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RANDOM WALK ON GROUP EXTENSIONS

ALIREZA SALEHI GOLSEFIDY AND SRIVATSA SRINIVAS

Abstract. We study random walks on various group extensions. Under cer-

tain bounded generation and bounded scaled conditions, we estimate the spec-

tral gap of a random walk on a quasi-random-by-nilpotent group in terms of

the spectral gap of its projection to the quasi-random part. We also estimate

the spectral gap of a random-walk on a product of two quasi-random groups

in terms of the spectral gap of its projections to the given factors. Based on

these results, we estimate the spectral gap of a random walk on the Fq-points

of a perfect algebraic group G in terms of the spectral gap of its projections

to the almost simple factors of the semisimple quotient of G. These results

extend a work of Lindenstrauss and Varjú and an earlier work of the authors.

Moreover, using a result of Breuillard and Gamburd, we show that there is an

infinite set P of primes of density one such that, if k is a positive integer and

G “ U¸pSL2qm
Q

is a perfect group and U is a unipotent group, then the family

of all the Cayley graphs of GpZ{
śk

i“1 piZq, pi P P, is a family of expanders.
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1. Introduction and statement of main results

Suppose X1, X2, . . . is a sequence of independent identically distributed (i.i.d.)
random-variables with values in a finite group G and the probability law of Xi’s is
given by the probability measure μ. For a positive integer �, an �-step random walk
on G with respect to the measure μ is given by

Xp�q :< X�X�´1 ¨ ¨ ¨X1.
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The probability law of Xp�q is given by the �-fold convolution

μp�q :< μ ˚ ¨ ¨ ¨ ˚ μloooomoooon
� times

of μ. In general, if X and Y are two independent random-variables with probability
laws μX and μY , respectively, then the probability law of XY is given by

pμX ˚ μY qpxq :<
ÿ

x1PG

μXpx1qμY px1´1xq.

We say a measure μ is symmetric if μpxq < μpx´1q for every x P G. We say a
random-variable X is symmetric if its probability law is symmetric. Let

Tμ : L2pGq Ñ L2pGq, Tμpfq :< μ ˚ f.

When μ is a symmetric measure, Tμ is a self-adjoint operator, and so it has orthonor-
mal basis with real eigenvalues. Moreover, considering Tμpfq < ř

xPG μpxqx ¨ f
where px ¨ fqpx1q :< fpx´1x1q, we can see that Tμ is an averaging operator, and so
its operator norm }Tμ}op is 1. Assuming the support μ generates G, no non-zero
element in the space L2pGq˝ of functions orthogonal to the constant functions is
fixed by Tμ. We define the spectral gap of μ to be

λpμq :< }Tμ|L2pGq˝ }op,

and inspired by the definition of the Lyapunov exponent, we let Lpμq :< ´ log λpμq.
For a random-variable X, we let λpXq :< λpμXq and LpXq :< LpμXq, where μX is
the probability law of X.

The main goal of this article is to start with a group extension

1 Ñ B Ñ G
πÝÑ H Ñ 1

and a random-walk with respect to a random-variable X with values in G, and
control the spectral gap λpXq in terms of group properties of H and B, and the
spectral gap of properties of πpXq (and if needed, the spectral gap of the induced
random-walk on G{H). The first result of this type is due to Lindenstrauss and
Varjú. In [24], they consider the following splitting short exact sequence

1 Ñ Fn
p Ñ ASLnpFpq πÝÑ SLnpFpq Ñ 1,

and show that the following statement holds: suppose X is a symmetric random-
variable with values in ASLnpFpq whose range generates ASLnpFpq. Suppose X is
uniformly distributed on its range and its range has k0 elements. Then LpXq has a
positive lower bound which depends only on LpπpXqq, n, and k0. In the mentioned
work, authors asked if a similar type of result holds for SL2pFpq ˆ SL2pFpq. In [13],
we give an affirmative answer to this question. Here, we give many results of this
nature. In particular, we prove a generalization of Lindenstrauss-Varjú’s result by
studying quasi-random-by-nilpotent groups. Moreover, we generalize our earlier
work from SL2pFpq ˆ SL2pFpq to a product of finite almost simple groups of Lie
type.
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We take an axiomatic approach and isolate certain group theoretic conditions
for H and B, in order to be able to study a random-walk on an extension G of H
by B. These conditions are labelled by (G1)-(G9) and have the following two main
characteristics:

(1) (Bounded scaled) The maximum length of chain of normal subgroups is
bounded; this means the given bound for LpXq (indirectly) depends on
this number.

(2) (Bounded generation) For actions on various algebraic structures, we ask
to obtain the smallest substructure which contains an element x using the
orbit of x in bounded number of steps ; again this means the given bound
for LpXq depends on this number.

To go over our main results, we state these group theoretic conditions. These
conditions and the results will be restated in the relevant sections. In what follows
c, Ci’s, m0, and d0 are positive numbers that we treat as constants. We refer the
reader to Section 2 for the undefined notation.

(G1) H is a c-quasi-random group; that means deg π ě |H|c for every non-trivial
representation π of H (see Section 2.3 for further discussion).

(G2) |ZpHq| ď log |H|, where ZpHq is the center of H.
(G3) For every x P H,

ZpHqpś
C1

Clpxqqpś
C1

Clpxqq´1 Ě Nx,

where Clpxq is the conjugacy class of x and Nx is the normal closure of the
group generated by x; that means this is the smallest normal subgroup of
H which contains x.

(G4) A is a ZrHs-module where ZrHs is the group ring of H over Z.
(G5) |A| ď |H|C2 .
(G6) For every x P A, ś

C3
Ox

ś
C3

O´1
x < Mx,

where Ox is the H-orbit of x and Mx is the ZrHs-submodule generated by
x.

(G7) U is a finite nilpotent group of nilpotency class m0.
(G8) There is a unital commutative ring R such that

LpUq :<
m0à
i“1

γipUq{γi`1pUq

is a Lie algebra over R, where γipUq is the i-th lower central series of U .
Moreover, γ1pUq{γ2pUq can be generated by d0 elements as an R-module.

(G9) The following is a short exact sequence

1 Ñ U ãÑ G
πÝÑ H Ñ 1,

and G{γ2pUq is c-quasi-random.

Theorem A (Product of quasi-random groups). Suppose HL and HR are two finite
groups which satisfy (G1)–(G3). Suppose

C´1
4 log |HR| ď log |HL| ď C4 log |HR|.

Suppose X :< pXL, XRq is a symmetric random-variable with values in G :< HL ˆ
HR whose range generates G. Suppose there exist positive numbers c0 and α0 such
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that

LpXLq ě c0, LpXRq ě c0, and PpX < xq ě α0

for every x in the range of X. Then, LpXq " mintc0, 1u, where the implied constant
depends only on the given constants in (G1)–(G3).

Let’s point out that SL2pFpq satisfies (G1)–(G3). Therefore, the special case of
Theorem A for HL < HR < SL2pFpq gives an affirmative answer to the question
of Lindenstrauss and Varjú; this case was discussed in the author’s earlier work
(see [13]).

Theorem B (Quasi-random-by-Abelian groups). Suppose H and A satisfy (G1),
(G4), (G5), and (G6). Suppose G is an extension of H by A; that means there is
a short exact sequence

1 Ñ A ãÑ G
πÝÑ H Ñ 1.

Suppose Z is a symmetric random-variable with values in G whose range generates
G. Suppose there exist positive numbers c0 and α0 such that

LpπpZqq ě c0 and PpZ < zq ě α0

for every z in the range of Z. Then LpZq " mintc0, 1u where the implied constant
depends only on the given parameters c, Ci’s given in (G4)–(G6), and α0.

Since the pair of groups H :< SLnpFpq and A :< Fn
p clearly satisfy conditions

(G1) and (G4)-(G6), Theorem B is generalization of the mentioned result of Lin-
denstrauss and Varjú. We show that these conditions hold for H :< HpF q and
A :< VpF q if H is a connected, simply-connected, semisimple F -group where F

is a finite field of characteristic larger than the square of the dimension of V and
VpF q does not have a non-zero HpF q-fixed point (see Proposition 44). Hence, by
Theorem B, we can control spectral gap of a random-walk on an H-by-A extension
by the spectral gap of the projection to H. Notice, here, we do not assume that
the given short exact sequence splits; therefore Theorem B can be applied to both
of the following short exact sequences

1 Ñ slnpFpq Ñ SLnpZ{p2Zq Ñ SLnpFpq Ñ 1,

and

1 Ñ slnpFqq Ñ SLnpFqrts{xt2yq Ñ SLnpFqq Ñ 1,

for every prime p ą pn2 ´ 1q2 and every q which is a power of p.
It is worth pointing out that in [1], Alon, Lubotzky, and Wigderson studied

random-walks in the finite group

(1) Kp :< Fp`1
2 ¸ SL2pFpq,

where p is a prime, Fp`1
2 is identified with the set

F
P1pFpq
2 :< tf : P1pFpq Ñ F2u

of functions from the Fp-points of the projective line P1 to the finite field F2 with

two elements, and SL2pFpq acts on F
P1pFpq
2 by left-translations. In [1, Theorem 4.2],

it is proved that for every prime p, there is a symmetric random-variable Zp with
values in Kp such that

LpπpZpqq ě c0, and PpZ < zq < 1

8
,
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where c0 is a fixed positive number and z is in the range of Z, and at the same
time,

LpZpq ď ´ log

ˆ
1 ´ 2

p ` 1

˙
! 1

p ´ 1
.

This example shows the importance of the conditions (G5) and (G6).
Our next result together with Theorem B allows us to control the spectral gap

of a random-walk on a quasi-random-by-nilpotent group.

Theorem C (Quasi-random-by-nilpotent). Let G be a finite group and U a normal
subgroup of G. Suppose U is a nilpotent group which satisfies (G7) and (G8).
Suppose G{γ2pUq is c-quasi-random, where γ2pUq is the commutator subgroup of
U . Let π : G Ñ G{γ2pUq be the natural quotient map. Suppose X is a symmetric
random-variable with values in G, and LpπpXqq ě c0 where c0 is a positive number.
Then LpXq " c0 where the implied constant depends only on the parameters m0,
d0, and c.

The following theorems can be viewed as sample results that can be obtained
using Theorems A, B, and C. To formulate these theorems, we have to introduce
a few notation.

Suppose H and U are subgroups of pGLnqQ with the following properties:

(1) H is a connected, simply connected, semisimple group, and Hi’s are its
Q-almost simple factors.

(2) U is a subgroup of the upper-triangular unipotent matrices.
(3) G :< H ˙ U is a perfect group.

Let Hi, U , and G be the closures of Hi, U, and G in pGLnqZ, respectively. Suppose
p1, . . . , pk are large enough primes, depending only on G Ď pGLnqQ (see Section 8
for a more precise information on how large pi’s should be). Suppose Fi is a

finite field of characteristic pi, and let Hi,j :< HipFjq, G :< Gpśk
i“1 Fiq, and

U :< Upśk
i“1 Fiq. Then the following is a splitting short exact sequence

1 Ñ U Ñ G Ñ ‘i,jHi,j Ñ 1,

where ‘i,jHi,j is the direct sum of these groups.

Theorem D (Perfect to simple factors: finite fields). In the setting of the previous
paragraph, suppose Z :< pX1,1, . . . , Xs,k, Y q is a symmetric random-variable with
values in G where Xi,j is a random-variable with values in Hi,j and Y is a random-
variable with values in U . Assume the range of Z generates G. Suppose c0 and α0

are positive numbers such that for every integer j in r1, ss and i in r1, ks,
LpXj,iq ě c0 and PpZ < zq ě α0

for every z in the range of Z. Then LpZq " mintc0, 1u, where the implied constant
depends on dimG, k (number of fields), and α0.

Roughly, Theorem D states that the problem of understanding the spectral gap

of a random-walk in the
śk

i“1 Fi-points of a perfect group can be reduced to the
one for the Fi-points of its almost simple factors. Next, we prove a similar result
for the Z{qZ-points of a perfect group where q has a bounded number of prime
factors.

Suppose G is as above, v0 is a fixed positive integer, and qs is a square-free
positive integer such that gcdpqs, q0q < 1. Suppose pi’s are distinct prime fac-
tors of qs. Let q :< qv0s , Uq :< UpZ{qZq, Gq :< GpZ{qZq, Hq :< HpZ{qZq,
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Hj,i :< HjpZ{pv0i Zq, and Hj,i :< HjpZ{piZq. Then we get the following short
exact sequences

1 Ñ Uq Ñ Gq Ñ
sà

j“1

kà
i“1

Hj,i

looooomooooon
Hq

Ñ 1,

and for every i and j

1 Ñ Hj,irpis Ñ Hj,i

πpiÝÝÑ Hj,i Ñ 1,

where πpi
is the residue modulo pi map and Hj,irpis is its kernel.

Theorem E (Perfect to simple factors: bounded number of prime factors). Suppose
Gq, Hq, Hj,i’s, and Uq are as in the setting in the previous paragraph. Suppose
Z :< pX1,1, . . . , Xs,k, Y q is a symmetric random-variable with values in Gq where
Xj,i is a random-variable with values in Hj,i and Y is a random-variable with values
in Uq. Assume the range of Z generates G. Suppose c0 and α0 are positive numbers
such that for every integer j in r1, ss and i in r1, ks,

Lpπpi
pXj,iqq ě c0 and PpZ < zq ě α0

for every z in the range of Z. Then LpZq " mintc0, 1u where the implied constant
depends on dimG, k (number of prime factors), α0, and v0 (the power of prime
factors).

Theorems D and E have immediate consequences on the study of strong uniform
expansion in finite groups. For a finite group G which can be generated by k

elements, let

genkpGq :< tS Ď G | S < S´1, S generates G, |S| ď 2ku,
and

LG,k :< mintLpUSq |
US is a uniform random-variable with values in S, S P genkpGqu.

The question of studying LG,k is raised by Lubotzky and Weiss (see [26]). They
ask the following basic question.

Question. Suppose tGiui is a family of finite groups and Si, S
1
i P genkpGiq for

every i. Does infi LpUSi
q ą 0 imply infi LpUS1

i
q ą 0, where US is a uniform random-

variable with values in S?

In general, the answer to this question is negative. This was first showed in [1] us-
ing the concept of zig-zag product of graphs. In fact, Alon, Lubotzky, and Wigder-
son proved that there are Sp, S

1
p P gen16pKpq, where Kp is the group given in (1),

such that

inf
p
LpUSp

q ą 0 and inf
p
LpUS1

p
q < 0.

The family of symmetric groups is another example that provides a negative an-
swer to the Lubotzky-Weiss Question. In his seminal work, Kassabov (see [20])
proved that there is an integer k and Sn P genkpSympnqq where Sympnq is the
symmetric group such that infn LpUSn

q ą 0. It is easy to see that infn LpUS1
n

q < 0,

where S1
n :< tp1 2q, p1 2 ¨ ¨ ¨nq˘1u (see [21, Proposition 3.5.8] or [8, §3, Ex. 1]). A

first affirmative answer to the Lubotzky-Weiss question is given by Breuillard and
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Gamburd (see [5]). They proved that there is a function ε : R` Ñ R` such that
lim·Ñ0 εpδq < 0 and the cardinality of

(2) E·pXq :< tp ď X | LSL2pFpq,2 ă δu

is at most X¸p·q. Let E· :< Ť8
X“2 E·pXq. Using Theorem E and the mentioned

result of Breuillard and Gamburd, we obtain Corollary F.

Corollary F (Strong uniform expansion). In the setting of Theorem E, for every
positive integer s ě 2,

LGq,s " mintLπpi
pHj,iq,sui,j ,

where the implied constant depends only on dimG, k (number of prime factors), s,
and v0. In particular, if in the mentioned setting G < pSL2qmQ ˙ U, then for every
δ ą 0,

inftLGq,2 | q < pp1 . . . pkqv0 , pi P E·u ą 0.

2. Notation and preliminary results

2.1. Conventions. For a finite group G, we endow L2pGq with the inner product

xf, gy :<
ÿ

xPG

fpxqgpxq,

where f, g P L2pGq. For f P L2pGq, f̌ P L2pGq is given by

f̌pxq :< fpx´1q.
Note that if X is a random variable with values in a group G and probability law
μ, then the probability law of X´1 is μ̌.

For a finite group G and f, g P L2pGq, the convolution of f and g is defined as
follows

f ˚ gpxq :<
ÿ

yPG

fpyqgpy´1xq.

Suppose a finite group G acts on a finite set H. For a function f P L2pGq and
g P L2pHq, we let b : L2pGq ˆ L2pHq Ñ L2pHq be

f b gpxq :<
ÿ

yPG

fpyqgpy´1 ¨ xq

for every x P H. We call b the convolution associated to G ñ H.
For every finite set A, μA is the probability counting measure on A.
For a subset A of a finite group G and a positive integer k, we let

ś
k A < ta1 . . . ak| ai P Au.

For a random-variable X with finite range, the Rényi entropy of X is

H2pXq :< ´ log

ˆÿ

x

PpX < xq2
˙
.

For a group U and a positive integer i, let γipUq be its i-th lower central series ;
that means γ1pUq :< U , and for every positive integer i, γi`1pUq :< rU, γipUqs
is the group generated by all the commutators rx, ys :< xyx´1y´1 for x P U and
y P γipUq. We say a group U is of nilpotency class m0 if γm0`1pUq < 1. For every
group G, Gab :< G{rG,Gs is the Abelianization of G.
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2.2. Entropy gain of Bourgain-Gamburd. Bourgain and Gamburd in their
seminal work [2] proved that multiplying two random-variables substantially in-
creases the Rényi entropy unless there is an algebraic reason for it. The following
is a formulation of their result (see [12, 31] or [13, Proposition 16]).

Proposition 1. Let G be a finite group. Suppose X and Y are two independent
random-variables with values in G, and K ě 2. If

H2pXY q ď H2pXq ` H2pY q
2

` logK,

then there are A Ď G and a universal fixed positive number R with the following
properties.

(1) (Approximate structure) A is KR-approximate subgroup; that means A is
symmetric, 1 P A, and there is a subset B of A ¨A such that |B| ď KR and
A ¨ A Ď A ¨ B X B ¨ A.

(2) (Controlling the size) | log |A| ´ H2pXq| ď R logK.
(3) (Almost equidistribution) For every a P A, PpX 1X < aq ě 1

KR|A| where X 1

is an independent random-variable whose distribution is identical with the
distribution of X´1.

2.3. Quasi-random groups and spectral gap. For a finite group G, let pG be the
set of irreducible unitary subrepresentations of the regular representation L2pGq.
For a positive number c, we say a finite group G is c-quasi-random if deg π ě
|G|c for every non-trivial π P pG (see [15]). Notice if every non-trivial (complex)
representation of G is of dimension at least |G|c. Hence if a c-quasi-random group
G has a non-trivial action on a finite set X, then |X| ě |G|c as the given action
induces a (unitary) representation on L2pXq. Therefore every proper subgroup H

of G is of index at least |G|c as G ñ G{H by left-translations.
For a symmetric measure μ on G, Tμ : L2pGq Ñ L2pGq, Tμpfq :< f ˚ μ is a

self-adjoint operator, and λpμq is equal to the maximum of the absolute value of
eigenvalues of Tμ|L2pGq˝ . Therefore for every positive integer �,

Lpμp�qq < �Lpμq,

where Lpμq < ´ log λpμq. The following is a result of Gowers (see [13, Lemma 7]
for the given formulation).

Proposition 2. Suppose G is a c-quasi-random group where c is a positive number.
Suppose X is a symmetric random variable with values in G. For a positive integer
�, let X� be an �-step random walk with respect to X. If H2pX�0q ě p1 ´ c

2
q log |G|

for some positive integer �0 ď C log |G|, then LpXq ě c
4C

.

Gowers also proved the following product result for large subsets of a quasi-
random group.
Theorem 3. Suppose G is a c-quasi-random group where c is a positive number.
If A1, A2, A3 are subsets of G and

log |A1| ` log |A2| ` log |A3|
3

ě p1 ´ c{3q log |G|,

then A1 ¨ A2 ¨ A3 < G.
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2.4. Group action and spectral gap. Suppose G is a finite group and H is a
finite set, and G acts on H. For f P L2pHq and x P G, we let px ¨fqpyq :< fpx´1 ¨yq.
Then px, fq ÞÑ x ¨f defines a group action of G on L2pHq. The set of G-fixed points
under this action is denoted by L2pHqG, and this is a subspace of L2pHq. The
function

b : L2pGq ˆ L2pHq Ñ L2pHq, f b g :<
ÿ

yPG

fpyq y ¨ g

is bilinear. If X is a random variable with values in G and probability law μ, and Y

is a random variable with values in H and probability law η, then the probability
law of X ¨ Y is given by μ b η.

Then for μ, ν P L2pGq and f P L2pHq, we have

μ b pν b fq < pμ ˚ νq b f.

By the discussion in [13, Section 2.3], we have the following result.

Lemma 4. Suppose G is a finite group, H is a finite set, and G acts on H. Suppose
μ is a probability measure on G and μG is the probability counting measure on G.
Then the following statements hold.

(1) For every f P L2pHq, μG b f is the orthogonal projection of f to the space
L2pHqG of G-fixed functions.

(2) For every f P L2pHq, we have

}pμ ´ μGq b f}2 ď λpμq}f}2.

3. Random walks induced by shifted-automorphism group actions

3.1. Basics of shifted-automorphism group actions. We say an actionG ñ H

of a group G on a group H is a shifted-automorphism group action if there is a group
homomorphism φ : G Ñ AutpHq and a function c : G Ñ H such that

x ¨ y < cpxqpφpxqqpyq
for every x P G and y P H. We refer to φpxq as the automorphism part of the action
of x and to cpxq as the translation part of the action of x (see [13, Section 3]).

In order to get a basic understanding of shifted-automorphism group actions, we
recall the definition of the holomorph of a group. The holomorph of a group H is the
semidirect productH¸AutpHq ofH and its group of automorphisms AutpHq where
AutpHq acts on H in the natural way, θ ¨y :< θpyq. The holomorph of H is denoted
by HolpHq. Lemma 5 gives us a basic characterization of shifted-automorphism
actions.

Lemma 5. For two groups G and H, the following statements hold.

(1) The holomorph of H acts on H via py, θq ¨y1 :< yθpy1q, and this is a shifted-
automorphism group action.

