
J. Mech. Phys. Solids 192 (2024) 105832

A
0

a

b

g
a
d

t

Contents lists available at ScienceDirect

Journal of theMechanics and Physics of Solids

journal homepage: www.elsevier.com/locate/jmps

Derivation of an effective plate theory for parallelogram origami
from bar and hinge elasticity
Hu Xu a, Ian Tobasco b,∗, Paul Plucinsky a,∗
Aerospace and Mechanical Engineering, University of Southern California, Los Angeles, CA 90089, USA
Mathematics, Rutgers University, New Brunswick, NJ 08854, USA

A R T I C L E I N F O

Keywords:
Origami
Homogenization
Generalized elasticity

A B S T R A C T

Periodic origami patterns made with repeating unit cells of creases and panels bend and twist
in complex ways. In principle, such soft modes of deformation admit a simplified asymptotic
description in the limit of a large number of cells. Starting from a bar and hinge model for the
elastic energy of a generic four parallelogram panel origami pattern, we derive a complete
set of geometric compatibility conditions identifying the pattern’s soft modes in this limit.
The compatibility equations form a system of partial differential equations constraining the
actuation of the origami’s creases (a scalar angle field) and the relative rotations of its unit
cells (a pair of skew tensor fields). We show that every solution of the compatibility equations
is the limit of a sequence of soft modes — origami deformations with finite bending energy
and negligible stretching. Using these sequences, we derive a plate-like theory for parallelogram
origami patterns with an explicit coarse-grained quadratic energy depending on the gradient
of the crease-actuation and the relative rotations of the cells. Finally, we illustrate our theory
in the context of two well-known origami designs: the Miura and Eggbox patterns. Though
these patterns are distinguished in their anticlastic and synclastic bending responses, they
show a universal twisting response. General soft modes captured by our theory involve a rich
nonlinear interplay between actuation, bending and twisting, determined by the underlying
crease geometry.

1. Introduction

Mechanical metamaterials are many-body elastic systems that derive their bulk elastic properties primarily from the complex
eometry and arrangement of their building blocks. Origami-inspired variants, composed of patterns of stiff panels and flexible folds,
chieve a wide range of nonlinear mechanical properties. A well-designed folding pattern can produce an origami metamaterial that
eploys from flat to folded flat (Feng et al., 2020a; Koryo, 1985; Lang and Howell, 2018; Tachi, 2009), is bistable (Faber et al., 2018;
Feng et al., 2020b; Kresling, 2012; Liu et al., 2019), is soft in one configuration but stiff in another (Filipov et al., 2015), exhibits
unable stiffness (Silverberg et al., 2014; Zhai et al., 2018) and/or achieves target shapes upon folding (Dang et al., 2022; Dieleman
et al., 2020; Dudte et al., 2016). These alluring properties have made origami a popular design motif in applications spanning soft
robotics (Kim et al., 2018; Rafsanjani et al., 2019; Wu et al., 2021), biomedical devices (Kuribayashi et al., 2006; Velvaluri et al.,
2021) and space structures and habitats (Melancon et al., 2021; Pehrson et al., 2020; Zirbel et al., 2013). However, they also raise
many fundamental questions in mechanics: what is the interplay between geometry and elasticity in these materials? How should
we characterize this interplay? How do we model it?
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Fig. 1. Miura origami — the canonical example in the family of parallelogram origami patterns. (a) The Miura origami can fold from flat to folded flat by a
mechanism motion. (b–d) A paper model exemplifying the Miura’s non-mechanistic soft modes of deformation.

This paper answers these questions for parallelogram origami, a class of metamaterials composed of repeating unit cells of
olds and parallelogram panels. Fig. 1 shows the most well-known example — the Miura origami (Koryo, 1985), whose corrugated
pattern is built from a single parallelogram. Fig. 1(a) illustrates a key kinematic property: the Miura can fold from flat to folded flat
through a continuous family of rigid-body motions of the panels coordinated by the flexible folds called a mechanism (Pellegrino
and Calladine, 1986) or floppy mode (Lubensky et al., 2015). Like the Miura, every parallelogram orgami pattern possesses a single
degree-of-freedom (DOF) mechanism. This property makes these origami soft to a wide range of loads, and enables deformations
that are far from intuitive. For instance, the Miura origami in Fig. 1 makes a saddle shape when bent along its centerline (Fig. 1(b));
t makes a bow-tie shape when pinched (Fig. 1(c–d)). Importantly, these deformations are not mechanisms. Instead, we call them
soft modes. In a soft mode, a mechanical metamaterial can have a small amount of strain, with energy that is sub-volumetric rather
than having classical bulk scaling.

From an energetic point of view, it is clear why soft modes occur in parallelogram origami — the panels can bend when the
pattern is generically deformed, and bending is energetically cheap as compared with stretching. The puzzle lies with understanding
how the bending of many individual panels leads to a particular gross shape. The explanation lies in the interplay between the
geometry of the crease pattern and the elasticity of the panels. In the literature, this interplay is typically captured through bar and
hinge simulations (Filipov et al., 2017; Liu and Paulino, 2017; Schenk et al., 2011) or related spring methods (Deng et al., 2020;
Zhou et al., 2023). The bar and hinge approach replaces the origami with assemblies of hinges and bars that reflect the creases
and panels. Elasticity is accounted for by modeling bars/hinges as linear/torsional springs. This approach has proven successful for
simulating particular soft modes, but it leaves much to be desired theoretically. It does not, for instance, explain why the Miura
origami makes a saddle shape upon bending, nor does it identify the class of all possible soft modes.

The first theoretical discussions of soft modes in origami metamaterials are due to Schenk and Guest (Schenk and Mark, 2013)
and Wei et al. (2013) in their investigations of Miura origami. By enriching the origami’s rigid kinematics with ‘‘bending’’ creases
along the panel diagonals, both sets of authors demonstrated a connection between panel bending and crease folding through a
local compatibility argument involving slightly bent Miura cells. Strikingly, this local argument shows that the Miura’s in-plane and
out-of-plane Poisson’s ratios are equal and opposite. Since the Miura is auxetic with a negative in-plane Poisson’s ratio, this identity
is consistent with the anticlastic saddle-shape in Fig. 1(b).
2
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Recent lines of research have advanced this idea. Nassar et al. (2017) demonstrated the same Poisson’s ratio link for Eggbox
rigami and postulated that this link, when appropriately coupled to the Gauss and Codazzi–Mainardi equations from differential
eometry (Do Carmo, 2016), yields a set of partial differential equations (PDE) for the effective or cell-averaged deformation of
the origami. They later expanded on this idea for general parallelogram origami (Lebée et al., 2018; Nassar et al., 2022), showing
y a local fitting argument that a suitable interpretation of the Poisson’s ratio link holds in general, and that the aforementioned
oupling to classical differential geometry appears robust. McInerney et al. (2022) also established the Poisson’s ratio link for general
arallelogram origami using a symmetry analysis applied to infinitesimal isometries. They too appear to be building towards an
ffective description of soft modes (Coulais et al., 2018; Czajkowski et al., 2022, 2023; Czajkowski and Rocklin, 2024).
What is missing from this literature is a self-consistent coarse-graining rule — one that uses averaging to derive a continuum field

heory for the effective deformations of parallelogram origami, and then justifies that rule by producing soft modes corresponding
o every possible solution of the continuum equations. Our previous work (Zheng et al., 2022) produced such a rule in the simpler
etting of planar kirigami. There, we linked an angle field quantifying the actuation of the kirigami’s panels and slits to its overall
eformation through a metric constraint. We justified this rule by showing that for any effective deformation and angle field
atisfying this metric constraint, there is a corresponding sequence of planar kirigami deformations converging to the given effective
eformation, with elastic energy far less than bulk. We take a similar approach here.
This paper goes beyond the metric constraint of planar kirigami to link the kinematics of slightly bent origami cells to canonical

ensor fields from surface geometry. Rather than dealing with first and second fundamental forms and applying the Gauss and
odazzi–Maindari equations, we prefer to use Cartan’s elegant (and equivalent) method of moving frames (Cartan et al., 2001;
iarlet et al., 2008; Mardare, 2003, 2007). We find Cartan’s method to be ready-made for coarse graining origami. The reason is
imple: when trying to fit together a neighborhood of slightly bent origami cells, one must rotate each cell relative to the other by
small amount; these relative infinitesimal rotations are skew tensors in Cartan’s theory (they are not fundamental forms). Upon
oarse graining, we derive a coupled set of partial differential and algebraic equations (Eq. (40) below) involving an angle field
uantifying the cell-wise actuation of the origami’s creases, along with two skew tensor fields we parameterize as vectors. When
ombined with a metric constraint similar to the kirgiami setting, this yields an effective surface theory for parallelogram origami.
ormulas for the first and second fundamental forms follow quickly in the discussion section (see Eq. (144)).
Our starting point is a more or less standard bar and hinge model for the elastic energy of a generic parallelogram origami

attern, which has a fully corrugated (non-planar) stress-free configuration. The total energy is the sum of panel stretching and
ending energies, as well as a crease folding energy, all of which are formulated to allow for any reasonable material and geometric
onlinearity. We coarse grain this energy in the finely patterned limit where the number of cells goes to infinity while the extent
f the overall pattern is fixed, assuming the following scale separation of stiffnesses:

the bulk stiffness of the panels ≫ the bending stiffness of the panels ≫ the stiffness of the folds.

hus, panel stretching is severely limited, while panel bending is allowed; in comparison, the folds can actuate freely. Asymptotic
nalysis of the stretching and bending strains in the model leads to our effective surface theory. To justify it, we produce a globally-
efined ‘‘recovery sequence’’ associated to each of its solutions, i.e., a sequence of finite-bending and nearly-zero stretching origami
eformations that converges to the given effective deformation, along with an asymptotic formula for its energy. This is the most
elicate part of our work, as it requires ensuring that the stretching of our sequence is actually asymptotically negligible compared
o its bending. In the end, we derive an effective plate theory for parallelogram origami, with a continuum bending energy that is
uadratic in the gradient of the angle field and the skew tensor fields described above. Theorem 1 collects the precise statements
f our results; see also Eq. (153) and the surrounding text for further discussion.
The mathematically inclined reader may recognize our terminology of recovery sequences as half of the definition of 𝛤 -

onvergence (Braides, 2002; Dal Maso, 2012), a widely used method for producing rigorous coarse-graining or homogenization
esults for non-convex energies. We take inspiration from prior work on small-displacement homogenization of metamaterial
tructures, such as the truss beam structures with pentographic sub-structures considered by Seppecher and others (Alibert et al.,
003). Their work showed by 𝛤 -convergence that these structures homogenize to strain gradient and higher order elastic theories,
ssuming a linear response. There has since been a systematic effort to coarse grain the linear response of a myriad of truss analogs
o mechanism-based metamaterials (Abdoul-Anziz and Seppecher, 2018; Dell’Isola et al., 2019; Durand et al., 2022; Seppecher
t al., 2011). A key distinction in our work is nonlinearity — we address the physically relevant, fully nonlinear problem of origami
eformations with finite panel rotations. While other such research is starting to emerge, for instance, on two-dimensional Kagome
nd checkerboard-type metmaterials (Düll et al., 2024; Li and Kohn, 2023), there is still much to be discovered. Rigorous analysis
hat embraces the nonlinearity of mechanism-based metamaterials can be a powerful tool for deriving predictive continuum theories
ith minimal ad hoc fitting parameters. We hope this paper inspires new lines of research in this direction.
We close this introduction by noting that our effective continuum theory is not of the strain gradient type; instead, and

resumably as a consequence of nonlinearity, it is better seen as a ‘‘mechanism gradient’’ theory, namely, a type of generalized
lastic continuum that associates elasticity to fields parameterizing spatial variations of a locally mechanistic response. As a classical
ubject codified by Eringen in the 1960s–70s (Eringen, 2012), generalized elasticity introduces auxiliary fields beyond deformations
s a constitutive hypothesis aimed at capturing the macroscopic effect of microscale rearrangements. Recently, this approach has
een applied to mechanical metamaterials including origami and kirigami (Kadic et al., 2019; Lakes, 2022; Nassar et al., 2020;
aremi and Rocklin, 2020; Sarhil et al., 2023a,b; Sun and Mao, 2020). However, this literature has focused almost exclusively
n the linear/small displacement response regime, which is not suitable for dealing with the large, macroscopic shape changes
3

chievable by these systems. Our work on parallelogram origami and our related work on kirigami (Zheng et al., 2022, 2023) add
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to the discussion by deriving from first principles new generalized elastic theories that fully express the nonlinear coupling between
design, deformation and actuation. We discuss generalized models further at the end.

The rest of this paper is organized as follows. Section 2 introduces the general class of parallelogram origami patterns, describes
our bar and hinge energies, and states our main coarse-graining result in Theorem 1. Sections 3–4 and Appendix B provide the
technical work needed to prove Theorem 1. Section 5 concludes with examples showing predictions of our theory for the Miura and
ggbox origami patterns, along with a discussion of our results in the context of other continuum theories and a brief outlook for
uture research.

. Problem formulation and main results

.1. Parallelogram origami designs and mechanism kinematics

We study a class of origami patterns made by tessellating a unit cell composed of four parallelograms and eight creases. Besides
he usual global Euclidean motions, generic such parallelogram origami patterns possess a continuous one parameter family of
echanism deformations, made up of rigid panel motions that fold the creases. This section defines this class of patterns and
escribes their mechanism kinematics.
Each four-panel parallelogram origami pattern has a reference unit cell parameterized by four design vectors 𝐭𝑟𝑖 ∈ R3, 𝑖 = 1, 2, 3, 4.

hese vectors label the creases in a counterclockwise fashion around the central vertex of the cell as in Fig. 2(a), and they also label
he boundaries of the cell. The gray panel in Fig. 2(a), for instance, has two parallel sides described by 𝐭𝑟1 and two other sides
escribed by 𝐭𝑟4. Additional restrictions on the design vectors ensure the existence of a well-defined mechanism motion. We assume
hat the creases have a well-defined mountain-valley assignment, achieved by either partially folding a flat reference pattern or
y considering a non-Euclidean pattern (one whose sector angles do not sum to 2𝜋). Specifically, we impose the nondegeneracy
onditions

𝐭𝑟1 ⋅ (𝐭
𝑟
2 × 𝐭𝑟3) ≠ 0, 𝐭𝑟2 ⋅ (𝐭

𝑟
3 × 𝐭𝑟4) ≠ 0, 𝐭𝑟3 ⋅ (𝐭

𝑟
4 × 𝐭𝑟1) ≠ 0, 𝐭𝑟4 ⋅ (𝐭

𝑟
1 × 𝐭𝑟2) ≠ 0. (1)

n addition, we exclude self-intersecting panels through the restrictions

conv({𝟎, 𝐭𝑟1, 𝐭
𝑟
2}) ∩ conv({𝟎, 𝐭

𝑟
3, 𝐭

𝑟
4}) = {𝟎}, conv({𝟎, 𝐭𝑟1, 𝐭

𝑟
4}) ∩ conv({𝟎, 𝐭

𝑟
2, 𝐭

𝑟
3}) = {𝟎}, (2)

here conv(⋅) is the convex hull of a set of points. Finally, to fix a reference frame, we take 𝐮0 = 𝐭𝑟1 − 𝐭𝑟3 and 𝐯0 = 𝐭𝑟2 − 𝐭𝑟4 to span the
1, 𝐞2-plane and require {𝐮0, 𝐯0, 𝐞3} to be a right-handed basis of R3:

𝐮0 ⋅ 𝐞3 = 0, 𝐯0 ⋅ 𝐞3 = 0, 𝐞3 ⋅ (𝐮0 × 𝐯0) > 0. (3)

Tessellating the resulting unit cell along the Bravais lattice vectors 𝐮0 and 𝐯0 produces a perfectly connected periodic pattern of
arallelogram panels. This defines the reference origami pattern we use throughout our analysis (see Fig. 2(c)). Its panels and unit
ell are given by

(the panels:) 𝑖 = conv({𝟎, 𝐭𝑟𝑖 , 𝐭
𝑟
𝜎(𝑖), 𝐭

𝑟
𝑖 + 𝐭𝑟𝜎(𝑖)}), 𝑖 = 1,… , 4,

(the unit cell:) 𝛺cell = 1 ∪ 2 ∪ 3 ∪ 4,
(4)

here 𝜎(⋅) is a cyclic permutation of the set {1, 2, 3, 4}. The overall pattern is

ori = {𝛺cell + 𝑖𝐮0 + 𝑗𝐯0 ∶ (𝑖, 𝑗) ∈ Z2}. (5)

We come now to the mechanism motion of parallelogram origami. Section 3 develops the mechanism kinematics in detail; we
eport the main points here as they are needed to state our coarse-graining result (Theorem 1). Let 𝜃0 denote the dihedral angle of the
𝑟
4-crease in the reference unit cell, shown in Fig. 2(a). This angle belongs to either (0, 𝜋) or (𝜋, 2𝜋) depending on the mountain-valley
ssignments, but it cannot take a value of 0 or 𝜋 due to Eq. (1). In Section 3.1, we verify that all mechanism deformations of this
cell that preserve its mountain-valley assignment are parameterized completely up to rigid motion by folding this crease to a value
𝜃0 + 𝜃 for an interval

𝜃 ∈ (𝜃−, 𝜃+), 𝜃− = 𝜃−(𝐭𝑟1,… , 𝐭𝑟4) < 0, 𝜃+ = 𝜃+(𝐭𝑟1,… , 𝐭𝑟4) > 0. (6)

Fig. 2(b) shows the deformed tangents under this actuation. Each tangent is set by the folded 𝐭𝑟4-crease, and thus is parameterized
in a mechanism by 𝜃 up to an overall rigid rotation. We denote the deformed tangents by 𝐭𝑖(𝜃), 𝑖 = 1,… , 4. The interval (𝜃−, 𝜃+) is
the largest open interval that preserves the reference mountain-valley assignments, per the restrictions

[𝐭𝑟𝑖 ⋅ (𝐭
𝑟
𝑗 × 𝐭𝑟𝑘)][𝐭𝑖(𝜃) ⋅ (𝐭𝑗 (𝜃) × 𝐭𝑘(𝜃))] > 0, 𝑖𝑗𝑘 ∈ {123, 234, 341, 412} for all 𝜃 ∈ (𝜃−, 𝜃+). (7)

While it is often possible to include mechanism kinematics that change the mountain-valley assignment, we do not pursue this here,
other than to point out that it would have implications for coarse-grained elastic moduli: a physical sample can easily ‘‘pop’’ in
and out of two different mountain-valley assignments when one of the creases is close to flat (Hanna et al., 2014; Silverberg et al.,
4

2014). This feature is ruled out by Eq. (7).
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Fig. 2. Labeling of the design and ideal mechanism kinematics of parallelogram origami. (a) The unit cell in its reference configuration and (b) after a mechanism
deformation. (c) The pattern in its reference configuration and (d) after a mechanism deformation.

Under a mechanism, the lattice vectors 𝐮0 = 𝐭𝑟1 − 𝐭𝑟3 and 𝐯0 = 𝐭𝑟2 − 𝐭𝑟4 transform to new lattice vectors through a map
(𝐮0, 𝐯0) ↦ (𝐮(𝜃), 𝐯(𝜃)) given by

𝐮(𝜃) = 𝐭1(𝜃) − 𝐭3(𝜃), 𝐯(𝜃) = 𝐭2(𝜃) − 𝐭4(𝜃). (8)

The deformed cell remains a two-by-two array of connected and non-intersecting parallelograms, and tessellating it along 𝐮(𝜃) and
(𝜃) produces a new periodic pattern of parallelogram panels. Passing through 𝜃 ∈ (𝜃−, 𝜃+) yields the mechanism motion of the
verall pattern (see Proposition 2 for a formal statement; similar observations appear in Lang (2017), McInerney et al. (2022),
assar et al. (2022) and Pratapa et al. (2019)). Fig. 2(c–d) illustrates this transformation.
For later use, observe that

𝐮(𝜃) ⋅ 𝐯(𝜃) = 𝐮0 ⋅ 𝐯0 for all 𝜃 ∈ (𝜃−, 𝜃+), (9)

ince the sector angles and lengths of each parallelogram panel are preserved by rigid deformations (i.e., 𝐭𝑖(𝜃) ⋅ 𝐭𝑗 (𝜃) = 𝐭𝑟𝑖 ⋅ 𝐭
𝑟
𝑗 for all

𝑗 ∈ {12, 23, 34, 41}). With more effort, it is possible to find smooth and explicit parameterizations for the squared lengths |𝐮(𝜃)|2 and
𝐯(𝜃)|2, though we will not need such parameterizations here. (For Euclidean parallelogram origami, one can apply ideas from Feng
t al. (2020a), Huffman (1976), Lang and Howell (2018) and Tachi (2009); see Foschi et al. (2022) for a discussion of Euclidean and
on-Euclidean formulas.) The scalar functions 𝐮(𝜃) ⋅ 𝐯(𝜃), |𝐮(𝜃)|2 and |𝐯(𝜃)|2 are intrinsic quantities describing the distortion of the
nit cell under a mechanism. We are free to choose certain extrinsic quantities, like a frame of reference for the deformed tangents
1(𝜃),… , 𝐭4(𝜃). As in Eq. (3), we require that

𝐮(𝜃) ⋅ 𝐞3 = 0, 𝐯(𝜃) ⋅ 𝐞3 = 0, 𝐞3 ⋅ (𝐮(𝜃) × 𝐯(𝜃)) > 0 for all 𝜃 ∈ (𝜃−, 𝜃+). (10)

his emphasizes the effectively planar nature of the mechanism motion.
Finally, we define the shape tensor and Poisson’s ratio of a given parallelogram origami design. Let 𝐮̃0 and 𝐯̃0 ∈ R2 denote the

sual (orthogonal) projection of 𝐮0 and 𝐯0 to R2, with 𝐮0 = (𝐮̃0, 0) and 𝐯0 = (𝐯̃0, 0). The shape tensor 𝐀eff(𝜃) ∈ R3×2 is the unique
inear transformation such that

̃ ̃ (11)
5

𝐀eff(𝜃)𝐮0 = 𝐮(𝜃), 𝐀eff(𝜃)𝐯0 = 𝐯(𝜃).



Journal of the Mechanics and Physics of Solids 192 (2024) 105832H. Xu et al.

F

a

F

Fig. 3. Reference domain and labeling for the bar and hinge model. The parallelogram origami is finely patterned with unit cell of characteristic length ∼ 𝓁. It
covers the effective domain 𝛺 in the 𝐞1, 𝐞2-plane. The reference and deformed vertices are labeled by 𝐱(𝓁)𝑖,𝑗 and 𝐲(𝓁)𝑖,𝑗 with the nearest neighbor description shown.

or the Poisson’s ratio, introduce the lattice-direction strain measures

𝜀𝐮0 =
|𝐮(𝜃 + 𝛿𝜃)| − |𝐮(𝜃)|

|𝐮(𝜃)|
, 𝜀𝐯0 =

|𝐯(𝜃 + 𝛿𝜃)| − |𝐯(𝜃)|
|𝐯(𝜃)| (12)

ssociated to a small perturbation 𝛿𝜃, and define

𝜈(𝜃) ∶= lim
𝛿𝜃→0

−
𝜀𝐮0
𝜀𝐯0

= −
(

|𝐯(𝜃)|2

|𝐮(𝜃)|2
)(𝐮′(𝜃) ⋅ 𝐮(𝜃)

𝐯′(𝜃) ⋅ 𝐯(𝜃)

)

. (13)

As we verify later on in Lemma 1, the sign of this Poisson-like ratio is independent of 𝜃 and depends only on the design vectors of
the unit cell. We use these definitions when stating our main result in Theorem 1.

2.2. Bar and hinge models for parallelogram origami

We now account for the elasticity of a general parallelogram origami pattern. First, to fix a reference domain, let 𝛺 ⊂ R2

be a simply connected planar reference domain with a smooth boundary, and assume after non-dimensionalization that 𝛺 has
characteristic length ∼1 and that the undeformed configuration of the origami is a graph over this set with unit cells of length
𝓁 ≪ 1. Building off of the tessellation in Eq. (5), we define the origami reference domain as

𝛺(𝓁)
ori ∶=

{

𝓁𝛺cell + 𝓁(𝑖𝐮0 + 𝑗𝐯0)∶𝓁(𝑖𝐮0 + 𝑗𝐯0) ∈ 𝛺, 𝑖, 𝑗 ∈ Z
}

. (14)

ig. 3 shows a stylized example.
Next, we label the vertices of the origami. Given 𝛺(𝓁)

ori as above, fix a connected subset 
(𝓁) of Z2 such that {𝐱(𝓁)𝑖,𝑗 ∈ R3 ∶ (𝑖, 𝑗) ∈ (𝓁)}

bijectively labels the vertices of the reference origami, and whose nearest neighbor relationships match those of the origami (see
Fig. 3). Such a set (𝓁) exists given the topology of the crease pattern. We often write {𝐱(𝓁)𝑖,𝑗 } ≡ {𝐱(𝓁)𝑖,𝑗 ∈ R3 ∶ (𝑖, 𝑗) ∈ (𝓁)} for short.
With this labeling, elastic deformations of the origami are maps

𝐱(𝓁)𝑖,𝑗 ↦ 𝐲(𝓁)𝑖,𝑗 (15)

defined for (𝑖, 𝑗) ∈ (𝓁). The deformed origami pattern is called {𝐲(𝓁)𝑖,𝑗 } for short.
We are now ready to define the general class of bar and hinge energies we coarse-grain. As is standard practice in the engineering

origami literature (Filipov et al., 2017; Liu and Paulino, 2017; Schenk et al., 2011), we consider three stored energy functions to
account for the stretching, bending and folding of the origami panels and creases:

(𝓁) (𝓁) (𝓁) (𝓁) (𝓁) (𝓁) (𝓁) (𝓁) (16)
6

tot ({𝐲𝑖,𝑗 }) = str ({𝐲𝑖,𝑗 }) + bend({𝐲𝑖,𝑗 }) + fold({𝐲𝑖,𝑗 }).
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We define each of these below.
The stretching energy  (𝓁)

str is generically a function of the panel strains. For the (𝑖, 𝑗)-vertex in the pattern, we have four panel
strains 𝜀(𝓁)𝑖,𝑗,𝑘, 𝑘 = 1,… , 4, given by

𝜀(𝓁)𝑖,𝑗,1 =
|𝐲(𝓁)𝑖+1,𝑗 − 𝐲(𝓁)𝑖,𝑗 | − |𝐱(𝓁)𝑖+1,𝑗 − 𝐱(𝓁)𝑖,𝑗 |

|𝐱(𝓁)𝑖+1,𝑗 − 𝐱(𝓁)𝑖,𝑗 |
, 𝜀(𝓁)𝑖,𝑗,2 =

|𝐲(𝓁)𝑖,𝑗+1 − 𝐲(𝓁)𝑖,𝑗 | − |𝐱(𝓁)𝑖,𝑗+1 − 𝐱(𝓁)𝑖,𝑗 |

|𝐱(𝓁)𝑖,𝑗+1 − 𝐱(𝓁)𝑖,𝑗 |
,

𝜀(𝓁)𝑖,𝑗,3 =
|𝐲(𝓁)𝑖+1,𝑗+1 − 𝐲(𝓁)𝑖,𝑗 | − |𝐱(𝓁)𝑖+1,𝑗+1 − 𝐱(𝓁)𝑖,𝑗 |

|𝐱(𝓁)𝑖+1,𝑗+1 − 𝐱(𝓁)𝑖,𝑗 |
, 𝜀(𝓁)𝑖,𝑗,4 =

|𝐲(𝓁)𝑖,𝑗+1 − 𝐲(𝓁)𝑖+1,𝑗 | − |𝐱(𝓁)𝑖,𝑗+1 − 𝐱(𝓁)𝑖+1,𝑗 |

|𝐱(𝓁)𝑖,𝑗+1 − 𝐱(𝓁)𝑖+1,𝑗 |
.

(17)

e also use (𝑖, 𝑗) to label the panel with 𝐱(𝓁)𝑖,𝑗 as its lower left corner point. The stretching energy is then

 (𝓁)
str ({𝐲

(𝓁)
𝑖,𝑗 }) =

∑

(𝑖,𝑗)∈(𝓁)
𝐴(𝓁)
𝑖,𝑗 𝓁

𝛼𝑠𝛷str𝑖,𝑗 (𝜀
(𝓁)
𝑖,𝑗,1, 𝜀

(𝓁)
𝑖,𝑗,2, 𝜀

(𝓁)
𝑖,𝑗,3, 𝜀

(𝓁)
𝑖,𝑗,4) (18)

here 𝓁𝛼𝑠𝛷str𝑖,𝑗 (𝜀1,… , 𝜀4) is the stretching energy per unit reference area of the (𝑖, 𝑗)-panel. Its area is 𝐴(𝓁)
𝑖,𝑗 before deformation. The

unctions 𝛷str𝑖,𝑗 are smooth, non-negative and equal zero if and only if (𝜀1,… , 𝜀4) = 𝟎. They also have the periodicity property
str
𝑖+2,𝑗 = 𝛷str𝑖,𝑗+2 = 𝛷str𝑖,𝑗 , consistent with the pattern. Likewise, the reference areas satisfy 𝐴(𝓁)

𝑖,𝑗 = 𝐴(𝓁)
𝑖+2,𝑗 = 𝐴(𝓁)

𝑖,𝑗+2. Finally, the
imensionless ‘‘stretching modulus’’ 𝓁𝛼𝑠 quantifies the relative stiffness of stretching as compared to bending and folding. We explain
ow we select the exponent 𝛼𝑠 after introducing the remaining energies.
Next, we define the bending energy  (𝓁)

bend. When the four vertices 𝐱
(𝓁)
𝑖,𝑗 , 𝐱

(𝓁)
𝑖+1,𝑗 , 𝐱

(𝓁)
𝑖,𝑗+1 and 𝐱(𝓁)𝑖+1,𝑗+1 of the (𝑖, 𝑗)-panel deform to 𝐲(𝓁)𝑖,𝑗 ,

(𝓁)
𝑖+1,𝑗 , 𝐲

(𝓁)
𝑖,𝑗+1 and 𝐲(𝓁)𝑖+1,𝑗+1, they need not belong to a single plane. We can measure this deviation by calculating the angle between

he deformed normals

𝐧(𝓁)𝑖,𝑗,1 =
(𝐲(𝓁)𝑖+1,𝑗 − 𝐲(𝓁)𝑖,𝑗 ) × (𝐲(𝓁)𝑖,𝑗+1 − 𝐲(𝓁)𝑖,𝑗 )

|(𝐲(𝓁)𝑖+1,𝑗 − 𝐲(𝓁)𝑖,𝑗 ) × (𝐲(𝓁)𝑖,𝑗+1 − 𝐲(𝓁)𝑖,𝑗 )|
, 𝐦(𝓁)

𝑖,𝑗,1 =
(𝐲(𝓁)𝑖,𝑗+1 − 𝐲(𝓁)𝑖+1,𝑗+1) × (𝐲(𝓁)𝑖+1,𝑗 − 𝐲(𝓁)𝑖+1,𝑗+1)

|(𝐲(𝓁)𝑖,𝑗+1 − 𝐲(𝓁)𝑖+1,𝑗+1) × (𝐲(𝓁)𝑖+1,𝑗 − 𝐲(𝓁)𝑖+1,𝑗+1)|
, (19)

hich is

𝜓 (𝓁)
𝑖,𝑗,1 = arcsin

[ (𝐲(𝓁)𝑖,𝑗+1 − 𝐲(𝓁)𝑖+1,𝑗 )

|𝐲(𝓁)𝑖,𝑗+1 − 𝐲(𝓁)𝑖+1,𝑗 |
⋅
(

𝐧(𝓁)𝑖,𝑗,1 ×𝐦(𝓁)
𝑖,𝑗,1

)

]

. (20)

lternatively, the deviation from a plane can be measured using the normals

𝐧(𝓁)𝑖,𝑗,2 =
(𝐲(𝓁)𝑖+1,𝑗+1 − 𝐲(𝓁)𝑖+1,𝑗 ) × (𝐲(𝓁)𝑖,𝑗 − 𝐲(𝓁)𝑖+1,𝑗 )

|(𝐲(𝓁)𝑖+1,𝑗+1 − 𝐲(𝓁)𝑖+1,𝑗 ) × (𝐲(𝓁)𝑖,𝑗 − 𝐲(𝓁)𝑖+1,𝑗 )|
, 𝐦(𝓁)

𝑖,𝑗,2 =
(𝐲(𝓁)𝑖,𝑗 − 𝐲(𝓁)𝑖,𝑗+1) × (𝐲(𝓁)𝑖+1,𝑗+1 − 𝐲(𝓁)𝑖,𝑗+1)

|(𝐲(𝓁)𝑖,𝑗 − 𝐲(𝓁)𝑖,𝑗+1) × (𝐲(𝓁)𝑖+1,𝑗+1 − 𝐲(𝓁)𝑖,𝑗+1)|
(21)

nd the angle

𝜓 (𝓁)
𝑖,𝑗,2 = arcsin

[ (𝐲(𝓁)𝑖+1,𝑗+1 − 𝐲(𝓁)𝑖,𝑗 )

|𝐲(𝓁)𝑖+1,𝑗+1 − 𝐲(𝓁)𝑖,𝑗 |
⋅
(

𝐧(𝓁)𝑖,𝑗,2 ×𝐦(𝓁)
𝑖,𝑗,2

)

]

. (22)

he engineering origami literature often uses only one of the angles 𝜓 (𝓁)
𝑖,𝑗,1 or 𝜓

(𝓁)
𝑖,𝑗,2 to measure panel bending, and interprets the

ending kinematics of the panel in terms of an additional fold added to the panel diagonal (like in Fig. 3). For our analysis,
owever, we prefer to not assume a bias towards one or another diagonal, and so we use both angles in our bending energy (a
imilarly unbiased calculation appears in Wei et al. (2013)). Our bending energy is

 (𝓁)
bend({𝐲

(𝓁)
𝑖,𝑗 }) =

∑

(𝑖,𝑗)∈(𝓁)
𝐴(𝓁)
𝑖,𝑗 𝓁

𝛼𝑏𝛷bend𝑖,𝑗 (𝜓 (𝓁)
𝑖,𝑗,1, 𝜓

(𝓁)
𝑖,𝑗,2) (23)

here 𝓁𝛼𝑏𝛷bend𝑖,𝑗 (𝜓1, 𝜓2) is the bending energy per unit area of the (𝑖, 𝑗)-panel. As with the stretching energy, the functions 𝛷bend𝑖,𝑗
re smooth, non-negative and vanish if and only if (𝜓1, 𝜓2) = 𝟎; they also satisfy the periodicity conditions 𝛷bend𝑖,𝑗 = 𝛷bend𝑖+2,𝑗 = 𝛷bend𝑖,𝑗+2.
Finally, 𝓁𝛼𝑏 quantifies the relative stiffness of bending. The exponent is specified below.

The final term  (𝓁)
fold in Eq. (16) models the energetic cost of folding the creases. To define it, we must track how each dihedral

angle changes when the pattern deforms. Again, we measure angles between deformed normals. Since there is a clear definition of
dihedral angle, we may use the first set of deformed normals 𝐧(𝓁)𝑖,𝑗,1 in Eq. (19) and their reference normals

𝝂(𝓁)𝑖,𝑗,1 =
(𝐱(𝓁)𝑖+1,𝑗 − 𝐱(𝓁)𝑖,𝑗 ) × (𝐱(𝓁)𝑖,𝑗+1 − 𝐱(𝓁)𝑖,𝑗 )

|(𝐱(𝓁)𝑖+1,𝑗 − 𝐱(𝓁)𝑖,𝑗 ) × (𝐱(𝓁)𝑖,𝑗+1 − 𝐱(𝓁)𝑖,𝑗 )|
. (24)

The reference and deformed horizontal folding angles at the (𝑖, 𝑗)-vertex are then

𝛽𝑖,𝑗,0 = arcsin
[ (𝐱(𝓁)𝑖+1,𝑗 − 𝐱(𝓁)𝑖,𝑗 )

(𝓁) (𝓁)
⋅
(

𝝂(𝓁)𝑖,𝑗,1 × 𝝂(𝓁)𝑖,𝑗−1,1

)

]

, 𝛽(𝓁)𝑖,𝑗 = arcsin
[ (𝐲(𝓁)𝑖+1,𝑗 − 𝐲(𝓁)𝑖,𝑗 )

(𝓁) (𝓁)
⋅
(

𝐧(𝓁)𝑖,𝑗,1 × 𝐧(𝓁)𝑖,𝑗−1,1

)

]

. (25)
7

|𝐱𝑖+1,𝑗 − 𝐱𝑖,𝑗 | |𝐲𝑖+1,𝑗 − 𝐲𝑖,𝑗 |
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Likewise, the reference and deformed vertical folding angles at the (𝑖, 𝑗)-vertex are

𝛾𝑖,𝑗,0 = arcsin
[ (𝐱(𝓁)𝑖,𝑗+1 − 𝐱(𝓁)𝑖,𝑗 )

|𝐱(𝓁)𝑖,𝑗+1 − 𝐱(𝓁)𝑖,𝑗 |
⋅
(

𝝂(𝓁)𝑖,𝑗,1 × 𝝂(𝓁)𝑖−1,𝑗,1

)

]

, 𝛾 (𝓁)𝑖,𝑗 = arcsin
[ (𝐲(𝓁)𝑖,𝑗+1 − 𝐲(𝓁)𝑖,𝑗 )

|𝐲(𝓁)𝑖,𝑗+1 − 𝐲(𝓁)𝑖,𝑗 |
⋅
(

𝐧(𝓁)𝑖,𝑗,1 × 𝐧(𝓁)𝑖−1,𝑗,1

)

]

. (26)

Note the reference folding angles are independent of 𝓁. The total folding energy is

 (𝓁)
fold({𝐲

(𝓁)
𝑖,𝑗 }) =

∑

(𝑖,𝑗)∈(𝓁)
𝐴(𝓁)
𝑖,𝑗 𝓁

𝛼𝑓𝛷fold𝑖,𝑗
(

𝛽(𝓁)𝑖,𝑗 − 𝛽𝑖,𝑗,0, 𝛾
(𝓁)
𝑖,𝑗 − 𝛾𝑖,𝑗,0

)

. (27)

The terms 𝓁𝛼𝑓𝛷fold𝑖,𝑗 (𝛽 − 𝛽0, 𝛾 − 𝛾0) give the folding energy per unit reference area of the panels. The functions 𝛷fold𝑖,𝑗 are smooth,
non-negative and vanish if and only if 𝛽 = 𝛽0 and 𝛾 = 𝛾0. They satisfy the periodicity conditions 𝛷fold𝑖,𝑗 = 𝛷fold𝑖+2,𝑗 = 𝛷fold𝑖,𝑗+2. The
reference folding angles also satisfy the periodicity conditions 𝛽𝑖,𝑗,0 = 𝛽𝑖,𝑗+2,0 = 𝛽𝑖+2,𝑗,0 and 𝛾𝑖,𝑗,0 = 𝛾𝑖+2,𝑗,0 = 𝛾𝑖,𝑗+2,0. They encode a
fully corrugated, non-planar stress-free reference configuration.

