) > 0. However, the Miura is auxetic since both its sides contract/expand on
folding/unfolding, while the Eggbox is not auxetic since one side contracts and the other expands on folding (see Fig. 11(c) and
(). This difference furnishes

Miura: 4/ (9)4/() >0, Eggbox: A!(6)4/(6) <O0. (155)

These inequalities have significant implications for the nature of bending and twisting in the Miura and Eggbox patterns. By
Egs. (144), the Gauss curvature of a general soft mode satisfies

sign of the Gauss curvature = sign(—AL(G)%(@)X”(G)A,,(H)KZ - T2). (156)
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(a) (b) (c)

(d) (e)

=

Fig. 11. Miura and Eggbox origami. The top half of the figure displays the Miura pattern: (a) the flattened unit cell and its design parameters; (b) the partly
folded reference cell; (c) the pattern and a folded state that highlights its auxeticity. The bottom half of the figure displays the Eggbox pattern: (d) the flattened
unit cell and its design parameters; (e) the partly folded reference cell; (f) the pattern and a folded state that highlights its conventional Poisson’s ratio.

Thus, the Miura always deforms with effectively negative Gauss curvature, while the Eggbox can deform with positive or negative
Gauss curvature depending on the amount of bending (x) versus twisting () in the soft mode. We illustrate this in examples below.

For the examples, we focus on cases where the parallelogram building block of the pattern is fixed at w =1 =1 and a = %n.
This yields orthogonal Bravais lattice vectors given by

Miura:
A0) = \/3 cos
Eggbox:

(9+27r/6) 71/2’

, 1,(0) = 2\/5(5 —3cos(0 + 7/6)) 0 € (-x/6,57/6),

(157)

2,(0) = ZSin[% (6 + arccos(1 — cos 9))], 1,(0) = 4,(=0), 0 € (-n/3,n/3),

after a lengthy calculation involving the cell’s rigid kinematics (which we omit). Fig. 11(b) and (e) shows each cell’s partly folded
reference configuration, obtained by setting # = 0. In contrast to the depictions in Figs. 2 and 4, the -parameterization of the
Eggbox’s mechanism motion does not strictly measure the change in the dihedral angle of any one of its creases. This distinction
does not impact the theory.

We construct solutions of the surface theory for these Miura and Eggbox patterns using a one-dimensional ansatz for the fields
K(X) = k(X - 66), 7(X) = 7(X - V(’)) and 6(x) = O(x - V(’)), explained in Appendix C. This ansatz turns the PDEs in Eq. (140) into easily
solvable ordinary differential equations (ODE); Fig. 12 shows deformations for both patterns obtained using the procedure in the
appendix. Fig. 12(a—c) displays bending and twisting modes for Miura origami, while Fig. 12(d—f) displays analogous Eggbox modes.
Pure bending is shown in the top pane, pure twist on the bottom and a mixture of bending and twist in the middle. We discuss
these examples in the context of their Gauss curvature, using the illuminating formulas in Egs. (155)—(156).

The pure bending case for the Miura origami in Fig. 12(a) reproduces the symmetric saddle reported throughout the litera-
ture (Callens and Zadpoor, 2018; Lebée, 2015; Schenk and Mark, 2013; Wei et al., 2013). That of the Eggbox in Fig. 12(d) displays
a symmetric cap, the bending motif of the opposite extreme familiar to those who have studied this pattern (Nassar et al., 2017;
Pratapa et al., 2019; Schenk et al., 2011). These deformations are obtained by imposing the “no-twist” constraint z(s) = 0 in the
governing equations in Appendix C (Egs. (240)—(241)), and choosing the other free parameters in these equations to produce an
actuation field 6(s) that is symmetric about the midline of the domain. They also illustrate the basic fact that the Gauss curvature of
pure bending is strictly negative for Miura origami, strictly positive for Eggbox and generally depends only on whether the pattern’s
mechanism is auxetic or not (per Eq. (156)).

The twisting modes of parallelogram origami offer no such dichotomy. Pure twist has negative Gauss curvature regardless of
whether the pattern is Miura, Eggbox or any other type of parallelogram origami — set ¥ = 0 and 7 # 0 in Eq. (156). We illustrate
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Fig. 12. Examples of bending («x) and twisting () deformations in Miura and Eggbox origami. (a—c) Miura examples: (a) pure bending, (b) combination of bend
and twist and (c) pure twist. (d—f) Eggbox examples: (d) pure bending, (e) combination of bend and twist and (f) pure twist.

this fact by producing essentially the same type of pure twist mode for the two patterns in Fig. 12(c) and (f). These were made by
imposing «(s) = 0 and choosing the remaining free parameters to produce another symmetric ODE solution for 6(s). While many
authors have emphasized a link between the in-plane and out-of-plane Poisson’s ratio in these types of origami patterns (Lebée et al.,
2018; Mclnerney et al., 2022; Nassar et al., 2017, 2022; Schenk and Mark, 2013; Wei et al., 2013) (see Section 5.1), our results
demonstrate a subtlety in the physical interpretation of this link: the pattern’s auxeticity is only directly linked to certain normal
curvatures associated with bending modes. It has no such link to the principal curvatures of generic deformations. This is consistent
with the fact that non-auxetic patterns like the Eggbox can accommodate both positive and negative Gauss curvature, depending
on the amount of twist.

As a final demonstration, we highlight deformation modes that simultaneously bend and twist. Fig. 12(b) displays an example for
the Miura. Bend and twist produce the same Gauss curvature in this case and are seemingly cooperative — the deformation looks like
a twisted saddle. However, for Eggbox origami, bend and twist have opposing influences on the Gauss curvature. Fig. 12(e) displays
an Eggbox mode that is bending dominated on the left of the sample and twist dominated on the right, leading to pronounced
regions of positive and negative Gauss curvature in a single sample.
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5.4. Outlook

This paper derived an effective plate theory for parallelogram origami patterns from bar and hinge elasticity, and demonstrated
the accompanying surface theory for the examples of Miura and Eggbox origami (Fig. 12). These two examples are a “drop in the
bucket” as far as the general theory is concerned. Future work is needed on the numerical front to address generic patterns and
nontrivial PDE solutions to the surface theory in Eq. (140). Some ideas in this direction can be found in Marazzato (2022, 2023a,b),
inspired by the results of Lebée et al. (2018) on Miura origami and the results of the last two authors on planar kirigami. Another
idea is to relax the PDE by introducing an associated elastic energy penalty; we developed this approach for planar kirigami where
it proved successful at capturing general soft modes (Zheng et al., 2023). Beyond solving the surface theory, an accompanying effort
is needed to develop a simulation framework for the full effective plate theory in Eq. (153) subject to physically relevant boundary
conditions. Importantly, this would allow the theory developed in this paper to be compared with experiments of parallelogram
origami patterns under loads — a true measure of the success and utility of a mechanical theory. Purely mathematical questions
remain as well, such as the technical matter of the analyticity hypothesis in the case of a negative Poisson’s ratio, and the deeper
question of a fully ansatz-free derivation using the technique of I'-convergence. Open questions aside, our examples and discussion
have highlighted the richness of our theory and the insights it provides for parallelogram origami.
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Appendix A. Analysis of mechanism kinematics

This section proves Propositions 1 and 2, as well as Lemma 1, and thus characterizes the mechanism kinematics of the cell and
the pattern.