(2) An action G ñ H is a shifted-automorphism group action if and only if
there is a group homomorphism f : G Ñ HolpHq such that x ¨ y < fpxq ¨ y
for every x P G and y P H.

Proof. For every py1, θ1q, py2, θ2q P HolpHq and y P H, we have

(3) ppy1, θ1qpy2, θ2qq ¨ y < py1θ1py2q, θ1θ2q ¨ y < y1θ1py2qθ1pθ2pyqq,
and

(4) py1, θ1q ¨ ppy2, θ2qq ¨yq < py1, θ1q ¨ py2θ2pyqq < y1θ1py2θ2pyqq < y1θ1py2qθ1θ2pyqq.
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By (3) and (4), we obtain that this map defines a group action, and clearly it is a
shifted-automorphism action.

Suppose the action G ñ H is a shifted-automorphism group action, its automor-
phism part is given by φ : G Ñ H and its translation part is given by c : G Ñ H.
Let

f : G Ñ HolpHq, fpxq < pcpxq, φpxqq.
Then for every x1, x2 P G and y P H, from px1x2q ¨ y < x1 ¨ px2 ¨ yq, we deduce that
the following holds,

(5) cpx1x2qφpx1x2qpyq < cpx1qφpx1qpcpx2qφpx2qpyqq.
Letting y < 1H in (5), we obtain that

(6) cpx1x2q < cpx1qφpx1qpcpx2qq
for every x1, x2 P G. From (6), it follows that f is a group homomorphism. Notice
that for every x P G and y P H, we have

x ¨ y < cpxqφpxqpyq < fpxq ¨ y.
The converse is clear. �

Lemma 6 gives us two important examples of shifted-automorphism actions that
are of central importance in this work.

Lemma 6.

(1) For every group H, the following map defines a transitive, shifted-automor-
phism group action H ˆ H ñ H, pxL, xRq ¨ y :< xLyx

´1
R . Moreover

the automorphism and the translation parts of this action are given by
φpxL, xRqpyq < xRyx

´1
R and cpxL, xRq :< xLx

´1
R , respectively.

(2) Suppose H and U are two groups, and φ : H Ñ AutpUq is a group ho-
momorphism. Let G :< U ¸ H be the semidirect product given by the
homomorphism φ. Then the following map defines a transitive, shifted-
automorphism group action G ñ U , pu, yq ¨ u1 :< uφpyqpu1q.

Proof. Proof is easy and left to reader. �

3.2. Gowers’s U2-norm and shifted-automorphism actions. Let us recall
that for a group action G ñ H, a probability measure μ on G and f, g P L2pHq,
pμ b fqpyq :<

ş
G

px ¨ fqpyqdμpxq for every y P H, and f ˚ g is the convolution of f
and g.

In [13], a non-commutative version of Gowers’s U2-norm and its connection with
random walks have been discussed. Here we recall some of the crucial results.

Lemma 7. Suppose G and H are two finite groups and G ñ H is a shifted-

automorphism action. For f P L2pHq, let f̌phq :< fph´1q and |||f ||| :< }f̌ ˚ f}1{2
2 .

Then the following statements hold.

(1) ||| ¨ ||| is a norm and }f}2 ď |||f ||| for every non-negative f P L2pHq.
(2) For every x P G and f P L2pHq, |||x ¨ f ||| < |||f |||.
(3) For every probability measure μ on G and f P L2pHq, |||μ b f ||| ď |||f |||.

Proof. See [13, Lemma 9]. �

The next lemmas help us compare the randomness gained by a shifted-automor-
phism action and its automorphism part. These results are essentially proved in
[13, Lemma 4 and Corollary 11].
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Lemma 8. Suppose G ñ H is a shifted-automorphism whose automorphism and
translation parts are given by φ : G Ñ AutpHq and c : G Ñ H. Suppose Xp1q, Xp2q

are two i.i.d. random variables with values in G and Y p1q, Y p2q are two i.i.d. with
values in H. Then

H2ppXp1q ¨ Y p1qq´1pXp2q ¨ Y p2qqq ě H2pφpXp1qqpY p1q´1
Y p2qqq.

Proof. By [13, Lemma 4], we have

H2ppXp1q ¨ Y p1qq´1pXp2q ¨ Y p2qqq ě H2ppXp1q ¨ Y p1qq´1pXp1q ¨ Y p2qqq.

Notice that

pXp1q ¨ Y p1qq´1pXp1q ¨ Y p2qq < pcpXp1qqφpXp1qqpY p1qqq´1pcpXp1qqφpXp1qqpY p2qqq

< φpXp1qqpY p1q´1
Y p2qq,

and the claim follows. �

We will be using the measure theoretic formulation of Lemma 8 which is given
next.

Lemma 9. Suppose G ñ H is a shifted-automorphism action whose automorphism
part is given by φ : G Ñ AutpHq. Then for every probability measure η on H, the
following holds

|||μ b η|||2 ď }φrμs b pη̌ ˚ ηq}2,

where the second b : L2pφpGqq ˆ L2pHq Ñ L2pHq is given based on the automor-
phism action of φpGq on H.

Proof. Let Xp1q, Xp2q, Y p1q, and Y p2q be two independent random variables such
that the probability law of Xpiq’s is μ and the probability law of Y piq’s is η. Then
the probability law of

pXp1q ¨ Y p1qq´1pXp2q ¨ Y p2qq

is p­μ b ηq ˚ pμ b ηq, and the probability law of

φpXp1qqpY p1q´1
Y p2qq

is φrμs b pη̌ ˚ ηq. Hence the claim follows from Lemma 8. �

The mentioned norm has another (rather easier) application which has been
mentioned in [24, Lemma 5]. Here we quote the formulation presented in [13,
Lemma 13]. This result roughly says that if η̌ ˚ η is almost a point mass at the
identity, then η is almost a point mass.

Lemma 10. Suppose that η is a probability measure on a finite group H and
}η}8 ă κ}η}2 where κ is a positive number less than

?
2. Then we have

|||η|||2 ě
a
2 ´ κ2 η̌ ˚ ηp1q.
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3.3. Gaining initial entropy in a shifted-automorphism random-walk. The
main goal of this section is to prove Theorem 11.

Theorem 11. Suppose G and H are finite groups, and G acts on H.
(H1) (Action) G ñ H is a transitive shifted-automorphism action whose auto-

morphism and translation parts are given by φ and c.
(H2) (Automorphism action) There is a positive number c such that for every

φpGq-orbit O Ď H we have that either O < t1u or |O| ě |H|c ą 2.
(H3) (Random-variable) Suppose X is a symmetric random-variable with values

in G whose range generates G, and for some positive numbers c0 and α0, we have

LpφpXqq ě c0 and PpX < xq ě α0

for every x in the range of X.
Then there exist constants L "c,c0,α0

1 and C "α0
1 such that for every random-

variable Y which has values in H and is independent of X and every integer � ě
L log |H| we have

H2pX� ¨ Y q ě c

2
log |H| ´ C,

where X� is an �-step random-walk with respect to X.

A result of this type is proved for the affine action of G :< SLnpFpq˙Fn
p on H :<

Fn
p in [24, Theorem 2] and for the left-right action of G :< PSL2pFpq ˆ PSL2pFpq

on H :< PSL2pFpq in [13, Lemma 5].
It is worth pointing out that if G is c-quasi-random, then

|G|c ď |H| ď |G|
as G ñ H is transitive. Moreover every φpGq-orbit in H with more than 1 element
has at least |G|c many elements. Hence assuming G is c-quasi-random, we can
replace the hypothesis (H2) with the following.

(H2’) The only φpGq-fixed point in H is 1.

Here we present an almost identical argument as in the proof of [13, Lemma 5].
Only a few changes are needed.

Proof of Theorem 11. Choose 0 ă κ0 ă 1 such that
a
α2
0 ` p1 ´ α0q2 `

a
1 ´ κ2

0.
Suppose η is the probability law of Y . We are going to consider two cases.

Case 1 (Suppose }η}8{}η}2 ą κ0). In this case, there is x0 P G such that ηpx0q2 ą
κ2
0}η}22. Let ηK

x0
:< η1Gztx0u where 1Gztx0u is the characteristic function of Gztx0u.

Since ηK
x0

and μx0
are perpendicular and η < ηpx0qμtx0u ` ηK

x0
, we have }η}22 <

ηpx0q2 ` }ηK
x0

}22. Therefore
(7) }ηK

x0
}22 ă p1 ´ κ2

0q}η}22.
By (7), we obtain that

}μ b η}2 ďηpx0q}μ b μtx0u}2 ` }μ b ηK
x0

}2 ď ηpx0q}μ b μtx0u}2 ` }ηK
x0

}2

ďηpx0q}μ b μtx0u}2 `
b
1 ´ κ2

0 }η}2.(8)

Notice that

(9) μ b μtx0u <
ÿ

yGx0
PG{Gx0

μpyGx0
qμty¨x0u,
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where Gx0
is the stabilizer subgroup of G with respect to x0. Since there are no

G-orbits of order 2 in H, by [13, Lemma 15], μpyGx0
q ‰ 1 for every y. Because the

minimum of μ in its support is α0, by (9) we deduce that

(10) }μ b μtx0u}2 ď
b
α2
0 ` p1 ´ α0q2.

Hence by (10) and (8), we obtain that

(11) }μ b η}2 ď
ˆb

α2
0 ` p1 ´ α0q2 `

b
1 ´ κ2

0

˙
}η}2.

Case 2 (Suppose that }η}8{}η}2 ď κ0). Choose 0 ă κ1 ă 1 such that p2´κ2
0q´1{2`

2κ1 ă 1. Since LpφpXqq ě c0, there is a positive integer �0 which is bounded by a
function of c0 and κ1 such that λpφpX�0qq ă κ1 whereX�0 is an �0-step random-walk
with respect to X. Let ν :< μp�0q, and so λpφrνsq ă κ1.

By Lemma 9, we obtain that

(12) |||ν b η|||2 ď }φrνs b pη̌ ˚ ηq}2 ď }pφrνs ´μφpGqq b pη̌ ˚ ηq}2 ` }μφpGq b pη̌ ˚ ηq}2.
Therefore by (12) and Lemma 4, we deduce that

(13) |||ν b η|||2 ď κ1|||η|||2 ` }μφpGq b pη̌ ˚ ηq}2.
Notice that t

a
|O|μOuOPφpGqzH is an orthonormal basis of the space L2pHqφpGq of

φpGq-invariant functions in L2pHq where φpGqzH is the set of φpGq-orbits inH. Hence
by Lemma 4, we obtain

(14) μφpGq b pη̌ ˚ ηq <
ÿ

OPφpGqzH

|O| xμO, η̌ ˚ ηyμO <
ÿ

OPφpGqzH

pη̌ ˚ ηqpOqμO.

By (14), we have

(15) }μφpGq b pη̌ ˚ ηq}2 ď
ÿ

OPφpGqzH

pη̌ ˚ ηqpOq }μO}2.

By the hypothesis (H2), for every O PφpGq zH , we have that either O < t1u or
|O| ě |H|c. Therefore by (15), we obtain

(16) }μφpGq b pη̌ ˚ ηq}2 ď η̌ ˚ ηp1q ` |H|´c{2.

By (16), (13), and Lemma 10, we deduce that

(17) |||ν b η|||2 ď κ1|||η|||2 ` p2 ´ κ2
0q´1{2|||η|||2 ` |H|´c{2.

Let β :< maxt
a
α2
0 ` p1 ´ α0q2 `

a
1 ´ κ2

0, 2κ1 ` p2 ´ κ2
0q´1{2u. By (11) and (17),

at least one of the following three inequalities holds. Either

(18) }ν b η}2 ď β}η}2, or |||ν b η|||2 ď β|||η|||2 or |||η|||2 ď κ´1
1 |H|´c{2.

Applying (18) repeatedly, by part (3) of Lemma 5, we deduce that for every integer
� ą 2c log |H|{p´ log βq at least one of the following inequalities holds. Either

(19) }ν� b η}2 ď β�{2 ď |H|´c or |||νp�q
b η|||2 ď β�{2 ď |H|´c

or |||νp�q
b η|||2 ď κ´1

1 |H|´c{2.

By (19) and part (1) of Lemma 7, for every integer � ą 2c
´ log β

log |H|, the following
holds

}νp�q
b η}22 ď κ´1

1 |H|´c{2,
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which means that for every integer � ą 2�0c
´ log β

log |H|

H2pX� ¨ Y q ě c

2
log |H| ` log κ1.

This finishes proof of Theorem 11.

�

4. Random-walk on the direct product of two groups

The main goal of this section is to prove that a random-walk on a product of
groups has a spectral gap which depends on the spectral gap on each factor. This
is proved under certain assumptions for the groups and the random-walk.

To make the presentation more clear, we list the needed assumptions for the in-
volved groups here, and label them by (Gi)’s. Later, we verify that these statements
hold for many families of groups that are of interest.

For a positive number c and a positive integer C1, we formulate the following
axioms for a group H.

(G1) H is a c-quasi-random group.
(G2) |ZpHq| ď log |H|, where ZpHq is the center of H.
(G3) For every x P H,

ZpHqpś
C1

Clpxqqpś
C1

Clpxqq´1 Ě Nx,

where Clpxq is the conjugacy class of x and Nx is the normal closure of the group
generated by x; that means this is the smallest normal subgroup ofH which contains
x.

Theorem 12. Suppose c is a positive number, and C1, C2 are positive integers.
Suppose HL and HR are two finite groups which satisfy (G1)–(G3) with constants
c and C1. Suppose

C2
´1 log |HR| ď log |HL| ď C2 log |HR|.

Suppose X :< pXL, XRq is a symmetric random-variable with values in G :< HL ˆ
HR whose range generates G. Suppose there exist positive numbers c0 and α0 such
that

(20) LpXLq ě c0, LpXRq ě c0, and PpX < xq ě α0

for every x in the range of X. Then, LpXq " mintc0, 1u, where the implied constant
only depends on c,C1,C2, α0.

4.1. Random-walk with respect to couplings of almost Haar measures.
To prove Theorem 12, we notice that after an Oc0plog |H|q-step random-walk, we
get a random-variable pYL, YRq such that the probability laws of YL and YR are
close to the probability counting measure of H. The main goal of this section is
to investigate what happens if after one step under a random-walk with respect to
such a random-variable pYL, YRq we do not gain a substantial amount of entropy.

Lemma 13. Suppose c is a positive number, and C1,C2 are positive integers. Sup-
pose HL and HR are two finite groups which satisfy (G1)–(G3) with constants c

and C1. Suppose

(21) C2
´1 log |HR| ď log |HL| ď C2 log |HR|.

Suppose Y :< pYL, YRq is a symmetric random-variable with values in HL ˆ HR.
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Suppose ε is a positive number and Y satisfies the following properties.

(1) (Coupling of almost Haar measures) For every yL P HL and yR P HR, we
have

PpYL < yLq ď 2|HL|´1 and PpYR < yRq ď 2|HR|´1.

(2) (Room for improvement) H2pY q ď p1 ´ εq log |HL ˆ HR|.
Then there is a positive number γ0 which depends on ε, c, C1, and C2, such that
for every γ ď γ0 at least one of the following statements holds.

(1) (Gaining entropy) H2pY2q ě H2pY q ` γ log |HL ˆHR|, where Y2 is a 2-step
random-walk with respect to Y .

(2) (Graph of an automorphism) There are proper normal subgroups ZL and ZR

of HL and HR, respectively such that ZpHL{ZLq < t1u, ZpHR{ZRq < t1u,
and there exists an isomorphism θ : HL{ZL Ñ HR{ZR such that

PpπZLˆZR
pY2q P Γθq ě |HL ˆ HR|´Rγ ,

where πZLˆZR
: HL ˆHR Ñ HL{ZL ˆHR{ZR is the natural quotient map,

Γθ is the graph of the isomorphism θ, and R is a fixed absolute constant.
(3) (Small cases) |HL ˆHR| ă C3 where C3 is a positive integer which depends

on ε, c, C1, and C2.

We follow the same line of argument as in the proof of [13, Lemma 17]. Before
we get to the proof of Lemma 13, we prove a lemma on c-quasi-random groups.

Lemma 14. Suppose c is a positive number and G is a c-quasi-random group.
Suppose S is a subset of G and the normal closure of the group generated by S is
G; that means the smallest normal subgroup of G which contains S is G. Then
there is a subset S of S such that |S| ď 1{c and the normal closure of the subgroup
generated by S is G.

Proof. For every subset S1 of G, let NS1 be the smallest normal subgroup of G

which contains S1 as a subset. Let Σ :< tS1 Ď S|NS1 < Gu, and suppose S is
an element of Σ with the smallest number of elements among the elements of Σ.
Suppose

S < tx1, . . . , xnu,
and |S| < n. Let N0 :< t1u and Ni :< Ntx1,...,xiu for every 1 ď i ď n.

Claim. In the above setting rNi`1 : Nis ě |G|c for every 0 ď i ď n ´ 1.

Proof of Claim. Suppose to the contrary that rNi`1 : Nis ă |G|c for some i. Notice
that G acts by conjugation on Ni`1{Ni, and this action induces a unitary represen-
tation on L2pNi`1{Niq. Since G is c-quasi-random and dimL2pNi`1{Niq ă |G|c,
we deduce that the G-action on Ni`1{Ni is a trivial action. Hence, Ni`1{Ni is a
subset of the center ZpG{Niq of G{Ni. Let

N :< NSztxi`1u,

and notice that G < Ni`1N and Ni Ď N . Therefore, G{N is isomorphic to a
quotient of Ni`1{Ni and a quotient of G; in fact, we have

G{N » Ni`1{Ni`1 X N and Ni Ď Ni`1 X N.

Hence G{N is both Abelian and perfect (as it has no non-trivial degree 1 repre-
sentation). Therefore G < N . This means Sztxi`1u P Σ, which contradicts the
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assumption that every element of Σ has at least n elements. This finishes proof of
the claim. �

By the above claim, we obtain that |G| < śn´1
i“0 rNi`1 : Nis ě |G|nc, and so

n ď 1{c. This finishes the proof. �

Proof of Lemma 13. Suppose γ is a sufficiently small positive number to be spec-
ified later, and |HL ˆ HR| ě C3 for a large enough constant C3 to be specified
later. Let’s assume that we do not gain enough entropy ; that means H2pY2q ă
H2pY q ` γ log |HL ˆ HR|. Then by Proposition 1, there is an |HL ˆ HR|Rγ-
approximate subgroup A of HR ˆ HL such that

(22) | log |A| ´ H2pY q| ď Rγ log |HL ˆ HR| and PpY2 P Aq ě |HL ˆ HR|´Rγ .

By the coupling of almost Haar measures condition, we have that

(23) PppYLq2 P prLpAqq ď 2
|πLpAq|

|HL| and PppYRq2 P prLpAqq ď 2
|πRpAq|

|HR| ,

where πL and πR are projections to the left and the right components. By the
second inequality in (22) and (23), we obtain that

(24) |HL ˆ HR|´Rγ ď PpY2 P Aq ď PppYLq2 P πLpAqq ď 2|πLpAq|
|HL| ,

and

(25) |HL ˆ HR|´Rγ ď PpY2 P Aq ď PppYRq2 P πRpAqq ď 2|πRpAq|
|HR| .

Inequalities given in (24), (25), and (21) imply that

(26) |πLpAq| ě |HL||HL|´C2Rγ |HL|´2Rγ < |HL|1´pC2R´2Rqγ

and

(27) |πRpAq| ě |HR|1´pC2R´2Rqγ ,

if |HL|Rγ ě 2 and |HR|Rγ ě 2. If γ ă c{p3pC2R ´ 2Rqq, then by Theorem 3, we
deduce that

(28) πLpś
3 Aq < HL and πRpś

3 Aq < HR.

Claim. In the above setting, for a small enough γ depending on ε, c,C1,C2, if |HL ˆ
HR|¸ is more than plog |HL| log |HR|q8, then there are proper normal subgroups
NL đ HL and NR đ HR such that

pś
9 Aq X pHL ˆ ZpHRqq Ď NL ˆ ZpHRq

and p
ź

9

Aq X pZpHLq ˆ HRq Ď ZpHLq ˆ NR.

Moreover ZpHLq Ď NL and ZpHRq Ď NR.

Proof of Claim. By symmetry, it is enough to prove only one of the inclusions.
Suppose to the contrary that the normal closure of πL

` ś
9 A X pHL ˆ ZpHRqq

˘
is

HL. Then by Lemma 14, there is a subset tx1, . . . , xnu of πL

` ś
9 AXpHLˆZpHRqq

˘

such that n ď 1{c and

(29) Nx1
Nx2

¨ ¨ ¨Nxn
< HL,
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where Nxi
is the smallest normal subgroup of HL that contains xi. For every i,

there is ei P ZpHRq such that

pxi, eiq P ś
9 A.

By (28), for every hL P HL, there is an element phL, hRq in
ś

3 A. Hence

phLxih
´1
L , eiq < phL, hRqpxi, eiqphL, hRq´1 P ś

15 A,

and so

(30) Clpxiq ˆ ZpHLq Ď pś
15 AqZpHR ˆ HLq

for every i. By the (G3) condition, (29), and (30), we obtain that

(31) HL ˆ ZpHRq Ď pś
30C1t1{cu AqZpHR ˆ HLq.

By (28) and (31), we obtain that

(32) HL ˆ HR < pś
30C1t1{cu`3

AqZpHR ˆ HLq.

By (32), the fact that A is |HLˆHR|Rγ-approximate subgroup, and (G2) condition,
it follows that

(33) |HLˆHR|
log |HL| log |HR| ď | ś

30C1t1{cu`3
A| ď |HL ˆ HR|Rp30C1{c`2qγ |A|.

On the other hand, by the condition on Room for improvement and (22), we have
that

(34) |A| ď |HL ˆ HR|1´¸`Rγ ;

and so for γ ă ε{p2Rq, by (33) and (34), we obtain that

(35) plog |HL| log |HR|q´1 ď |HL ˆ HR|Rp30C1{c`2qγ´¸{2.

