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RANDOM WALK ON GROUP EXTENSIONS

ALIREZA SALEHI GOLSEFIDY AND SRIVATSA SRINIVAS

ABSTRACT. We study random walks on various group extensions. Under cer-
tain bounded generation and bounded scaled conditions, we estimate the spec-
tral gap of a random walk on a quasi-random-by-nilpotent group in terms of
the spectral gap of its projection to the quasi-random part. We also estimate
the spectral gap of a random-walk on a product of two quasi-random groups
in terms of the spectral gap of its projections to the given factors. Based on
these results, we estimate the spectral gap of a random walk on the Fy-points
of a perfect algebraic group G in terms of the spectral gap of its projections
to the almost simple factors of the semisimple quotient of G. These results
extend a work of Lindenstrauss and Varju and an earlier work of the authors.
Moreover, using a result of Breuillard and Gamburd, we show that there is an
infinite set P of primes of density one such that, if k£ is a positive integer and
G=Ux (SLg)gL is a perfect group and U is a unipotent group, then the family

of all the Cayley graphs of G(Z/ 1_[?:1 piZ), pi € P, is a family of expanders.
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1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Suppose X1, Xs,... is a sequence of independent identically distributed (i.i.d.)
random-variables with values in a finite group G and the probability law of X;’s is
given by the probability measure u. For a positive integer ¢, an ¢-step random walk
on G with respect to the measure p is given by

X0 = XXy Xy
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2364 ALIREZA SALEHI GOLSEFIDY AND SRIVATSA SRINIVAS

The probability law of X is given by the ¢-fold convolution

O]

| —

¢ times

of pi. In general, if X and Y are two independent random-variables with probability
laws px and py, respectively, then the probability law of XY is given by

(ux # py)(@) == 3 px(2)py (' ).

z'eG

We say a measure u is symmetric if u(z) = p(x~!) for every z € G. We say a
random-variable X is symmetric if its probability law is symmetric. Let

T, : L*(G) —» L*(G), Tu.(f):=u=f.

When 11 is a symmetric measure, T}, is a self-adjoint operator, and so it has orthonor-
mal basis with real eigenvalues. Moreover, considering T),(f) = > o p(x)x - f
where (z - f)(2) := f(z~'2’), we can see that T}, is an averaging operator, and so
its operator norm ||T,,|op is 1. Assuming the support p generates G, no non-zero
element in the space L?(G)° of functions orthogonal to the constant functions is
fixed by T),. We define the spectral gap of u to be

M) = [Tl 2@y llops

and inspired by the definition of the Lyapunov exponent, we let £(u) := —log A(u).
For a random-variable X, we let A(X) := A(ux) and £(X) := L(ux), where px is
the probability law of X.

The main goal of this article is to start with a group extension

1-B>GLS H-1

and a random-walk with respect to a random-variable X with values in G, and
control the spectral gap A(X) in terms of group properties of H and B, and the
spectral gap of properties of 7(X) (and if needed, the spectral gap of the induced
random-walk on G/H). The first result of this type is due to Lindenstrauss and
Varju. In [24], they consider the following splitting short exact sequence

1 —F) — ASL,(F,) 5 SL,(Fp) — 1,

and show that the following statement holds: suppose X is a symmetric random-
variable with values in ASL, (F,) whose range generates ASL,,(F,). Suppose X is
uniformly distributed on its range and its range has ko elements. Then L(X) has a
positive lower bound which depends only on L(n(X)), n, and ky. In the mentioned
work, authors asked if a similar type of result holds for SLa(F,) x SLa(F,). In [13],
we give an affirmative answer to this question. Here, we give many results of this
nature. In particular, we prove a generalization of Lindenstrauss-Varji’s result by
studying quasi-random-by-nilpotent groups. Moreover, we generalize our earlier
work from SLo(F,) x SL2(F,) to a product of finite almost simple groups of Lie

type.
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RANDOM WALK ON GROUP EXTENSIONS 2365

We take an axiomatic approach and isolate certain group theoretic conditions
for H and B, in order to be able to study a random-walk on an extension G of H
by B. These conditions are labelled by (G1)-(G9) and have the following two main
characteristics:

(1) (Bounded scaled) The maximum length of chain of normal subgroups is
bounded; this means the given bound for £(X) (indirectly) depends on
this number.

(2) (Bounded generation) For actions on various algebraic structures, we ask
to obtain the smallest substructure which contains an element x using the
orbit of x in bounded number of steps; again this means the given bound
for £(X) depends on this number.

To go over our main results, we state these group theoretic conditions. These
conditions and the results will be restated in the relevant sections. In what follows
¢, Cy’s, mg, and dy are positive numbers that we treat as constants. We refer the
reader to Section 2 for the undefined notation.

(G1) H is a c-quasi-random group; that means degm > |H|° for every non-trivial

representation m of H (see Section 2.3 for further discussion).
(G2) |Z(H)| < log |H|, where Z(H) is the center of H.
(G3) For every x € H,

Z(H)([ 1, Cl=) (e, Clx)) ! 2 Ne,

where Cl(z) is the conjugacy class of  and N, is the normal closure of the
group generated by x; that means this is the smallest normal subgroup of
H which contains x.

(G4) A is a Z[H]-module where Z[H] is the group ring of H over Z.

(G5) |A| < [H|%.

(G6) For every x € A,

HCs o HCs O;zl = M,,

where O, is the H-orbit of z and M, is the Z[H]-submodule generated by
x.

(GT) U is a finite nilpotent group of nilpotency class my.

(G8) There is a unital commutative ring R such that

L(U) = @wwmlw)

is a Lie algebra over R, where 7;(U) is the i-th lower central series of U.
Moreover, 71 (U)/~v2(U) can be generated by dy elements as an R-module.
(G9) The following is a short exact sequence

1-U—-G5H-1,
and G/v(U) is c-quasi-random.

Theorem A (Product of quasi-random groups). Suppose Hy, and Hg, are two finite
groups which satisfy (G1)—(G3). Suppose

Cy ' log|Hg| <log|Hy| < Cylog|Hg].

Suppose X := (X1, XRg) is a symmetric random-variable with values in G := Hj, x
Hpr whose range generates G. Suppose there exist positive numbers co and ag such
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2366 ALIREZA SALEHI GOLSEFIDY AND SRIVATSA SRINIVAS

that

L(X1)=co, L(Xg)=co, and P(X =2)=
for every x in the range of X. Then, L(X) » min{co, 1}, where the implied constant
depends only on the given constants in (G1)—(G3).

Let’s point out that SLo(F,) satisfies (G1)—(G3). Therefore, the special case of
Theorem A for H;, = Hgr = SLy(F,) gives an affirmative answer to the question
of Lindenstrauss and Varji; this case was discussed in the author’s earlier work

(see [13)]).

Theorem B (Quasi-random-by-Abelian groups). Suppose H and A satisfy (G1),
(G4), (G5), and (G6). Suppose G is an extension of H by A; that means there is
a short exact sequence

1-A—>G5S H- 1.

Suppose Z is a symmetric random-variable with values in G whose range generates
G. Suppose there exist positive numbers ¢y and oq such that

L(7(Z))=cy and P(Z=2)>=

for every z in the range of Z. Then L(Z) » min{cy, 1} where the implied constant
depends only on the given parameters ¢, C;’s given in (G4)—(G6), and ag.

Since the pair of groups H := SL,(F,) and A := F) clearly satisfy conditions
(G1) and (G4)-(G6), Theorem B is generalization of the mentioned result of Lin-
denstrauss and Varju. We show that these conditions hold for H := H(F') and
A = V(F) if H is a connected, simply-connected, semisimple F-group where F’
is a finite field of characteristic larger than the square of the dimension of V and
V(F) does not have a non-zero H(F)-fixed point (see Proposition 44). Hence, by
Theorem B, we can control spectral gap of a random-walk on an H-by-A extension
by the spectral gap of the projection to H. Notice, here, we do not assume that
the given short exact sequence splits; therefore Theorem B can be applied to both
of the following short exact sequences

1 — sl,(F,) — SL,(Z/p*Z) — SL,(F,) — 1,
and
1 — s, (Fy) — SLn(Fq[t]/<t2>) — SLy,(Fg) — 1,

for every prime p > (n? — 1)? and every ¢ which is a power of p.
It is worth pointing out that in [1], Alon, Lubotzky, and Wigderson studied
random-walks in the finite group

(1) K, := F5™ x SLy(F,),
where p is a prime, F’Q’H is identified with the set
P (F
Fy ) .= {f: PY(F,) — Fa}

of functions from the F,-points of the projective line P! to the finite field Fo with

1
two elements, and SLy(F,,) acts on IFH; 2 by left-translations. In [1, Theorem 4.2],
it is proved that for every prime p, there is a symmetric random-variable Z, with
values in K, such that

ﬁ(W(Zp)) = o, and P(Z = z) — %’
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RANDOM WALK ON GROUP EXTENSIONS 2367

where ¢( is a fixed positive number and z is in the range of Z, and at the same
time,
2 1
L(Z,) < log<1 — Im) <« T
This example shows the importance of the conditions (G5) and (G6).
Our next result together with Theorem B allows us to control the spectral gap
of a random-walk on a quasi-random-by-nilpotent group.

Theorem C (Quasi-random-by-nilpotent). Let G be a finite group and U a normal
subgroup of G. Suppose U is a nilpotent group which satisfies (G7) and (GS8).
Suppose G/v2(U) is c-quasi-random, where vo(U) is the commutator subgroup of
U. Let m : G — G/y2(U) be the natural quotient map. Suppose X is a symmetric
random-variable with values in G, and L(w(X)) = ¢y where ¢q is a positive number.
Then L(X) » co where the implied constant depends only on the parameters my,
do, and c.

The following theorems can be viewed as sample results that can be obtained
using Theorems A, B, and C. To formulate these theorems, we have to introduce
a few notation.

Suppose H and U are subgroups of (GL,,)g with the following properties:

(1) H is a connected, simply connected, semisimple group, and H;’s are its
Q-almost simple factors.

(2) U is a subgroup of the upper-triangular unipotent matrices.

(3) G:=H x U is a perfect group.
Let H;, U, and G be the closures of H;, U, and G in (GL,,)z, respectively. Suppose
p1,- .., Pk are large enough primes, depending only on G < (GL,)g (see Section 8
for a more precise information on how large p;’s should be). Suppose F; is a
finite field of characteristic p;, and let H, ; := H,(F;), G := Q(Hle F;), and
U:=U (]_[f:1 F;). Then the following is a splitting short exact sequence

1-U->G— @i,jHi,j I ].,

where @; ;H; ; is the direct sum of these groups.

Theorem D (Perfect to simple factors: finite fields). In the setting of the previous
paragraph, suppose Z = (X11,...,Xs 5, Y) is a symmetric random-variable with
values in G where X; j is a random-variable with values in H; ; and Y is a random-
variable with values in U. Assume the range of Z generates G. Suppose co and g
are positive numbers such that for every integer j in [1,s] and i in [1, k],

L(X;:)=co and P(Z=2)>

for every z in the range of Z. Then L(Z) » min{cy, 1}, where the implied constant
depends on dim G, k (number of fields), and «y.

Roughly, Theorem D states that the problem of understanding the spectral gap
of a random-walk in the Hle F;-points of a perfect group can be reduced to the
one for the Fj-points of its almost simple factors. Next, we prove a similar result
for the Z/qZ-points of a perfect group where ¢ has a bounded number of prime
factors.

Suppose G is as above, vy is a fixed positive integer, and g5 is a square-free
positive integer such that ged(gs,q0) = 1. Suppose p;’s are distinct prime fac-
tors of ¢s. Let ¢ := ¢, U, := U(Z/qZ), G, := G(Z/qZ), H, = H(Z/qZ),
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2368 ALIREZA SALEHI GOLSEFIDY AND SRIVATSA SRINIVAS

Hj,; = H;(Z/p{°Z), and H;; := H;(Z/p;Z). Then we get the following short
exact sequences

s k
1->U;—»Gy— PPH;; — 1,
j=1i=1
—_—
Hq

and for every i and j
s T
1 — Hjilpi] = Hji —> Hji — 1,
where 7p, is the residue modulo p; map and H; ;[p;] is its kernel.

Theorem E (Perfect to simple factors: bounded number of prime factors). Suppose
Gq, Hy, Hj;’s, and U, are as in the setting in the previous paragraph. Suppose
Z = (X11,...,Xs 1, Y) is a symmetric random-variable with values in G where
X i is a random-variable with values in H;; andY is a random-variable with values
in Uy. Assume the range of Z generates G. Suppose cy and o are positive numbers
such that for every integer j in [1,s] and i in [1,k],

L(mp, (X)) = co and P(Z=2)>ag

for every z in the range of Z. Then L(Z) » min{cy, 1} where the implied constant
depends on dim G, k (number of prime factors), ag, and vy (the power of prime
factors).

Theorems D and E have immediate consequences on the study of strong uniform
erpansion in finite groups. For a finite group G which can be generated by k
elements, let

gen, (G):={S<G|S =815 generates G, |S| < 2k},
and
Egﬁk = min{E(Us) |
Us is a uniform random-variable with values in S, S € gen, (G)}.

The question of studying L\ is raised by Lubotzky and Weiss (see [26]). They
ask the following basic question.

Question. Suppose {G;}; is a family of finite groups and S;, S} € gen,(G;) for
every i. Does inf; L(Us,) > 0 imply inf; L(Ug/) > 0, where Uy is a uniform random-
variable with values in S7?

In general, the answer to this question is negative. This was first showed in [1] us-
ing the concept of zig-zag product of graphs. In fact, Alon, Lubotzky, and Wigder-
son proved that there are S, S}, € gen;(K}), where K, is the group given in (1),
such that

lI;f L(US,,) >0 and II;fE(US{D) =0.

The family of symmetric groups is another example that provides a negative an-
swer to the Lubotzky-Weiss Question. In his seminal work, Kassabov (see [20])
proved that there is an integer k and S, € gen,(Sym(n)) where Sym(n) is the
symmetric group such that inf,, £(Us,) > 0. It is easy to see that inf,, L(Us, ) = 0,
where S/, := {(12),(12---n)*'} (see [21, Proposition 3.5.8] or [8, §3, Ex. 1]). A
first affirmative answer to the Lubotzky-Weiss question is given by Breuillard and
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RANDOM WALK ON GROUP EXTENSIONS 2369

Gamburd (see [5]). They proved that there is a function ¢ : Rt — R* such that
lims_,0€(0) = 0 and the cardinality of

(2) Es(X) == {p < X | LsL,(¥,)2 < 0}

is at most X°©). Let Es := |J5_, Es(X). Using Theorem E and the mentioned
result of Breuillard and Gamburd, we obtain Corollary F.

Corollary F (Strong uniform expansion). In the setting of Theorem E, for every
positive integer s = 2,
La,s »min{Ly (g, .5}

where the implied constant depends only on dim G, k (number of prime factors), s,
and vg. In particular, if in the mentioned setting G = (SLg)g x U, then for every
6>0,

inf{Lc,2|q=(p1...px)",pi € Es} > 0.

2. NOTATION AND PRELIMINARY RESULTS

2.1. Conventions. For a finite group G, we endow L?(G) with the inner product

gy =), f(@)g(),
reG
where f,g € L*(G). For f e L*(G), f € L*(G) is given by
f(a) = fz=).

Note that if X is a random variable with values in a group G and probability law
1, then the probability law of X! is ji.

For a finite group G and f,g € L?(G), the convolution of f and g is defined as
follows

frgla) = fygly o).

yeG
Suppose a finite group G acts on a finite set H. For a function f € L?(G) and
ge L*(H), we let [x: L?>(G) x L?*(H) — L?(H) be
fRg@) =Y f)gly™" - x)
yeG

for every x € H. We call [x] the convolution associated to G —~ H.
For every finite set A, u4 is the probability counting measure on A.
For a subset A of a finite group G and a positive integer k, we let

[, A={ai...arla; € A}

For a random-variable X with finite range, the Rényi entropy of X is
Hy(X):= —log (Z P(X = x)Q).

For a group U and a positive integer 4, let v;(U) be its i-th lower central series;
that means v, (U) := U, and for every positive integer i, v;4+1(U) := [U,v(U)]
is the group generated by all the commutators [x,y] := xyz~ly~! for z € U and
y € vi(U). We say a group U is of nilpotency class mg if Yimy+1(U) = 1. For every
group G, G* := G/[G,G] is the Abelianization of G.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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2.2. Entropy gain of Bourgain-Gamburd. Bourgain and Gamburd in their
seminal work [2] proved that multiplying two random-variables substantially in-
creases the Rényi entropy unless there is an algebraic reason for it. The following
is a formulation of their result (see [12,31] or [13, Proposition 16]).

Proposition 1. Let G be a finite group. Suppose X and Y are two independent

random-variables with values in G, and K > 2. If

Hy(X) + Ha(Y)
2

then there are A € G and a universal fixed positive number R with the following
properties.