A.1. Mechanism kinematics of a single cell

Recall that the mechanism set of a unit cell is M := {(t/, ..., t¢): R3 x .- x R? : subject to Eq. (48)}. We now parameterize this
set.
Without loss of generality, fix two adjacent deformed vectors by setting

d_ d_

ti=t), tf=t (158)
to eliminate an overall rigid rotation of the unit cell. Then, the other two deformed vectors satisfy

td(y) = Ry (15, t{(0) = Ry (O)t;  for angles 7.6 € (-7.7), (159)

where R(¢) := [t| 2t @t +cosp(I—|t| >t ®t) +[t| ™' sine(t x ) denotes a counterclockwise rotation about a non-zero axis vector t
through an angle ¢. The angle between the two vectors tz‘f (y) and tg" (0) must be the same as that of their reference vectors,

Feomp(,0) ==t () - t(0) =t - t; = 0. (160)
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Finally, the requirement that the mountain-valley assignment of the deformed cell be the same as the reference cell is an inequality
of the form
d ., (4d d
[t] - (&5 () X L5 ON][L] - (8] X t7)]
d d d
[t () - (5(0) X tOI[L] - (85 X t))]
d d o ¢d
[t5(0) - (t; X tDIL] - (t; X t])]
[t - (¢ x td @)L, - (7 x t1)]

enforced element-wise. Eqs. (158)—(161) parameterize the rigid kinematics of the unit cell in Eq. (48) up to an overall rigid rotation.

foy(r,0) := 0, (161)

Next, we show that there exists a unique mechanism motion of the unit cell that contains the reference configuration and does
not change the mountain-valley assignment.

Lemma 8. There exists an open interval (9~,0%) containing 0 and a unique continuously differentiable function y : (0~,0%) — R such that
y(0) = 0 and

Seomp@(0),0) =0,  £,,(r(0),0) >0 forall 6 € (07,6%). (162)
In addition, y(0) is analytic and its derivative satisfies
BCCORCIORSY

YO = ~
]t - (t5(r(9)) x t5(8))

(163)

Proof. The proof is a standard application of the implicit function theorem. Observe that fc,mp(0,0) =0 and feomp(7, 0) is analytic.
Also,

9y feomp(r-0) = It} Ry ()(A] x ) - {(0) = 1t]17' (¢ x ] (7)) - £5(0)

r—1 r r d ri=1¢d d d (164)
aefcomp(Ya 9) = |t4| Rtﬁ (9)(t4 X t3) ° tz (7) = |t4| (t4 X t'; (9)) ° t2 (Y)

by differentiating Eq. (160) and using the identities in Egs. (158)-(159). It follows that 0, feomp(0,0) = |t{ |_1(t]’ X t;) . tg > 0 by the
mountain-valley assumptions on t{, ..., t;. Thus, by the implicit function theorem, there is an open interval (6~,6%) containing 0 and
a unique analytic function y : (67,6%) - R with y(0) = 0 and fomp(y(8),6) = 0 for all 6 € (§~,8™). Since £,,,(7(0),0) = £,,(0,0) > 0
trivially and f,,,(y(9), 9) is continuous in 6, there exists an open interval (§~,0%) c (§—,67%) such that 0 € (§~,0%) and f,,,(y(6),0) > 0
for all 8 € (0—,0%). This proves Eq. (162). For Eq. (163), the chain rule gives that 0, fecomp(r(6), 0y’ (0) = =09 feomp(7(0),0) on (67, 0%).
The first identity in Eq. (164) and fy,,(y(0),0) > 0 gives that 9, feomp(r(6), 0) is non-zero. Dividing by it and using both identities in
Eq. (164) yields Eq. (163). [

Henceforth, (6, 0%) denotes the maximal open interval for which the statement of Lemma 8 holds.
Proposition 1 is a direct consequence of Lemma 8. Consider the creases defined implicitly in Lemma 8 by deforming (t{, t, t], ;)
to (t7,t (¥(9)), t§(0), ;) for 6 € (67,6™). It follows that

M = {(Qt],Qt§ ((6)).Qt{ (). Qt;) : Q € SOB3).0 € (67,67)}, (165)
since the lemma parameterizes the mechanism set up to an overall rigid rotation of the vectors. This parameterization also satisfies
(A7, 65 (7(0), 15 (0), £)) = (£, ¢7, ¢, t7).

Next, observe that there is a rotation field Ry : (07,6%) — SO(3) with R(0) = I such that the vector fields t;: (~,6") —» R3
defined by

t,(6) :=RyOt]. ,(0) :=Ro(OI(1(9). 1(0) := Ryt (6), 1,(6) := Ry(O)t] (166)

satisfy the planarity conditions

e; - (£(0)—1t300) =0, e3-(t,(0)—1,(0)=0, e5- [(tl(ﬁ) —t3(0)) X (t,(0) — t4(0))] >0 (167)

for all ¢ € (§~,0%) and the initial condition t;(0) = t for alli = 1, ..., 4. Furthermore, since tg (y(9)) and tg (0) are analytic by Lemma 8,
Ry (0) can be chosen to be analytic without loss of generality. The vector fields t;(0), i = 1,....4, are the deformed crease vectors
introduced in the proposition.