Therefore, if γ ă ε{p4Rp30C1{c ` 2qq and |HL ˆ HR|¸ ą plog |HL| log |HR|q8, (35)
gives us a contradiction. To finish proof of Claim, it is enough to notice that
ZpHLqNL is still a proper normal subgroup of HL (as HL is a perfect group and
ZpHLqNL{NL is an Abelian group), and similarly ZpHRqNR is a proper normal
subgroup of HR. �

By (28), there are functions fR : HL Ñ HR and fL : HR Ñ HL such that

(36) tpxL, fRpxLqq|xL P HLu Ď ś
3 A and tpfLpxRq, xRq|xR P HRu Ď ś

3 A.

By Claim and (36), we obtain that

fR : HL{ZpHLq Ñ HR{NR, fRpxLZpHLqq :< fRpxLqNR

is a group homomorphism, and for every xR P HR

fRpfLpxRqZpHLqq < xRNR.

Moreover, if pxL, xRq P ś
3 A, then fRpxLZpHLqq < xRNR. Let ML be the normal

subgroup of HL such that ML{ZpHLq < ker fR, and

rθ : HL{ML Ñ HR{NR, θpxLMLq :< fRpxLZpHLqq.
Then rθ is an isomorphism, ML is a proper normal subgroup of HL which contains
ZpHLq, and
(37) πMLˆNR

pś
3 Aq < Γrθ,



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

2380 ALIREZA SALEHI GOLSEFIDY AND SRIVATSA SRINIVAS

where πMLˆNR
: HL ˆ HR Ñ HL{ML ˆ HR{NR is the natural quotient map and

Γθ is the graph of the isomorphism θ. By (22), we obtain that

(38) PpπMLˆNR
pY2q P Γrθq ě |HL ˆ HR|´Rγ .

Let ZL be the normal subgroup of HL such that ZL{ML < ZpHL{MLq. Notice
that H :< HL{ML is a perfect group (as the quasi-randomness implies that there
is no non-trivial degree 1 representation). Hence, by Grün’s lemma,

ZpHL{ZLq » ZpH{ZpHqq < t1u.
Let ZR be the normal subgroup of HR such that ZR{NR < ZpHR{NRq. Then

θ : HL{ZL Ñ HR{ZR θpxLZLq :< rθpxLMLqZR

is a well-defined isomorphism. By (37) and (38), we conclude that

πZLˆZR
pś

3 Aq < Γθ and PpπZLˆZR
pY2q P Γθq ě |HL ˆ HR|´Rγ .

This finishes the proof. �

4.2. Spectral gap for a random-walk in a product of two groups: Proof
of Theorem 12. Suppose L :< Lpc, c0, α0q and C :< Cpα0q are the constants that
we obtain from Theorem 11. Let �0 be the smallest integer which is at least

maxtL log |HL|, L log |HR|, 2c´1
0 log |HL|, 2c0´1 log |HR|u.

For every non-negative integer i, let Y piq :< X2i�0 be a 2i�0-step random-walk with
respect to X. Then by the Cauchy-Schwarz inequality, part (2) of Lemma 4, and
LpXq ě c0, we obtain that

} prLrμsp2i�0q ´ μHL
}8 <}ppprLpμqp�0q ´ μHL

q ˚ μt1uq ˚ μt1u}8

ď}pprLpμqp2i�0q ´ μHL
q ˚ μt1uq}2

ďλpμq2i�0 ď 2´�0Lpμq ď |HL|´2.(39)

By (39) and its similar result for the right component, we deduce that

(40) |PpY piq
L < yLq ´ |HL|´1| ď |HL|´2 and |PpY piq

R < yRq ´ |HR|´1| ď |HR|´2

for every yL P HL and yR P HR where pY piq
L , Y

piq
R q < Y piq.

Claim 1. For every positive integer i, every proper normal subgroup ZL and ZR of
HL and HR, respectively such that ZpHL{ZLq and ZpHR{ZRq are trivial and there
is an isomorphism θ : HL{ZL Ñ HR{ZR, we have that either

PpπZLˆZR
pY piqq P Γθq ă |HL ˆ HR|

´ c2

8p1`C2q

or |HL| !c,α0
1.

Proof of Claim 1. Proof of Claim 1 is based on Theorem 11. Let H :< HL{ZL and
G :< H ˆ H. Consider the left-right action of G on H; that means px1, x2q ¨ x :<
x1xx

´1
2 . By Lemma 6, this is a transitive shifted-automorphism action, and its

automorphism part is given by

φ : G Ñ AutpHq, φpx1, x2qpyq :< x2yx
´1
2 .

Notice that y P H is a φpGq-fixed point if and only if y P ZpHq. Therefore, the
only φpGq-fixed point in H is t1u.
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Notice that every φpGq-orbit is an HR-orbit where HR acts by conjugation on
HR{ZR. Since HR is c-quasi-random, every non-trivial HR-orbit has at least |HR|c
elements.

Let ψ : HL ˆ HR Ñ G, ψpxL, xRq :< pπZL
pxLq, θ´1pπZR

pxRqqq. Notice that ψ
is a surjective group homomorphism. Let X :< ψpXq. Since X is symmetric, so is
X. Since ZpHq is trivial, φpGq » H and

(41) LpφpXqq < Lpθ´1pπZR
pXRqqq < LpπZR

pXRqq ě LpXRq ě c0.

We also notice that for every x P HL ˆ HR, PpψpXq < ψpxqq ě PpX < xq, and so

(42) PpX < xq ě α0

for every x in the range of X. By the above discussion, (41), and (42), we can apply
Theorem 11 for the group G, its action on H, and the random-variable X. Hence,

(43) H2pX2i�0 ¨ Zq ě c

2
log |H | ´ C

for every non-negative integer i, where C :< Cpα0q is the constant given by Theo-
rem 11 and Z is a random-variable with values in H such that PpZ < 1q < 1. Since
HL is c-quasi-random and H is a non-trivial quotient of HL, we have |H| ě |HL|c.
If |HL| "c,α0

1, then by (43) we have

(44) H2pX2i�0 ¨ Zq ě c2

4
log |HL|.

Notice that
(45)

PpX2i�0 ¨Z < 1q < PpπZLˆZR
pY piqq P Γθq and PpX2i�0 ¨Z < 1q ď 2´ 1

2
H2pX

2i�0
¨Zq

.

Therefore, by (44), (45), and (21), we obtain that

(46) PpπZLˆZR
pY piqq P Γθq ď |HL|´ c2

8 ď |HL ˆ HR|
´ c2

8p1`C2q .

This finishes proof of Claim 1. �

Claim 2. Assuming |HL ˆ HR| is sufficiently large as a function of the parameters
α0, c,C1, and C2, for every non-negative integer i, we have that either

(47) (No room for improvement) H2pY piqq ě
ˆ
1 ´ c

2p1 ` C2q

˙
log |HL ˆ HR|

or

(48) (Gaining entropy) H2pY pi`1qq ě H2pY piqq ` γ log |HL ˆ HR|,
where γ is a positive number that only depends on c, C1, and C2.

Proof of Claim 2. Let γ0 be the constant given by Lemma 13 for the parameters
ε :< c

2p1`C2q
, c,C1, and C2. Notice that the groups HL and HK satisfy (G1)–

(G3). Moreover, if the random-variable Y piq for a given non-negative integer i has
room for improvement (that means (47) does not hold), then by (40) Y piq satisfies
the conditions of Lemma 13. Hence, by Lemma 13, if |HL ˆ HR| is large enough
depending only on the parameters c,C1, and C2, then for every positive number
γ ď γ0 we have that either

(49) H2pY pi`1qq ě H2pY piqq ` γ log |HL ˆ HR|,
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or there are proper normal subgroups ZL and ZR of HL and HR, respectively,
such that ZpHL{ZLq < 1, ZpHR{ZRq < 1, and there exists an isomorphism θ :
HL{ZL Ñ HR{ZR such that

(50) PpπZLˆZR
pY pi`1qq P Γθq ě |HL ˆ HR|´Rγ .

By Claim 1, if γ ă c2

8Rp1`C2q
and |HL| is large enough depending on c and α0, then

(50) cannot hold. Therefore, (49) holds. This finishes proof of Claim 2.

Claim 3. Suppose γ is the positive number given in Claim 2. Let i0 be the smallest
integer which is more than 1{γ. Then

(51) H2pY pi0qq ě
ˆ
1 ´ c

2p1 ` C2q

˙
log |HL ˆ HR|.

Proof of Claim 3. Suppose to the contrary that (51) does not hold. Since Rényi
entropy is non-decreasing in a random-walk, we obtain that for every non-negative
integer i ď i0, we have room for improvement ; that means (47) does not hold.
Hence, by Claim 2, for every non-negative integer i ď i0, we gain entropy ; that
means (48) holds. Therefore,

H2pY pi0qq ě i0γ log |HL ˆ HR| ą log |HL ˆ HR|,

which is a contradiction.

Claim 4. In the above setting, LpXq ě c

2i0`2p1`C2q maxtL,2{c0u
if |HL ˆHR| is large

enough depending on the parameters α0, c,C1, and C2.

Proof of Claim 4. Suppose π is a non-trivial representation of HL ˆHR. Then the
restriction of π to either HL or HR is non-trivial. Since HR and HL are c-quasi-
random, we deduce that

(52) deg π ě mint|HL|c, |HR|cu.

By (21), we have that mint|HL|, |HR|u1`C2 ě |HL ˆ HR|. Hence, by (52), we
obtain that HL ˆ HR is c

1`C2
-quasi-random.

By Claim 3, we have that

(53) H2pX2i0�0q ě
ˆ
1 ´ c

2p1 ` C2q

˙
log |HL ˆ HR|,

and �0 is a positive integer which is at most

2maxtL, 2{c0umaxtlog |HL|, log |HR|u.

Therefore by Proposition 2, we obtain that

LpXq ě c

2i0`2p1 ` C2qmaxtL, 2{c0u
.

This finishes proof of Claim 4 and Theorem 12. �
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5. Random-walk on an extension of a quasi-random group by an
Abelian group

The main goal of this section is to prove that under certain algebraic conditions
a random-walk on an extension of a group H by an Abelian group A has a spectral
gap which depends on the spectral gap on the quotient H. Similar to the previous
section, we list the needed algebraic assumptions for the groups here, and label
them by (Gi)’s. To be consistent with the statements given in the previous section,
new conditions are labelled by an index i ě 4. For a positive number c, and positive
integers C4 and C5, we formulate the following axioms for a group H and an Abelian
group A.

(G1) H is a c-quasi-random group.
(G4) There is a homomorphism φ : H Ñ AutpAq, and H acts on A accordingly.

Via this action, A is viewed as a ZrHs-module where ZrHs is the group ring of H
over Z.

(G5) |A| ď |H|C4 .
(G6) For every x P A,

ś
C5

Ox

ś
C5

O´1
x < Mx,

where Ox is the H-orbit of x and Mx is the ZrHs-submodule generated by x.

Theorem 15. Suppose c is a positive number, C4 and C5 are positive integers, H
is a finite group, A is a finite Abelian group, and they satisfy (G1), (G4), (G5),
and (G6). Suppose G is an extension of H by A; that means there is a short exact
sequence

1 Ñ A ãÑ G
πÝÑ H Ñ 1.

Suppose Z is a symmetric random-variable with values in G whose range generates
G. Suppose there exist positive numbers c0 and α0 such that

LpπpZqq ě c0 and PpZ < zq ě α0

for every z in the range of Z. Then LpZq " mintc0, 1u where the implied constant
only depends on the given parameters c,C4,C5, α0.

5.1. Random-walk on a quasi-random-by-Abelian group: The case of al-
most uniform quasi-random component. To prove Theorem 15, we notice

that after an Oc0plog |H|q-step random-walk, we get a random-variable pZ such that

the probability law of πp pZq is close to the probability counting measure of H. The
main goal of this section is to prove an analogue of Lemma 13 in the setting of group
extensions. This result describes what happens if after a couple of steps under a

random-walk with respect to the random-variable pZ we do not gain a substantial
amount of entropy.

Lemma 16. Suppose c is a positive number, C4 and C5 are positive integers, H
is a finite group, A is a finite Abelian group, and they satisfy (G1), (G4), (G5),

and (G6). Suppose G is an extension of H by A. Suppose pZ is a symmetric

random-variable with values in G. Suppose ε is a positive number and pZ satisfies
the following properties.

(1) (Almost uniform quotient) For every x P H, we have

Ppπp pZq < xq ď 2|H|´1.
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(2) (Room for improvement) H2p pZq ď p1 ´ εq log |G|.
Then there is a positive number γ0 which depends on ε, c,C4, and C5, such that for
every γ ď γ0 at least one of the following statements holds.

(1) (Gaining entropy) H2p pZ2q ě H2p pZq`γ log |G|, where pZ2 is a 2-step random-

walk with respect to pZ.
(2) (Levi subgroup) There are a proper H-invariant subgroup N of A and a

subgroup H of G{N such that π induces an isomorphism from H to H, and

PpπN p pZ2q P Hq ě |G|´Rγ ,

where πN : G Ñ G{N is the natural quotient map and R is a fixed absolute
positive constant.

(3) (Small cases) |G| ă C6 where C6 is a positive integer which depends on
ε, c,C4, and C5.

We start with a couple of lemmas. The first one gives us a better understanding
of the structure an extension G of H by A, where H and A are as in Lemma 16,
and the second one is an analogue of Lemma 14.

Lemma 17. Suppose c is a positive number, C4 and C5 are positive integers, H is
a finite group, A is a finite Abelian group, and they satisfy (G1), (G4), (G5), and
(G6). Let G be an extension of H by A.

(1) G is a perfect group; that means it does not have a non-trivial Abelian
quotient.

(2) If N is a normal subgroup of G and πpNq < H, then N < G.
(3) G is c

1`C4
-quasi-random.

(4) Suppose M1 Ĺ M2 are two ZrHs-submodules of A. Then H acts non-
trivially on M2{M1.

(5) Suppose M is a ZrHs-submodule of A. Then the only H-fixed point of A{M
is the identity.

Proof. We start by proving the following:

Claim. Suppose N is a normal subgroup of G such that πpNq < H. Then M :<
A X N is a ZrHs-submodule of A and H acts trivially on A{M .

Proof of Claim. Since A is a normal subgroup of G, M is a normal subgroup of N .
Because M is a normal subgroup of N and A is an Abelian group, the conjugation
of N factors through πpNq. Therefore, M is a ZrHs-submodule of A. For every
h P H, there is nh P N such that πpnhq < h. Hence, for every a P A,

ph ¨ aqa´1 < nhan
´1
h a´1 P A X N.

Therefore, H acts trivially on A{M . This finishes proof of Claim.

To show the first part, we have to show that the commutator subgroup rG,Gs
is equal to G. Notice that πprG,Gsq < rH,Hs. Since H is a c-quasi-random group,
it is perfect. Therefore, πprG,Gsq < H. Therefore, by the previous Claim, H acts
trivially on A{M where M :< AXrG,Gs. Hence, for every y P A, πM pOyq < πM pyq
where Oy is the H-orbit of y and πM : A Ñ A{M is the natural quotient map. By
(G6), we obtain that

(54) πM pMyq < πM pyqC5πM pyq´C5 , and so πM pMyq < 1.
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By (54), we conclude that M < A. Since πprG,Gsq < H and A Ď rG,Gs, we
conclude that rG,Gs < G. This finishes proof of the first part.

Since πpNq < H and A < kerπ, AN < G. Hence, G{N » A{pN X Aq is an
Abelian group. By the first part G does not have a non-trivial Abelian quotient,
and so G < N . This finishes proof of the second part.

Suppose ρ is a non-trivial representation of G. Since A is Abelian, ρpAq is
diagonalizable. Hence, there are characters χ1, . . . , χd P HompA,S1q, where S1 :<
tz P C| |z| < 1u, such that

ρpaq < diagpχ1paq, . . . , χdpaqq,
for every a P A. For every g P G, ρpgag´1q is a conjugate of ρpaq and its eigenvalues
are given by χipgag´1q. Notice that πpgq acts on A by conjugating by g; this means

πpgq ¨ a < gag´1. This action induces an action on pA :< HompA,S1q. For χ P pA
and h P H, we let ph ¨ χqpaq :< χph´1 ¨ aq. Therefore, for every h P H, we have

th ¨ χ1, . . . , h ¨ χdu < tχ1, . . . , χdu.
For every i, the H-orbit of χi is a subset of tχ1, . . . , χdu. Hence,

(55) deg ρ ě |H ¨ χi|
for every i. Because H is c-quasi-random, every H-orbit has either one element or
at least |H|c elements. Thus, by (55), either deg ρ ě |H|c or H ¨ χi < χi for every
i. Notice that if H ¨χi < χi, then, for every a P A, χipOaq < χipaq where Oa is the
H-orbit of a. By (G6), we obtain that

χipMaq < ś
C5

χipOaq ś
C5

χipOaq´1 < 1.

Therefore, if for every i, H ¨ χi < χi, then A is in the kernel of ρ. This means ρ

factors through H; and so deg ρ ě |H|c. Altogether we obtain that deg ρ ě |H|c.
By (G5), we have |H|c ě |G|c{p1`C4q, and the third part follows.

To show part (4), we proceed by contradiction. Suppose H acts trivially on
M2{M1. Therefore, for every a P M2, πM1

pOaq < πM1
paq, where πM1

: G Ñ G{M1

is the natural quotient map. Hence, by (G6) and a similar argument as in (54), we
obtain that πM1

pMaq < 1, whereMa is the ZrHs-module generated by a. Therefore,
M2 < M1, which is a contradiction. This finishes proof of the fourth part.

To show the last part, suppose to the contrary that for some ZrHs-submodule
M of A, there exists xM P A{M which is H-invariant and x ‰ 1. Let M 1 :<
xxyM . Then H acts trivially on this M 1{M , and so M 1 is a ZrHs-submodule. This
contradicts part (4). �

Lemma 18. Suppose c is a positive number, C4 and C5 are positive integers, H
is a finite group, A is a finite Abelian group, and they satisfy (G1), (G4), (G5),
and (G6). Suppose S is a subset of A, and let MS be the ZrHs-submodule of A
generated by S. Then there is a subset S of S which generates MS and |S| ď C4{c.

Proof. Suppose S :< tx1, . . . , xmu is a subset of S which is a generating set of the
ZrHs-module MS , and it has the smallest possible number of elements among such
subsets. For every integer i in r1,ms, let Mi be the ZrHs-submodule generated by
tx1, . . . , xiu. Since for every i the set Sztxiu does not generate MS , we have that

0 Ĺ M1 Ĺ ¨ ¨ ¨ Ĺ Mm < MS .
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By the fourth part of Lemma 17, we have that the action of H on Mi`1{Mi is
non-trivial for every integer in r1,m ´ 1s. Because H is c-quasi-random, we obtain
that

(56) |Mi`1{Mi| ě |H|c.
By (56), it follows that

|H|cm ď |MS | ď |A| ď |H|C4 .

Therefore m ď C4
c
. This finishes the proof. �

Proof of Lemma 16. Suppose γ is a sufficiently small positive number to be spec-
ified later, and |G| ě C6 for a large enough C6 to be specified later. Let’s assume

that we do not gain enough entropy ; that means H2p pZ2q ă H2p pZq`γ log |G|. Then
by Proposition 1, there is a |G|Rγ-approximate subgroup B of G such that

(57) | log |B| ´ H2p pZq| ď Rγ log |G| and Pp pZ2 P Bq ě |G|´Rγ .

By the almost uniform quotient condition, we have that

(58) Ppπp pZ2q P πpBqq ď 2
|πpBq|

|H| .

By the second inequality in (57) and (58), we obtain that

(59) |G|´Rγ ď Pp pZ2 P Bq ď Ppπp pZ2q P πpBqq ď 2|πpBq|
|H| .

By (G5) and (59), we deduce that

(60)
1

2
|H|1´Rp1`C4qγ ď |πpBq|.

Therefore, for large enough C6 and small enough γ, by (60), |πpBq| ě |H|1´ c
3 .

Hence, by Theorem 3,

(61) πpś
3 Bq < H.

Claim. In the above setting, for a small enough γ depending on ε, c,C4, and C5,
there is a proper ZrHs-submodule N of A such that

pś
9 Bq X A Ď N.

Proof of Claim. Suppose to the contrary that pś
9 BqXA generates A as a ZrHs-

module. Then by Lemma 18, there is a subset B :< ty1, . . . , ymu of pś
9 Bq X A

such that

(62) m ď C4

c
and A < My1

¨ ¨ ¨Mym
,

where Myi
is the ZrHs-submodule generated by yi. Notice that, by (61), there is

a function θ : H Ñ G such that for every x P H, πpθpxqq < x (that means f is a
section) and θpxq P ś

3 B. Notice that for every x P H, we have

x ¨ yi < θpxqyiθpxq´1 P ś
7 B.

This means for every i

(63) Oyi
Ď ś

7 B.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

RANDOM WALK ON GROUP EXTENSIONS 2387

By (G6), (62), (63), and the fact that B is symmetric, we obtain that

(64) A Ď ś
14mC5

B.

Using (61) and (64), it follows that

(65) G < ś
14mC5`3

B.

Since B is an |G|Rγ-approximate subgroup, using (65) we obtain that

(66) |G| ď |B||G|p14mC5`2qRγ , and so |G|1´p14mC5`2qRγ ď |B|.

On the other hand, by the room for improvement condition and (57), we have

(67) log |B| ď H2pZq ` Rγ log |G| ď p1 ´ ε ` Rγq log |G|.

By (62), (66), and (67), we deduce that

1 ´ p14C4C5{c ` 2qRγ ď 1 ´ ε ` Rγ; and so ε ď p14C4C5{c ` 3qRγ,

which is a contradiction if γ is sufficiently small depending on the parameters
ε, c,C4, and C5. This finishes proof of the Claim.

Let’s recall that by (61), there is a function θ : H Ñ G such that πpθpxqq < x

and θpxq P ś
3 B for every x P H. Therefore, for every x, x1, x2 P H, we have

(68) θpx´1qθpxq P pś
9 Bq X A and θpx1x2qθpx1q´1θpx2q´1 P pś

9 Bq X A.

By (68) and the previous Claim, we deduce that there is a proper H-invariant
subgroup N of A such that

θ : H Ñ G{N, θpxq :< θpxqN

is a group homomorphism; notice that since N is a ZrHs-submodule, it is a normal
subgroup of G. Because N is a subgroup of A < kerπ, π induces a group homo-
morphism π from G{N to H. For every x P H, we have πpθpxqq < x. Hence, the
restriction of π to H :< Impθq is an isomorphism. Moreover, we have

(69) Impθq Ď πN pś
3 Bq,

where πN : G Ñ G{N is the natural quotient map. Next, we show that H <
πN pś

3 Bq. By (69), it is sufficient to show that πN pś
3 Bq Ď H . Notice that for

every xN P πN pś
3 Bq, we have

pxNqθpπpxNqq´1 P πN ppś
9 Bq X Aq,

and so xN < θpπpxNqq P H . Altogether, we have found a proper H-invariant
subgroup N of A, a subgroup H of G{N with the following properties:

(1) π : H Ñ H is an isomorphism.
(2) H < πN pś

3 Bq.
Therefore, by (57), we obtain that

PpπN p pZ2q P Hq ě Pp pZ2 P ś
3 Bq ě |G|´Rγ .