Hy(XY) < +log K,

(1) (Approximate structure) A is K-approzimate subgroup; that means A is
symmetric, 1 € A, and there is a subset B of A- A such that |B] < K¥ and
A-AcA-BnB-A.

(2) (Controlling the size) |log|A| — H2(X)| < Rlog K.

(3) (Almost equidistribution) For everya€ A, P(X'X =a) > K+W where X'
is an independent random-variable whose distribution is identical with the
distribution of X 1.

2.3. Quasi-random groups and spectral gap. For a finite group G, let G be the
set of irreducible unitary subrepresentations of the regular representation L?(G).
For a positive number ¢, we say a finite group G is c-quasi-random if degm >
|G|° for every non-trivial m € G (see [15]). Notice if every non-trivial (complex)
representation of G is of dimension at least |G|¢. Hence if a c-quasi-random group
G has a non-trivial action on a finite set X, then |X| > |G|° as the given action
induces a (unitary) representation on L?(X). Therefore every proper subgroup H
of G is of index at least |G| as G —~ G/H by left-translations.

For a symmetric measure p on G, T, : L*(G) — L*(G),T,(f) == f*pis a
self-adjoint operator, and A(u) is equal to the maximum of the absolute value of
eigenvalues of T),|12(g). Therefore for every positive integer ¢,

L(uD) = L (),

where £(p) = —log A(p). The following is a result of Gowers (see [13, Lemma 7]
for the given formulation).

Proposition 2. Suppose G is a c-quasi-random group where ¢ is a positive number.
Suppose X is a symmetric random variable with values in G. For a positive integer
£, let Xy be an L-step random walk with respect to X. If Ha(Xy,) = (1 — §)log|G]
for some positive integer o < C'log|G|, then L(X) > 1%.

Gowers also proved the following product result for large subsets of a quasi-
random group.
Theorem 3. Suppose G is a c-quasi-random group where ¢ is a positive number.
If Ay, As, Az are subsets of G and

log |A1] + log |As| + log | A:
og|A| + Og:L 2| + log | A > (1—1¢/3)log|G],

then A1 'AQ 'Ag =G.
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2.4. Group action and spectral gap. Suppose G is a finite group and H is a
finite set, and G acts on H. For f € L?(H) and = € G, we let (z- f)(y) := f(z~ 1 y).
Then (z, f) — x- f defines a group action of G on L?(H). The set of G-fixed points
under this action is denoted by L?(H)Y, and this is a subspace of L?(H). The
function
L LA(G) x L*(H) > L*(H), fRg:= ) fW)y-g
yeG
is bilinear. If X is a random variable with values in G and probability law p, and YV
is a random variable with values in H and probability law 7, then the probability
law of X -Y is given by u X 7.
Then for p,v € L?>(G) and f € L?(H), we have

pB (VB f) = (= v) B f.

By the discussion in [13, Section 2.3], we have the following result.

Lemma 4. Suppose G is a finite group, H is a finite set, and G acts on H. Suppose
w is a probability measure on G and g is the probability counting measure on G.
Then the following statements hold.
(1) For every f € L>(H), ug Xl f is the orthogonal projection of f to the space
L?(H)€ of G-fived functions.
(2) For every f € L?>(H), we have

(e = pa) < fll2 < M) fl2-
3. RANDOM WALKS INDUCED BY SHIFTED-AUTOMORPHISM GROUP ACTIONS

3.1. Basics of shifted-automorphism group actions. We say an action G —~ H
of a group G on a group H is a shifted-automorphism group action if there is a group
homomorphism ¢ : G — Aut(H) and a function ¢ : G — H such that

z-y = c(x)(o(x))(y)
for every x € G and y € H. We refer to ¢(z) as the automorphism part of the action
of x and to c¢(x) as the translation part of the action of = (see [13, Section 3]).

In order to get a basic understanding of shifted-automorphism group actions, we
recall the definition of the holomorph of a group. The holomorph of a group H is the
semidirect product H x Aut(H) of H and its group of automorphisms Aut(H) where
Aut(H) acts on H in the natural way, 6-y := 6(y). The holomorph of H is denoted
by Hol(H). Lemma 5 gives us a basic characterization of shifted-automorphism
actions.

Lemma 5. For two groups G and H, the following statements hold.

(1) The holomorph of H acts on H via (y,0)-y' := y0(y'), and this is a shifted-
automorphism group action.

(2) An action G —~ H is a shifted-automorphism group action if and only if
there is a group homomorphism f : G — Hol(H) such that x -y = f(x) -y
for everyx e G and ye H.

Proof. For every (y1,61), (y2,02) € Hol(H) and y € H, we have

(3) ((y1,01)(y2,02)) -y = (Y101 (y2), 0162) - y = y101(y2)01(02(v)),
and

(4) (y1,01) - ((y2,02))-y) = (y1,01) - (y202(y)) = y101(y202(y)) = y161(y2)0102(y)).
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By (3) and (4), we obtain that this map defines a group action, and clearly it is a
shifted-automorphism action.

Suppose the action G —~ H is a shifted-automorphism group action, its automor-
phism part is given by ¢ : G — H and its translation part is given by ¢: G — H.
Let

f:G— HOI(H)v f(x) = (C(x)a QZS({E))
Then for every x1,z2 € G and y € H, from (z122) -y = 1 - (22 - y), we deduce that
the following holds,

(5) c(z122)p(z122) (y) = c(21)@(21)(c(22) P (22)(y))-
Letting y = 1y in (5), we obtain that

(6) c(x122) = c(z1)9(x1)(c(T2))
for every 1,22 € G. From (6), it follows that f is a group homomorphism. Notice
that for every z € G and y € H, we have

z-y = c(@)p(x)(y) = f(2) -y

The converse is clear. O

Lemma 6 gives us two important examples of shifted-automorphism actions that
are of central importance in this work.

Lemma 6.

(1) For every group H, the following map defines a transitive, shifted-automor-
phism group action H x H —~ H, (xp,zR) -y = xLyxl_%l. Moreover
the automorphism and the translation parts of this action are given by
o(rr,vR)(y) = zryzR" and c(xr,wR) i= xrrR’, respectively.

(2) Suppose H and U are two groups, and ¢ : H — Aut(U) is a group ho-
momorphism. Let G := U x H be the semidirect product given by the
homomorphism ¢. Then the following map defines a transitive, shifted-
automorphism group action G ~ U, (u,y) - u' = ud(y)(u').

Proof. Proof is easy and left to reader. ]

3.2. Gowers’s U?-norm and shifted-automorphism actions. Let us recall
that for a group action G — H, a probability measure 4 on G and f,g € L*(H),
(n® f)(y) == §o(z - f)(y)du(z) for every y € H, and f * g is the convolution of f
and g.

In [13], a non-commutative version of Gowers’s U%-norm and its connection with
random walks have been discussed. Here we recall some of the crucial results.

Lemma 7. Suppose G and H are two finite groups and G —~ H is a shifted-
automorphism action. For f € L*(H), let f(h) := f(h=1) and ||f] := | f * fH;p.
Then the following statements hold.

(1) || - | is @ norm and | f|l2 < ||f|| for every non-negative f € L*(H).
(2) For every x € G and f € L*(H), ||z - f|| = [If]l.
(3) For every probability measure p on G and f € L*(H), |p& f]l < | £

Proof. See [13, Lemma 9]. O

The next lemmas help us compare the randomness gained by a shifted-automor-
phism action and its automorphism part. These results are essentially proved in
[13, Lemma 4 and Corollary 11].
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Lemma 8. Suppose G —~ H is a shifted-automorphism whose automorphism and
translation parts are given by ¢ : G — Aut(H) and ¢ : G — H. Suppose X1, X ?)
are two i.i.d. random variables with values in G and YV, Y®) are two i.i.d. with
values in H. Then

HQ((X“) .y(l))fl(X@) .y(2))) > H2(¢(X(1))(y(1)71y(2)))_
Proof. By [13, Lemma 4], we have
Hy(XW . yOYy=1(X® . y@)) > mgp(x® .y O)y=1(x @) .y @),
Notice that
(XD YD) XDy @) = (X D)o (X D) (r 1)1 X D)o (X D)(r @)
— $(XDV) (YD Ty @),

and the claim follows. O

We will be using the measure theoretic formulation of Lemma 8 which is given
next.

Lemma 9. Suppose G —~ H is a shifted-automorphism action whose automorphism
part is given by ¢ : G — Aut(H). Then for every probability measure n on H, the
following holds

lp&nl?* < lolu] & (7 )2,

where the second X : L*(¢(G)) x L2(H) — L?(H) is given based on the automor-
phism action of ¢(G) on H.

Proof. Let X, X@ Y1) and Y? be two independent random variables such
that the probability law of X(9’s is 1 and the probability law of Y(*)’s is . Then
the probability law of

(X(l) YW)y~L(x@). y(2))
is (uXn) * (uxIn), and the probability law of
HXDY (YO y @)

is @[] X (7 = n). Hence the claim follows from Lemma 8. |

The mentioned norm has another (rather easier) application which has been
mentioned in [24, Lemma 5]. Here we quote the formulation presented in [13,
Lemma 13]. This result roughly says that if 7 = n is almost a point mass at the
identity, then n is almost a point mass.

Lemma 10. Suppose that n is a probability measure on a finite group H and
Inlew < &|nlle where k is a positive number less than /2. Then we have

Il = V2 = &2 47+ (1)
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3.3. Gaining initial entropy in a shifted-automorphism random-walk. The
main goal of this section is to prove Theorem 11.

Theorem 11. Suppose G and H are finite groups, and G acts on H.

(H1) (Action) G —~ H is a transitive shifted-automorphism action whose auto-
morphism and translation parts are given by ¢ and c.

(H2) (Automorphism action) There is a positive number ¢ such that for every
d(G)-orbit O < H we have that either O = {1} or |O| = |H|® > 2.

(H3) (Random-variable) Suppose X is a symmetric random-variable with values
in G whose range generates G, and for some positive numbers cy and ag, we have

LHX))=zeco and P(X =2)=ap

for every x in the range of X.

Then there exist constants L »¢ c,.a, 1 and C »q, 1 such that for every random-
variable Y which has values in H and is independent of X and every integer £ >
Llog|H| we have

Hy(X,Y) > 5 log|H| - C,
where Xy is an {-step random-walk with respect to X.

A result of this type is proved for the affine action of G := SL,(FF,) x F}; on H :=
I in [24, Theorem 2] and for the left-right action of G := PSLa(IF,) x PSLy(IF,)
on H := PSLy(F,) in [13, Lemma 5].

It is worth pointing out that if G is c-quasi-random, then

GI° < |H] < |G|

as G —~ H is transitive. Moreover every ¢(G)-orbit in H with more than 1 element
has at least |G|° many elements. Hence assuming G is c-quasi-random, we can
replace the hypothesis (H2) with the following.

(H2’) The only ¢(G)-fixed point in H is 1.

Here we present an almost identical argument as in the proof of [13, Lemma 5].
Only a few changes are needed.

Proof of Theorem 11. Choose 0 < kg < 1 such that \/a2 + (1 — ag)? + /1 — KZ.
Suppose 7 is the probability law of Y. We are going to consider two cases.

Case 1 (Suppose |1]w/|n]2 > ko). In this case, there is zg € G such that (zg)? >
r3[n]3. Let my, = nlg(ug} Where Le (4, is the characteristic function of G\{wo}.
Since nj/,o and fiz, are perpendicular and 7 = 9(xo)ti{z,} + njo, we have |n]3 =
n(z0)? + |0z 3. Therefore

(7) 72,13 < (1 = w3)Inl3-

By (7), we obtain that

I B nlz <n(@o)lwE ey llz + |n B0, |2 < 0(20) |08 kg |2 + 7z, 12

(8) <n(w0) [ B pgaoyll2 + /1 = K5 |02

Notice that

(9) LR By = ) 1(YGay) Ly}
YGag €G/Cay
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where G, is the stabilizer subgroup of G with respect to xy. Since there are no
G-orbits of order 2 in H, by [13, Lemma 15], p(yGy,) # 1 for every y. Because the
minimum of g in its support is «g, by (9) we deduce that

(10) |18 prgaoy 2 < fag + (1 — o).
Hence by (10) and (8), we obtain that
(1) sils < (yaj + (1= aof + 1= 3 ) lnla

Case 2 (Suppose that [1]w/[7]2 < ko). Choose 0 < k1 < 1 such that (2—x3)~"/2+
2k1 < 1. Since L(¢(X)) = co, there is a positive integer ¢y which is bounded by a
function of ¢y and x4 such that A(¢(Xy,)) < k1 where Xy, is an ¢p-step random-walk
with respect to X. Let v := u(0), and so A\(¢[v]) < k1.

By Lemma 9, we obtain that
(12) l&anl® < lolvI®G=mls < [(@[v] = toe) B (702 + i) B (07 n)]2.
Therefore by (12) and Lemma 4, we deduce that

(13) v &nll* < sallnl® + lige) B (% m)]l2.

Notice that {1/|O| po}oe,y# is an orthonormal basis of the space L?(H)?(©) of

¢(G)-invariant functions in L?(H) where 4 is the set of ¢(G)-orbits in H. Hence
by Lemma 4, we obtain

(14) po ®(xn) = > |10 uoixmypo = Y. (i#n)(0) po.
Oy Oy
By (14), we have
(15) lnoy B @ =2 < > (1%0)(O) |nol.
Oy

By the hypothesis (H2), for every O €4 \H# we have that either O = {1} or
|O| = |H|¢. Therefore by (15), we obtain

(16) (e B (7 n)llz < 7x (1) + [H|7.
By (16), (13), and Lemma 10, we deduce that
(17) lv@al* < mallnl® + (2 — &3) 2l + |H| .

Let B := max{y/a2 + (1 — ap)? + /1 — k2,2k1 + (2 — k3)~¥2}. By (11) and (17),
at least one of the followmg three inequalities holds. Either

(18)  lv®Enlz < Blnlz, or JvEnl® < Blnl* or lnl? < syt |H|™.

Applying (18) repeatedly, by part (3) of Lemma 5, we deduce that for every integer
¢ > 2clog|H|/(—1log 8) at least one of the following inequalities holds. Either

(19) &l <8 <|H[™ or VOl < s <|H|
or |||V“) ®l® < sy tH|IT.

By (19) and part (1) of Lemma 7, for every integer ¢ >
holds

5 log [H], the following

IO B0l < wytHIT,
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which means that for every integer ¢ > %ﬁ;g% log |H|
Hy(X¢-Y) > glog |H| + log k1.
This finishes proof of Theorem 11.

4. RANDOM-WALK ON THE DIRECT PRODUCT OF TWO GROUPS

The main goal of this section is to prove that a random-walk on a product of
groups has a spectral gap which depends on the spectral gap on each factor. This
is proved under certain assumptions for the groups and the random-walk.

To make the presentation more clear, we list the needed assumptions for the in-
volved groups here, and label them by (Gi)’s. Later, we verify that these statements
hold for many families of groups that are of interest.

For a positive number ¢ and a positive integer C;, we formulate the following
axioms for a group H.

(G1) H is a c-quasi-random group.

(G2) |Z(H)| < log|H]|, where Z(H) is the center of H.

(G3) For every x € H,

Z(H)([1¢, Cl=) I Ic, Clx))™" 2 N,

where Cl(x) is the conjugacy class of x and N, is the normal closure of the group
generated by x; that means this is the smallest normal subgroup of H which contains
x.

Theorem 12. Suppose c is a positive number, and Cy, Co are positive integers.
Suppose Hy, and Hp are two finite groups which satisfy (G1)—(G3) with constants
c and Cy. Suppose

Co~'log |Hp| < log |Hr| < Cylog [Hp].

Suppose X := (X1, XR) is a symmetric random-variable with values in G := Hj, x
Hpr whose range generates G. Suppose there exist positive numbers ¢y and ag such
that

(20) L(XL)=co, L(Xp)=co, and P(X =2z)>ap

for every x in the range of X. Then, L(X) » min{cy, 1}, where the implied constant
only depends on ¢,Cy, Ca, ayg.

4.1. Random-walk with respect to couplings of almost Haar measures.
To prove Theorem 12, we notice that after an O, (log|H]|)-step random-walk, we
get a random-variable (Y7, Yr) such that the probability laws of Yz, and Yy are
close to the probability counting measure of H. The main goal of this section is
to investigate what happens if after one step under a random-walk with respect to
such a random-variable (Y7, Yr) we do not gain a substantial amount of entropy.

Lemma 13. Suppose c is a positive number, and C1, Cy are positive integers. Sup-
pose Hy, and Hg are two finite groups which satisfy (G1)—(G3) with constants c
and Cy. Suppose

(21) Co'log |Hp| < log|Hyp| < Cylog|Hg|.

Suppose Y := (Y, Yg) is a symmetric random-variable with values in Hy, x Hg.
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Suppose € is a positive number and Y satisfies the following properties.