Proof of Proposition 1. t;(0),...,t,(f) are analytic and possess the desired initial conditions and planarity conditions by
construction. To complete the proof, we simply observe from Egs. (165) and (166) that M = {(QRg(G)tl(B), ,QROT(G)t4(9)) Qe
SO(3),0 € (0-,67)} = {((Rt;(6). ... ,Rt,(8)) : R € SO(3),6 € (0-,67)}, as desired. []

We now turn to the proof of Lemma 1, which establishes the monotonicity of the functions |u(#)| and |v(0)| on (6~,0%) for
u() :=t,(6) — (), v(6) :=t,(0) — t,(0) and t,(6), ..., t,(0) from Eq. (166).
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Proof of Lemma 1. The desired monotonicity follows because we only consider mechanism deformations that preserve the
mountain-valley assignment. In particular, the definitions above give that u(9) = Ry(O)(t] - Rtg (H)tg). Thus,

’ _li Z_li ro_ r\ . (¢r _ r __i r, r
W(6) - u(®) = 1 (O)F) = 35| (6] =Ry O - (t] =R (0)8)] = = [t - Ry O)t5]

(168)
= —[lt;r‘t; Ry (O)(t] X tg>] = —|t5]7t7 - (td x t4(0)) = — |t} 7" 4,(0) - (t4(8) X t5(9)) # 0

on (6~,0%) due to the mountain-valley inequalities in Eq. (7). For the other case, a similar set of identities furnishes v/(9) - v(9) =
-y @It] I‘I[t4(9) - (,(0) X t,(0))] # 0 on (6™, 0F), where the non-vanishing assertion follows from Egs. (163) and (7). Since u’(6) - u(9)
and v/(0) - v(0) are continuous functions that do not vanish on (0~,6"), they are either strictly positive or strictly negative. []

A.2. Mechanism kinematics of neighboring cells

We now construct a mechanism motion of two neighboring unit cells, where the motion is assumed to contain the reference
state and to preserve the mountain-valley assignment.

Clearly, each cell must deform along its respective mechanism motion. Thus, as a necessary condition, each cell’s kinematics are
described by a parameterization of the deformed creases given by Lemma 8, up to an overall rotation. Specifically, we can assume
that the first cell deforms via

(A 6.4, 80 > (1t (7(0)).(0).t;)  for some 6 € (67, 6™). (169)
Then, the second cell must deform as

(€], 65, t5,0) > R(t], t5(7(0)), t4(d).t;)  for some § € (97.67),R € SO(3). (170)

The two cells are subject to the compatibility conditions for joining them together at their boundaries:
(ug-neighbors:) Rtd(y(6)) =tJ((®)) and Rt =t a71)
(vp-neighbors:) Rt§(0) =t{(®) and Rt] =t,

where the notion of u, and vy-neighbors is as in Fig. 2. A necessary condition for such compatibility is obtained by dotting the two
equations together, which gives that
(ug-neighbors:)  f,, (6,60) :=t5(r(0)) - t; — 5 ((6)) - t; = 0,

. _ g 4 (172)
(vo-neighbors:) S, (0,0) :=15(0) - t) — t5(0) - t;=0.

Lemma 9. () = 0 is the only continuously differentiable function satisfying 6(0) = 0 and fuo(é(e), 0) =0 on (=,0%). The same result
holds for f, (6,6).

Proof. We focus on f“0(§,9), since the result for fVO(é,H) follows by the same argument. Again we invoke the implicit function
theorem. Observe that f4,0,0)=0 and that

95/, (0.0) =¥ @It Ry (r@)(] x ) -7 = /' @1t} (1] x (] (O)) - ;. (173)

Since f,,,(7(#),8) > 0 for all § € (9~,6") and since y’(§) satisfies Eq. (163), 6gqu(é, 0) # 0 for all § € (9=,0%) and all 6. Applying
the implicit function theorem at the origin (4, ) = 0 gives a unique continuously differentiable () that solves qu(é(H), 0) =0 and
0(0) = 0 on some open interval containing the origin. The interval evidently contains (§~, %) because d; fuo(é, 0) does not vanish on
the latter. Since fu,(0,0)=0 for all (9—,0%), 6(0) = 0 is the unique solution, as desired. []
This lemma shows that the crease-actuation of two neighboring unit cells is the same for any mechanism motion containing the
reference configuration. Setting § = 6, the compatibility conditions in Eq. (171) become
(ug-neighbors:) Rtd(y(0)) =t((®)) and Rt =t} 174)
(vp-neighbors:) Rt§(0) =t{() and Rt =t/

Next, we show that the rotation in these conditions is the identity. This means that the motions of the two unit cells are one and
the same, and can be parameterized by the actuation of a single crease.

Lemma 10. Eq. (174) holds for 0 € (6=,0%), R € SO(3) if and only if R=1L
Proof. We focus on the uj-neighbor case; the other case has an identical proof. Since 6 € (6~,0%), the deformed creases satisfy
tg(y(e)) . (tg ) x ti) # 0, i.e., they correspond to partly folded mountain-valley assignments. In particular, tﬁ and tzd (y(0)) are linearly

independent. The only rotation in SO(3) that maps two linearly independent vectors to themselves is R=1. []
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A.3. Mechanism kinematics of the full pattern

We now prove Proposition 2. Specifically, we construct the mechanism motion based on the crease vectors t,(6) = R;(0)t], ..., t,(8)
=R,0)t}, .Qfen and T ‘:i introduced in Egs. (52)-(54). We then use the uniqueness arguments in Lemmas 9 and 10 to conclude that
this is the only mechanism motion that preserves the mountain-valley assignment of the reference configuration.

Proof of Proposition 2. We first verify the existence of a continuous and rigid deformation. Note that, for any 6 € (6—, 9*), the
deformation y,(x) = R;(@)x forx € P;, i = 1,...,4 is a well-defined, rigid and continuous deformation of Q.o with y,(2.e) = cell by
Lemma 8 and the definitions above. Let y, (x) = yo(x—up)+u(0) for all x € 2. +u,. Observe that t{ is on the boundary of both Q¢
and Q¢ +uy. We have Yy (t’) =yp(t)) +u(®) = t3(0) + u(d) = t,(0) and Yo(t]) = t,(0), verifying contlnulty at this boundary pomt We
can verify continuity at the entire boundary (.chu +1y) N Q¢ in a similar fashion. We also clearly have y, R(Qeen +ug) = Cell +u(h).
Using the same ideas, we can verify that Yo U(x) 1= yy(x — vg) + v(0), X € Qe + Vo connects perfectly with y,(x) at the boundary
et N (2¢en + Vo) and that ye (Qcen + Vo) = 'chn + v(6). By these results, there is a continuous function y, : T.; — R’ that satisfies

Yo(X) = yo(x —iug — jvg) + iu(0) + jv(l), X E Q. +iuy+ vy (175)

for all i, j € Z with y4(Teen) = 11’ as desired.