This means if we do not gain entropy and are not in the small cases, then we can
find a desired Levi subgroup. �
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5.2. Spectral gap and quasi-random-by-Abelian groups: Proof of The-
orem 15. Let L :< Lpc{C4, c0, αq and C :< Cpα0q be the constants given by
Theorem 11. Let �0 be the smallest integer which is at least

maxtL log |G|, 2c´1
0 log |H|u.

For every non-negative integer i, let Zpiq :< Z2i�0 be a 2i�0-step random-walk with
respect to Z. Then, similar to the proof of (40), we have

(70) |PpπpZpiqq < xq ´ |H|´1| ď |H|´2

for every x P H.

Claim 1. For every positive integer i, every proper ZrHs-submodule N of A, and
every subgroup H Ď G{N with the property that π : H Ñ H is an isomorphism,
where π is induced by π : G Ñ H, we have that either

PpπN pZpiqq P Hq ă |G|
´ c2

8C4p1`C4q

or |H| !
c,α0,C4

1.

Proof of Claim 1. Since π : H Ñ H is an isomorphism, the short exact sequence

1 Ñ A Ñ G Ñ H Ñ 1

splits where A :< A{N and G :< G{N . Hence, there is an isomorphism θ : H Ñ H

such that πpθpxqq < x for every x P H, and

(71) ψ : G Ñ A ¸ H, ψpgq :< papgq, πpgqq
is an isomorphism, where apgq :< gθpπpgqq´1. By Lemma 6, A¸H has a transitive
shifted-automorphism action on A, which is given by

(72) pā, xq ¨ ā1 :< āpx ¨ ā1q.
By (71) and (72), we deduce that the following is a shifted automorphism action of
G on A:

(73) g ¨ ā :< ψpgq ¨ ā < apgqpπpgq ¨ āq.
Notice that the automorphism part of this action factors through the action of
H on A. More precisely, the automorphism action of G is given by the group
homomorphism

pφ : G Ñ AutpAq, pφpgqpāq :< πpgq ¨ ā.
Hence, by part (5) of Lemma 17, the only pφpGq-fixed point of A is 1. Because H

is c-quasi-random, every H-orbit that has more than 1 element has at least |H|c
elements. Thus, every pφpGq-orbit other than t1u has at least |H|c elements. Notice

that by (G5), we deduce that every pφpGq-orbit other than t1u has at least |A|c{C4

elements. Therefore, conditions (H1) and (H2) of Theorem 11 hold for the group
action G ñ A (with parameter c{C4, instead of c).

Notice that we also have

LppφpπN pZqqq ě LpπpZqq ě c0.

Hence the condition (H3) of Theorem 11 holds for the random-variable πN pZq.
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Altogether, we deduce that we can (and will) apply Theorem 11 for the twisted
group action G ñ A and the random-variable πN pZq. Therefore,

(74) H2pπN pZ2i�0qq ¨ U1q ě c

2C4

log |A| ´ C

for every non-negative integer i, where U1 is a random-variable with values in A

and PpU1 < 1q < 1. Notice that since H acts non-trivially on A,

log |A| ě c log |H|, and so by (G5) log |A| ě c

1 ` C4

log |G|.

Thus, when |H| is large enough depending on c, α0 and C4, by (74), we obtain that

(75) H2pπN pZ2i�0qq ¨ U1q ě c2

4C4p1 ` C4q log |G|.

Notice that by (73), z is in the stabilizer subgroup of G associated to 1 if and only
if apzq < 1. This means the stabilizer subgroup of G associated to 1 is H . Hence,

(76) PpπN pZ2i�0q ¨ U1 < 1q < PpπN pZ2i�0q P Hq.

Because PpπN pZ2i�0q ¨ U1 < 1q ď 2´ 1

2
H2pπN pZ

2i�0
qq¨U1q, by (75) and (76), we obtain

(77) PpπN pZ2i�0q P Hq ď |G|
´ c2

8C4p1`C4q .

This finishes the proof of Claim 1.

Claim 2. Assuming that |H| is sufficiently large as a function of the parameters
c, α, C4, and C5, for every non-negative integer i, we have that either

(78) (No room for improvement) H2pZpiqq ě
ˆ
1 ´ c

4p1 ` C4q

˙
log |G|,

or

(79) (Gaining entropy) H2pZpi`1qq ě H2pZpiqq ` γ log |G|,
where γ is a positive number that only depends on c, C4, and C5.

Proof of Claim 2. Let γ0 be the constant given by Lemma 16 for the parameters,
ε :< c

4p1`C4q
, c, C4, and C5. Notice that the pair of groups H,A and the group

actionH ñ A satisfy (G1), (G4), (G5), and (G6). Moreover, if the random-variable
Zpiq, for a given non-negative integer i, has room for improvement (that means (78)
does not hold), then by (70), Zpiq satisfies the conditions of Lemma 16. Hence, by
Lemma 16, if |H| is large enough depending only on the parameters c,C4, and C5,
then for every positive number γ ď γ0 we have either

(80) H2pZpi`1qq ě H2pZpiqq ` γ log |G|,
or there are a proper H-invariant subgroup N of A and a Levi subgroup H of
G :< G{N (that means π : H Ñ H is an isomorphism, where π : G Ñ H is induced
from π : G Ñ H) such that

(81) PpπpZpi`1qq P Hq ě |G|´Rγ ,

where R is a fixed absolute constant. By Claim 1, if γ ă c2

8RC4p1`C4q
, (81) does not

hold. Hence, (80) should hold, which finishes proof of Claim 2. �
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Claim 3. Suppose γ is the positive number given in Claim 2. Let i0 be the smallest
integer which is more than 1{γ. Then

(82) H2pZpi0qq ě
ˆ
1 ´ c

4p1 ` C4q

˙
log |G|.

Proof of Claim 3. Suppose to the contrary that (82) does not hold. Since Rényi
entropy is non-decreasing in a random-walk, we obtain that for every non-negative
integer i ď i0, we gain entropy ; that means (79) holds. Therefore,

H2pZpi0qq ě i0γ log |G| ą log |G|,
which is a contradiction.

Claim 4. In the above setting, LpZq ě c

2i0`2p1`C4q maxtL,2c
´1

0
u
if |H| is large enough,

depending on the parameters c, α0,C4.

Proof of Claim 4. By Lemma 17, G is c

1`C4
-quasi-random. By Claim 3, we have

that

(83) H2pZ2i0�0q ě
ˆ
1 ´ c

4p1 ` C4q

˙
log |G|.

Hence, by Proposition 2 and (83), we deduce that

LpZq ě c

2i0`2p1 ` C4qmaxtL, 2{c0u .

This finishes the proof of Claim 4 and Theorem 15. �

6. Random-walk on an extension of a quasi-random group by a
nilpotent group

The main goal of this section is to extend Theorem 15 to a quasi-random-by-
nilpotent group. We start by recalling the Lie algebra associated to a nilpotent
group U , and state the assumptions on the involved groups.

For a group U and every positive integer i, let γipUq be the i-th lower central
series of U . For a nilpotent group U of nilpotency class m0, let

LpUq :< L1 ‘ ¨ ¨ ¨ ‘ Lm0
,

where Li :< γipUq
γi`1pUq for every integer i in r1..m0s. For x :< xγi`1pUq P Li and

y :< yγj`1pUq P Lj , let rx, ys :< rx, ysγi`j`1pUq P Li`j , where rx, ys :< xyx´1y´1.
It is well-known that r, s is well-defined, can be linearly extended to LpUq, and LpUq
is a Lie ring with respect to this bracket (see [18, Chapter VIII, Theorem 9.3]). In
this section, we are going to assume that H,U , and G are three finite groups which
satisfy the following statements.

(G7) U is a finite nilpotent group of nilpotency class m0.
(G8) There is a unital commutative ring R such that LpUq is a Lie algebra over

R and L1 can be generated by d0 elements as an R-module; notice that L1 is simply
the Abelianization Uab of U .

(G9) The following is a short exact sequence

1 Ñ U ãÑ G
πÝÑ H Ñ 1,

and G{γ2pUq is c-quasi-random.
Now we can state the main result of this section.
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Proposition 19. Suppose H,U and G are three finite groups which satisfy (G7),
(G8), and (G9). Let πγ2pUq : G Ñ G{γ2pUq be the natural quotient map. Let X be
a symmetric random-variable with values in G. Suppose Lpπγ2pUqpXqq ě c0 where
c0 is a positive number. Then LpXq " c0 where the implied constant depends only
on the given parameters m0, d0, and c.

6.1. Inducing quasi-randomness. Here we show Lemma 20.

Lemma 20. Suppose H,U and G are finite groups that satisfy (G7), (G8), and
(G9). Then the group G is c

Cpm0,d0q -quasi-random, where Cpm0, d0q is a positive

integer which depends only on m0 and d0.

Lemma 21 is essentially proved in [14, Lemma 32].

Lemma 21. Suppose U is a finite group which satisfies (G7) and (G8). Suppose
S is a subset of U and SrU,U s < U . Then

ś
Cpm0,d0q S < U,

where Cpm0, d0q is a positive integer which depends only on m0 and d0.

Proof. Suppose x1, . . . , xd0
generate L1 as an R-module. Then for every positive

integer k, we have

(84) Lk <
ÿ

1ďi1,...,ikďd0

adpxi1q ¨ ¨ ¨ adpxikqpL1q.

Since SrU,U s < U , there are si’s in S such that siγ2pUq < xi for every integer i in
r1..d0s. Hence, by (84), we obtain

(85) Lk Ď πγk`1pUqpś
dk
0

p3¨2k´2q Sq,

where πγk`1pUq : U Ñ U{γk`1pUq is the natural quotient map. By (85), by induc-
tion on j, one can deduce that

U{γj`1pUq < πγj`1pUqpś
řj

k“1
dk
0

p3¨2k´2q Sq.

Therefore U < ś
3p2d0qm0`1 S. This finishes the proof. �

The following is an immediate consequence of Lemma 21.

Corollary 22. Suppose U is a finite group that satisfies (G7) and (G8). Then the
following statements hold.

(1) If U is a subgroup of U and U rU,U s < U , then U < U .
(2) |U | ď |Uab|Cpm0,d0q, where Cpm0, d0q is the function given in Lemma 21.

Lemma 23. Suppose A is a finite Abelian group, H is a finite group, and the
following is a short exact sequence

1 Ñ A ãÑ G
πÝÑ H Ñ 1.

Suppose G is c-quasi-random. Then the following statements hold.

(1) |A| ď |H| 1´c
c .

(2) If N is a normal subgroup of G and πpNq < H, then N < G.
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Proof. Since H is a quotient of G and G is c-quasi-random, every non-trivial rep-
resentation of H has dimension at least |G|c. Therefore, |H| ě |G|c. This implies
the first part.

Since H < πpNq, G < AN . Therefore,

G

N
< AN

N
» A

A X N
.

Thus G{N is an Abelian quotient of G. Since G is c-quasi-random, it does not have
a non-trivial Abelian quotient. Hence, G < N . �

Lemma 24. Suppose U is a finite nilpotent group, H is a finite group, and the
following is a short exact sequence

1 Ñ U ãÑ G
πÝÑ H Ñ 1.

Suppose G :< G{γ2pUq is c-quasi-random. Suppose N is a normal subgroup of G.
If πpNq < H, then N < G.

Proof. Let πγ2pUq : G Ñ G be the natural quotient map. Then πγ2pUqpNq is a

normal subgroup of G and H < πpπγ2pUqpNqq. By the second part of Lemma 23,

we obtain that πγ2pUqpNq < G. Therefore, Uab < πγ2pUqpN X Uq. Hence, by the
first part of Corollary 22, N XU < U . Because, H < πpNq and U Ď N , we deduce
that N < G. �

Proof of Lemma 20. Suppose ρ is a non-trivial irreducible representation of G. Let
G :< G{ ker ρ, U :< pU ker ρq{ ker ρ, and H :< H{πpker ρq. Then

1 Ñ U ãÑ G
πÝÑ H Ñ 1

is a short exact sequence where πpx ker ρq :< πpxqπpker ρq. Notice that ρpx ker ρq :<
ρpxq is a non-trivial faithful irreducible representation of G.

Since ker ρ is a proper normal subgroup of G, by Lemma 23, H is a non-trivial
quotient of H. Hence, H is a non-trivial quotient of G{γ2pUq. Therefore,
(86) |H| ě |G{γ2pUq|c.
Notice that, by the second part of Corollary 22, we obtain

(87) |G{γ2pUq| ě |H||U |
1

Cpm0,d0q ,

where Cpm0, d0q is the function given in Lemma 21. Hence, by (86) and (87), we
obtain

(88) |H | ě |H|c|U |
c

Cpm0,d0q .

If γ2pUq < 1, then ρ can be lifted to a non-trivial irreducible representation of
G{γ2pUq. In this case, because G{γ2pUq is c-quasi-random, by (87), we deduce that

(89) deg ρ ě |G{γ2pUq|c ě |H|c|U |
c

Cpm0,d0q .

If γ2pUq ‰ 1, then the nilpotency class m1
0 of U is at least 2 and at most m0.

Consider the action of G on γm1
0

´1pUq by conjugation. Since

rγm1
0

´1pUq, γ2pUqs Ď γm1
0

`1pUq < 1,

the conjugation action of G on γm1
0

´1pUq factors throughG{γ2pUq. The conjugation
action induces an action of G on the set {γm1

0
´1pUq of equivalent classes of unitary

irreducible representations of γm1
0

´1pUq. Because this action factors through an
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action of G{γ2pUq, such an action has a lift to an action of G{γ2pUq, and G{γ2pUq is
c-quasi-random, we deduce that for every irreducible representation ϑ of γm1

0
´1pUq

either g ¨ ϑ < ϑ for every g P G or

(90) |G ¨ ϑ| :< |tg ¨ ϑ| g P Gu| ě |G{γ2pUq|c.
Notice that by Clifford’s theorem (see [19, Theorem 6.2]), if ϑ is an irreducible
subrepresentation of the restriction of ρ to γm1

0
´1pUq, then

(91) deg ρ ě |G ¨ ϑ|.
By (90) and (91), we obtain that either

(92) deg ρ ě |G{γ2pUq|c or ρpgxg´1q < ρpxq
for every g P G and x P γm1

0
´1pUq. The latter implies that ρpγm1

0
´1pUqq is a central

subgroup of ρpGq. But this is not possible as ρ is faithful and rU, γm1
0

´1pUqs ‰ 1.
Hence, by (92) and (87), we conclude that

deg ρ ě |H|c|U |
c

Cpm0,d0q ě |G|
c

Cpm0,d0q .

�

6.2. Spectral gap and a quasi-random-by-nilpotent group: Proof of
Proposition 19. Let �0 be the smallest integer larger than 2c´1

0 log |G|. For every
non-negative integer i, let Y piq :< X2i�0 be a 2i�0-step random-walk with respect
to X. Then, similar to (40), we have

(93) |Ppπγ2pUqpY piqq < xq ´ |G|´1| ď |G|´2

for every x P πγ2pUqpGq.
Claim 1. There is a positive number γ0 which only depends on the parameters m0,
d0, c, and c0 such that for every positive number γ ď γ0 either

(94) (No room for improvement) H2pY piqq ě
ˆ
1 ´ c

2Cpm0, d0q

˙
log |G|,

or

(95) (Gaining entropy) H2pY pi`1qq ě H2pY piqq ` γ log |G|,
or |G| !m0,d0,c,c0 1 (small cases).

Proof of Claim 1. Suppose to the contrary that for a large enough (to be specified
later) group G neither (94) nor (95) holds. Then, by Proposition 1, there is an
|G|Rγ-approximate subgroup B Ď G such that

(96) | log |B| ´ H2pY piqq| ď Rγ log |G| and PpY pi`1q P Bq ě |G|´Rγ ,

where R is a universal constant number. By (93) and (96), we obtain

(97) |G|´Rγ ď PpY pi`1q P Bq ď Ppπγ2pUqpY pi`1qq P πγ2pUqpBqq ď 2
|πγ2pUqpBq|
|πγ2pUqpGq| .

By Corollary 22, we have

(98) |G| < |U ||H| ď |Uab|Cpm0,d0q|H| ď |πγ2pUqpGq|Cpm0,d0q.

Hence, by (97) and (98), if |G|Rγ{Cpm0,d0q ě 2, we have

(99) |πγ2pUqpBq| ě |πγ2pUqpGq|1´2Rγ .
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If γ ă c{p6Rq, then by Theorem 3 and (99), we obtain

(100) πγ2pUqpś
3 Bq < πγ2pUqpGq.

By (100) and Lemma 21, we deduce that

(101)
ś

3Cpm0,d0q B < G.

By (101) and the fact that B is |G|Rγ-approximate subgroup, we obtain that

(102) |G|1´p3Cpm0,d0q´1qRγ ď |B|.
On the other hand, since Y piq has room for improvement (that means (94) does not
hold), by (96), we deduce that

(103) log |B| ď
ˆ
1 ´ c

2Cpm0, d0q ` Rγ

˙
log |G|.

Hence, by (103), if γ ď c
4RCpm0,d0q , then

(104) log |B| ď
ˆ
1 ´ c

4Cpm0, d0q

˙
log |G|.

By (102) and (104), we obtain

1 ´ p3Cpm0, d0q ´ 1qRγ ď 1 ´ c

4Cpm0, d0q ,

which is a contradiction for γ ă c
4RCpm0,d0qp3Cpm0,d0q´1q . This finishes proof of

Claim 1.

Claim 2. Suppose |G| "m0,d0,c,c0 1 where the implied constant is the one given by
Claim 1 to avoid the small cases. Suppose γ0 :< γ0pm0, d0, c, c0q is the positive
number given in Claim 1. Let i0 be the smallest integer more than 1{γ0. Then

(105) H2pY pi0qq ě
ˆ
1 ´ c

2Cpm0, d0q

˙
log |G|.

Proof of Claim 2. Suppose to the contrary that (105) does not hold. Since the
Rényi entropy is non-decreasing along a random-walk, we deduce that (94) does
not hold for every non-negative integer i ď i0. Hence, by Claim 1, for every non-
negative integer i ď i0, we should gain entropy ; that means (95) should hold.
Therefore,

H2pY pi0qq ą log |G|,
which is a contradiction. This finishes proof of Claim 2.

Finishing proof of Proposition 19. By Lemma 20, G is c
Cpm0,d0q -quasi-random. By

Claim 2,

H2pX2i0�0q ě
ˆ
1 ´ c

2Cpm0, d0q

˙
log |G|;

and so by Proposition 2, we obtain

LpXq ě cc0

2i0`3Cpm0, d0q .

This finishes our proof of Proposition 19.
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7. Checking (G1)-(G9) for certain groups

In this section, we are going to prove that certain family of finite groups satisfy
the properties (G1)-(G9). The main intention of these results is to provide examples
on how to apply Theorem 12, Theorem 15, and Proposition 19. These results are
not intended to be viewed as the best of their type.

7.1. Product of finite almost simple groups of Lie type and (G1), (G2),
and (G3). Here, we recall results about finite simple groups of Lie type and study
finite product of such groups.

Proposition 25. For every integer 1 ď i ď m, suppose qi is a power of a prime
pi. Suppose Fqi is a finite field of order qi, and Hi is an absolutely almost simple
Fqi-group. Let Hi :< HipFqiq` be the subgroup generated by the elements of order
pi. Suppose there is a positive number C such that

(106) C´1 ď log |Hi|
log |Hj | ď C

for every 1 ď i, j ď m. Let H :< H1 ‘ ¨ ¨ ¨ ‘ Hm. Then H is c-quasi-random where
c is a positive number which only depends on m,C, and maxtdimHi| 1 ď i ď mu.
Proof. By [22], for every i, there is a positive number ci which only depends on
dimHi such that Hi is ci-quasi-random. Suppose ρ is a non-trivial irreducible
representation of G. Then the restriction of ρ to at least one of the Hi’s is non-
trivial. Hence, by the fact that Hi is ci-quasi-random and (106), we have

deg ρ ě mint|Hi|ci | 1 ď i ď mu ě |H|
mintci| 1ďiďmu

Cpm´1q`1 .

Therefore H is mintci| 1ďiďmu
Cpm´1q`1

-quasi-random. �

Next we address the (G3) property.

Proposition 26. For every integer 1 ď i ď m, suppose qi is a power of a prime
pi. Suppose Fqi is a finite field of order qi, and Hi is an absolutely almost simple
Fqi-group. Let Hi :< HipFqiq` be the subgroup generated by the elements of order
pi. Suppose H :< Àm

i“1 Hi. Then, there is a constant C which only depends on
maxi dimHi such that, for every x P H,

ZpHq ś
C Clpxq Ě Nx,

where Nx is the smallest normal subgroup of H which contains x.

Proof. Notice that if x < px1, . . . , xmq P H, then Clpxq < Clpx1q ˆ ¨ ¨ ¨ ˆ Clpxmq.
Hence, for every positive integer C, we have

(107) ZpHq ś
C Clpxq < śm

i“1pZpHiq
ś

C Clpxiqq.
By [23, Theorem 1.1] (see also [28, Theorem 7.1]), there is a fixed positive integer
a such that

(108) Hi < ZpHiq
ś

atlog |Hi|{ log | Clpxiq|u Clpxiq
if xi R ZpHiq. By [22], Hi is c-quasi-random for some positive number c which only
depends on dimHi. Hence,

(109)
log |Hi|

log |Clpxiq| ď 1

c
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if xi R ZpHiq. By (108) and (109), we conclude that

ZpHq ś
ta{cu Clpxq Ě ZpHq À

xiRZpHiq Hi Ě Nx.

�

Finally, we point out that the order of the center of a semisimple group can be
bounded by its dimension from above.