(1) (Coupling of almost Haar measures) For every yr € Hy, and yr € Hg, we
have

P(Yy, =yr) <2|Hr|™" and P(Ygr =ygr) <2|Hgr|™".
(2) (Room for improvement) H2(Y) < (1 —¢)log|Hy x Hp|.
Then there is a positive number o which depends on €, ¢, C1, and Co, such that
for every v < g at least one of the following statements holds.
(1) (Gaining entropy) H2(Y2) = H2(Y) +~log|Hy x Hg|, where Y is a 2-step
random-walk with respect to Y .
(2) (Graph of an automorphism) There are proper normal subgroups Zy, and Zg
of Hy, and Hpg, respectively such that Z(Hp/Z1) = {1}, Z(Hr/ZRr) = {1},
and there exists an isomorphism 0 : Hy,/Z;, — Hgr/Zr such that

P(mz, 2z, (Y2) € To) = |Hy x Hp|™™,

where Tz, xzyn : Hr, x Hr — Hp/Z1, x Hr/Zg is the natural quotient map,
Ty is the graph of the isomorphism 6, and R is a fized absolute constant.

(3) (Small cases) |Hp x Hg| < C3 where Cg is a positive integer which depends
on e, c, Cy, and Cy.

We follow the same line of argument as in the proof of [13, Lemma 17]. Before
we get to the proof of Lemma 13, we prove a lemma on c-quasi-random groups.

Lemma 14. Suppose c¢ is a positive number and G is a c-quasi-random group.
Suppose S is a subset of G and the normal closure of the group gemerated by S is
G; that means the smallest normal subgroup of G which contains S is G. Then
there is a subset S of S such that |S| < 1/c and the normal closure of the subgroup
generated by S is G.

Proof. For every subset S’ of G, let Ng: be the smallest normal subgroup of G
which contains S’ as a subset. Let ¥ := {S’ < S| Nss = G}, and suppose S is
an element of ¥ with the smallest number of elements among the elements of X.
Suppose

S ={r1,..., 1},
and |S| = n. Let Ny := {1} and N; := Nig,.,...zy for every 1 <i < n.

Claim. In the above setting [N;11 : N;] = |G|¢ for every 0 < i <n— 1.

Proof of Claim. Suppose to the contrary that [N; 41 : N;] < |G|¢ for some i. Notice
that G acts by conjugation on N;,1/N;, and this action induces a unitary represen-
tation on L?(N;;1/N;). Since G is c-quasi-random and dim L?(N;1/N;) < |G[¢,
we deduce that the G-action on N;1/N; is a trivial action. Hence, N;;1/N; is a
subset of the center Z(G/N;) of G/N;. Let

N = NE\{%H}’

and notice that G = N;;1 N and N; € N. Therefore, G/N is isomorphic to a
quotient of N;11/N; and a quotient of G; in fact, we have

G/N ~ Ni+1/Ni+1 AN and N; € Niy1 0 N.
Hence G/N is both Abelian and perfect (as it has no non-trivial degree 1 repre-

sentation). Therefore G = N. This means S\{z;+1} € ¥, which contradicts the
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assumption that every element of ¥ has at least n elements. This finishes proof of
the claim. ]

By the above claim, we obtain that |G| = H?:_Ol[NiH : N;] = |G]™°, and so
n < 1/c. This finishes the proof. O

Proof of Lemma 13. Suppose 7 is a sufficiently small positive number to be spec-
ified later, and |Hy x Hg| = C3 for a large enough constant C3 to be specified
later. Let’s assume that we do not gain enough entropy; that means Hs(Y3) <
Hy(Y) + vlog|Hy x Hg|. Then by Proposition 1, there is an |Hy x Hpg|®-
approximate subgroup A of Hr x Hp such that

(22) |log|A| — Hy(Y)| < Rylog |Hy, x Hg| and P(Yae A) > |Hp x Hg| 77,

By the coupling of almost Haar measures condition, we have that

(23) P«YL)zeprL(A))@j;;f)' and P((YR)zeprL(A))<2|7T|II%;;1|)|7

where 77, and mg are projections to the left and the right components. By the
second inequality in (22) and (23), we obtain that

(24) |Hp x Hp| "™ < P(Ys € A) < P((Y7)s € m(4)) < 277}34(71”’
L

and

(25) |Hp x Hp| ™Y <P(Yz € A) < P((Yg)2 € mr(A)) < %_
R

Inequalities given in (24), (25), and (21) imply that

(26) |7 (A)] = IHLHHL\*CZR’Y|HL|*QR'Y _ |HL|17(C2R72R)7

and

(27) Imr(A)| > |Hg| ~(C2R—2R)7,

if |Hp|® > 2 and |Hg|®Y = 2. If v < ¢/(3(CoR — 2R)), then by Theorem 3, we
deduce that

(28) WL(H;J,A):HL and WR(H;J,A):HR-

Claim. In the above setting, for a small enough « depending on ¢, ¢, C1, Cy, if |H, x
Hpg|¢ is more than (log |Hp|log|Hg|)®, then there are proper normal subgroups
Ny, €t H;, and Ng € Hg such that

(IlgA) n (HL x Z(Hg)) < N x Z(HR)
and ([ [A)n(Z(Hy) x Hg) < Z(Hy) x Nr.

9

Moreover Z(Hp) € Ny, and Z(Hg) S Ng.

Proof of Claim. By symmetry, it is enough to prove only one of the inclusions.
Suppose to the contrary that the normal closure of w7 ([[g A n (H x Z(HRg))) is
Hj,. Then by Lemma 14, there is a subset {z1,...,z,} of 7 ([ [g An(HLx Z(Hg)))
such that n < 1/c and

(29) leNIQNI =HL7

n
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where IV, is the smallest normal subgroup of Hj that contains z;. For every 4,
there is e; € Z(Hp) such that

(i ei) € [[g A.
By (28), for every hy, € Hy, there is an element (hr,hg) in [ [; A. Hence
(hpwihi',e:) = (hp, hg)(zi,e)(ho, hr) ™" € T];5 A,

and so

(30) Cl(z;) x Z(Hy) < (1,5 A) Z(Hp x Hy)

for every i. By the (G3) condition, (29), and (30), we obtain that
(31) Hy x Z(Hg) < ([s0¢, 1) A) Z(Hr x Hy).
By (28) and (31), we obtain that

(32) Hy x Hpg = ([130¢, 1/ej334) Z(Hr x Hp).

By (32), the fact that A is |Hy, x Hg|7-approximate subgroup, and (G2) condition,
it follows that

|Hy x Hg| Cy/e
(33) 710@}[2?10;}11%‘ < |H30C1[1/cj+3A‘ < |Hyp x Hp|RG0C1/et2)y) 4.

On the other hand, by the condition on Room for improvement and (22), we have
that

(34) |A| < |Hp, x Hg|'~=+,
and so for v < £/(2R), by (33) and (34), we obtain that
(35) (log |Hy|log |Hr|) ™ < |Hy, x Hp|REOC1/e+27=2/2,

Therefore, if v < &/(4R(30Cy/c + 2)) and |Hy, x Hg|* > (log |H|log |Hg|)®, (35)
gives us a contradiction. To finish proof of Claim, it is enough to notice that
Z(Hp)Ny, is still a proper normal subgroup of Hy (as Hy, is a perfect group and
Z(HpL)Np /Ny is an Abelian group), and similarly Z(Hg)Ng is a proper normal
subgroup of Hg. O

By (28), there are functions fgr : Hy, — Hg and f, : Hgp — H|, such that
(36) {(xr,fr(zr))|ere H} S [[3A and {(fr(zr).zr)|2r € Hr} <[5 A.
By Claim and (36), we obtain that

friHp/Z(Hy) — Hp/Ng, fr(zLZ(Hy)) = fr(zr)Nr
is a group homomorphism, and for every zp € Hg
Fr(fr(zr)Z(Hy)) = 2rNr.

Moreover, if (z1,,zr) € [ [3 A, then fr(zZ(HL)) = 2gNg. Let My, be the normal
subgroup of Hy, such that My /Z(Hp) = ker f 5, and

GNZHL/MLﬁHR/NR, 9({ELML)I=TR(LL'LZ(HL)).

Then 6 is an isomorphism, M7, is a proper normal subgroup of Hj, which contains
Z(HpL), and

(37) T xNg ([ 15 A) =T,
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where mpr, « Ny, 0 Hp X HrR — Hp /My x Hr/Npg is the natural quotient map and
Ty is the graph of the isomorphism 6. By (22), we obtain that

(38) P(mar, xnvg (Yz) € T) = [Hp x Hg| ™.

Let Z;, be the normal subgroup of Hy, such that Zp/M; = Z(Hp/My). Notice
that H := Hp /M, is a perfect group (as the quasi-randomness implies that there
is no non-trivial degree 1 representation). Hence, by Griin’s lemma,

Z(Hp/Zp) ~ Z(H/Z(H)) = {1}.
Let Zgr be the normal subgroup of Hg such that Zr/Ng = Z(Hgr/Ngr). Then
0:H./Z, — Hp/Zr 0(xp21) :=0(x ML) Zng
is a well-defined isomorphism. By (37) and (38), we conclude that
Tz xzn([[3A) =Tg and P(rz, xz,(Y2) € Tg) = |Hy x Hg|~®.
This finishes the proof. O

4.2. Spectral gap for a random-walk in a product of two groups: Proof
of Theorem 12. Suppose L := L(c, ¢y, ) and C := C(«p) are the constants that
we obtain from Theorem 11. Let ¢y be the smallest integer which is at least

max{Llog |Hy|, Llog |Hg|,2cy " log |HL|,2co " log |Hg|}.

For every non-negative integer 7, let Y := Xy ¢, be a 2¢0y-step random-walk with
respect to X. Then by the Cauchy-Schwarz inequality, part (2) of Lemma 4, and
L(X) = ¢p, we obtain that

[ PTL[M](Q%) — prg oo :H((PTL(N)([O) — fimy) * M{l}) * H{l}“oo
< (pr, ()@ = ) * pgay) 2
(39) AW < 27080 < |HL[
By (39) and its similar result for the right component, we deduce that
(40) [P(v” = yr) — [Ho| ™[ < [Ho|™ and [Py = yr) — |Hr| ™| < [Hr| ™
for every yr, € Hy, and yr € Hr where (YL(i)7 Y}g)) —Y®,

Claim 1. For every positive integer 7, every proper normal subgroup Z; and Zg of
Hp, and Hp, respectively such that Z(Hy/Zy) and Z(Hg/ZR) are trivial and there
is an isomorphism 6 : Hy/Z; — Hg/Zg, we have that either

2
P(17, x 2, (Y ) € Tg) < |Hp x Hp| s0+C2)
or |Hp| «c,a0 1-
Proof of Claim 1. Proof of Claim 1 is based on Theorem 11. Let H := Hy/Z;, and
G := H x H. Consider the left-right action of G on H; that means (z1,z2) - = :=

T1TTy ! By Lemma 6, this is a transitive shifted-automorphism action, and its
automorphism part is given by

¢: G — Aut(H), ¢(x1,22)(y) := zoyxy '

Notice that y € H is a ¢(G)-fixed point if and only if y € Z(H). Therefore, the
only ¢(G)-fixed point in H is {1}.
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Notice that every ¢(G)-orbit is an Hpg-orbit where Hpg acts by conjugation on
Hg/Zg. Since Hp is c-quasi-random, every non-trivial Hg-orbit has at least |Hg|°
elements.

Let ¢ : Hp x Hp — G, (xp,2R) := (77, (21),0 (72, (xRr))). Notice that
is a surjective group homomorphism. Let X := (X). Since X is symmetric, so is
X. Since Z(H) is trivial, ¢(G) ~ H and

(41) L($(X)) = L0 (72,(XR))) = L(724(XR)) > L(XR) = co.
We also notice that for every z € Hy, x Hg, P(¢¥(X) = ¢ (z)) = P(X = z), and so
(42) P(Y = E) = g

for every 7 in the range of X. By the above discussion, (41), and (42), we can apply
Theorem 11 for the group G, its action on H, and the random-variable X. Hence,

. C -
(43) Hy(Xaiq, - Z) > 5 log [H| - C

for every non-negative integer ¢, where C := C(ayg) is the constant given by Theo-
rem 11 and Z is a random-variable with values in H such that P(Z = 1) = 1. Since
Hp is c-quasi-random and H is a non-trivial quotient of Hy, we have |H| > |Hp|°.
If |HL| »c,a0 1, then by (43) we have

2
— c
(44) Hy(Xaig, - 2) = Zlog |Hp|.
Notice that
(45) _
P(Xgigy-Z =1) = P(2, 52, (Y?) €Tp) and P(Xpig -2 = 1) < 2 212002,
Therefore, by (44), (45), and (21), we obtain that

.2
c

(46) P(nz, x 2, (YD) € Ty) < |Hp|~5 < |Hp x Hg| *0+C2),
This finishes proof of Claim 1. O

N

Claim 2. Assuming |Hj, x Hpg| is sufficiently large as a function of the parameters
g, ¢, Cq, and Csq, for every non-negative integer i, we have that either

(47)  (No room for improvement) Hy(Y®) > <1 — 2(ch2)> log |Hy, x Hg|
or
(48) (Gaining entropy) Ho(Y V) > Hy(Y D) + ylog |Hy x Hpgl,

where v is a positive number that only depends on ¢, Cy, and Cs.

Proof of Claim 2. Let vy be the constant given by Lemma 13 for the parameters

= 2(TCC2)’ ¢,Cq, and Cy. Notice that the groups Hj and Hg satisfy (G1)-

(G3). Moreover, if the random-variable Y@ for a given non-negative integer i has
room for improvement (that means (47) does not hold), then by (40) Y satisfies
the conditions of Lemma 13. Hence, by Lemma 13, if |Hy x Hpg| is large enough
depending only on the parameters ¢, C;, and Cs, then for every positive number
v < 7o we have that either

(49) Hy(YOD)) > Hy(YD) + ylog|Hy x Hgl,
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or there are proper normal subgroups Z; and Zr of Hy and Hp, respectively,
such that Z(H/Zp) = 1, Z(Hgr/Zg) = 1, and there exists an isomorphism 6 :
HL/ZL — HR/ZR such that

(50) P(rz, xz, (YY) eTy) = |Hp x Hp| ™.

By Claim 1, if v < ﬁicz) and |H | is large enough depending on ¢ and «p, then
(50) cannot hold. Therefore, (49) holds. This finishes proof of Claim 2.

Claim 3. Suppose 7 is the positive number given in Claim 2. Let iy be the smallest
integer which is more than 1/4. Then

(51) Hy (Y (0)) > (1 — log |Hy, x Hg|.

c
2(1 + Cz)
Proof of Claim 3. Suppose to the contrary that (51) does not hold. Since Rényi
entropy is non-decreasing in a random-walk, we obtain that for every non-negative
integer ¢ < ip, we have room for improvement; that means (47) does not hold.

Hence, by Claim 2, for every non-negative integer i < i, we gain entropy; that
means (48) holds. Therefore,

Hy(Y)) > igylog |Hy x Hg| > log|Hy x Hg|,

which is a contradiction.

Claim 4. In the above setting, £(X) > 2170+2(1+C2)Cmax{f,2/00} if |Hy, x Hg| is large

enough depending on the parameters «q, ¢, Cy, and Cs.

Proof of Claim 4. Suppose 7 is a non-trivial representation of Hy, x Hgr. Then the
restriction of 7 to either Hy or Hg is non-trivial. Since Hr and Hj, are c-quasi-
random, we deduce that

(52) degm > min{|Hy|°, |Hz|}.

By (21), we have that min{|Hy|,|Hg|}*+*C2 > |Hy, x Hp|. Hence, by (52), we
obtain that Hy, x Hg is 1+CC2 -quasi-random.

By Claim 3, we have that

(53) Ha(Xgns) > (1- log |Hy,  Hpl.

_°

2(1+4 Cy)

and £y is a positive integer which is at most
2max{L,?2/co} max{log |Hy|,log |HR|}.

Therefore by Proposition 2, we obtain that

c
= — = .
) 200+2(1 + Co) max{L,2/co}

L(X

This finishes proof of Claim 4 and Theorem 12. O
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5. RANDOM-WALK ON AN EXTENSION OF A QUASI-RANDOM GROUP BY AN
ABELIAN GROUP

The main goal of this section is to prove that under certain algebraic conditions
a random-walk on an extension of a group H by an Abelian group A has a spectral
gap which depends on the spectral gap on the quotient H. Similar to the previous
section, we list the needed algebraic assumptions for the groups here, and label
them by (Gi)’s. To be consistent with the statements given in the previous section,
new conditions are labelled by an index ¢ > 4. For a positive number ¢, and positive
integers C4 and Cs, we formulate the following axioms for a group H and an Abelian
group A.

(G1) H is a c-quasi-random group.

(G4) There is a homomorphism ¢ : H — Aut(A), and H acts on A accordingly.
Via this action, A is viewed as a Z[H]-module where Z[H] is the group ring of H
over Z.