At this point, we have defined our general class of bar and hinge models. Since we intend to perform an asymptotic analysis
of the above energies, we must now fix a scaling relationship between the stretching, bending and folding moduli 𝓁𝛼𝑠 , 𝓁𝛼𝑏 and
𝓁𝛼𝑓 . We do so to enforce the scale separation of stiffnesses mentioned in the introduction, which manifests here via the asymptotic
relationships

𝓁𝛼𝑠 ≫ 𝓁𝛼𝑏 ≫ 𝓁𝛼𝑓 when 𝓁 ≪ 1 (i.e., for finely-patterned origami). (28)

From an engineering point of view, these scalings are natural: stretching a panel should require much more energy than bending
it, which in turn should require more energy than folding a crease. These relationships are ensured by the requirement that

𝛼𝑠 ∈ (−4,−2), 𝛼𝑏 = −2, 𝛼𝑓 > 0. (29)

In fact, Eq. (29) does more. For reasons that will become clear only after the statement of Theorem 1, we shall be concerned with
constructing a general family of soft origami deformations {𝐱(𝓁)𝑖,𝑗 } ↦ {𝐲(𝓁)𝑖,𝑗 } with

(negligible panel strain:) 𝜀(𝓁)𝑖,𝑗,1,… , 𝜀(𝓁)𝑖,𝑗,4 ∼ 𝓁2,

(slight panel bending:) 𝜓 (𝓁)
𝑖,𝑗1, 𝜓

(𝓁)
𝑖,𝑗,2 ∼ 𝓁,

(large fold actuation:) 𝛽(𝓁)𝑖,𝑗 − 𝛽(𝓁)𝑖,𝑗,0, 𝛾
(𝓁)
𝑖,𝑗 − 𝛾 (𝓁)𝑖,𝑗,0 ∼ 1

(30)

independently of (𝑖, 𝑗). The stretching, bending and folding energies of such deformations scale as

 (𝓁)
str ({𝐲

(𝓁)
𝑖,𝑗 }) ∼ 𝓁4+𝛼𝑠 ,  (𝓁)

bend({𝐲
(𝓁)
𝑖,𝑗 }) ∼ 1,  (𝓁)

fold({𝐲
(𝓁)
𝑖,𝑗 }) ∼ 𝓁𝛼𝑓 . (31)

Eq. (29) implies that the stretching and folding energies vanish in the limit 𝓁 → 0, resulting in an effective plate energy for
parallelogram origami governed by the bending of its panels. We state this energy as part of Theorem 1.

2.3. The main coarse-graining result

Our main results are as follows: first, we identify a surface theory that captures the effective origami’s soft modes in the parameter
regime in Eqs. (28)–(29), leading to the first half of Theorem 1. Then, in the second half of Theorem 1, we produce a plate-like
nergy by coarse graining the bar and hinge model. Our main technical tool is an ability to construct general origami soft modes
orresponding to solutions of the surface theory. We go into more detail now.
We begin with a question of local kinematics. Fig. 4 shows four slightly bent unit cells, where the panel diagonals (the purple

lines in Fig. 4(a)) are shown as stiff creases to help visualize bending of the panels. We assume that the lower-left cell in Fig. 4(c) has
been actuated by taking the dihedral angle 𝜃0 (of the 𝐭𝑟4-crease in Fig. 2(a)) to a value 𝜃𝑑 = 𝜃0+𝜃. We also assume that its panels are
bent along their diagonals through the folding angles 𝓁𝜅𝑖, 𝑖 = 1,… , 4, shown in Fig. 4(b). With this setup, we seek an understanding
of how to fit together this deformed two-by-two set of unit cells based on the following physical heuristic: neighboring cells should
not deviate too much from each other when they belong to a pattern of many such cells. In other words, like creases and like
panels of neighboring cells should fold and bend in similar ways. By this heuristic, the neighboring cell in the 𝐮0-direction should
be actuated by taking its 𝜃0 dihedral angle to an angle ≈ 𝜃𝑑 + 𝓁𝛿𝜃𝐮0 , and its panels should bend through folding angles ≈ 𝓁𝜅𝑖. The
cell in the 𝐯0-direction should be perturbed analogously, which introduces an additional actuation angle 𝓁𝛿𝜃𝐯0 .

A basic question of compatibility emerges: to what extent can such a two-by-two set of slightly bent origami cells fit together?
The answer is given in Section 3. Summarizing the results, we find that the cells need to be rotated slightly relative to each other
via rotations ≈ 𝐈 + 𝓁𝐖𝐮0 and ≈ 𝐈 + 𝓁𝐖𝐯0 to match their deformed boundaries, as in Fig. 4(c), and furthermore that these rotations
are linked to the internal cell-based DOFs 𝜃, 𝛿𝜃𝐮0 , 𝛿𝜃𝐯0 , 𝜅1,… , 𝜅4 introduced above. Note that 𝐖𝐮0 and 𝐖𝐯0 are 3 × 3 skew tensors,
and so are completely parameterized by vectors 𝝎𝐮0 and 𝝎𝐯0 ∈ R3 via

𝐖 = (𝝎 ×), 𝐖 = (𝝎 ×), (32)
8

𝐮0 𝐮0 𝐯0 𝐯0
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Fig. 4. Local bending kinematics. (a) Stiff creases along the panel diagonals in purple provide a model for panel bending. (b) Folding angles 𝓁𝜅𝑖 at the stiff
reases denote slight bending of the cell. (c) Notation for the local fitting problem of four neighboring cells with slightly bent kinematics.

here (𝐚×) is defined by (𝐚×)𝐛 = 𝐚 × 𝐛 for all 𝐛 ∈ R3. Thus, there are 13 DOFs in the two-by-two set of bent cells, plus the obvious
ranslations. Fitting the boundaries of the deformed cells together supplies eight constraints. We show that the cells fit together with
egligible stretching at leading order in 𝓁 (precisely, with panel strains ≲ 𝓁2) if and only if 𝜃, 𝝎𝐮0 , 𝝎𝐯0 , 𝛿𝜃𝐮0 and 𝛿𝜃𝐯0 satisfy

𝝎𝐮0 × 𝐯(𝜃) + 𝛿𝜃𝐮0𝐯
′(𝜃) = 𝝎𝐯0 × 𝐮(𝜃) + 𝛿𝜃𝐯0𝐮

′(𝜃),

𝝎𝐮0 ⋅ 𝐯
′(𝜃) = 𝝎𝐯0 ⋅ 𝐮

′(𝜃),
(33)

nd 𝜅1,… , 𝜅4 are given linearly as functions of 𝝎𝐮0 , 𝝎𝐯0 , 𝛿𝜃𝐮0 and 𝛿𝜃𝐯0 in an explicit dependence with coefficients parameterized by
. Note 𝐮(𝜃) and 𝐯(𝜃) are the lattice vectors from Section 2.1. See Proposition 3 for the formal statement of this result.
Eq. (33) solves the local fitting problem for slightly bent parallelogram origami cells. It also plays a crucial role for coarse graining

general soft modes. A basic observation is that the pattern’s soft modes of deformation are locally mechanistic: at the scale of each unit
cell they look like a mechanism, the features of which can vary from cell to cell. Much like in our work on planar kirigami (Zheng
et al., 2022), we capture this behavior by linking the first fundamental form of the effective (cell-averaged) deformation of the
origami to the actuation of its unit cells, i.e., the cell-wise change in a dihedral angle 𝜃 parameterizing the mechanism motion (see
Fig. 2(a–b)). Mathematically, the effective deformation and actuation should be smooth and generally heterogeneous continuum
fields 𝐲eff ∶𝛺 → R3 and 𝜃∶𝛺 → (𝜃−, 𝜃+) that satisfy the metric constraint

(

∇𝐲eff(𝐱)
)𝑇∇𝐲eff(𝐱) = 𝐀𝑇eff(𝜃(𝐱))𝐀eff(𝜃(𝐱)) (34)

for the shape tensor 𝐀eff(𝜃) in Eq. (11). At the level of the panel strains, Eq. (34) enforces the requirement that these strains vanish
as 𝓁 → 0. Even so, it is only part of the description of soft modes, since we have yet to incorporate the constraints from Eq. (33) on
the local kinematics of bent origami cells. For this purpose, we rewrite the metric constraint.

By linear algebra, Eq. (34) is equivalent to the system

∇𝐲eff(𝐱) = 𝐑eff(𝐱)𝐀eff(𝜃(𝐱)), equivalently:
{

𝜕𝐮0𝐲eff(𝐱) = 𝐑eff(𝐱)𝐮(𝜃(𝐱))
𝜕𝐯0𝐲eff(𝐱) = 𝐑eff(𝐱)𝐯(𝜃(𝐱))

(35)

for a rotation field 𝐑eff ∶ 𝛺 → 𝑆𝑂(3). Note 𝜕𝐮0 (⋅)(𝐱) ∶= lim𝜖→0 𝜖−1
[

(⋅)(𝐱+𝜖𝐮̃0)−(⋅)(𝐱)
]

and 𝜕𝐯0 (⋅)(𝐱) ∶= lim𝜖→0 𝜖−1
[

(⋅)(𝐱+𝜖𝐯̃0)−(⋅)(𝐱)
]

are
the directional derivatives along 𝐮0 and 𝐯0, respectively (see Fig. 5). Applying these derivatives to 𝐑eff(𝐱) defines two skew tensor
fields parameterized as vectors 𝝎𝐮0 ,𝝎𝐯0 ∶𝛺 → R3 that measure the relative rotations of the deformed origami cells:

𝜕 𝐑 (𝐱) = 𝐑 (𝐱)
(

𝝎 (𝐱) ×
)

, 𝜕 𝐑 (𝐱) = 𝐑 (𝐱)
(

𝝎 (𝐱) ×
)

.

9
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Fig. 5. Illustration of a locally mechanistic origami deformation and its effective description. The reference Bravais lattice vectors 𝐮0 and 𝐯0 distort according
to the local mechanism as 𝐮0 ↦ 𝐑eff(𝐱)𝐮(𝜃(𝐱)) and 𝐯0 ↦ 𝐑eff(𝐱)𝐯(𝜃(𝐱)) for a rotation field 𝐑eff(𝐱) and spatially varying actuation field 𝜃(𝐱).

Compatibility links the vector fields 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) to the actuation angle 𝜃(𝐱). In particular, 𝜕𝐮0𝜕𝐯0𝐲eff(𝐱) = 𝜕𝐯0𝜕𝐮0𝐲eff(𝐱) implies
that

𝝎𝐮0 (𝐱) × 𝐯(𝜃(𝐱)) + 𝜕𝐮0𝜃(𝐱)𝐯
′(𝜃(𝐱)) = 𝝎𝐯0 (𝐱) × 𝐮(𝜃(𝐱)) + 𝜕𝐯0𝜃(𝐱)𝐮

′(𝜃(𝐱)) (37)

and 𝜕𝐮0𝜕𝐯0𝐑eff(𝐱) = 𝜕𝐯0𝜕𝐮0𝐑eff(𝐱) implies that

𝜕𝐮0𝝎𝐯0 (𝐱) − 𝜕𝐯0𝝎𝐮0 (𝐱) = 𝝎𝐯0 (𝐱) × 𝝎𝐮0 (𝐱). (38)

In summary, Eqs. (35)–(38) are implied when a deformation 𝐲eff(𝐱) is linked to an auxiliary field (here, 𝜃(𝐱)) through a constraint
on its first fundamental form (Eq. (34)). In fact, these conditions are not only necessary but are also sufficient for the existence of
𝐲eff(𝐱) satisfying Eq. (34), allowing us to take 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) as our basic coarse-grained fields. (This result is more or less
standard in Cartan’s method of moving frames; for completness, we provide a proof in Proposition 4 of Section 4.1).

We now return to the local fitting conditions in Eq. (33). Eq. (37) is a continuous version of the first condition in Eq. (33),
nder the replacement (𝛿𝜃𝐮0 , 𝛿𝜃𝐯0 ) ↦ (𝜕𝐮0𝜃(𝐱), 𝜕𝐯0𝜃(𝐱)). This is not surprising, as the statement that neighboring cells ‘‘fit together’’
s a discrete analog of the statement that the second partial derivatives of the effective deformation commute. However, there is
dditional rigidity present due to the use of an origami-based microstructure, and indeed the second condition in Eq. (33) cannot
e deduced from manipulations on the metric constraint in Eq. (34). On coarse graining, this constraint requires that

𝝎𝐮0 (𝐱) ⋅ 𝐯
′(𝜃(𝐱)) = 𝝎𝐯0 (𝐱) ⋅ 𝐮

′(𝜃(𝐱)). (39)

o be clear, we are not the first write down such a constraint; recent literature (Lebée et al., 2018; McInerney et al., 2022; Nassar
et al., 2017, 2022; Schenk and Mark, 2013; Wei et al., 2013) has linked normal curvatures of the effective surfaces described by
parallelogram origami to a Poisson-like ratio of their unit cells. However, to our knowledge we are the first to recognize the crucial
link between Eq. (39) and the order of magnitude of the panel strains: given Eq. (39), the panel strains in a soft mode can be
made ≲ 𝓁2, and this smallness is necessary to achieve a bending-dominated response. See Section 5.1 for further discussion of the
literature, and the paragraphs following Theorem 1 for more on the panel strains.
10
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At this point, we have produced a full set of constraints for the fields 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) governing the macroscopic kinematics
of parallelogram origami:

Effective surface theory for parallelogram origami:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜃(𝐱) ∈ (𝜃−, 𝜃+)
𝝎𝐮0 (𝐱) ⋅ 𝐯

′(𝜃(𝐱)) = 𝝎𝐯0 (𝐱) ⋅ 𝐮
′(𝜃(𝐱))

𝝎𝐮0 (𝐱) × 𝐯(𝜃(𝐱)) + 𝜕𝐮0𝜃(𝐱)𝐯
′(𝜃(𝐱)) = 𝝎𝐯0 (𝐱) × 𝐮(𝜃(𝐱)) + 𝜕𝐯0𝜃(𝐱)𝐮

′(𝜃(𝐱))
𝜕𝐯0𝝎𝐮0 (𝐱) − 𝜕𝐮0𝝎𝐯0 (𝐱) = 𝝎𝐮0 (𝐱) × 𝝎𝐯0 (𝐱).

(40)

Our main result shows that for each solution of Eq. (40), there is a unique (up to rigid body motion) parameterized surface, along
with a sequence of deformed parallelogram origami patterns converging to this surface in the limit 𝓁 → 0; in other words, we
construct a general family of soft modes. We also provide a formula for the asymptotic bending energy of these soft modes. The
precise statement is as follows. Note 𝛺 is the closure of the planar reference domain 𝛺, ⟨𝐱⟩ ∶= 1

|𝛺|

∫𝛺 𝐱𝑑𝐴 and 𝐱̂(𝓁)𝑖,𝑗 ∶= (𝐱(𝓁)𝑖,𝑗 ⋅𝐞1, 𝐱
(𝓁)
𝑖,𝑗 ⋅𝐞2).

Theorem 1. Consider any parallelogram origami design composed of a repeating unit cell of four parallelogram panels joined at folds,
and its corresponding bar and hinge energy from Sections 2.1 and 2.2. Let 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) be smoothly defined on a neighborhood
of 𝛺, and assume that 𝜃(𝐱) ∈ (𝜃−, 𝜃+) on this domain. Assume also that these fields are analytic in the case that the Poisson ratio 𝜈(𝜃) in
Eq. (13) is negative. Finally, assume that 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) solve Eq. (40) on 𝛺. The following statements hold:

(Surface theory.) There exists a unique and smooth rotation field 𝐑eff ∶𝛺 → 𝑆𝑂(3) solving

𝜕𝐮0𝐑eff(𝐱) = 𝐑eff(𝐱)
(

𝝎𝐮0 (𝐱) ×
)

, 𝜕𝐯0𝐑eff(𝐱) = 𝐑eff(𝐱)
(

𝝎𝐯0 (𝐱) ×
)

(41)

with 𝐑eff(⟨𝐱⟩) = 𝐈. Also, there exists a unique and smooth effective deformation 𝐲eff ∶𝛺 → R3 satisfying

∇𝐲eff(𝐱) = 𝐑eff(𝐱)𝐀eff(𝜃(𝐱)) (42)

and 𝐲eff(⟨𝐱⟩) = 𝟎.
(Origami soft modes.) For 𝐲eff(𝐱) as above and any sufficiently small 𝓁, there is a deformation {𝐲(𝓁)𝑖,𝑗 } of the design {𝐱(𝓁)𝑖,𝑗 } such that

(it has negligible panel strains:) |𝜀(𝓁)𝑖,𝑗,1|,… , |𝜀(𝓁)𝑖,𝑗,4| = 𝑂(𝓁2),

(it has slight panel bending:) |𝜓 (𝓁)
𝑖,𝑗,1|, |𝜓

(𝓁)
𝑖,𝑗,2| = 𝑂(𝓁),

(it recovers the effective deformation:) |𝐲(𝓁)𝑖,𝑗 − 𝐲eff(𝐱̂
(𝓁)
𝑖,𝑗 )| = 𝑂(𝓁)

(43)

for all (𝑖, 𝑗) ∈ (𝓁), i.e., for all origami vertices.
(Effective plate energy.) The bar and hinge energy of the above origami deformations obeys

lim
𝓁→0

 (𝓁)
tot ({𝐲

(𝓁)
𝑖,𝑗 }) = ∫𝛺

{(

𝝎𝐮0 (𝐱)
𝜕𝐮0𝜃(𝐱)

)

⋅𝐊𝐮0 (𝜃(𝐱))
(

𝝎𝐮0 (𝐱)
𝜕𝐮0𝜃(𝐱)

)

+
(

𝝎𝐯0 (𝐱)
𝜕𝐯0𝜃(𝐱)

)

⋅𝐊𝐯0 (𝜃(𝐱))
(

𝝎𝐯0 (𝐱)
𝜕𝐯0𝜃(𝐱)

)}

𝑑𝐴 (44)

where the symmetric tensors 𝐊𝐮0 (𝜃) and 𝐊𝐯0 (𝜃) ∈ R4×4 are given by

𝐊𝐮0 (𝜃) ∶=
𝑏1

(𝑉123(𝜃))2

(

𝐭2(𝜃) × 𝐭3(𝜃)
𝐭3(𝜃) ⋅ 𝐭′2(𝜃)

)

⊗

(

𝐭2(𝜃) × 𝐭3(𝜃)
𝐭3(𝜃) ⋅ 𝐭′2(𝜃)

)

+
𝑏3

(𝑉341(𝜃))2

(

𝐭1(𝜃) × 𝐭4(𝜃)
−𝐭1(𝜃) ⋅ 𝐭′4(𝜃)

)

⊗

(

𝐭1(𝜃) × 𝐭4(𝜃)
−𝐭1(𝜃) ⋅ 𝐭′4(𝜃)

)

,

𝐊𝐯0 (𝜃) ∶=
𝑏2

(𝑉234(𝜃))2

(

𝐭3(𝜃) × 𝐭4(𝜃)
𝐭′3(𝜃) ⋅ 𝐭4(𝜃)

)

⊗

(

𝐭3(𝜃) × 𝐭4(𝜃)
𝐭′3(𝜃) ⋅ 𝐭4(𝜃)

)

+
𝑏4

(𝑉412(𝜃))2

(

𝐭2(𝜃) × 𝐭1(𝜃)
−𝐭′1(𝜃) ⋅ 𝐭2(𝜃)

)

⊗

(

𝐭2(𝜃) × 𝐭1(𝜃)
−𝐭′1(𝜃) ⋅ 𝐭2(𝜃)

)

,

(45)

ith 𝑉𝑖𝑗𝑘(𝜃) ∶= 𝐭𝑖(𝜃) ⋅ (𝐭𝑗 (𝜃) × 𝐭𝑘(𝜃)). The bending moduli 𝑏1,… , 𝑏4 satisfy

𝑏𝑖 ∶=
1

2|𝐮0 × 𝐯0|

⎛

⎜

⎜

⎜

⎜

⎝

|(𝐭𝑟𝑖 −𝐭
𝑟
𝑗 )×(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

2

|(𝐭𝑟𝑖 −𝐭
𝑟
𝑗 )||(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

|(𝐭𝑟𝑖 +𝐭
𝑟
𝑗 )×(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

2

|(𝐭𝑟𝑖 +𝐭
𝑟
𝑗 )||(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

⎞

⎟

⎟

⎟

⎟

⎠

⋅𝐷𝐷𝛷bend𝑖
(𝟎)

⎛

⎜

⎜

⎜

⎜

⎝

|(𝐭𝑟𝑖 −𝐭
𝑟
𝑗 )×(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

2

|(𝐭𝑟𝑖 −𝐭
𝑟
𝑗 )||(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

|(𝐭𝑟𝑖 +𝐭
𝑟
𝑗 )×(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

2

|(𝐭𝑟𝑖 +𝐭
𝑟
𝑗 )||(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

⎞

⎟

⎟

⎟

⎟

⎠

, 𝑖𝑗 ∈ {12, 34},

𝑏𝑖 ∶=
1

2|𝐮0 × 𝐯0|

⎛

⎜

⎜

⎜

⎜

⎝

|(𝐭𝑟𝑖 +𝐭
𝑟
𝑗 )×(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

2

|(𝐭𝑟𝑖 +𝐭
𝑟
𝑗 )||(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

|(𝐭𝑟𝑖 −𝐭
𝑟
𝑗 )×(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

2

|(𝐭𝑟𝑖 −𝐭
𝑟
𝑗 )||(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

⎞

⎟

⎟

⎟

⎟

⎠

⋅𝐷𝐷𝛷bend𝑖
(𝟎)

⎛

⎜

⎜

⎜

⎝

|(𝐭𝑟𝑖 +𝐭
𝑟
𝑗 )×(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

2

|(𝐭𝑟𝑖 +𝐭
𝑟
𝑗 )||(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

|(𝐭𝑟𝑖 −𝐭
𝑟
𝑗 )×(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

2

|(𝐭𝑟𝑖 −𝐭
𝑟
𝑗 )||(𝐭

𝑟
𝑖 ×𝐭

𝑟
𝑗 )|

⎞

⎟

⎟

⎟

⎠

, 𝑖𝑗 ∈ {23, 41}.

(46)

Remark 1. The energy densities 𝛷bend𝑖
(𝜓1, 𝜓2), 𝑖 = 1,… , 4, above are the four periodically repeating bending strain energies from

Eq. (23), labeled by the panel variant in Eq. (4). 𝐷𝐷𝛷bend𝑖
(𝟎) ∈ R2×2 are their Hessian matrices evaluated at (𝜓1, 𝜓2) = 𝟎.

Remark 2. Per the assumptions, there is an 𝜖𝜃 > 0 such that 𝜃(𝐱) ∈ [𝜃−+ 𝜖𝜃 , 𝜃+− 𝜖𝜃] on 𝛺. In other words, the actuation is bounded
away from degenerate states where the origami contains unfolded or fully-folded creases.
11
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Remark 3. In the theorem, the folding energy becomes negligible in the limit because we assumed a bending dominated scaling
through the prescription 𝛼𝑓 > 0, 𝛼𝑏 = −2, 𝛼𝑠 ∈ (−4,−2) (recall Eqs. (28)–(31)). If instead 𝛼𝑓 = 0, the limit energy becomes the sum of
the bending energy in Eq. (44) and a folding energy of the form ∫𝛺𝑊fold(𝜃(𝐱)) 𝑑𝐴 for an energy density 𝑊fold(𝜃) ≥ 0 that vanishes
f and only if 𝜃 = 0.

The proof of Theorem 1 is given in Sections 3–4, with some technical details in Appendices A and B. Given a solution of
he proposed effective surface theory in Eq. (40) and its corresponding effective deformation, our task is to construct a locally
echanistic ansatz for the deformation of the origami, and to ensure it has negligible stretching energy and known bending energy.
riting an asymptotic expansion for the panel strains 𝜀(𝓁)𝑖,𝑗,𝑘 = 𝜀(0)𝑖,𝑗,𝑘 + 𝓁𝜀(1)𝑖,𝑗,𝑘 + 𝓁2𝜀(2)𝑖,𝑗,𝑘 + 𝑂(𝓁3) with (𝑖, 𝑗) indexing the panel and 𝑘
ndexing one of four panel strains, the key is to find a way to set the first two terms in the expansion to zero: 𝜀(0)𝑖,𝑗,𝑘 = 𝜀(1)𝑖,𝑗,𝑘 = 0.
o understand why, consider each panel as a plate of thickness ℎ ≪ 𝓁 and modulus 𝐸. The elastic energy per panel is of the
orm plate ∼ 𝐸 ∫ (𝓁) (ℎ𝜀2 + ℎ3𝜅2)𝑑𝐴, where  (𝓁) is the panel and 𝜀 and 𝜅 denote stretching and curvature. Since we are after a
ending-dominated limit, we take 𝜅 ∼ 𝜓 (𝓁)

𝑖,𝑗,𝑘∕𝓁 ∼ 1. If we can achieve 𝜀 ∼ 𝜀(𝓁)𝑖,𝑗,𝑘 ∼ 𝓁2, it follows that plate ∼ 𝐸ℎ𝓁6 + 𝐸ℎ3𝓁2. Bending
𝐸ℎ3𝓁2) dominates over stretching (𝐸ℎ𝓁6) when 𝓁2 ≪ ℎ, a situation that is feasible as ℎ ≪ 𝓁. (Presumably, the alternative scaling
∼ 𝓁 leads to an effective membrane theory, but deriving such a theory is not the subject of this paper.)
Actually achieving 𝜀(0)𝑖,𝑗,𝑘 = 𝜀(1)𝑖,𝑗,𝑘 = 0 is a delicate matter. The construction divides into three main steps. First, we deform the

rigami using a cell-wise sampling of the effective fields 𝐲eff(𝐱), 𝐑eff(𝐱), 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱). In this first step, the zeroth order
trains 𝜀(0)𝑖,𝑗,𝑘 vanish due to the metric constraint in Eq. (42). However, the strains at first order 𝜀

(1)
𝑖,𝑗,𝑘 fail to vanish, leading us to

nrich the ansatz through local perturbations. We introduce two auxiliary fields — a vector field 𝝎(𝐱) and an angle field 𝜉(𝐱) —
orresponding to linearized rotations and linearized mechanisms of the cells. Leveraging the remaining constraints in Eqs. (40)–(42),
e show that the enriched construction achieves 𝜀(1)𝑖,𝑗,𝑘 = 0 if and only if the auxiliary fields solve a linear PDE:

(𝐱)
(

𝝎(𝐱)
𝜉(𝐱)

)

= 𝐟 (𝐱). (47)

he operator (𝐱) and right-hand side 𝐟 (𝐱) ∈ R3 depend smoothly and explicitly on the fields 𝐑eff(𝐱), 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱), as well
s on the design parameters of the origami unit cell. In the final step of our construction, we prove that there is always a solution to
q. (47), and thus a choice of 𝝎(𝐱) and 𝜉(𝐱) that eliminates the first order strains. This yields the desired origami soft modes, along
ith the plate energy in the theorem above.

. Rigid and bending kinematics of parallelogram origami

We begin our analysis by characterizing the full mechanism kinematics of an arbitrary parallelogram origami design. Then, we
olve the local fitting problem for slightly bent origami unit cells.

.1. Mechanism kinematics

Fix a set of four design vectors 𝐭𝑟1,… , 𝐭𝑟4 that satisfy Eqs. (1)–(2) and form the creases of the reference cell, as in Fig. 2(a). The
ell itself is the union of four parallelogram panels 𝛺cell = 1 ∪ ⋯ ∪ 4 that depend on these design vectors through Eq. (4). To
eform the cell rigidly, we deform the crease vectors 𝐭𝑟1,… , 𝐭𝑟4 to 𝐭𝑑1 ,… , 𝐭𝑑4 in such a way that

(the lengths of the creases are preserved:) |𝐭𝑑𝑖 | = |𝐭𝑟𝑖 |, 𝑖 = 1,… , 4,

(the angles between adjacent creases are preserved:) 𝐭𝑑𝑖 ⋅ 𝐭𝑑𝑗 = 𝐭𝑟𝑖 ⋅ 𝐭
𝑟
𝑗 , 𝑖𝑗 ∈ {12, 23, 34, 41},

(the mountain-valley assignment is preserved:) [𝐭𝑑𝑖 ⋅ (𝐭𝑑𝑗 × 𝐭𝑑𝑘 )][𝐭
𝑟
𝑖 ⋅ (𝐭

𝑟
𝑗 × 𝐭𝑟𝑘)] > 0,

𝑖𝑗𝑘 ∈ {123, 234, 341, 412}.

(48)

The collection of all deformed creases

 ∶=
{

(𝐭𝑑1 , 𝐭
𝑑
2 , 𝐭

𝑑
3 , 𝐭

𝑑
4 ) ∈ R3 × R3 × R3 × R3 subject to Eq. (48)

}

(49)

describes the mechanism kinematics of the cell consistent with the mountain-valley assignment of its reference configuration.
A tedious but straightforward application of the implicit function theorem proves that  is parameterized by an analytic single

DOF motion, up to an overall rigid motion. See Appendix A.1 for the details.

Proposition 1. There is an interval (𝜃−, 𝜃+) containing zero and analytic functions 𝐭𝑖 ∶ (𝜃−, 𝜃+) → R3, 𝑖 = 1,… , 4 that parameterize the
mechanism set as

 =
{

(𝐑𝐭1(𝜃),𝐑𝐭2(𝜃),𝐑𝐭3(𝜃),𝐑𝐭4(𝜃))∶𝐑 ∈ 𝑆𝑂(3), 𝜃 ∈ (𝜃−, 𝜃+)
}

. (50)

These functions also satisfy the initial conditions 𝐭𝑖(0) = 𝐭𝑟𝑖 , 𝑖 = 1,… , 4, and the planarity conditions

𝐞3 ⋅ (𝐭1(𝜃) − 𝐭3(𝜃)) = 0, 𝐞3 ⋅ (𝐭2(𝜃) − 𝐭4(𝜃)) = 0, 𝐞3 ⋅ (𝐭1(𝜃) − 𝐭3(𝜃)) × (𝐭2(𝜃) − 𝐭4(𝜃)) > 0 (51)

for all 𝜃 ∈ (𝜃−, 𝜃+).
12
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Fig. 6. Uniqueness of the mechanism motion. (a–b) Actuating a single crease determines the actuation of the opposite crease. (c–d) This argument is repeated
to construct the motion of the adjacent cells. (e) The mechanism motion of the fourth cell is compatible with its neighbors.

In the course of the proof, we establish an important property of the Bravais lattice vectors 𝐮(𝜃) ∶= 𝐭1(𝜃) − 𝐭3(𝜃) and 𝐯(𝜃) ∶=
𝐭2(𝜃) − 𝐭4(𝜃) introduced in Section 2.1, namely, that |𝐮(𝜃)| and |𝐯(𝜃)| depend in a strictly monotonic fashion on 𝜃 ∈ (𝜃−, 𝜃+). We use
his later in the coarse-graining argument.

emma 1. 𝐮′(𝜃) ⋅ 𝐮(𝜃) and 𝐯′(𝜃) ⋅ 𝐯(𝜃) remain either strictly negative or strictly positive on (𝜃−, 𝜃+). Hence, |𝐮(𝜃)| and |𝐯(𝜃)| are strictly
monotonic on (𝜃−, 𝜃+).

Remark 4. The signs of 𝐮(𝜃) ⋅ 𝐮′(𝜃) and 𝐯′(𝜃) ⋅ 𝐯′(𝜃) need not agree.

See Appendix A.1 for the proof.
We now construct the mechanism motion of a given parallelogram origami pattern under the assumption that the motion contains

he reference pattern and does not change the mountain-valley assignment. Start with the fact that the cell’s mechanism motion is
iven by deforming the creases via (𝐭𝑟1,… , 𝐭𝑟4) ↦ (𝐭1(𝜃),… , 𝐭4(𝜃)) from Proposition 1. Observe that there are unique rotation fields
𝑖 ∶ (𝜃−, 𝜃+) → 𝑆𝑂(3) such that

𝐑𝑖(𝜃)𝐭𝑟𝑖 = 𝐭𝑖(𝜃), 𝐑𝑖(𝜃)𝐭𝑟𝜎(𝑖) = 𝐭𝜎(𝑖)(𝜃), 𝐑𝑖(𝜃)(𝐭𝑟𝑖 × 𝐭𝑟𝜎(𝑖)) = 𝐭𝑖(𝜃) × 𝐭𝜎(𝑖)(𝜃), (52)

here 𝜎(𝑖) is a cyclic permutation of {1, 2, 3, 4}. The mechanism motion of the unit cell satisfies

𝛺𝜃
cell ∶= 𝐑1(𝜃)1 ∪ 𝐑2(𝜃)2 ∪ 𝐑3(𝜃)3 ∪ 𝐑4(𝜃)4, 𝜃 ∈ (𝜃−, 𝜃+). (53)

n turn, the mechanism motion of the overall pattern repeats the motion of the unit cell via
𝜃 { 𝜃 } − + (54)
13

ori ∶= 𝛺cell + 𝑖𝐮(𝜃) + 𝑗𝐯(𝜃)∶ 𝑖, 𝑗 ∈ Z , 𝜃 ∈ (𝜃 , 𝜃 )
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for the lattice vectors 𝐮(𝜃) and 𝐯(𝜃).

Proposition 2. For each 𝜃 ∈ (𝜃−, 𝜃+), there is a continuous and rigid deformation 𝐲𝜃 ∶ ori → R3 that satisfies 𝐲𝜃(ori) =  𝜃
ori. Furthermore,

up to an overall rigid motion, 𝐲𝜃(ori), 𝜃 ∈ (𝜃−, 𝜃+), is the unique mechanism motion of ori that contains ori and does not change the
mountain-valley assignment. Finally, 𝐲0(ori) = ori and the parameterization is analytic in 𝜃.

It is not hard to show the existence of such a mechanism motion. Uniqueness is more subtle — its proof involves repeated
applications of the implicit function theorem under the hypothesis that the mountain-valley assignment is unchanged. We sketch
the proof using Fig. 6; again, see Appendix A.3 for the details.

Start by folding the crease between two adjacent panels of a cell in a manner that takes the dihedral angle from 𝜃0 to 𝜃0 + 𝜃 as
n Fig. 6(a). We claim that the pattern’s mechanism motion is uniquely determined by this folding. Indeed, the deformed wedge in
ed in Fig. 6(a) must be matched by a corresponding folding of the neighboring pair of panels. A basic geometry argument dictates
hat there is exactly one way to do this folding while preserving the mountain-valley assignment (see Appendix A.2). This solution
s sketched in Fig. 6(b). In other words, the folding of a single crease determines the folding of the opposite crease about a vertex.
his argument can be repeated to fit the adjacent pair of panels uniquely and compatibly to the right of the deformed unit cell and
bove it (Fig. 6(c)), and then again to the right and above (Fig. 6(d)). Moving on to the fourth cell, there are now two deformed
edges to contend with. It is either the case that the two ways to march the construction yield the same result, or an incompatibility
rises and the pattern fails to have a mechanism motion that contains the reference configuration. The latter is impossible, since
he periodically repeating cells in Fig. 6(e) define a compatible mechanism motion. Uniqueness of the mechanism motion follows.

.2. Local bending kinematics

Having characterized the mechanism motions of generic parallelogram origami patterns, we now study their local bending
inematics. We start by relaxing the mechanism kinematics of a single unit cell to allow for perturbations that preserve the distances
etween neighboring vertices to leading order. We then solve the fitting problem for such ‘‘slightly bent’’ neighboring unit cells, as
iscussed in Section 2.3.
We first fix a single parallelogram unit cell 𝛺(𝓁)

cell = 𝓁𝛺cell that has been scaled by 0 < 𝓁 ≪ 1, so that the crease vectors are
𝐭𝑟1,… ,𝓁𝐭𝑟4. Per the previous section, the mechanism deformation is parameterized up to rigid motion by deforming the creases as
𝐭𝑟𝑖 ↦ 𝓁𝐭𝑖(𝜃), 𝑖 = 1,… , 4, 𝜃 ∈ (𝜃−, 𝜃+), where the deformed 𝐭1(𝜃),… , 𝐭4(𝜃) creases satisfy Eqs. (166)–(167). Fig. 7(a–b) sketches this
eformation.
We seek a small perturbation to the mechanism that does not change lengths at leading order. We first argue that we may fix

he interior crease vectors to be 𝐭𝑖(𝜃), 𝑖 = 1,… , 4, and distort only the cell boundaries. Indeed, suppose we distort the interior crease
ectors through small perturbations

𝐭𝑖(𝜃) ↦ 𝐭𝑖(𝜃) + 𝓁𝜹𝐭𝑖, 𝑖 = 1,… , 4 (55)

hat preserve lengths to leading order in 𝓁. For this to be the case, it is necessary and sufficient that the perturbations 𝜹𝐭𝑖 ∈ R3,
= 1,… , 4, satisfy the orthogonality conditions

𝜹𝐭𝑖 ⋅ 𝐭𝑖(𝜃) = 0 𝑖 = 1,… , 4, and (𝜹𝐭𝑖 − 𝜹𝐭𝑗 ) ⋅ (𝐭𝑖(𝜃) − 𝐭𝑗 (𝜃)) = 0 𝑖𝑗 ∈ {12, 23, 34, 41}. (56)

uch perturbations turn out to be a combination of an overall infinitesimal rotation of the cell and a perturbation of the mechanism
ngle 𝜃 ∈ (𝜃−, 𝜃+).

emma 2. Eq. (56) holds if and only if

𝜹𝐭𝑖 = 𝝎 × 𝐭𝑖(𝜃) + 𝜉𝐭′𝑖 (𝜃), 𝑖 = 1,… , 4 (57)

or some 𝝎 ∈ R3 and 𝜉 ∈ R. The perturbation satisfies

𝐭𝑖(𝜃) + 𝓁𝜹𝐭𝑖 =
[

𝐈 + 𝓁(𝝎×)
]

𝐭𝑖(𝜃 + 𝓁𝜉) + 𝑂(𝓁2), 𝑖 = 1,… , 4. (58)

roof. Proposition 1 shows that the set of mechanism deformations of a cell  is a 4-dimensional manifold, since each 𝐭𝑖(𝜃) is
mooth. The key observation is that Eqs. (55)–(56) describe algebraic conditions that are necessary and sufficient for an infinitesimal
erturbation of the mechanism. As a result, each (𝐑𝜹𝐭1,… ,𝐑𝜹𝐭4) must belong to the tangent space of the manifold in Eq. (50) at the
oint (𝐑𝐭1(𝜃),… ,𝐑𝐭4(𝜃)). Since the dimension of the tangent space of a manifold is the same as that of the manifold, we conclude
hat the solution space to Eq. (56) is four dimensional.
Next, observe that the parameterization in Eq. (57) solves all the conditions in Eq. (56) for any choice of 𝝎 and 𝜉. We thus

omplete the proof by showing that 𝝎 and 𝜉 are four linearly independent DOFs in this parameterization. Assume

𝝎 × 𝐭𝑖(𝜃) + 𝜉𝐭′𝑖 (𝜃) = 𝟎 for all 𝑖 = 1,… , 4. (59)

y subtracting the 𝑖 = 1, 3 equations and the 𝑖 = 2, 4 equations, Eq. (59) implies that
′ ′ (60)
14

𝝎 × 𝐮(𝜃) + 𝜉𝐮 (𝜃) = 𝟎, 𝝎 × 𝐯(𝜃) + 𝜉𝐯 (𝜃) = 𝟎,
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(
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𝝎

Fig. 7. Notation for the local bending kinematics of a single cell of characteristic length 𝓁. Boundary of (a) the reference configurations, (b) after folding and
c) after folding and bending.

or 𝐮(𝜃) = 𝐭1(𝜃) − 𝐭3(𝜃) and 𝐯(𝜃) = 𝐭2(𝜃) − 𝐭4(𝜃), which span the plane normal to 𝐞3 by construction. To characterize Eq. (60), we write
in the {𝐮(𝜃), 𝐯(𝜃), 𝐞3} basis as 𝝎 = 𝜔𝑢𝐮(𝜃)+𝜔𝑣𝐯(𝜃)+𝜔3𝐞3 and obtain the equations 𝜔𝑣[𝐞3 ⋅ (𝐯(𝜃)×𝐮(𝜃))]𝐞3+𝜔3𝐞3×𝐮(𝜃)+𝜉𝐮′(𝜃) = 𝟎 and

𝜔𝑢[𝐞3 ⋅ (𝐮(𝜃) × 𝐯(𝜃))]𝐞3 +𝜔3𝐞3 × 𝐯(𝜃) + 𝜉𝐯′(𝜃) = 𝟎. Note that |𝐮(𝜃)|, |𝐯(𝜃)| are strictly monotonic functions of 𝜃 by Lemma 1. As a result,
𝐮′(𝜃) and 𝐯′(𝜃) have non-zero components in the 𝐮(𝜃) and 𝐯(𝜃) directions. It follows that {𝐞3, 𝐞3 × 𝐮(𝜃),𝐮′(𝜃)} and {𝐞3, 𝐞3 × 𝐯(𝜃), 𝐯′(𝜃)}
both span R3. Thus, Eq. (60) implies 𝝎 = 𝟎 and 𝜉 = 0. This proves the desired linear independence and shows that Eq. (57) fully
characterizes the solutions to Eq. (56). The perturbation in Eq. (58) follows by Taylor expansion. □

Due to the structure of the perturbations in Eq. (58), we are free to fix the interior creases as 𝐭𝑖(𝜃), 𝑖 = 1,… , 4, and distort
only the corner nodes of the cell to describe its bending kinematics. The point is that a bent cell with interior crease vectors
(𝐈 + 𝓁(𝝎×))𝐭𝑖(𝜃 + 𝓁𝜉) can be transformed to leading order to a bent cell with fixed interior crease vectors 𝐭𝑖(𝜃) through an
infinitesimal rotation of the cell (𝐈 − 𝓁(𝝎×)) and by replacing 𝜃 + 𝓁𝜉 with 𝜃. With this, the bending kinematics of a unit cell are
described as follows. Observe that the four corner points of the mechanism deformation are the sum of the deformed crease vectors
𝐬1(𝜃) ∶= 𝐭1(𝜃) + 𝐭2(𝜃),… , 𝐬4(𝜃) = 𝐭4(𝜃) + 𝐭1(𝜃). Since three of the four vertices of each panel are now fixed, the corner points must be
perturbed along the normal of the panel. So, 𝐬𝑖(𝜃) ↦ 𝐬𝑖(𝜃) + 𝓁𝜹𝐬𝑖 satisfies

𝜹𝐬1 = 𝜅1(𝐭1(𝜃) × 𝐭2(𝜃)), 𝜹𝐬2 = 𝜅2(𝐭2(𝜃) × 𝐭3(𝜃)), 𝜹𝐬3 = 𝜅3(𝐭3(𝜃) × 𝐭4(𝜃)), 𝜹𝐬4 = 𝜅4(𝐭4(𝜃) × 𝐭1(𝜃)) (61)

for panel curvatures 𝜅1,… , 𝜅4 ∈ R. For future reference, the boundaries of the slightly bent cell are 𝓁𝐭(𝓁)𝑖,± (𝜃,𝜿) as indicated in Fig. 7(c),
where

𝐭(𝓁)1,−(𝜃,𝜿) ∶= 𝐭1(𝜃) + 𝓁𝜅4(𝐭4(𝜃) × 𝐭1(𝜃)), 𝐭(𝓁)3,−(𝜃,𝜿) ∶= 𝐭3(𝜃) + 𝓁𝜅3(𝐭3(𝜃) × 𝐭4(𝜃)),

𝐭(𝓁)1,+(𝜃,𝜿) ∶= 𝐭1(𝜃) + 𝓁𝜅1(𝐭1(𝜃) × 𝐭2(𝜃)), 𝐭(𝓁)3,+(𝜃,𝜿) ∶= 𝐭3(𝜃) + 𝓁𝜅2(𝐭2(𝜃) × 𝐭3(𝜃)),

𝐭(𝓁)2,−(𝜃,𝜿) ∶= 𝐭2(𝜃) + 𝓁𝜅2(𝐭2(𝜃) × 𝐭3(𝜃)), 𝐭(𝓁)4,−(𝜃,𝜿) ∶= 𝐭4(𝜃) + 𝓁𝜅3(𝐭3(𝜃) × 𝐭4(𝜃)),

𝐭(𝓁)2,+(𝜃,𝜿) ∶= 𝐭2(𝜃) + 𝓁𝜅1(𝐭1(𝜃) × 𝐭2(𝜃)), 𝐭(𝓁)4,+(𝜃,𝜿) ∶= 𝐭4(𝜃) + 𝓁𝜅4(𝐭4(𝜃) × 𝐭1(𝜃)).