Next, we show that the famlly of deformations y,(Tee),0 € (07,0%) is a mechanism motion. Indeed, each 0-dependent
deformation here is a rigid deformation since it is built by appropriately repeating a rigid deformation of ). Furthermore, the
parameterization is analytic in 6 since it is analytic in Ry(#) and (t/, tg (7(9)), té’ O),t)), which are themselves analytic in § by Lemma 8
and the definitions in Egs. (166)-(175).

Finally, it follows from by iteratively applying Lemmas 9 and 10 that this mechanism motion is the unique one that contains

the reference configuration and does not change the mountain-valley assignment. []
Appendix B. Solving the auxiliary PDE
We prove the following result:

Proposition 6. There are vector and scalar fields o(x) and £(x) smoothly defined on a neighborhood of 2 and solving the PDE system

0uy (Refr(X)[0(x) X V(O)) + £V’ (e(x))])+ 3995 (Rer®[t1(0x)) + 000 ) w6
176
= 0y, (Ren(®) [0 X w(6(x)) + £W’ <0(x))])+ 399 (Rer® [t2(6x)) + ,0x)] )

on £, under the assumptions of Theorem 1.

As a reminder, there are two cases to consider based on the Poisson’s ratio of the design v(6) in Eq. (13). If v(0) is positive, the
fields 0(x), @y, (X) and o, (x) are assumed to be smooth on a neighborhood of Q. If v0) is negative, then 6(x), Oy, (X) and oy, (x) are
assumed to be analytic instead. In either case, these fields solve the PDEs in Egs. (75)—(76) on 2 and R(x) is the unique rotation
field solving the Pfaff system in Proposition 4. We break the proof of Proposition 6 into several steps.

B.1. Helmholtz—Hodge reformulation

First, we make some definitions to rewrite the PDE in Eq. (176) in a helpful way. Label the inhomogeneous terms from the PDE
as

f(x) = 1a 9y ( R0t (9(x))+tg(9(x))]> 04,0, ( eff(x)[tz(G(x))+t4(n9(x))]) 177)

and note f(x) is smooth by assumption. Next, for any tensor field A(x) € R¥?, define the divergence and curl-like differential
operators

Vo AR) = 0y A +0, A®)E. Vi - AX) =0, AX)E| — 0y AX)E,. (178)
where &, , are the standard basis of R2. Likewise, for any vector and scalar fields w(x) € R? and ¢(x) € R, define the analogous
gradient and rotated gradient-like differential operators

Vow(x) := auow(x) ®€ + aVOW(X) ® €, Véw(x) = 0va(x) ®€ — 6u0w(x) ® €,

Vol (X) 1= 0y L8 + 0y LX), VEE®) 1= 04, (008 + 0y L(X)E,.
With these definitions, solving the PDE in Eq. (176) for &(x) and &(x) is equivalent to solving the system

(179)

Vi ARX) =f(x)
AX)E; = Regg(x) [0(%) X u(0(x)) + £’ (0(x)))] (180)
AX)E, = Regt(X) [0(%) X v(0(x)) + EX)V (0(x))]
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for A(x), o(x) and &(x). This allows us to view Eq. (176) as a PDE with linear algebraic constraints. We deal with the PDE part of
Eq. (180) first, and then discuss the constraints.
Motivated by the Helmholtz-Hodge decomposition for vector fields, we seek a solution to Vé— - A(x) = f(x) of the form

A(X) = Vop(x) + Vg q(x), (181)
where p,q: 2 — R? are the unknowns. Eventually, we shall choose the vector fields p(x), q(x) to solve Eq. (180). For now, observe

the following fact.

Lemma 11. For any smooth p(x), there is a smooth q(x) such that A(x) = Vyp(x) + Véq(x) satisfies

Vi Ax) =f(x) on Q. (182)

Proof. The definitions above give that

V. Vop(x) = Vi (d“Op(X) ® &+, px) ® é2> = 0y, 0y, POX) = Oy, Oy, P(X) = 0, .
Vi VEa®) = Vi - (04,000 ® &) = 00, 400 ® & ) = 04,04, AX) + 0y, 0, 4(X) = Aga(),

where 4, = aﬁo + 630. It follows that Vé - A(x) = 44q(x) regardless of the choice of p(x). To solve Eq. (182), we seek q(x) such
that 4,q(x) = f(x). Since u, and v, are not parallel, this equation becomes the classical Poisson’s equation after a linear change
of coordinates. Therefore, by standard PDE theory (see, e.g., Evans (2022)), we can assert the existence of a unique and smooth
solution q(x) to 4,q(x) = f(x) subject to q(x) = 0 at d£2, since f(x) and 0R2 are smooth. []

The problem now is to find a p(x) enforcing the linear constraints in Eq. (180). First, we characterize these constraints using
linear algebra. Note A : B := Tr(ATB) for A,B € R"™",

Lemma 12. The following two statements are equivalent:
1. A(x) satisfies L;(x) : A(x) =0, i = 1,2, for
L;(x) 1= Regr(®) [V(0(X)) ® & +u(0(x)) ® &,

(184)
Ly (x) = Reg(x) [{V(0(X)) - V/(0(x) Ju(0(x)) @ &, — {u(0(x)) - w’ (0(x)) }V(0(X)) ® &].
2. A(x) is given by
AX)E; = Reg(x) [@(x) X u(0(x)) + £’ (0(x))] (185)

A(X)E, = Regg(¥) [0(x) X v(8(X)) + EX)V (0(x))]
for some @(x) and &(x) on L.

Proof. Suppressing the x dependence, observe that a general parameterization for A € R>? is A&, = R.ga and A&, := R.gb for
some a,b € R3, since R, is a rotation. Next observe that general parameterizations for a and b are

a=ao,xu@®)+E00), b=a,xv0)+EVO) (186)

for some @, € R3 and &,5 € R, since by Lemma 1 both u’(#) and v/(9) have non-zero components in the u(9) and v(¢) directions,
respectively. In fact, ®,, can be further constrained, as there are redundancies in the parameterization. Write

o, = a,u0)+ p,v(0) + 7,83, @ = ayu(d)+ fv(0)+ y,e, (187)
and observe from Egs. (186)-(187) that
a=f,v(0) Xxu0) +y,e; xu) + .fau/(e), b = a,u(@) X v(0) + y,e3 X v(0) + .fbv’(é'). (188)
Since «, is not present in the first equation and g, is not present in the second, we can without loss of generality set
w==a f=p=p (189)
for some « and . Taking L; := Ry[v(0) ® €, +u(d) ®&,] and L, := Rex[{v(0) -V (0)}u(0) ® €, — {u(0)-u'(0)}v(9) ®&,] as in Eq. (184),
we find that the above general parameterization for A satisfies
L :A=v(0)- [0, xu®) +£u' 0)] +u®) - [0, X v(0) + &,V (0)]
= [0, — @] - WO) X V(0)) + (&, — &)V(O) - W' ()
= (7, — 7p)[€5 - O) X ¥(0))] + (&, — &,)¥(0) - v'(0), (190)
Lyt A= {v(0) - V(0)}u®) - [0, xu®) + £, (0)] — {u®) - v'(@)}v0) - [0, X v(6) + &,V (0)]
= (&, = &){v(O) - V' (O) Hu(d) - u'(0)}.