(G5) |A] < [H]|C1.

(G6) For every x € A,

[lc, O:1lc, 03" = M.,
where O, is the H-orbit of x and M, is the Z[H |-submodule generated by x.

Theorem 15. Suppose c is a positive number, Cy and Cs are positive integers, H
is a finite group, A is a finite Abelian group, and they satisfy (G1), (G4), (G5),
and (G6). Suppose G is an extension of H by A; that means there is a short exact
sequence

1-A>G5H H— 1.
Suppose Z is a symmetric random-variable with values in G whose range generates
G. Suppose there exist positive numbers ¢y and oq such that

L(7(Z)=zco and P(Z=2)=

for every z in the range of Z. Then L(Z) » min{cy, 1} where the implied constant
only depends on the given parameters c, Cy4, Cs, .

5.1. Random-walk on a quasi-random-by-Abelian group: The case of al-
most uniform quasi-random component. To prove Theorem 15, we notice
that after an O, (log |H|)-step random-walk, we get a random-variable Z such that
the probability law of 77(2 ) is close to the probability counting measure of H. The
main goal of this section is to prove an analogue of Lemma 13 in the setting of group
extensions. This result describes what happens if after a couple of steps under a
random-walk with respect to the random-variable 7 we do not gain a substantial
amount of entropy.

Lemma 16. Suppose c is a positive number, C4 and Cs are positive integers, H
is a finite group, A is a finite Abelian group, and they satisfy (G1), (G4), (G5),

~

and (G6). Suppose G is an extension of H by A. Suppose Z is a symmetric

random-variable with values in G. Suppose € is a positive number and A satisfies
the following properties.

(1) (Almost uniform quotient) For every x € H, we have

P(r(Z) = z) < 2|H|~".
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A~

(2) (Room for improvement) Hz(Z) < (1 —¢)log|G|.
Then there is a positive number vy which depends on €, c,Cy, and Cs, such that for
every v < Yo at least one of the following statements holds.

(1) (Gaining entropy) Hy(Z5) = Hy(Z)+71og |G|, where 7 iis a 2-step random-
walk with respect to Z.
(2) (Levi subgroup) There are a proper H-invariant subgroup N of A and a

subgroup H of G/N such that 7 induces an isomorphism from H to H, and
P(nn(Zs) € H) > |G|,

where Ty : G — G/N is the natural quotient map and R is a fized absolute
positive constant.

(3) (Small cases) |G| < Cg where Cg is a positive integer which depends on
g,c,Cyq, and Cs.

We start with a couple of lemmas. The first one gives us a better understanding
of the structure an extension G of H by A, where H and A are as in Lemma 16,
and the second one is an analogue of Lemma, 14.

Lemma 17. Suppose c is a positive number, C4 and Cs are positive integers, H is
a finite group, A is a finite Abelian group, and they satisfy (G1), (G4), (G5), and
(G6). Let G be an extension of H by A.
(1) G is a perfect group; that means it does not have a non-trivial Abelian
quotient.
(2) If N is a normal subgroup of G and w(N) = H, then N = G.
(3) Gis 1+CC4 -quasi-random.
(4) Suppose My & My are two Z[H]-submodules of A. Then H acts non-
trivially on My/M; .
(5) Suppose M is a Z[H]-submodule of A. Then the only H-fixed point of A/M
is the identity.

Proof. We start by proving the following:

Claim. Suppose N is a normal subgroup of G such that 7(N) = H. Then M :=
AN N is a Z[H]-submodule of A and H acts trivially on A/M.

Proof of Claim. Since A is a normal subgroup of G, M is a normal subgroup of N.
Because M is a normal subgroup of N and A is an Abelian group, the conjugation
of N factors through 7(N). Therefore, M is a Z[H]-submodule of A. For every
h € H, there is nj, € N such that w(ny) = h. Hence, for every a € A,

(h-a)a™t =npan;'a™' € An N.
Therefore, H acts trivially on A/M. This finishes proof of Claim.

To show the first part, we have to show that the commutator subgroup [G, G]
is equal to G. Notice that 7([G,G]) = [H, H|. Since H is a c-quasi-random group,
it is perfect. Therefore, w([G, G]) = H. Therefore, by the previous Claim, H acts
trivially on A/M where M := An[G,G]. Hence, for every y € A, mar(Oy) = mar(y)
where O, is the H-orbit of y and 7wy : A — A/M is the natural quotient map. By
(G6), we obtain that

(54) T (My) = 7TM(y)C57TM(y)_C5, and so (M) = 1.
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By (54), we conclude that M = A. Since n([G,G]) = H and A < [G,G], we
conclude that [G,G] = G. This finishes proof of the first part.

Since 7(N) = H and A = kerm, AN = G. Hence, G/N ~ A/(N n A) is an
Abelian group. By the first part G does not have a non-trivial Abelian quotient,
and so G = N. This finishes proof of the second part.

Suppose p is a non-trivial representation of G. Since A is Abelian, p(A4) is
diagonalizable. Hence, there are characters x1,..., xq € Hom(A4, S!), where S! :=
{z € C||z| = 1}, such that

pla) = diag(x1(a), .-, xa(a)),

for every a € A. For every g € G, p(gag™!) is a conjugate of p(a) and its eigenvalues
are given by y;(gag™!). Notice that 7(g) acts on A by conjugating by g; this means
7(g) - a = gag~!. This action induces an action on A := Hom(A, S*). For y € A

and h € H, we let (h-x)(a) := x(h™! - a). Therefore, for every h € H, we have

{h'X17"'7h'Xd} = {Xla'~'7xd}~
For every ¢, the H-orbit of x; is a subset of {x1,...,xa}. Hence,
(55) degp > |H - xil

for every i. Because H is c-quasi-random, every H-orbit has either one element or
at least |H|® elements. Thus, by (55), either degp > |H|® or H - x; = x; for every
i. Notice that if H - x; = xs, then, for every a € A, x;(O,) = x:(a) where O, is the
H-orbit of a. By (G6), we obtain that

xi(Ma) = Tc, xi(Oa) [ 1c, xi(Oa) ™' = L.

Therefore, if for every i, H - x; = x4, then A is in the kernel of p. This means p
factors through H; and so degp = |H|. Altogether we obtain that degp > |H|°.
By (G5), we have |H|¢ > \G|C/(1+C4), and the third part follows.

To show part (4), we proceed by contradiction. Suppose H acts trivially on
M/ M. Therefore, for every a € My, mar, (O) = 7, (a), where mpr, : G — G/M,
is the natural quotient map. Hence, by (G6) and a similar argument as in (54), we
obtain that mas, (M) = 1, where M, is the Z[ H]-module generated by a. Therefore,
M5 = My, which is a contradiction. This finishes proof of the fourth part.

To show the last part, suppose to the contrary that for some Z[H]-submodule
M of A, there exists M € A/M which is H-invariant and = # 1. Let M’ :=
{xyM. Then H acts trivially on this M'/M, and so M’ is a Z[H]-submodule. This
contradicts part (4). O

Lemma 18. Suppose c is a positive number, C4 and Cs are positive integers, H
is a finite group, A is a finite Abelian group, and they satisfy (G1), (G4), (G5),
and (G6). Suppose S is a subset of A, and let Mg be the Z[H]-submodule of A
generated by S. Then there is a subset S of S which generates Mg and |S| < Cy/c.

Proof. Suppose S := {x1,..., 7} is a subset of S which is a generating set of the
Z[H]-module Mg, and it has the smallest possible number of elements among such
subsets. For every integer ¢ in [1,m], let M; be the Z[H]-submodule generated by
{z1,...,2;}. Since for every i the set S\{z;} does not generate Mg, we have that

0 M - & My = Ms.
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By the fourth part of Lemma 17, we have that the action of H on M; 1/M; is
non-trivial for every integer in [1, m — 1]. Because H is c-quasi-random, we obtain
that

(56) |Mi1/M;| = |H|°
By (56), it follows that
H|™ < |Ms| < |A] < |H|.
Therefore m < %. This finishes the proof. ([

Proof of Lemma 16. Suppose - is a sufficiently small positive number to be spec-
ified later, and |G| = Cg for a large enough Cg to be specified later. Let’s assume
that we do not gain enough entropy; that means HQ(ZQ) < Hg(é) +vlog |G|. Then
by Proposition 1, there is a |G|®7-approximate subgroup B of G such that

(57) |log |B| — Hy(Z)| < Rylog|G| and P(Z, € B) > |G|~™.
By the almost uniform quotient condition, we have that

(58) Pm@geﬂ3»<2“g).

By the second inequality in (57) and (58), we obtain that

(59) (GI™ < B(Z < B) < Plr(Zy) e v(B)) < 27D

|H|
By (G5) and (59), we deduce that

1 -
(60) SIH|RHEDT < ().

Therefore, for large enough Cg and small enough 7, by (60), |v(B)| > |H|'"5.
Hence, by Theorem 3,

(61) n([1, B) = H.
Claim. In the above setting, for a small enough v depending on €,c,Cy4, and Cs,
there is a proper Z[H]-submodule N of A such that

(I[To B) nAC N.

Proof of Claim. Suppose to the contrary that (] [, B) N A generates A as a Z[H]-
module. Then by Lemma 18, there is a subset B := {y1,...,ym} of ([[¢B) n A
such that

C
(62) mg?“ and A= M, ---M,,,

where M,, is the Z[H]-submodule generated by y;. Notice that, by (61), there is
a function 6 : H — G such that for every € H, n(6(z)) = = (that means f is a
section) and 0(x) € [ [; B. Notice that for every « € H, we have

-y = 0(x)yf(z) " €[], B.
This means for every

(63) 0y, <11, B.
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By (G6), (62), (63), and the fact that B is symmetric, we obtain that

(64) Ac 1_[14mC5 B.
Using (61) and (64), it follows that
(65) G= H14mC5+3 B.

Since B is an |G|®7-approximate subgroup, using (65) we obtain that
(66) G| < |B||G|M4mCs+DRYand so  |G[I-(mCs+DRY | B).
On the other hand, by the room for improvement condition and (57), we have
(67) log |B| < H2(Z) + Rylog|G| < (1 — e + Ry)log|G|.
By (62), (66), and (67), we deduce that
1—(14C4Cs/c+2)Ry<1—e+ Ry; andso &< (14C4Cs/c+ 3)Ry,

which is a contradiction if ~ is sufficiently small depending on the parameters
€,¢,Cyq, and Cs. This finishes proof of the Claim.

Let’s recall that by (61), there is a function 6 : H — G such that w(6(z)) = =
and 0(x) € [ [, B for every x € H. Therefore, for every z,z1,25 € H, we have

(68)  O(z 1)0(z) e ([[¢B) nA and 6O(z122)0(x1) *0(z2)" " € ([ B) N A.

By (68) and the previous Claim, we deduce that there is a proper H-invariant
subgroup N of A such that

0:H—G/N, 0x):=0(z)N

is a group homomorphism; notice that since N is a Z[H|-submodule, it is a normal
subgroup of G. Because N is a subgroup of A = ker7, 7 induces a group homo-

morphism 7 from G/N to H. For every x € H, we have 7(f(z)) = . Hence, the
restriction of 7 to H := Im(6) is an isomorphism. Moreover, we have

(69) Im(6) < 7n (15 B);

where 7y : G — G/N is the natural quotient map. Next, we show that H =
7 ([ 3 B). By (69), it is sufficient to show that 7n([]; B) € H. Notice that for
every N € nn ([ [; B), we have

(@N)O(F@(xzN)) "t e nn(([1g B) 0 A),

and so N = O(T(zN)) € H. Altogether, we have found a proper H-invariant
subgroup N of A, a subgroup H of G/N with the following properties:

(1) 7 H — H is an isomorphism.
(2) H=nn(]1;B).
Therefore, by (57), we obtain that

P(rn(Zs) € H) = P(Zy € [, B) = |G| .

This means if we do not gain entropy and are not in the small cases, then we can
find a desired Levi subgroup. ([l
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5.2. Spectral gap and quasi-random-by-Abelian groups: Proof of The-
orem 15. Let L := L(c/Cy,co,) and C := C(agp) be the constants given by
Theorem 11. Let £y be the smallest integer which is at least

max{L log |G|, 2cy ' log | H|}.

For every non-negative integer 7, let Z() := Zaig, be a 2¢¢y-step random-walk with
respect to Z. Then, similar to the proof of (40), we have

(70) P(n(Z2V) =) —|H|"!| < |H|7
for every x € H.

Claim 1. For every positive integer i, every proper Z[H|-submodule N of A, and
every subgroup H € G/N with the property that 7 : H — H is an isomorphism,
where 7 is induced by 7 : G — H, we have that either
.2
P(rn(Z2%9) e H) < |G sCs1+Cy)

or |H| K eag.Cy L

Proof of Claim 1. Since @ : H — H is an isomorphism, the short exact sequence
1-A—->G—-H-—1

splits where A := A/N and G := G/N. Hence, there is an isomorphism 6 : H — H

such that w(0(x)) = x for every x € H, and

(71) UG- AxH, ¥(g):=(alg),7(9))

is an isomorphism, where a(g) := ¢gf(7(g))~!. By Lemma 6, A x H has a transitive
shifted-automorphism action on A, which is given by

(72) (@,r)-a :=a(x-a).

By (71) and (72), we deduce that the following is a shifted automorphism action of
G on A:
(73) g-a:=1v(g)-a=alg)(m(g)-a)

Notice that the automorphism part of this action factors through the action of
H on A. More precisely, the automorphism action of G is given by the group
homomorphism

¢: G — Aut(4), ¢(g)(a) :=7(g)a.
Hence, by part (5) of Lemma 17, the only a(a)—ﬁxed point of A is 1. Because H
is c-quasi-random, every H-orbit that has more than 1 element has at least |H|°
elements. Thus, every ¢(G)-orbit other than {1} has at least |H|¢ elements. Notice

that by (G5), we deduce that every ¢(G)-orbit other than {1} has at least \A|C/C4
elements. Therefore, conditions (H1) and (H2) of Theorem 11 hold for the group
action G —~ A (with parameter ¢/Cy, instead of c).

Notice that we also have

L(S(mn(2))) = L(x(2)) = co.
Hence the condition (H3) of Theorem 11 holds for the random-variable wy (7).
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Altogether, we deduce that we can (and will) apply Theorem 11 for the twisted
group action G —~ A and the random-variable 7x(Z). Therefore,
c

(74) Ha(mn(Z2i4,)) - Ur) 2 2C, log [A| - C

for every non-negative integer i, where U; is a random-variable with values in A
and P(U; = 1) = 1. Notice that since H acts non-trivially on A,
c

1+Cy
Thus, when |H]| is large enough depending on ¢, g and Cy, by (74), we obtain that

log |A| = clog |H|, and so by (G5) log|A| >

log |G|.

2

(75) Hao(m(Z2y)) U0 2 qera ey

log |G|.

Notice that by (73), Z is in the stabilizer subgroup of G associated to 1 if and only
if a(z) = 1. This means the stabilizer subgroup of G associated to 1 is H. Hence,

(76) ]P)(WN(ZW[D) : U1 = 1) = P(TFN(ZQZIO) € ﬁ)

Because P(T{-N(ZT‘[O) . lj’1 = ]_) < 2_%1'12(‘I1'N(Z272120))~U1)7 'by (75) and (76), we obtain

2

(77) P(wn(Zaig,) € H) < |G|_8C4<1+C4>,
This finishes the proof of Claim 1.

Claim 2. Assuming that |H| is sufficiently large as a function of the parameters
¢, a, Cy, and Cg, for every non-negative integer i, we have that either

(78) (No room for improvement) Hy(Z®) > (1 - ZL(TCCAL)> log |G|,
or
(79) (Gaining entropy) Ha(ZU*Y) > Hy(ZW) + ylog |G,

where 7y is a positive number that only depends on ¢, C4, and Cs.

Proof of Claim 2. Let =y be the constant given by Lemma 16 for the parameters,

= MTCC@’ ¢, C4q, and Cs. Notice that the pair of groups H, A and the group
action H —~ A satisfy (G1), (G4), (G5), and (G6). Moreover, if the random-variable
Z® for a given non-negative integer i, has room for improvement (that means (78)
does not hold), then by (70), Z( satisfies the conditions of Lemma 16. Hence, by
Lemma 16, if |H| is large enough depending only on the parameters ¢, C4, and Cs,
then for every positive number v < 79 we have either

(80) Hy(Z2UV)) = Hy(ZD) + y1og |G,

or there are a proper H-invariant subgroup N of A and a Levi subgroup H of
G := G/N (that means 7 : H — H is an isomorphism, where 7 : G — H is induced
from 7 : G — H) such that

(81) P(r(Z2"*Y) e H) = |G|,
where R is a fixed absolute constant. By Claim 1, if v < WLC‘;)’ (81) does not
hold. Hence, (80) should hold, which finishes proof of Claim 2. O
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Claim 3. Suppose v is the positive number given in Claim 2. Let ig be the smallest
integer which is more than 1/7. Then

(82) Hy(Z00)) > (1 - 4(ch4)> log |G-

Proof of Claim 3. Suppose to the contrary that (82) does not hold. Since Rényi
entropy is non-decreasing in a random-walk, we obtain that for every non-negative
integer i < ip, we gain entropy; that means (79) holds. Therefore,

Hy(29)) > igylog |G| > log |G,
which is a contradiction.