(62)

This completes our parameterization of a single slightly bent cell.
We now show how to fit together neighboring slightly bent unit cells. Let Eq. (62) describe the boundaries of an actuated and

slightly bent 𝛺(𝓁)
cell, as in Fig. 7(c). Then, following Fig. 8(a), assume that the neighboring cell 𝛺

(𝓁)
cell + 𝓁𝐯0 is actuated to a slightly

bent configuration with cell boundary tangents

𝐭(𝓁)𝑖,±,𝐯0
(𝜃,𝜿, 𝛿𝜃𝐯0 ,𝝎𝐯0 ) ∶= (𝐈 + 𝓁(𝝎𝐯0×))𝐭

(𝓁)
𝑖,± (𝜃 + 𝓁𝛿𝜃𝐯0 ,𝜿), 𝑖 = 1,… , 4. (63)

Finally, following Fig. 8(b), assume that the neighboring cell 𝛺(𝓁)
cell+𝓁𝐮0 is actuated to a slightly bent configuration with cell boundary

tangents

𝐭(𝓁)𝑖,±,𝐮0
(𝜃,𝜿, 𝛿𝜃𝐮0 ,𝝎𝐮0 ) ∶= (𝐈 + 𝓁(𝝎𝐮0×))𝐭

(𝓁)
𝑖,± (𝜃 + 𝓁𝛿𝜃𝐮0 ,𝜿), 𝑖 = 1,… , 4. (64)

The assumptions here are motivated by the physical observation that two slightly bent neighboring cells in an overall pattern do not
deviate much from each other in their kinematics. Compared to the original cell, the neighbors pick up an actuation angle 𝓁𝛿𝜃(⋅) to
account for small changes in the folds between the cells. They also pick up an infinitesimal rotation 𝐈+𝓁(𝝎(⋅)×), which is needed to
fit the cells together compatibly at leading order. (Small perturbations of the curvatures 𝜿 ↦ 𝜿 + 𝓁𝜹𝜿(⋅) are also possible. However,
15

they enter the kinematics at a higher order in 𝓁.)
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Fig. 8. Neighbor compatibility for cells of characteristic length 𝓁. (a) Notation for the 𝐯0-neighbor and (b) 𝐮0-neighbor. (c) Description for fitting together three
neighboring cells. The four vector compatibility conditions indicated appear in Eq. (65).

Fig. 8(c) illustrates the local fitting problem constraining the parameters 𝜿, 𝛿𝜃𝐮0 , 𝛿𝜃𝐯0 , 𝝎𝐮0 and 𝝎𝐯0 in Eqs. (62)–(64). There are
four compatibility conditions to solve. They concern an approximate fitting of neighboring tangents of the form

𝐭(𝓁)1,−,𝐯0
(𝜃,𝜿, 𝛿𝜃𝐯0 ,𝝎𝐯0 ) − 𝐭(𝓁)1,+(𝜃,𝜿) = 𝑂(𝓁2), 𝐭(𝓁)3,−,𝐮0

(𝜃,𝜿, 𝛿𝜃𝐯0 ,𝝎𝐯0 ) − 𝐭(𝓁)3,+(𝜃,𝜿) = 𝑂(𝓁2),

𝐭(𝓁)2,−,𝐮0
(𝜃,𝜿, 𝛿𝜃𝐮0 ,𝝎𝐮0 ) − 𝐭(𝓁)2,+(𝜃,𝜿) = 𝑂(𝓁2), 𝐭(𝓁)4,−,𝐮0

(𝜃,𝜿, 𝛿𝜃𝐮0 ,𝝎𝐮0 ) − 𝐭(𝓁)4,+(𝜃,𝜿) = 𝑂(𝓁2).
(65)

Once these conditions are solved, cell translations can be chosen resulting in gaps ∼ 𝓁3 between the neighboring cells and strains
∼ 𝓁2. (Doing so globally, however, requires additional enrichment of the ansatz by local perturbations, as will be described in
Section 4.2.)

Proposition 3. Eq. (65) holds if and only if 𝝎𝐮0 , 𝝎𝐯0 𝛿𝜃𝐮0 and 𝛿𝜃𝐯0 satisfy

𝝎𝐮0 × 𝐯(𝜃) + 𝛿𝜃𝐮0𝐯
′(𝜃) = 𝝎𝐯0 × 𝐮(𝜃) + 𝛿𝜃𝐯0𝐮

′(𝜃),

𝝎𝐮0 ⋅ 𝐯
′(𝜃) = 𝝎𝐯0 ⋅ 𝐮

′(𝜃)
(66)

and 𝜿 = (𝜅1,… , 𝜅4) satisfies

⎛

⎜

⎜

⎜

⎜

⎝

𝜅1
𝜅2
𝜅3
𝜅4

⎞

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

(𝐭2(𝜃)×𝐭3(𝜃))𝑇
𝑉123(𝜃)

𝐭3(𝜃)⋅𝐭′2(𝜃)
𝑉123(𝜃)

0 0

0 0 (𝐭3(𝜃)×𝐭4(𝜃))𝑇
𝑉234(𝜃)

𝐭′3(𝜃)⋅𝐭4(𝜃)
𝑉234(𝜃)

(𝐭4(𝜃)×𝐭1(𝜃))𝑇
𝑉314(𝜃)

𝐭1(𝜃)⋅𝐭′4(𝜃)
𝑉314(𝜃)

0 0

0 0 (𝐭1(𝜃)×𝐭2(𝜃))𝑇
𝑉421(𝜃)

𝐭′1(𝜃)⋅𝐭2(𝜃)
𝑉421(𝜃)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝐁(𝜃)

⎛

⎜

⎜

⎜

⎜

⎝

𝝎𝐮0
𝛿𝜃𝐮0
𝝎𝐯0
𝛿𝜃𝐯0

⎞

⎟

⎟

⎟

⎟

⎠

(67)

where 𝑉 (𝜃) = 𝐭 (𝜃) ⋅ (𝐭 (𝜃) × 𝐭 (𝜃)).
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Remark 5. In the course of the proof, we also establish that Eq. (66) holds if and only if

𝝎𝐮0 = 𝜏𝐮(𝜃) + 𝜅(𝐮′(𝜃) ⋅ 𝐮(𝜃))𝐯(𝜃) +
( 𝛿𝜃𝐮0𝐯

′(𝜃) ⋅ 𝐮(𝜃) − 𝛿𝜃𝐯0𝐮
′(𝜃) ⋅ 𝐮(𝜃)

𝐞3 ⋅ (𝐮(𝜃) × 𝐯(𝜃))

)

𝐞3,

𝝎𝐯0 = 𝜅(𝐯′(𝜃) ⋅ 𝐯(𝜃))𝐮(𝜃) − 𝜏𝐯(𝜃) +
( 𝛿𝜃𝐮0𝐯

′(𝜃) ⋅ 𝐯(𝜃) − 𝛿𝜃𝐯0𝐮
′(𝜃) ⋅ 𝐯(𝜃)

𝐞3 ⋅ (𝐮(𝜃) × 𝐯(𝜃))

)

𝐞3,
(68)

or some 𝜅 and 𝜏 ∈ R. These parameters can be interpreted as ‘‘bend’’ (𝜅) and ‘‘twist’’ (𝜏) of the unit cell; see Section 5.1 for further
iscussion and Section 5.3 for examples of these modes.

roof. By expanding out Eq. (65), we conclude from the 𝑂(𝓁) terms that it is equivalent to
[

𝝎𝐯0 + 𝜅4𝐭4(𝜃) + 𝜅1𝐭2(𝜃)
]

× 𝐭1(𝜃) + 𝛿𝜃𝐯0 𝐭
′
1(𝜃) = 𝟎,

[

𝝎𝐯0 − 𝜅3𝐭4(𝜃) − 𝜅2𝐭2(𝜃)
]

× 𝐭3(𝜃) + 𝛿𝜃𝐯0 𝐭
′
3(𝜃) = 𝟎,

[

𝝎𝐮0 − 𝜅2𝐭3(𝜃) − 𝜅1𝐭1(𝜃)
]

× 𝐭2(𝜃) + 𝛿𝜃𝐮0 𝐭
′
2(𝜃) = 𝟎,

[

𝝎𝐮0 + 𝜅3𝐭3(𝜃) + 𝜅4𝐭1(𝜃)
]

× 𝐭4(𝜃) + 𝛿𝜃𝐮0 𝐭
′
4(𝜃) = 𝟎.

(69)

e focus on necessary conditions to Eq. (69) and then turn to sufficiency.
To find necessary conditions, we eliminate the panel curvatures 𝜅1,… , 𝜅4 from Eq. (69) while simultaneously bringing in the

ravais lattice vectors 𝐮(𝜃) = 𝐭1(𝜃)− 𝐭3(𝜃) and 𝐯(𝜃) = 𝐭2(𝜃)− 𝐭4(𝜃). Taking the difference of the first and second equation, and similarly
he third and fourth, in Eq. (69) gives that

𝝎𝐯0 × 𝐮(𝜃) +
[

𝜅1𝐭2(𝜃) + 𝜅4𝐭4(𝜃)
]

× 𝐭1(𝜃) −
[

−𝜅2𝐭2(𝜃) − 𝜅3𝐭4(𝜃)
]

× 𝐭3(𝜃) + 𝛿𝜃𝐯0𝐮
′(𝜃) = 𝟎,

𝝎𝐮0 × 𝐯(𝜃) +
[

−𝜅2𝐭3(𝜃) − 𝜅1𝐭1(𝜃)
]

× 𝐭2(𝜃) −
[

𝜅3𝐭3(𝜃) + 𝜅4𝐭1(𝜃)
]

× 𝐭4(𝜃) + 𝛿𝜃𝐮0𝐯
′(𝜃) = 𝟎.

(70)

aking the difference of these equations produces the first identity in Eq. (66); the 𝜅𝑖’s cancel.
Next, we dot the four compatibility conditions in Eq. (69) by 𝐭′1(𝜃) × 𝐭1(𝜃), 𝐭′3(𝜃) × 𝐭3(𝜃), 𝐭′2(𝜃) × 𝐭2(𝜃), 𝐭′4(𝜃) × 𝐭4(𝜃), respectively, to

btain the necessary conditions

𝝎𝐯0 ⋅ 𝐭
′
1(𝜃) + 𝜅1𝐭2(𝜃) ⋅ 𝐭

′
1(𝜃) + 𝜅4𝐭4(𝜃) ⋅ 𝐭

′
1(𝜃) = 0, 𝝎𝐯0 ⋅ 𝐭

′
3(𝜃) − 𝜅2𝐭2(𝜃) ⋅ 𝐭

′
3(𝜃) − 𝜅3𝐭4(𝜃) ⋅ 𝐭

′
3(𝜃) = 0,

𝝎𝐮0 ⋅ 𝐭
′
2(𝜃) − 𝜅1𝐭1(𝜃) ⋅ 𝐭

′
2(𝜃) − 𝜅2𝐭3(𝜃) ⋅ 𝐭

′
2(𝜃) = 0, 𝝎𝐮0 ⋅ 𝐭

′
4(𝜃) + 𝜅4𝐭1(𝜃) ⋅ 𝐭

′
4(𝜃) + 𝜅3𝐭3(𝜃) ⋅ 𝐭

′
4(𝜃) = 0,

(71)

fter manipulations involving 𝐭′𝑖 (𝜃) ⋅ 𝐭𝑖(𝜃) = 0 and (𝐭′𝑖 (𝜃) × 𝐭𝑖(𝜃)) ⋅ (𝐛 × 𝐭𝑖(𝜃)) = (𝐭′𝑖 (𝜃) ⋅ 𝐛)|𝐭
𝑟
𝑖 |
2, 𝐛 ∈ R3. Taking differences on the rows in

q. (71) gives that

𝝎𝐯0 ⋅ 𝐮
′(𝜃) + 𝜅1𝐭2(𝜃) ⋅ 𝐭′1(𝜃) + 𝜅4𝐭4(𝜃) ⋅ 𝐭

′
1(𝜃) + 𝜅2𝐭2(𝜃) ⋅ 𝐭

′
3(𝜃) + 𝜅3𝐭4(𝜃) ⋅ 𝐭

′
3(𝜃) = 0,

𝝎𝐮0 ⋅ 𝐯
′(𝜃) − 𝜅1𝐭1(𝜃) ⋅ 𝐭′2(𝜃) − 𝜅2𝐭3(𝜃) ⋅ 𝐭

′
2(𝜃) − 𝜅4𝐭1(𝜃) ⋅ 𝐭

′
4(𝜃) − 𝜅3𝐭3(𝜃) ⋅ 𝐭

′
4(𝜃) = 0.

(72)

aking the difference of these two equations and using the product rule of differentiation gives that

𝝎𝐮0 ⋅ 𝐯
′(𝜃) − 𝝎𝐯0 ⋅ 𝐮

′(𝜃) = 𝜅1
(

𝐭1(𝜃) ⋅ 𝐭2(𝜃)
)′ + 𝜅2

(

𝐭2(𝜃) ⋅ 𝐭3(𝜃)
)′ + 𝜅3

(

𝐭3(𝜃) ⋅ 𝐭4(𝜃)
)′ + 𝜅4

(

𝐭1(𝜃) ⋅ 𝐭4(𝜃)
)′. (73)

ince 𝐭1(𝜃) ⋅ 𝐭2(𝜃) = 𝐭𝑟1 ⋅ 𝐭
𝑟
2,… , 𝐭1(𝜃) ⋅ 𝐭4(𝜃) = 𝐭𝑟1 ⋅ 𝐭

𝑟
4 are constant, the righthand side of this equation is zero. The second identity in

q. (66) follows.
As a final set of necessary conditions, we dot the first condition in Eq. (69) by 𝐭2(𝜃), the second by 𝐭4(𝜃), the third by 𝐭3(𝜃), and the

ourth by 𝐭1(𝜃). After rearranging the terms in these dot products and using that 𝐭𝑖(𝜃) ⋅ (𝐭𝑗 (𝜃) × 𝐭𝑘(𝜃)) ≠ 0 for all 𝑖 ≠ 𝑗 ≠ 𝑘 ∈ {1, 2, 3, 4},
e obtain the formula for the 𝜅′𝑖 𝑠 in Eq. (67). In summary, we derive that Eq. (66) and (67) are necessary to solve Eq. (69).
We turn to sufficiency. Observe that Eq. (69) comprises at most eight linearly independent constraints since the first, second,

hird, and fourth conditions are orthogonal to 𝐭1(𝜃), 𝐭3(𝜃), 𝐭2(𝜃) and 𝐭4(𝜃), respectively. To complete the proof, it is enough to show
hat Eq. (66) and (67) are, in fact, eight linearly independent constraints. Clearly Eq. (67) are four constraints. For Eq. (66), we write
𝐮0 and 𝝎𝐯0 in the {𝐮(𝜃), 𝐯(𝜃), 𝐞3} basis and obtain, through standard algebraic manipulations, that its general parameterization is
q. (68) where 𝜅 and 𝜏 are two DOFs. Thus, Eq. (66) constrains four of the six DOFs in 𝝎𝐮0 and 𝝎𝐯0 , so it is four total constraints.
his completes the proof. □

. Derivation of the effective plate theory

Here, we derive the effective plate theory from Theorem 1. First, we establish the surface theory part of the result using the
inematics of slightly bent parallelogram origami cells obtained in the previous section. Then, we construct the desired global
rigami soft modes. Section 4.3 ends by proving Theorem 1.

.1. Effective surface theory

The previous section showed that the slightly bent kinematics of neighboring parallelogram origami cells are characterized by
arameters 𝜃 ∈ (𝜃−, 𝜃+), 𝛿𝜃𝐮0 , 𝛿𝜃𝐯0 , 𝝎𝐮0 and 𝝎𝐯0 solving Eq. (66). We now extend these parameters to smooth fields on the reference
omain 𝛺 through the substitutions

(𝜃, 𝛿𝜃 , 𝛿𝜃 ,𝝎 ,𝝎 ) → (𝜃(𝐱), 𝜕 𝜃(𝐱), 𝜕 𝜃(𝐱),𝝎 (𝐱),𝝎 (𝐱)).
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As such, the constraints for slightly bent cells become global pointwise constraints of the form

𝜃(𝐱) ∈ (𝜃−, 𝜃+),

𝝎𝐮0 (𝐱) × 𝐯(𝜃(𝐱)) + 𝜕𝐮0𝜃(𝐱)𝐯
′(𝜃(𝐱)) = 𝝎𝐯0 (𝐱) × 𝐮(𝜃(𝐱)) + 𝜕𝐯0𝜃(𝐱)𝐮

′(𝜃(𝐱)),

𝝎𝐮0 (𝐱) ⋅ 𝐯
′(𝜃(𝐱)) = 𝝎𝐯0 (𝐱) ⋅ 𝐮

′(𝜃(𝐱)).
(75)

We claim that these fields describe a parameterized surface when supplemented with the PDE constraint

𝜕𝐯0𝝎𝐮0 (𝐱) − 𝜕𝐮0𝝎𝐯0 (𝐱) = 𝝎𝐮0 (𝐱) × 𝝎𝐯0 (𝐱). (76)

The surface, in particular, is given by a deformation 𝐲eff ∶𝛺 → R3 with

𝜕𝐮0𝐲eff(𝐱) = 𝐑eff(𝐱)𝐮(𝜃(𝐱)), 𝜕𝐯0𝐲eff(𝐱) = 𝐑eff(𝐱)𝐯(𝜃(𝐱)),

𝜕𝐮0𝐑eff(𝐱) = 𝐑eff(𝐱)(𝝎𝐮0 (𝐱)×), 𝜕𝐯0𝐑eff(𝐱) = 𝐑eff(𝐱)(𝝎𝐯0 (𝐱)×).
(77)

In fact, this is the core content of Cartan’s method of moving frames (Cartan et al., 2001), as it applies to our problem of coarse
graining parallelogram origami. For completeness, we provide a proof. Note ⟨𝐱⟩ = 1

|𝛺|

∫𝛺 𝐱𝑑𝐴.

roposition 4. Let 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) be smooth fields on 𝛺 solving Eqs. (75)–(76). There exists a unique and smooth rotation field
𝐑eff ∶𝛺 → 𝑆𝑂(3) with 𝐑eff(⟨𝐱⟩) = 𝐈 solving the Pfaff system

𝜕𝐮0𝐑eff(𝐱) = 𝐑eff(𝐱)
(

𝝎𝐮0 (𝐱) ×
)

, 𝜕𝐯0𝐑eff(𝐱) = 𝐑eff(𝐱)
(

𝝎𝐯0 (𝐱) ×
)

. (78)

In addition, there exists a unique and smooth deformation 𝐲eff ∶𝛺 → R3 such that 𝐲eff(⟨𝐱⟩) = 𝟎 and

∇𝐲eff(𝐱) = 𝐑eff(𝐱)𝐀eff(𝜃(𝐱)). (79)

The proof is based on well-known mathematical facts, which we collect in Lemmas 3–4 below. A convenient modern reference
is Ciarlet et al. (2008), Theorems 2–6.

Lemma 3. Let 𝑈 ⊂ R2 be a simply connected domain with a smooth boundary, let 𝐀𝛼 ∶𝑈 → R3×3, 𝛼 = 1, 2 be smooth matrix fields that
satisfy

𝜕1𝐀2(𝜂1, 𝜂2) − 𝜕2𝐀1(𝜂1, 𝜂2) + 𝐀1(𝜂1, 𝜂2)𝐀2(𝜂1, 𝜂2) − 𝐀2(𝜂1, 𝜂2)𝐀1(𝜂1, 𝜂2) = 𝟎 (80)

on 𝑈 and let (𝜂̄1, 𝜂̄2) ∈ 𝑈 and 𝐅̄ ∈ R3×3 be given. There is one and only one smooth matrix field 𝐅∶𝑈 → R3×3 solving the Pfaff system

𝜕1𝐅(𝜂1, 𝜂2) = 𝐅(𝜂1, 𝜂2)𝐀1(𝜂1, 𝜂2), 𝜕2𝐅(𝜂1, 𝜂2) = 𝐅(𝜂1, 𝜂2)𝐀2(𝜂1, 𝜂2) (81)

along with the condition 𝐅(𝜂̄1, 𝜂̄2) = 𝐅̄.

Lemma 4. Let 𝑈 ⊂ R2 be a simply connected domain with a smooth boundary, and let 𝐡𝛼 ∶𝑈 → R3, 𝛼 = 1, 2, be smooth vector fields
that satisfy

𝜕1𝐡2(𝜂1, 𝜂2) = 𝜕2𝐡1(𝜂1, 𝜂2) (82)

on 𝑈 . There exists a smooth vector field 𝝋∶𝑈 → R3, unique up to an additive constant, solving

𝜕1𝝋(𝜂1, 𝜂2) = 𝐡1(𝜂1, 𝜂2), 𝜕2𝝋(𝜂1, 𝜂2) = 𝐡2(𝜂1, 𝜂2). (83)

Proof of Proposition 4. Assume that Eqs. (75)–(76) hold for smooth fields 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) on 𝛺, a simply connected domain
with a smooth boundary.

Recall that the Bravais lattice vectors 𝐮̃0 and 𝐯̃0 span R2. Thus, there exists reciprocal vectors 𝐮̃𝑟0 and 𝐯̃𝑟0 such that 𝐮̃
𝑟
0 ⋅ 𝐮̃0 = 1,

𝐮̃𝑟0 ⋅ 𝐯̃0 = 0, 𝐯̃𝑟0 ⋅ 𝐯̃0 = 1 and 𝐯̃𝑟0 ⋅ 𝐮̃0 = 0. Hence 𝐱 ∈ 𝛺 satisfies 𝐱 = (𝐱 ⋅ 𝐮̃𝑟0)𝐮̃0 + (𝐱 ⋅ 𝐯̃𝑟0)𝐯̃0. Let 𝜂1 ∶= 𝐱 ⋅ 𝐮̃𝑟0 and 𝜂2 ∶= 𝐱 ⋅ 𝐯̃𝑟0, so that 𝐱 is
parameterized as 𝐱(𝜂1, 𝜂2) = 𝜂1𝐮̃0 + 𝜂2𝐯̃0. Finally, let 𝑈 ∶= {(𝜂1, 𝜂2)∶ 𝐱(𝜂1, 𝜂2) ∈ 𝛺}. By construction, 𝑈 is a simply connected domain
with a smooth boundary. Also, there is a unique (𝜂̄1, 𝜂̄2) ∈ 𝑈 such that 𝐱(𝜂̄1, 𝜂̄2) = ⟨𝐱⟩. We write 𝜼 = (𝜂1, 𝜂2) for short below.

Building on these definitions, let 𝜃̂(𝜼) ∶= 𝜃(𝐱(𝜼)), 𝝎1(𝜼) ∶= 𝝎𝐮0 (𝐱(𝜼)) and 𝝎2(𝜼) ∶= 𝝎𝐯0 (𝐱(𝜼)). We claim that Eq. (76) implies Eq. (80)
for the tensors 𝐀1(𝜼) ∶= [𝝎1(𝜼)×] and 𝐀2(𝜼) ∶= [𝝎2(𝜼)×]. This claim follows from a few basic observations. First, the definitions of
𝜂1, 𝜂2 give that

𝜕1𝝎2(𝜼) = lim
𝜖→0

𝜖−1
(

𝝎2(𝜂1 + 𝜖, 𝜂2) − 𝝎2(𝜂1, 𝜂2)
)

= lim
𝜖→0

𝜖−1
(

𝝎𝐯0 (𝐱(𝜂1, 𝜂2) + 𝜖𝐮̃0) − 𝝎𝐯0 (𝐱(𝜂1, 𝜂2))
)

= 𝜕𝐮0𝝎𝐯0 (𝐱(𝜼)),

𝜕2𝝎1(𝜼) = lim
𝜖→0

𝜖−1
(

𝝎1(𝜂1, 𝜂2 + 𝜖) − 𝝎1(𝜂1, 𝜂2)
)

= lim
𝜖→0

𝜖−1
(

𝝎𝐮0 (𝐱(𝜂1, 𝜂2) + 𝜖𝐯̃0) − 𝝎𝐮0 (𝐱(𝜂1, 𝜂2))
)

= 𝜕𝐯0𝝎𝐮0 (𝐱(𝜼)).

(84)

As a result, Eq. (76) implies that

(85)
18

𝜕2𝝎1(𝜼) − 𝜕1𝝎2(𝜼) = 𝝎1(𝜼) × 𝝎2(𝜼)
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on 𝑈 . Next, notice that

𝐚1 − 𝐚2 − 𝐛1 × 𝐛2 = 𝟎 ⟺ (𝐚1×) − (𝐚2×) − (𝐛1×)(𝐛2×) + (𝐛2×)(𝐛1×) = 𝟎 (86)

for any 𝐚1, 𝐚2,𝐛1,𝐛2 ∈ R3. Indeed, standard properties of the cross-product yield 𝐯× (𝐚1 − 𝐚2 − 𝐛1 × 𝐛2) =
[

(𝐚1×)− (𝐚2×)− (𝐛1×)(𝐛2×)+
(𝐛2×)(𝐛1×)

]

𝐯. Thus, Eqs. (85)–(86) furnish the PDE

(𝜕1𝝎2(𝜼)×) − (𝜕2𝝎1(𝜼)×) + (𝝎1(𝜼)×)(𝝎2(𝜼)×) − (𝝎2(𝜼)×)(𝝎1(𝜼)×) = 𝟎 (87)

on 𝑈 . The claim follows since (𝜕1𝝎2(𝜼)×) = 𝜕1(𝝎2(𝜼)×) and (𝜕2𝝎1(𝜼)×) = 𝜕2(𝝎1(𝜼)×).
By Lemma 3, there is a smooth and unique 𝐑∶𝑈 → R3×3 solving the Pfaff system

𝜕1𝐑(𝜼) = 𝐑(𝜼)
(

𝝎1(𝜼) ×
)

, 𝜕2𝐑(𝜼) = 𝐑(𝜼)
(

𝝎2(𝜼) ×
)

(88)

with 𝐑(𝜼̄) = 𝐈. To show that 𝐑(𝜼) is a rotation for all 𝜼 ∈ 𝑈 , observe that

𝜕𝑖[det 𝐑(𝜼)] = det 𝐑(𝜼)Tr
([

𝜕𝑖𝐑(𝜼)
]

𝐑−1(𝜼)
)

= det 𝐑(𝜼)Tr
(

[𝝎𝑖(𝜼)×]
)

= 0, 𝑖 = 1, 2 (89)

where 𝐑(𝜼) is invertible. Since det 𝐑(𝜼) is smooth and det 𝐑(𝜼̄) = 1, a continuation argument using Eq. (89) gives that det 𝐑(𝜼) = 1
everywhere on 𝑈 . As such, 𝐑−1(𝜼) is well-defined and smooth. It also satisfies 𝜕𝑖𝐑−1(𝜼) = (𝝎𝑖(𝜼)×)𝐑−1(𝜼), 𝑖 = 1, 2, by differentiation
of the inverse. Consequently,

𝜕𝑖
(

𝐑−𝑇 (𝜼)𝐑−1(𝜼)
)

=
[

(𝝎𝑖(𝜼)×)𝐑−1(𝜼)
]𝑇𝐑−1(𝜼) + 𝐑−𝑇 (𝜼)(𝝎𝑖(𝜼)×)𝐑−1(𝜼) = 𝟎, 𝑖 = 1, 2 (90)

and hence 𝐑−𝑇 (𝜼)𝐑−1(𝜼) = 𝐈 since 𝐑(𝜼̄) = 𝐈 = 𝐑−1(𝜼̄). Finally, 𝐑(𝜼) ∈ 𝑆𝑂(3) because det 𝐑(𝜼) = 1.
Having shown that 𝐑(𝜼) is a rotation field, we define 𝐑eff ∶𝛺 → 𝑆𝑂(3) as 𝐑eff(𝐱(𝜼)) = 𝐑(𝜼) for 𝜼 ∈ 𝑈 . Similar to Eq. (84), the

derivatives of these fields are related via

𝜕1𝐑(𝜼) = 𝐑(𝜼)
[

𝝎1(𝜼) ×
]

= 𝐑eff(𝐱(𝜼))
[

𝝎𝐮0 (𝐱(𝜼)) ×
]

= 𝜕𝐮0𝐑eff(𝐱(𝜼)),

𝜕2𝐑(𝜼) = 𝐑(𝜼)
[

𝝎2(𝜼) ×
]

= 𝐑eff(𝐱(𝜼))
[

𝝎𝐯0 (𝐱(𝜼)) ×
]

= 𝜕𝐯0𝐑eff(𝐱(𝜼)).
(91)

Thus, 𝐑eff(𝐱) is the unique and smooth rotation field satisfying 𝐑eff(⟨𝐱⟩) = 𝐈 and the second set of identities in Eq. (77). (Concerning
uniqueness, if there were a second such rotation field 𝐐eff(𝐱) ≠ 𝐑eff(𝐱) satisfying these conditions, then there is also a rotation field
𝐐(𝜼) ∶= 𝐐eff(𝐱(𝜼)) that is ≠ 𝐑(𝜼) and yet solves Eq. (88) with 𝐐(𝜼) = 𝐈. This would contradict the uniqueness of solutions to Pfaff
systems.)

Next, recall that 𝜃̂(𝜼) = 𝜃(𝐱(𝜼)). So,

𝜕1
[

𝐑(𝜼)𝐯(𝜃̂(𝜼))
]

= 𝐑eff(𝐱(𝜼))
[

𝝎𝐮0 (𝐱(𝜼)) × 𝐯(𝜃(𝐱(𝜼))) + 𝜕𝐮0𝜃(𝐱(𝜼))𝐯
′(𝜃(𝐱(𝜼)))

]

,

𝜕2
[

𝐑(𝜼)𝐮(𝜃̂(𝜼))
]

= 𝐑eff(𝐱(𝜼))
[

𝝎𝐯0 (𝐱(𝜼)) × 𝐮(𝜃(𝐱(𝜼))) + 𝜕𝐯0𝜃(𝐱(𝜼))𝐮
′(𝜃(𝐱(𝜼)))

]

.
(92)

Since Eq. (75) holds, 𝜕1
[

𝐑(𝜼)𝐯(𝜃̂(𝜼))
]

= 𝜕2
[

𝐑(𝜼)𝐮(𝜃̂(𝜼))
]

. It follows from Lemma 4 that there is a unique and smooth deformation
𝝋∶𝑈 → R3 such that 𝝋(𝜼̄) = 𝟎 and

𝜕1𝝋(𝜼) = 𝐑(𝜼)𝐮(𝜃̂(𝜼)), 𝜕2𝝋(𝜼) = 𝐑(𝜼)𝐯(𝜃̂(𝜼)). (93)

Similar to the argument for the rotation field, we conclude that 𝐲eff ∶𝛺 → R3 defined by 𝐲eff(𝐱(𝜼)) = 𝝋(𝜼), 𝜼 ∈ 𝑈 is the unique and
smooth deformation with 𝐲eff(⟨𝐱⟩) = 𝟎 and such that the first set of identities in Eq. (77) holds. This completes the proof of the
proposition. □

4.2. Construction of soft origami modes

We now construct general soft origami modes. Our plan is illustrated in Fig. 9. We sample the PDE in Eqs. (75)–(76) in a cell-wise
manner to deform the origami cells. We impose the local cell-wise bending kinematics from Section 3.2 on the construction, but suffer
incompatibilities across the cell boundaries which must be resolved. Of course, such incompatibility is inevitable when sampling a
smooth PDE to construct a discrete structure. Here, the intercell gaps turn out to be coupled at leading order to an underdetermined
linear PDE system with three equations and four unknowns. We recognize how to solve this PDE, which we do in Appendix B. This
leads to the desired soft modes.

Preliminaries. Let us quickly recall the setup of the coarse-graining problem for the reader’s convenience. We consider any
parallelogram origami design built from crease vectors 𝐭𝑟1,… , 𝐭𝑟4 per Section 2.1. The design has a unique mechanism motion given
by deforming the crease vectors as 𝐭𝑟𝑖 ↦ 𝐭𝑖(𝜃) for 𝜃 ∈ (𝜃−, 𝜃+). The Bravais lattice vectors of the reference configuration are 𝐮0 = 𝐭𝑟1−𝐭𝑟3
and 𝐯0 = 𝐭𝑟2 − 𝐭𝑟4. These span the plane with normal 𝐞3 and satisfy 𝐞3 ⋅ (𝐮0 × 𝐯0) > 0. Analogously, their deformed counterparts are
𝐮(𝜃) = 𝐭1(𝜃) − 𝐭3(𝜃) and 𝐯(𝜃) = 𝐭2(𝜃) − 𝐭4(𝜃). They too are taken to span the plane with normal 𝐞3 and to have 𝐞3 ⋅ (𝐮(𝜃) × 𝐯(𝜃)) > 0.

̃ ̃ 2
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Finally, 𝐮0 and 𝐯0 denote the orthogonal projections of 𝐮0 and 𝐯0 onto R .
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l

Fig. 9. Illustration of the cell-based construction of origami soft modes. Each cell is made up of nine points. These points are deformed according to the
ocal bending kinematics in Section 3.2, with parameters that vary from cell to cell according to a solution of the effective surface theory in Section 4.1. This
construction leads to small gaps between adjacent cells, which are then closed by an averaging procedure as shown.

The PDE description. Let 𝛺 be the planar reference domain from Section 2.2. Let 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) be smoothly defined on
a neighborhood of 𝛺. In the case that the design’s Poisson’s ratio 𝜈(𝜃) in Eq. (13) is negative, assume further that these fields are
analytic. Finally, assume that the fields solve the PDE in Eqs. (75)–(76) on 𝛺. Extract from this PDE solution the unique and smooth
rotation field 𝐑eff ∶𝛺 → 𝑆𝑂(3) and effective deformation 𝐲eff ∶𝛺 → R3 satisfying (77) along with the constraints 𝐑eff(⟨𝐱⟩) = 𝐈
and 𝐲eff(⟨𝐱⟩) = 𝟎. Next, define a smooth analog of the bending parameters in Eq. (67) through a vector field 𝜿 ∶𝛺 → R4, 𝜿(𝐱) ∶=
(𝜅1(𝐱),… , 𝜅4(𝐱)) that replaces 𝜃, 𝛿𝜃𝐮0 , 𝛿𝜃𝐯0 , 𝝎𝐮0 and 𝝎𝐯0 in that description with 𝜃(𝐱), 𝜕𝐮0𝜃(𝐱), 𝜕𝐯0𝜃(𝐱), 𝝎𝐯0 (𝐱) and 𝝎𝐯0 (𝐱). That is,

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜅1(𝐱)
𝜅2(𝐱)
𝜅3(𝐱)
𝜅4(𝐱)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= 𝐁(𝜃(𝐱))

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝝎𝐮0 (𝐱)

𝜕𝐮0𝜃(𝐱)

𝝎𝐯0 (𝐱)

𝜕𝐯0𝜃(𝐱)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(94)

for 𝐁(𝜃) in Eq. (67). Our origami construction is based on sampling the fields 𝜃(𝐱), 𝝎𝐮0 (𝐱), 𝝎𝐯0 (𝐱), 𝐑eff(𝐱), 𝐲eff(𝐱) and 𝜿(𝐱).