Setting both of these to zero gives that &, = &, = & for some & and y, = y, = y for some y. By Eq. (189), o, = ®, = au(0)+pv(0)+ye; :=
o for a general o. It follows that A& = R[ X u(9) + &u'(9)] and A&, = R[e x v(9) +&V/(0)]. O
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Lemmas 11 and 12 combine to simplify Eq. (180) as follows. Write A(x) = Vyp(x) + Véq(x) for a smooth q(x) as in Lemma 11,
so that Vé - A(x) = f(x). Then, use Lemma 12 to rewrite the algebraic constraints in Eq. (180) equivalently via the inner product
constraints involving L;(x). This manipulation results in a PDE in the unknown vector field p(x) of the form

LX) : Vopx) = ¢;(x), i=12, (191)
where ¢;(x) 1= —L;(x): Véq(x). Solving Eq. (191) is equivalent to solving (180), which itself is a rewrite of Eq. (176). We turn to
the question of finding p(x).

B.2. A linear second-order PDE in two variables

Here we reduce the PDE in Eq. (191) for the unknown vector field p(x) to a second order system in two scalar fields that can be
solved using standard PDE tools.
Start with an ansatz of the form

P = Reff(x)(/lu(x)u’(e(x)) + Al,(x)V’(H(x))) (192)

where {u’(6),v"(0),e;} is the reciprocal basis to {u(6), v(6),e;}. Substituting Eq. (192) into Eq. (191) and using the definitions of
L;(x), i = 1,2, in Eq. (184) furnishes PDEs for the scalar fields 4,(x) and 4,(x):

Oy, 4,(X) + 0y 4,(X) + a,(x)4,(x) + a,(x)4,(x) = ¢;(x)

(193)
[V0()) - ¥ (0(x))] 0y, 4, (%) — [(O(X)) - 0/ (B(x))] 0y 4,(X) + b, (%) 4, (X) + b, (X)4,(X) = g5 (X).
The coefficients in these PDEs satisfy
a,(%) 1= L;(x): Vo[RegOUW (O(x)],  a,(x) :=L;(x) : V [Rege(x)V' (0(x))]. (194)

b,(x) 1= Ly(x) : Vo [Regr(Ou (0(x))],  b,(x) 1= Ly(%) : Vo [Rege(V (0(x))].

In fact, the explicit dependence on R.(x) cancels out in Eq. (194) by expanding out the V,, terms and using that L;(x), i = 1,2, and
R.¢(x) satisfy Eq. (184) and (78), respectively. Thus, the smoothness/analyticity of a,(x), ..., b,(x) on Q follows from the same for
0(x), ®y,(X) and o, o (X)-

Next, consider 4,(x) and 4,(x) of the form

2,(%) = € ()0, Y (%) + €y (0 W(X) + (X)) P(X) + (X)),
2(%) = €, ()0 WX) + €, (X)0y W(X) + dyy (%), @(X) + d,y (X)0y, ()

(195)

for v, ¢ : 2 — R. We seek a convenient choice of coefficients c,,(x), ..., d,,(x) to diagonalize the PDE in Eq. (193) at highest order.
We succeed as follows.

Lemma 13. Making the choices
cuX)=-1, c,,x)=1, c,X =c,x =0,

_ _ __ _ w0’ (0x)
() = dyy () = 0, (0 = =1, dy,(x) = —2oEIECE)

in Eq. (195) brings the first order system in Eq. (193) into the second order system

(196)

LGy (X) + 101 (X) - Voy (x) + i1 (X) - Vop(x) = [VOX)) - V' (0(x))]g; (%)

L(X)@(x) +1my(x) - Vo (X) + iy (x) - Vop(X) = gp(x)

197)

where L(x) = —[v(6(x)) -V (G(x))]aﬁo — [u(d(x)) - v’ (€(x))]030. The coefficients 1, (x) and i, (x) have the same smoothness/analyticity
properties as 0(x), @y, (X) and @y, (X).

Proof. Substituting Egs. (195) and (196) into the first PDE in Eq. (193) gives that

i
31(%) = 0, [0y W) — %%qxx)} + 0y, [0y, W(X) = 0, p(x)] +Lo.t.

— (9?2 4 WOV OX) 52
- (a"o * )V ON) avo)(/’(x) +lo.t.

(198)

where l.o.t. denotes the “lower order terms” that are linear in Vyy(x) and V ¢(x). Making the same substitutions into the second
PDE gives that
o
(%) = [VOX) - V(O] 0y, [0y (x) - SeDWER 5 gx)]
— [u(O@)) - u' Ox))] 0y, [y, ¥ (%) = 9y, @(X)] + Lo.t. (199)

=~ (Iv(6() - V(010 + (O - W' OX)10Z, Jw(x) + Lot
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with analogous lower order terms. We have derived Eq. (197). The smoothness/analyticity of m, ,(x) and i, ,(x) follow since the
Lo.t. only involve (x), its derivatives and the coefficients a,(x),...,b,(x). O

As a final step in this section, we rewrite Eq. (197) to involve derivatives along Cartesian axes through a simple change of
variables. Let x(17,,1,) 1= 0y + 1%, U = {(n,, 1) : X(n;,1m,) € 2}, and write n = (,,1,) for short. Define @: U —» R>and o : U - R
such that

P(x(m) u(O(x(m)) - v’ (O(x(m)))
P = : = : 200
( <W(X(n))> 7 = Vo) - VOxm) (200
By the chain rule, the PDE system in Eq. (197) becomes in these new coordinates
~ (0} + o33 )@ + MO : Vi) = ) 201)

where 9; is the #;-derivative, and M(n) € R>?*? satisfies [M(n) : VO@)], = [M@],5,[VP®)];, with summation implied. Again, the
coefficients o(n) and [M(1)],s, are smooth/analytic on U and q(n) is a smooth two-dimensional vector field.