Claim 4. In the above setting, £(Z) >

depending on the parameters c, ag, C4.

2i0+2(1+C4)CmaX{L720(;1} if |H| is large enough,

Proof of Claim 4. By Lemma 17, G is 1+CC4 -quasi-random. By Claim 3, we have
that

c
Hy(Zyi 21— ———F= |1 .
(53) (Zoos) = (1= ey ) 0816
Hence, by Proposition 2 and (83), we deduce that
c
L(Z) = = .
(2) 290+2(1 + Cy) max{L,2/co}
This finishes the proof of Claim 4 and Theorem 15. O

6. RANDOM-WALK ON AN EXTENSION OF A QUASI-RANDOM GROUP BY A
NILPOTENT GROUP

The main goal of this section is to extend Theorem 15 to a quasi-random-by-
nilpotent group. We start by recalling the Lie algebra associated to a nilpotent
group U, and state the assumptions on the involved groups.

For a group U and every positive integer i, let v;(U) be the i-th lower central
series of U. For a nilpotent group U of nilpotency class my, let

LWU)=L1®-- @ Ly,,
“/7+§L(fl)f) for every integer ¢ in [1..mg]. For T := av;11(U) € L; and
7 :=yvj+1(U) € Ly, let [T,7] := [2,y]Vi1j+1(U) € Liyj, where [z,y] := zyz~"y .
It is well-known that [, ] is well-defined, can be linearly extended to L(U), and L(U)
is a Lie ring with respect to this bracket (see [18, Chapter VIII, Theorem 9.3]). In
this section, we are going to assume that H,U, and G are three finite groups which
satisfy the following statements.

(G7) U is a finite nilpotent group of nilpotency class my.

(G8) There is a unital commutative ring R such that L(U) is a Lie algebra over
R and L, can be generated by dy elements as an R-module; notice that L, is simply
the Abelianization U?P of U.

(G9) The following is a short exact sequence

1-U—->G5H-1,

where L; :=

and G/v2(U) is c-quasi-random.
Now we can state the main result of this section.
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Proposition 19. Suppose H,U and G are three finite groups which satisfy (G7),
(G8), and (G9). Let my, ) : G — G/72(U) be the natural quotient map. Let X be
a symmetric random-variable with values in G. Suppose L(m., (X)) = co where
co 18 a positive number. Then L(X) » ¢ where the implied constant depends only
on the given parameters mg,dy, and c.

6.1. Inducing quasi-randomness. Here we show Lemma 20.

Lemma 20. Suppose H,U and G are finite groups that satisfy (G7), (G8), and

C

(G9). Then the group G is m—quasi—mndom, where C'(mo,dy) is a positive
integer which depends only on mg and dy.

Lemma 21 is essentially proved in [14, Lemma 32].

Lemma 21. Suppose U is a finite group which satisfies (G7) and (G8). Suppose
S is a subset of U and S[U, U] =U. Then

Hc(m07d0) S = U’

where C(mg,dy) is a positive integer which depends only on mg and dy.

Proof. Suppose x1,...,xq, generate L; as an R-module. Then for every positive
integer k, we have
(84) L= > ad(z;,)---ad(z;,)(L).

1<iy,...,ix<dp

Since S[U,U] = U, there are s;’s in S such that s;v2(U) = x; for every integer 7 in
[1..dy]. Hence, by (84), we obtain

(85) Ly < T2 (U) (HdS(S-Qk—Q) S),

where 7., @y : U — U/vk41(U) is the natural quotient map. By (85), by induc-
tion on j, one can deduce that

Uvier(U) = @) (s anson—2) S)-
Therefore U = H3(2d0)m0+1 S. This finishes the proof. |

The following is an immediate consequence of Lemma 21.

Corollary 22. Suppose U is a finite group that satisfies (G7) and (GS8). Then the
following statements hold.

(1) If U is a subgroup of U and U[U,U] = U, then U = U.
(2) |U| < |UaP|Clmosdo) where C(myg,dy) is the function given in Lemma 21.

Lemma 23. Suppose A is a finite Abelian group, H is a finite group, and the
following is a short exact sequence

1-A—->G5S H- 1.

Suppose G is c-quasi-random. Then the following statements hold.

1—c
(1) 14] < 1=
(2) If N is a normal subgroup of G and w(N) = H, then N = G.
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Proof. Since H is a quotient of G and G is c-quasi-random, every non-trivial rep-
resentation of H has dimension at least |G|°. Therefore, |H| > |G|¢. This implies
the first part.
Since H = w(N), G = AN. Therefore,

G AN A

N N ~ AnN’
Thus G/N is an Abelian quotient of G. Since G is c-quasi-random, it does not have
a non-trivial Abelian quotient. Hence, G = N. O

Lemma 24. Suppose U is a finite nilpotent group, H is a finite group, and the
following is a short exact sequence

1-U—>G5S H 1.

Suppose G := G/v2(U) is c-quasi-random. Suppose N is a normal subgroup of G.
If 7(N) = H, then N = G.

Proof. Let my,) : G — G be the natural quotient map. Then Ty (N) is a
normal subgroup of G and H = 7(m,,@)(N)). By the second part of Lemma 23,
we obtain that 7., )(N) = G. Therefore, U** = 7, 7)(N n U). Hence, by the
first part of Corollary 22, N nU = U. Because, H = 7(N) and U = N, we deduce
that N = G. O

Proof of Lemma 20. Suppose p is a non-trivial irreducible representation of G. Let

G := G/kerp, U := (Uker p)/kerp, and H := H/m(ker p). Then
1-U>G5H-1

is a short exact sequence where 7(x ker p) := mw(z)w(ker p). Notice that p(z ker p) :=

p(z) is a non-trivial faithful irreducible representation of G.

Since ker p is a proper normal subgroup of G, by Lemma 23, H is a non-trivial
quotient of H. Hence, H is a non-trivial quotient of G/v2(U). Therefore,

(86) [H| = |G/ (U)".
Notice that, by the second part of Corollary 22, we obtain
(87) Gra(U)] = |H[U |,

where C(mq,dy) is the function given in Lemma 21. Hence, by (86) and (87), we
obtain
(58) [H]| > |H[|U| o

If 72(U) = 1, then p can be lifted to a non-trivial irreducible representation of
G/v2(U). In this case, because G/v2(U) is c-quasi-random, by (87), we deduce that

c

(89) deg p > |G/7a(U)|° > |H||U| 7o

If v5(U) # 1, then the nilpotency class mg of U is at least 2 and at most my.
Consider the action of G on Wmé,l(U) by conjugation. Since

[Ymgy—1(U);72(U)] S Yy +1(U) = 1,
the conjugation action of G on Yl —1 (U) factors through G /y2(U). The conjugation

action induces an action of G on the set ngfl(U) of equivalent classes of unitary

irreducible representations of 7, _1(U). Because this action factors through an
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action of G /y2(U), such an action has a lift to an action of G/y2(U), and G/y2(U) is

c-quasi-random, we deduce that for every irreducible representation 9 of ymé_l(U )
either g -1 = o for every g e G or

(90) G- 0| := {7 0lge G}| = |G/r(U)]".
Notice that by Clifford’s theorem (see [19, Theorem 6.2]), if 9 is an irreducible

subrepresentation of the restriction of p to 'ymé,l(U ), then

(91) degp = |G - Y.
By (90) and (91), we obtain that either
(92) degp > |G/72(U)|° or p(gzg~") = p(7)

for every ge G and T € vmg,l(U). The latter implies that ﬁ(’yms,l(ﬁ)) is a central

subgroup of p(G). But this is not possible as p is faithful and [U, vy, 1 (U)] # 1.
Hence, by (92) and (87), we conclude that

deg p > |H||U|T0) > |G|TT0m .
(Il

6.2. Spectral gap and a quasi-random-by-nilpotent group: Proof of
Proposition 19. Let ¢y be the smallest integer larger than 2¢; 'log |G|. For every

non-negative integer i, let Y(*) := Xoig, be a 2¢0y-step random-walk with respect
to X. Then, similar to (40), we have
(93) IP(m ) (YY) = 2) — |G| < |G|

for every z € 7., 1) (G).

Claim 1. There is a positive number 7y which only depends on the parameters my,
dy, ¢, and ¢y such that for every positive number v < 7 either

(94) (No room for improvement) Hy(Y¥) > <1 — m) log |G,
or
(95) (Gaining entropy) Ho (YY) > Hy(Y ) + ~ylog |G,

or |G| Kmg.do.c,co 1 (small cases).

Proof of Claim 1. Suppose to the contrary that for a large enough (to be specified
later) group G neither (94) nor (95) holds. Then, by Proposition 1, there is an
|G|®7-approximate subgroup B < G such that

(96)  |log|B| — Hy(Y )| < Rylog|G| and P(Y+Y e B) > |G|~

where R is a universal constant number. By (93) and (96), we obtain

. ‘ B
97) |1G|7F < P(Y*Y € B) < P(my, 0y (YY) € w0 (B)) < 2%,
|7r72(U)( )|

By Corollary 22, we have

(98) |Gl = [U]|H]| < [U=[T00 9| H| < [, 1) (G)| (ool
Hence, by (97) and (98), if |G|F7/C(mo.do) > 2 we have
(99) T2 ) (B)] = |Ts 0 (G277
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If v < ¢/(6R), then by Theorem 3 and (99), we obtain

(100) o) ([ 3 B) = Taa () (G)
By (100) and Lemma 21, we deduce that
(101) [sc(mo.d0) B = G-

By (101) and the fact that B is |G|®7-approximate subgroup, we obtain that
(102) |G|t~ (3Cmodo)=1)Ry | B,

On the other hand, since Y'*) has room for improvement (that means (94) does not
hold), by (96), we deduce that

(103) log |B| < <1 + R’y) log |G|.

C
 2C(mo, do)

Hence, by (103), if v < TR , then

C
mo,do)

C
104 log|B| < ({1— —————— |1 .
(101 o181 < (1 1o ) lolGl

By (102) and (104), we obtain

C

— - g T AC(myg. do)
1—(3C(mg,do) —1)Ry <1 4C (mo, do)’

which is a contradiction for v < TROT
Claim 1.

mo,do)(gc(mo,do)—l)' This finishes proof of

Claim 2. Suppose |G| »mg.do,c.co 1 Where the implied constant is the one given by
Claim 1 to avoid the small cases. Suppose vy = 7o(mo, do, ¢, o) is the positive
number given in Claim 1. Let iy be the smallest integer more than 1/~y. Then

(105) Hy (Y0 > (1 log |G.

c
N 2C(m0, do) )
Proof of Claim 2. Suppose to the contrary that (105) does not hold. Since the
Rényi entropy is non-decreasing along a random-walk, we deduce that (94) does
not hold for every non-negative integer ¢ < ig. Hence, by Claim 1, for every non-
negative integer ¢ < ip, we should gain entropy; that means (95) should hold.
Therefore,
Hy(Y™)) > log |G,

which is a contradiction. This finishes proof of Claim 2.

Finishing proof of Proposition 19. By Lemma 20, G is m—quasi—random. By
Claim 2,

c
Ho(Xyi > |1— —— ) log|G|;
2(Xa00) > (1 35r ) 1G]
and so by Proposition 2, we obtain
CCo

2 o —~ 4 -
E(X) 2’0+3C’(m0,d0)

This finishes our proof of Proposition 19.
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7. CHECKING (G1)-(G9) FOR CERTAIN GROUPS

In this section, we are going to prove that certain family of finite groups satisfy
the properties (G1)-(G9). The main intention of these results is to provide examples
on how to apply Theorem 12, Theorem 15, and Proposition 19. These results are
not intended to be viewed as the best of their type.

7.1. Product of finite almost simple groups of Lie type and (G1), (G2),
and (G3). Here, we recall results about finite simple groups of Lie type and study
finite product of such groups.

Proposition 25. For every integer 1 < i < m, suppose q; is a power of a prime
pi. Suppose Fg, is a finite field of order q;, and H; is an absolutely almost simple
F,.-group. Let H; := H;(F,,)" be the subgroup generated by the elements of order
p;. Suppose there is a positive number C' such that

log |H;
(106) o1 < Joelfhil
log | Hj|
foreveryl <i,j<m. Let H:=H,®---® H,,. Then H is c-quasi-random where
¢ is a positive number which only depends on m,C, and max{dimH;|1 < i < m}.

Proof. By [22], for every i, there is a positive number ¢; which only depends on
dim H; such that H; is ¢;-quasi-random. Suppose p is a non-trivial irreducible
representation of (G. Then the restriction of p to at least one of the H;’s is non-
trivial. Hence, by the fact that H; is ¢;-quasi-random and (106), we have

min{c;| 1<i<m}

. . . — el == 7
degp > min{|H;|“|1 < i <m} > |H| om-D71
.. min{c;| 1<i<m} .
Therefore H is —Cm—DIT -quasi-random. ([l

Next we address the (G3) property.

Proposition 26. For every integer 1 < ¢ < m, suppose q; is a power of a prime
pi. Suppose Fy, is a finite field of order q;, and H; is an absolutely almost simple
F,.-group. Let H; := H;(F,,)" be the subgroup generated by the elements of order
pi. Suppose H := @]* | H;. Then, there is a constant C' which only depends on
max; dim H; such that, for every r € H,

Z(H) [ Cl(x) 2 N,,
where N, is the smallest normal subgroup of H which contains x.
Proof. Notice that if z = (z1,...,2y) € H, then Cl(z) = Cl(z1) x -+ x Cl(z).
Hence, for every positive integer C, we have

(107) Z() [1e Ol(w) = [17% (Z(H:) [ 1o Cl(a:).
By [23, Theorem 1.1] (see also [28, Theorem 7.1]), there is a fixed positive integer
a such that

(108) Hi = Z(H:) [ ajiog 11,1 108 | c1(20)) CHE)
if x; ¢ Z(H;). By [22], H; is c-quasi-random for some positive number ¢ which only
depends on dim H;. Hence,

log |H;| 1

(109) log| Cl(z:)] ~ ©
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if x; ¢ Z(H;). By (108) and (109), we conclude that

Z(H)[14/¢) Cx) 2 Z(H) Dy¢z2(m,) Hi 2 Na
(]

Finally, we point out that the order of the center of a semisimple group can be
bounded by its dimension from above.

Lemma 27. For every integer 1 < i < m, suppose q; is a power of a prime p;.
Suppose Fy, is a finite field of order q;, and H; is an absolutely almost simple F, -
group. Let H; := H;(F,,)" be the subgroup generated by the elements of order p;.
Suppose H := @." | H;. Then,

|Z(H)| < log |H]
if |[H| is sufficiently large depending only on m and max{dim H,}.

Proof. Suppose r; is the absolute rank of H;. Then |Z(H;)| < r; + 1. Hence
|Z(H)| < T[;~,(1 4 r;), which finishes the proof. O

7.2. Certain unipotent group schemes over rings with large characteris-
tic. In this section, we study unipotent closed subgroups of (GL,)a where A is a
unital commutative ring whose characteristic is either 0 or large compared to n.
In order to formulate the main result of this section, we start by reviewing the
definition of the exponential and the logarithmic maps.
The exponential and the logarithmic maps can be viewed as elements in the ring
of power series with coefficients in Q. We have
[ee] J)i [ee] J)i
exp(z) 1= Z = log(l—z) :== — Z —, exp(logz) =z, and log(expz) = =x.
i—o v izt
We view them as functions and evaluate them whenever that makes sense.
Let Nilt and Uni? be the closed Z-affine schemes given by the following functors:

Nilf (A) := {z € gl,,(A)| z;; = 0if i < j},
and
Uni' (A) := {u e GL,(A)|u;; = 0if i < j and uy; = 1 for every i}.

In this section, the %, j entry of a matrix x is denoted by x;;. Notice that for every
ring A and x € Nil (A), we have 2™ = 0. Hence, exp and log define isomorphisms
between (MZ)Z[I/W] and (@i)z[l/n']

Now, we state the main result of this section. This result will be used to study
the fibers of a smooth unipotent Z[1/go]-group scheme over points in a Zariski-open
subset of Spec(Z[1/qo])-

Proposition 28. Suppose A is a unital commutative Z[1/n!]-algebra. Suppose u
is a Lie A-subalgebra of Nilt (A). Let u; := u and u;1 := [u,u;] be the Abelian
subgroup of u which is generated by {[x,y]|x € u,y € w;}, for every positive integer
1. Let U; := expu; for every positive integer. Then

vi(Ur) = U;

for every positive integer i.
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The following is a consequence of Proposition 28 that will be used in this work.
This result has two key points. (1) In general, there is no satisfactory theory of
lower central series for group schemes. Here, for very special group schemes, with
the help of the exponential and the logarithmic maps, we define certain subschemes
that can be viewed as lower central series. (2) We study the set of rational points of
the lower central series of fibers over closed points of the considered group schemes,
and describe the Abelianization of these fibers.