A cell-based construction. Let 𝛺(𝓁)
ori be the origami reference domain from Section 2.2. Its panels have characteristic length ∼ 𝓁 ≪ 1.

Let (𝓁)
cell ∶= {𝓁(𝑖𝐮̃0 + 𝑗𝐯̃0) ⊂ 𝛺∶ 𝑖, 𝑗 ∈ Z} consist of the central vertices of the unit cells in 𝛺(𝓁)

ori . For each 𝐱̄ ∈ (𝓁)
cell, observe that a

single undeformed cell is fully specified by nine vertices: the interior vertex 𝐱(𝓁)0,𝐱̄ ∶= (𝐱̄, 0) and the boundary vertices

𝐱(𝓁)1,𝐱̄ ∶= 𝐱(𝓁)0,𝐱̄ + 𝓁𝐭𝑟1, 𝐱(𝓁)2,𝐱̄ ∶= 𝐱(𝓁)0,𝐱̄ + 𝓁𝐭𝑟2, 𝐱(𝓁)3,𝐱̄ ∶= 𝐱(𝓁)0,𝐱̄ + 𝓁𝐭𝑟3, 𝐱(𝓁)4,𝐱̄ ∶= 𝐱(𝓁)0,𝐱̄ + 𝓁𝐭𝑟4,
(𝓁) (𝓁) 𝑟 (𝓁) (𝓁) 𝑟 (𝓁) (𝓁) 𝑟 (𝓁) (𝓁) 𝑟

(95)
20

𝐱5,𝐱̄ ∶= 𝐱1,𝐱̄ + 𝓁𝐭2, 𝐱6,𝐱̄ ∶= 𝐱2,𝐱̄ + 𝓁𝐭3, 𝐱7,𝐱̄ ∶= 𝐱3,𝐱̄ + 𝓁𝐭4, 𝐱8,𝐱̄ ∶= 𝐱4,𝐱̄ + 𝓁𝐭1.
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To deform each such cell we must deform the points 𝐱(𝓁)𝑖,𝐱̄ ↦ 𝐲(𝓁)𝑖,𝐱̄ , 𝑖 = 0, 1,… , 8. We proceed by constructing a preferred deformation
or each cell, and then by closing the intercell gaps. The labeling here is as in Fig. 9.
For each 𝐱̄ ∈ (𝓁)

cell, we deform the interior vertex of the origami cell 𝐱(𝓁)0,𝐱̄ to

𝐲(𝓁)0,𝐱̄ ∶= 𝐲eff(𝐱̄) + 𝓁𝐝(𝐱̄) (96)

or some smooth vector field 𝐝(𝐱) that will be chosen later. We then deform the adjacent vertices 𝐱(𝓁)𝑖,𝐱̄ , 𝑖 = 1,… , 4, to

𝐲(𝓁)𝑖,𝐱̄ ∶= 𝐲(𝓁)0,𝐱̄ + 𝓁
[

𝐑eff(𝐱̄)
(

𝐈 + 𝓁(𝝎(𝐱̄)×)
)]

𝐭𝑖(𝜃(𝐱̄) + 𝓁𝜉(𝐱̄)), 𝑖 = 1,… , 4 (97)

for some smooth vector and scalar fields 𝝎(𝐱) and 𝜉(𝐱) that will also be chosen later. Finally, we deform the corner vertices 𝐱(𝓁)𝑖,𝐱̄ ,
𝑖 = 5,… , 8, to

𝐲(𝓁)5,𝐱̄ ∶= 𝐲(𝓁)1,𝐱̄ + 𝓁
[

𝐑eff(𝐱̄)
(

𝐈 + 𝓁(𝝎(𝐱̄)×)
)]

𝐭(𝓁)2,+(𝜃(𝐱̄) + 𝓁𝜉(𝐱̄),𝜿(𝐱̄)),

𝐲(𝓁)6,𝐱̄ ∶= 𝐲(𝓁)2,𝐱̄ + 𝓁
[

𝐑eff(𝐱̄)
(

𝐈 + 𝓁(𝝎(𝐱̄)×)
)]

𝐭(𝓁)3,+(𝜃(𝐱̄) + 𝓁𝜉(𝐱̄),𝜿(𝐱̄)),

𝐲(𝓁)7,𝐱̄ ∶= 𝐲(𝓁)3,𝐱̄ + 𝓁
[

𝐑eff(𝐱̄)
(

𝐈 + 𝓁(𝝎(𝐱̄)×)
)]

𝐭(𝓁)4,−(𝜃(𝐱̄) + 𝓁𝜉(𝐱̄),𝜿(𝐱̄)),

𝐲(𝓁)8,𝐱̄ ∶= 𝐲(𝓁)4,𝐱̄ + 𝓁
[

𝐑eff(𝐱̄)
(

𝐈 + 𝓁(𝝎(𝐱̄)×)
)]

𝐭(𝓁)1,−(𝜃(𝐱̄) + 𝓁𝜉(𝐱̄),𝜿(𝐱̄)),

(98)

using the definitions for the slightly bent boundary tangents in Eq. (62) (see also Fig. 8(c)). Note in the analysis of gaps to come, we
assume that the sampled fields are (or can be) smoothly defined on a neighborhood of 𝛺. This assumption will be verified for 𝐝(𝐱),
𝝎(𝐱) and 𝜉(𝐱) once we choose these fields; it holds for 𝐲eff(𝐱), 𝐑eff(𝐱) and 𝜿(𝐱) given their definitions using 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱).

The additional fields 𝐝(𝐱), 𝝎(𝐱) and 𝜉(𝐱) enrich the ansatz without changing the lengths of the slightly bent cells at leading
order. In particular, when sampled at the cell-level, 𝐝(𝐱) and 𝝎(𝐱) correspond to an infinitesimal rigid body motion, and 𝜉(𝐱) is a
perturbation of the cell’s mechanism. This degeneracy is crucial to producing an overall origami construction with panel strain ∼ 𝓁2,
as opposed to ∼ 𝓁.

Intercell incompatibilities. All quantities in the cell-wise ansatz in Eqs. (96)–(98) are specified by the effective surface theory in
q. (40), except for the fields 𝐝(𝐱), 𝝎(𝐱) and 𝜉(𝐱). We now derive an auxiliary PDE involving these fields, governing the gaps between
eighboring cells at 𝑂(𝓁2). The gaps are defined by

𝐠(𝓁)31,𝐱̄ ∶= 𝐲(𝓁)3,𝐱̄+𝓁𝐮̃0
− 𝐲(𝓁)1,𝐱̄ , 𝐠(𝓁)65,𝐱̄ ∶= 𝐲(𝓁)6,𝐱̄+𝓁𝐮̃0

− 𝐲(𝓁)5,𝐱̄ , 𝐠(𝓁)78,𝐱̄ ∶= 𝐲(𝓁)7,𝐱̄+𝓁𝐮̃0
− 𝐲(𝓁)8,𝐱̄ ,

𝐠(𝓁)42,𝐱̄ ∶= 𝐲(𝓁)4,𝐱̄+𝓁𝐯̃0
− 𝐲(𝓁)2,𝐱̄ , 𝐠(𝓁)85,𝐱̄ ∶= 𝐲(𝓁)8,𝐱̄+𝓁𝐯̃0

− 𝐲(𝓁)5,𝐱̄ , 𝐠(𝓁)76,𝐱̄ ∶= 𝐲(𝓁)7,𝐱̄+𝓁𝐯̃0
− 𝐲(𝓁)6,𝐱̄

(99)

or 𝐱̄ ∈ (𝓁)
cell. First, we relate all the gaps to two distinguished ones 𝐠

(𝓁)
31,𝐱̄ and 𝐠(𝓁)42,𝐱̄.

emma 5. The ansatz satisfies

𝐠(𝓁)65,𝐱̄ − 𝐠(𝓁)31,𝐱̄ = 𝑂(𝓁3), 𝐠(𝓁)78,𝐱̄ − 𝐠(𝓁)31,𝐱̄ = 𝑂(𝓁3), 𝐠(𝓁)85,𝐱̄ − 𝐠(𝓁)42,𝐱̄ = 𝑂(𝓁3), 𝐠(𝓁)76,𝐱̄ − 𝐠(𝓁)42,𝐱̄ = 𝑂(𝓁3). (100)

roof. The proof builds on the analysis in Proposition 3. Essentially, after a Taylor expansion of the gaps in 𝓁, we are able to match
he conditions for approximate compatibility in that proposition.
Consider any 𝐱̄ ∈ (𝓁)

cell. We show explicitly that 𝐠(𝓁)65,𝐱̄ − 𝐠(𝓁)31,𝐱̄ = 𝑂(𝓁3). The other three statements follow by a similar argument.
bserve first that 𝐲(𝓁)6,𝐱̄ in Eq. (98) can also be written as

𝐲(𝓁)6,𝐱̄ = 𝐲(𝓁)3,𝐱̄ + 𝓁
[

𝐑eff(𝐱̄)
(

𝐈 + 𝓁(𝝎(𝐱̄)×)
)]

𝐭(𝓁)2,−(𝜃(𝐱̄) + 𝓁𝜉(𝐱̄),𝜿(𝐱̄)) (101)

ince 𝐭3(𝜃) + 𝐭2,−(𝜃,𝜿) = 𝐭2(𝜃) + 𝐭3,+(𝜃,𝜿) by Eq. (62). It follows that

𝐠(𝓁)65,𝐱̄ − 𝐠(𝓁)31,𝐱̄ = 𝓁
[

𝐑eff(𝐱̄ + 𝓁𝐮̃0)
(

𝐈 + 𝓁(𝝎(𝐱̄ + 𝓁𝐮̃0)×)
)]

𝐭(𝓁)2,−(𝜃(𝐱̄ + 𝓁𝐮̃0) + 𝓁𝜉(𝐱̄ + 𝓁𝐮̃0),𝜿(𝐱̄ + 𝓁𝐮̃0))

− 𝓁
[

𝐑eff(𝐱̄)
(

𝐈 + 𝓁(𝝎(𝐱̄)×)
)]

𝐭(𝓁)2,+(𝜃(𝐱̄) + 𝓁𝜉(𝐱̄),𝜿(𝐱̄))

= 𝓁𝐑eff(𝐱̄)
[

𝐈 + 𝓁(𝝎𝐮0 (𝐱̄)×)
][

𝐈 + 𝓁(𝝎(𝐱̄)×)
]

𝐭(𝓁)2,−(𝜃(𝐱̄) + 𝓁𝜉(𝐱̄) + 𝓁𝜕𝐮0𝜃(𝐱̄),𝜿(𝐱̄)) + 𝑂(𝓁
3)

− 𝓁
[

𝐑eff(𝐱̄)
(

𝐈 + 𝓁(𝝎(𝐱̄)×)
)]

𝐭(𝓁)2,+(𝜃(𝐱̄) + 𝓁𝜉(𝐱̄),𝜿(𝐱̄))

= 𝓁
[

𝐑eff(𝐱̄)
(

𝐈 + 𝓁(𝝎(𝐱̄)×)
)][

𝐈 + 𝓁(𝝎𝐮0 (𝐱̄)×)
]

𝐭(𝓁)2,−(𝜃(𝐱̄) + 𝓁𝜕𝐮0𝜃(𝐱̄),𝜿(𝐱̄)) + 𝑂(𝓁
3)

− 𝓁
[

𝐑eff(𝐱̄)
(

𝐈 + 𝓁(𝝎(𝐱̄)×)
)]

𝐭(𝓁)2,+(𝜃(𝐱̄),𝜿(𝐱̄)),

(102)

he last equality uses that 𝐭(𝓁)2,−(𝜃 + 𝓁𝜉,𝜿) = 𝐭(𝓁)2,−(𝜃,𝜿) + 𝓁𝜉𝐭′2(𝜃) + 𝑂(𝓁2) and 𝐭(𝓁)2,+(𝜃 + 𝓁𝜉,𝜿) = 𝐭(𝓁)2,+(𝜃,𝜿) + 𝓁𝜉𝐭′2(𝜃) + 𝑂(𝓁2). Next, set
(𝓁)(𝐱̄) ∶=

[

𝐑eff(𝐱̄)
(

𝐈 + 𝓁(𝝎(𝐱̄)×)
)]

and observe that

𝐠(𝓁)65,𝐱̄ − 𝐠(𝓁)31,𝐱̄ = 𝓁𝐑(𝓁)(𝐱̄)
[

𝐭(𝓁)2,−,𝐮̃0
(𝜃(𝐱̄),𝜿(𝐱̄), 𝜕𝐮0𝜃(𝐱̄),𝝎𝐮0 (𝐱̄)) − 𝐭(𝓁)2,+(𝜃(𝐱̄),𝜿(𝐱̄))

]

+ 𝑂(𝓁3) (103)

sing the definition in Eq. (63). Proposition 3 furnishes that

𝐭(𝓁) (𝜃(𝐱̄),𝜿(𝐱̄), 𝜕 𝜃(𝐱̄),𝝎 (𝐱̄)) − 𝐭(𝓁) (𝜃(𝐱̄),𝜿(𝐱̄)) = 𝑂(𝓁2) (104)
21
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since Eqs. (75) and (94) match Eqs. (66) and (67) under the replacement of their arguments. We conclude that 𝐠(𝓁)65,𝐱̄ − 𝐠(𝓁)31,𝐱̄ = 𝑂(𝓁3)
s desired. □

We now compute the leftover gaps 𝐠(𝓁)31,𝐱̄ and 𝐠(𝓁)42,𝐱̄ at leading order in 𝓁.

emma 6. The ansatz satisfies

𝐠(𝓁)31,𝐱̄ = 𝓁2
{

𝜕𝐮0𝐝(𝐱̄) +
1
2
𝜕𝐮0

[

𝐑eff(𝐱̄)
(

𝐭1(𝜃(𝐱̄)) + 𝐭3(𝜃(𝐱̄))
)]

− 𝐑eff(𝐱̄)
[

𝝎(𝐱̄) × 𝐮(𝜃(𝐱̄)) + 𝜉(𝐱̄)𝐮′(𝜃(𝐱̄))
]

}

+ 𝑂(𝓁3)

𝐠(𝓁)42,𝐱̄ = 𝓁2
{

𝜕𝐯0𝐝(𝐱̄) +
1
2
𝜕𝐯0

[

𝐑eff(𝐱̄)
(

𝐭2(𝜃(𝐱̄)) + 𝐭4(𝜃(𝐱̄))
)]

− 𝐑eff(𝐱̄)
[

𝝎(𝐱̄) × 𝐯(𝜃(𝐱̄)) + 𝜉(𝐱̄)𝐯′(𝜃(𝐱̄))
]

}

+ 𝑂(𝓁3)
(105)

for all 𝐱̄ ∈ (𝓁)
cell.

Proof. The proof follows by Taylor expansion and algebraic manipulation involving the identities in Eq. (77). Let 𝐱̄ ∈ (𝓁)
cell. Observe

that 𝐲(𝓁)3,𝐱̄+𝓁𝐮̃0
can be expanded in powers of 𝓁 as

𝐲(𝓁)3,𝐱̄+𝓁𝐮̃0
= 𝐲(𝓁)0,𝐱̄+𝓁𝐮̃0

+ 𝓁𝐑eff(𝐱̄ + 𝓁𝐮̃0)
[

𝐈 + 𝓁(𝝎(𝐱̄ + 𝓁𝐮̃0)×)
]

𝐭3(𝜃(𝐱̄ + 𝓁𝐮̃0) + 𝓁𝜉(𝐱̄ + 𝓁𝐮̃0))

= 𝐲eff(𝐱̄) + 𝓁
(

𝐝(𝐱̄) + 𝜕𝐮0𝐲eff(𝐱̄) + 𝐑eff(𝐱̄)𝐭3(𝜃(𝐱̄))
)

+ 𝓁2
{ 1

2
𝜕𝐮0𝜕𝐮0𝐲eff(𝐱̄) + 𝜕𝐮0𝐝(𝐱̄)

+ 𝐑eff(𝐱̄)
[

𝝎(𝐱̄) × 𝐭3(𝜃(𝐱̄)) + 𝜉(𝐱̄)𝐭′3(𝜃(𝐱̄))
]

+ 𝜕𝐮0
[

𝐑eff(𝐱̄)𝐭3(𝜃(𝐱̄))
]

}

+𝑂(𝓁3).

(106)

ikewise,

𝐲(𝓁)1,𝐱̄ = 𝐲eff(𝐱̄) + 𝓁
(

𝐝(𝐱̄) + 𝐑eff(𝐱̄)𝐭1(𝜃(𝐱̄))
)

+ 𝓁2
(

𝐑eff(𝐱̄)
[

𝝎(𝐱̄) × 𝐭1(𝜃(𝐱̄)) + 𝜉(𝐱̄)𝐭′1(𝜃(𝐱̄))
]

)

. (107)

Their difference is

𝐠(𝓁)31,𝐱̄ = 𝓁
(

𝜕𝐮0𝐲eff(𝐱̄) − 𝐑eff(𝐱̄)𝐮(𝜃(𝐱̄))
)

+ 𝓁2
{ 1

2
𝜕𝐮0𝜕𝐮0𝐲eff(𝐱̄) + 𝜕𝐮0𝐝(𝐱̄)

− 𝐑eff(𝐱̄)
[

𝝎(𝐱̄) × 𝐮(𝜃(𝐱̄)) + 𝜉(𝐱̄)𝐮′(𝜃(𝐱̄))
]

+ 𝜕𝐮0
[

𝐑eff(𝐱̄)𝐭3(𝜃(𝐱̄))
]

}

+𝑂(𝓁3)
(108)

ince 𝐮(𝜃) = 𝐭1(𝜃) − 𝐭3(𝜃). By Eq. (77), the term at 𝑂(𝓁) vanishes and

𝜕𝐮0
[

𝐑eff(𝐱̄)𝐭3(𝜃(𝐱̄))
]

= 1
2
𝜕𝐮0

[

𝐑eff(𝐱̄)
(

𝐭1(𝜃(𝐱̄)) + 𝐭3(𝜃(𝐱̄))
)]

− 1
2
𝜕𝐮0

[

𝐑eff(𝐱̄)
(

𝐭1(𝜃(𝐱̄)) − 𝐭3(𝜃(𝐱̄))
)]

= 1
2
𝜕𝐮0

[

𝐑eff(𝐱̄)
(

𝐭1(𝜃(𝐱̄)) + 𝐭3(𝜃(𝐱̄))
)]

− 1
2
𝜕𝐮0𝜕𝐮0𝐲eff(𝐱̄).

(109)

This establishes the first part of Eq. (105). The result for 𝐠(𝓁)42,𝐱̄ follows by a similar set of manipulations. □

Finally, we state conditions under which the leftover gaps in Eq. (105) vanish at 𝑂(𝓁2).

emma 7. There is a vector field 𝐝(𝐱) solving

⎧

⎪

⎨

⎪

⎩

𝜕𝐮0𝐝(𝐱) = 𝐑eff(𝐱)
[

𝝎(𝐱) × 𝐮(𝜃(𝐱)) + 𝜉(𝐱)𝐮′(𝜃(𝐱))
]

− 1
2 𝜕𝐮0

[

𝐑eff(𝐱)
(

𝐭1(𝜃(𝐱)) + 𝐭3(𝜃(𝐱))
)]

𝜕𝐯0𝐝(𝐱) = 𝐑eff(𝐱)
[

𝝎(𝐱) × 𝐯(𝜃(𝐱)) + 𝜉(𝐱)𝐯′(𝜃(𝐱))
]

− 1
2 𝜕𝐯0

[

𝐑eff(𝐱)
(

𝐭2(𝜃(𝐱)) + 𝐭4(𝜃(𝐱))
)]

(110)

on 𝛺 if and only if 𝝎(𝐱) and 𝜉(𝐱) solve

𝜕𝐮0
(

𝐑eff(𝐱)
[

𝝎(𝐱) × 𝐯(𝜃(𝐱)) + 𝜉(𝐱)𝐯′(𝜃(𝐱))
]

)

+ 1
2
𝜕𝐮0𝜕𝐯0

(

𝐑eff(𝐱)
[

𝐭1(𝜃(𝐱)) + 𝐭3(𝜃(𝐱))
]

)

= 𝜕𝐯0
(

𝐑eff(𝐱)
[

𝝎(𝐱) × 𝐮(𝜃(𝐱)) + 𝜉(𝐱)𝐮′(𝜃(𝐱))
]

)

+ 1
2
𝜕𝐮0𝜕𝐯0

(

𝐑eff(𝐱)
[

𝐭2(𝜃(𝐱)) + 𝐭4(𝜃(𝐱))
]

)
(111)

on 𝛺. The vector field 𝐝(𝐱) is smoothly extendable to a neighborhood of 𝛺 as long as 𝝎(𝐱) and 𝝃(𝐱) are.

roof. Since partial derivatives commute, we derive the PDE in Eq. (111) by taking the 𝜕𝐯0 derivative of the first equation and the
𝜕𝐮0 derivative of the second and setting them equal to each other. Since 𝛺 is simply connected, it follows by standard arguments
(Lemma 11) that finding a solution (𝝎(𝐱), 𝜉(𝐱)) to Eq. (111) is sufficient for the existence of 𝐝(𝐱) solving Eq. (110). The fact that 𝐝(𝐱)
is smoothly extendable follows from its definition using a smooth extension theorem (e.g., the ones in Evans (2022), Chapter 5 will
do). □

The global origami construction. To finish, we need to know that there is a smooth solution (𝝎(𝐱), 𝜉(𝐱)) of the linear system of PDEs in
Eq. (111). The proof of this is given in Appendix B. After some inspired manipulations, the proof amounts to a lengthy application of
technical but standard results from PDE theory. Mechanics and physics oriented readers can safely skip this proof as the techniques
are not required in the rest of the paper, only the result. Accepting the existence of a smooth solution (𝝎(𝐱), 𝜉(𝐱)) to Eq. (111), we
22
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apply it to our ansatz. We choose 𝐝(𝐱) as in Lemma 7. It follows from Lemmas 5–7 that all of the gaps in the cell-wise ansatz are
small:

(

𝐠(𝓁)31,𝐱̄ , 𝐠
(𝓁)
65,𝐱̄ , 𝐠

(𝓁)
78,𝐱̄ , 𝐠

(𝓁)
42,𝐱̄ , 𝐠

(𝓁)
85,𝐱̄ , 𝐠

(𝓁)
76,𝐱̄

)

= 𝑂(𝓁3) (112)

for all 𝐱̄ ∈ (𝓁)
cell.

Recall from Section 2.2 that {𝐱(𝓁)𝑖,𝑗 ∈ R3 ∶ (𝑖, 𝑗) ∈ (𝓁)} bijectively labels the vertices of the origami in 𝛺(𝓁)
cell, in a way that is

consistent with the nearest neighbor description in Fig. 3. A valid origami deformation is given by mapping all these points as
𝐱(𝓁)𝑖,𝑗 ↦ 𝐲(𝓁)𝑖,𝑗 . We now specify {𝐲(𝓁)𝑖,𝑗 } by closing the gaps generated in our above cell-wise ansatz. In particular, for each 𝐱(𝓁)𝑖,𝑗 and
(𝑖, 𝑗) ∈ (𝓁), we define

𝐲(𝓁)𝑖,𝑗 ∶=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐲(𝓁)0,𝐱̄ if 𝐱(𝓁)𝑖,𝑗 = 𝐱(𝓁)0,𝐱̄ for some 𝐱̄ ∈ (𝓁)
cell

1
2 (𝐲

(𝓁)
1,𝐱̄ + 𝐲(𝓁)3,𝐱̄+𝓁𝐮̃0

) if 𝐱(𝓁)𝑖,𝑗 = 𝐱(𝓁)1,𝐱̄ for some 𝐱̄ ∈ (𝓁)
cell

1
2 (𝐲

(𝓁)
2,𝐱̄ + 𝐲(𝓁)4,𝐱̄+𝓁𝐯̃0

) if 𝐱(𝓁)𝑖,𝑗 = 𝐱(𝓁)2,𝐱̄ for some 𝐱̄ ∈ (𝓁)
cell

1
4 (𝐲

(𝓁)
5,𝐱̄ + 𝐲(𝓁)6,𝐱̄+𝓁𝐮̃0

+ 𝐲(𝓁)8,𝐱̄+𝓁𝐯̃0
+ 𝐲(𝓁)7,𝐱̄+𝓁𝐮̃0+𝓁𝐯̃0

) if 𝐱(𝓁)𝑖,𝑗 = 𝐱(𝓁)5,𝐱̄ for some 𝐱̄ ∈ (𝓁)
cell.

(113)

Fig. 9 is helpful for visualizing this definition. As an example, 𝐲(𝓁)𝑚+1,𝑛+1 in the figure is equal to
1
4 (𝐲

(𝓁)
5,𝐱̄+𝐲

(𝓁)
6,𝐱̄+𝓁𝐮̃0

+𝐲(𝓁)8,𝐱̄+𝓁𝐯̃0
+𝐲(𝓁)7,𝐱̄+𝓁𝐮̃0+𝓁𝐯̃0

).
Eq. (113) completes the construction: the full ansatz is specified by deforming the vertices 𝐱(𝓁)𝑖,𝑗 to 𝐲(𝓁)𝑖,𝑗 through the formulas in

Eqs. (96), (97), (98) and (113) for any choice of fields 𝐲eff(𝐱), 𝐑eff(𝐱), 𝜃(𝐱), 𝝎𝐮0 (𝐱), 𝝎𝐯0 (𝐱), 𝜿(𝐱), 𝝎(𝐱), 𝜉(𝐱) and 𝐝(𝐱) that satisfy the
assumptions and constraints outlined in this section.

We claim that these origami deformations have panel strains ∼ 𝓁2, and that they approximate the given effective deformation
𝐲eff(𝐱). To prove this, recall that the panel strains are defined by 𝜀

(𝓁)
𝑖,𝑗,1,… , 𝜀(𝓁)𝑖,𝑗,4 in Eq. (17), and that 𝐱̂

(𝓁)
𝑖,𝑗 denotes the orthogonal

projection of 𝐱(𝓁)𝑖,𝑗 onto R2.

Proposition 5. The origami deformation {𝐲(𝓁)𝑖,𝑗 } satisfies (i) |𝜀
(𝓁)
𝑖,𝑗,1|,… , |𝜀(𝓁)𝑖,𝑗,4| = 𝑂(𝓁2) for all (𝑖, 𝑗) ∈ (𝓁), and (ii) |𝐲(𝓁)𝑖,𝑗 − 𝐲eff(𝐱̂

(𝓁)
𝑖,𝑗 )| = 𝑂(𝓁)

for all (𝑖, 𝑗) ∈ (𝓁).

Proof. For part (i), we estimate the lengths of neighboring vertices in the origami construction {𝐲(𝓁)𝑖,𝑗 } by those in the cell-wise
construction {𝐲(𝓁)𝑖,𝐱̄ }. We show in particular that the deviation between these lengths is 𝑂(𝓁3). The desired estimate then follows
because each cell in the latter is deformed by an approximate mechanism deformation, resulting in sufficiently small strain. We
demonstrate the result explicitly for one representative example. The other cases follow analogously.

Consider the panel strain 𝜀(𝓁)𝑖,𝑗,1 in Eq. (17) for 𝑖 and 𝑗 in Eq. (113) such that 𝐲
(𝓁)
𝑖+1,𝑗 =

1
4 (𝐲

(𝓁)
5,𝐱̄ + 𝐲(𝓁)6,𝐱̄+𝓁𝐮̃0

+ 𝐲(𝓁)8,𝐱̄+𝓁𝐯̃0
+ 𝐲(𝓁)7,𝐱̄+𝓁𝐮̃0+𝓁𝐯̃0

) and
𝐲(𝓁)𝑖,𝑗 = 1

2 (𝐲
(𝓁)
2,𝐱̄ + 𝐲(𝓁)4,𝐱̄+𝓁𝐯̃0

), 𝐱̄ ∈ (𝓁)
cell. It follows that

𝐲(𝓁)𝑖+1,𝑗 − 𝐲(𝓁)𝑖,𝑗 = 𝐲(𝓁)5,𝐱̄ +
1
4
(

2𝐠(𝓁)65,𝐱̄ + 𝐠(𝓁)85,𝐱̄ + 𝐠(𝓁)76,𝐱̄+𝓁𝐮̃0

)

− 𝐲(𝓁)2,𝐱̄ +
1
2
𝐠(𝓁)42,𝐱̄ = 𝐲(𝓁)5,𝐱̄ − 𝐲(𝓁)2,𝐱̄ + 𝑂(𝓁

3) (114)

using Eqs. (99) and (112). The definitions in Eqs. (97)–(98) then give that

|𝐲(𝓁)5,𝐱̄ − 𝐲(𝓁)2,𝐱̄ | = |𝓁
[

𝐑eff(𝐱̄)
(

𝐈 + 𝓁(𝝎(𝐱̄)×)
)]

𝐭(𝓁)1,+(𝜃(𝐱̄) + 𝓁𝜉(𝐱̄),𝜿(𝐱̄))|

= 𝓁|𝐭(𝓁)1,+(𝜃(𝐱̄) + 𝓁𝜉(𝐱̄),𝜿(𝐱̄))| + 𝑂(𝓁3)
(115)

since 𝐭1(𝜃) + 𝐭2,+(𝜃,𝜿) = 𝐭2(𝜃) + 𝐭1,+(𝜃,𝜿) and since |𝐑(𝐈 + 𝓁(𝝎×))𝐯| =
√

|𝐯|2 + 𝑂(𝓁2) = |𝐯| + 𝑂(𝓁2) for any 𝐑 ∈ 𝑆𝑂(3) and 𝝎, 𝐯 ∈ R3.

Similarly, |𝐭(𝓁)1,+(𝜃,𝜿)| =
√

|𝐭1(𝜃)|
2 + 𝑂(𝓁2) = |𝐭1(𝜃)|+𝑂(𝓁2) using the definition in Eq. (62) and Taylor expansion, and |𝐭1(𝜃)| = |𝐭𝑟1|. It

follows that

𝓁|𝐭(𝓁)1,+(𝜃(𝐱̄) + 𝓁𝜉(𝐱̄),𝜿(𝐱̄))| = 𝓁|𝐭1(𝜃(𝐱̄) + 𝓁𝜉(𝐱̄))| + 𝑂(𝓁3) = 𝓁|𝐭𝑟1|. (116)

Since 𝓁|𝐭𝑟1| = |𝐱(𝓁)5,𝐱̄ − 𝐱(𝓁)2,𝐱̄ | = |𝐱(𝓁)𝑖+1,𝑗 − 𝐱(𝓁)𝑖,𝑗 | by assumption, we conclude from Eqs. (114)–(116) that

|𝐲(𝓁)𝑖+1,𝑗 − 𝐲(𝓁)𝑖,𝑗 | = |𝐲(𝓁)5,𝐱̄ − 𝐲(𝓁)2,𝐱̄ | + 𝑂(𝓁
3) = 𝓁|𝐭𝑟1| + 𝑂(𝓁

3) = |𝐱(𝓁)𝑖+1,𝑗 − 𝐱(𝓁)𝑖,𝑗 | + 𝑂(𝓁
3). (117)

Hence |𝜀(𝓁)𝑖,𝑗,1| = 𝑂(𝓁2).
For part (ii), consider any 𝐲(𝓁)𝑖,𝑗 and 𝐱(𝓁)𝑖,𝑗 , (𝑖, 𝑗) ∈ (𝓁). Note that 𝐱̂(𝓁)𝑖,𝑗 = (𝐱(𝓁)𝑖,𝑗 ⋅ 𝐞1, 𝐱

(𝓁)
𝑖,𝑗 ⋅ 𝐞2). Since each 𝐲(𝓁)𝑖,𝑗 is defined by averaging

points in the cell-wise construction and since the gaps between neighboring cells are 𝑂(𝓁3), we have that 𝐲(𝓁)𝑖,𝑗 = 𝐲(𝓁)𝑘,𝐱̄ + 𝑂(𝓁3) for
some 𝑘 ∈ {0, 1,… , 8} and 𝐱̄ ∈ (𝓁)

cell. Since the vertices inside the reference and deformed cell are at most a distance 𝑂(𝓁) apart,
𝐲(𝓁)𝑘,𝐱̄ = 𝐲(𝓁)0,𝐱̄ + 𝑂(𝓁) and 𝐱̂(𝓁)𝑖,𝑗 = 𝐱̄ + 𝑂(𝓁). Using the definition 𝐲(𝓁)0,𝐱̄ ∶= 𝐲eff(𝐱̄) + 𝓁𝐝(𝐱̄) from Eq. (96),

|𝐲(𝓁)𝑖,𝑗 − 𝐲eff(𝐱̂
(𝓁)
𝑖,𝑗 )| = |𝐲(𝓁)0,𝐱̄ + 𝑂(𝓁) − 𝐲eff(𝐱̂

(𝓁)
𝑖,𝑗 )| = |𝐲eff(𝐱̄) + 𝑂(𝓁) − 𝐲eff(𝐱̄ + 𝑂(𝓁))| = 𝑂(𝓁). (118)

Here we used that 𝐲 (𝐱) is smooth. □
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Fig. 10. Schematic for panel bending. The points and vectors drawn here are used to calculate the bending strains of the panels. Note 𝐑(𝓁) = 𝐑+𝑂(𝓁) for some
𝐑 ∈ 𝑆𝑂(3) and 𝐭(𝓁)𝑖 = 𝐭𝑖(𝜃) + 𝑂(𝓁), 𝑖 = 1,… , 4, for the deformed tangents 𝐭𝑖(𝜃) from Section 2.1.

4.3. Proof of Theorem 1

We are ready to prove Theorem 1, which we do in a series of short steps. Consider any parallelogram origami design from
Section 2.1, and the bar and hinge energy of this origami design in Section 2.2. Let 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) solve the surface theory
and have the regularity properties from the statement of the theorem, so that we can guarantee a smooth solution to Eq. (111). The
first few results of the theorem have already been proven, but we reiterate them for clarity.

Step 1. There exists a unique and smooth rotation field 𝐑eff ∶𝛺 → 𝑆𝑂(3) with 𝐑eff(⟨𝐱⟩) = 𝐈 such that 𝜕𝐮0𝐑eff(𝐱) = 𝐑eff(𝐱)(𝝎𝐮0 (𝐱)×) and
𝜕𝐯0𝐑eff(𝐱) = 𝐑eff(𝐱)(𝝎𝐯0 (𝐱)×). In addition, there exists a unique and smooth effective deformation 𝐲eff ∶𝛺 → R3 such that 𝐲eff(⟨𝐱⟩) = 𝟎 and
∇𝐲eff(𝐱) = 𝐑eff(𝐱)𝐀eff(𝜃(𝐱)).

Proof. This follows directly from Proposition 4. □

Fix the unique 𝐑eff(𝐱) and 𝐲eff(𝐱) as above. Choose a smooth solution (𝝎(𝐱), 𝜉(𝐱)) to Eq. (111), the existence of which is guaranteed
by Proposition 6 of Appendix B, and construct a global origami deformation {𝐲(𝓁)𝑖,𝑗 } from the fields 𝜃(𝐱), 𝝎𝐮0 (𝐱), 𝝎𝐯0 (𝐱), 𝐑eff(𝐱), 𝐲eff(𝐱),
𝝎(𝐱) and 𝜉(𝐱), as done in Section 4.2. Recall that the panels strains are defined by 𝜀(𝓁)𝑖,𝑗,1,… , 𝜀(𝓁)𝑖,𝑗,4 in Eq. (17).

Step 2. The origami deformation {𝐲(𝓁)𝑖,𝑗 } satisfies |𝜀
(𝓁)
𝑖,𝑗,1|,… , |𝜀(𝓁)𝑖,𝑗,4| = 𝑂(𝓁2) for all (𝑖, 𝑗) ∈ (𝓁).

Proof. This follows directly from the first part of Proposition 5. □

Next, recall that 𝐱̂(𝓁)𝑖,𝑗 denotes the orthogonal projection of 𝐱
(𝓁)
𝑖,𝑗 onto R2.

Step 3. The origami deformation {𝐲(𝓁)𝑖,𝑗 } approximates the effective deformation 𝐲eff(𝐱) in that |𝐲
(𝓁)
𝑖,𝑗 − 𝐲eff(𝐱̂

(𝓁)
𝑖,𝑗 )| = 𝑂(𝓁) for all (𝑖, 𝑗) ∈ (𝓁).

Proof. This follows directly from the second part of Proposition 5. □

We now calculate the bending energy of each individual panel. This involves a Taylor expansion of the angles 𝜓 (𝓁)
𝑖,𝑗,1 and 𝜓

(𝓁)
𝑖,𝑗,2

defined in Eqs. (20) and (22). As these angles are cumbersome nonlinear functions of the panel vertices, we supply several useful
preliminary identities based on the schematic in Fig. 10. Let 𝐑(𝓁) = 𝐑+𝑂(𝓁) for some 𝐑 ∈ 𝑆𝑂(3) and 𝐭(𝓁)𝑖 = 𝐭𝑖(𝜃) +𝑂(𝓁), 𝑖 = 1,… , 4,
for the deformed tangents 𝐭𝑖(𝜃) from Section 2.1. Note we do not assume that 𝐑(𝓁) is a rotation.

Step 3. The vertices 𝐲(𝓁)1 ,… , 𝐲(𝓁)4 in Fig. 10 satisfy
24
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t

T

r

S

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐲(𝓁)1 −𝐲(𝓁)2
|𝐲(𝓁)1 −𝐲(𝓁)2 |

⋅
([ (𝐲(𝓁)1 −𝐲(𝓁)0 )×(𝐲(𝓁)2 −𝐲(𝓁)0 )

|(𝐲(𝓁)1 −𝐲(𝓁)0 )×(𝐲(𝓁)2 −𝐲(𝓁)0 )|

]

×
[ (𝐲(𝓁)2 −𝐲(𝓁)5 )×(𝐲(𝓁)1 −𝐲(𝓁)5 )

|(𝐲(𝓁)2 −𝐲(𝓁)5 )×(𝐲(𝓁)1 −𝐲(𝓁)5 )|

])

= 𝓁𝜅1
|(𝐭1(𝜃)−𝐭2(𝜃))×𝐧12(𝜃)|2

|𝐭1(𝜃)−𝐭2(𝜃)||𝐧12(𝜃)|2
+ 𝑂(𝓁2),

𝐲(𝓁)5 −𝐲(𝓁)0
|𝐲(𝓁)5 −𝐲(𝓁)0 |

⋅
([ (𝐲(𝓁)5 −𝐲(𝓁)1 )×(𝐲(𝓁)0 −𝐲(𝓁)1 )

|(𝐲(𝓁)5 −𝐲(𝓁)1 )×(𝐲(𝓁)0 −𝐲(𝓁)1 )|

]

×
[ (𝐲(𝓁)0 −𝐲(𝓁)2 )×(𝐲(𝓁)5 −𝐲(𝓁)2 )

|(𝐲(𝓁)0 −𝐲(𝓁)2 )×(𝐲(𝓁)5 −𝐲(𝓁)2 )|

])

= 𝓁𝜅1
|(𝐭1(𝜃)+𝐭2(𝜃))×𝐧12(𝜃)|2

|𝐭1(𝜃)+𝐭2(𝜃)||𝐧12(𝜃)|2
+ 𝑂(𝓁2).