Solving Eq. (201) on U produces a solution to Eq. (197) on £, and with it a proof of Proposition 6. There are two cases to
consider, depending on the sign of o(n). The PDE is elliptic when () > 0 on U. Alternatively, it is hyperbolic when o(17) < 0 on
U. Our assumption in Eq. (7) that the deformations of the origami be restricted to a fixed mountain-valley assignment implies that
o(n) is either always positive or always negative, per Lemma 1. So, Eq. (201) is either elliptic or hyperbolic and cannot change its
type. Indeed, there exists a o, > 0 depending only on 6(x) such that

lo()| >0y >0 onU, (202)

since 6(x) is continuous and belongs to the interval (6=, 6%) on Q per Remark 2. We handle the elliptic case in Appendix B.3 and the
hyperbolic case in Appendix B.4. Note the sign of o(n) is opposite that of the Poisson’s ratio v(6(#)) in Eq. (13). Hence, the elliptic
case addresses Miura origami and all other auxetic parallelogram origami patterns, while the hyperbolic case addresses Eggbox
origami all other non-auxetic patterns.

B.3. Existence in the elliptic case

This section proves the existence of a solution to the PDE in Eq. (201) in the elliptic case where o(#) > o, > 0. The proof invokes
the Fredholm alternative for linear elliptic PDEs, an important technical result from PDE theory (Evans, 2022; McLean, 2000). The
idea is to view the linear operator L.(n) := — [012 + a(n)d% + M) : V] as a matrix (of infinite dimension) and the problem of solving
the PDE in Eq. (201) as a question of linear algebra. In particular, by making a good choice of boundary data, we will show that
q(n) is in the range space of L.(1). We make crucial use of the analyticity hypothesis here.

Start by rewriting the operator in divergence form:

Lo@) 1= —[07 +o(M)d; + M) : V| ==V - [C(n) : VI+ M(p): V (203)

for appropriate higher-order tensors C(n), M.(n) € R*>>?2, To make this formulation explicit, observe that [0 + o(1)d%]D(n) =
V- [0,21) @&, + (1), P (1) ®&,] +1.0.t. Thus, writing the bracketed term in index notation as [C() : V&), = [C] 45,6 VR @], 5
gives that

[Ci1 = [CWai21 =1, [C212 = [C]pn2y = o(m),

(204)
[C(M]yp,5 =0  for aflys not as above.

The tensor M, (n) is then M(z) plus lower order terms. Since these lower order terms depend on 7 only through derivatives of o(n),
M_(n) is analytic on U. Finally, we note using Egs. (202) and (204) that C(#) is strongly elliptic, and in fact satisfies
F:C(n): F 1= [Cyapys[FlaplFlys
= ([F11))* + ((F1;2)” + 6({([F1o)* + ([F1;»)*} > min{1,09}|F|?
for all F € R>?2, It also has the major symmetry A : C(n7): B=B: C(): A for all A,B € R>2,

We will deduce the existence of a solution @(n) to Eq. (201) by reviewing the well-posedness theory of the class of Dirichlet
problems

Lm@m=qm inU
D(n) =¥(n) at oU,

(205)

(206)

parameterized by the choice of Dirichlet boundary data ¥ (). The question is: for which boundary data does there exist a solution
@(n)? To answer this question, we pose the weak formulation of Eq. (206), which requires a brief digression on Sobolev spaces (see,
e.g., Evans (2022), Chapter 5, for details). Recall

H'(U;R?) = {® € L*(U,R»): V@ € L*(U;R?)} (207)
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is the Sobolev space of square integrable maps with square integrable first derivatives, and Hé(U :R?) is the subspace of maps
@ € H'(U;R?) with ®|,; = 0 “in the trace sense”. Correspondingly, we enforce the Dirichlet boundary condition from Eq. (206)
by working with maps in

Hy(U;R?) :={® e H'(U,R?): ®|y, =¥}. (208)
With these definitions, a weak solution of Eq. (206) is any @ € H&,(U;Rz) such that

/ { [Ca: VO@)] : VO + [Mc(m) : VO] ~@(n)}dA = / im-OmdA VO e Hj(U:R. (209)
U U

Although we analyze weak solutions, by standard elliptic regularity results any weak solution of Eq. (206) will automatically be
smooth on U, due to the strong ellipticity guaranteed by Eq. (205), and because the coefficients of £, (1) and the map {(n) are
smooth. Actually, for our purposes in the main text and per the statement of Proposition 6, we require that the solution is smooth
on a neighborhood of U. This can be achieved by replacing U with a slightly larger domain, which again is possible due to the
regularity properties of the coefficients of £,(17) and q(#). In the rest of this section we tacitly assume (with a slight abuse of notation)
that U is this slightly larger domain.

We desire a choice of ¥ (1) such that Eq. (206) has a weak solution. This question is completely resolved by the Fredholm
alternative; Theorem 4.10 in McLean (2000) gives a convenient statement, which we summarize now. There are two cases: either
(i) the only weak solution of the homogeneous problem

L@ =0 inU
D) =0 at oU

(210)

is the trivial one @(n) = 0, in which case the Fredholm alternative states that the inhomogeneous problem Eq. (206) is uniquely
solvable for any ¥(n); or (ii) the homogeneous problem in Eq. (210) admits non-zero solutions, in which case the alternative allows
for Eq. (206) to have multiple solutions or no solutions at all.

Now if £,(n) belongs to case (i), we are done (take ¥ = 0). So, we focus on case (ii). For this purpose, we introduce the
homogeneous adjoint problem to Eq. (210):

{ﬁe MO =0 inU (211)

om =0 at oU

where E:(n)@(n) =-V- [(C(n) VO +0O0(n) - Me(n)]. Solving case (ii) turns out to be a delicate matter of choosing the boundary
data ¥ () to interact consistently with solutions of the adjoint problem. Specifically, in case (ii), the Fredholm alternative asserts
that the solutions @(n) of Eq. (211) form a finite dimensional family, and that the original problem in Eq. (206) is solvable for
@ € H,,(U;R?) if and only if

/ () - O(mdA = / ¥(n)- [Co): VO ny (d T (212)
U oUu

for all such @(n). We now choose ¥(n) to guarantee this identity and thus produce a solution to Eq. (206).
By the Fredholm alternative, we are free to assume that {@,...,0 5} C H, 5 (U;R?) is a basis for the solutions of the homogeneous
adjoint problem, for some N > 1. We construct ¥(n) such that

[ am-emar= [ ww-[cw: vo,mlnyemdr foralli=1.....N @13)
U oUu

by proving that the collection of vector fields {[(C(n): V@,-(r])]nu(n)}ilil is linearly independent on oU. Indeed, this linear
independence allows us to introduce a dual basis {'I’,-(n)}ﬁ | satisfying

/ Y@ [Co):VO,m|ny(mdl =5, foralli,j=1,...,N. (214)
oUu
Then, defining
N
v = Y /U am - ©,(dA )Y, (m) (215)

j=1
yields the desired identity in Eq. (213).