Proposition 29. Suppose U is a subgroup scheme of mzz[l/m and Ugq 1is an
algebraic subgroup of @:Q. Then there exists a positive multiple qo of lem(n!, o)
for which the following statements hold.
Suppose u := Lie(U)(Z[1/qo0]). Let uy := u and u;4q 1= [u,u;]. Suppose F is a
field whose characteristic is either 0 or not dividing qg. Then,
(1) Qz[l/qo] 18 a smooth group scheme. In particular, the following statements
hold:
(a) Up is a unipotent algebraic group over F.
(b) There is a natural A-module isomorphism

va s Lie(Uzpy /o)) (A) = 4 ®z1/q0] A

for every unital commutative Z[1/qo]-algebra A.
(2) For every positive integer i, there is a smooth subgroup scheme v;(Ugpy /q.1)
of Uy1/q0) with the following properties:
(a) For every unital commutative Z[1/qo]-algebra A, we have

’Yi(Qzu/qD])(A) = GXP(LZI(W ®z[1/0] A4))-

(b) For every unital commutative Z[1/qo]-algebra A, we have

Yi(Uz1/g01) (A) = 7i(Uzp1/401(4))5
where Yi(Uzpi)q,1(A)) is the i-th lower central series of the group
Usfy /o) (A)-
(c) For every positive integer i, we have v;(Ugp  q0))F = vi(Up) where
vi(Up) is the i-th lower central series of the algebraic group Up.
(3) For every positive integer i and every unital commutative F-algebra B, we
have

%i(Up)(B) =7(Up(B)).
(4) Let U3 be the Abelianization of the F-algebraic group Uy. Then there is

a natural B-module isomorphism fp : U (B) — (u/ug) ®z[1/q0] B which is
a composite of natural isomorphisms,

~ Up(B) ~ u®zu/)B ~
Uab B) — F RN a0 s (W) ® B
UF ()= S0 (B) " wr@ap B /) Batia

and the second isomorphism is induced by vp o log.

Before we get to the proof of Proposition 28, we recall some basic properties of
the exponential and the logarithmic maps. Viewing exp(x) and exp(y) as elements
of the non-commutative ring Q«x,y» of power series with variables z and y, the
Baker-Campbell-Hausdorff-Dynkin formula states that z#vy := log(exp(z) exp(y))
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is equal to
© k—1
(-1) 1
(110) > —— > - - Zenn(7,y),
k=1 k mi,ni=0,m;+n;>0 (Zi:l(mi +n;)) Hi:1(mi!”i!)
where m := (myq,...,my), n:= (ng,...,ng), and

Zm,n(xvy) = [x""7x3y’""y’""x""’x’y"")y]
—_—— — —_—

my ni mg Nk
= ad(z)™ ad(y)™ - ad(y)" ' (y)
is a long commutator. Notice that for every commutative ring A and z1,...,x, €

Nil"(A), we have 1 - --x, = 0. This implies that ad(x;)---ad(z,_1)(x,) = 0 for
every x1,...,7, € Nil'(A). Therefore, Zmn(r,y) = 0 for every z,y € Nil'(A)
if |m|; + |n|ly = n. Hence, for every unital commutative Z[1/n!]-algebra A and
x,y € Nil} (A),

(111)

n—1 k—1
a#y= ), (G > - Zmun(z,y).

% %
k=1 k ms,n;=0,m;+n;>0,|m|1+|n];<n (Xiz1(mi +na)) [T;Z, (malna!)

We refer to (111) as the n-truncated BCHD formula. Notice that since the
multiplication in @:{ (A) is an associative operation, so is #; this means for every
x,y,z € Nil' (A), we have

v#(y#2) = (x#y)#z.

Lemma 30. Suppose A is a unital commutative ring, n is an integer, and n! € A*.
Suppose u is a Lie subalgebra over A of Nil'(A). Then exp(u) is a subgroup of
Uni, (A).

Proof. This is an immediate corollary of the n-truncated BCHD formula. ]

For a Lie ring u, let uy := wand u;41 := [u;,u] be the Abelian subgroup generated
by [z,y]’s as « and y range in u; and u, respectively. Notice that because

ad([z,y])(z) = ad(z) ad(y)(2) — ad(y) ad(z)(2),
for every z,y, z € u, we have
(112) [ui, u5] S uigy,

where the left hand side is the Abelian subgroup generated by {[z, y]| z,€ u;,y € u;}.
For every x € u\{0}, let v, (x) be the largest positive integer 7 such that x € u;. Let
vy (0) := 0. Notice that by (112), we have

(113) w([z,y]) = n(z) + vuly),
for every =,y € u. It is worth pointing out that v, satisfies the usual valuation
properties; that means vy (x + y) = min{vy,(x), v, (y)} and equality holds if v, (z) #

Vu(y)'
Based on (113), the following is an immediate consequence of the n-truncated
BCHD formula.

Lemma 31. Suppose A is a unital commutative Z[1/n!]-algebra and u is a Lie
subalgebra over A of Nilt (A). Then, for z,y € u,

10 (@) = @yt 3lnad) > ) + )+ minne) m)
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(115) (w#y#(—w)#(—y) — [, y]> = vy (2) + vu(y) + min{wy(z), vu(y)},

and fOT’ some 7y € eXp(“’Vu () +vyu (y)+min{vy, (x),vy (y)})
(116) exp([z, y]) = ylexpz, expy],
where [exp x,expy] = (expx)(expy)(expz)~!(expy)t.

Proof. We leave (114) to the reader to verify based on the n-truncated BCHD
formula. Let ¢ := vy (z) and j := v, (y). Using (114) for —z and —y, we obtain

1
(117) (—2)#(~y) e —x —y + 5[% y] + Wit jtmingi,j}-

Another application of (114) together with (117) and (112) implies that,

(a0 (ot glel) + (==t 5] + wisemini

= [z, Y] + it jtmingi,j}-
Finally, we again use (114) together with (115) to obtain

[z, yl# (y#r#(—y)#(—2)) € [z,y] + [y, 2] + Wit j+min{i,j} = Yi+j+min{i,j}-
Hence,
exp([a?, y])[expx, exp y]_1 € exp(ui+j+n1i11{i,j})'
|

Lemma 32. Suppose A is a unital commutative Z[1/n!]-algebra and u is a Lie
subalgebra over A of NilT (A). For every positive integer i, let U; := exp(u;). Then,
the following statements hold.
(1) Uy 2--- 2 U, is a chain of normal subgroups of Uy, and U, = {1}.
(2) For every positive integer i and j, [U;,U;] € Uiy j; in particular, +;(U1) <
U; for every positive integer i.
(3) If z,y € u;, then exp(x + y) € (expx)(expy) Us;.
Proof. By Lemma 30, we know that U;’s are subgroups and clearly Uy 2 --- 2 U,.
Since @1 - - - @, is 0 for every zy,...,x, € Nilt (A), u, = 0. Thus, U, = {1}.
For every x € u and y € u;, we have
Ad(exp(z))(y) = exp(ad(z))(y) € u;.

Hence, for every z € u and y € u;,
exp(z) exp(y) exp(z)f1 = exp(Ad(exp(z))(y)) € U;.

This implies that for every positive integer ¢, U; is a normal subgroup of U;.
Suppose x € u; and y € u;. Then, by (116) (in Lemma 31), we obtain

[expx,expy]| € Uit jtmingi,j} exp([z,y]) € Uiyj.
Hence, [U;,U;] < U;4;. Now, by induction on i, we deduce that ~;(Uy) < U; for

every positive integer i.
By (114) (in Lemma 31), we have

(= + y)#((—y)#(—2)) € uy

for every positive integer ¢ and x,y € u;. Therefore, in this case, we have

exp(z + y)(expy) expz) ™! € Uy. O
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In Lemma 33, we estimate the logarithm of a long commutator. For g1, ..., gm+1
€ Uni (A), we define the long commutator [g1, ..., gm+1], recursively. Let ¢; := g;
and ¢; 41 = [git1,¢;] for every positive integer i < m.

Lemma 33. Suppose A is a unital commutative Z[1/n!]-algebra and u is a Lie

subalgebra over A of Nil' (A). Suppose m is a positive integer and x, . .., Tmy, € U.

Then

vy(loglexp(zym), - . ., exp(xo)] — [Tm, - - -, T0]) = 2 vy(z;) + min{vy(x;)] 0 < i < m}.
i=0

Proof. We proceed by induction on m. Notice that by (115)

vu(loglexp z, expy] — [2,y]) = vu(@) + vu(y) + min{ry (z), vu(y)},
which implies the base of induction. Next, we prove the induction step. Suppose
the claim is true for m, and we want to prove it for m + 1. Let
z = log[exp(zm), ..., exp(xo)].

Then by (115), we have
(118)
vu(log[exp(Tm+1), exp(2)] = [Tm+1, 2]) = vu(@m11) +vu(2) + min{vy (@m41), vu(2)}-

By the induction hypothesis, we obtain
(119) vu(z = [Tm, - 70]) = ), vulay) + minfu (z;)] 0 < i < m}.
i=0

By (119) and (113), we deduce that

m+1
(120)  a([Zms1s 2] = [Emsrs - 20]) = >, (@) + min{u(2:)] 0 < i < m}.
=0

By (113), vu([zm, - -, x0]) = Dir o vu(@;). Hence, by (119), we obtain

(121) v (z) = i vy (24).
i=0
By (118), (121), and (120), we obtain that
vy (loglexp(@m41), - - -, exp(o)] — [Tmt1,- -5 Zo])
> “il vy(z;) + min{yy, (z;)| 0 <i < m + 1}.
i=0
This finishes proof of the induction step. O

Corollary 34. Suppose A is a unital commutative Z[1/n!]-algebra and u is a Lie
subalgebra over A of Nilt (A). For every positive integer i, let U; := exp(u;). Then,
for every positive integer m and xg, ..., Ty €U,

exp([‘IWm B IO]) € [exp Tms .-, €XP IO]UTVH—Q-
In particular,
exp([xm, B ,,’Eo]) € '7m+1(U1> Um+2-
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Proof. By Lemma 33, we have
(122)

m
vy(loglexp zm, ..., expxo] — [ZTm, - . . Z vy (z;) + minf{y, (2;)|0 < i < m}.
=0
In particular, we obtain
m
(123) vy (log[exp Ty, . . ., €xp xo]) Z vy (x
1=0

as (113) implies that vy ([Zm, ..., z0]) = 2w vu(zs).
By (114) and (122), we obtain

vy (loglexp Ty, . . ., exp xo|#(—[Tm, - . -, 20]))
2 (i) + min{vy(2;)|0 <i <m} =m+ 2.

Therefore,
[exP Ty, . . ., expxo] exp([Tom, - - -, 20]) ™ € Upnyo.

This finishes proof of this corollary. ]

Lemma 35. Suppose A is a unital commutative Z[1/n!]-algebra and u is a Lie
subalgebra over A of NilT (A). For every positive integer i, let U; := exp(u;). Then,
Yn—i(U1) 2 Up—; for every non-negative integer i < n — 1.

Proof. We proceed by induction on i. By part (1) of Lemma 32, U,, = {1}, and so
the base of induction follows. Suppose Up—_ij+1 S Yn—i+1(U1). We want to prove
that U,—; € yn—i(U1). If i« = n — 1, there is nothing to prove as vy, (U1) = U;. So
without loss of generality, we can and will assume that n —i > 1.

By Part (3) of Lemma 32, U,,_;/Us(,,—;) is generated by cosets that are repre-
sented by elements of the form

(124) exp([z1,. .., Tn_i]).

Hence, U,,—;/U,,—;+1 is generated by cosets that are represented by elements of the
form given in (124). By Corollary 34,

exp([z1, ... Zn—i])Un—it1 € Yn—i(U1)Up—is1.

Therefore, U,—; S Yn—i(U1)Upn—i+1. By the induction hypothesis, we obtain that
Un 7 = ’Vn 7.(U1) D

Proof of Proposition 28. By Part (2) of Lemma 32, for every positive integer i, we
have

7i(Ur) € Ui,
and by Lemma 35, for every positive integer i, we have
7i(Uh) 2 U;.
Therefore, the claim follows. |

Proof of Proposition 29. By the spreading out results ([16, Theorem 9.7.7 and
Theorem 12.2.4]; see also [14, Theorem 40 and Section A.1] for an effective version),
since Uy is smooth and irreducible, there is a positive integer go such that Uz /4]
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is smooth and the fiber U, /pz, 18 & connected algebraic group defined over Z/pZ and
it is of dimension dim Uy, for every prime p which does not divide go.

Since Uyjy/q,) is @ smooth group scheme, there is a natural A-module isomor-
phism

(125) LA - Lle(QZ[l/qo])(A) s u®Z[1/q0] A
for every Z[1/qo]-algebra A, where u (see [7, Chapter II, Section 4, Proposition
4.8]). This implies part (1).
By (125), ¢4 induces an isomorphism
(126) va : Lie(Uzpy o)) (A)i = Wi ®z1/g0]) A
for every positive integer i, where

Lie(QZ[l/qo])(A)i = [Lie(Qz[qu])(A)a e 7L16(Qz[1/q0])(A)]-

i-times

By passing to a multiple of g, we can and will assume that Nil' (Z[1/qo])/u; is a
free Z[1/qo]-module for every positive integer i. Hence, for every positive integer 4,
u; defines a smooth subscheme of N_1l:lr . Because exp : N_ﬂ: 2/q0] @:{ 2[1/a0] is
a Z[1/qo]-scheme isomorphism and because of Lemma 30, for every positive integer
i, the following functor from the category of Z[1/qo]-algebras to the category of
groups is a subgroup scheme of U Z[1/q0]"

(127) A— exp(gl(ui ®Z[1/qo] A))

We denote this subgroup scheme of Uni? 211/q0] PY Vi(Uzf1/q0)) (it should be said
that this is only a notation, and it does not mean the i-th lower central series of the
group scheme U Z[1/q0] 88 1t wWas mentioned earlier there is no satisfactory theory of
lower central series for an arbitrary group scheme). This implies part (2a).

Notice that ~; (QZU/qO]) = Ugy1/4,] @s the logarithm of this group scheme gives
us the Lie algebra of Uy /4,1 and log : @Izwqo] — MIZW%] is an isomorphism
of Z[1/qo]-schemes. Furthermore, by definition, 7;(Uz ;) is isomorphic to its
Lie algebra, and for every unital commutative Z[1/qo]-algebra A, 14 induces an
isomorphism

(128) v+ Lie(%(Uzp/g))) (A) = 15 @zp1/g0] A-

By (128), we deduce that for every field I which is a Z[1/go]-algebra, v (Uz1 /4,1) F
is a connected algebraic group over F.

On the other hand, since U - is a connected F-algebraic group, for every positive
integer i, we can define its algebraic i-th lower central series v; (U y), it is a connected
F-algebraic subgroup of U, and for every F-algebra B,

(129) Lie(7i(Ur))(B) = Lie(Up)(B);

(see [7, Chapter II, Section 5, Propositions 4.8 and 4.9, and Chapter II, Section 6,
Proposition 2.3]). By (126), (129), and (128), we conclude that

(130) Lie(7;(Up))(B) = Lie(7i(Uzf1/4,1))(B),

for every positive integer ¢ and F-algebra B. By (130) and the fact that both
F-algebraic groups 7;(Up) and 7;(Uz /4,]) F are connected, we deduce that

(131) %(Ur) = % Uszp/g01) 7
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This implies part (2c).
By (127) and Proposition 28, we obtain that

(132) Yi(Uz1/01(A) = 7% (Uzf1/g01) (4)

for every unital commutative Z[1/qo]-algebra A; and so part (2b) follows.
By (131) and (132), we obtain that

(133) % (Up)(B) = 7i(Up(B)) = exp(ep' (i ®zp1/q0) B))
for every unital commutative F-algebra B; this finishes proof of part (3).

Since Nil' (Z[1/q0])/u2 is a free Z[1/go]-module, so is u/uy. Hence, there is a
natural A-module isomorphism

ma (W ®zp1/q0] A)/ (M2 Bzp1/g0) A) — (W/u2) @zp1/g0) A
which sends = ® 1 + (U2 ®z[1/4,] 4) to (x +u2) ® 1. Let

Ja: Up1/g01(A) = (w/u2) ®z11/g0] 4 Ja(@) := ma(talogz) + (w2 ®zp1/g0) A)).