Lemma 27. For every integer 1 ď i ď m, suppose qi is a power of a prime pi.
Suppose Fqi is a finite field of order qi, and Hi is an absolutely almost simple Fqi-
group. Let Hi :< HipFqiq` be the subgroup generated by the elements of order pi.
Suppose H :< Àm

i“1 Hi. Then,

|ZpHq| ď log |H|
if |H| is sufficiently large depending only on m and maxtdimHiu.

Proof. Suppose ri is the absolute rank of Hi. Then |ZpHiq| ď ri ` 1. Hence
|ZpHq| ď śm

i“1p1 ` riq, which finishes the proof. �

7.2. Certain unipotent group schemes over rings with large characteris-
tic. In this section, we study unipotent closed subgroups of pGLnqA where A is a
unital commutative ring whose characteristic is either 0 or large compared to n.
In order to formulate the main result of this section, we start by reviewing the
definition of the exponential and the logarithmic maps.

The exponential and the logarithmic maps can be viewed as elements in the ring
of power series with coefficients in Q. We have

exppxq :<
8ÿ

i“0

xi

i!
, logp1´xq :< ´

8ÿ

i“1

xi

i
, expplog xq < x, and logpexpxq < x.

We view them as functions and evaluate them whenever that makes sense.
Let Nil`n and Uni`n be the closed Z-affine schemes given by the following functors:

Nil`n pAq :< tx P glnpAq|xij < 0 if i ď ju,
and

Uni`n pAq :< tu P GLnpAq|uij < 0 if i ă j and uii < 1 for every iu.
In this section, the i, j entry of a matrix x is denoted by xij . Notice that for every

ring A and x P Nil`n pAq, we have xn < 0. Hence, exp and log define isomorphisms
between pNil`n qZr1{n!s and pUni`n qZr1{n!s.

Now, we state the main result of this section. This result will be used to study
the fibers of a smooth unipotent Zr1{q0s-group scheme over points in a Zariski-open
subset of SpecpZr1{q0sq.

Proposition 28. Suppose A is a unital commutative Zr1{n!s-algebra. Suppose u

is a Lie A-subalgebra of Nil`n pAq. Let u1 :< u and ui`1 :< ru, uis be the Abelian
subgroup of u which is generated by trx, ys|x P u, y P uiu, for every positive integer
i. Let Ui :< exp ui for every positive integer. Then

γipU1q < Ui

for every positive integer i.
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The following is a consequence of Proposition 28 that will be used in this work.
This result has two key points. (1) In general, there is no satisfactory theory of
lower central series for group schemes. Here, for very special group schemes, with
the help of the exponential and the logarithmic maps, we define certain subschemes
that can be viewed as lower central series. (2) We study the set of rational points of
the lower central series of fibers over closed points of the considered group schemes,
and describe the Abelianization of these fibers.

Proposition 29. Suppose U is a subgroup scheme of Uni`n Zr1{q0s and UQ is an

algebraic subgroup of Uni`n Q. Then there exists a positive multiple q0 of lcmpn!, q0q
for which the following statements hold.

Suppose u :< LiepUqpZr1{q0sq. Let u1 :< u and ui`1 :< ru, uis. Suppose F is a
field whose characteristic is either 0 or not dividing q0. Then,

(1) UZr1{q0s is a smooth group scheme. In particular, the following statements
hold:
(a) UF is a unipotent algebraic group over F .
(b) There is a natural A-module isomorphism

ιA : LiepUZr1{q0sqpAq Ñ u bZr1{q0s A

for every unital commutative Zr1{q0s-algebra A.
(2) For every positive integer i, there is a smooth subgroup scheme γipUZr1{q0sq

of UZr1{q0s with the following properties:

(a) For every unital commutative Zr1{q0s-algebra A, we have

γipUZr1{q0sqpAq < exppι´1
A pui bZr1{q0s Aqq.

(b) For every unital commutative Zr1{q0s-algebra A, we have

γipUZr1{q0sqpAq < γipUZr1{q0spAqq,

where γipUZr1{q0spAqq is the i-th lower central series of the group

UZr1{q0spAq.
(c) For every positive integer i, we have γipUZr1{q0sqF < γipUF q where

γipUF q is the i-th lower central series of the algebraic group UF .
(3) For every positive integer i and every unital commutative F -algebra B, we

have

γipUF qpBq < γipUF pBqq.
(4) Let Uab

F be the Abelianization of the F -algebraic group UF . Then there is

a natural B-module isomorphism fB : Uab
F pBq Ñ pu{u2q bZr1{q0s B which is

a composite of natural isomorphisms,

Uab
F pBq „ÝÑ UF pBq

γ2pUF qpBq
„ÝÑ u bZr1{q0s B

u2 bZr1{q0s B

„ÝÑ pu{u2q bZr1{q0s B

and the second isomorphism is induced by ιB ˝ log.

Before we get to the proof of Proposition 28, we recall some basic properties of
the exponential and the logarithmic maps. Viewing exppxq and exppyq as elements
of the non-commutative ring Qxxx, yyy of power series with variables x and y, the
Baker-Campbell-Hausdorff-Dynkin formula states that x#y :< logpexppxq exppyqq
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is equal to

(110)
8ÿ

k“1

p´1qk´1

k

ÿ

mi,niě0,mi`nią0

1

přk
i“1pmi ` niqq śk

i“1pmi!ni!q
Zm,npx, yq,

where m :< pm1, . . . ,mkq, n :< pn1, . . . , nkq, and

Zm,npx, yq :< rx, . . . , xlooomooon
m1

, y, . . . , ylooomooon
n1

, . . . , x, . . . , xlooomooon
mk

, y, . . . , ylooomooon
nk

s

< adpxqm1 adpyqn1 ¨ ¨ ¨ adpyqnk´1pyq
is a long commutator. Notice that for every commutative ring A and x1, . . . , xn P
Nil`n pAq, we have x1 ¨ ¨ ¨xn < 0. This implies that adpx1q ¨ ¨ ¨ adpxn´1qpxnq < 0 for
every x1, . . . , xn P Nil`n pAq. Therefore, Zm,npx, yq < 0 for every x, y P Nil`n pAq
if }m}1 ` }n}1 ě n. Hence, for every unital commutative Zr1{n!s-algebra A and
x, y P Nil`n pAq,
(111)

x#y“
n´1ÿ

k“1

p´1qk´1

k

ÿ

mi,niě0,mi`nią0,}m}1`}n}1ăn

1

p
řk

i“1
pmi ` niqq

śk

i“1
pmi!ni!q

Zm,npx, yq.

We refer to (111) as the n-truncated BCHD formula. Notice that since the
multiplication in Uni`n pAq is an associative operation, so is #; this means for every
x, y, z P Nil`n pAq, we have

x#py#zq < px#yq#z.

Lemma 30. Suppose A is a unital commutative ring, n is an integer, and n! P Aˆ.
Suppose u is a Lie subalgebra over A of Nil`n pAq. Then exppuq is a subgroup of
Uni`n pAq.
Proof. This is an immediate corollary of the n-truncated BCHD formula. �

For a Lie ring u, let u1 :< u and ui`1 :< rui, us be the Abelian subgroup generated
by rx, ys’s as x and y range in ui and u, respectively. Notice that because

adprx, ysqpzq < adpxq adpyqpzq ´ adpyq adpxqpzq,
for every x, y, z P u, we have

(112) rui, ujs Ď ui`j ,

where the left hand side is the Abelian subgroup generated by trx, ys|x, P ui, y P uju.
For every x P uzt0u, let νupxq be the largest positive integer i such that x P ui. Let
νup0q :< 8. Notice that by (112), we have

(113) νuprx, ysq ě νupxq ` νupyq,
for every x, y P u. It is worth pointing out that νu satisfies the usual valuation
properties; that means νupx˘ yq ě mintνupxq, νupyqu and equality holds if νupxq ‰
νupyq.

Based on (113), the following is an immediate consequence of the n-truncated
BCHD formula.

Lemma 31. Suppose A is a unital commutative Zr1{n!s-algebra and u is a Lie
subalgebra over A of Nil`n pAq. Then, for x, y P u,

(114) νu

ˆ
px#yq ´ px ` y ` 1

2
rx, ysq

˙
ě νupxq ` νupyq ` mintνupxq, νupyqu,
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(115) νu

ˆ
x#y#p´xq#p´yq ´ rx, ys

˙
ě νupxq ` νupyq ` mintνupxq, νupyqu,

and for some γ P exppuνupxq`νupyq`mintνupxq,νupyquq
(116) expprx, ysq < γrexpx, exp ys,
where rexpx, exp ys < pexpxqpexp yqpexpxq´1pexp yq´1.

Proof. We leave (114) to the reader to verify based on the n-truncated BCHD
formula. Let i :< νupxq and j :< νupyq. Using (114) for ´x and ´y, we obtain

(117) p´xq#p´yq P ´x ´ y ` 1

2
rx, ys ` ui`j`minti,ju.

Another application of (114) together with (117) and (112) implies that,

px#yq#pp´xq#p´yqq P
ˆ
x ` y ` 1

2
rx, ys

˙
`

ˆ
´x ´ y ` 1

2
rx, ys

˙
` ui`j`minti,ju

< rx, ys ` ui`j`minti,ju.

Finally, we again use (114) together with (115) to obtain

rx, ys#py#x#p´yq#p´xqq P rx, ys ` ry, xs ` ui`j`minti,ju < ui`j`minti,ju.

Hence,
expprx, ysqrexpx, exp ys´1 P exppui`j`minti,juq.

�

Lemma 32. Suppose A is a unital commutative Zr1{n!s-algebra and u is a Lie
subalgebra over A of Nil`n pAq. For every positive integer i, let Ui :< exppuiq. Then,
the following statements hold.

(1) U1 Ě ¨ ¨ ¨ Ě Un is a chain of normal subgroups of U1, and Un < t1u.
(2) For every positive integer i and j, rUi, Ujs Ď Ui`j; in particular, γipU1q Ď

Ui for every positive integer i.
(3) If x, y P ui, then exppx ` yq P pexpxqpexp yqU2i.

Proof. By Lemma 30, we know that Ui’s are subgroups and clearly U1 Ě ¨ ¨ ¨ Ě Un.
Since x1 ¨ ¨ ¨xn is 0 for every x1, . . . , xn P Nil`n pAq, un < 0. Thus, Un < t1u.

For every x P u and y P ui, we have

Adpexppxqqpyq < exppadpxqqpyq P ui.

Hence, for every x P u and y P ui,

exppxq exppyq exppxq´1 < exppAdpexppxqqpyqq P Ui.

This implies that for every positive integer i, Ui is a normal subgroup of U1.
Suppose x P ui and y P uj . Then, by (116) (in Lemma 31), we obtain

rexpx, exp ys P Ui`j`minti,ju expprx, ysq Ď Ui`j .

Hence, rUi, Ujs Ď Ui`j . Now, by induction on i, we deduce that γipU1q Ď Ui for
every positive integer i.

By (114) (in Lemma 31), we have

px ` yq#pp´yq#p´xqq P u2i

for every positive integer i and x, y P ui. Therefore, in this case, we have

exppx ` yqpexp yq´1pexpxq´1 P U2i. �
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In Lemma 33, we estimate the logarithm of a long commutator. For g1, . . . , gm`1

P Uni`n pAq, we define the long commutator rg1, . . . , gm`1s, recursively. Let c1 :< g1
and ci`1 :< rgi`1, cis for every positive integer i ď m.

Lemma 33. Suppose A is a unital commutative Zr1{n!s-algebra and u is a Lie
subalgebra over A of Nil`n pAq. Suppose m is a positive integer and x0, . . . , xm P u.
Then

νuplogrexppxmq, . . . , exppx0qs´rxm, . . . , x0sq ě
mÿ

i“0

νupxiq`mintνupxiq| 0 ď i ď mu.

Proof. We proceed by induction on m. Notice that by (115)

νuplogrexpx, exp ys ´ rx, ysq ě νupxq ` νupyq ` mintνupxq, νupyqu,
which implies the base of induction. Next, we prove the induction step. Suppose
the claim is true for m, and we want to prove it for m ` 1. Let

z :< logrexppxmq, . . . , exppx0qs.
Then by (115), we have
(118)
νuplogrexppxm`1q, exppzqs´rxm`1, zsq ě νupxm`1q`νupzq`mintνupxm`1q, νupzqu.
By the induction hypothesis, we obtain

(119) νupz ´ rxm, . . . , x0sq ě
mÿ

i“0

νupxiq ` mintνupxiq| 0 ď i ď mu.

By (119) and (113), we deduce that

(120) νuprxm`1, zs ´ rxm`1, . . . , x0sq ě
m`1ÿ

i“0

νupxiq ` mintνupxiq| 0 ď i ď mu.

By (113), νuprxm, . . . , x0sq ě řm
i“0 νupxiq. Hence, by (119), we obtain

(121) νupzq ě
mÿ

i“0

νupxiq.

By (118), (121), and (120), we obtain that

νuplogrexppxm`1q, . . . , exppx0qs ´ rxm`1, . . . , x0sq

ě
m`1ÿ

i“0

νupxiq ` mintνupxiq| 0 ď i ď m ` 1u.

This finishes proof of the induction step. �

Corollary 34. Suppose A is a unital commutative Zr1{n!s-algebra and u is a Lie
subalgebra over A of Nil`n pAq. For every positive integer i, let Ui :< exppuiq. Then,
for every positive integer m and x0, . . . , xm P u,

expprxm, . . . , x0sq P rexpxm, . . . , expx0sUm`2.

In particular,

expprxm, . . . , x0sq P γm`1pU1qUm`2.
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Proof. By Lemma 33, we have
(122)

νuplogrexpxm, . . . , expx0s ´ rxm, . . . , x0sq ě
mÿ

i“0

νupxiq ` mintνupxiq| 0 ď i ď mu.

In particular, we obtain

(123) νuplogrexpxm, . . . , expx0sq ě
mÿ

i“0

νupxiq

as (113) implies that νuprxm, . . . , x0sq ě řm
i“0 νupxiq.

By (114) and (122), we obtain

νuplogrexpxm, . . . , expx0s#p´rxm, . . . , x0sqq

ě
mÿ

i“0

νupxiq ` mintνupxiq| 0 ď i ď mu ě m ` 2.

Therefore,

rexpxm, . . . , expx0s expprxm, . . . , x0sq´1 P Um`2.

This finishes proof of this corollary. �

Lemma 35. Suppose A is a unital commutative Zr1{n!s-algebra and u is a Lie
subalgebra over A of Nil`n pAq. For every positive integer i, let Ui :< exppuiq. Then,
γn´ipU1q Ě Un´i for every non-negative integer i ď n ´ 1.

Proof. We proceed by induction on i. By part (1) of Lemma 32, Un < t1u, and so
the base of induction follows. Suppose Un´i`1 Ď γn´i`1pU1q. We want to prove
that Un´i Ď γn´ipU1q. If i < n ´ 1, there is nothing to prove as γ1pU1q < U1. So
without loss of generality, we can and will assume that n ´ i ą 1.

By Part (3) of Lemma 32, Un´i{U2pn´iq is generated by cosets that are repre-
sented by elements of the form

(124) expprx1, . . . , xn´isq.
Hence, Un´i{Un´i`1 is generated by cosets that are represented by elements of the
form given in (124). By Corollary 34,

expprx1, . . . , xn´isqUn´i`1 P γn´ipU1qUn´i`1.

Therefore, Un´i Ď γn´ipU1qUn´i`1. By the induction hypothesis, we obtain that
Un´i Ď γn´ipU1q. �

Proof of Proposition 28. By Part (2) of Lemma 32, for every positive integer i, we
have

γipU1q Ď Ui,

and by Lemma 35, for every positive integer i, we have

γipU1q Ě Ui.

Therefore, the claim follows. �

Proof of Proposition 29. By the spreading out results ([16, Theorem 9.7.7 and
Theorem 12.2.4]; see also [14, Theorem 40 and Section A.1] for an effective version),
since UQ is smooth and irreducible, there is a positive integer q0 such that UZr1{q0s
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is smooth and the fiber UZ{pZ is a connected algebraic group defined over Z{pZ and
it is of dimension dimUQ for every prime p which does not divide q0.

Since UZr1{q0s is a smooth group scheme, there is a natural A-module isomor-
phism

(125) ιA : LiepUZr1{q0sqpAq Ñ u bZr1{q0s A

for every Zr1{q0s-algebra A, where u (see [7, Chapter II, Section 4, Proposition
4.8]). This implies part (1).

By (125), ιA induces an isomorphism

(126) ιA : LiepUZr1{q0sqpAqi Ñ ui bZr1{q0s A

for every positive integer i, where

LiepUZr1{q0sqpAqi < rLiepUZr1{q0sqpAq, . . . ,LiepUZr1{q0sqpAqloooooooooooooooooooooooomoooooooooooooooooooooooon
i-times

s.

By passing to a multiple of q0, we can and will assume that Nil`n pZr1{q0sq{ui is a
free Zr1{q0s-module for every positive integer i. Hence, for every positive integer i,
ui defines a smooth subscheme of Nil`n . Because exp : Nil`n Zr1{q0s Ñ Uni`n Zr1{q0s is

a Zr1{q0s-scheme isomorphism and because of Lemma 30, for every positive integer
i, the following functor from the category of Zr1{q0s-algebras to the category of
groups is a subgroup scheme of UZr1{q0s,

(127) A ÞÑ exppι´1
A pui bZr1{q0s Aqq.

We denote this subgroup scheme of Uni`n Zr1{q0s by γipUZr1{q0sq (it should be said

that this is only a notation, and it does not mean the i-th lower central series of the
group scheme UZr1{q0s as it was mentioned earlier there is no satisfactory theory of

lower central series for an arbitrary group scheme). This implies part (2a).
Notice that γ1pUZr1{q0sq < UZr1{q0s as the logarithm of this group scheme gives

us the Lie algebra of UZr1{q0s and log : Uni`n Zr1{q0s Ñ Nil`n Zr1{q0s is an isomorphism

of Zr1{q0s-schemes. Furthermore, by definition, γipUZr1{q0sq is isomorphic to its

Lie algebra, and for every unital commutative Zr1{q0s-algebra A, ιA induces an
isomorphism

(128) ιA : LiepγipUZr1{q0sqqpAq Ñ ui bZr1{q0s A.

By (128), we deduce that for every field F which is a Zr1{q0s-algebra, γipUZr1{q0sqF
is a connected algebraic group over F .

On the other hand, since UF is a connected F -algebraic group, for every positive
integer i, we can define its algebraic i-th lower central series γipUF q, it is a connected
F -algebraic subgroup of UF , and for every F -algebra B,

(129) LiepγipUF qqpBq < LiepUF qpBqi
(see [7, Chapter II, Section 5, Propositions 4.8 and 4.9, and Chapter II, Section 6,
Proposition 2.3]). By (126), (129), and (128), we conclude that

(130) LiepγipUF qqpBq < LiepγipUZr1{q0sqqpBq,
for every positive integer i and F -algebra B. By (130) and the fact that both
F -algebraic groups γipUF q and γipUZr1{q0sqF are connected, we deduce that

(131) γipUF q < γipUZr1{q0sqF .
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This implies part (2c).
By (127) and Proposition 28, we obtain that

(132) γipUZr1{q0spAqq < γipUZr1{q0sqpAq
for every unital commutative Zr1{q0s-algebra A; and so part (2b) follows.

By (131) and (132), we obtain that

(133) γipUF qpBq < γipUF pBqq < exppι´1
B pui bZr1{q0s Bqq

for every unital commutative F -algebra B; this finishes proof of part (3).
Since Nil`n pZr1{q0sq{u2 is a free Zr1{q0s-module, so is u{u2. Hence, there is a

natural A-module isomorphism

πA : pu bZr1{q0s Aq{pu2 bZr1{q0s Aq Ñ pu{u2q bZr1{q0s A

which sends x b 1 ` pu2 bZr1{q0s Aq to px ` u2q b 1. Let

rfA : UZr1{q0spAq Ñ pu{u2q bZr1{q0s A, rfApxq :< πApιAplog xq ` pu2 bZr1{q0s Aqq.

By Lemma 32 and (127), it follows that rfA is a natural group homomorphism, it is
surjective, and its kernel is γ2pUZr1{q0sqpAq. Hence, the following is a natural group
isomorphism:
(134)

fA :
UZr1{q0spAq

γ2pUZr1{q0sqpAq Ñ pu{u2q bZr1{q0s A, fApxpγ2pUZr1{q0sqpAqqq :< rfApxq.

By (131) and (134), we obtain that for every field F which is a Zr1{q0s-algebra B,
fB induces a natural group isomorphism:

UF pBq
γ2pUF qpBq

„ÝÑ pu{u2q bZr1{q0s B.

Since γ2pUZr1{q0sq and its Lie algebra are isomorphic as Zr1{q0s-schemes, by (131)

γ2pUF q is a connected F -split unipotent F -algebraic group. Hence, by [29, Theorem
14.2.6], UF is isomorphic to pUF {γ2pUF qq ˆγ2pUF q as an F -variety. Therefore, for
every F -algebra B, there is a natural isomorphism

UF pBq
γ2pUF qpBq

„ÝÑ
ˆ

UF

γ2pUF q

˙
pBq.

Altogether, we get a natural isomorphism (that we still denote by fB)

fB : Uab
F pBq „ÝÑ pu{u2q bZr1{q0s B,

where B is a unital commutative F -algebra and Uab
F is the Abelianization of the

F -algebraic group UF . �

7.3. Modules of product of finite almost simple groups of Lie type and
(G6). The main goal of this subsection is to prove (G6) for certain modules of
product of finite almost simple groups of Lie type.

Suppose F is a finite field of characteristic p and order q :< pn where n is a
positive integer. We start by studying representations of SL2pF q over F . For every
positive integer m, SL2pF q acts linearly on the space

(135) VmpF q :<
" mÿ

i“0

cix
iym´i | c0, . . . , cm P F

*
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of homogeneous polynomials of degree m with variables x and y over F . This action
is given by ˆ

a b

c d

˙
¨ fpx, yq :< fpax ` cy, bx ` dyq.