That {[C(m) : VO,(m)|ny (r,)}fl1 is linearly independent on oU follows from the definition of {©@ ,-(r,)}fi as a basis for the space of
solutions of the homogeneous adjoint problem, combined with a “unique continuation” result stating that the only solution of the
overdetermined elliptic system

LIMOm) =0 in U
Om =0 at oU (216)
[Ca: VOm|nym) =0 atoU

is the trivial one @(n) = 0. To see this, note from the formula for £ (n) after Eq. (211) that its coefficients are analytic on U.
Thus, Holmgren’s uniqueness theorem gives the required unique continuation result: the version of Holmgren’s theorem we use
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states that any C? solution of Eq. (216) must vanish identically (see John (1991), Chapter 3.5). To apply it, extend the domain U
to USXt := {n € R?: dist(n,U) < e} for e > 0 such that the coefficients of L% (n) remain analytic on U®*, take arbitrary constants
a, ..., ay, and define

N .
om = Yt %0;(m) %f neu 217)
0 ifne U™\ U
where {0,,...,0y} C H}(U;R?) is the aforementioned basis. If
N
[Cam: VO@]ny(m) = Y &, [Cm): VO, (m]ny( =0 on U, (218)
i=1
we must show that ¢; = -+ = ayy = 0. Given any & € H'(U®*;R?), we can write that
/ {lca: vewm)]: vom -V - [om - M.m)] - o fda
UeX
= /U { [Ca: VO] : Vo) -V - [0 - M ()] - <I>(n>}dA (219)

= /0 {[ca: vOom|nym)} - ®mdr
U

using integration by parts, since @ (1) solves Eq. (211) and vanishes on U®*\U. Thus, if Eq. (218) holds, it follows from Eq. (219) that
LY (O () = 0 weakly on Ut (c.f. Eq. (209)). Then, O (1) must be smooth by elliptic regularity, and hence @ () = 0 by Holmgren’s
uniqueness theorem. Looking back at Eq. (217), we conclude that a; = --- = a = 0 since {O(n), ..., O y (1)} were chosen to be
linearly independent. This completes the proof of existence of solutions to the PDE in Eq. (201) in the elliptic case.

The above argument is the only part of the proof of Theorem 1 where we need 0(x), @y, (X) and oy, (x) to be analytic, rather than
just smooth. Presumably, our assumption of analyticity is suboptimal and can be gotten rid of by a stronger unique continuation
result.

B.4. Existence in the hyperbolic case

This section proves the existence of a solution to the PDE in Eq. (201) in the hyperbolic case where o(1) < —o, < 0. Start by
writing the PDE as

Om®m) + M) : VO@) = 4(n), (220)

using the second-order hyperbolic operator [(n) := —af + 0,(|6(n)|d,). The tensor M, () € R>*>< collects the sum of M(n) and
the lower order terms from the calculation —6f¢(n) - a(n)z)%di(n) = —0%(15(11) + 0,(|o(m)|0, P () + Lo.t. Since o(n), M, () and §(n)
are smooth on a neighborhood of U, they can be extended smoothly to the closure of a square domain (—r, ) containing U, while
preserving the strict negativity of o(17). We seek a solution to the initial/boundary value problem

Omem) + M) : Vem) =q(m) —r<ny,m<r
D) =0 —r<mn <rip=zr (221)
D) =0,0,P(m) =0 n=-r—r<m<r

on the extended domain to obtain the desired solution of Eq. (201).

There are several techniques available to prove that Eq. (221) admits a unique smooth solution, such as the Galerkin truncation-
based argument presented in Evans (2022), Section 7.2, which we briefly summarize. The idea is to view Eq. (221) as an ODE (in
n;) through a suitable function space (in #,), and to find its solution @(#) by solving a sequence of successively larger yet finite
dimensional ODE problems built to approximate Eq. (221). Smoothness of the resulting solution follows from the regularity theory
of hyperbolic PDEs.

In a bit more detail, suppose we expand @(1) in a Fourier basis adapted to the zero Dirichlet boundary conditions by writing

D(n) = 2 D, (1) (1) (222)
k=1

where {skm) I, is the intended basis of H&((—r, r)). Projecting the PDE part of Eq. (221) to the span of the first N basis functions
gives a way of approximating the unknown {®,(7,)}. For each fixed N, we seek a vector field @) (n) satisfying the integral
constraints

/ ({20 @) + My : VOV ) = G s, 012) + o] 0,0 ()5, 1) ) dry = 0 (223)

for all #; € (-r,r) and k = 1,..., N, along with the initial and boundary conditions. Writing

N
M) := Y &M ))s,(n) (224)
k=1
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yields the following system of ODEs on substitution into Eq. (223):

oMy @V (ny) oM\ (@)
d d
ﬁ : +M, (’71)d_ : +My(ny) : = : . (225)
n 1 -
"oy o0 n)) om) \an)

Note q,(m) = [ a(m)s;(ny)dn,, and My ; (n,) € R*N>*2N are the matrices that arise from integrating out the #,-dependence in the N
integral equations above and organizing the calculation around their linearity in (¢(1N ) ), ... ,dig\jlv)(rll)). The boundary conditions
are taken care of by the basis functions {s,(1,)}. For the initial conditions, we impose

oM (=) =0, ﬁqﬁN Y=r)=0, forallk=1,...,N. (226)
1
A unique solution to the initial value problem in Egs. (225)-(226) exists. Thus, we produce an N-dependent sequence of approximate
solutions to Eq. (221). The desired solution @(#) is obtained by taking N — oo.
Justifying this last step is standard fare in the theory of PDEs, but for completeness we give an overall picture of the argument
here. The goal is to apply a compactness theorem to extract a convergent sub-sequence of approximate solutions; the key is to check
that the maps {@"™)(5))} remain bounded in the sense that their “energies”

1 r
EMy) = 3 / {1000 @I +10(m)110,@™ ()| }dny (227)
-r
do not go to infinity as N — oco. This boundedness is possible due to the estimate
N
max EM@) < C / d, (mI*d A, (228)
_max EMn) ; 4o

which follows by the same reasoning leading to the analogous estimate for the original problem in Eq. (221). To prove the latter,
let @(n) be any solution of Eq. (221) and introduce its energy

) =3 / {10 @I + 1o l10, ()| b, (229)

This energy remains bounded, per the following observations:

|dE('11)
dm,

=1/ {a0m - dow + lsmio:em 000w + a,Gatmblo@wm P fan|
-| [ {-oem - Cmem +odombioem: fan| (230)

< [ {100 + Jlaw? + Hat0: VO +10,000110,@00) } .