Panel 2:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐲(𝓁)0 −𝐲(𝓁)6
|𝐲(𝓁)0 −𝐲(𝓁)6 |

⋅
([ (𝐲(𝓁)0 −𝐲(𝓁)3 )×(𝐲(𝓁)6 −𝐲(𝓁)3 )

|(𝐲(𝓁)0 −𝐲(𝓁)3 )×(𝐲(𝓁)6 −𝐲(𝓁)3 )|

]

×
[ (𝐲(𝓁)6 −𝐲(𝓁)2 )×(𝐲(𝓁)0 −𝐲(𝓁)2 )

|(𝐲(𝓁)0 −𝐲(𝓁)2 )×(𝐲(𝓁)6 −𝐲(𝓁)2 )|

])

= 𝓁𝜅2
|(𝐭2(𝜃)+𝐭3(𝜃))×𝐧23(𝜃)|2

|𝐭2(𝜃)+𝐭3(𝜃)||𝐧23(𝜃)|2
+ 𝑂(𝓁2),

𝐲(𝓁)2 −𝐲(𝓁)3
|𝐲(𝓁)2 −𝐲(𝓁)3 |

⋅
([ (𝐲(𝓁)2 −𝐲(𝓁)0 )×(𝐲(𝓁)3 −𝐲(𝓁)0 )

|(𝐲(𝓁)2 −𝐲(𝓁)0 )×(𝐲(𝓁)3 −𝐲(𝓁)0 )|

]

×
[ (𝐲(𝓁)3 −𝐲(𝓁)6 )×(𝐲(𝓁)2 −𝐲(𝓁)6 )

|(𝐲(𝓁)3 −𝐲(𝓁)6 )×(𝐲(𝓁)2 −𝐲(𝓁)6 )|

])

= 𝓁𝜅2
|(𝐭2(𝜃)−𝐭3(𝜃))×𝐧23(𝜃)|2

|𝐭2(𝜃)−𝐭3(𝜃)||𝐧23(𝜃)|2
+ 𝑂(𝓁2).

Panel 3:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐲(𝓁)4 −𝐲(𝓁)3
|𝐲(𝓁)4 −𝐲(𝓁)3 |

⋅
([ (𝐲(𝓁)4 −𝐲(𝓁)7 )×(𝐲(𝓁)3 −𝐲(𝓁)7 )

|(𝐲(𝓁)4 −𝐲(𝓁)7 )×(𝐲(𝓁)3 −𝐲(𝓁)7 )|

]

×
[ (𝐲(𝓁)3 −𝐲(𝓁)0 )×(𝐲(𝓁)4 −𝐲(𝓁)0 )

|(𝐲(𝓁)3 −𝐲(𝓁)0 )×(𝐲(𝓁)4 −𝐲(𝓁)0 )|

])

= 𝓁𝜅3
|(𝐭3(𝜃)−𝐭4(𝜃))×𝐧34(𝜃)|2

|𝐭3(𝜃)−𝐭4(𝜃)||𝐧34(𝜃)|2
+ 𝑂(𝓁2),

𝐲(𝓁)0 −𝐲(𝓁)7

|𝐲(𝓁)0 −𝐲(𝓁)7 |

⋅
([ (𝐲(𝓁)0 −𝐲(𝓁)4 )×(𝐲(𝓁)7 −𝐲(𝓁)4 )

|(𝐲(𝓁)0 −𝐲(𝓁)4 )×(𝐲(𝓁)7 −𝐲(𝓁)4 )|

]

×
[ (𝐲(𝓁)7 −𝐲(𝓁)3 )×(𝐲(𝓁)0 −𝐲(𝓁)3 )

|(𝐲(𝓁)7 −𝐲(𝓁)3 )×(𝐲(𝓁)0 −𝐲(𝓁)3 )|

])

= 𝓁𝜅3
|(𝐭3(𝜃)+𝐭4(𝜃))×𝐧34(𝜃)|2

|𝐭3(𝜃)+𝐭4(𝜃)||𝐧34(𝜃)|2
+ 𝑂(𝓁2).

Panel 4:
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐲(𝓁)8 −𝐲(𝓁)0
|𝐲(𝓁)8 −𝐲(𝓁)0 |

⋅
([ (𝐲(𝓁)8 −𝐲(𝓁)4 )×(𝐲(𝓁)0 −𝐲(𝓁)4 )

|(𝐲(𝓁)8 −𝐲(𝓁)4 )×(𝐲(𝓁)0 −𝐲(𝓁)4 )|

]

×
[ (𝐲(𝓁)0 −𝐲(𝓁)1 )×(𝐲(𝓁)8 −𝐲(𝓁)1 )

|(𝐲(𝓁)0 −𝐲(𝓁)1 )×(𝐲(𝓁)8 −𝐲(𝓁)1 )|

])

= 𝓁𝜅4
|(𝐭4(𝜃)+𝐭1(𝜃))×𝐧41(𝜃)|2

|𝐭4(𝜃)+𝐭1(𝜃)||𝐧41(𝜃)|2
+ 𝑂(𝓁2),

𝐲(𝓁)1 −𝐲(𝓁)4
|𝐲(𝓁)1 −𝐲(𝓁)4 |

⋅
([ (𝐲(𝓁)1 −𝐲(𝓁)8 )×(𝐲(𝓁)4 −𝐲(𝓁)8 )

|(𝐲(𝓁)1 −𝐲(𝓁)8 )×(𝐲(𝓁)4 −𝐲(𝓁)8 )|

]

×
[ (𝐲(𝓁)4 −𝐲(𝓁)0 )×(𝐲(𝓁)1 −𝐲(𝓁)0 )

|(𝐲(𝓁)4 −𝐲(𝓁)0 )×(𝐲(𝓁)1 −𝐲(𝓁)0 )|

])

= 𝓁𝜅4
|(𝐭4(𝜃)−𝐭1(𝜃))×𝐧41(𝜃)|2

|𝐭4(𝜃)−𝐭1(𝜃)||𝐧41(𝜃)|2
+ 𝑂(𝓁2),

(119)

where 𝐧𝑖𝑗 (𝜃) ∶= 𝐭𝑖(𝜃) × 𝐭𝑗 (𝜃).

Proof. Observe from the diagram of Panel 1 that

(𝐲(𝓁)1 − 𝐲(𝓁)0 ) × (𝐲(𝓁)2 − 𝐲(𝓁)0 ) = 𝓁2[cof 𝐑(𝓁)](𝐭(𝓁)1 × 𝐭(𝓁)2 ),

(𝐲(𝓁)2 − 𝐲(𝓁)5 ) × (𝐲(𝓁)1 − 𝐲(𝓁)5 ) = −𝓁2[cof 𝐑(𝓁)]{(𝐭(𝓁)2 × 𝐭(𝓁)1 ) + 𝓁𝜅1(𝐭
(𝓁)
2 − 𝐭(𝓁)1 ) × (𝐭(𝓁)1 × 𝐭(𝓁)2 )

}

,

(𝐲(𝓁)5 − 𝐲(𝓁)1 ) × (𝐲(𝓁)0 − 𝐲(𝓁)1 ) = −𝓁2[cof 𝐑(𝓁)]{(𝐭(𝓁)2 × 𝐭(𝓁)1 ) − 𝓁𝜅1𝐭
(𝓁)
1 × (𝐭(𝓁)1 × 𝐭(𝓁)2 )

}

,

(𝐲(𝓁)0 − 𝐲(𝓁)2 ) × (𝐲(𝓁)5 − 𝐲(𝓁)2 ) = −𝓁2[cof 𝐑(𝓁)]{(𝐭(𝓁)2 × 𝐭(𝓁)1 ) + 𝓁𝜅1𝐭
(𝓁)
2 × (𝐭(𝓁)1 × 𝐭(𝓁)2 )

}

(120)

by standard properties of the cross product and cofactor, namely that (cof 𝐀)(𝐚 × 𝐛) = 𝐀𝐚 × 𝐀𝐛 for 𝐀 ∈ R3×3 and 𝐚,𝐛 ∈ R3. Taking
he cross product of the first two and second two equations above, respectively, yields

[

(𝐲(𝓁)1 − 𝐲(𝓁)0 ) × (𝐲(𝓁)2 − 𝐲(𝓁)0 )
]

×
[

(𝐲(𝓁)2 − 𝐲(𝓁)5 ) × (𝐲(𝓁)1 − 𝐲(𝓁)5 )
]

= −𝓁5𝜅1
[

cof
[

cof 𝐑(𝓁)]](𝐭(𝓁)1 × 𝐭(𝓁)2 ) ×
{

(𝐭(𝓁)2 − 𝐭(𝓁)1 ) × (𝐭(𝓁)1 × 𝐭(𝓁)2 )
}

[

(𝐲(𝓁)5 − 𝐲(𝓁)1 ) × (𝐲(𝓁)0 − 𝐲(𝓁)1 )
]

×
[

(𝐲(𝓁)0 − 𝐲(𝓁)2 ) × (𝐲(𝓁)5 − 𝐲(𝓁)2 )
]

= 𝓁5𝜅1
[

cof
[

cof 𝐑(𝓁)]](𝐭(𝓁)1 × 𝐭(𝓁)2 ) ×
{

(𝐭(𝓁)2 + 𝐭(𝓁)1 ) × (𝐭(𝓁)1 × 𝐭(𝓁)2 )
}

+ 𝑂(𝓁6)

(121)

hat 𝐑(𝓁) = 𝐑 + 𝑂(𝓁) for a rotation 𝐑 furnishes the identities
[

cof 𝐑(𝓁)] = 𝐑 + 𝑂(𝓁) and
[

cof
[

cof 𝐑(𝓁)]] = 𝐑 + 𝑂(𝓁). Thus,
[ (𝐲(𝓁)1 −𝐲(𝓁)0 )×(𝐲(𝓁)2 −𝐲(𝓁)0 )

|(𝐲(𝓁)1 −𝐲(𝓁)0 )×(𝐲(𝓁)2 −𝐲(𝓁)0 )|

]

×
[ (𝐲(𝓁)2 −𝐲(𝓁)5 )×(𝐲(𝓁)1 −𝐲(𝓁)5 )

|(𝐲(𝓁)2 −𝐲(𝓁)5 )×(𝐲(𝓁)1 −𝐲(𝓁)5 )|

]

= −𝓁𝜅1
𝐑[𝐧12(𝜃)×{(𝐭2(𝜃)−𝐭1(𝜃))×𝐧12(𝜃)}]

|𝐧12(𝜃)|2
+ 𝑂(𝓁2),

[ (𝐲(𝓁)5 −𝐲(𝓁)1 )×(𝐲(𝓁)0 −𝐲(𝓁)1 )

|(𝐲(𝓁)5 −𝐲(𝓁)1 )×(𝐲(𝓁)0 −𝐲(𝓁)1 )|

]

×
[ (𝐲(𝓁)0 −𝐲(𝓁)2 )×(𝐲(𝓁)5 −𝐲(𝓁)2 )

|(𝐲(𝓁)0 −𝐲(𝓁)2 )×(𝐲(𝓁)5 −𝐲(𝓁)2 )|

]

= 𝓁𝜅1
𝐑[𝐧12(𝜃)×{(𝐭2(𝜃)+𝐭1(𝜃))×𝐧12(𝜃)}]

|𝐧12(𝜃)|2
+ 𝑂(𝓁2),

(122)

since each 𝐭(𝓁)𝑖 = 𝐭𝑖(𝜃) + 𝑂(𝓁). The desired result for Panel 1 follows after noting that 𝐲(𝓁)1 − 𝐲(𝓁)2 = 𝐑(𝐭1(𝜃) − 𝐭2(𝜃)) + 𝑂(𝓁) and
𝐲(𝓁)5 − 𝐲(𝓁)0 = 𝐑(𝐭1(𝜃) + 𝐭2(𝜃)) + 𝑂(𝓁). The calculations for Panels 2–4 are similar and not done here for brevity. □

Now recall from Section 3.1 that each deformed tangent 𝐭𝑖(𝜃) is related to the reference tangent 𝐭𝑟𝑖 through 𝜃-dependent panel
otations. We therefore establish the following.

tep 4. In each formula in Eq. (119),

|(𝐭𝑖(𝜃) ± 𝐭𝑖(𝜃)) × 𝐧𝑖𝑗 (𝜃)|2

|𝐭𝑖(𝜃) ± 𝐭𝑗 (𝜃)||𝐧𝑖𝑗 (𝜃)|2
=

|(𝐭𝑟𝑖 ± 𝐭𝑟𝑗 ) × (𝐭𝑟𝑖 × 𝐭𝑟𝑗 )|
2

|(𝐭𝑟𝑖 ± 𝐭𝑟𝑗 )||(𝐭
𝑟
𝑖 × 𝐭𝑟𝑗 )|

2
=∶ 𝑏±𝑖𝑗 , 𝑖𝑗 ∈ {12, 23, 34, 41}, (123)

i.e., these terms do not depend on 𝜃.

Proof. Since we are dealing with adjacent crease vectors, 𝐭𝑖(𝜃) = 𝐑𝑖(𝜃)𝐭𝑟𝑖 and 𝐭𝑗 (𝜃) = 𝐑𝑖(𝜃)𝐭𝑟𝑗 for some rotation 𝐑𝑖(𝜃). As a result,
𝐧 (𝜃) = (𝐑 (𝜃)𝐭𝑟 ×𝐑 (𝜃)𝐭𝑟) = 𝐑 (𝜃)(𝐭𝑟 × 𝐭𝑟) and thus (𝐭 (𝜃)± 𝐭 (𝜃)) ×𝐧 (𝜃) = [𝐑 (𝜃)(𝐭𝑟 ± 𝐭𝑟)] × [𝐑 (𝜃)(𝐭𝑟 × 𝐭𝑟)] = 𝐑 (𝜃)[(𝐭𝑟 ± 𝐭𝑟) × (𝐭𝑟 × 𝐭𝑟)]. □
25
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Next, we derive asymptotic formulas for the angles 𝜓 (𝓁)
𝑖,𝑗,1 and 𝜓

(𝓁)
𝑖,𝑗,1. The formulas are organized using the notation for the reference

vertices 𝐱(𝓁)𝑖,𝐱̄ introduced in Section 4.2. They also involve the panel curvature fields 𝜅1(𝐱),… , 𝜅4(𝐱) in Eq. (94) and the moduli 𝑏±𝑖𝑗
above.

Step 5. The origami deformation {𝐲(𝓁)𝑖,𝑗 } satisfies |𝜓
(𝓁)
𝑖,𝑗,1|, |𝜓

(𝓁)
𝑖,𝑗,2| = 𝑂(𝓁) for all (𝑖, 𝑗) ∈ (𝓁). Specifically,

𝜓 (𝓁)
𝑖,𝑗,1 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝓁𝑏−12𝜅1(𝐱̄) + 𝑂(𝓁
2) if 𝐱(𝓁)𝑖,𝑗 = 𝐱(𝓁)0,𝐱̄ for some 𝐱̄ ∈ (𝓁)

cell,

𝓁𝑏+23𝜅2(𝐱̄) + 𝑂(𝓁
2) if 𝐱(𝓁)𝑖,𝑗 = 𝐱(𝓁)1,𝐱̄ for some 𝐱̄ ∈ (𝓁)

cell,

𝓁𝑏−34𝜅3(𝐱̄) + 𝑂(𝓁
2) if 𝐱(𝓁)𝑖,𝑗 = 𝐱(𝓁)5,𝐱̄ for some 𝐱̄ ∈ (𝓁)

cell,

𝓁𝑏+41𝜅4(𝐱̄) + 𝑂(𝓁
2) if 𝐱(𝓁)𝑖,𝑗 = 𝐱(𝓁)2,𝐱̄ for some 𝐱̄ ∈ (𝓁)

cell,

(124)

nd

𝜓 (𝓁)
𝑖,𝑗,2 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝓁𝑏+12𝜅1(𝐱̄) + 𝑂(𝓁
2) if 𝐱(𝓁)𝑖,𝑗 = 𝐱(𝓁)0,𝐱̄ for some 𝐱̄ ∈ (𝓁)

cell,

𝓁𝑏−23𝜅2(𝐱̄) + 𝑂(𝓁
2) if 𝐱(𝓁)𝑖,𝑗 = 𝐱(𝓁)1,𝐱̄ for some 𝐱̄ ∈ (𝓁)

cell,

𝓁𝑏+34𝜅3(𝐱̄) + 𝑂(𝓁
2) if 𝐱(𝓁)𝑖,𝑗 = 𝐱(𝓁)5,𝐱̄ for some 𝐱̄ ∈ (𝓁)

cell,

𝓁𝑏−41𝜅4(𝐱̄) + 𝑂(𝓁
2) if 𝐱(𝓁)𝑖,𝑗 = 𝐱(𝓁)2,𝐱̄ for some 𝐱̄ ∈ (𝓁)

cell.

(125)

roof. Again, each 𝐲(𝓁)𝑖,𝑗 is defined by averaging points in the cell-wise construction where the gaps between neighboring cells are
(𝓁3) small. Thus, we have 𝐲(𝓁)𝑖,𝑗 = 𝐲(𝓁)𝑘,𝐱̄ + 𝑂(𝓁

3) for appropriate 𝑘 ∈ {0, 1,… , 8} for some 𝐱̄ ∈ (𝓁)
cell. We use this to estimate functions

hich depend on the origami vertices 𝐲(𝓁)𝑖,𝑗 by the cell-wise vertices 𝐲
(𝓁)
𝑘,𝐱̄. Eventually, we obtain an expression for the angles 𝜓

(𝓁)
𝑖,𝑗,1 and

(𝓁)
𝑖,𝑗,2 that is very similar to Eq. (119). The proof then follows from the previous two steps.
Let us focus on the case that 𝐲(𝓁)𝑖,𝑗 = 𝐲(𝓁)0,𝐱̄ for some 𝐱̄ in Eq. (113). Recalling the definitions of 𝐧(𝓁)𝑖,𝑗,1 and 𝐦(𝓁)

𝑖,𝑗,1 in Eq. (19), we have

𝐧(𝓁)𝑖,𝑗,1 =
(𝐲(𝓁)1,𝐱̄ − 𝐲(𝓁)0,𝐱̄ + 𝑂(𝓁

3)) × (𝐲(𝓁)2,𝐱̄ − 𝐲(𝓁)0,𝐱̄ + 𝑂(𝓁
3))

|(𝐲(𝓁)1,𝐱̄ − 𝐲(𝓁)0,𝐱̄ + 𝑂(𝓁
3)) × (𝐲(𝓁)2,𝐱̄ − 𝐲(𝓁)0,𝐱̄ + 𝑂(𝓁

3))|
=

(𝐲(𝓁)1,𝐱̄ − 𝐲(𝓁)0,𝐱̄ ) × (𝐲(𝓁)2,𝐱̄ − 𝐲(𝓁)0,𝐱̄ )

|(𝐲(𝓁)1,𝐱̄ − 𝐲(𝓁)0,𝐱̄ ) × (𝐲(𝓁)2,𝐱̄ − 𝐲(𝓁)0,𝐱̄ )|
+ 𝑂(𝓁2),

𝐦(𝓁)
𝑖,𝑗,1 =

(𝐲(𝓁)2,𝐱̄ − 𝐲(𝓁)5,𝐱̄ + 𝑂(𝓁
3)) × (𝐲(𝓁)1,𝐱̄ − 𝐲(𝓁)5,𝐱̄ + 𝑂(𝓁

3))

|(𝐲(𝓁)2,𝐱̄ − 𝐲(𝓁)5,𝐱̄ + 𝑂(𝓁
3)) × (𝐲(𝓁)1,𝐱̄ − 𝐲(𝓁)5,𝐱̄ + 𝑂(𝓁

3))|
=

(𝐲(𝓁)2,𝐱̄ − 𝐲(𝓁)5,𝐱̄ ) × (𝐲(𝓁)1,𝐱̄ − 𝐲(𝓁)5,𝐱̄ )

|(𝐲(𝓁)2,𝐱̄ − 𝐲(𝓁)5,𝐱̄ ) × (𝐲(𝓁)1,𝐱̄ − 𝐲(𝓁)5,𝐱̄ )|
+ 𝑂(𝓁2),

𝐲(𝓁)𝑖+1,𝑗 − 𝐲(𝓁)𝑖,𝑗+1

|𝐲(𝓁)𝑖+1,𝑗 − 𝐲(𝓁)𝑖,𝑗+1|
=

𝐲(𝓁)1,𝐱̄ − 𝐲(𝓁)2,𝐱̄ + 𝑂(𝓁
3)

|𝐲(𝓁)1,𝐱̄ − 𝐲(𝓁)2,𝐱̄ + 𝑂(𝓁
3)|

=
𝐲(𝓁)1,𝐱̄ − 𝐲(𝓁)2,𝐱̄

|𝐲(𝓁)1,𝐱̄ − 𝐲(𝓁)2,𝐱̄ |
+ 𝑂(𝓁2).

(126)

hus, the angle 𝜓 (𝓁)
𝑖,𝑗,1 defined in Eq. (20) satisfies

𝜓 (𝓁)
𝑖,𝑗,1 = arcsin

([ 𝐲(𝓁)1,𝐱̄−𝐲
(𝓁)
2,𝐱̄

|𝐲(𝓁)1,𝐱̄−𝐲
(𝓁)
2,𝐱̄ |

]

⋅
{[ (𝐲(𝓁)1,𝐱̄−𝐲

(𝓁)
0,𝐱̄ )×(𝐲

(𝓁)
2,𝐱̄−𝐲

(𝓁)
0,𝐱̄ )

|(𝐲(𝓁)1,𝐱̄−𝐲
(𝓁)
0,𝐱̄ )×(𝐲

(𝓁)
2,𝐱̄−𝐲

(𝓁)
0,𝐱̄ )|

]

×
[ (𝐲(𝓁)2,𝐱̄−𝐲

(𝓁)
5,𝐱̄ )×(𝐲

(𝓁)
1,𝐱̄−𝐲

(𝓁)
5,𝐱̄ )

|(𝐲(𝓁)2,𝐱̄−𝐲
(𝓁)
5,𝐱̄ )×(𝐲

(𝓁)
1,𝐱̄−𝐲

(𝓁)
5,𝐱̄ )|

]}

+ 𝑂(𝓁2)
)

. (127)

In this formula, each 𝐲(𝓁)𝑖,𝐱̄ is akin to 𝐲(𝓁)𝑖 in Fig. 10 and Eq. (119) with 𝐑(𝓁) = 𝐑eff(𝐱̄)
[

𝐈+𝓁(𝝎(𝐱̄)×)
]

, 𝐭(𝓁)𝑖 = 𝐭𝑖(𝜃(𝐱̄)+𝓁𝜉(𝐱̄)) and 𝜅𝑖 = 𝜅𝑖(𝐱̄).
onsequently, Eq. (127) simplifies to

𝜓 (𝓁)
𝑖,𝑗,1 = arcsin

(

𝓁𝜅1(𝐱̄)
|(𝐭1(𝜃(𝐱̄)) − 𝐭2(𝜃(𝐱̄))) × 𝐧12(𝜃(𝐱̄))|2

|𝐭1(𝜃(𝐱̄)) − 𝐭2(𝜃(𝐱̄))||𝐧12(𝜃(𝐱̄))|2
+ 𝑂(𝓁2)

)

= 𝓁𝜅1(𝐱̄)
|(𝐭1(𝜃(𝐱̄)) − 𝐭2(𝜃(𝐱̄))) × 𝐧12(𝜃(𝐱̄))|2

|𝐭1(𝜃(𝐱̄)) − 𝐭2(𝜃(𝐱̄))||𝐧12(𝜃(𝐱̄))|2
+ 𝑂(𝓁2) = 𝓁𝑏−12𝜅1(𝐱̄) + 𝑂(𝓁

2)
(128)

due to the results of the previous two steps and since sin(𝛽) ≈ 𝛽 to leading order. The other statements in Eqs. (124)–(125) follow
in an analogous fashion. □

At this point, we have proved everything in Theorem 1 up to Eq. (44). The rest of the proof deals with the bar and hinge energy
 (𝓁)
tot ({𝐲

(𝓁)
𝑖,𝑗 }) =  (𝓁)

str ({𝐲
(𝓁)
𝑖,𝑗 }) +  (𝓁)

bend({𝐲
(𝓁)
𝑖,𝑗 }) +  (𝓁)

fold({𝐲
(𝓁)
𝑖,𝑗 }) from Section 2.2.

tep 6. The origami deformations {𝐲(𝓁)𝑖,𝑗 } satisfy lim𝓁→0 
(𝓁)
str ({𝐲

(𝓁)
𝑖,𝑗 }) = 0.

roof. Step 1 proved |𝜀(𝓁)𝑖,𝑗,1|,… , |𝜀(𝓁)𝑖,𝑗,4| = 𝑂(𝓁2) for all (𝑖, 𝑗) ∈ (𝓁). Thus,

 (𝓁)
str ({𝐲

(𝓁)
𝑖,𝑗 }) =

∑

(𝑖,𝑗)∈(𝓁)
𝐴(𝓁)
𝑖,𝑗 𝓁

𝛼𝑠𝛷str𝑖,𝑗 (𝜀
(𝓁)
𝑖,𝑗,1, 𝜀

(𝓁)
𝑖,𝑗,2, 𝜀

(𝓁)
𝑖,𝑗,3, 𝜀

(𝓁)
𝑖,𝑗,4) =

∑

(𝑖,𝑗)∈(𝓁)
𝑂(𝓁2)𝓁𝛼𝑠𝛷str𝑖,𝑗 (𝑂(𝓁

2))

=
∑

𝑂(𝓁2+𝛼𝑠 )
[

𝑂(𝓁2) ⋅𝐷𝐷𝛷str𝑖,𝑗 (𝟎)𝑂(𝓁
2)
]

=
∑

𝑂(𝓁6+𝛼𝑠 ),
(129)
26

(𝑖,𝑗)∈(𝓁) (𝑖,𝑗)∈(𝓁)
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where the strain energy 𝛷str𝑖,𝑗 (⋅) has been Taylor expanded using that it is smooth and minimized on (𝜀(𝓁)𝑖,𝑗,1, 𝜀
(𝓁)
𝑖,𝑗,2, 𝜀

(𝓁)
𝑖,𝑗,3, 𝜀

(𝓁)
𝑖,𝑗,4) = 𝟎. Next,

he set (𝓁) contains ∼ 1∕𝓁2 points, since the characteristic length of 𝛺 is ∼ 1. It follows that  (𝓁)
str ({𝐲

(𝓁)
𝑖,𝑗 }) = 𝑂(𝓁4+𝛼𝑠 ). The stretching

nergy vanishes, since 𝛼𝑠 ∈ (−4,−2) by the hypothesis in Eq. (29). □

tep 7. The origami deformations {𝐲(𝓁)𝑖,𝑗 } satisfy lim𝓁→0 
(𝓁)
fold({𝐲

(𝓁)
𝑖,𝑗 }) = 0.

roof. By their definitions in Eqs. (25)–(26), 𝛽(𝓁)𝑖,𝑗,0, 𝛽
(𝓁)
𝑖,𝑗 , 𝛾

(𝓁)
𝑖,𝑗,0, 𝛾

(𝓁)
𝑖,𝑗 take values in the compact set [−𝜋, 𝜋]. As such, 𝛷

fold
𝑖,𝑗 (𝛽(𝓁)𝑖,𝑗 −𝛽

(𝓁)
𝑖,𝑗,0, 𝛾

(𝓁)
𝑖,𝑗 −

(𝓁)
𝑖,𝑗,0) ≤ max𝛽,𝛾∈[−2𝜋,2𝜋]𝛷fold𝑖,𝑗 (𝛽, 𝛾) =∶ 𝑀𝑖,𝑗 . Also, 𝛷fold𝑖,𝑗 = 𝛷fold𝑖+2,𝑗 = 𝛷fold𝑖,𝑗+2 for all (𝑖, 𝑗) ∈ (𝓁), leading to 𝑀𝑖,𝑗 = 𝑀𝑖+2,𝑗 = 𝑀𝑖,𝑗+2 for all
𝑖, 𝑗) ∈ (𝓁). Thus, there is an absolute constant 𝑀 such that 𝑀𝑖,𝑗 ≤𝑀 for all (𝑖, 𝑗) ∈ (𝓁). It follows that

 (𝓁)
fold({𝐲

(𝓁)
𝑖,𝑗 }) =

∑

(𝑖,𝑗)∈(𝓁)
𝐴(𝓁)
𝑖,𝑗 𝓁

𝛼𝑓𝛷fold𝑖,𝑗
(

𝛽(𝓁)𝑖,𝑗 − 𝛽(𝓁)𝑖,𝑗,0, 𝛾
(𝓁)
𝑖,𝑗 − 𝛾 (𝓁)𝑖,𝑗,0

)

≤𝑀𝓁𝛼𝑓
∑

(𝑖,𝑗)∈(𝓁)
𝐴(𝓁)
𝑖,𝑗 ≤ 𝐶𝓁𝛼𝑓 (130)

since each 𝐴(𝓁)
𝑖,𝑗 ∼ 𝓁2 and (𝓁) contains ∼ 1∕𝓁2 points. The result follows as 𝛼𝑓 > 0 is assumed in Eq. (29). □

Step 8. The origami deformations {𝐲(𝓁)𝑖,𝑗 } satisfy

lim
𝓁→0

 (𝓁)
bend({𝐲

(𝓁)
𝑖,𝑗 }) = ∫𝛺

{(

𝝎𝐮0 (𝐱)
𝜕𝐮0𝜃(𝐱)

)

⋅𝐊𝐮0 (𝜃(𝐱))
(

𝝎𝐮0 (𝐱)
𝜕𝐮0𝜃(𝐱)

)

+
(

𝝎𝐯0 (𝐱)
𝜕𝐯0𝜃(𝐱)

)

⋅𝐊𝐯0 (𝜃(𝐱))
(

𝝎𝐯0 (𝐱)
𝜕𝐯0𝜃(𝐱)

)}

𝑑𝐴 (131)

for 𝐊𝐮0 (𝜃) and 𝐊𝐯0 (𝜃) in Eq. (45).

Proof. Since there are four panels per unit cell,  (𝓁)
bend({𝐲

(𝓁)
𝑖,𝑗 }) defined panel-by-panel in Eq. (23) can be written in a cell-by-cell sum as

 (𝓁)
bend({𝐲

(𝓁)
𝑖,𝑗 }) =

∑

𝐱̄≡𝓁(𝑖𝐮̃0+𝑗𝐯̃0)∈
(𝓁)
cell

{

𝐴(𝓁)
𝑖,𝑗 𝓁

𝛼𝑏𝛷bend𝑖,𝑗 (𝜓 (𝓁)
𝑖,𝑗,1, 𝜓

(𝓁)
𝑖,𝑗,2) + 𝐴

(𝓁)
𝑖−1,𝑗−1𝓁

𝛼𝑏𝛷bend𝑖−1,𝑗−1(𝜓
(𝓁)
𝑖−1,𝑗−1,1, 𝜓

(𝓁)
𝑖−1,𝑗−1,2)

+ 𝐴(𝓁)
𝑖,𝑗−1𝓁

𝛼𝑏𝛷bend𝑖,𝑗−1(𝜓
(𝓁)
𝑖,𝑗−1,1, 𝜓

(𝓁)
𝑖,𝑗−1,2) + 𝐴

(𝓁)
𝑖−1,𝑗𝓁

𝛼𝑏𝛷bend𝑖−1,𝑗 (𝜓
(𝓁)
𝑖−1,𝑗,1, 𝜓

(𝓁)
𝑖−1,𝑗,2)

}

.

(132)

his uses the definition of (𝓁)
cell at the start of the cell-based construction in Section 4.2. Note that the four panel areas 𝐴

(𝓁)
𝑖,𝑗 are

2
|𝐭𝑟𝑘 × 𝐭𝑟𝑙 | for 𝑘𝑙 ∈ {12, 23, 34, 41}. By Step 5,

 (𝓁)
bend({𝐲

(𝓁)
𝑖,𝑗 }) =

∑

𝐱̄∈(𝓁)cell

{

𝓁2+𝛼𝑏
|𝐭𝑟1 × 𝐭𝑟2|𝛷

bend
1

(𝓁𝑏−12𝜅1(𝐱̄) + 𝑂(𝓁
2),𝓁𝑏+12𝜅1(𝐱̄) + 𝑂(𝓁

2))

+ 𝓁2+𝛼𝑏
|𝐭𝑟2 × 𝐭𝑟3|𝛷

bend
2

(𝓁𝑏+23𝜅2(𝐱̄) + 𝑂(𝓁
2),𝓁𝑏−23𝜅2(𝐱̄) + 𝑂(𝓁

2))

+ 𝓁2+𝛼𝑏
|𝐭𝑟3 × 𝐭𝑟4|𝛷

bend
3

(𝓁𝑏−34𝜅3(𝐱̄) + 𝑂(𝓁
2),𝓁𝑏+34𝜅3(𝐱̄) + 𝑂(𝓁

2))

+ 𝓁2+𝛼𝑏
|𝐭𝑟4 × 𝐭𝑟1|𝛷

bend
4

(𝓁𝑏+41𝜅4(𝐱̄) + 𝑂(𝓁
2),𝓁𝑏−41𝜅4(𝐱̄) + 𝑂(𝓁

2))
}

(133)

here we have used the periodicity condition 𝛷bend𝑖,𝑗 = 𝛷bend𝑖,𝑗+2 = 𝛷bend𝑖+2,𝑗 for all (𝑖, 𝑗) ∈ (𝓁) to label the energy densities according to
he four types of panels being bent in Eq. (4). Focusing on the first term in Eq. (133), a Taylor expansion gives that

𝛷bend1
(𝓁𝑏−12𝜅1(𝐱̄) + 𝑂(𝓁

2),𝓁𝑏+12𝜅1(𝐱̄) + 𝑂(𝓁
2)) = 𝓁2

2

(

𝑏−12
𝑏+12

)

⋅𝐷𝐷𝛷bend1
(𝟎)

(

𝑏−12
𝑏+12

)

(

𝜅1(𝐱̄)
)2 + 𝑂(𝓁3)

= 𝓁2 |𝐮0 × 𝐯0|
|𝐭𝑟1 × 𝐭𝑟2|

𝑏1
(

𝜅1(𝐱̄)
)2 + 𝑂(𝓁3)

(134)

ince 𝛷bend1
is smooth with minimum 𝛷bend1

(𝟎) = 𝟎. The second equality follows by matching the definitions for 𝑏±12 in Eq. (123) to
𝑏1 in Eq. (46). Analogous Taylor expansions of each term in Eq. (133) yield

 (𝓁)
bend({𝐲

(𝓁)
𝑖,𝑗 }) =

∑

𝐱̄∈(𝓁)cell

𝓁4+𝛼𝑏
|𝐮0 × 𝐯0|

{

∑

𝑘=1,…,4
𝑏𝑘(𝜅𝑘(𝐱̄))2 + 𝑂(𝓁)

}

. (135)

We now take 𝓁 → 0 in Eq. (135). Note 𝛼𝑏 = −2 by assumption, each 𝜅1(𝐱),… , 𝜅4(𝐱) is smooth on 𝛺 and lim𝓁→0
∑

𝐱̄∈(𝓁)cell
𝓁2

|𝐮0 × 𝐯0| =
𝛺. Thus,

lim
𝓁→0

 (𝓁)
bend({𝐲

(𝓁)
𝑖,𝑗 }) = ∫𝛺

{

𝑏1(𝜅1(𝐱))2 + 𝑏2(𝜅2(𝐱))2 + 𝑏3(𝜅3(𝐱))2 + 𝑏4(𝜅4(𝐱))2
}

𝑑𝐴. (136)

Substituting the formulas in Eq. (94) for the panel curvature fields 𝜅1(𝐱),… , 𝜅4(𝐱) and recalling the definition of 𝐁(𝜃) proves the
result. □

This completes the proof of Theorem 1.
27
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5. Discussion, examples and outlook

We end by discussing some of the most intriguing aspects of our effective plate theory for origami, and by illustrating these
spects in examples. Section 5.1 starts by rewriting the surface theory for 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) into one involving more standard
quantities such as the first and second fundamental forms of the effective deformation 𝐲eff(𝐱). Along the way, we identify the three
basic soft modes of deformation available to parallelogram origami (actuation, bending and twisting modes) and provide variables
to parameterize general deformations in terms of these modes. Section 5.2 goes on to discuss our effective theory in the context
of more familiar continuum theories, namely Kirchhoff’s plate theory (Friesecke et al., 2002) and models of generalized elastic
continua (Eringen, 2012). Section 5.3 applies our theory to the examples of Miura and Eggbox origami. Finally, Section 5.4 ends
with a brief commentary on future directions.

5.1. Reformulation of the effective surface theory

So far, we have described the effective deformations of parallelogram origami through field variables 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) that
solve Eq. (40). As a quick recap, this equation is composed of the angle restriction 𝜃(𝐱) ∈ (𝜃−, 𝜃+), the algebraic constraints

𝝎𝐮0 (𝐱) × 𝐯(𝜃(𝐱)) + 𝜕𝐮0𝜃(𝐱)𝐯
′(𝜃(𝐱)) = 𝝎𝐯0 (𝐱) × 𝐮(𝜃(𝐱)) + 𝜕𝐯0𝜃(𝐱)𝐮

′(𝜃(𝐱)),

𝝎𝐮0 (𝐱) ⋅ 𝐯
′(𝜃(𝐱)) = 𝝎𝐯0 (𝐱) ⋅ 𝐮

′(𝜃(𝐱))
(137)

and the compatibility condition 𝜕𝐯0𝝎𝐮0 (𝐱) − 𝜕𝐮0𝝎𝐯0 (𝐱) = 𝝎𝐮0 (𝐱) × 𝝎𝐯0 (𝐱).

Actuation, bend and twist. We now show how to write the effective theory in a way that emphasizes the three natural modes of
deformation for parallelogram origami: actuation, bend, and twist. First, observe that Remark 5 allows us to explicitly solve for
the algebraic constraints in Eq. (137). To do so, we expand the vector fields 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) in the basis {𝐮(𝜃(𝐱)), 𝐯(𝜃(𝐱)), 𝐞3} and
choose the components of this expansion using the remark. This gives

𝝎𝐮0 (𝐱) = 𝜏(𝐱)𝐮(𝜃(𝐱)) + 𝜅(𝐱)[𝐮′(𝜃(𝐱)) ⋅ 𝐮(𝜃(𝐱))]𝐯(𝜃(𝐱)) +
[

𝜞 𝐮0 (𝜃(𝐱)) ⋅ ∇0𝜃(𝐱)
]

𝐞3,

𝝎𝐯0 (𝐱) = 𝜅(𝐱)[𝐯′(𝜃(𝐱)) ⋅ 𝐯(𝜃(𝐱))]𝐮(𝜃(𝐱)) − 𝜏(𝐱)𝐯(𝜃(𝐱)) +
[

𝜞 𝐯0 (𝜃(𝐱)) ⋅ ∇0𝜃(𝐱)
]

𝐞3
(138)

for some 𝜅, 𝜏 ∶𝛺 → R, and where

𝜞 𝐮0 (𝜃) ∶=
[𝐮(𝜃) ⋅ 𝐯′(𝜃)]𝐞̃1 − [𝐮(𝜃) ⋅ 𝐮′(𝜃)]𝐞̃2

𝐞3 ⋅ (𝐮(𝜃) × 𝐯(𝜃))
, 𝜞 𝐯0 (𝜃) ∶=

[𝐯(𝜃) ⋅ 𝐯′(𝜃)]𝐞̃1 − [𝐯(𝜃) ⋅ 𝐮′(𝜃)]𝐞̃2
𝐞3 ⋅ (𝐮(𝜃) × 𝐯(𝜃))

(139)

ith {𝐞̃1, 𝐞̃2} as the standard basis of R2. The gradient ∇0 is defined as ∇0𝜃(𝐱) ∶= 𝜕𝐮0𝜃(𝐱)𝐞̃1 + 𝜕𝐯0𝜃(𝐱)𝐞̃2.
Substituting Eq. (138) into the remaining conditions of the effective surface theory leads to a system of three scalar PDEs in 𝜃(𝐱),

(𝐱) and 𝜏(𝐱) equivalent to the original ones:

Equivalent formulation of the effective surface theory for parallelogram origami:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜃(𝐱) ∈ (𝜃−, 𝜃+),

∇⟂
0 ⋅

[

𝜞 (𝜃(𝐱))∇0𝜃(𝐱)
]

=

(

𝜅(𝐱)
𝜏(𝐱)

)

⋅𝜦(𝜃(𝐱))
(

𝜅(𝐱)
𝜏(𝐱)

)

,

[

𝐌𝐮0 (𝜃(𝐱))𝜕𝐮0 −𝐌𝐯0 (𝜃(𝐱))𝜕𝐯0 +𝐌(𝜃(𝐱),∇0𝜃(𝐱))
]

(

𝜅(𝐱)
𝜏(𝐱)

)

= 𝟎.