Let φ : F Ñ F, φpxq :< xp; let’s recall that φ generates the group of automorphisms
of the field F and it is of order n. Notice that φ induces an automorphism of
SL2pF q that we still denote by φ. Let F rSL2pF qs be the group ring of SL2pF q over
the field F . For an F rSL2pF qs-module M and every integer i, we get a new module
M piq where the Abelian group of M piq is the same as M and for every x P M piq and
h P SL2pF q, we have

h ¨ x :< φiphqx,
where φiphqx is given by the action of H on M . For instance, the action of SL2pF q
on V

piq
m pF q is given by

ˆ
a b

c d

˙
¨ fpx, yq :< fpapi

x ` cp
i

y, bp
i

x ` dp
i

yq.

For every integer vector m :< pm0, . . . ,mn´1q P r0, p ´ 1sn, let
VmpF q :< V p0q

m0
pF q bF ¨ ¨ ¨ bF V pn´1q

mn´1
pF q,

and view it as F rSL2pF qs-module where

g ¨ pf0 b ¨ ¨ ¨ b fn´1q :< pg ¨ f0q b ¨ ¨ ¨ b pg ¨ fn´1q,
for every g P SL2pF q and pf0, . . . , fn´1q P V

p0q
m0

pF q ˆ ¨ ¨ ¨ ˆ V
pn´1q
mn pF q. Notice that

VmpF q can be identified with the set of polynomials in variables x0, y0, . . . , xn´1, yn´1

over F that are homogeneous of degree mj in variables xj and yj , and g acts on xj

and yj as in V
pjq
mj pF q; this means we can and will view elements of VmpF q as

ÿ

i

ci

n´1ź

j“0

x
ij
j y

mj´ij
j ,

where the integer vector i :< pi0, . . . , in´1q ranges in the set
śn´1

j“0 r0,mjs and ci P F .

The following is an important result of Brauer and Nesbitt (see [4, Section VI.30])
that has been generalized by Steinberg (see [30]).

Proposition 36 (Brauer-Nesbitt). Suppose F is a finite field of characteristic p

and order q :< pn. For every integer vector m in r0, p ´ 1sn, VmpF q is a simple
F rSL2pF qs-module and every simple F rSL2pF qs-module is isomorphic to VmpF q for
some such integer vector m.

Let u`ptq :<
ˆ
1 t

0 1

˙
, u´ptq :<

ˆ
1 0
t 1

˙
for t P F , and

U` :< tu`ptq | t P F u and U´ :< tu´ptq | t P F u.
Lemma 37 is essentially proved in the mentioned works of Brauer-Nesbitt and Stein-
berg. But for the reader’s convenience, we include its proof.

Lemma 37. Suppose F is a finite field of characteristic p and of order q :< pn.

Suppose m is a non-zero integer vector in r0, p ´ 1sn. Then the set VmpF qU`

of
fixed points of U` is equal to

Fxm0

0 ¨ ¨ ¨xmn´1

n´1 ,



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

RANDOM WALK ON GROUP EXTENSIONS 2405

and the set VmpF qU´

of fixed points of U´ is equal to

Fym0

0 ¨ ¨ ¨ ymn´1

n´1 .

Proof. Suppose hpx0, y0, . . . , xn´1, yn´1q :< ř
i
ci

śn´1
j“0 x

ij
j y

mj´ij
j is in VmpF qU`

.
View h as a polynomial in variables x0, . . . , xn´1 over the ring of coefficients
F ry0, . . . , yn´1s. We consider the lexicographic ordering on the monomials in terms
of x0, . . . , xn´1, and accordingly define the leading term of a polynomial in
pF ry0, . . . , yn´1sqrx0, . . . , xn´1s.

Suppose to the contrary that h is not a multiple of xm0

0 ¨ ¨ ¨xmn´1

n´1 . Hence, without
loss of generality, we can and will assume that the leading term of h is of the form

ci

n´1ź

j“0

y
mj´ij
j

n´1ź

j“0

x
ij
j

for some i ‰ m. For every t P F , we have

h < u`ptq ¨ h <
ÿ

i

ci

n´1ź

j“0

x
ij
j pyj ` tp

j

xjqmj´ij .

For every i, the leading term of ci
śn´1

j“0 x
ij
j pyj ` tp

j

xjqmj´ij is equal to

cit
řn´1

j“0
pmj´ijqpj

xm0

0 ¨ ¨ ¨xmn´1

n´1 .

These add up to
ř

i
cit

řn´1

j“0
pmj´ijqpj

times xm0

0 ¨ ¨ ¨xmn´1

n´1 . Since the leading term of

h is not a multiple of xm0

0 ¨ ¨ ¨xmn´1

n´1 , we deduce that
ÿ

i

cit
řn´1

j“0
pmj´ijqpj < 0

for every t P F . Because mj ’s are at most p ´ 1, the single variable polynomial
ÿ

i

cix
řn´1

j“0
pmj´ijqpj

is of degree at most q ´ 1. Since this polynomial has at least q distinct zeros,
we obtain that this is the zero polynomial in F rxs. Notice that the function i ÞÑřn´1

j“0 pmj ´ ijqpj from the set of integer vectors i in r0, p´1sn to the set of integers

is injective. Hence,
ř

i
cix

řn´1

j“0
pmj´ijqpj < 0 implies that ci < 0 for every i. This

means h < 0 which is a contradiction. By a similar argument, one can show that

VmpF qU´ < Fym0

0 . . . y
mn´1

n´1 .

�

Before we continue with understanding modules of SL2pF q, we prove a Waring’s
problem type of result for finite fields. Let’s recall that Hardy and Littlewood
used Fourier analysis to show that for every integer k there is a positive integer
Ck such that every non-negative integer can be written as a sum of Ck elements in
txk | x P Zu. Based on the same principle and certain exponential cancellations,
this type of problem has been studied for various finite rings including Z{mZ and
finite fields. Refined versions of the mentioned Fourier analytic approach, in the
finite field case, lead to sharp bounds for Ck. This sharp bound, however, comes
with a cost. One needs to assume that gcdp|Fˆ|, kq is less than

a
|F |; this is not

a precise inequality, but rather an indication of the magnitude of the upper bound
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as |F | gets larger. In our work, we cannot impose this condition on k. So we use
a sum-product result to obtain a desired Waring’s problem type of result for finite
fields. The aforementioned sum-product result is implicitly proved by Bourgain,
Katz, and Tao [3, Theorem 4] and explicitly formulated (and proved) by the first
author in [11, Lemma 43].

Lemma 38. For every ε ą 0, there is a positive integer C¸ such that the following
statement holds. Suppose E is a finite field. Suppose k is a positive integer which
is at most |E|1´¸. Then ř

Cε
pEˆqk ´ ř

Cε
pEˆqk

is equal to the subfield generated by pEˆqk.
Proof. Notice that x ÞÑ xk is a group homomorphism from the cyclic group Eˆ to
itself and its image is pEˆqk. Hence,

(136) |pEˆqk| < |Eˆ|
|tx P E | xk < 1u| ě |Eˆ|

k
ą |E|¸{2

if |E| "¸ 1. In particular, for |E| "¸ 1, there is α P Eˆ such that αk ‰ 1. Let
β :< αk ´ 1, and

B :< β´1ppEˆqk ´ pEˆqkq.
Then 0, 1 are in B and |B| ě |E|¸{2. Therefore, by (136) and [11, Lemma 43], there
is a positive integer C 1 :< C 1

¸ depending only on ε such that

(137)
ř

C1

ś
C1 B ´ ř

C1

ś
C1 B

is a subfield K of E. Notice that since pEˆqk is a subgroup of Eˆ,

(138)
ś

C1 B < β´C1 př
2C

1´1pEˆqk ´ ř
2C

1´1pEˆqkq.
Thus, by (137) and (138), we obtain

(139) β´C1 př
C12C

1´1pEˆqk ´ ř
C12C

1´1pEˆqkq < K

is a subfield of E. Multiplying both sides of (139) by pEˆqk, we deduce that

K < pEˆqkK;

and so pEˆqk Ď K. Therefore, the subfield generated by pEˆqk is a subfield of K.
On the other hand, since pEˆqk Ď K, β P K. Thus, by (139), we have

K < ř
C12C

1´1pEˆqk ´ ř
C12C

1´1pEˆqk,
which implies that K is generated by pEˆqk as a subfield of E. This means K is
the subfield generated by pEˆqk. The claim follows for fields E whose order is large
enough in terms of ε. For small fields, the claim is clear. �

Next, we describe FprSL2pF qs-submodules of VmpF q where F is a finite field of
characteristic p. Suppose the module structure of VmpF q is given by the representa-
tion ρm : SL2pF q Ñ GLpVmpF qq. Let F be an algebraic closure of F . For a subfield
E of F which is either a subfield of F or an extension of F , let AE Ď EndF pVmpF qq
be the E-span of ρmpSL2pF qq. Then AE is an E-subalgebra of EndF pVmpF qq. By
Proposition 36, VmpF q is a simple F rSL2pF qs-module. Therefore, for every field

extension E of F , we have that AE < EndEpVmpEqq. Let d0pmq :< śn´1

i“0 pmi ` 1q
and notice that d0 :< d0pmq is the dimension of VmpEq over E. For every integer
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vector i :< pi0, . . . , in´1q P śn´1
i“0 r0,mis, let ei :<

śn´1
j“0 x

ij
j y

mj´ij
j P VmpFpq. No-

tice that ei’s form an E-basis of VmpEq. Using this basis, we can and will identify
EndEpVmpEqq with Md0

pEq.
Notice that the domain of ρm is always SL2pF q, and so for a subfield E of F ,

AE is a subalgebra of Md0
pF q, and it is not necessarily a subalgebra of Md0

pEq. In
Lemma 39, we describe the algebraic structure of AE .

Lemma 39. Suppose E is a subfield of F . Then in the above setting, there exist
g P GLd0

pF q and a subfield L of F such that AE < gMd0
pLqg´1.

Proof. Suppose J is the Jacobson radical of AE. Since AE is a finite-dimensional
E-algebra, J is a nilpotent ideal (see [27, Proposition 4.4]). Then the F -span
of J is a nilpotent ideal of Md0

pF q. Therefore J < 0. Because AE is a finite-
dimensional E-algebra and its Jacobson radical is 0, AE is a semisimple E-algebra
(see [27, Proposition a]).

Suppose I is an ideal of AE . Then there is a central idempotent e P AE such that
I < eAE (see [27, Section 3.2, Exercise 3]). Because the F -span of AE is Md0

pF q
and e is a central element of AE , e is in the center of Md0

pF q. As the center
of Md0

pF q is F , e is an idempotent element of F . Because the only idempotent
elements of a field are 0 and 1, we deduce that e is either 0 or 1. This implies
that I is either 0 or AE. Hence, AE is a simple algebra. By the Wedderburn-Artin
theorem (see [27, Section 3.5]) and Wedderburn’s little theorem (see [27, Section
13.6]), AE is isomorphic to MrpLq for some field extension L of E and positive
integer r. Moreover, L is the center of AE , and so it is a subfield of the center of
the F -span of AE . Therefore, L is a subfield of F . Since the F -span of AE is equal
to Md0

pF q, by [27, Proposition a, Section 12.4], there is a well-defined isomorphism
AE bL F Ñ Md0

pF q which sends x b c to cx. Hence, r < d0, which means AE »
Md0

pLq. We view AE and Md0
pLq Ď EndF pF d0q as two isomorphic L-central simple

subalgebras of EndLpF d0q. Then, by the Skolem-Noether theorem (see [27, Section
12.6]), there is an invertible g P EndLpF d0q such that AE < gMd0

pLqg´1 (all viewed
as subalgebras of EndLpF d0q).
Claim. We can choose g from EndF pF d0q.
Proof of Claim. Notice that EndF pF d0q is the centralizer of F in EndLpF d0q, where
F is embedded in EndLpF d0q via the scalar multiplication

ld0
: F Ñ EndLpF d0q, ld0

pcqpvq :< cv,

for every c P F and v P F d0 . Notice that for every positive integer r, the scalar
multiplication

lr : F Ñ EndLpF rq, lrpcqpxq :< cx

is a ring embedding.
For every c P F zt0u, we have

ld0
pcqgMd0

pLqg´1ld0
pcq´1 < ld0

pcqAEld0
pcq´1 < AE < gMd0

pLqg´1,

which implies that

(140) g´1ld0
pcqg P CEndLpFd0 qpMd0

pLqq,
for every c P F (this is the centralizer of Md0

pLq in EndLpF d0q.). Notice that F d0

can be identified with Ld0 bL F as an L-vector space, and via this identification,
c P F acts via multiplication by 1 b c and x P Md0

pLq acts via multiplication by
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xb1. From this point of view, it is clear that L-linear maps of the form 1by where
y P EndLpF q are in the centralizer of Md0

pLq. Choosing an L-basis tc1, . . . , crF :Lsu
for F , one can see that eibcj ’s form a basis for Ld0bLF where ei’s form the standard
basis of Ld0 . We use this basis and identify EndLpF d0q with Md0rF :LspLq. Now, a

direct computation shows that the centralizer of Md0
pLqbidrF :Ls in EndLpLd0 bLF q

is precisely idd0
bEndLpF q; in the matrix form this means

(141) CMd0rF :LspLqpMd0
pLq b idrF :Lsq < tidd0

bx | x P EndLpF qu,

where here b denotes the Kronecker product of matrices. By (140) and (141), we
obtain a function f : F Ñ EndLpF q such that

(142) gpidd0
bl1pcqqg´1 < idd0

bfpcq,
where as above b is the Kronecker tensor product of matrices and l1pcq : F Ñ F

is given by the scalar multiplication. From (142), we deduce that f is a ring
embedding. Since F is a finite field, there is c0 P F such that F < Lrc0s. Suppose
mc0,Lpxq is the minimal polynomial of c0 over L. Then fpc0q is an rF : Ls-by-
rF : Ls matrix over L whose minimal polynomial is equal to mc0,L. Notice that
degmc0,L < rF : Ls, and so the rational canonical form of fpc0q is equal to the
companion matrix of mc0,L. Therefore, fpc0q and l1pc0q have the same rational
canonical forms. Hence, they are conjugate of each other in MrF :LspLq. So, there
is g0 P EndLpF q such that

(143) g´1
0 l1pcqg0 < fpcq

for every c P F . By (142) and (143), we deduce that
(144)

g´1pidd0
bl1pcqqg´1 < idd0

bg´1
0 l1pcqg0 < pidd0

bg0q´1pidd0
bl1pcqqpidd0

bg0q,
for every c P F . Therefore

(145) pg :< gpidd0
bg0q´1 P CEndLpFnqpF q < EndF pFnq

(under the mentioned identifications). Notice that

pgpMd0
pLq b idrF :Lsqpg´1 < gpMd0

pLq b idrF :Lsqg´1 < AE .

The Claim follows. �

From the previous Claim, we obtain that there exists g P GLd0
pF q such that

AE < gMd0
pLqg´1. �

The following result is an immediate consequence of Lemma 39.

Corollary 40. In the above setting, suppose g P GLd0
pF q and a subfield L Ď F are

as in Lemma 39; that means AE < gMd0
pLqg´1. Suppose g´1f :< pc1, . . . , cd0

q P
F d0 . Then there is a subset Jf of t1, . . . , d0u such that

(146) Mf <
à
jPJf

cjpgLd0q,

where Mf is the AE-module generated by f . Moreover, if N is a submodule of Mf ,
then there is a subset JN,f of Jf such that

Mf < N ‘
à

jPJN,f

cjpgLd0q.
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Proof. Notice that for every v1, . . . , vd0
P Ld0 , there is x P Md0

pLq such that xei < vi
where ei’s form the standard basis of Ld0 . Then,

d0ÿ

i“1

cipgviq < gxpg´1fq P Mf ,

which implies that
řd0

i“1 cipgLd0q Ď Mf . Because
řd0

i“1 cipgLd0q is an AE-module
and

f <
d0ÿ

i“1

cipgeiq P
d0ÿ

i“1

cipgLd0q,

we deduce that

(147) Mf <
d0ÿ

i“1

cipgLd0q.

Choose a subset Jf of t1, . . . , d0u in a way that tcj | j P Ju is an L-basis of
řd0

j“1 Lcj .

Then for every i, ci < ř
jPJf

ajcj for some aj P L. Therefore,

cipgLd0q Ď
ÿ

jPJf

cjpgLd0q,

which implies that

(148)
d0ÿ

i“1

cipgLd0q <
ÿ

jPJf

cjpgLd0q.

Suppose for some wi P Ld0 , we have
ÿ

jPJf

cjpgwjq < 0.

Then all the components of
ř

jPJf
cjwj are zero. Since the components of wj ’s are

in L and cj ’s are L-linearly independent for j’s in Jf , we deduce that wj < 0 for
every j P Jf . Hence, ÿ

jPJf

cjpgLd0q <
à
jPJf

cjpgLd0q,

which completes the proof of (146) by (147) and (148).
Since AE < gMd0

pLqg´1,

(149) AEpcipgLd0qq < gMd0
pLqg´1pcipgLd0qq < cipgLd0q,

which means cipgLd0q is AE-submodule for every i. Moreover, by (149) and the fact
that Ld0 is a simple Md0

pLq-module, we obtain that cipgLd0q is a simple AE-module
for every i. Hence, by [27, Section 2.4], the claim follows. �

In Lemma 41, we describe the subfield L Ď F that is given by Lemma 39.

Lemma 41. In the above setting, suppose L Ď F is the subfield and g P GLd0
pF q

are the ones given in Lemma 39 for E < Fp; that means the Fp span of ρmpSL2pF qq
is gMd0

pLqg´1. Then L is the unique subfield of F that has order pk where k is
the smallest period of m0, . . . ,mn´1. This means k is the smallest positive integer
such that mi`k < mi for every non-negative integer i ă n ´ k.
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Proof. Since AFp
< gMd0

pLqg´1, L is equal to TrpAFp
q. Therefore, L is the subfield

of F that is generated by TrpρmpSL2pF qqq. Since every non-central element of

SL2pF q is conjugate to an element of the form

ˆ
0 ´1
1 t

˙
for some t P F and the

central elements are ˘ id2, L is the subfield generated by the trace of ρm

ˆ
0 ´1
1 t

˙

as t ranges in F . Let’s recall that for every integer vector i :< pi0, . . . , in´1q inśn´1
i“0 r0,mis, ei :<

śn´1
j“0 x

ij
j y

mj´ij
j , and ei’s form an F -basis for VmpF q. We have

(150) ρm

ˆ
0 ´1
1 t

˙
peiq <

n´1ź

j“0

y
ij
j p´xj ` tp

j

yjqmj´ij .

Next, we expand the right hand side of (150) to find the coefficient of ei. It is easy
to see that this coefficient is

(151) p´1qij
ˆ
mj ´ ij

ij

˙
tcpm´2iq,

where c :
śn´1

j“0 r´mj ,mjs Ñ Z, cpb0, . . . , bn´1q :< řn´1
j“0 bjp

j . Notice that this

coefficient is non-zero exactly when mj ě 2ij for every j. By (151), we obtain that
(152)

Tr

ˆ
ρm

ˆ
0 ´1
1 t

˙˙
<

ÿ

i

p´1qij
ˆ
mj ´ ij

ij

˙
tcpm´2iq <

n´1ź

j“0

Umj
ptqpj <

n´1ź

j“0

φjpUmj
ptqq,

where φ : F Ñ F, φpxq :< xp and Umpxq :< řtm{2u
i“0 p´1qi

`
m´i
i

˘
xm´2i (notice that

if p is not 2, then Umpxq < Umpx{2q where Um is the Chebyshev polynomial of the
second kind). If k is the period of m0, . . . ,mn´1, then for every t P F

φk

ˆn´1ź

j“0

φjpUmj
ptqq

˙
<

n´1ź

j“0

φjpUmj
ptqq;

consequently, for every t P F , trace of ρm

ˆ
0 ´1
1 t

˙
is in the fixed points of φk.

Therefore, the subfield generated by the traces of the image of ρm is in the unique
subfield of F that has order pk.

Next, assume that the subfield generated by the traces of the image of ρm has
pk

1

elements. Then k1 divides k and

φk1

ˆn´1ź

j“0

φjpUmj
ptqq

˙
<

n´1ź

j“0

φjpUmj
ptqq

for every t P F . This implies that

(153)
n´1´k1ź

j“0

Umj
ptqpk1`j

n´1ź

j“n´k1

Umj
ptqpk1`j´n <

n´1ź

j“0

Umj
ptqpj

for every t P F . Since degUm < m, the degree of the polynomials in both the sides
of the equation given in (153) is less than pn. Consequently, (153) implies that

(154)
n´1ź

j“0

Umj´k1 pxpj q <
n´1ź

j“0

Umj
pxpj q
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as two polynomials in Fprxs where the index j ´ k1 is taken modulo n. For every

non-negative integer m, let Umpxq be Umpxq if m is even and Umpxq{x if m is odd.

Then Ump0q < ˘1 for every non-negative even integer m and Ump0q < ˘m`1
2

for
every non-negative odd integer m, and (154) implies that

(155)
n´1ź

j“0

Umj´k1 pxpj q <
n´1ź

j“0

Umj
pxpj q.

Looking at both sides of (155) modulo xp and noticing that pmj ` 1q{2 ‰ 0 in F ,

we deduce that Um0
< Umn´k1 , which implies that m0 < mn´k1 . After canceling

this common polynomial from both sides of (154) and repeating this argument,
we conclude that m0, . . . ,mn´1 is k1 periodic. This means k1 is at least k, which
finishes the proof. �

We refer to the subfield generated by the traces of elements in the image of ρm
as the trace field of ρm.

Lemma 42. Suppose F is a finite field of characteristic p and order q :< pn.
Let Fp be the prime subfield of F . Let M be a simple F rSL2pF qs-module, and
1 ă dimF M ă ?

p. Then there exists a positive integer C which only depends on
dimF M such that for every f P M ,

(156)
ř

C Of ´ ř
C Of < Mf ,

where Mf is the FprSL2pF qs-submodule of M that is generated by f and Of is
the SL2pF q-orbit of f . Moreover, there is a subfield L :< LpMq of F which only
depends on M such that the following statements hold.

(1) Mf is an LrSL2pF qs-submodule of M .
(2) rF : Ls ď dimF M .
(3) dimL Mf ď pdimF Mq2.