=r
In the second step, we integrated by parts with the boundary conditions in Eq. (221) and the definition of the operator ()
(hyperbolicity is used here). In the third step, we applied the arithmetic-geometric inequality twice in the form 2a-b < || + [b|2.
Since M,,(n) and o(n) are smooth on [-r, r]?, the terms in the inequality are bounded as

|My() - VO < |M,(m|* V@)
Ce.muo Oy

2 2
< iy (10@0@F +lowlo@m). (231)

CG
[0,6(m] £ —la(m)
Op

for constants Cﬂwwuo,wvo’cﬂ > 0 depending only on 6(x), @y, (X) and @y, (x), and for o, from Eq. (202). Applying these estimates to
Eq. (230) yields

dE(n) _ Com r
m Py Py 1 SN2 (232)
<—E = d
an S mintog 1) m)+ 3 /_r la(m|~dn,
for a constant Cg‘;‘ ». > 0. Since E(0) = 0 by the initial data in Eq. (221), Gronwall’s inequality gives the desired bound:
T TV
max_E(n) < C / lamdA. (233)
—rsmsr (=r,r)2

The above inequality bounds the energy of a solution @(n) to Eq. (221). The analogous bound in Eq. (228) for the approximate
solutions {@™)(;))} follows from a similar argument using the ODE system in Eq. (225) in place of the PDE. Having eliminated the
possibility that the sequence {@™)(1)} blows up, one finally defines ®@(1) := limy_, , @ (5) and checks that it solves the desired
PDE. See Evans (2022) for details. This completes our construction of solutions to the PDE in Eq. (201) in the hyperbolic case, and
finishes the proof of Proposition 6.
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Appendix C. One-dimensional solutions of the surface theory

This appendix shows how to solve the surface theory in Eq. (140) under the assumption that the actuation, bend and twist fields
vary along a single direction. Consider a one-dimensional ansatz for 6(x), x(x) and z(x) of the form

0x)=0(x-5), kX)=k(x-5), 7(X)=71(x-5) (234)

for a non-zero § € R?. Substituting the ansatz into Eq. (140) gives the system of ODEs
0(s) € (6~,0%)

2ol 5 ). ro —(*OY . pc0sn [ ®
“{(QQ%@ 0(s)) o) AC 235)

-] (1) st (3 ) ()
T . T

0

0 *

<
w wm

0

wm w»

where s := x - §. This ODE can be solved using the initial conditions (¢’ (0), 8(0), (0), 7(0)) = (¢, 8, &, 7) under the assumption that 8
satisfies

. L S _ o - § (g -§

9.0, det [(s oM, (0) - G- uO)M,,O(e)] 20, (% ).r@ (% %) 2o. (236)

-0, -§ Vo8

When these conditions hold, Eq. (235) can be written in the standard first order form @(s) = f(®(s)) through a change of variables.
A solution to the initial value problem therefore exists and is unique on some interval s € (0,53), § > 0, whose extent may depend
on (£, 0, &, ). Such solutions can be constructed numerically using a standard ODE solver.

Fig. 12 from the main text shows examples of one-dimensional solutions for the Miura and Eggbox patterns. In these cases, the
lattice vectors u(f) and v(6) are orthogonal and can be written as

u®) = 1,000, v(0) = 1,(0)e, (237)

for scalar functions 4,(6), 1,(0) > 0. These scalars are strictly monotonic in 6, per Lemma 1. Noting that u, = u(0) = 1,(0)e; and
vy = v(0) = 4,(0)e,, we apply the one-dimensional ansatz in Eq. (234) with

§=100=4,007'¢ or §=¥=(4,0)7"'%,. (238)
This produces the following ODEs for (6(s), k(s), 7(s)), where again s := x -§. Focusing on the § = ¥ case — the § = iy case is similar
and omitted — we substitute Eq. (237) into Eq. (235) to obtain

ivm®>
ds L 1,(0(s)

9'(S)] = 4,(0()4,(6(s)) [TZ(S) + Kz(S)/lu(H(S))/lv(f)(S))ﬂ;(9(S))/1:,(9(S))],

A,(0(s) %Hu(f)(S))%(H(S))}

'(s) = 0'(s)|— — 239
KO =0 02355 ~ e T @32
, IRACIO))
7 (s) = =20/ (s) TO® 7(s).
The general solutions to the last two equations are
)= - )= 5=
T R ReOLeE) T 200) (240)
for arbitrary constants c,, ¢,. The first equation becomes
d (406 1 L A4,00) 5 A006)
ds [iv(ﬁ(s))e : ] TR0 T T RO6)AO) (241)

This ODE can be solved given choices of c,,c, and initial conditions (6(0), 6'(0)) = (8, ).

We compute the soft modes in Fig. 12 using this ansatz as follows. First, we parameterize 4,(6) and 1,(0) according the mechanism
of a given design. Then, we substitute this parameterization into the ODE in Eq. (241) and solve it numerically for suitable choices
of ¢, c, and (6(0),6'(0)) = (8,{). Next, we substitute the bend x(x) = x(x - V(’)), twist 7(x) = 7(x - \7(’)) and actuation 6(x) = 0(x - V(’))
fields back into Eq. (138) to produce compatible Oy, (X) and @y, (%) From these two vector fields, we build the rotation field Rg(x)

numerically by first solving the ODE

d - - - s
WReff(nluo) = Reg(1189) [@y, (11119) X | subject to Reg(0) = 1, (242)
1
and then by solving the complementary set of ODEs
d _ - _ - _ -
EReff(’ﬁ iy + V) = Rege(7 U + ’Iz"o)[mv(J (1109 + 1 ¥p) X] (243)
2
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using the initial condition Rgg(7, 1)) supplied by the solution to Eq. (242). This two-step approach produces the desired rotation
fields because @, (x), ®(x) and 6(x) are compatible per Eq. (40). We construct the effective deformation yg(x) numerically in the
same fashion, using the solved for 6(x) and R.g(x). Finally, we substitute these effective fields into the construction in Section 4.2
to obtain the origami deformations.
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