By Lemma 32 and (127), it follows that fN 4 is a natural group homomorphism, it is
surjective, and its kernel is o (U. [ /qo])(A). Hence, the following is a natural group
isomorphism:

(134)

Ia Us1/g01(4)

o)A " ) Eatria A S0 Uapyja) () 5= Fa (),

By (131) and (134), we obtain that for every field F' which is a Z[1/qo]-algebra B,
fB induces a natural group isomorphism:
Ur(B)

72(Ur)(B)
Since 72(Ugp1/q,)) and its Lie algebra are isomorphic as Z[1/qo]-schemes, by (131)
~v2(U ) is a connected F-split unipotent F-algebraic group. Hence, by [29, Theorem
14.2.6], U is isomorphic to (U p/v2(Ur)) x v2(Ur) as an F-variety. Therefore, for
every F-algebra B, there is a natural isomorphism

Up(B) ~ ( Up
22U (B) <72<QF>)(B)'

Altogether, we get a natural isomorphism (that we still denote by fg)
fB 2 UR(B) = (u/u2) ®zp1/q0] B,

where B is a unital commutative F-algebra and U%’ is the Abelianization of the
F-algebraic group U . O

— (u/u2) ®z1/q,) B-

7.3. Modules of product of finite almost simple groups of Lie type and
(G6). The main goal of this subsection is to prove (G6) for certain modules of
product of finite almost simple groups of Lie type.

Suppose F' is a finite field of characteristic p and order ¢ := p" where n is a
positive integer. We start by studying representations of SLo(F) over F. For every
positive integer m, SLa(F') acts linearly on the space

m
(135) Vin(F) := {Z cirly™ | co,...,cmeF}
i=0
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of homogeneous polynomials of degree m with variables x and y over F. This action
is given by

<a z) < f(z,y) == f(ax + cy, bx + dy).

c
Let ¢ : F' — F, ¢(x) := 2P; let’s recall that ¢ generates the group of automorphisms
of the field F' and it is of order n. Notice that ¢ induces an automorphism of
SLy(F) that we still denote by ¢. Let F[SLa(F)] be the group ring of SLo(F') over
the field F'. For an F[SLs(F)]-module M and every integer i, we get a new module
M@ where the Abelian group of M is the same as M and for every x € M) and
h € SLy(F), we have

h-x:= ¢'(h)x,
where ¢'(h)z is given by the action of H on M. For instance, the action of SLy(F')
on V;\¥) (F) is given by
(a Z) o y) = fa a4 Py b+ ).

c
For every integer vector m := (mg,...,my—1) € [0,p — 1]", let
. 0 n—1
Vin(F) := VI(F) ®p - ®p V"D (F),
and view it as F[SLg(F')]-module where

9 (fo® @ fn-1):=(9-fo)® @ (9 fa-1),

for every g € SLo(F) and (fo,. .., fu_1) € VAO(F) x -+ x V""D(F). Notice that

Vin(F') can be identified with the set of polynomials in variables xg, yo, - . ., Tn—1, Yn—1
over I that are homogeneous of degree m; in variables z; and y;, and g acts on z;

and y; as in Vn(ﬁf;)(F ); this means we can and will view elements of Vi, (F) as

n—1 )
15 MG—15
Zci | | xj y_j s
i =0

where the integer vector i := (ig,. .., i,—1) ranges in the set ]_[7:_01 [0,m;]and ¢; € F.
The following is an important result of Brauer and Nesbitt (see [4, Section VI.30])
that has been generalized by Steinberg (see [30]).

Proposition 36 (Brauer-Nesbitt). Suppose F is a finite field of characteristic p
and order q := p™. For every integer vector m in [0,p — 1]*, Vin(F) is a simple
F[SLa(F)]-module and every simple F[SLy(F)]-module is isomorphic to Vi (F) for
some such integer vector m.

Let ut(t) := <(1) i), u=(t) = (1 (1)) for t € F', and

Ut :={u"(t)|teF} and U :={u (t)]|te F}.
Lemma 37 is essentially proved in the mentioned works of Brauer-Nesbitt and Stein-

berg. But for the reader’s convenience, we include its proof.

Lemma 37. Suppose F is a finite field of characteristic p and of order q := p™.
Suppose m is a non-zero integer vector in [0,p — 1]™. Then the set Vm(F)UJr of
fized points of Ut is equal to

mo ., .Mn-1
Fzg .1,
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and the set Vo (F)Y of fized points of U~ is equal to
Fyg' -yt

Proof. Suppose h(Zo, Yo, - - Tn—1,Yn—1) = 2, G H?:_ol x;jy;nj_ij is in Vm(F)U+.

View h as a polynomial in variables zq,...,z,_1 over the ring of coefficients
Flyo,-.-,Yn—1]. We consider the lexicographic ordering on the monomials in terms
of zg,...,zn_1, and accordingly define the leading term of a polynomial in

(Flyos- - s Yn—1D[Zos - - -, Tn—1].
Suppose to the contrary that h is not a multiple of x5 - - -z "". Hence, without
loss of generality, we can and will assume that the leading term of h is of the form

n—1 n—1
. mj—ij H ]
G H Y; Z;
§=0 §=0
for some i # m. For every t € F', we have

n—1 ) )
h=ut(t)-h=>e] ]y +t7a;)ms.
i =0

no b gl (yj + v’ z;)™i % is equal to

For every i, the leading term of ¢; [ | =0 Z;

CitZ;:ol(mj —ij)Pj;EgLO ezt
n—1 . j
These add up to 3 ¢;t=i-0 M= times ' - - 2" *. Since the leading term of
h is not a multiple of x" ---z""", we deduce that

i

for every t € F'. Because m;’s are at most p — 1, the single variable polynomial

O
S S (ms=is?
i

is of degree at most ¢ — 1. Since this polynomial has at least ¢ distinct zeros,
we obtain that this is the zero polynomial in F[z]. Notice that the function i —

Z;:é (m; —i;)p’ from the set of integer vectors i in [0,p—1]™ to the set of integers

n—1 N
is injective. Hence, >, cip2i=o (Mi=i)P" — ( implies that ¢; = 0 for every i. This
means h = 0 which is a contradiction. By a similar argument, one can show that

Vi (F)Y = Fylo .yt
]

Before we continue with understanding modules of SLs(F'), we prove a Waring’s
problem type of result for finite fields. Let’s recall that Hardy and Littlewood
used Fourier analysis to show that for every integer k there is a positive integer
C}, such that every non-negative integer can be written as a sum of C}, elements in
{z% | x € Z}. Based on the same principle and certain exponential cancellations,
this type of problem has been studied for various finite rings including Z/mZ and
finite fields. Refined versions of the mentioned Fourier analytic approach, in the
finite field case, lead to sharp bounds for C%. This sharp bound, however, comes
with a cost. One needs to assume that ged(|F>|, k) is less than /]F|; this is not
a precise inequality, but rather an indication of the magnitude of the upper bound
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as |F| gets larger. In our work, we cannot impose this condition on k. So we use
a sum-product result to obtain a desired Waring’s problem type of result for finite
fields. The aforementioned sum-product result is implicitly proved by Bourgain,
Katz, and Tao [3, Theorem 4] and explicitly formulated (and proved) by the first
author in [11, Lemma 43].

Lemma 38. For every € > 0, there is a positive integer C. such that the following
statement holds. Suppose E is a finite field. Suppose k is a positive integer which
is at most |E|'=¢. Then

Yo (EX)F =X (BX)F

is equal to the subfield generated by (E*)*.
Proof. Notice that x — z* is a group homomorphism from the cyclic group E* to
itself and its image is (E*)*. Hence,

B B
= =

{z e E|zF =1} k

if |E| ». 1. In particular, for |E| ». 1, there is o € E* such that o # 1. Let
B:=a*—1, and

(136) |(B*)*| > |E|/?

B:= 7 (BX)" = (BX)M).
Then 0,1 are in B and |B| > |E|?/?. Therefore, by (136) and [11, Lemma 43], there
is a positive integer C’ := C’ depending only on ¢ such that

(137) 2o lle B2 [l B

is a subfield K of E. Notice that since (E*)* is a subgroup of E*,

(138) [T B = 57 (Sgor-a (BX)F = Ygora (BX)F).

Thus, by (137) and (138), we obtain

(139) B (Serper—1 (B = Somera (B)F) = K

is a subfield of E. Multiplying both sides of (139) by (E*)*, we deduce that
K = (E*)*K;

and so (E*)* < K. Therefore, the subfield generated by (E*)* is a subfield of K.
On the other hand, since (E*)* < K, 8 € K. Thus, by (139), we have

K = ZC/zc/fl(Ex)k - 20/20/71(Ex)ka

which implies that K is generated by (E*)* as a subfield of E. This means K is
the subfield generated by (E*)*. The claim follows for fields E whose order is large
enough in terms of . For small fields, the claim is clear. (]

Next, we describe F,[SL2(F')]-submodules of Vi, (F) where F' is a finite field of
characteristic p. Suppose the module structure of Vi, (F') is given by the representa-
tion pm : SLa(F) — GL(Vin(F)). Let F be an algebraic closure of F'. For a subfield
E of F which is either a subfield of F or an extension of F, let Ag € End#(Vin(F))
be the E-span of pm(SL2(F)). Then Ag is an E-subalgebra of End#(Vin(F)). By
Proposition 36, Vi, (F) is a simple F[SLo(F)]-module. Therefore, for every field
extension E of F', we have that Ap = Endg(Vin(E)). Let do(m) := szol (m; +1)
and notice that dy := do(m) is the dimension of V;,(E) over E. For every integer
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vector i := (ig, ... in_1) € [ [} [0,m], let e; := [[/2g 27y " € Vin(F,). No-
tice that e;’s form an E-basis of Vin(E). Using this basis, we can and will identify
Endg (Vi (E)) with My, (E).

Notice that the domain of py, is always SLy(F'), and so for a subfield F of F,
Ag is a subalgebra of Mg, (F'), and it is not necessarily a subalgebra of My, (E). In
Lemma 39, we describe the algebraic structure of Ag.

Lemma 39. Suppose E is a subfield of F. Then in the above setting, there exist
g€ GLy, (F) and a subfield L of F such that Ap = gMg,(L)g™".

Proof. Suppose J is the Jacobson radical of Ag. Since Ag is a finite-dimensional
E-algebra, J is a nilpotent ideal (see [27, Proposition 4.4]). Then the F-span
of J is a nilpotent ideal of Mg, (F). Therefore J = 0. Because Ag is a finite-
dimensional E-algebra and its Jacobson radical is 0, Ag is a semisimple E-algebra
(see [27, Proposition al).

Suppose [ is an ideal of Ag. Then there is a central idempotent e € Ag such that
I = eAg (see [27, Section 3.2, Exercise 3]). Because the F-span of Ag is Mg, (F)
and e is a central element of Ag, e is in the center of Mgy, (F). As the center
of My, (F) is F, e is an idempotent element of F. Because the only idempotent
elements of a field are 0 and 1, we deduce that e is either 0 or 1. This implies
that I is either 0 or Ag. Hence, Ag is a simple algebra. By the Wedderburn-Artin
theorem (see [27, Section 3.5]) and Wedderburn’s little theorem (see [27, Section
13.6]), Ag is isomorphic to M,.(L) for some field extension L of E and positive
integer r. Moreover, L is the center of Ag, and so it is a subfield of the center of
the F-span of Ag. Therefore, L is a subfield of F'. Since the F-span of Ag is equal
to Mg, (F), by [27, Proposition a, Section 12.4], there is a well-defined isomorphism
Ag ®r F — My, (F) which sends z ® ¢ to cz. Hence, r = dy, which means Ag ~
My, (L). We view Ax and My, (L) < Endg(F%) as two isomorphic L-central simple
subalgebras of Endy, (F9). Then, by the Skolem-Noether theorem (see [27, Section
12.6]), there is an invertible g € End,(F%) such that Ap = g My, (L)g~! (all viewed
as subalgebras of Endy (F)).

Claim. We can choose g from Endp(F%).

Proof of Claim. Notice that Endp(F%) is the centralizer of F in Endy, (F%), where
F is embedded in Endy (F%) via the scalar multiplication
lg, : F — Endp (F%), 14,(c)(v) := ev,

for every ¢ € F and v € F%. Notice that for every positive integer r, the scalar
multiplication
l, : F - Endp(F"), I (c)(x):=cx
is a ring embedding.
For every ¢ € F\{0}, we have
ldo (C)g Mdo (L>g_lldo (C)_l = ldo (C)AEldo (C)_l =Ag = gMdo (L)g_17

which implies that
(140) gilldo (C)g € CEndL(FdO)(Mdo (L))v

for every c € F (this is the centralizer of Mgy, (L) in Endy(F%).). Notice that Fd
can be identified with L% ®;, F as an L-vector space, and via this identification,
¢ € F acts via multiplication by 1 ® ¢ and = € My, (L) acts via multiplication by
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£ ®1. From this point of view, it is clear that L-linear maps of the form 1®y where
y € Endp (F) are in the centralizer of Mg, (L). Choosing an L-basis {ci,...,c[r.1]}
for F', one can see that e;®c;’s form a basis for LY ®; F where e;’s form the standard
basis of L%. We use this basis and identify Endy (F%) with Mg,yr:21(L). Now, a
direct computation shows that the centralizer of My, (L)®id[f.z] in End (LY@ F)
is precisely idg, ® Endy, (F); in the matrix form this means

(141) CMdO[F;L](L) (Mdo (L) ®1d[FL]) = {iddo @ | z € Endg (F)}a

where here ® denotes the Kronecker product of matrices. By (140) and (141), we
obtain a function f : F — Endy (F) such that

(142) g(lddo ®ll(c))gil = iddo ®f(c)a

where as above ® is the Kronecker tensor product of matrices and l;(c) : FF — F
is given by the scalar multiplication. From (142), we deduce that f is a ring
embedding. Since F is a finite field, there is ¢y € F such that F' = L[cy]. Suppose
Me,,1(x) is the minimal polynomial of ¢y over L. Then f(cp) is an [F : L]-by-
[F : L] matrix over L whose minimal polynomial is equal to m., . Notice that
degme, . = [F : L], and so the rational canonical form of f(cg) is equal to the
companion matrix of m, . Therefore, f(co) and l1(co) have the same rational
canonical forms. Hence, they are conjugate of each other in Mp.11(L). So, there
is go € Endp(F) such that

(143) 90 "l (e)g0 = f(c)
for every c € F. By (142) and (143), we deduce that
(144)

g~ (ida, ®li(c)g™" = ida, ®gp ' 11(e)go = (ida, ®g0) ™" (ida, ®l1(c))(ida, ®9o),
for every c € F'. Therefore
(145) g := g(ida, ®90) " € Chna, (o) (F) = Endp (F")
(under the mentioned identifications). Notice that
(Mg, (L) ®id[p.1))g " = 9(Mg, (L) @idp.r1)g~" = Ap.
The Claim follows. O

From the previous Claim, we obtain that there exists g € GLg,(F) such that
Ap = gMyg,(L)g™L. O

The following result is an immediate consequence of Lemma 39.

Corollary 40. In the above setting, suppose g € GLg, (F') and a subfield L < F are
as in Lemma 39; that means Ap = gMg,(L)g~'. Suppose g=1 f := (c1,...,ca,) €
Fdo. Then there is a subset J; of {1,...,do} such that

(146) My = @ ¢;(gL™),
jEJf

where My is the Ag-module generated by f. Moreover, if N is a submodule of My,
then there is a subset Jy 5 of Jy such that

My=N® @ ¢(gL®).

jGJN,f
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Proof. Notice that for every vy, ..., vy, € L%, thereis x € My, (L) such that xe; = v;
where e;’s form the standard basis of L%. Then,

do

Y cilgui) = gr(g~ ' f) € My,
i=1

which implies that Z?il ci(gL%) < M;. Because Z?il ci(gL%) is an Ap-module
and

do do
f= ci(gei) € Cz(ngO),
i=1 =1
we deduce that
do
(147) My = ci(gL®).
i=1

Choose a subset Jy of {1,...,do} in a way that {c; | j € J} is an L-basis of Z;lo:l Le;.
Then for every i, ¢; = Zjle ajc; for some a; € L. Therefore,

ci(gL%) Z cj(gLb),

Jjedy
which implies that
do
(145) Y eilgLi) = 37 ¢i(gL%).
i=1 JjeJy

Suppose for some w; € L%, we have
2. cilgwy) = 0.
jEJf

Then all the components of Zjle cjw; are zero. Since the components of w;’s are
in L and ¢;’s are L-linearly independent for j’s in Jf, we deduce that w; = 0 for

every j € Jr. Hence,
Y, ¢(9L®) = @D ¢(gL™),
jedy JeJg
which completes the proof of (146) by (147) and (148).
Since Ap = gMyg,(L)g™ !,

(149) Ap(ci(gL®)) = gMay(L)g~ (ci(gL™)) = ci(gL%),

which means ¢;(gL%) is Ag-submodule for every i. Moreover, by (149) and the fact
that L9 is a simple My, (L)-module, we obtain that ¢;(gL) is a simple Az-module
for every i. Hence, by [27, Section 2.4], the claim follows. O

In Lemma 41, we describe the subfield L < F' that is given by Lemma 39.