Proof. If f < 0, there is nothing to prove. By Proposition 36, M » VmpF q for some
integer vector m P r0, p´1sn. So without loss of generality, we can and will assume
that M < VmpF q and f is a non-zero element of VmpF q. Therefore, by Lemma 37,

either f R VmpF qU`

or f R VmpF qU´

. Without loss of generality, we can and

will assume that f R VmpF qU`

. Notice that u`ptq acts on VmpF q as a unipotent

transformation. Hence, there is a positive integer d ă degF VmpF q < śn´1

i“0 pmi`1q
such that for some t0 P F

h :< pu`pt0q ´ Iqd ¨ f ‰ 0 and @t P F, pu`ptq ´ Iqd`1 ¨ f < 0.

Hence, h is a non-zero element of VmpF qU`

. Thus, by Lemma 37, h<cxm0

0 ¨ ¨ ¨xmn´1

n´1

<: cem for some c P Fˆ, and

cem < řd
j“0p´1qj

`
d
j

˘
u`pjt0q ¨ f P ř

2d Of ´ ř
2d Of .

Therefore for every α P Fˆ,

(157)

ˆ
α 0
0 α´1

˙
¨ pcemq < αkpcemq < cαkem P ř

2d Of ´ ř
2d Of ,

where k :< m0 ` m1p ` ¨ ¨ ¨ ` mn´1p
n´1. Let L be the subfield of F which is

generated by

pFˆqk :< tαk | α P Fˆu.
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Suppose |L| < pl. Since L is a subfield of F , n < ls for some integer s. Because
Fˆ and Lˆ are cyclic groups, we obtain that

(158) k < p1 ` pl ` ¨ ¨ ¨ ` pps´1qlqr
for some integer r. Viewing both sides of (158) modulo pl, we obtain that

(159) m0 ` pm1 ` ¨ ¨ ¨ ` pl´1ml´1 = r pmod plq.
Notice that k ă pn, and consequently r ă pl. Therefore, by (159), we deduce that

(160) r < m0 ` pm1 ` ¨ ¨ ¨ ` pl´1ml´1.

By (158), (160), and the fact that mi’s are digits of k in base p, we obtain that
mi’s are l-periodic; that means

pm0, . . . ,ml´1q < pmil, . . . ,mil`l´1q
for every integer i in r0, s´1s. Hence, by Lemma 41, the trace field of ρm is a subfield
of L. On the other hand, if l1 is the smallest positive integer such that m0, . . . ,mn´1

is l1-periodic, it is clear pFˆqk is pointwise fixed by φl1

where φ : F Ñ F, φpxq :< xp.
Hence, again by Lemma 41, pFˆqk is a subset of the trace field of ρm. Therefore,
the field L generated by pFˆqk is simply the trace field of ρm.

Also notice that since mi’s are l-periodic, we obtain

(161) m0 ` ¨ ¨ ¨ ` mn´1 < spm0 ` ¨ ¨ ¨ ` ml´1q.
Because dimF M < śn´1

i“0 pmi ` 1q, at least one of the mi’s is not zero, and

(162) m0 ` ¨ ¨ ¨ ` mn´1 ă dimF M.

By (161) and (162), we obtain that

(163) rF : Ls ă dimF M.

We also notice that Lˆ is the unique subgroup of Fˆ that has order pl ´ 1, and so

(164) pFˆqk < pFˆq
pn´1

pl´1
¨r < pLˆqr.

By (162), there are at most dimF M ´ 1 non-zero mi’s. Consider

(165)

"
i

l
` Z | mi ‰ 0

*
Ď R{Z,

and view R{Z as a circle with circumference 1. The points given in (165) (location
of non-zero digits) cut out at most dimF M ´1 arcs, and so one of them has length
at least 1

dimF M´1
. Therefore, there is an index i0 such that mi0 ‰ 0 and

(166)

"
i ´ i0

l
` Z | mi ‰ 0

*
X tx ` Z | 1 ´ 1

dimF M ´ 1
ă x ă 1u < ∅.

Notice the restriction of φ to every subfield of F is an automorphism. This implies
that
(167)

pLˆqr <φ´i0ppLˆqrq<txmi0
`pmi0`1`¨¨¨`pl´1´i0ml´1`pl´i0m0`¨¨¨`pl´1mi0´1 | xPLˆu.

Let r1 :< mi0 ` pmi0`1 ` ¨ ¨ ¨ ` pl´1´i0ml´1 ` pl´i0m0 ` ¨ ¨ ¨ ` pl´1mi0´1. Then by
(166), we obtain that

(168) r1 ă p
l´ l

dimF M´1
`1

.
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Now, we consider two cases to show that there is a positive integer C which only
depends on dimF M such that

(169)
ř

CpFˆqk ´ ř
CpFˆqk < L.

Case 1 (l "dimF M 1). In this case, by (168), we can and will assume that r1 ă
|L|1´ 1

dimF M . Therefore, by Lemma 38, (167) (which implies pLˆqr < pLˆqr1

), and
(164), we deduce that there is a positive integer C which only depends on dimF M

such that ř
CpFˆqk ´ ř

CpFˆqk < ř
CpLˆqr1 ´ ř

CpLˆqr1 < L.

Case 2 (l !dimF M 1 (the complement of Case 1)). Let Fp be the prime field of F ,
and notice that for every x P Fp,

xr < xm0`¨¨¨`ml´1 P pLˆqr.
Since dimF M ă p1{2, we can use the Waring problem modulo primes (see [6]), and

obtain that every element of Fp can be written as a sum of at most tm0`¨¨¨`ml´1

2
u ` 1

elements of

pFˆ
p qm0`¨¨¨`ml´1 :< tαm0`¨¨¨`ml´1 | α P Fˆ

p u.
By (162) and the previous argument, we deduce that for C 1 < tdimF M{2u ` 1

(170) Fp Ď ř
C1 pLˆqr ´ ř

C1 pLˆqr.
The assumption of Case 2 implies that there is a positive integer C2 :< C2pdimF Mq
which only depends on dimF M such that l ď C2. Then by (170), we conclude that

L < ř
C1C2 pLˆqr ´ ř

C1C2 pLˆqr < ř
C1C2 pFˆqk ´ ř

C1C2 pFˆqk.
In either case, we showed that (169) holds. By (157) and (169), we deduce that

(171) cLem Ď ř
2dC Of ´ ř

2dC Of .

On the other hand, by Corollary 40 and Lemma 41, the FprSL2pF qs-submoduleMem

generated by em is a vector space over L that is of dimension at most pdimF Mq2.
Hence, by (171),

(172) cMem Ď ř
2dCpdimF Mq2 Of ´ ř

2dCpdimF Mq2 Of Ď Mf .

By Corollary 40, Mf is a completely reducible FprSL2pF qs-module. Hence there is
an FprSL2pF qs-submodule N of Mf such that Mf < N ‘ cMem . Hence, f can be
written as a sum of fnew P N and fachieved P cMem . Therefore,

fnew P ř
2dCpdimF Mq2`1 Of ´ ř

2dCpdimF Mq2 Of .

Repeating this previous process, we have

cnewMem Ď ř
2dCpdimF Mq2 Ofnew ´ ř

2dCpdimF Mq2 Ofnew Ď Mfnew Ď N.

Hence,

cMem ‘ cnewMem Ď ř
C1

Of ´ ř
C1

Of .

By Corollary 40, this process ends in at most dimF M iterations. This means that
there is a positive integer C which only depends on dimF M such that

Mf < ř
C Of ´ ř

C Of ,

which finishes proof of (156).
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As it is discussed earlier in the argument, by Corollary 40 and Lemma 41, Mf

is an LrSL2pF qs-submodule of M where L is the trace subfield associated with the
representation ρm. By (163), rF : Ls ă dimF M , and by Corollary 40, dimL Mf ď
pdimF Mq2, which finishes the proof. �

Lemma 43. Suppose F is a finite field of characteristic p, m is an integer less
than

?
p, and ρ : pSL2qF Ñ pGLmqF is a group homomorphism. Let M :< Fm

and view it as an F rSL2pF qs-module via ρ, where F rSL2pF qs is the group ring of
SL2pF q over the ring F . Suppose no non-zero element of M is invariant under
SL2pF q. Then, M is a completely reducible F rSL2pF qs-module and there exists a
positive integer C which only depends on m such that for every x P M ,

(173)
ř

C Ox ´ ř
C Ox < Mx,

where Ox is the SL2pF q-orbit of x and Mx is the FprSL2pF qs-submodule generated
by x.

Proof. By [17, Theorem A],M is a completely reducible F rSL2pF qs-module. Hence,
it is also a completely reducible FprSL2pF qs-module. This implies that Mx is also
completely reducible. To prove (173), we proceed by induction on the dimension of
M over F . Without loss of generality, we can and will assume that M is generated
by x as an F rSL2pF qs-module. If M is a simple F rSL2pF qs-module, (173) follows
from Lemma 42. Otherwise, there are proper submodules N and N 1 of M such that
M < N ‘ N 1 and N is a simple F rSL2pF qs-module. Hence, x can be written as
xN ` xN 1 for some xN P N and xN 1 P N 1. Then, by Lemma 42, there is a positive
integer C 1 which only depends on dimF N ă m ´ 1 such that

(174) MxN
< ř

C1 OxN
´ ř

C1 OxN
.

Let prN : M Ñ N be the projection to the N -component. By (174), we have that

(175) MxN
< prN př

C1 Ox ´ ř
C1 Oxq Ď prN pMxq.

Since prN is not an isomorphism , by (175), there is a non-zero element y P ker prN
which is in ř

3C1 Ox ´ ř
3C1 Ox.

Notice that ker pN < N 1, and so by the induction hypothesis, there is an integer
C2 which only depends on dimF N 1 ă m ´ 2 such that

(176) My < ř
C2 Oy ´ ř

C2 Oy Ď ř
3C1C2 Ox ´ ř

3C1C2 Ox.

Because Mx is a completely reducible FprSL2pF qs-module, there is a submodule N2

such that
Mx < N ‘ My ‘ N2.

Notice that by (174) and (176), we have

MxN
‘ My < prN‘My

př
3C1C2`C1 Ox ´ ř

3C1C2`C1 Oxq.
By repeating this process at most pdimF Mq{2 times, we get to the entire M , and
the claim follows. �

Proposition 44. Suppose F is a finite field of characteristic p, m is an integer
less than

?
p, H is a semisimple group defined over F , and ρ : H Ñ pGLmqF is a

group homomorphism. Let HpF q` be the subgroup generated by the p-elements of
HpF q. Let M :< Fm, and view it as an F rHpF q`s-module via ρ, where F rHpF q`s
is the group ring of HpF q`. Suppose no non-zero element of M is invariant under
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HpF q`. Then, M is a completely reducible F rHpF q`s-module and there exists a
positive integer C which only depends on m such that for every x P M ,

(177)
ř

C Ox ´ ř
C Ox < Mx,

where Ox is the HpF q`-orbit of x and Mx is the FprHpF q`s-submodule generated
by x.

Proof. Let rH be the simply-connected cover of H, and ι : rH Ñ H be the correspond-

ing central isogeny. Then ιprHpF qq < HpF q`, and so without loss of generality, we
can and will assume that H is simply-connected and HpF q` < HpF q.

Since H is a simply-connected semisimple group defined over F and F is a finite
field, there are simply-connected, F -almost simple, quasi-split groups Hi defined
over F such that H is a direct product of Hi’s. Because Hi is quasi-split and

simply-connected over a finite field F , Hi ˆF
rF splits for some cyclic extension

rF {F of degree at most 3. Looking at the action of the Galois group Galp rF {F q on

the Dynkin diagram of Hi ˆF
rF , we deduce that either there is an embedding of

pSL2qF into Hi or there is an embedding of the unitary group of the hermitian form
given by ¨

˝
0 0 1
0 1 0
1 0 0

˛
‚

into Hi. In the latter case, again there is an embedding of pSL2qF into Hi. Since
Hi is F -almost simple, it is generated by the conjugates of a non-central subgroup.
Hence, H has finitely many copies Lj ’s of pSL2qF which generate H; and because
H is simply-connected, LjpF q’s generate HpF q. By [17, Theorem A], M is a com-
pletely reducible F rHpF q`s-module (and similarly F rLjpF qs-module for every j).
Therefore, there is an F rLjpF qs-submodule Mj which does not have any non-zero
LjpF q-invariant vector and

(178) M < MLjpF q ‘ Mj ,

where MLjpF q is the set of LjpF q-fixed points of M . By Lemma 42, for every j,
there is a subfield Lj such that every FprLjpF qs-submodule of M is a vector space
over Lj and rF : Ljs ď dimF M . Let

L :<
č

tE Ď F | E subfield of F, rF : Es ď dimF Mu.

Hence, L Ď Lj for every j, rF : Ls ď pdimF Mq!, and for every j, an FprLjpF qs-
submodule of M is a vector space over L.

Since HpF q has no non-zero fixed points in M and LjpF q’s generate HpF q, for
every non-zero x P M , there is j such that x R MLjpF q. Therefore, prMj

pxq ‰ 0.
Thus, by Lemma 43, for some positive integer C1 which only depends on dimF M

such that

(179) FprLjpF qs ¨ prMj
pxq Ď ř

C1
LjpF q ¨ prMj

pxq ´ ř
C1

LjpF q ¨ prMj
pxq.

Therefore, by (179), we deduce that

(180) L prMj
pxq Ď ř

C1
LjpF q ¨ x ´ ř

C1
LjpF q ¨ x Ď ř

C1
Ox ´ ř

C1
Ox.

Because the dimension of M as an L-vector space is bounded by a function of
dimF M , by (180) we obtain that there is a positive integer C2 which only depends
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on dimF M such that

(181) MprMj
pxq Ď ř

C2
Ox ´ ř

C2
Ox.

Let x1 :< prMj
pxq. Since M is a completely reducible FprHpF qs-module, there is a

submodule N of Mx such that

Mx < Mx1
‘ N.

If N < 0, we are done. If not, prN pxq ‰ 0. So repeating the above argument this
time for prN pxq, we can find x2 P N such that

(182) Mx2
Ď ř

C2
OprN pxq ´ ř

C2
OprN pxq < prN př

C2
Ox ´ ř

C2
Oxq.

By (181) and (182), we obtain that

Mx1
‘ Mx2

Ď ř
2C2

Ox ´ ř
2C2

Ox.

Because the dimension of M as an L-vector space is bounded by a function of
dimF M , the above process terminates in at most OdimF M p1q. This means that
there is a positive integer C which only depends on dimF M such that

Mx < ř
C Ox ´ ř

C Ox.

�

Here is an important consequence of Proposition 44.

Proposition 45. Suppose H Ď pGLnqQ is a connected semisimple simply-connected
Q-group and ρ : H Ñ pGLmqQ is a group homomorphism such that Qm does not
have a non-zero HpQq-fixed point. Let H be the Zariski-closure of H in pGLnqZ,
and M be the group scheme given by Zm. Then there are positive integers q0 and
C depending on H and ρ such that the following statements hold.

(1) HZr1{q0s :< HˆZZr1{q0s is smooth over SpecpZr1{q0sq, and for every prime
p which does not divide q0, HFp

is a connected semisimple simply-connected
algebraic group defined over Fp.

(2) The group homomorphism ρ has an extension to a group homomorphism
from HZr1{q0s to pGLmqZr1{q0s (that we still denote by ρ).

(3) For every prime p not dividing q0 and every finite field F of characteristic
p, MpF q is a completely reducible ZrHpF qs-module where HpF q acts on
MpF q via ρ.

(4) For an integer i in r1, ks, suppose pi is a prime which does not divide q0

and Fi is a finite field of characteristic pi. Then for every x P Mpśk
i“1 Fiq,

Mx < ř
C Ox ´ ř

C Ox,

where Mx is the ZrHpśk
i“1 Fiqs-module generated by x and Ox is the

Hpśk
i“1 Fiq-orbit of x.

Proof. For Parts (1)–(3) see [17, Theorem A] and [14, Lemma 64, Lemma 65]. In
[14, Lemma 65], Part (3) is proved only for F < Fp. The complete reducibility
of MpF q follows from [17, Theorem A] and the fact that HpF q` < HpF q as HFp

is simply-connected. By the argument given in the last paragraph of the proof of
[14, Lemma 65], HpFpq does not have a non-zero fixed point in MpF q.
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Suppose x :< px1, . . . , xkq P Mpśk
i“1 Fiq. By Proposition 44 and the fact that

HpFiq` < HpFiq, there is a positive integer C which only depends on dimH and
m such that

(183) Mxi
< ř

C Oxi
´ ř

C Oxi

for every i where Mxi
is the Fpi

rHpFiqs-submodule generated by xi and Oxi
is the

HpFiq-orbit of xi. Notice that, we enlarge q0 to make sure that all the primes less
than or equal to

?
m divide q0, and so pi � q0 implies that pi ą ?

m.
Part (4) follows from (183) and

Mx <
kź

i“1

Mxi
and Ox <

kź

i“1

Oxi
.

�

8. Perfect groups, their almost simple factors, and spectral gap

Suppose G Ď pGLnqQ is a connected, simply-connected perfect group. It is well-

known that the unipotent radical of G ˆQ Q descends to a unipotent subgroup
U of G. Since G is perfect, connected, and simply connected, G{U is a perfect,
connected, simply-connected reductive group. Because the derived subgroup of a
reductive group is semisimple, we obtain that G{U is a connected simply-connected
semisimple Q-group. By a result of Mostow, the short exact sequence

1 Ñ U Ñ G Ñ G{U Ñ 1

splits. Hence, there is a connected, simply-connected, semisimple subgroup H of
G, and a normal unipotent subgroup U of G such that G is isomorphic to H ˙ U
where H acts on U by conjugation. Since U is a connected unipotent subgroup of
pGLnqQ, there is g P GLnpQq such that gUg´1 is a subgroup of pUni`n qQ. Hence,
after conjugating G, we can and will assume that U is a subgroup of pUni`n qQ. This
discussion justifies the following assumptions:

(A1) H Ď pGLnqQ is a connected, simply-connected, semisimple group.
(A2) U is a closed subgroup of pUni`n qQ which is normalized by H (and HXU <

t1u).
(A3) G :< H ˙ U is a perfect group.
Notice that if G is perfect, then so is G{rU,Us » H˙Uab. By an argument similar

to the proof of Lemma 21, we see that the converse holds as well (see [14, Lemma
65]). By Proposition 29, Uab is isomorphic to the Q-vector group pV qQ given by

V :< LiepUqpQqab :< LiepUqpQq{rLiepUqpQq,LiepUqpQqs;
moreover, since the given isomorphism in Proposition 29 is based on the logarithmic
map, it is an H-equivariant map where H acts on pV qQ via the adjoint action of H
on LieU. Since H ˙ Uab is perfect (and HpQq is Zariski-dense in H), no non-zero
element of V is invariant under HpQq.

Let G, H, and U be the Zariski-closure of G, H, and U, respectively, in pGLnqZ.
By the spreading out results ([16, Theorem 9.7.7 and Theorem 12.2.4]; see also
Proposition 29 and [14, Theorem 40]), there is a positive integer q0 such that
GZr1{q0s, HZr1{q0s, and UZr1{q0s are smooth and the fibers GZ{pZ, HZ{pZ, and UZ{pZ

are connected algebraic groups defined over Z{pZ and they are of dimension dimG,
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dimH, and dimU, respectively, for every prime p which does not divide q0. Fur-
thermore, we have a splitting short exact sequence

1 Ñ UZr1{q0s Ñ GZr1{q0s Ñ HZr1{q0s Ñ 1.

Moreover, we can and will assume that q0 satisfies properties given by Proposi-
tion 29. Let u be LieppUqZr1{q0sqpZr1{q0sq and

uab :< u{ru, us.

Let ρ : H Ñ GLpuabq be the group homomorphism that is given by the natural
action of HpBq on uab bZr1{q0s B for every Zr1{q0s-algebra B.

Suppose p1, . . . , pk are primes that do not divide q0 and F1, . . . , Fk are finite
fields of characteristic p1, . . . , pk, respectively. Let

(184) G :< GZr1{q0sp
kź

i“1

Fiq, H :< HZr1{q0sp
kź

i“1

Fiq, andU :< UZr1{q0sp
kź

i“1

Fiq.

Since H is simply-connected, there are connected, simply-connected, Q-almost sim-
ple groups H1, . . . ,Hs such that

H < H1 ‘ ¨ ¨ ¨ ‘ Hs.

Let Hi be the closure of Hi in pGLnqZ. As before, choosing q0 with large enough
prime factors we can and will assume that pHiqZr1{q0s is smooth and

pHqZr1{q0s < pH1qZr1{q0s ‘ ¨ ¨ ¨ ‘ pHsqZr1{q0s.

Let Hj,i :< pHjqZr1{q0spFiq for every j. Changing q0, if needed, we can and will

assume that pi ą
?
dimU and we get a splitting short exact sequence

(185) 1 Ñ U Ñ G Ñ
sà

j“1

kà
i“1

Hj,i

looooomooooon
H

Ñ 1.

Theorem 46. Suppose G, H, Hj,i’s, and U are as in the setting laid out in the
previous couple of paragraphs (in particular, see (184) and (185)). Suppose Z :<
pX1,1, . . . , Xs,k, Y q is a symmetric random-variable with values in G where Xj,i is
a random-variable with values in Hj,i and Y is a random-variable with values in
U . Assume the range of Z generates G. Suppose c0 and α0 are positive numbers
such that for every integer j in r1, ss and i in r1, ks,

LpXj,iq ě c0 and PpZ < zq ě α0

for every z in the range of Z. Then LpZq " mintc0, 1u, where the implied constant
depends on dimG, k (number of fields), and α0.

In addition to Theorem 46, we can study random-walks in GpZ{qv0s Zq where G is
as above, v0 is a fixed positive integer, and qs is a square-free positive integer such
that gcdpqs, q0q < 1. Suppose pi’s are distinct prime factors of qs. Let q :< qv0s ,
Uq :< UpZ{qZq, Gq :< GpZ{qZq, Hq :< HpZ{qZq, Hj,i :< HjpZ{pv0i Zq, and Hj,i :<
HjpZ{piZq (notice that we are using the same notation Hj,i as in Theorem 46, but
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considering the context is different this should not cause any confusion). Then we
get the following short exact sequences

(186) 1 Ñ Uq Ñ Gq Ñ
sà

j“1

kà
i“1

Hj,i

looooomooooon
Hq

Ñ 1,

and for every i and j

(187) 1 Ñ Hj,irpis Ñ Hj,i

πpiÝÝÑ Hj,i Ñ 1,

where πpi
is the residue modulo pi map and Hj,irpis is its kernel.