(140)

In the standard Cartesian basis, the purely 𝜃-dependent R2×2 tensors in these expressions are

𝜞 (𝜃) ∶= 1
𝐴(𝜃)

(

𝐮(𝜃) ⋅ 𝐯′(𝜃) −𝐮(𝜃) ⋅ 𝐮′(𝜃)
𝐯(𝜃) ⋅ 𝐯′(𝜃) −𝐯(𝜃) ⋅ 𝐮′(𝜃)

)

, 𝜦(𝜃) ∶= −𝐴(𝜃)

(
[

𝐮′(𝜃) ⋅ 𝐮(𝜃)
][

𝐯′(𝜃) ⋅ 𝐯(𝜃)
]

0

0 1

)

,

𝐌𝐮0 (𝜃) ∶=

(

[𝐯′(𝜃) ⋅ 𝐯(𝜃)][𝐮(𝜃) ⋅ 𝐞1] −𝐯(𝜃) ⋅ 𝐞1
[𝐯′(𝜃) ⋅ 𝐯(𝜃)][𝐮(𝜃) ⋅ 𝐞2] −𝐯(𝜃) ⋅ 𝐞2

)

, 𝐌𝐯0 (𝜃) ∶=

(

[𝐮′(𝜃) ⋅ 𝐮(𝜃)][𝐯(𝜃) ⋅ 𝐞1] 𝐮(𝜃) ⋅ 𝐞1
[𝐮′(𝜃) ⋅ 𝐮(𝜃)][𝐯(𝜃) ⋅ 𝐞2] 𝐮(𝜃) ⋅ 𝐞2

)

,

(141)

here 𝐴(𝜃) = 𝐞3 ⋅ (𝐮(𝜃) × 𝐯(𝜃)) is the area of the parallelogram formed by 𝐮(𝜃) and 𝐯(𝜃). The last tensor 𝐌(𝜃, 𝐠̃) ∈ R2×2 in Eq. (140)
as a lengthy expression, whose coefficients in the standard basis are

𝑀11(𝜃, 𝐠̃) ∶= −[𝐞̃1 ⋅ 𝜞 (𝜃)𝐠̃][𝐯′(𝜃) ⋅ 𝐯(𝜃)][𝐮(𝜃) ⋅ 𝐞2] + [𝐞̃2 ⋅ 𝜞 (𝜃)𝐠̃][𝐮′(𝜃) ⋅ 𝐮(𝜃)][𝐯(𝜃) ⋅ 𝐞2]
+ (𝐠̃ ⋅ 𝐞̃1)

[

𝐞̃1 ⋅𝐌′
𝐮0
(𝜃)𝐞̃1

]

− (𝐠̃ ⋅ 𝐞̃2)
[

𝐞̃1 ⋅𝐌′
𝐯0
(𝜃)𝐞̃1

]

,

𝑀21(𝜃, 𝐠̃) ∶= [𝐞̃1 ⋅ 𝜞 (𝜃)𝐠̃][𝐯′(𝜃) ⋅ 𝐯(𝜃)][𝐮(𝜃) ⋅ 𝐞1] − [𝐞̃2 ⋅ 𝜞 (𝜃)𝐠̃][𝐮′(𝜃) ⋅ 𝐮(𝜃)][𝐯(𝜃) ⋅ 𝐞1]
+ (𝐠̃ ⋅ 𝐞̃1)

[

𝐞̃2 ⋅𝐌′
𝐮0
(𝜃)𝐞̃1

]

− (𝐠̃ ⋅ 𝐞̃2)
[

𝐞̃2 ⋅𝐌′
𝐯0
(𝜃)𝐞̃1

]

,

𝑀12(𝜃, 𝐠̃) ∶= [𝐞̃1 ⋅ 𝜞 (𝜃)𝐠̃][𝐯(𝜃) ⋅ 𝐞2] + [𝐞̃2 ⋅ 𝜞 (𝜃)𝐠̃][𝐮(𝜃) ⋅ 𝐞2],
+ (𝐠̃ ⋅ 𝐞̃1)

[

𝐞̃1 ⋅𝐌′
𝐮0
(𝜃)𝐞̃2

]

− (𝐠̃ ⋅ 𝐞̃2)
[

𝐞̃1 ⋅𝐌′
𝐯0
(𝜃)𝐞̃2

]

,

𝑀22(𝜃, 𝐠̃) ∶= −[𝐞̃1 ⋅ 𝜞 (𝜃)𝐠̃][𝐯(𝜃) ⋅ 𝐞1] − [𝐞̃2 ⋅ 𝜞 (𝜃)𝐠̃][𝐮(𝜃) ⋅ 𝐞1]
[ ′ ] [ ′ ]

(142)
28

+ (𝐠̃ ⋅ 𝐞̃1) 𝐞̃2 ⋅𝐌𝐮0
(𝜃)𝐞̃2 − (𝐠̃ ⋅ 𝐞̃2) 𝐞̃2 ⋅𝐌𝐯0

(𝜃)𝐞̃2 .
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Note 𝐌(𝜃, 𝐠̃) is linear in 𝐠̃ for each fixed 𝜃. The operator ∇⟂
0 ⋅ in Eq. (140) satisfies ∇

⟂
0 ⋅

[

𝜞 (𝜃(𝐱))∇0𝜃(𝐱)
]

∶= 𝜕𝐯0
[

𝜞 (𝜃(𝐱))∇0𝜃(𝐱)
]

⋅ 𝐞̃1 −
𝜕𝐮0

[

𝜞 (𝜃(𝐱))∇0𝜃(𝐱)
]

⋅ 𝐞̃2.
Given a solution (𝜃(𝐱), 𝜅(𝐱), 𝜏(𝐱)) of Eq. (140), the effective deformation of the origami can be recovered by defining 𝝎𝐮0 (𝐱) and

𝝎𝐯0 (𝐱) via Eq. (138), and solving for 𝐑eff(𝐱) and 𝐲eff(𝐱) via Proposition 4.

The fundamental forms of parallelogram origami. As in the original formulation of the surface theory, the field 𝜃(𝐱) gives the cell-
wise actuation of the mechanism. The new fields 𝜅(𝐱) and 𝜏(𝐱) reflect two additional basic modes of deformation of the origami
in question: these can be understood as bending and twisting modes. To see why, first recall from the differential geometry of
surfaces (Do Carmo, 2016) that a deformation 𝐲∶𝛺 ⊂ R2 → R3 has first and second fundamental forms defined by

𝐈𝐲(𝐱) ∶=
(

∇𝐲(𝐱)
)𝑇∇𝐲(𝐱), 𝐈𝐈𝐲(𝐱) ∶= −

(

∇𝐲(𝐱)
)𝑇∇𝐧𝐲(𝐱) (143)

where 𝐧𝐲(𝐱) =
𝜕1𝐲(𝐱)×𝜕2𝐲(𝐱)
|𝜕1𝐲(𝐱)×𝜕2𝐲(𝐱)|

is a unit normal to the surface parameterized by 𝐲(𝐱). These forms are frame-indifferent descriptors of the
intrinsic and extrinsic geometry of surfaces, and are used in typical plate theories as measures of strain corresponding to stretching
and bending of the plate. Here, for parallelogram origami, the fundamental forms obey a set of algebraic constraints involving
𝜃(𝐱), 𝜅(𝐱) and 𝜏(𝐱). In particular, by Eqs. (42), (138) and (143), every effective deformation in our theory must satisfy

origami actuation modes:

𝐈𝐲eff (𝐱) = 𝐀𝑇eff(𝜃(𝐱))𝐀eff(𝜃(𝐱)),

origami bending modes:

𝐮̃0 ⋅ 𝐈𝐈𝐲eff (𝐱)𝐮̃0 = 𝐮(𝜃(𝐱)) ⋅ (𝝎𝐮0 (𝐱) × 𝐞3) = −𝐴(𝜃(𝐱))
[

𝐮′(𝜃(𝐱)) ⋅ 𝐮(𝜃(𝐱))
]

𝜅(𝐱),

𝐯̃0 ⋅ 𝐈𝐈𝐲eff (𝐱)𝐯̃0 = 𝐯(𝜃(𝐱)) ⋅ (𝝎𝐯0 (𝐱) × 𝐞3) = 𝐴(𝜃(𝐱))
[

𝐯′(𝜃(𝐱)) ⋅ 𝐯(𝜃(𝐱))
]

𝜅(𝐱),

origami twisting modes:

𝐮̃0 ⋅ 𝐈𝐈𝐲eff (𝐱)𝐯̃0 = 𝐮(𝜃(𝐱)) ⋅ (𝝎𝐯0 (𝐱) × 𝐞3) = 𝐴(𝜃(𝐱))𝜏(𝐱),

𝐯̃0 ⋅ 𝐈𝐈𝐲eff (𝐱)𝐮̃0 = 𝐯(𝜃(𝐱)) ⋅ (𝝎𝐮0 (𝐱) × 𝐞3) = 𝐴(𝜃(𝐱))𝜏(𝐱).

(144)

he first constraint links the first fundamental form to the actuation and reflects the fact that the pattern should deform in a manner
onsistent with a local mechanism, as discussed in Section 2.3. The other two sets of constraints link the second fundamental form
o 𝜅(𝐱) and 𝜏(𝐱). Observe that 𝜅(𝐱) is proportional to the normal curvatures in the 𝐮0 and 𝐯0 directions, while 𝜏(𝐱) is proportional to
he cross terms. This dichotomy reflects our terminology — bending for 𝜅 and twisting for 𝜏 — and is illustrated in the forthcoming
ig. 12.

n-plane and out-of-plane Poisson’s ratios. Many notable features of the soft modes of parallelogram origami can be derived from the
onstraints in Eq. (144). To demonstrate this, we now re-derive and discuss an important identity from the literature on origami
etamaterials, popularly stated as the origami’s in-plane and out-of-plane Poisson’s ratio are equal and opposite (Lebée et al., 2018;
cInerney et al., 2022; Nassar et al., 2017, 2022; Schenk and Mark, 2013; Wei et al., 2013).
First, eliminate 𝜅(𝐱) from the middle constraint in Eq. (144) to obtain

[𝐯′(𝜃(𝐱)) ⋅ 𝐯(𝜃(𝐱))][𝐮̃0 ⋅ 𝐈𝐈𝐲eff (𝐱)𝐮̃0] = −[𝐮′(𝜃(𝐱)) ⋅ 𝐮(𝜃(𝐱))][𝐯̃0 ⋅ 𝐈𝐈𝐲eff (𝐱)𝐯̃0]. (145)

ext, introduce the normal curvatures of 𝐲eff(𝐱) in the 𝐮0- and 𝐯0-directions,

𝜅𝐮0 (𝐱) ∶=
𝐮̃0 ⋅ 𝐈𝐈𝐲eff (𝐱)𝐮̃0
𝐮̃0 ⋅ 𝐈𝐲eff (𝐱)𝐮̃0

, 𝜅𝐯0 (𝐱) ∶=
𝐯̃0 ⋅ 𝐈𝐈𝐲eff (𝐱)𝐯̃0
𝐯̃0 ⋅ 𝐈𝐲eff (𝐱)𝐯̃0

, (146)

and recall the Poisson’s ratio 𝜈(𝜃) defined in Eq. (13). Combining the first identity in Eq. (144) with Eq. (145) gives the desired
result: if 𝜅𝐯0 (𝐱) is non-zero, then

𝜅𝐮0 (𝐱)
𝜅𝐯0 (𝐱)

= 𝜈(𝜃(𝐱)). (147)

Eq. (147) quantifies the coupling between actuation and bending of parallelogram origami. As mentioned in the introduction, it
was discovered independently by Schenk and Guest (Schenk and Mark, 2013) and Wei et al. (2013) in the case of the Miura origami
and later expanded upon and generalized to parallelogram origami by Lebée et al. (2018), Nassar et al. (2017, 2022) and McInerney
et al. (2022). We point out that the terminology ‘‘in-plane Poisson’s ratio’’ for 𝜈(𝜃) and ‘‘out-of-plane Poisson’s ratio’’ for −𝜅𝐮0∕𝜅𝐯0 is
eally a vestige of earlier works on Miura and Eggbox origami. In these cases, the strains and normal curvatures are appropriately
rthogonal — 𝐮(𝜃) ⋅ 𝐯(𝜃) = 0 for Miura and Eggobx, as explained in Section 5.3 below — making their ratios proper Poisson’s ratios.
However, such orthogonality is not present for generic parallelogram origami patterns, and interpreting Eq. (147) as a statement
on Poisson’s ratios is a bit of an abuse of terminology, although one that we too find convenient.

Effectively planar origami. There is a case in which the identity in Eq. (147) fails: effectively planar origami. This case is obtained
by setting 𝜅(𝐱) = 𝜏(𝐱) = 0, and thus 𝐈𝐈𝐲eff (𝐱) = 𝟎. Our surface theory then reduces to a single governing equation in the actuation
angle:
29
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(planer origami soft modes:) ∇⟂
0 ⋅

[

𝜞 (𝜃(𝐱))∇0𝜃(𝐱)
]

= 0. (148)

In fact, we derived essentially the same field theory in our previous work on planar kirigami metamaterials (Zheng et al., 2022,
2023), albeit with a different formula for the tensor 𝜞 (𝜃), and with 𝜃(𝐱) encoding the cell-wise actuation of the kirigami’s slits
(the kirigami analog of creases). This observation suggests a universal character to the soft modes in locally mechanistic systems;
for instance, it raises the question of whether a version of the full surface theory in Eq. (40) could hold for non-planar kirigami
deformations. We leave this to future work.

5.2. Discussion of the effective plate theory for origami

We are now ready to compare our effective plate theory for origami with other, more familiar continuum theories. The plate
theory in Theorem 1 involves both a quadratic stored energy function in the fields ∇𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱), and a hard constraint on
these fields expressed in the form of the surface theory discussed above. That a hard constraint should arise when coarse-graining
the soft modes of origami is not surprising after all, especially given the microscopic origins of our effective energy. Nonlinear
plate theories, when derived asymptotically for thin bodies in a bending-dominated limit, usually involve a constraint on their
first fundamental forms. In the classical Kirchhoff plate theory the first fundamental form is required to be the identity matrix
(see Friesecke et al. (2002) for a modern, variational derivation); similar constraints arise in plate models of ‘‘active sheets’’ made
f hydrogels or liquid crystal elastomers (Lewicka and Pakzad, 2011; Plucinsky et al., 2018b). These constraints are also well-
nderstood in the physical literature in the language of non-Euclidean plate theory (Aharoni et al., 2014; Efrati et al., 2009; Klein
t al., 2007), and have provided key design guidance for engineers looking to ‘‘program’’ desired shapes in applications (Aharoni
t al., 2018; Mostajeran et al., 2016; Plucinsky et al., 2018a).
Origami is different. It too admits a plate-like theory, as we have shown, but not one that involves only a constraint on the first

undamental form. Rather, there is an algebraic coupling between the first and second fundamental forms implied by the discrete
ature of the origami’s unit cells — again, see Eq. (39) or Eq. (145). In this way, the task of coarse graining origami, and mechanical
etamaterials more broadly, adds to our understanding of continuum mechanics by forcing us to go beyond the paradigm of classical
or even non-Euclidean) plate theories. This merits further discussion.

ffective plate theory for origami. To aid in the discussion, we first rewrite the plate theory from Theorem 1 in a more ‘‘classical’’
orm, using the first and second fundamental forms derived in the previous section. Recall the effective energy density from the
ain result:

𝑊eff(𝐱) ∶=
(

𝝎𝐮0 (𝐱)
𝜕𝐮0𝜃(𝐱)

)

⋅𝐊𝐮0 (𝜃(𝐱))
(

𝝎𝐮0 (𝐱)
𝜕𝐮0𝜃(𝐱)

)

+
(

𝝎𝐯0 (𝐱)
𝜕𝐯0𝜃(𝐱)

)

⋅𝐊𝐯0 (𝜃(𝐱))
(

𝝎𝐯0 (𝐱)
𝜕𝐯0𝜃(𝐱)

)

. (149)

liminating 𝜅(𝐱) and 𝜏(𝐱) in Eq. (138) via Eq. (144) gives the fields 𝝎𝐮0 (𝐱) and 𝝎𝐮0 (𝐱) as

𝝎𝐮0 (𝐱) =
( 𝐯̃0⋅𝐈𝐈𝐲eff (𝐱)𝐮̃0

𝐴(𝜃(𝐱))

)

𝐮(𝜃(𝐱)) −
( 𝐮̃0⋅𝐈𝐈𝐲eff (𝐱)𝐮̃0

𝐴(𝜃(𝐱))

)

𝐯(𝜃(𝐱)) +
[

𝜞 𝐮0 (𝜃(𝐱)) ⋅ ∇0𝜃(𝐱)
]

𝐞3,

𝝎𝐯0 (𝐱) =
( 𝐯̃0⋅𝐈𝐈𝐲eff (𝐱)𝐯̃0

𝐴(𝜃(𝐱))

)

𝐮(𝜃(𝐱)) −
( 𝐮̃0⋅𝐈𝐈𝐲eff (𝐱)𝐯̃0

𝐴(𝜃(𝐱))

)

𝐯(𝜃(𝐱)) +
[

𝜞 𝐯0 (𝜃(𝐱)) ⋅ ∇0𝜃(𝐱)
]

𝐞3.
(150)

ue to the linearity of this parameterization in 𝐈𝐈𝐲eff (𝐱) and ∇𝜃(𝐱), 𝑊eff(𝐱) can also be written as a quadratic form in these variables:

𝑊eff(𝐱) =
(

𝐈𝐈𝐲eff (𝐱)

∇𝜃(𝐱)𝑇

)

∶K(𝜃(𝐱))∶
(

𝐈𝐈𝐲eff (𝐱)

∇𝜃(𝐱)𝑇

)

(151)

or a fourth order tensor K(𝜃) ∈ R3×2×3×2 with the major symmetry 𝐀∶K(𝜃)∶𝐁 = 𝐁∶K(𝜃)∶𝐀 for all 𝐀,𝐁 ∈ R3×2. This tensor can be
made explicit using Eqs. (45)–(46) and (149)–(150).

To write the plate theory in full, recognize that the constraints linking the first and second fundamental forms of the effective
deformation 𝐲eff(𝐱) to the actuation 𝜃(𝐱) are the first constraint in Eqs. (144) and (145). Correspondingly, we define the set of
admissible angles and symmetric tensors as

ori ∶=
{

(𝜃,𝐆,𝐇) ∈ (𝜃−, 𝜃+) × R2×2
sym × R2×2

sym subject to

𝐆 = 𝐀𝑇eff(𝜃)𝐀eff(𝜃) and [𝐯′(𝜃) ⋅ 𝐯(𝜃)][𝐮̃0 ⋅𝐇𝐮̃0] = −[𝐮′(𝜃) ⋅ 𝐮(𝜃)][𝐯̃0 ⋅𝐇𝐯̃0]
}

.
(152)

he complete limiting plate theory for parallelogram origami is thus

eff(𝐲eff, 𝜃) ∶=

⎧

⎪

⎪

⎨

⎪

⎪

∫𝛺
⎛

⎜

⎜

⎝

𝐈𝐈𝐲eff (𝐱)

∇𝜃(𝐱)𝑇

⎞

⎟

⎟

⎠

∶K(𝜃(𝐱))∶
⎛

⎜

⎜

⎝

𝐈𝐈𝐲eff (𝐱)

∇𝜃(𝐱)𝑇

⎞

⎟

⎟

⎠

𝑑𝐴 if (𝜃(𝐱), 𝐈𝐲eff (𝐱), 𝐈𝐈𝐲eff (𝐱)) ∈ ori on 𝛺

+∞ otherwise.

(153)
30

⎩



Journal of the Mechanics and Physics of Solids 192 (2024) 105832H. Xu et al.

a

Comparison with Kirchhoff’s plate theory. We now compare Eq. (153) against Kirchhoff’s plate theory, which is based on the
constrained bending energy

iso(𝐲) ∶=
⎧

⎪

⎨

⎪

⎩

1
24 ∫𝛺

{

2𝜇|𝐈𝐈𝐲(𝐱)|2 +
𝜆𝜇

𝜇+𝜆∕2

[

Tr
(

𝐈𝐈𝐲(𝐱)
)]2

}

𝑑𝐴 if 𝐈𝐲(𝐱) = 𝐈 on 𝛺

+∞ otherwise
(154)

where 𝜆 and 𝜇 are the Lamé constants. The constraint 𝐈𝐲(𝐱) = 𝐈 in Kirchhoff’s theory selects isometric deformations, i.e., ones that
preserve Euclidean lengths and angles. To each isometric deformation the theory assigns an energy that is quadratic in its second
fundamental form, the bending strain measure in the theory. However, Kirchhoff’s theory does not have any analog of the second
constraint in ori on the origami’s second fundamental form.

Of course, there is a pointwise constraint on the second fundamental forms in Kirchhoff’s plate theory, although it is not usually
made explicit in its formulation. According to Gauss’s theorem egregium, any sufficiently smooth deformation 𝐲(𝐱) satisfying the
isometry constraint 𝐈𝐲(𝐱) = 𝐈 must have a second fundamental form whose determinant is zero: det 𝐈𝐈𝐲(𝐱) = 0. More generally, when
applied to shell theory or to non-Euclidean plates, Gauss’s theorem constrains the ratio of the determinants of the first and second
fundamental forms to be equal to the Gauss curvature of the shell, a quantity that is completely determined by the first fundamental
form (Do Carmo, 2016). Gauss’s theorem also applies to the effective deformations of origami, but in a way that is implied by the
coupling 𝐈𝐲eff (𝐱) = 𝐀𝑇eff(𝜃(𝐱))𝐀eff(𝜃(𝐱)) in ori; the last part of ori is an additional coupling of microscopic origin, not a manifestation
of Gauss’s theorem.

Origami as a generalized elastic continua. The second key difference between our effective theory for origami and standard continuum
theories is the actuation field 𝜃(𝐱), which reflects origami’s local degrees of freedom, i.e., the existence of a mechanism. This field
is felt throughout our theory. It enters nonlinearly into the moduli K(𝜃(𝐱)), its gradient enters as an additional quadratic strain
measure, and it couples to the first and second fundamental forms via constraints that differ greatly from those of a Euclidean
isometry (see the examples in Fig. 12). The presence of an actuation field makes our theory not only a generalization of Kirchhoff’s
plate theory, but also an example of a generalized elastic continuum, which we discuss now.

As mentioned in the introduction, generalized elasticity refers to a class of models that incorporate auxiliary fields — beyond
the deformation — as additional degrees of freedom leading to an enriched set of governing equations. The Cosserat brothers first
proposed the concept via ‘‘director models’’ in the early 1900s (Cosserat and Cosserat, 1909). Eringen later codified the subject in
much detail (Eringen, 2012) by developing a wide range of microcontinuum models, including the popular micropolar, microstretch,
and micromorphic theories. These theories introduce the auxiliary fields to capture mechanical rearrangements at the microscale
with consequences for elasticity at larger scales. Perhaps, as a result, a few lines of research beyond our own (Zheng et al., 2023)
have connected mechanical metamaterials to this subject. R. S. Lakes recognized that extremal hinged lattices cannot be modeled
using conventional elasticity and advocated for a Cosserat continuum (Lakes, 2022); Nassar et al. (2020) proposed a ‘‘microtwist’’
continuum theory to explain topological polarization in the kagome lattice; Sarhil et al. (2023a,b) modeled the size effects in
metamaterial beams using relaxed micromorphic theories; a review article has noted the link (Kadic et al., 2019); others (Saremi
and Rocklin, 2020; Sun and Mao, 2020) have made analogies to these theories to arrive at strain gradient models.

Like our theory, the generalized elastic models referenced above introduce elastic energy terms that are quadratic in the gradient
of the auxiliary field(s). Unlike our theory, these models have mostly focused on the linear response regime, making them small
displacement theories; particularly, their stored energies are quadratic in a linear measure of strain. This assumption is not consistent
with the large deformation response of parallelogram origami undergoing a soft mode. Our generalized elastic theory in Eq. (153)
captures these large soft modes. It couples the first and second fundamental forms of their effective deformations to the origami’s
local actuation. This coupling is made explicit by the constraints in ori. Only after getting this coupling right does the theory
resemble a more-or-less familiar generalized elastic continua, with an energy density that is quadratic in the appropriate nonlinear
strain measure 𝐈𝐈𝐲eff (𝐱) and the gradient of the auxiliary field ∇𝜃(𝐱).

5.3. Examples: the Miura and Eggbox patterns

We close by demonstrating a few solutions to the surface theory in Eq. (140) for the Miura and Eggbox origami. Both are canonical
examples of parallelogram origami, obtained by tessellating a cell composed of a single parallelogram of length 𝑙 > 0, width 𝑤 > 0
nd angle 𝛼 ∈ (0, 𝜋∕2). Fig. 11(a) and (d) show flattened versions of each unit cell. The Miura pattern in Fig. 11(a–c) is Euclidean.
Its sector angles sum to 2𝜋 around each vertex, yielding a flat crease pattern. The Eggbox pattern in Fig. 11(d–f) is not Euclidean.
Its sector angles sum to 4𝛼 and 4(𝜋 − 𝛼) in an alternating fashion around each vertex. It cannot flatten out.

Regarding kinematics, both patterns have a single degree-of-freedom mechanism described by an orthogonal parameterization
𝐮(𝜃) = 𝜆𝑢(𝜃)𝐞1 and 𝐯(𝜃) = 𝜆𝑣(𝜃)𝐞2 for 𝜆𝑢(𝜃), 𝜆𝑣(𝜃) > 0. However, the Miura is auxetic since both its sides contract/expand on
folding/unfolding, while the Eggbox is not auxetic since one side contracts and the other expands on folding (see Fig. 11(c) and
(f)). This difference furnishes

Miura: 𝜆′𝑢(𝜃)𝜆
′
𝑣(𝜃) > 0, Eggbox: 𝜆′𝑢(𝜃)𝜆

′
𝑣(𝜃) < 0. (155)

These inequalities have significant implications for the nature of bending and twisting in the Miura and Eggbox patterns. By
Eqs. (144), the Gauss curvature of a general soft mode satisfies

sign of the Gauss curvature = sign
(

−𝜆′ (𝜃)𝜆′ (𝜃)𝜆 (𝜃)𝜆 (𝜃)𝜅2 − 𝜏2
)

. (156)
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Fig. 11. Miura and Eggbox origami. The top half of the figure displays the Miura pattern: (a) the flattened unit cell and its design parameters; (b) the partly
folded reference cell; (c) the pattern and a folded state that highlights its auxeticity. The bottom half of the figure displays the Eggbox pattern: (d) the flattened
unit cell and its design parameters; (e) the partly folded reference cell; (f) the pattern and a folded state that highlights its conventional Poisson’s ratio.

Thus, the Miura always deforms with effectively negative Gauss curvature, while the Eggbox can deform with positive or negative
Gauss curvature depending on the amount of bending (𝜅) versus twisting (𝜏) in the soft mode. We illustrate this in examples below.

For the examples, we focus on cases where the parallelogram building block of the pattern is fixed at 𝑤 = 𝑙 = 1 and 𝛼 = 2
3𝜋.

This yields orthogonal Bravais lattice vectors given by

Miura:

𝜆𝑢(𝜃) =
√

3 cos
( 𝜃 + 𝜋∕6

2

)

, 𝜆𝑣(𝜃) = 2
√

2
(

5 − 3 cos(𝜃 + 𝜋∕6)
)−1∕2, 𝜃 ∈ (−𝜋∕6, 5𝜋∕6),

Eggbox:

𝜆𝑢(𝜃) = 2 sin
[1
2
(

𝜃 + arccos(1 − cos 𝜃)
)

]

, 𝜆𝑣(𝜃) = 𝜆𝑢(−𝜃), 𝜃 ∈ (−𝜋∕3, 𝜋∕3),

(157)

after a lengthy calculation involving the cell’s rigid kinematics (which we omit). Fig. 11(b) and (e) shows each cell’s partly folded
reference configuration, obtained by setting 𝜃 = 0. In contrast to the depictions in Figs. 2 and 4, the 𝜃-parameterization of the
Eggbox’s mechanism motion does not strictly measure the change in the dihedral angle of any one of its creases. This distinction
does not impact the theory.

We construct solutions of the surface theory for these Miura and Eggbox patterns using a one-dimensional ansatz for the fields
𝜅(𝐱) ≡ 𝜅(𝐱 ⋅ 𝐯̃𝑟0), 𝜏(𝐱) ≡ 𝜏(𝐱 ⋅ 𝐯̃𝑟0) and 𝜃(𝐱) ≡ 𝜃(𝐱 ⋅ 𝐯̃𝑟0), explained in Appendix C. This ansatz turns the PDEs in Eq. (140) into easily
solvable ordinary differential equations (ODE); Fig. 12 shows deformations for both patterns obtained using the procedure in the
appendix. Fig. 12(a–c) displays bending and twisting modes for Miura origami, while Fig. 12(d–f) displays analogous Eggbox modes.
Pure bending is shown in the top pane, pure twist on the bottom and a mixture of bending and twist in the middle. We discuss
these examples in the context of their Gauss curvature, using the illuminating formulas in Eqs. (155)–(156).

The pure bending case for the Miura origami in Fig. 12(a) reproduces the symmetric saddle reported throughout the litera-
ure (Callens and Zadpoor, 2018; Lebée, 2015; Schenk and Mark, 2013; Wei et al., 2013). That of the Eggbox in Fig. 12(d) displays
symmetric cap, the bending motif of the opposite extreme familiar to those who have studied this pattern (Nassar et al., 2017;
ratapa et al., 2019; Schenk et al., 2011). These deformations are obtained by imposing the ‘‘no-twist’’ constraint 𝜏(𝑠) = 0 in the
overning equations in Appendix C (Eqs. (240)–(241)), and choosing the other free parameters in these equations to produce an
ctuation field 𝜃(𝑠) that is symmetric about the midline of the domain. They also illustrate the basic fact that the Gauss curvature of
ure bending is strictly negative for Miura origami, strictly positive for Eggbox and generally depends only on whether the pattern’s
echanism is auxetic or not (per Eq. (156)).
The twisting modes of parallelogram origami offer no such dichotomy. Pure twist has negative Gauss curvature regardless of

hether the pattern is Miura, Eggbox or any other type of parallelogram origami — set 𝜅 = 0 and 𝜏 ≠ 0 in Eq. (156). We illustrate
32
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Fig. 12. Examples of bending (𝜅) and twisting (𝜏) deformations in Miura and Eggbox origami. (a–c) Miura examples: (a) pure bending, (b) combination of bend
nd twist and (c) pure twist. (d–f) Eggbox examples: (d) pure bending, (e) combination of bend and twist and (f) pure twist.

his fact by producing essentially the same type of pure twist mode for the two patterns in Fig. 12(c) and (f). These were made by
mposing 𝜅(𝑠) = 0 and choosing the remaining free parameters to produce another symmetric ODE solution for 𝜃(𝑠). While many
uthors have emphasized a link between the in-plane and out-of-plane Poisson’s ratio in these types of origami patterns (Lebée et al.,
018; McInerney et al., 2022; Nassar et al., 2017, 2022; Schenk and Mark, 2013; Wei et al., 2013) (see Section 5.1), our results
demonstrate a subtlety in the physical interpretation of this link: the pattern’s auxeticity is only directly linked to certain normal
curvatures associated with bending modes. It has no such link to the principal curvatures of generic deformations. This is consistent
with the fact that non-auxetic patterns like the Eggbox can accommodate both positive and negative Gauss curvature, depending
on the amount of twist.

As a final demonstration, we highlight deformation modes that simultaneously bend and twist. Fig. 12(b) displays an example for
the Miura. Bend and twist produce the same Gauss curvature in this case and are seemingly cooperative — the deformation looks like
a twisted saddle. However, for Eggbox origami, bend and twist have opposing influences on the Gauss curvature. Fig. 12(e) displays
an Eggbox mode that is bending dominated on the left of the sample and twist dominated on the right, leading to pronounced
regions of positive and negative Gauss curvature in a single sample.
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5.4. Outlook

This paper derived an effective plate theory for parallelogram origami patterns from bar and hinge elasticity, and demonstrated
he accompanying surface theory for the examples of Miura and Eggbox origami (Fig. 12). These two examples are a ‘‘drop in the
ucket’’ as far as the general theory is concerned. Future work is needed on the numerical front to address generic patterns and
ontrivial PDE solutions to the surface theory in Eq. (140). Some ideas in this direction can be found in Marazzato (2022, 2023a,b),
inspired by the results of Lebée et al. (2018) on Miura origami and the results of the last two authors on planar kirigami. Another
dea is to relax the PDE by introducing an associated elastic energy penalty; we developed this approach for planar kirigami where
t proved successful at capturing general soft modes (Zheng et al., 2023). Beyond solving the surface theory, an accompanying effort
s needed to develop a simulation framework for the full effective plate theory in Eq. (153) subject to physically relevant boundary
conditions. Importantly, this would allow the theory developed in this paper to be compared with experiments of parallelogram
origami patterns under loads — a true measure of the success and utility of a mechanical theory. Purely mathematical questions
remain as well, such as the technical matter of the analyticity hypothesis in the case of a negative Poisson’s ratio, and the deeper
question of a fully ansatz-free derivation using the technique of 𝛤 -convergence. Open questions aside, our examples and discussion
have highlighted the richness of our theory and the insights it provides for parallelogram origami.

CRediT authorship contribution statement

Hu Xu: Writing – original draft, Visualization, Methodology, Investigation, Formal analysis. Ian Tobasco: Writing – review
& editing, Writing – original draft, Methodology, Investigation, Funding acquisition, Formal analysis, Conceptualization. Paul
Plucinsky: Writing – review & editing, Writing – original draft, Supervision, Methodology, Investigation, Funding acquisition,
Formal analysis, Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Data availability

Data will be made available on request.

Acknowledgments

H.X. and P.P. acknowledge support from the National Science Foundation, United States (CMMI-CAREER-2237243). I.T.
acknowledges support from the National Science Foundation, United States (DMS-CAREER-2350161). All authors acknowledge
support from the Army Research Office, United States (ARO-W911NF2310137).

Appendix A. Analysis of mechanism kinematics

This section proves Propositions 1 and 2, as well as Lemma 1, and thus characterizes the mechanism kinematics of the cell and
the pattern.

A.1. Mechanism kinematics of a single cell

Recall that the mechanism set of a unit cell is  ∶=
{

(𝐭𝑑1 ,… , 𝐭𝑑4 )∶R
3 ×⋯ × R3 ∶ subject to Eq. (48)

}

. We now parameterize this
set.

Without loss of generality, fix two adjacent deformed vectors by setting

𝐭𝑑1 = 𝐭𝑟1, 𝐭𝑑4 = 𝐭𝑟4 (158)

to eliminate an overall rigid rotation of the unit cell. Then, the other two deformed vectors satisfy

𝐭𝑑2 (𝛾) = 𝐑𝐭𝑟1
(𝛾)𝐭𝑟2, 𝐭𝑑3 (𝜃) = 𝐑𝐭𝑟4

(𝜃)𝐭𝑟3 for angles 𝛾, 𝜃 ∈ (−𝜋, 𝜋), (159)

where 𝐑𝐭 (𝜑) ∶= |𝐭|−2𝐭 ⊗ 𝐭 + cos𝜑
(

𝐈− |𝐭|−2𝐭 ⊗ 𝐭
)

+ |𝐭|−1 sin𝜑
(

𝐭 ×
)

denotes a counterclockwise rotation about a non-zero axis vector 𝐭
through an angle 𝜑. The angle between the two vectors 𝐭𝑑2 (𝛾) and 𝐭𝑑3 (𝜃) must be the same as that of their reference vectors,

𝑑 𝑑 𝑟 𝑟 (160)
34

𝑓comp(𝛾, 𝜃) ∶= 𝐭2 (𝛾) ⋅ 𝐭3 (𝜃) − 𝐭2 ⋅ 𝐭3 = 0.
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Finally, the requirement that the mountain-valley assignment of the deformed cell be the same as the reference cell is an inequality
of the form

𝐟mv(𝛾, 𝜃) ∶=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

[𝐭𝑑1 ⋅ (𝐭𝑑2 (𝛾) × 𝐭𝑑3 (𝜃))][𝐭
𝑟
1 ⋅ (𝐭

𝑟
2 × 𝐭𝑟3)]

[𝐭𝑑2 (𝛾) ⋅ (𝐭
𝑑
3 (𝜃) × 𝐭𝑑4 )][𝐭

𝑟
2 ⋅ (𝐭

𝑟
3 × 𝐭𝑟4)]

[𝐭𝑑3 (𝜃) ⋅ (𝐭
𝑑
4 × 𝐭𝑑1 )][𝐭

𝑟
3 ⋅ (𝐭

𝑟
4 × 𝐭𝑟1)]

[𝐭𝑑4 ⋅ (𝐭𝑑1 × 𝐭𝑑2 (𝛾))][𝐭
𝑟
4 ⋅ (𝐭

𝑟
1 × 𝐭𝑟2)]

⎞

⎟

⎟

⎟

⎟

⎟

⎠

> 𝟎, (161)

nforced element-wise. Eqs. (158)–(161) parameterize the rigid kinematics of the unit cell in Eq. (48) up to an overall rigid rotation.
Next, we show that there exists a unique mechanism motion of the unit cell that contains the reference configuration and does

not change the mountain-valley assignment.