Theorem 47. Suppose Gq, Hq, Hj,i’s, and Uq are as in the setting in the previous
paragraph (in particular (186) and (187)). Suppose Z :< pX1,1, . . . , Xs,k, Y q is a
symmetric random-variable with values in Gq where Xj,i is a random-variable with
values in Hj,i and Y is a random-variable with values in Uq. Assume the range of
Z generates G. Suppose c0 and α0 are positive numbers such that for every integer
j in r1, ss and i in r1, ks,

Lpπpi
pXj,iqq ě c0 and PpZ < zq ě α0

for every z in the range of Z. Then LpZq " mintc0, 1u where the implied constant
depends on dimG, k (number of prime factors), α0, and v0 (the power of prime
factors).

8.1. Semisimple groups and dealing with non-log-balanced factors. To
prove Theorem 46, we start with obtaining a spectral gap for pX1, . . . , Xsq; this
means passing from (almost) simple groups of bounded rank to their products (see
Proposition 50). To do this, we need the following variant of Proposition 2.

Lemma 48. Suppose X is a symmetric random-variable with values in a finite
group G. Assume the range of X generates G. Let μ be the probability law of X.
Suppose π0 : G Ñ GLpVπ0

q is a unitary irreducible representation of G, f0 is in the
space Hπ0

of matrix coefficients of π; that means

Hπ0
:< tx ÞÑ xπ0pxqf1, f2y | f1, f2 P Vπ0

u,
}f0}2 < 1, and μ ˚ f0 < λpμqf0. Suppose c is a positive number and deg π0 ě |G|c.
If

H2pXp�0qq ě
ˆ
1 ´ c

2

˙
log |G|

for some integer �0 ď C log |G|, then

LpXq ě c

4C
.

Proof. Let us recall that for every function g P L2pGq and π P pG, the Fourier inverse
pg of g is defined as

pgpπq :< 1

|G|
ÿ

xPG

gpxqπpxq˚.

Then, for every g1, g2 P L2pGq and π P pG, we have

(188) {g1 ˚ g2pπq < |G| pg2pπq pg1pπq.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

2420 ALIREZA SALEHI GOLSEFIDY AND SRIVATSA SRINIVAS

Hence, by the Parseval theorem, for every positive integer �, we have

λpμq2� <}μp�q ˚ f0}22 < |G|
ÿ

πP pG
deg π} {μp�q ˚ f0pπq}2HS

<|G|3
ÿ

πP pG
deg π} pf0pπqyμp�qpπq}2HS,(189)

where }x}HS :< pTrpx˚xqq1{2 is the Hilbert-Schmidt norm of x. Since f0 P Hπ0
,

pf0pπq < 0 for every π ‰ π0. Therefore, by (189) and (192), we obtain that

λpμq2� <|G|3 deg π0 } pf0pπ0qyμp�qpπ0q}2HS

< |G|
deg π0

p|G| deg π0} pf0pπ0q}2HSqp|G| degπ0}yμp�qpπ0q}2HSq

ď |G|
deg π0

}f0}22}μp�q}22 ď |G|1´c}μp�q}22.(190)

Applying the function p´ logq to both the sides of the inequality given in (190), we
deduce that

2�0Lpμq ě H2pXp�0qq ´ p1 ´ cq log |G|.
Since �0 ď C log |G| and H2pXp�0qq ě p1 ´ c

2
q log |G|, we conclude that

LpXq ě c

4C
.

�

In several steps in the proof of Theorem 46, we are working with a product of
groups that are not necessarily log-balanced ; that means we do not have a control
on the ratio of the logarithm of their orders. Lemma 49 helps us reduce to the case
with a log-balanced condition.

Lemma 49. Suppose c is a positive number, G1, . . . , Gk are c-quasi-random groups,

and |Gi| ě 24{c for every i. Let G :< śk
i“1 Gi. For every subset I of t1, . . . , ku, let

GI :< ś
iPI Gi and

bI :< min

"
log |Gi|
log |GI | | i P I

*
.

Suppose X :< pX1, . . . , Xkq is a symmetric random-variable with values in G. Sup-
pose there is a function f : pR`q3 Ñ p0, 1q which is increasing with respect to the
first and the third factors, decreasing with respect to the second factor, and for every
non-empty subset I of t1, . . . , ku we have

LpXIq ě fpc, |I|, bIq,
where XI :< pXiqiPI . Then

LpXq ě fpc, k, c{p4kqq
12

.

Proof. Suppose μ is the probability law of X; that means for every x P G, μpxq :<
PpX < xq. Let’s recall that Tμ : L2pGq Ñ L2pGq is Tμpfq :< f ˚ μ, λpμq :<
}Tμ|L2pGq˝ }op, and LpXq < ´ log λpμq. For every unitary irreducible representation
π : G Ñ GLpVπq of G, let Hπ be the space of matrix coefficients of π; that means

Hπ :< tx ÞÑ xπpxqf1, f2y | f1, f2 P Vπu.
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Let pG be the set of unitary irreducible representations of G up to equivalency. By
the Peter-Weyl theorem, L2pGq < À

πP pG Hπ and if π1 ‰ π2, then Hπ1
is orthogonal

to Hπ2
. Moreover, Hπ’s are irreducible G ˆ G-subspaces of L2pGq, where

ppx1, x2q ¨ fqpxq < fpx´1
1 xx2q,

for every x1, x2, x P G. Hence, there is a non-trivial π0 P pG and f0 P Hπ0
such that

(191) Tμpf0q < λpμqf0 and }f0}2 < 1.

Let
I :< ti P r1, ks | Gi Ę kerπ0u.

Then by (191), LpXq < LpXIq. Since passing to a subset of Gi’s does not change
the set of assumptions, without loss of generality, we can and will assume that
I < t1, . . . , ku. This implies that

π < π1 b ¨ ¨ ¨ b πk

for some non-trivial unitary irreducible representation πi of Gi. Because Gi’s are
c-quasi-random

(192) deg π <
kź

i“1

deg πi ě
kź

i“1

|Gi|c < |G|c.

Thus, by Lemma 48, if for some positive integer C which depends only on the given
parameters and some positive integer � ď C log |G|,

H2pXp�qq ě
ˆ
1 ´ c

2

˙
log |G|, (Target entropy)(193)

then

LpXq ě c

4C
.(194)

Next, we look for a large quotient of G, which consists of roughly log-balanced

factors. Let xi be
log |Gi|
log |G| . After rearranging the factors, if needed, we can and will

assume that xi’s are decreasing. Suppose k0 is the smallest positive integer such
that

(195) x1 ` ¨ ¨ ¨ ` xk0
ą 1 ´ c

4
.

Notice that since xi’s add up to 1, there is such a positive integer k0. This implies
that

(196) x1 ` ¨ ¨ ¨ ` xk0´1 ď 1 ´ c

4
.

By (196) and the fact that pk ´ k0 ` 1qxk0
ě xk0

` ¨ ¨ ¨ ` xk, we obtain that

1 ´ c

4
` pk ´ k0 ` 1qxk0

ě px1 ` ¨ ¨ ¨ ` xk0´1q ` pxk0
` ¨ ¨ ¨ ` xkq < 1.

Hence

(197) xk0
ě c

4pk ´ k0 ` 1q ě c

4k
.

Let I0 :< t1, . . . , k0u. Notice that, by (197), bI0 ě c
4k
. Therefore,

(198) LpXI0q ě fpc, k, c{p4kqq.
Let �0 be the smallest positive integer such that

(199) �0LpXI0q ě 2 log |GI0 |.
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By (198) and (199), we have that

(200) �0 ď 3

fpc, k, c{p4kqq log |GI0 |.

By (199) and a similar argument as how we derived (40), we deduce that

(201)

ˇ̌
ˇ̌PpXp�0q

I0
< xq ´ 1

|GI0 |

ˇ̌
ˇ̌ ď 1

|GI0 |2
for every x P GI0 . Therefore

H2pXp�0qq ěH2pXp�0q
I0

q ě ´ log

ˆ ÿ

xPGI0

p|GI0 |´1 ` |GI0 |´2q2
˙

< log |GI0 | ´ 2 logp1 ` |GI0 |´1q ě log |GI0 | ´ 2.(202)

By (202) and (195), we obtain that

(203) H2pXp�0qq ě
ˆ
1 ´ c

4

˙
log |G| ´ 2.

Since |G| ě 24{c, by (203) it follows that

(204) H2pXp�0qq ě
ˆ
1 ´ c

2

˙
log |G|.

Now that we reached to the target entropy in logarithmic steps, by (200) and (194),
we conclude that,

LpXq ě cfpc, k, c{p4kqq
12

.

�

Proposition 50. Suppose F1, . . . , Fm are finite fields and Hi is a connected, simply-
connected, absolutely almost simple Fi-group for every i. Suppose dimHi ď d0 for
every i. Let Hi :< HipFiq and

H :< H1 ‘ ¨ ¨ ¨ ‘ Hm.

Assume that |Fi| "d0
1. Suppose X < pX1, . . . , Xmq is a symmetric random-

variable with values in H whose range generates H. Suppose c0 and α0 are positive
numbers such that LpXiq ě c0 for every i and PpX < xq ě α0 for every x in the
range of X. Then

LpXq " mintc0, 1u,
where the implied constant depends only on α0, d0, and m.

Proof. By [22], there is a positive number c which depends only on d0 such that Hi

is c-quasi-random for every i. For every subset I of t1, . . . ,mu, let HI :< À
iPI Hi,

XI :< pXiqiPI , and
bI :< min

"
log |Hi|
log |HI | | i P I

*
.

By induction on the number of factors, Theorem 12, Proposition 25, and Proposi-
tion 26, we deduce that for every d0 and α0 there is a function fd0,α0

: pR`q3 Ñ p0, 1q
which is increasing with respect to the first and the third components, decreasing
with respect to the second component, and

LpXI0q ě fd0,α0
pc,m, bIqmintc0, 1u.
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Then by Lemma 49,

LpXq ě fd0,α0
pc,m, c{p4mqq

12
mintc0, 1u.

�

8.2. Proof of Theorem 46. Perfect to simple factors: Finite fields. By
(185), we have the following short exact sequence

1 Ñ U{γ2pUq Ñ G{γ2pUq Ñ H Ñ 1.

By Proposition 28, Proposition 29, and the preparatory discussion at the beginning
of the section, there is an H-equivariant isomorphism from Uab to uab bZr1{q0s

pśk
i“ Fiq, and the action of H < pHqQ on puabqQ does not have a non-zero fixed

point. Hence, by Proposition 45, there is a positive integer C 1 such that for every
x P Uab,

(205) Mx < ř
C Ox ´ ř

C Ox,

where Mx is the ZrHs-module generated by x and Ox is the H-orbit of x. This
means the pair of groups H and Uab satisfy (G6).

Notice that for every i, the following is a short exact sequence

1 Ñ uabpFiq Ñ GpFiq{γ2pUZr1{q0spFiqq Ñ HpFiq Ñ 1.

By Proposition 25, there is a positive number c depending only on d0 :< dimG
such that Hi :< HpFiq is c-quasi-random, and by (205), the pair of groups Hi

and Ai :< uabpFiq satisfy (G6). The pair of groups Hi and Ai also satisfy (G5)
with a constant which only depends on dimG. Hence, by Lemma 17, there exists
a positive number c which depends only on d0 such that

Gi :< GpFiq{γ2pUZr1{q0spFiqq

is c-quasi-random for every i. Let G :< śk
i“1 Gi, and notice that G is naturally

isomorphic to G{γ2pUq. Let Z :< πγ2pUqpZq where πγ2pUq : G Ñ G is the natural
quotient map.

For every subset I of t1, . . . , ku, let GI :< ś
iPI Gi, ZI :< prIpZq where prI :

G Ñ GI is the natural projection, and

bI :< min

"
log |Gi|
log |GI |

| i P I

*
.

By Theorem 15 and Proposition 25, for every d0 and α0, there is a function
fd0,α0

: pR`q3 Ñ p0, 1q which is decreasing with respect to the first and the third
components, decreasing with respect to the second component, and

(206) LpZIq ě fd0,α0
pc, |I|, bIqmintc0, 1u.

Hence, by Lemma 49, we deduce that

(207) LpZq ě fd0,α0
pc, k, c{p4kqq
12

mintc0, 1u.

Notice that choosing q0 with enough prime factors, we can and will assume that
|Gi| ě 24{c for every i.
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By Proposition 28, for every positive integer i, we have

(208) γipUq <
kź

j“1

γipUFj
qpFjq.

By (208), U is a finite nilpotent group whose nilpotency class is bounded by d0.
Moreover,

(209) LpUq :<
d0à
i“1

γipUq{γi`1pUq <
kź

j“1

ˆ d0à
i“1

γipUFj
qpFjq{γi`1pUFj

qpFjq
˙
.

By (209), LpUq is an
śk

j“1 Fj-algebra. Furthermore, by UFpi
pFiq < UZr1{q0spFiq

and Proposition 29

Uab » uab bZr1{q0s p
kź

j“1

Fjq;

and so Uab is generated by at most d0 elements as an
śk

j“1 Fj-module. Hence, U

satisfies (G7) and (G8) with parameters that depend only on d0.
For every i, let Gi :< GpFiq. As we discussed earlier, Gi < Gi{γ2pUFi

qpFiq is
c-quasi-random for some positive number c which depends only on d0. For a subset
I of t1, . . . , ku, let GI :< ś

iPI Gi and

bI :< min

"
log |Gi|
log |GI | | i P I

*
.

Then GI is cbI -quasi-random. For every non-empty subset I of t1, . . . , ku, let
ZI :< prIpZq where πI : G Ñ GI is the natural projection. By Proposition 19 and
(207), for every d0 there is a function fd0

: pR`q3 Ñ p0, 1q which is increasing with
respect to the first and the third components, decreasing with respect to the second
component, and

(210) LpZIq ě fd0
pc, |I|, bIqfd0,α0

pc, k, c{p4kqq
12

mintc0, 1u

for every non-empty subset I of t1, . . . , ku. Therefore, by Lemma 49, we deduce
that

LpZq ě fd0
pc, k, c{p4kqq

12

fd0,α0
pc, k, c{p4kqq
12

mintc0, 1u,
which finishes the proof.

8.3. Proof of Theorem 47. Perfect to simple factors: Bounded number of
prime factors. For every positive integer r, let Ur :< UpZ{rZq, Gr :< GpZ{rZq,
and Hr :< HpZ{rZq. For every divisor d of r, let πd be the residue map modulo
d from Gr to Gd, and let Grrds :< kerπd. Then the following is a short exact
sequence,

(211) 1 Ñ Gqrqss Ñ Gq Ñ Gqs Ñ 1;

moreover, by the Chinese remainder theorem,

Gq <
à
i

Gp
v0
i

and Gqrqss <
à
i

Gp
v0
i

rpis.

It is well-known (and easy to check) that for every integer v ă v0 and every index i,

rGp
v0
i

rpvi s, Gp
v0
i

rpiss Ď Gp
v0
i

rpv`1
i s.
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Hence, Gqrqss is a nilpotent group with nilpotency class at most v0 ´ 1. In fact, by
[25, Lemma 1.8], for every positive integer j ď v0, we have that

(212) γjpGp
v0
i

rpisq < Gp
v0
i

rpji s and Gp
v0
i

rpji s{Gp
v0
i

rpj`1
i s » g bZr1{q0s pZ{piZq,

where g :< LiepGZr1{q0sqpZr1{q0sq. Notice that this claim is true only for large
enough primes pi, and by assuming that q0 has enough prime divisors we can and
will insure this property. We should also point out that the mentioned result in [25]
is written only for the semisimple case, but the same argument implies the perfect
case (see [10, Lemma 39] and [9, Section 2.9]). Therefore,

(213) LpGqrqssq <
v0à
j“1

γjpGqrqssq{γj`1pGqrqssq » g bZr1{q0s tpZ{qsZqrts{xtv0y.

By (213), we obtain that the nilpotent group Gqrqss satisfies (G7) and (G8) with
parameters that depend only on v0 and dimG.

By (212), we also deduce that there is a short exact sequence of the form

(214) 1 Ñ g bZr1{q0s Z{qsZ Ñ Gq{γ2pGqrqssq Ñ Gqs Ñ 1,

and Gq{γ2pGqrqssq » Gq2
s
.

We identify Gq with
ś

i Gp
v0
i
, and for every subset I of t1, . . . , ku, let

prI : Gq Ñ
ź

iPI

Gp
v0
i

be the natural projection.
For every subset I of t1, . . . , ku, let bI be the log-balanced factor of Gp

v0
i
’s; that

means

bI :< min
iPI

log |Gp
v0
i

|
log |Gq

v0
s

| .

By [10, Proposition 19],
ś

iPI Gp
v0
i

is cI -quasi-random where cI is a positive number

which depends only on dimG, v0 and bI . Moreover, by the same result, we have
that there is a positive number c which depends only on dimG and v0 such that
Gp

v0
i

is c-quasi-random for every i. Let qI :< ś
iPI p

v0
i and qI,s :< ś

iPI pi. By

(214), we have that the following is a short exact sequence

(215) 1 Ñ g bZr1{q0s Z{qI,sZ Ñ Gq{γ2pGqI rqI,ssq Ñ GqI,s Ñ 1.

By Proposition 19, we obtain that there is a function g : R` Ñ p0, 1q which is
increasing and for every non-empty subset I of t1, . . . , ku, we have

LpZIq ě gpcIqLpπq2
I,s

pZIqq ě gpcIqLpπq2
s
pZqq,

where ZI :< prIpZq. Hence, by Lemma 49, we conclude that there is a function g

of dimG, v0, and k such that

(216) LpZq ě gpdimG, v0, kqLpπq2
s
pZqq.

Next, notice that by [10, Equation (8) in Lemma 13] the following is a splitting
short exact sequence when all the prime factors pi’s are large enough:

(217) 1 Ñ Uq2
s

Ñ Gq2
s

Ñ Hq2
s

Ñ 1.

Moreover, by Proposition 28, Uq2
s
is a nilpotent group with nilpotency class at most

dimU´1, and LpUq2
s
q satisfies (G8) with a parameter which only depends on dimU.
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Hence, by a similar argument as above, using Proposition 19 and Lemma 49, we
obtain that

(218) LpZq " Lpπγ2pU
q2
s

qpZqq,

where πγ2pU
q2
s

q : Gq2
s

Ñ Gq2
s
{γ2pUq2

s
q is the natural quotient map, the implied

constant is a positive number which depends only on dimG, v0, and k, and Z :<
πq2

s
pZq. Notice that by Proposition 29 and (217),

Gq2
s
{γ2pUq2

s
q » Uab

q2
s

¸ Hq2
s

» puab bZr1{q0s Z{q2sZq ¸ Hq2
s
.

By [25, Lemma 1.8] (see [10, Lemma 39] and [9, Section 2.9]), we have that the
following is a short exact sequence
(219)

1 Ñ puab ‘ hq bZr1{q0s Z{qsZ Ñ Gq2
s
{γ2pUq2

s
q πÝÑ puab bZr1{q0s Z{qsZq ¸ Hqs Ñ 1,

where h :< LiepHZr1{q0sqpZr1{q0sq.
We can finish the proof similar to the previous step: starting with the log-

balanced case, using Theorem 15, and then applying Lemma 49.
For every subset I of t1, 2 . . . , ku, let bI be the log-balanced factor of Gp2

i
{γ2pUp2

i
q;

that means

bI :< min
iPI

log |Gp2

i
{γ2pUp2

i
q|

log |Gq2
s
{γ2pUq2

s
q| .

It is worth mentioning that

Gq2
s
{γ2pUq2

s
q »

kź

i“1

Gp2

i
{γ2pUp2

i
q.

For every subset I of t1, . . . , ku, let

AI :<
ź

iPI

puab ‘ hq bZr1{q0s Z{piZ, HI :<
ź

iPI

puab bZr1{q0s Z{piZq ¸ Hpi
,

and

GI :<
ź

iPI

Gp2

i
{γ2pUp2

i
q.

We also let ZI :< prIpπγ2pU
q2
s

qpZqq where πI : Gt1,...,ku Ñ GI is the natural projec-

tion.
By [10, Proposition 19], GI is cI -quasi-random for a positive number cI which

depends only on dimG and bI . In particular, there is a positive number c which
depends on dimG such that Gtiu is c-quasi-random for every i P t1, . . . , ku.

Notice that the action of HpQq on puab ‘ hq bZr1{q0s Q does not have a non-zero
fixed point as G is perfect and H is semisimple. Therefore, by Proposition 44, we
have that the pair of groups HI and AI satisfy (G6) with a parameter that depends
only on dimG. They also satisfy (G5) with a parameter depending only on dimG.
Hence, by Theorem 15, there is a function g : pR`q2 Ñ p0, 1q such that for every
subset I of t1, . . . , ku,

LpZIq ě gpdimG, cIqLpπpZIqq ě gpdimG, cIqLpπpZt1,...,kuqq.
Thus by Lemma 49, we deduce that there is a function g of dimG and k such that

(220) Lpπγ2pU
q2
s

qpZqq ě gpdimG, kqLpπpZt1,...,kuqq.
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On the other hand, by Theorem 46,

(221) LpπpZt1,...,kuqq " mint1, c0u,
where the implied constant depends on dimG, k, and α0. By (216), (220), and
(221), we conclude that

LpZq " mintc0, 1u,
where the implied constant depends on dimG, k, v0, and α0.
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[31] Péter P. Varjú, Expansion in SLdpOK{Iq, I square-free, J. Eur. Math. Soc. (JEMS) 14

(2012), no. 1, 273–305, DOI 10.4171/JEMS/302. MR2862040

Department of Mathematics, University of California, San Diego, California 92093-

0112

Email address: golsefidy@ucsd.edu

Department of Mathematics, University of California, San Diego, California 92093-

0112

Email address: scsriniv@ucsd.edu


	1. Introduction and statement of main results
	2. Notation and preliminary results
	3. Random walks induced by shifted-automorphism group actions
	4. Random-walk on the direct product of two groups
	5. Random-walk on an extension of a quasi-random group by an Abelian group
	6. Random-walk on an extension of a quasi-random group by a nilpotent group
	7. Checking (G1)-(G9) for certain groups
	8. Perfect groups, their almost simple factors, and spectral gap
	Acknowledgment
	References