Lemma 8. There exists an open interval (𝜃−, 𝜃+) containing 0 and a unique continuously differentiable function 𝛾 ∶ (𝜃−, 𝜃+) → R such that
𝛾(0) = 0 and

𝑓comp(𝛾(𝜃), 𝜃) = 0, 𝐟mv(𝛾(𝜃), 𝜃) > 𝟎 for all 𝜃 ∈ (𝜃−, 𝜃+). (162)

In addition, 𝛾(𝜃) is analytic and its derivative satisfies

𝛾 ′(𝜃) =
|𝐭𝑟1|
|𝐭𝑟4|

𝐭𝑑2 (𝛾(𝜃)) ⋅ (𝐭
𝑑
3 (𝜃) × 𝐭𝑑4 )

𝐭𝑑1 ⋅ (𝐭𝑑2 (𝛾(𝜃)) × 𝐭𝑑3 (𝜃))
. (163)

Proof. The proof is a standard application of the implicit function theorem. Observe that 𝑓comp(0, 0) = 0 and 𝑓comp(𝛾, 𝜃) is analytic.
Also,

𝜕𝛾𝑓comp(𝛾, 𝜃) = |𝐭𝑟1|
−1𝐑𝐭𝑟1

(𝛾)(𝐭𝑟1 × 𝐭𝑟2) ⋅ 𝐭
𝑑
3 (𝜃) = |𝐭𝑟1|

−1(𝐭𝑑1 × 𝐭𝑑2 (𝛾)) ⋅ 𝐭
𝑑
3 (𝜃)

𝜕𝜃𝑓comp(𝛾, 𝜃) = |𝐭𝑟4|
−1𝐑𝐭𝑟4

(𝜃)(𝐭𝑟4 × 𝐭𝑟3) ⋅ 𝐭
𝑑
2 (𝛾) = |𝐭𝑟4|

−1(𝐭𝑑4 × 𝐭𝑑3 (𝜃)) ⋅ 𝐭
𝑑
2 (𝛾)

(164)

by differentiating Eq. (160) and using the identities in Eqs. (158)–(159). It follows that 𝜕𝛾𝑓comp(0, 0) = |𝐭𝑟1|
−1(𝐭𝑟1 × 𝐭𝑟2) ⋅ 𝐭

𝑟
3 > 0 by the

mountain-valley assumptions on 𝐭𝑟1,… , 𝐭𝑟4. Thus, by the implicit function theorem, there is an open interval (𝜃
−, 𝜃+) containing 0 and

a unique analytic function 𝛾 ∶ (𝜃−, 𝜃+) → R with 𝛾(0) = 0 and 𝑓comp(𝛾(𝜃), 𝜃) = 0 for all 𝜃 ∈ (𝜃−, 𝜃+). Since 𝐟mv(𝛾(0), 0) = 𝐟mv(0, 0) > 𝟎
trivially and 𝐟mv(𝛾(𝜃), 𝜃) is continuous in 𝜃, there exists an open interval (𝜃−, 𝜃+) ⊂ (𝜃−, 𝜃+) such that 0 ∈ (𝜃−, 𝜃+) and 𝐟mv(𝛾(𝜃), 𝜃) > 𝟎
for all 𝜃 ∈ (𝜃−, 𝜃+). This proves Eq. (162). For Eq. (163), the chain rule gives that 𝜕𝛾𝑓comp(𝛾(𝜃), 𝜃)𝛾 ′(𝜃) = −𝜕𝜃𝑓comp(𝛾(𝜃), 𝜃) on (𝜃−, 𝜃+).
The first identity in Eq. (164) and 𝐟mv(𝛾(𝜃), 𝜃) > 𝟎 gives that 𝜕𝛾𝑓comp(𝛾(𝜃), 𝜃) is non-zero. Dividing by it and using both identities in
Eq. (164) yields Eq. (163). □

Henceforth, (𝜃−, 𝜃+) denotes the maximal open interval for which the statement of Lemma 8 holds.
Proposition 1 is a direct consequence of Lemma 8. Consider the creases defined implicitly in Lemma 8 by deforming (𝐭𝑟1, 𝐭

𝑟
2, 𝐭

𝑟
3, 𝐭

𝑟
4)

to (𝐭𝑟1, 𝐭
𝑑
2 (𝛾(𝜃)), 𝐭

𝑑
3 (𝜃), 𝐭

𝑟
4) for 𝜃 ∈ (𝜃−, 𝜃+). It follows that

 =
{

(𝐐𝐭𝑟1,𝐐𝐭𝑑2 (𝛾(𝜃)),𝐐𝐭𝑑3 (𝜃),𝐐𝐭𝑟4)∶𝐐 ∈ 𝑆𝑂(3), 𝜃 ∈ (𝜃−, 𝜃+)
}

, (165)

ince the lemma parameterizes the mechanism set up to an overall rigid rotation of the vectors. This parameterization also satisfies
𝐭𝑟1, 𝐭

𝑑
2 (𝛾(0)), 𝐭

𝑑
3 (0), 𝐭

𝑟
4) = (𝐭𝑟1, 𝐭

𝑟
2, 𝐭

𝑟
3, 𝐭

𝑟
4).

Next, observe that there is a rotation field 𝐑0 ∶ (𝜃−, 𝜃+) → 𝑆𝑂(3) with 𝐑0(0) = 𝐈 such that the vector fields 𝐭𝑖 ∶ (𝜃−, 𝜃+) → R3

efined by

𝐭1(𝜃) ∶= 𝐑0(𝜃)𝐭𝑟1, 𝐭2(𝜃) ∶= 𝐑0(𝜃)𝐭𝑑2 (𝛾(𝜃)), 𝐭3(𝜃) ∶= 𝐑0(𝜃)𝐭𝑑3 (𝜃), 𝐭4(𝜃) ∶= 𝐑0(𝜃)𝐭𝑟4 (166)

satisfy the planarity conditions

𝐞3 ⋅ (𝐭1(𝜃) − 𝐭3(𝜃)) = 0, 𝐞3 ⋅ (𝐭2(𝜃) − 𝐭4(𝜃)) = 0, 𝐞3 ⋅
[

(𝐭1(𝜃) − 𝐭3(𝜃)) × (𝐭2(𝜃) − 𝐭4(𝜃))
]

> 0 (167)

for all 𝜃 ∈ (𝜃−, 𝜃+) and the initial condition 𝐭𝑖(0) = 𝐭𝑟𝑖 for all 𝑖 = 1,… , 4. Furthermore, since 𝐭𝑑2 (𝛾(𝜃)) and 𝐭𝑑3 (𝜃) are analytic by Lemma 8,
𝐑0(𝜃) can be chosen to be analytic without loss of generality. The vector fields 𝐭𝑖(𝜃), 𝑖 = 1,… , 4, are the deformed crease vectors
introduced in the proposition.

Proof of Proposition 1. 𝐭1(𝜃),… , 𝐭4(𝜃) are analytic and possess the desired initial conditions and planarity conditions by
construction. To complete the proof, we simply observe from Eqs. (165) and (166) that  = {(𝐐𝐑𝑇0 (𝜃)𝐭1(𝜃),… ,𝐐𝐑𝑇0 (𝜃)𝐭4(𝜃))∶𝐐 ∈
𝑆𝑂(3), 𝜃 ∈ (𝜃−, 𝜃+)} = {(𝐑𝐭1(𝜃),… ,𝐑𝐭4(𝜃))∶𝐑 ∈ 𝑆𝑂(3), 𝜃 ∈ (𝜃−, 𝜃+)}, as desired. □

We now turn to the proof of Lemma 1, which establishes the monotonicity of the functions |𝐮(𝜃)| and |𝐯(𝜃)| on (𝜃−, 𝜃+) for
35

𝐮(𝜃) ∶= 𝐭1(𝜃) − 𝐭3(𝜃), 𝐯(𝜃) ∶= 𝐭2(𝜃) − 𝐭4(𝜃) and 𝐭1(𝜃),… , 𝐭4(𝜃) from Eq. (166).
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Proof of Lemma 1. The desired monotonicity follows because we only consider mechanism deformations that preserve the
mountain-valley assignment. In particular, the definitions above give that 𝐮(𝜃) = 𝐑0(𝜃)(𝐭𝑟1 − 𝐑𝐭𝑟4

(𝜃)𝐭𝑟3). Thus,

𝐮′(𝜃) ⋅ 𝐮(𝜃) = 1
2
𝑑
𝑑𝜃

(

|𝐮(𝜃)|2
)

= 1
2
𝑑
𝑑𝜃

[

(

𝐭𝑟1 − 𝐑𝐭𝑟4
(𝜃)𝐭𝑟3

)

⋅
(

𝐭𝑟1 − 𝐑𝐭𝑟4
(𝜃)𝐭𝑟3

)

]

= − 𝑑
𝑑𝜃

[

𝐭𝑟1 ⋅ 𝐑𝐭𝑟4
(𝜃)𝐭𝑟3

]

= −
[

|𝐭𝑟4|
−1𝐭𝑟1 ⋅ 𝐑𝐭𝑟4

(𝜃)(𝐭𝑟4 × 𝐭𝑟3)
]

= −|𝐭𝑟4|
−1𝐭𝑑1 ⋅ (𝐭𝑑4 × 𝐭𝑑3 (𝜃)) = −|𝐭𝑟4|

−1𝐭1(𝜃) ⋅ (𝐭4(𝜃) × 𝐭3(𝜃)) ≠ 0
(168)

n (𝜃−, 𝜃+) due to the mountain-valley inequalities in Eq. (7). For the other case, a similar set of identities furnishes 𝐯′(𝜃) ⋅ 𝐯(𝜃) =
𝛾 ′(𝜃)|𝐭𝑟1|

−1[𝐭4(𝜃) ⋅ (𝐭1(𝜃) × 𝐭2(𝜃))] ≠ 0 on (𝜃−, 𝜃+), where the non-vanishing assertion follows from Eqs. (163) and (7). Since 𝐮′(𝜃) ⋅𝐮(𝜃)
nd 𝐯′(𝜃) ⋅ 𝐯(𝜃) are continuous functions that do not vanish on (𝜃−, 𝜃+), they are either strictly positive or strictly negative. □

.2. Mechanism kinematics of neighboring cells

We now construct a mechanism motion of two neighboring unit cells, where the motion is assumed to contain the reference
tate and to preserve the mountain-valley assignment.
Clearly, each cell must deform along its respective mechanism motion. Thus, as a necessary condition, each cell’s kinematics are

escribed by a parameterization of the deformed creases given by Lemma 8, up to an overall rotation. Specifically, we can assume
hat the first cell deforms via

(𝐭𝑟1, 𝐭
𝑟
2, 𝐭

𝑟
3, 𝐭

𝑟
4) ↦ (𝐭𝑟1, 𝐭

𝑑
2 (𝛾(𝜃)), 𝐭

𝑑
3 (𝜃), 𝐭

𝑟
4) for some 𝜃 ∈ (𝜃−, 𝜃+). (169)

hen, the second cell must deform as

(𝐭𝑟1, 𝐭
𝑟
2, 𝐭

𝑟
3, 𝐭

𝑟
4) ↦ 𝐑(𝐭𝑟1, 𝐭

𝑑
2 (𝛾(𝜃)), 𝐭

𝑑
3 (𝜃), 𝐭

𝑟
4) for some 𝜃 ∈ (𝜃−, 𝜃+),𝐑 ∈ 𝑆𝑂(3). (170)

he two cells are subject to the compatibility conditions for joining them together at their boundaries:

(𝐮0-neighbors:) 𝐑𝐭𝑑2 (𝛾(𝜃)) = 𝐭𝑑2 (𝛾(𝜃)) and 𝐑𝐭𝑟4 = 𝐭𝑟4,
(𝐯0-neighbors:) 𝐑𝐭𝑑3 (𝜃) = 𝐭𝑑3 (𝜃) and 𝐑𝐭𝑟1 = 𝐭𝑟1,

(171)

here the notion of 𝐮0 and 𝐯0-neighbors is as in Fig. 2. A necessary condition for such compatibility is obtained by dotting the two
quations together, which gives that

(𝐮0-neighbors:) 𝑓𝐮0 (𝜃, 𝜃) ∶= 𝐭𝑑2 (𝛾(𝜃)) ⋅ 𝐭
𝑟
4 − 𝐭𝑑2 (𝛾(𝜃)) ⋅ 𝐭

𝑟
4 = 0,

(𝐯0-neighbors:) 𝑓𝐯0 (𝜃, 𝜃) ∶= 𝐭𝑑3 (𝜃) ⋅ 𝐭
𝑟
1 − 𝐭𝑑3 (𝜃) ⋅ 𝐭

𝑟
1 = 0.

(172)

emma 9. 𝜃(𝜃) = 𝜃 is the only continuously differentiable function satisfying 𝜃(0) = 0 and 𝑓𝐮0 (𝜃(𝜃), 𝜃) = 0 on (𝜃−, 𝜃+). The same result
olds for 𝑓𝐯0 (𝜃, 𝜃).

roof. We focus on 𝑓𝐮0 (𝜃, 𝜃), since the result for 𝑓𝐯0 (𝜃, 𝜃) follows by the same argument. Again we invoke the implicit function
heorem. Observe that 𝑓𝐯0 (0, 0) = 0 and that

𝜕𝜃𝑓𝐮0 (𝜃, 𝜃) = 𝛾 ′(𝜃)|𝐭𝑟1|
−1𝐑𝐭𝑟1

(𝛾(𝜃))(𝐭𝑟1 × 𝐭𝑟2) ⋅ 𝐭
𝑟
4 = 𝛾 ′(𝜃)|𝐭𝑟1|

−1(𝐭𝑑1 × 𝐭𝑑2 (𝛾(𝜃))
)

⋅ 𝐭𝑟4. (173)

ince 𝐟mv(𝛾(𝜃), 𝜃) > 𝟎 for all 𝜃 ∈ (𝜃−, 𝜃+) and since 𝛾 ′(𝜃) satisfies Eq. (163), 𝜕𝜃𝑓𝐮0 (𝜃, 𝜃) ≠ 0 for all 𝜃 ∈ (𝜃−, 𝜃+) and all 𝜃. Applying
he implicit function theorem at the origin (𝜃, 𝜃) = 𝟎 gives a unique continuously differentiable 𝜃(𝜃) that solves 𝑓𝐮0 (𝜃(𝜃), 𝜃) = 0 and
𝜃(0) = 0 on some open interval containing the origin. The interval evidently contains (𝜃−, 𝜃+) because 𝜕𝜃𝑓𝐮0 (𝜃, 𝜃) does not vanish on
the latter. Since 𝑓𝐮0 (𝜃, 𝜃) = 0 for all (𝜃−, 𝜃+), 𝜃(𝜃) = 𝜃 is the unique solution, as desired. □

This lemma shows that the crease-actuation of two neighboring unit cells is the same for any mechanism motion containing the
reference configuration. Setting 𝜃 = 𝜃, the compatibility conditions in Eq. (171) become

(𝐮0-neighbors:) 𝐑𝐭𝑑2 (𝛾(𝜃)) = 𝐭𝑑2 (𝛾(𝜃)) and 𝐑𝐭𝑟4 = 𝐭𝑟4,
(𝐯0-neighbors:) 𝐑𝐭𝑑3 (𝜃) = 𝐭𝑑3 (𝜃) and 𝐑𝐭𝑟1 = 𝐭𝑟1.

(174)

Next, we show that the rotation in these conditions is the identity. This means that the motions of the two unit cells are one and
the same, and can be parameterized by the actuation of a single crease.

Lemma 10. Eq. (174) holds for 𝜃 ∈ (𝜃−, 𝜃+), 𝐑 ∈ 𝑆𝑂(3) if and only if 𝐑 = 𝐈.

Proof. We focus on the 𝐮0-neighbor case; the other case has an identical proof. Since 𝜃 ∈ (𝜃−, 𝜃+), the deformed creases satisfy
𝐭𝑑2 (𝛾(𝜃)) ⋅ (𝐭

𝑑
3 (𝜃) × 𝐭𝑟4) ≠ 0, i.e., they correspond to partly folded mountain-valley assignments. In particular, 𝐭𝑟4 and 𝐭𝑑2 (𝛾(𝜃)) are linearly
36

independent. The only rotation in 𝑆𝑂(3) that maps two linearly independent vectors to themselves is 𝐑 = 𝐈. □
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A.3. Mechanism kinematics of the full pattern

We now prove Proposition 2. Specifically, we construct the mechanism motion based on the crease vectors 𝐭1(𝜃) = 𝐑1(𝜃)𝐭𝑟𝑖 ,… , 𝐭4(𝜃)
𝐑4(𝜃)𝐭𝑟4, 𝛺

𝜃
cell and  𝜃

ori introduced in Eqs. (52)–(54). We then use the uniqueness arguments in Lemmas 9 and 10 to conclude that
his is the only mechanism motion that preserves the mountain-valley assignment of the reference configuration.

roof of Proposition 2. We first verify the existence of a continuous and rigid deformation. Note that, for any 𝜃 ∈ (𝜃−, 𝜃+), the
eformation 𝐲𝜃(𝐱) = 𝐑𝑖(𝜃)𝐱 for 𝐱 ∈ 𝑖, 𝑖 = 1,… , 4 is a well-defined, rigid and continuous deformation of 𝛺cell with 𝐲𝜃(𝛺cell) = 𝛺𝜃

cell by
emma 8 and the definitions above. Let 𝐲𝑅𝜃 (𝐱) ∶= 𝐲𝜃(𝐱−𝐮0)+𝐮(𝜃) for all 𝐱 ∈ 𝛺cell+𝐮0. Observe that 𝐭𝑟1 is on the boundary of both 𝛺cell
nd 𝛺cell + 𝐮0. We have 𝐲𝑅𝜃 (𝐭

𝑟
1) = 𝐲𝜃(𝐭𝑟3) + 𝐮(𝜃) = 𝐭3(𝜃) + 𝐮(𝜃) = 𝐭1(𝜃) and 𝐲𝜃(𝐭𝑟1) = 𝐭1(𝜃), verifying continuity at this boundary point. We

an verify continuity at the entire boundary (𝛺cell +𝐮0) ∩𝛺cell in a similar fashion. We also clearly have 𝐲𝑅𝜃 (𝛺cell +𝐮0) = 𝛺𝜃
cell +𝐮(𝜃).

sing the same ideas, we can verify that 𝐲𝑈𝜃 (𝐱) ∶= 𝐲𝜃(𝐱 − 𝐯0) + 𝐯(𝜃), 𝐱 ∈ 𝛺cell + 𝐯0 connects perfectly with 𝐲𝜃(𝐱) at the boundary
cell ∩ (𝛺cell + 𝐯0) and that 𝐲𝑈𝜃 (𝛺cell + 𝐯0) = 𝛺𝜃

cell + 𝐯(𝜃). By these results, there is a continuous function 𝐲𝜃 ∶ cell → R3 that satisfies

𝐲𝜃(𝐱) = 𝐲𝜃(𝐱 − 𝑖𝐮0 − 𝑗𝐯0) + 𝑖𝐮(𝜃) + 𝑗𝐯(𝜃), 𝐱 ∈ 𝛺cell + 𝑖𝐮0 + 𝑗𝐯0 (175)

or all 𝑖, 𝑗 ∈ Z with 𝐲𝜃(cell) =  𝜃
cell, as desired.

Next, we show that the family of deformations 𝐲𝜃(cell), 𝜃 ∈ (𝜃−, 𝜃+) is a mechanism motion. Indeed, each 𝜃-dependent
eformation here is a rigid deformation since it is built by appropriately repeating a rigid deformation of 𝛺cell. Furthermore, the
arameterization is analytic in 𝜃 since it is analytic in 𝐑0(𝜃) and (𝐭𝑟1, 𝐭

𝑑
2 (𝛾(𝜃)), 𝐭

𝑑
3 (𝜃), 𝐭

𝑟
4), which are themselves analytic in 𝜃 by Lemma 8

nd the definitions in Eqs. (166)–(175).
Finally, it follows from by iteratively applying Lemmas 9 and 10 that this mechanism motion is the unique one that contains

he reference configuration and does not change the mountain-valley assignment. □

ppendix B. Solving the auxiliary PDE

We prove the following result:

roposition 6. There are vector and scalar fields 𝝎(𝐱) and 𝜉(𝐱) smoothly defined on a neighborhood of 𝛺 and solving the PDE system

𝜕𝐮0
(

𝐑eff(𝐱)
[

𝝎(𝐱) × 𝐯(𝜃(𝐱)) + 𝜉(𝐱)𝐯′(𝜃(𝐱))
]

)

+ 1
2
𝜕𝐮0𝜕𝐯0

(

𝐑eff(𝐱)
[

𝐭1(𝜃(𝐱)) + 𝐭3(𝜃(𝐱))
]

)

= 𝜕𝐯0
(

𝐑eff(𝐱)
[

𝝎(𝐱) × 𝐮(𝜃(𝐱)) + 𝜉(𝐱)𝐮′(𝜃(𝐱))
]

)

+ 1
2
𝜕𝐮0𝜕𝐯0

(

𝐑eff(𝐱)
[

𝐭2(𝜃(𝐱)) + 𝐭4(𝜃(𝐱))
]

)
(176)

on 𝛺, under the assumptions of Theorem 1.

As a reminder, there are two cases to consider based on the Poisson’s ratio of the design 𝜈(𝜃) in Eq. (13). If 𝜈(𝜃) is positive, the
fields 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) are assumed to be smooth on a neighborhood of 𝛺. If 𝜈(𝜃) is negative, then 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) are
assumed to be analytic instead. In either case, these fields solve the PDEs in Eqs. (75)–(76) on 𝛺 and 𝐑eff(𝐱) is the unique rotation
field solving the Pfaff system in Proposition 4. We break the proof of Proposition 6 into several steps.

B.1. Helmholtz–Hodge reformulation

First, we make some definitions to rewrite the PDE in Eq. (176) in a helpful way. Label the inhomogeneous terms from the PDE
as

𝐟 (𝐱) ∶= 1
2
𝜕𝐮0𝜕𝐯0

(

𝐑eff(𝐱)
[

𝐭1(𝜃(𝐱)) + 𝐭3(𝜃(𝐱))
]

)

− 1
2
𝜕𝐮0𝜕𝐯0

(

𝐑eff(𝐱)
[

𝐭2(𝜃(𝐱)) + 𝐭4(𝜃(𝐱))
]

)

(177)

and note 𝐟 (𝐱) is smooth by assumption. Next, for any tensor field 𝐀(𝐱) ∈ R3×2, define the divergence and curl-like differential
operators

∇0 ⋅ 𝐀(𝐱) ∶= 𝜕𝐮0𝐀(𝐱)𝐞̃1 + 𝜕𝐯0𝐀(𝐱)𝐞̃2, ∇⟂
0 ⋅ 𝐀(𝐱) ∶= 𝜕𝐯0𝐀(𝐱)𝐞̃1 − 𝜕𝐮0𝐀(𝐱)𝐞̃2, (178)

here 𝐞̃1,2 are the standard basis of R2. Likewise, for any vector and scalar fields 𝐰(𝐱) ∈ R3 and 𝜁 (𝐱) ∈ R, define the analogous
radient and rotated gradient-like differential operators

∇0𝐰(𝐱) ∶= 𝜕𝐮0𝐰(𝐱)⊗ 𝐞̃1 + 𝜕𝐯0𝐰(𝐱)⊗ 𝐞̃2, ∇⟂
0𝐰(𝐱) ∶= 𝜕𝐯0𝐰(𝐱)⊗ 𝐞̃1 − 𝜕𝐮0𝐰(𝐱)⊗ 𝐞̃2,

∇0𝜁 (𝐱) ∶= 𝜕𝐮0𝜁 (𝐱)𝐞̃1 + 𝜕𝐯0𝜁 (𝐱)𝐞̃2, ∇⟂
0 𝜁 (𝐱) ∶= 𝜕𝐮0𝜁 (𝐱)𝐞̃1 + 𝜕𝐯0𝜁 (𝐱)𝐞̃2.

(179)

ith these definitions, solving the PDE in Eq. (176) for 𝝎(𝐱) and 𝜉(𝐱) is equivalent to solving the system

⎧

⎪

⎨

⎪

∇⟂
0 ⋅ 𝐀(𝐱) = 𝐟 (𝐱)

𝐀(𝐱)𝐞̃1 = 𝐑eff(𝐱)
[

𝝎(𝐱) × 𝐮(𝜃(𝐱)) + 𝜉(𝐱)𝐮′(𝜃(𝐱))
]

[ ′ ]

(180)
37

⎩

𝐀(𝐱)𝐞̃2 = 𝐑eff(𝐱) 𝝎(𝐱) × 𝐯(𝜃(𝐱)) + 𝜉(𝐱)𝐯 (𝜃(𝐱))
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for 𝐀(𝐱), 𝝎(𝐱) and 𝜉(𝐱). This allows us to view Eq. (176) as a PDE with linear algebraic constraints. We deal with the PDE part of
q. (180) first, and then discuss the constraints.
Motivated by the Helmholtz–Hodge decomposition for vector fields, we seek a solution to ∇⟂

0 ⋅ 𝐀(𝐱) = 𝐟 (𝐱) of the form

𝐀(𝐱) = ∇0𝐩(𝐱) + ∇⟂
0 𝐪(𝐱), (181)

here 𝐩,𝐪∶𝛺 → R3 are the unknowns. Eventually, we shall choose the vector fields 𝐩(𝐱), 𝐪(𝐱) to solve Eq. (180). For now, observe
he following fact.

emma 11. For any smooth 𝐩(𝐱), there is a smooth 𝐪(𝐱) such that 𝐀(𝐱) = ∇0𝐩(𝐱) + ∇⟂
0 𝐪(𝐱) satisfies

∇⟂
0 ⋅ 𝐀(𝐱) = 𝐟 (𝐱) on 𝛺. (182)

roof. The definitions above give that

∇⟂
0 ⋅ ∇0𝐩(𝐱) = ∇⟂

0 ⋅
(

𝜕𝐮0𝐩(𝐱)⊗ 𝐞̃1 + 𝜕𝐯0𝐩(𝐱)⊗ 𝐞̃2
)

= 𝜕𝐯0𝜕𝐮0𝐩(𝐱) − 𝜕𝐮0𝜕𝐯0𝐩(𝐱) = 𝟎,

∇⟂
0 ⋅ ∇⟂

0 𝐪(𝐱) = ∇⟂
0 ⋅

(

𝜕𝐯0𝐪(𝐱)⊗ 𝐞̃1 − 𝜕𝐮0𝐪(𝐱)⊗ 𝐞̃2
)

= 𝜕𝐮0𝜕𝐮0𝐪(𝐱) + 𝜕𝐯0𝜕𝐯0𝐪(𝐱) = 𝛥0𝐪(𝐱),
(183)

here 𝛥0 = 𝜕2𝐮0 + 𝜕2𝐯0 . It follows that ∇
⟂
0 ⋅ 𝐀(𝐱) = 𝛥0𝐪(𝐱) regardless of the choice of 𝐩(𝐱). To solve Eq. (182), we seek 𝐪(𝐱) such

hat 𝛥0𝐪(𝐱) = 𝐟 (𝐱). Since 𝐮0 and 𝐯0 are not parallel, this equation becomes the classical Poisson’s equation after a linear change
f coordinates. Therefore, by standard PDE theory (see, e.g., Evans (2022)), we can assert the existence of a unique and smooth
olution 𝐪(𝐱) to 𝛥0𝐪(𝐱) = 𝐟 (𝐱) subject to 𝐪(𝐱) = 𝟎 at 𝜕𝛺, since 𝐟 (𝐱) and 𝜕𝛺 are smooth. □

The problem now is to find a 𝐩(𝐱) enforcing the linear constraints in Eq. (180). First, we characterize these constraints using
inear algebra. Note 𝐀∶𝐁 ∶= Tr(𝐀𝑇𝐁) for 𝐀,𝐁 ∈ R𝑛×𝑚.

emma 12. The following two statements are equivalent:

1. 𝐀(𝐱) satisfies 𝐋𝑖(𝐱)∶𝐀(𝐱) = 0, 𝑖 = 1, 2, for

𝐋1(𝐱) ∶= 𝐑eff(𝐱)
[

𝐯(𝜃(𝐱))⊗ 𝐞̃1 + 𝐮(𝜃(𝐱))⊗ 𝐞̃2
]

,

𝐋2(𝐱) ∶= 𝐑eff(𝐱)
[

{𝐯(𝜃(𝐱)) ⋅ 𝐯′(𝜃(𝐱))}𝐮(𝜃(𝐱))⊗ 𝐞̃1 − {𝐮(𝜃(𝐱)) ⋅ 𝐮′(𝜃(𝐱))}𝐯(𝜃(𝐱))⊗ 𝐞̃2
]

.
(184)

2. 𝐀(𝐱) is given by

𝐀(𝐱)𝐞̃1 = 𝐑eff(𝐱)
[

𝝎(𝐱) × 𝐮(𝜃(𝐱)) + 𝜉(𝐱)𝐮′(𝜃(𝐱))
]

,

𝐀(𝐱)𝐞̃2 = 𝐑eff(𝐱)
[

𝝎(𝐱) × 𝐯(𝜃(𝐱)) + 𝜉(𝐱)𝐯′(𝜃(𝐱))
]

,
(185)

for some 𝝎(𝐱) and 𝜉(𝐱) on 𝛺.

roof. Suppressing the 𝐱 dependence, observe that a general parameterization for 𝐀 ∈ R3×2 is 𝐀𝐞̃1 = 𝐑eff𝐚 and 𝐀𝐞̃2 ∶= 𝐑eff𝐛 for
ome 𝐚,𝐛 ∈ R3, since 𝐑eff is a rotation. Next observe that general parameterizations for 𝐚 and 𝐛 are

𝐚 = 𝝎𝑎 × 𝐮(𝜃) + 𝜉𝑎𝐮′(𝜃), 𝐛 = 𝝎𝑏 × 𝐯(𝜃) + 𝜉𝑏𝐯′(𝜃) (186)

or some 𝝎𝑎,𝑏 ∈ R3 and 𝜉𝑎,𝑏 ∈ R, since by Lemma 1 both 𝐮′(𝜃) and 𝐯′(𝜃) have non-zero components in the 𝐮(𝜃) and 𝐯(𝜃) directions,
respectively. In fact, 𝝎𝑎,𝑏 can be further constrained, as there are redundancies in the parameterization. Write

𝝎𝑎 ∶= 𝛼𝑎𝐮(𝜃) + 𝛽𝑎𝐯(𝜃) + 𝛾𝑎𝐞3, 𝝎𝑏 ∶= 𝛼𝑏𝐮(𝜃) + 𝛽𝑏𝐯(𝜃) + 𝛾𝑏𝐞3 (187)

and observe from Eqs. (186)–(187) that

𝐚 = 𝛽𝑎𝐯(𝜃) × 𝐮(𝜃) + 𝛾𝑎𝐞3 × 𝐮(𝜃) + 𝜉𝑎𝐮′(𝜃), 𝐛 = 𝛼𝑏𝐮(𝜃) × 𝐯(𝜃) + 𝛾𝑏𝐞3 × 𝐯(𝜃) + 𝜉𝑏𝐯′(𝜃). (188)

Since 𝛼𝑎 is not present in the first equation and 𝛽𝑏 is not present in the second, we can without loss of generality set

𝛼𝑎 = 𝛼𝑏 = 𝛼, 𝛽𝑎 = 𝛽𝑏 = 𝛽 (189)

for some 𝛼 and 𝛽. Taking 𝐋1 ∶= 𝐑eff[𝐯(𝜃)⊗ 𝐞̃1 +𝐮(𝜃)⊗ 𝐞̃2] and 𝐋2 ∶= 𝐑eff[{𝐯(𝜃) ⋅𝐯′(𝜃)}𝐮(𝜃)⊗ 𝐞̃1 −{𝐮(𝜃) ⋅𝐮′(𝜃)}𝐯(𝜃)⊗ 𝐞̃2] as in Eq. (184),
we find that the above general parameterization for 𝐀 satisfies

𝐋1 ∶𝐀 = 𝐯(𝜃) ⋅
[

𝝎𝑎 × 𝐮(𝜃) + 𝜉𝑎𝐮′(𝜃)
]

+ 𝐮(𝜃) ⋅
[

𝝎𝑏 × 𝐯(𝜃) + 𝜉𝑏𝐯′(𝜃)
]

=
[

𝝎𝑎 − 𝝎𝑏
]

⋅ (𝐮(𝜃) × 𝐯(𝜃)) + (𝜉𝑎 − 𝜉𝑏)𝐯(𝜃) ⋅ 𝐮′(𝜃)
= (𝛾𝑎 − 𝛾𝑏)

[

𝐞3 ⋅ (𝐮(𝜃) × 𝐯(𝜃))
]

+ (𝜉𝑎 − 𝜉𝑏)𝐯(𝜃) ⋅ 𝐮′(𝜃),
𝐋2 ∶𝐀 = {𝐯(𝜃) ⋅ 𝐯′(𝜃)}𝐮(𝜃) ⋅

[

𝝎𝑎 × 𝐮(𝜃) + 𝜉𝑎𝐮′(𝜃)
]

− {𝐮(𝜃) ⋅ 𝐮′(𝜃)}𝐯(𝜃) ⋅
[

𝝎𝑏 × 𝐯(𝜃) + 𝜉𝑏𝐯′(𝜃)
]

= (𝜉𝑎 − 𝜉𝑏){𝐯(𝜃) ⋅ 𝐯′(𝜃)}{𝐮(𝜃) ⋅ 𝐮′(𝜃)}.

(190)

Setting both of these to zero gives that 𝜉𝑎 = 𝜉𝑏 = 𝜉 for some 𝜉 and 𝛾𝑎 = 𝛾𝑏 = 𝛾 for some 𝛾. By Eq. (189), 𝝎𝑎 = 𝝎𝑏 = 𝛼𝐮(𝜃)+𝛽𝐯(𝜃)+𝛾𝐞3 ∶=
𝝎 for a general 𝝎. It follows that 𝐀𝐞̃ = 𝐑

[

𝝎 × 𝐮(𝜃) + 𝜉𝐮′(𝜃)
]

and 𝐀𝐞̃ = 𝐑
[

𝝎 × 𝐯(𝜃) + 𝜉𝐯′(𝜃)
]

. □
38
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Lemmas 11 and 12 combine to simplify Eq. (180) as follows. Write 𝐀(𝐱) = ∇0𝐩(𝐱) + ∇⟂
0 𝐪(𝐱) for a smooth 𝐪(𝐱) as in Lemma 11,

o that ∇⟂
0 ⋅ 𝐀(𝐱) = 𝐟 (𝐱). Then, use Lemma 12 to rewrite the algebraic constraints in Eq. (180) equivalently via the inner product

onstraints involving 𝐋𝑖(𝐱). This manipulation results in a PDE in the unknown vector field 𝐩(𝐱) of the form

𝐋𝑖(𝐱)∶∇0𝐩(𝐱) = 𝑞𝑖(𝐱), 𝑖 = 1, 2, (191)

here 𝑞𝑖(𝐱) ∶= −𝐋𝑖(𝐱)∶ ∇⟂
0 𝐪(𝐱). Solving Eq. (191) is equivalent to solving (180), which itself is a rewrite of Eq. (176). We turn to

he question of finding 𝐩(𝐱).

.2. A linear second-order PDE in two variables

Here we reduce the PDE in Eq. (191) for the unknown vector field 𝐩(𝐱) to a second order system in two scalar fields that can be
olved using standard PDE tools.
Start with an ansatz of the form

𝐩(𝐱) ∶= 𝐑eff(𝐱)
(

𝜆𝑢(𝐱)𝐮𝑟(𝜃(𝐱)) + 𝜆𝑣(𝐱)𝐯𝑟(𝜃(𝐱))
)

(192)

here {𝐮𝑟(𝜃), 𝐯𝑟(𝜃), 𝐞3} is the reciprocal basis to {𝐮(𝜃), 𝐯(𝜃), 𝐞3}. Substituting Eq. (192) into Eq. (191) and using the definitions of
𝑖(𝐱), 𝑖 = 1, 2, in Eq. (184) furnishes PDEs for the scalar fields 𝜆𝑢(𝐱) and 𝜆𝑣(𝐱):

⎧

⎪

⎨

⎪

⎩

𝜕𝐯0𝜆𝑢(𝐱) + 𝜕𝐮0𝜆𝑣(𝐱) + 𝑎𝑢(𝐱)𝜆𝑢(𝐱) + 𝑎𝑣(𝐱)𝜆𝑣(𝐱) = 𝑞1(𝐱)
[

𝐯(𝜃(𝐱)) ⋅ 𝐯′(𝜃(𝐱))
]

𝜕𝐮0𝜆𝑢(𝐱) −
[

𝐮(𝜃(𝐱)) ⋅ 𝐮′(𝜃(𝐱))
]

𝜕𝐯0𝜆𝑣(𝐱) + 𝑏𝑢(𝐱)𝜆𝑢(𝐱) + 𝑏𝑣(𝐱)𝜆𝑣(𝐱) = 𝑞2(𝐱).
(193)

he coefficients in these PDEs satisfy

𝑎𝑢(𝐱) ∶= 𝐋1(𝐱)∶∇0
[

𝐑eff(𝐱)𝐮𝑟(𝜃(𝐱))
]

, 𝑎𝑣(𝐱) ∶= 𝐋1(𝐱)∶∇0
[

𝐑eff(𝐱)𝐯𝑟(𝜃(𝐱))
]

,

𝑏𝑢(𝐱) ∶= 𝐋2(𝐱)∶∇0
[

𝐑eff(𝐱)𝐮𝑟(𝜃(𝐱))
]

, 𝑏𝑣(𝐱) ∶= 𝐋2(𝐱)∶∇0
[

𝐑eff(𝐱)𝐯𝑟(𝜃(𝐱))
]

.
(194)

n fact, the explicit dependence on 𝐑eff(𝐱) cancels out in Eq. (194) by expanding out the ∇0 terms and using that 𝐋𝑖(𝐱), 𝑖 = 1, 2, and
𝐑eff(𝐱) satisfy Eq. (184) and (78), respectively. Thus, the smoothness/analyticity of 𝑎𝑢(𝐱),… , 𝑏𝑣(𝐱) on 𝛺 follows from the same for
𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱).

Next, consider 𝜆𝑢(𝐱) and 𝜆𝑣(𝐱) of the form

𝜆𝑢(𝐱) = 𝑐𝑢𝑢(𝐱)𝜕𝐮0𝜓(𝐱) + 𝑐𝑢𝑣(𝐱)𝜕𝐯0𝜓(𝐱) + 𝑑𝑢𝑢(𝐱)𝜕𝐮0𝜑(𝐱) + 𝑑𝑢𝑣(𝐱)𝜕𝐯0𝜑(𝐱),

𝜆𝑣(𝐱) = 𝑐𝑣𝑢(𝐱)𝜕𝐮0𝜓(𝐱) + 𝑐𝑣𝑣(𝐱)𝜕𝐯0𝜓(𝐱) + 𝑑𝑣𝑢(𝐱)𝜕𝐮0𝜑(𝐱) + 𝑑𝑣𝑣(𝐱)𝜕𝐯0𝜑(𝐱)
(195)

or 𝜓,𝜑∶𝛺 → R. We seek a convenient choice of coefficients 𝑐𝑢𝑢(𝐱),… , 𝑑𝑣𝑣(𝐱) to diagonalize the PDE in Eq. (193) at highest order.
We succeed as follows.

Lemma 13. Making the choices

𝑐𝑢𝑢(𝐱) = −1, 𝑐𝑣𝑣(𝐱) = 1, 𝑐𝑣𝑢(𝐱) = 𝑐𝑢𝑣(𝐱) = 0,

𝑑𝑢𝑢(𝐱) = 𝑑𝑣𝑣(𝐱) = 0, 𝑑𝑣𝑢(𝐱) = −1, 𝑑𝑢𝑣(𝐱) = − 𝐮(𝜃(𝐱))⋅𝐮′(𝜃(𝐱))
𝐯(𝜃(𝐱))⋅𝐯′(𝜃(𝐱))

(196)

n Eq. (195) brings the first order system in Eq. (193) into the second order system

⎧

⎪

⎨

⎪

⎩

(𝐱)𝜓(𝐱) + 𝐦̃1(𝐱) ⋅ ∇0𝜓(𝐱) + 𝐧̃1(𝐱) ⋅ ∇0𝜑(𝐱) = [𝐯(𝜃(𝐱)) ⋅ 𝐯′(𝜃(𝐱))]𝑞1(𝐱)

(𝐱)𝜑(𝐱) + 𝐦̃2(𝐱) ⋅ ∇0𝜓(𝐱) + 𝐧̃2(𝐱) ⋅ ∇0𝜑(𝐱) = 𝑞2(𝐱)
(197)

where (𝐱) ∶= −[𝐯(𝜃(𝐱)) ⋅ 𝐯′(𝜃(𝐱))]𝜕2𝐮0 − [𝐮(𝜃(𝐱)) ⋅ 𝐮′(𝜃(𝐱))]𝜕2𝐯0 . The coefficients 𝐦̃1,2(𝐱) and 𝐧̃1,2(𝐱) have the same smoothness/analyticity
properties as 𝜃(𝐱),𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱).

Proof. Substituting Eqs. (195) and (196) into the first PDE in Eq. (193) gives that

𝑞1(𝐱) = 𝜕𝐯0
[

−𝜕𝐮0𝜓(𝐱) −
𝐮(𝜃(𝐱))⋅𝐮′(𝜃(𝐱))
𝐯(𝜃(𝐱))⋅𝐯′(𝜃(𝐱)) 𝜕𝐯0𝜑(𝐱)

]

+ 𝜕𝐮0
[

𝜕𝐯0𝜓(𝐱) − 𝜕𝐮0𝜑(𝐱)
]

+ l.o.t.

= −
(

𝜕2𝐮0 +
𝐮(𝜃(𝐱))⋅𝐮′(𝜃(𝐱))
𝐯(𝜃(𝐱))⋅𝐯′(𝜃(𝐱)) 𝜕

2
𝐯0

)

𝜑(𝐱) + l.o.t.
(198)

here l.o.t. denotes the ‘‘lower order terms’’ that are linear in ∇0𝜓(𝐱) and ∇0𝜑(𝐱). Making the same substitutions into the second
DE gives that

𝑞2(𝐱) =
[

𝐯(𝜃(𝐱)) ⋅ 𝐯′(𝜃(𝐱))
]

𝜕𝐮0
[

−𝜕𝐮0𝜓(𝐱) −
𝐮(𝜃(𝐱))⋅𝐮′(𝜃(𝐱))
𝐯(𝜃(𝐱))⋅𝐯′(𝜃(𝐱)) 𝜕𝐯0𝜑(𝐱)

]

−
[

𝐮(𝜃(𝐱)) ⋅ 𝐮′(𝜃(𝐱))
]

𝜕𝐯0
[

𝜕𝐯0𝜓(𝐱) − 𝜕𝐮0𝜑(𝐱)
]

+ l.o.t.

= −
(

[𝐯(𝜃(𝐱)) ⋅ 𝐯′(𝜃(𝐱))]𝜕2 + [𝐮(𝜃(𝐱)) ⋅ 𝐮′(𝜃(𝐱))]𝜕2
)

𝜓(𝐱) + l.o.t.

(199)
39
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with analogous lower order terms. We have derived Eq. (197). The smoothness/analyticity of 𝐦̃1,2(𝐱) and 𝐧̃1,2(𝐱) follow since the
l.o.t. only involve 𝜃(𝐱), its derivatives and the coefficients 𝑎𝑢(𝐱),… , 𝑏𝑣(𝐱). □

As a final step in this section, we rewrite Eq. (197) to involve derivatives along Cartesian axes through a simple change of
variables. Let 𝐱(𝜂1, 𝜂2) ∶= 𝜂1𝐮̃0+ 𝜂2𝐯̃0, 𝑈 ∶= {(𝜂1, 𝜂2)∶ 𝐱(𝜂1, 𝜂2) ∈ 𝛺}, and write 𝜼 = (𝜂1, 𝜂2) for short. Define 𝜱∶𝑈 → R2 and 𝜎 ∶𝑈 → R
such that

𝜱(𝜼) =

(

𝜑(𝐱(𝜼))
𝜓(𝐱(𝜼))

)

, 𝜎(𝜼) =
𝐮(𝜃(𝐱(𝜼))) ⋅ 𝐮′(𝜃(𝐱(𝜼)))
𝐯(𝜃(𝐱(𝜼))) ⋅ 𝐯′(𝜃(𝐱(𝜼)))

. (200)

By the chain rule, the PDE system in Eq. (197) becomes in these new coordinates

−
(

𝜕21 + 𝜎(𝜼)𝜕
2
2

)

𝜱(𝜼) +(𝜼)∶∇𝜱(𝜼) = 𝐪̃(𝜼) (201)

where 𝜕𝑖 is the 𝜂𝑖-derivative, and (𝜼) ∈ R2×2×2 satisfies [(𝜼)∶∇𝜱(𝜼)]𝛼 = [(𝜼)]𝛼𝛽𝛾 [∇𝜱(𝜼)]𝛽𝛾 with summation implied. Again, the
coefficients 𝜎(𝜼) and [(𝜼)]𝛼𝛽𝛾 are smooth/analytic on 𝑈 and 𝐪̃(𝜼) is a smooth two-dimensional vector field.

Solving Eq. (201) on 𝑈 produces a solution to Eq. (197) on 𝛺, and with it a proof of Proposition 6. There are two cases to
consider, depending on the sign of 𝜎(𝜼). The PDE is elliptic when 𝜎(𝜼) > 0 on 𝑈 . Alternatively, it is hyperbolic when 𝜎(𝜼) < 0 on
𝑈 . Our assumption in Eq. (7) that the deformations of the origami be restricted to a fixed mountain-valley assignment implies that
𝜎(𝜼) is either always positive or always negative, per Lemma 1. So, Eq. (201) is either elliptic or hyperbolic and cannot change its
type. Indeed, there exists a 𝜎𝜃 > 0 depending only on 𝜃(𝐱) such that

|𝜎(𝜼)| ≥ 𝜎𝜃 > 0 on 𝑈, (202)

since 𝜃(𝐱) is continuous and belongs to the interval (𝜃−, 𝜃+) on 𝛺 per Remark 2. We handle the elliptic case in Appendix B.3 and the
yperbolic case in Appendix B.4. Note the sign of 𝜎(𝜼) is opposite that of the Poisson’s ratio 𝜈(𝜃(𝜼)) in Eq. (13). Hence, the elliptic
case addresses Miura origami and all other auxetic parallelogram origami patterns, while the hyperbolic case addresses Eggbox
origami all other non-auxetic patterns.

B.3. Existence in the elliptic case

This section proves the existence of a solution to the PDE in Eq. (201) in the elliptic case where 𝜎(𝜼) ≥ 𝜎𝜃 > 0. The proof invokes
the Fredholm alternative for linear elliptic PDEs, an important technical result from PDE theory (Evans, 2022; McLean, 2000). The
idea is to view the linear operator e(𝜼) ∶= −

[

𝜕21 + 𝜎(𝜼)𝜕
2
2 +(𝜼)∶∇

]

as a matrix (of infinite dimension) and the problem of solving
the PDE in Eq. (201) as a question of linear algebra. In particular, by making a good choice of boundary data, we will show that
̃ (𝜼) is in the range space of e(𝜼). We make crucial use of the analyticity hypothesis here.

Start by rewriting the operator in divergence form:

e(𝜼) ∶= −
[

𝜕21 + 𝜎(𝜼)𝜕
2
2 +(𝜼)∶∇

]

= −∇ ⋅
[

C(𝜼
)

∶∇] +e(𝜼)∶∇ (203)

or appropriate higher-order tensors C(𝜼),e(𝜼) ∈ R2×2×2×2. To make this formulation explicit, observe that
[

𝜕21 + 𝜎(𝜼)𝜕22
]

𝜱(𝜼) =
⋅
[

𝜕1𝜱(𝜼)⊗ 𝐞̃1+𝜎(𝜼)𝜕2𝜱(𝜼)⊗ 𝐞̃2
]

+ l.o.t. Thus, writing the bracketed term in index notation as [C(𝜼)∶∇𝜱(𝜼)]𝛼𝛽 = [C(𝜼)]𝛼𝛽𝛾𝛿[∇𝜱(𝜼)]𝛾𝛿
ives that

[C(𝜼)]1111 = [C(𝜼)]2121 = 1, [C(𝜼)]1212 = [C(𝜼)]2222 = 𝜎(𝜼),

[C(𝜼)]𝛼𝛽𝛾𝛿 = 0 for 𝛼𝛽𝛾𝛿 not as above.
(204)

he tensor e(𝜼) is then (𝜼) plus lower order terms. Since these lower order terms depend on 𝜼 only through derivatives of 𝜎(𝜼),
e(𝜼) is analytic on 𝑈 . Finally, we note using Eqs. (202) and (204) that C(𝜼) is strongly elliptic, and in fact satisfies

𝐅∶C(𝜼)∶𝐅 ∶= [C(𝜼)]𝛼𝛽𝛾𝛿[𝐅]𝛼𝛽 [𝐅]𝛾𝛿
= ([𝐅]11)2 + ([𝐅]12)2 + 𝝈(𝜼)

{

([𝐅]21)2 + ([𝐅]22)2
}

≥ min{1, 𝜎𝜃}|𝐅|2
(205)

for all 𝐅 ∈ R2×2. It also has the major symmetry 𝐀∶C(𝜼)∶𝐁 = 𝐁∶C(𝜼)∶𝐀 for all 𝐀,𝐁 ∈ R2×2.
We will deduce the existence of a solution 𝜱(𝜼) to Eq. (201) by reviewing the well-posedness theory of the class of Dirichlet

problems
{

𝑒(𝜼)𝜱(𝜼) = 𝐪̃(𝜼) in 𝑈
𝜱(𝜼) = 𝜳 (𝜼) at 𝜕𝑈,

(206)

parameterized by the choice of Dirichlet boundary data 𝜳 (𝜼). The question is: for which boundary data does there exist a solution
𝜱(𝜼)? To answer this question, we pose the weak formulation of Eq. (206), which requires a brief digression on Sobolev spaces (see,
e.g., Evans (2022), Chapter 5, for details). Recall

1 2 { 2 2 2 2 }

(207)
40
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is the Sobolev space of square integrable maps with square integrable first derivatives, and 𝐻1
0 (𝑈 ;R2) is the subspace of maps

𝜱 ∈ 𝐻1(𝑈 ;R2) with 𝜱|𝜕𝑈 = 𝟎 ‘‘in the trace sense’’. Correspondingly, we enforce the Dirichlet boundary condition from Eq. (206)
y working with maps in

𝐻1
𝜳 (𝑈 ;R2) ∶=

{

𝜱 ∈ 𝐻1(𝑈,R2)∶𝜱|𝜕𝑈 = 𝜳
}

. (208)

ith these definitions, a weak solution of Eq. (206) is any 𝜱 ∈ 𝐻1
𝜳 (𝑈 ;R2) such that

∫𝑈

{

[

C(𝜼)∶∇𝜱(𝜼)
]

∶∇𝜣(𝜼) +
[

e(𝜼)∶∇𝜱(𝜼)
]

⋅𝜣(𝜼)
}

𝑑𝐴 = ∫𝑈
𝐪̃(𝜼) ⋅𝜣(𝜼)𝑑𝐴 ∀ 𝜣 ∈ 𝐻1

0 (𝑈 ;R2). (209)

lthough we analyze weak solutions, by standard elliptic regularity results any weak solution of Eq. (206) will automatically be
mooth on 𝑈 , due to the strong ellipticity guaranteed by Eq. (205), and because the coefficients of 𝑒(𝜼) and the map 𝐪̃(𝜼) are
smooth. Actually, for our purposes in the main text and per the statement of Proposition 6, we require that the solution is smooth
on a neighborhood of 𝑈 . This can be achieved by replacing 𝑈 with a slightly larger domain, which again is possible due to the
egularity properties of the coefficients of 𝑒(𝜼) and 𝐪̃(𝜼). In the rest of this section we tacitly assume (with a slight abuse of notation)
hat 𝑈 is this slightly larger domain.
We desire a choice of 𝜳 (𝜼) such that Eq. (206) has a weak solution. This question is completely resolved by the Fredholm

alternative; Theorem 4.10 in McLean (2000) gives a convenient statement, which we summarize now. There are two cases: either
(i) the only weak solution of the homogeneous problem

{

𝑒(𝜼)𝜱(𝜼) = 𝟎 in 𝑈
𝜱(𝜼) = 𝟎 at 𝜕𝑈

(210)

is the trivial one 𝜱(𝜼) = 𝟎, in which case the Fredholm alternative states that the inhomogeneous problem Eq. (206) is uniquely
solvable for any 𝜳 (𝜼); or (ii) the homogeneous problem in Eq. (210) admits non-zero solutions, in which case the alternative allows
for Eq. (206) to have multiple solutions or no solutions at all.

Now if 𝑒(𝜼) belongs to case (i), we are done (take 𝜳 = 𝟎). So, we focus on case (ii). For this purpose, we introduce the
homogeneous adjoint problem to Eq. (210):

{

⋆𝑒 (𝜼)𝜣(𝜼) = 𝟎 in 𝑈
𝜣(𝜼) = 𝟎 at 𝜕𝑈

(211)

where ⋆𝑒 (𝜼)𝜣(𝜼) ∶= −∇ ⋅
[

C(𝜼)∶∇𝜣(𝜼) +𝜣(𝜼) ⋅𝑒(𝜼)
]

. Solving case (ii) turns out to be a delicate matter of choosing the boundary
data 𝜳 (𝜼) to interact consistently with solutions of the adjoint problem. Specifically, in case (ii), the Fredholm alternative asserts
that the solutions 𝜣(𝜼) of Eq. (211) form a finite dimensional family, and that the original problem in Eq. (206) is solvable for
𝜱 ∈ 𝐻1

𝜳 (𝑈 ;R2) if and only if

∫𝑈
𝐪̃(𝜼) ⋅𝜣(𝜼)𝑑𝐴 = ∫𝜕𝑈

𝜳 (𝜼) ⋅
[

C(𝜼)∶∇𝜣(𝜼)
]

𝐧𝑈 (𝜼)𝑑𝛤 (212)

for all such 𝜣(𝜼). We now choose 𝜳 (𝜼) to guarantee this identity and thus produce a solution to Eq. (206).
By the Fredholm alternative, we are free to assume that {𝜣1,… ,𝜣𝑁} ⊂ 𝐻1

0 (𝑈 ;R2) is a basis for the solutions of the homogeneous
adjoint problem, for some 𝑁 ≥ 1. We construct 𝜳 (𝜼) such that

∫𝑈
𝐪̃(𝜼) ⋅𝜣𝑖(𝜼)𝑑𝐴 = ∫𝜕𝑈

𝜳 (𝜼) ⋅
[

C(𝜼)∶∇𝜣𝑖(𝜼)
]

𝐧𝑈 (𝜼)𝑑𝛤 for all 𝑖 = 1,… , 𝑁 (213)

by proving that the collection of vector fields
{[

C(𝜼)∶ ∇𝜣𝑖(𝜼)
]

𝐧𝑈 (𝜼)
}𝑁
𝑖=1 is linearly independent on 𝜕𝑈 . Indeed, this linear

independence allows us to introduce a dual basis {𝜳 𝑖(𝜼)}𝑁𝑖=1 satisfying

∫𝜕𝑈
𝜳 𝑗 (𝜼) ⋅

[

C(𝜼)∶∇𝜣𝑖(𝜼)
]

𝐧𝑈 (𝜼)𝑑𝛤 = 𝛿𝑖𝑗 for all 𝑖, 𝑗 = 1,… , 𝑁. (214)

Then, defining

𝜳 (𝜼) ∶=
𝑁
∑

𝑗=1

(

∫𝑈
𝐪̃(𝜼) ⋅𝜣𝑗 (𝜼)𝑑𝐴

)

𝜳 𝑗 (𝜼) (215)

yields the desired identity in Eq. (213).
That

{[

C(𝜼)∶∇𝜣𝑖(𝜼)
]

𝐧𝑈 (𝜼)
}𝑁
𝑖=1 is linearly independent on 𝜕𝑈 follows from the definition of {𝜣𝑖(𝜼)}𝑁𝑖=1 as a basis for the space of

solutions of the homogeneous adjoint problem, combined with a ‘‘unique continuation’’ result stating that the only solution of the
overdetermined elliptic system

⎧

⎪

⎨

⎪

⎩

⋆𝑒 (𝜼)𝜣(𝜼) = 𝟎 in 𝑈
𝜣(𝜼) = 𝟎 at 𝜕𝑈
[

C(𝜼)∶∇𝜣(𝜼)
]

𝐧𝑈 (𝜼) = 𝟎 at 𝜕𝑈
(216)

is the trivial one 𝜣(𝜼) = 𝟎. To see this, note from the formula for ⋆𝑒 (𝜼) after Eq. (211) that its coefficients are analytic on 𝑈 .
Thus, Holmgren’s uniqueness theorem gives the required unique continuation result: the version of Holmgren’s theorem we use
41
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states that any 𝐶2 solution of Eq. (216) must vanish identically (see John (1991), Chapter 3.5). To apply it, extend the domain 𝑈
to 𝑈ext ∶= {𝜼 ∈ R2 ∶ dist(𝜼, 𝑈 ) < 𝜖} for 𝜖 > 0 such that the coefficients of ⋆e (𝜼) remain analytic on 𝑈ext, take arbitrary constants
𝛼1,… , 𝛼𝑁 , and define

𝜣(𝜼) =

{

∑𝑁
𝑖=1 𝛼𝑖𝜣𝑖(𝜼) if 𝜼 ∈ 𝑈

𝟎 if 𝜼 ∈ 𝑈ext ⧵ 𝑈
(217)

where {𝜣1,… ,𝜣𝑁} ⊂ 𝐻1
0 (𝑈 ;R2) is the aforementioned basis. If

[

C(𝜼)∶∇𝜣(𝜼)
]

𝐧𝑈 (𝜼) =
𝑁
∑

𝑖=1
𝛼𝑖
[

C(𝜼)∶∇𝜣𝑖(𝜼)
]

𝐧𝑈 (𝜼) = 𝟎 on 𝜕𝑈, (218)

we must show that 𝛼1 = ⋯ = 𝛼𝑁 = 0. Given any 𝜱 ∈ 𝐻1(𝑈ext;R2), we can write that

∫𝑈ext

{

[

C(𝜼)∶∇𝜣(𝜼)
]

∶∇𝜱(𝜼) − ∇ ⋅
[

𝜣(𝜼) ⋅𝑒(𝜼)
]

⋅𝜱(𝜼)
}

𝑑𝐴

= ∫𝑈

{

[

C(𝜼)∶∇𝜣(𝜼)
]

∶∇𝜱(𝜼) − ∇ ⋅
[

𝜣(𝜼) ⋅𝑒(𝜼)
]

⋅𝜱(𝜼)
}

𝑑𝐴

= ∫𝜕𝑈

{[

C(𝜼)∶∇𝜣(𝜼)
]

𝐧𝑈 (𝜼)
}

⋅𝜱(𝜼)𝑑𝛤

(219)

using integration by parts, since 𝜣(𝜼) solves Eq. (211) and vanishes on 𝑈ext⧵𝑈 . Thus, if Eq. (218) holds, it follows from Eq. (219) that
⋆𝑒 (𝜼)𝜣(𝜼) = 𝟎 weakly on 𝑈ext (c.f. Eq. (209)). Then, 𝜣(𝜼) must be smooth by elliptic regularity, and hence 𝜣(𝜼) = 𝟎 by Holmgren’s
uniqueness theorem. Looking back at Eq. (217), we conclude that 𝛼1 = ⋯ = 𝛼𝑁 = 0 since {𝜣1(𝜼),… ,𝜣𝑁 (𝜼)} were chosen to be
linearly independent. This completes the proof of existence of solutions to the PDE in Eq. (201) in the elliptic case.

The above argument is the only part of the proof of Theorem 1 where we need 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱) to be analytic, rather than
just smooth. Presumably, our assumption of analyticity is suboptimal and can be gotten rid of by a stronger unique continuation
result.

B.4. Existence in the hyperbolic case

This section proves the existence of a solution to the PDE in Eq. (201) in the hyperbolic case where 𝜎(𝜼) ≤ −𝜎𝜃 < 0. Start by
writing the PDE as

□(𝜼)𝜱(𝜼) +ℎ(𝜼)∶∇𝜱(𝜼) = 𝐪̃(𝜼), (220)

using the second-order hyperbolic operator □(𝜼) ∶= −𝜕21 + 𝜕2(|𝜎(𝜼)|𝜕2). The tensor ℎ(𝜼) ∈ R2×2×2 collects the sum of (𝜼) and
the lower order terms from the calculation −𝜕21𝜱(𝜼) − 𝜎(𝜼)𝜕22𝜱(𝜼) = −𝜕21𝜱(𝜼) + 𝜕2(|𝜎(𝜼)|𝜕2𝜱(𝜼)) + l.o.t. Since 𝜎(𝜼), ℎ(𝜼) and 𝐪̃(𝜼)
are smooth on a neighborhood of 𝑈 , they can be extended smoothly to the closure of a square domain (−𝑟, 𝑟)2 containing 𝑈 , while
reserving the strict negativity of 𝜎(𝜼). We seek a solution to the initial/boundary value problem

⎧

⎪

⎨

⎪

⎩

□(𝜼)𝜱(𝜼) +ℎ(𝜼)∶∇𝜱(𝜼) = 𝐪̃(𝜼) −𝑟 < 𝜂1, 𝜂2 < 𝑟
𝜱(𝜼) = 𝟎 −𝑟 < 𝜂1 < 𝑟, 𝜂2 = ±𝑟
𝜱(𝜼) = 𝟎, 𝜕1𝜱(𝜼) = 𝟎 𝜂1 = −𝑟,−𝑟 < 𝜂2 < 𝑟

(221)

n the extended domain to obtain the desired solution of Eq. (201).
There are several techniques available to prove that Eq. (221) admits a unique smooth solution, such as the Galerkin truncation-

ased argument presented in Evans (2022), Section 7.2, which we briefly summarize. The idea is to view Eq. (221) as an ODE (in
𝜂1) through a suitable function space (in 𝜂2), and to find its solution 𝜱(𝜼) by solving a sequence of successively larger yet finite
dimensional ODE problems built to approximate Eq. (221). Smoothness of the resulting solution follows from the regularity theory
of hyperbolic PDEs.

In a bit more detail, suppose we expand 𝜱(𝜼) in a Fourier basis adapted to the zero Dirichlet boundary conditions by writing

𝜱(𝜼) =
∞
∑

𝑘=1
𝜱𝑘(𝜂1)𝑠𝑘(𝜂2) (222)

where {𝑠𝑘(𝜂2)}∞𝑘=1 is the intended basis of 𝐻
1
0 ((−𝑟, 𝑟)). Projecting the PDE part of Eq. (221) to the span of the first 𝑁 basis functions

gives a way of approximating the unknown {𝜱𝑘(𝜂1)}. For each fixed 𝑁 , we seek a vector field 𝜱(𝑁)(𝜼) satisfying the integral
constraints

∫

𝑟

−𝑟

(

{

𝜕21𝜱
(𝑁)(𝜼) +ℎ(𝜼)∶∇𝜱(𝑁)(𝜼) − 𝐪̃(𝜼)

}

𝑠𝑘(𝜂2) + |𝜎(𝜼)|𝜕2𝜱(𝑁)(𝜼)𝑠′𝑘(𝜂2)
)

𝑑𝜂2 = 𝟎 (223)

for all 𝜂1 ∈ (−𝑟, 𝑟) and 𝑘 = 1,… , 𝑁 , along with the initial and boundary conditions. Writing

𝜱(𝑁)(𝜼) ∶=
𝑁
∑

𝜱(𝑁)
𝑘 (𝜂1)𝑠𝑘(𝜂2) (224)
42
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yields the following system of ODEs on substitution into Eq. (223):

𝑑2

𝑑𝜂21

⎛

⎜

⎜

⎜

⎝

𝜱(𝑁)
1 (𝜂1)

⋮

𝜱(𝑁)
𝑁 (𝜂1)

⎞

⎟

⎟

⎟

⎠

+𝐌1(𝜂1)
𝑑
𝑑𝜂1

⎛

⎜

⎜

⎜

⎝

𝜱(𝑁)
1 (𝜂1)

⋮

𝜱(𝑁)
𝑁 (𝜂1)

⎞

⎟

⎟

⎟

⎠

+𝐌0(𝜂1)

⎛

⎜

⎜

⎜

⎝

𝜱(𝑁)
1 (𝜂1)

⋮

𝜱(𝑁)
𝑁 (𝜂1)

⎞

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎝

𝐪̃1(𝜂1)
⋮

𝐪̃𝑁 (𝜂1)

⎞

⎟

⎟

⎟

⎠

. (225)

Note 𝐪̃𝑘(𝜂1) ∶= ∫ 𝑟−𝑟 𝐪̃(𝜼)𝑠𝑘(𝜂2)𝑑𝜂2, and 𝐌0,1(𝜂1) ∈ R2𝑁×2𝑁 are the matrices that arise from integrating out the 𝜂2-dependence in the 𝑁
integral equations above and organizing the calculation around their linearity in (𝜱(𝑁)

1 (𝜂1),… ,𝜱(𝑁)
𝑁 (𝜂1)). The boundary conditions

are taken care of by the basis functions {𝑠𝑘(𝜂2)}. For the initial conditions, we impose

𝜱(𝑁)
𝑘 (−𝑟) = 𝟎, 𝑑

𝑑𝜂1
𝜱(𝑁)
𝑘 (−𝑟) = 𝟎, for all 𝑘 = 1,… , 𝑁. (226)

A unique solution to the initial value problem in Eqs. (225)–(226) exists. Thus, we produce an 𝑁-dependent sequence of approximate
solutions to Eq. (221). The desired solution 𝜱(𝜼) is obtained by taking 𝑁 → ∞.

Justifying this last step is standard fare in the theory of PDEs, but for completeness we give an overall picture of the argument
ere. The goal is to apply a compactness theorem to extract a convergent sub-sequence of approximate solutions; the key is to check
hat the maps {𝜱(𝑁)(𝜼)} remain bounded in the sense that their ‘‘energies’’

𝐸(𝑁)(𝜂1) ∶=
1
2 ∫

𝑟

−𝑟

{

|𝜕1𝜱(𝑁)(𝜼)|2 + |𝜎(𝜼)||𝜕2𝜱(𝑁)(𝜼)|2
}

𝑑𝜂2 (227)

do not go to infinity as 𝑁 → ∞. This boundedness is possible due to the estimate

max
−𝑟≤𝜂1≤𝑟

𝐸(𝑁)(𝜂1) ≤ 𝐶
𝑁
∑

𝑘=1
∫(−𝑟,𝑟)2

|𝐪̃𝑘(𝜼)|2𝑑𝐴, (228)

which follows by the same reasoning leading to the analogous estimate for the original problem in Eq. (221). To prove the latter,
let 𝜱(𝜼) be any solution of Eq. (221) and introduce its energy

𝐸(𝜂1) ∶=
1
2 ∫

𝑟

−𝑟

{

|𝜕1𝜱(𝜼)|2 + |𝜎(𝜼)||𝜕2𝜱(𝜼)|2
}

𝑑𝜂1. (229)

This energy remains bounded, per the following observations:

|

|

|

𝑑𝐸(𝜂1)
𝑑𝜂1

|

|

|

= |

|

|∫

𝑟

−𝑟

{

𝜕1𝜱(𝜼) ⋅ 𝜕21𝜱(𝜼) + |𝜎(𝜼)|𝜕2𝜱(𝜼) ⋅ 𝜕1𝜕2𝜱(𝜼) + 𝜕1(|𝜎(𝜼)|)|𝜕2𝜱(𝜼)|2
}

𝑑𝜂2
|

|

|

= |

|

|∫

𝑟

−𝑟

{

−𝜕1𝜱(𝜼) ⋅ □(𝜼)𝜱(𝜼) + 𝜕1(|𝜎(𝜼)|)|𝜕2𝜱(𝜼)|2
}

𝑑𝜂2
|

|

|

≤ ∫

𝑟

−𝑟

{

|𝜕1𝜱(𝜼)|2 + 1
2
|𝐪̃(𝜼)|2 + 1

2
|ℎ(𝜼)∶∇𝜱(𝜼)|2 + |𝜕1𝜎(𝜼)||𝜕2𝜱(𝜼)|2

}

𝑑𝜂2.

(230)

n the second step, we integrated by parts with the boundary conditions in Eq. (221) and the definition of the operator □(𝜼)
hyperbolicity is used here). In the third step, we applied the arithmetic–geometric inequality twice in the form 2𝐚̃ ⋅ 𝐛̃ ≤ |𝐚̃|2 + |𝐛̃|2.
ince ℎ(𝜼) and 𝜎(𝜼) are smooth on [−𝑟, 𝑟]2, the terms in the inequality are bounded as

|ℎ(𝜼)∶∇𝜱(𝜼)|2 ≤ |ℎ(𝜼)|2|∇𝜱(𝜼)|2

≤
𝐶𝜃,𝝎𝐮0 ,𝝎𝐯0

min{𝜎𝜃 , 1}

(

|𝜕1𝜱(𝜼)|2 + |𝜎(𝜼)||𝜕2𝜱(𝜼)|2
)

,

|𝜕1𝜎(𝜼)| ≤
𝐶𝜃
𝜎𝜃

|𝜎(𝜼)|

(231)

for constants 𝐶𝜃,𝝎𝐮0 ,𝝎𝐯0
, 𝐶𝜃 > 0 depending only on 𝜃(𝐱), 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱), and for 𝜎𝜃 from Eq. (202). Applying these estimates to

Eq. (230) yields

𝑑𝐸(𝜂1)
𝑑𝜂1

≤
𝐶Tot𝜃,𝝎𝐮0 ,𝝎𝐯0

min{𝜎𝜃 , 1}
𝐸(𝜂1) +

1
2 ∫

𝑟

−𝑟
|𝐪̃(𝜼)|2𝑑𝜂2 (232)

for a constant 𝐶Tot𝜃,𝝎𝐮0 ,𝝎𝐯0
> 0. Since 𝐸(0) = 0 by the initial data in Eq. (221), Grönwall’s inequality gives the desired bound:

max
−𝑟≤𝜂1≤𝑟

𝐸(𝜂1) ≤ 𝐶 ∫(−𝑟,𝑟)2
|𝐪̃(𝜼)|2𝑑𝐴. (233)

The above inequality bounds the energy of a solution 𝜱(𝜼) to Eq. (221). The analogous bound in Eq. (228) for the approximate
solutions {𝜱(𝑁)(𝜼)} follows from a similar argument using the ODE system in Eq. (225) in place of the PDE. Having eliminated the
possibility that the sequence {𝜱(𝑁)(𝜼)} blows up, one finally defines 𝜱(𝜼) ∶= lim𝑁→∞ 𝜱(𝑁)(𝜼) and checks that it solves the desired
PDE. See Evans (2022) for details. This completes our construction of solutions to the PDE in Eq. (201) in the hyperbolic case, and
inishes the proof of Proposition 6.
43
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Appendix C. One-dimensional solutions of the surface theory

This appendix shows how to solve the surface theory in Eq. (140) under the assumption that the actuation, bend and twist fields
vary along a single direction. Consider a one-dimensional ansatz for 𝜃(𝐱), 𝜅(𝐱) and 𝜏(𝐱) of the form

𝜃(𝐱) ≡ 𝜃(𝐱 ⋅ 𝐬̃), 𝜅(𝐱) ≡ 𝜅(𝐱 ⋅ 𝐬̃), 𝜏(𝐱) ≡ 𝜏(𝐱 ⋅ 𝐬̃) (234)

for a non-zero 𝐬̃ ∈ R2. Substituting the ansatz into Eq. (140) gives the system of ODEs

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜃(𝑠) ∈ (𝜃−, 𝜃+)

𝑑
𝑑𝑠

{

𝜃′(𝑠)

(

𝐯̃0 ⋅ 𝐬̃
−𝐮̃0 ⋅ 𝐬̃

)

⋅ 𝜞 (𝜃(𝑠))

(

𝐮̃0 ⋅ 𝐬̃
𝐯̃0 ⋅ 𝐬̃

)}

=

(

𝜅(𝑠)
𝜏(𝑠)

)

⋅𝜦(𝜃(𝑠))

(

𝜅(𝑠)
𝜏(𝑠)

)

[

(𝐬̃ ⋅ 𝐯̃0)𝐌𝐯0 (𝜃(𝑠)) − (𝐬̃ ⋅ 𝐮̃0)𝐌𝐮0 (𝜃(𝑠))
]

(

𝜅′(𝑠)
𝜏′(𝑠)

)

= 𝜃′(𝑠)𝐌
(

𝜃(𝑠),

(

𝐮̃0 ⋅ 𝐬̃
𝐯̃0 ⋅ 𝐬̃

)

)

(

𝜅(𝑠)
𝜏(𝑠)

)

(235)

here 𝑠 ∶= 𝐱 ⋅ 𝐬̃. This ODE can be solved using the initial conditions (𝜃′(0), 𝜃(0), 𝜅(0), 𝜏(0)) = (𝜁, 𝜃̄, 𝜅̄, 𝜏) under the assumption that 𝜃̄
atisfies

𝜃̄ ∈ (𝜃−, 𝜃+), det
[

(𝐬̃ ⋅ 𝐯̃0)𝐌𝐯0 (𝜃̄) − (𝐬̃ ⋅ 𝐮̃0)𝐌𝐮0 (𝜃̄)
]

≠ 0,
(

𝐯̃0 ⋅ 𝐬̃
−𝐮̃0 ⋅ 𝐬̃

)

⋅ 𝜞 (𝜃̄)
(

𝐮̃0 ⋅ 𝐬̃
𝐯̃0 ⋅ 𝐬̃

)

≠ 0. (236)

hen these conditions hold, Eq. (235) can be written in the standard first order form 𝜱̇(𝑠) = 𝐟 (𝜱(𝑠)) through a change of variables.
solution to the initial value problem therefore exists and is unique on some interval 𝑠 ∈ (0, 𝑠̄), 𝑠̄ > 0, whose extent may depend
n (𝜁, 𝜃̄, 𝜅̄, 𝜏). Such solutions can be constructed numerically using a standard ODE solver.
Fig. 12 from the main text shows examples of one-dimensional solutions for the Miura and Eggbox patterns. In these cases, the

attice vectors 𝐮(𝜃) and 𝐯(𝜃) are orthogonal and can be written as

𝐮(𝜃) = 𝜆𝑢(𝜃)𝐞1, 𝐯(𝜃) = 𝜆𝑣(𝜃)𝐞2 (237)

or scalar functions 𝜆𝑢(𝜃), 𝜆𝑣(𝜃) > 0. These scalars are strictly monotonic in 𝜃, per Lemma 1. Noting that 𝐮0 = 𝐮(0) = 𝜆𝑢(0)𝐞1 and
0 = 𝐯(0) = 𝜆𝑣(0)𝐞2, we apply the one-dimensional ansatz in Eq. (234) with

𝐬̃ = 𝐮̃𝑟0 = (𝜆𝑢(0))−1𝐞̃1 or 𝐬̃ = 𝐯̃𝑟0 = (𝜆𝑣(0))−1𝐞̃2. (238)

his produces the following ODEs for (𝜃(𝑠), 𝜅(𝑠), 𝜏(𝑠)), where again 𝑠 ∶= 𝐱 ⋅ 𝐬̃. Focusing on the 𝐬̃ = 𝐯̃𝑟0 case — the 𝐬̃ = 𝐮̃𝑟0 case is similar
nd omitted — we substitute Eq. (237) into Eq. (235) to obtain

𝑑
𝑑𝑠

[𝜆′𝑢(𝜃(𝑠))
𝜆𝑣(𝜃(𝑠))

𝜃′(𝑠)
]

= 𝜆𝑢(𝜃(𝑠))𝜆𝑣(𝜃(𝑠))
[

𝜏2(𝑠) + 𝜅2(𝑠)𝜆𝑢(𝜃(𝑠))𝜆𝑣(𝜃(𝑠))𝜆′𝑢(𝜃(𝑠))𝜆
′
𝑣(𝜃(𝑠))

]

,

𝜅′(𝑠) = 𝜃′(𝑠)
[

−2
𝜆′𝑣(𝜃(𝑠))
𝜆𝑣(𝜃(𝑠))

−
𝑑
𝑑𝜃 {𝜆𝑢(𝜃(𝑠))𝜆

′
𝑢(𝜃(𝑠))}

[𝜆𝑢(𝜃(𝑠))𝜆′𝑢(𝜃(𝑠))]

]

𝜅(𝑠),

𝜏′(𝑠) = −2𝜃′(𝑠)
𝜆′𝑢(𝜃(𝑠))
𝜆𝑢(𝜃(𝑠))

𝜏(𝑠).

(239)

he general solutions to the last two equations are

𝜅(𝑠) =
𝑐𝜅

𝜆𝑢(𝜃(𝑠))𝜆2𝑣(𝜃(𝑠))𝜆′𝑢(𝜃(𝑠))
, 𝜏(𝑠) =

𝑐𝜏
𝜆2𝑢(𝜃(𝑠))

(240)

or arbitrary constants 𝑐𝜅 , 𝑐𝜏 . The first equation becomes

𝑑
𝑑𝑠

[𝜆′𝑢(𝜃(𝑠))
𝜆𝑣(𝜃(𝑠))

𝜃′(𝑠)
]

= 𝑐2𝜏
𝜆𝑣(𝜃(𝑠))
𝜆3𝑢(𝜃(𝑠))

+ 𝑐2𝜅
𝜆′𝑣(𝜃(𝑠))

𝜆2𝑣(𝜃(𝑠))𝜆′𝑢(𝜃(𝑠))
. (241)

his ODE can be solved given choices of 𝑐𝜅 , 𝑐𝜏 and initial conditions (𝜃(0), 𝜃′(0)) = (𝜃̄, 𝜁 ).
We compute the soft modes in Fig. 12 using this ansatz as follows. First, we parameterize 𝜆𝑢(𝜃) and 𝜆𝑣(𝜃) according the mechanism

of a given design. Then, we substitute this parameterization into the ODE in Eq. (241) and solve it numerically for suitable choices
of 𝑐𝜅 , 𝑐𝜏 and (𝜃(0), 𝜃′(0)) = (𝜃̄, 𝜁 ). Next, we substitute the bend 𝜅(𝐱) ≡ 𝜅(𝐱 ⋅ 𝐯̃𝑟0), twist 𝜏(𝐱) ≡ 𝜏(𝐱 ⋅ 𝐯̃𝑟0) and actuation 𝜃(𝐱) ≡ 𝜃(𝐱 ⋅ 𝐯̃𝑟0)
fields back into Eq. (138) to produce compatible 𝝎𝐮0 (𝐱) and 𝝎𝐯0 (𝐱). From these two vector fields, we build the rotation field 𝐑eff(𝐱)
numerically by first solving the ODE

𝑑
𝑑𝜂1

𝐑eff(𝜂1𝐮̃0) = 𝐑eff(𝜂1𝐮̃0)
[

𝝎𝐮0 (𝜂1𝐮̃0) ×
]

subject to 𝐑eff(𝟎) = 𝐈, (242)

and then by solving the complementary set of ODEs
𝑑 𝐑eff(𝜂̄1𝐮̃0 + 𝜂2𝐯̃0) = 𝐑eff(𝜂̄1𝐮̃0 + 𝜂2𝐯̃0)

[

𝝎𝐯 (𝜂̄1𝐮̃0 + 𝜂2𝐯̃0) ×
]

(243)
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𝑑𝜂2 0
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using the initial condition 𝐑eff(𝜂̄1𝐮̃0) supplied by the solution to Eq. (242). This two-step approach produces the desired rotation
fields because 𝝎𝐮0 (𝐱),𝝎𝐯0 (𝐱) and 𝜃(𝐱) are compatible per Eq. (40). We construct the effective deformation 𝐲eff(𝐱) numerically in the
ame fashion, using the solved for 𝜃(𝐱) and 𝐑eff(𝐱). Finally, we substitute these effective fields into the construction in Section 4.2
o obtain the origami deformations.
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