Lemma 41. In the above setting, suppose L < F' is the subfield and g € GLg,(F")
are the ones given in Lemma 39 for E = F; that means the F), span of pm(SLa2(F))
is gMg,(L)g~'. Then L is the unique subfield of F that has order p* where k is
the smallest period of mg, ..., m,_1. This means k is the smallest positive integer
such that m;y = m; for every mon-negative integer i < n — k.
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Proof. Since Ag, = gMg,(L)g~', L is equal to Tr(Ag, ). Therefore, L is the subfield
of F that is generated by Tr(pm(SL2(F))). Since every non-central element of

1) for some t € F' and the

SLo(F') is conjugate to an element of the form (1) ‘

central elements are +ids, L is the subfield generated by the trace of py, ((1) _tl)

as t ranges in F'. Let’s recall that for every integer vector i := (ig,...,i,—1) in
102000, my], e := | ! ;J y; % and e;’s form an F-basis for Vi (F). We have

n—1

0 -1 ij m;—i

(150) m (3 7)) =TT a7
j=0

Next, we expand the right hand side of (150) to find the coefficient of e;. It is easy
to see that this coefficient is

(151) (_1)ij <mj '_ Zj>tc(m2i),
v

where ¢ : [1/25[-m;,m;] — Z, c(bo,...,bu1) i= 3~ b;jp’. Notice that this
coefficient is non-zero exactly when m; > 2i; for every j. By (151), we obtain that
(152)

R O S U

where ¢ : F — F, ¢(x) := 2P and U,,(z) := Z[m/2l( 1)i("™*)a™=% (notice that

?

if p is not 2, then U,,(z) = Uy, (z/2) where U, is the Chebyshev polynomial of the

second kind). If k is the period of my,...,m,_1, then for every t € F’
n—1 o n—1 o
o (H ¢’ (Unm, (t))) =[]¢'Tnm, 1)
j=0 J=0
0 —-1\. . . b
consequently, for every t € F, trace of pm 1 4 )80 the fixed points of ¢~.

Therefore, the subfield generated by the traces of the image of py, is in the unique
subfield of F' that has order p*.

Next, assume that the subfield generated by the traces of the image of py, has
p* elements. Then &’ divides k and

o (T19/Tn, ) = [T T, )
7=0 j=0

for every t € F'. This implies that

n—1—k' , . n—l —
(153) [T U, [] Un, P HU
3=0 j=n—k' j=0

for every t € F. Since degU,,, = m, the degree of the polynomials in both the sides
of the equation given in (153) is less than p™. Consequently, (153) implies that

n—1 —
(154) 1_[ my— k’ 1_[
=0 =0
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as two polynomials in Fp[z] where the index j — &’ is taken modulo n. For every

non-negative integer m, let ﬁm(:c) be U, (x) if m is even and U,, (z)/z if m is odd.
Then U,,(0) = +1 for every non-negative even integer m and U,,(0) = +™ for
every non-negative odd integer m, and (154) implies that

n—1__ ) n—lz .
(155) [1Um, @) =] Um,@").
j=0 j=0

Looking at both sides of (155) modulo z? and noticing that (m; +1)/2 # 0 in F,
we deduce that Umo = Umn—k” which implies that mg = m,_x. After canceling
this common polynomial from both sides of (154) and repeating this argument,

we conclude that myg,...,m,_1 is k' periodic. This means k' is at least k, which
finishes the proof. |

We refer to the subfield generated by the traces of elements in the image of py,
as the trace field of pm.

Lemma 42. Suppose F' is a finite field of characteristic p and order q := p™.
Let F), be the prime subfield of F. Let M be a simple F[SLy(F)]-module, and
1 <dimp M < /p. Then there exists a positive integer C' which only depends on
dimp M such that for every f e M,

(156) 2ic OF =20 Op = My,
where My is the F,[SLo(F)]-submodule of M that is generated by f and Oy is
the SLo(F)-orbit of f. Moreover, there is a subfield L := L(M) of F which only
depends on M such that the following statements hold.

(1) My is an L[SLy(F)]-submodule of M.

(2) [F: L] < dimp M.

(3) dimL Mf < (dlmF M)2

Proof. If f = 0, there is nothing to prove. By Proposition 36, M ~ Vi, (F) for some
integer vector m € [0, p—1]"™. So without loss of generality, we can and will assume
that M = Viu(F) and f is a non-zero element of Vi, (F'). Therefore, by Lemma 37,

either f ¢ Vi (F )U+ or f ¢ Vin(F)Y . Without loss of generality, we can and
will assume that f ¢ Vi (F)V". Notice that u*(t) acts on Vin(F) as a unipotent
transformation. Hence, there is a positive integer d < degp Vin(F) = 1—[?:—01 (mi+1)
such that for some tg € F

hi=(ut(te) =D f#0 and VteF, (ut(t)— D). f=0.

Mn—1

Hence, h is a non-zero element of Vi (F)V . Thus, by Lemma 37, h=ca®® - - - 2"

=: cey, for some c € F*, and

cem = Y_o(=1)7 (D u(jto) - f € 390 Of = 30u Oy.
Therefore for every a € F*,
51 (5 o21) - feem) = a¥loem) = caem € 550 O~ 5000,

where k 1= mg + mip + -+ + mp_1p"'. Let L be the subfield of F which is
generated by
(F)k = {a* | a e F*}.
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Suppose |L| = p'. Since L is a subfield of F, n = Is for some integer s. Because
F>* and L* are cyclic groups, we obtain that

(158) k=0+p 4+ +pt I
for some integer r. Viewing both sides of (158) modulo p!, we obtain that
(159) mo +pmy+ - +p " 'my_y =7  (mod p).

Notice that k < p", and consequently r < p'. Therefore, by (159), we deduce that

(160) r=mg+pmi+-+p " tm_q.

By (158), (160), and the fact that m;’s are digits of k in base p, we obtain that
m;’s are [-periodic; that means
(moy -+ smu—1) = (Mg, - ., Mir1-1)

for every integer 7 in [0, s—1]. Hence, by Lemma 41, the trace field of py, is a subfield
of L. On the other hand, if I’ is the smallest positive integer such that mq, ..., m,_1
is I’-periodic, it is clear (F*)¥ is pointwise fixed by ¢" where ¢ : F — F, o(x) 1= aP.
Hence, again by Lemma 41, (F*)* is a subset of the trace field of pp,. Therefore,
the field L generated by (F*)* is simply the trace field of pm,.

Also notice that since m;’s are [-periodic, we obtain

(161) mo+ -4+ Mp_1 =5s(mo+ -+ my_1).

Because dimp M = H;:Ol (m; + 1), at least one of the m;’s is not zero, and

(162) mo+ - +my,_1 < dimp M.
By (161) and (162), we obtain that
(163) [F: L] <dimp M.

We also notice that L* is the unique subgroup of F* that has order p! — 1, and so

n

p_—1,
(164) (F)f = (F)d=" = (L)
By (162), there are at most dimp M — 1 non-zero m;’s. Consider

7

(165) {Z+Z|mi¢0}gR/Z,

and view R/Z as a circle with circumference 1. The points given in (165) (location
of non-zero digits) cut out at most dimp M — 1 arcs, and so one of them has length
at least Therefore, there is an index ig such that m;, # 0 and

1
dimF M—-1
Notice the restriction of ¢ to every subfield of F' is an automorphism. This implies
that
(167)

(LX )= (b_io ((Lx )7") _ {xm¢0+Pmio+1+"'+I)1717i0m171+plii0m0+"'+plilmi0*1 | rzeL”™ }

1
dimp M—1"

(166) {Z_ZZO+Z|mi7éO}m{x+Z|1— <r<l1}=2.

Let 7/ := m4, + pmig41 + -+ 9 0my_y + p"0mg + -+ + p'"tmy, 1. Then by

(166), we obtain that

(168) 7«/ < plfdimFlel +1.
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Now, we consider two cases to show that there is a positive integer C' which only
depends on dimpg M such that

(169) SoF)F = Yo (F)F = L.

Case 1 (I »dqimp am 1). In this case, by (168), we can and will assume that r’ <
1 ’

\L|17di"‘F M . Therefore, by Lemma 38, (167) (which implies (L*)" = (L*)" ), and

(164), we deduce that there is a positive integer C' which only depends on dimpg M
such that

So(F) = e (F)F = X (L) = o (L) = L.

Case 2 (I €gimp m 1 (the complement of Case 1)). Let F,, be the prime field of F,
and notice that for every x € I,

o7 = pmottmioy o (LX)T’.

Since dimp M < p'/?, we can use the Waring problem modulo primes (see [6]), and

obtain that every element of F,, can be written as a sum of at most | 0= 5™=L | 4 1

elements of
(F;)m(]"r""'rml—l = {amo+'~'+m171 | € F;}

By (162) and the previous argument, we deduce that for ¢/ = |dimp M /2| + 1
(170) Fp < 2 e (LX) = 2 (L)

The assumption of Case 2 implies that there is a positive integer C” := C”(dimp M)
which only depends on dimg M such that I < C”. Then by (170), we conclude that

L= ZC/CII(LX)T - ZCICII(LX)T = Zcfc/f(FX>k - ZCIC"(FX)k-
In either case, we showed that (169) holds. By (157) and (169), we deduce that
(171) cLem S Yigac Of = Ygac Oy
On the other hand, by Corollary 40 and Lemma 41, the F,[SLs(F')]-submodule M,

generated by en, is a vector space over L that is of dimension at most (dimp M)?.
Hence, by (171),

(172) cMe,, < Z2dC(dimF M)2 Of — ZQdC(dimp M)2 Oy = My.
By Corollary 40, M/ is a completely reducible F,[SLs(F')]-module. Hence there is
an F,[SLy(F)]-submodule N of M; such that My = N @ cM,,,. Hence, f can be
written as a sum of frew € N and fachieved € ¢Me,,. Therefore,

Joew € ZQdC(dimp M)2+1 Oy — ZZdC(dimp M)2 Oy.

Repeating this previous process, we have

cnewMem = ZQdC(dimp M)2 Ofrncw - Z2dC(dimF M)2 Ofncw < Mfrncw = N

Hence,
CMem @ CncwMem = ch Of - ch Oj

By Corollary 40, this process ends in at most dimp M iterations. This means that
there is a positive integer C' which only depends on dimp M such that

My =250 =20,
which finishes proof of (156).
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As it is discussed earlier in the argument, by Corollary 40 and Lemma 41, Mjy
is an L[SLs(F)]-submodule of M where L is the trace subfield associated with the
representation pm. By (163), [F : L] < dimp M, and by Corollary 40, dimy My <
(dimp M)?, which finishes the proof. O

Lemma 43. Suppose F is a finite field of characteristic p, m is an integer less
than /p, and p : (SLy)r — (GL,,)r is a group homomorphism. Let M := F™
and view it as an F[SLy(F)]-module via p, where F[SLy(F)] is the group ring of
SLa(F') over the ring F. Suppose no non-zero element of M is invariant under
SLy(F). Then, M is a completely reducible F[SLo(F)]-module and there exists a
positive integer C which only depends on m such that for every x € M,

(173) 20 0: =200, = M,,

where Oy is the SLo(F)-orbit of x and M, is the F,[SLa(F)]-submodule generated
by x.

Proof. By [17, Theorem A], M is a completely reducible F[SLs(F')]-module. Hence,
it is also a completely reducible F,,[SLo(F')]-module. This implies that M, is also
completely reducible. To prove (173), we proceed by induction on the dimension of
M over F. Without loss of generality, we can and will assume that M is generated
by x as an F[SLo(F)]-module. If M is a simple F[SLy(F)]-module, (173) follows
from Lemma 42. Otherwise, there are proper submodules N and N’ of M such that
M = N@® N’ and N is a simple F[SLa(F)]-module. Hence, x can be written as
N + xy: for some zy € N and xn € N'. Then, by Lemma 42, there is a positive
integer C’ which only depends on dimp N < m — 1 such that

(174) MIN = ZC’ OIN - ZC/ OUUN'
Let pry : M — N be the projection to the N-component. By (174), we have that
(175) My =pry (e O — 2 Oz) S pry(My).

Since pr is not an isomorphism , by (175), there is a non-zero element y € ker pr
which is in
230/ Ow - 230/ Ow.

Notice that kerpy = N’, and so by the induction hypothesis, there is an integer
C" which only depends on dimp N’ < m — 2 such that

(176) My = ¥icn Oy = 2icn Oy S 2iscren O = 2icren O
Because M, is a completely reducible F,[SLs(F')]-module, there is a submodule N”
such that
M,=N@&M,dN".
Notice that by (174) and (176), we have

M:L‘N @ My = prN®My (ZBC’C”+C' Om - Z3C/C//+CI Ox)

By repeating this process at most (dimg M)/2 times, we get to the entire M, and
the claim follows. O

Proposition 44. Suppose F' is a finite field of characteristic p, m is an integer
less than /p, H is a semisimple group defined over F', and p : H — (GL,,)F is a
group homomorphism. Let H(F)" be the subgroup generated by the p-elements of
H(F). Let M := F™, and view it as an F[H(F)*]-module via p, where F[H(F)*]
is the group ring of H(F)*. Suppose no non-zero element of M is invariant under
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H(F)*. Then, M is a completely reducible F|[H(F)%]-module and there exists a
positive integer C which only depends on m such that for every x € M,

(177) 20 0s =200, = M,

where Oy is the H(F)"-orbit of x and M, is the F,[H(F)*]-submodule generated
by x.

Proof. Let H be the simply-connected cover of H, and ¢ : H — H be the correspond-
ing central isogeny. Then (H(F)) = H(F)", and so without loss of generality, we
can and will assume that H is simply-connected and H(F)* = H(F).

Since H is a simply-connected semisimple group defined over F' and F' is a finite
field, there are simply-connected, F-almost simple, quasi-split groups H; defined
over I’ such that H is a direct product of H;’s. Because H; is quasi-split and
simply-connected over a finite field F', H; xpg F splits for some cyclic extension
F/F of degree at most 3. Looking at the action of the Galois group Gal(F/F) on
the Dynkin diagram of H; X g ﬁ, we deduce that either there is an embedding of
(SL2)F into H; or there is an embedding of the unitary group of the hermitian form
given by
0 0 1
010

1 00

into H;. In the latter case, again there is an embedding of (SLs)r into H;. Since
H; is F-almost simple, it is generated by the conjugates of a non-central subgroup.
Hence, H has finitely many copies LL;’s of (SL2)r which generate H; and because
H is simply-connected, L;(F)’s generate H(F'). By [17, Theorem A], M is a com-
pletely reducible F[H(F')"]-module (and similarly F[L;(F)]-module for every j).
Therefore, there is an F[IL;(F')]-submodule M; which does not have any non-zero
L;(F)-invariant vector and

(178) M = M%F) @ M;,

where M%) is the set of L;(F)-fixed points of M. By Lemma 42, for every j,
there is a subfield L; such that every IF,[L;(F)]-submodule of M is a vector space
over L; and [F : L;] < dimp M. Let
L:=(J{E < F | E subfield of F,[F : E] < dimp M}.

Hence, L < L; for every j, [F' : L] < (dimp M)!, and for every j, an F,[LL;(F)]-
submodule of M is a vector space over L.

Since H(F') has no non-zero fixed points in M and L;(F)’s generate H(F'), for
every non-zero x € M, there is j such that = ¢ MY (), Therefore, pryy, () # 0.

Thus, by Lemma 43, for some positive integer C7 which only depends on dimp M
such that

(179) Fy[L; (F)] - prag, (2) € e, Lj(F) - prag, (z) — 2, Lj(F) - pray, (2).
Therefore, by (179), we deduce that
(180) Lpry, (z) € ZCl L;(F) -z — ch Li(F)-z < ZCl O, — ZCl O,.

Because the dimension of M as an L-vector space is bounded by a function of
dimp M, by (180) we obtain that there is a positive integer Cy which only depends
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on dimg M such that
(181) My, (@) € 2, O = 2, Ou

Let z1 := pry (2). Since M is a completely reducible F,[H(F')]-module, there is a
submodule N of M, such that

M, = M,, ®N.

If N =0, we are done. If not, pry(x) # 0. So repeating the above argument this
time for pry(z), we can find 23 € N such that

(182) M:z:2 - 202 OprN(gc) - ZCQ OprN(;c) = prN(202 OI - ZCQ OI)
By (181) and (182), we obtain that

le ® Mmz = ZQCQ O — 22(72 O

Because the dimension of M as an L-vector space is bounded by a function of
dimp M, the above process terminates in at most Ogimp as(1). This means that
there is a positive integer C' which only depends on dimp M such that

My =300, —20,.

Here is an important consequence of Proposition 44.

Proposition 45. Suppose H < (GL,,)q is a connected semisimple simply-connected
Q-group and p : H — (GL,,,)q is a group homomorphism such that Q™ does not
have a non-zero H(Q)-fized point. Let H be the Zariski-closure of H in (GL,,)z,
and M be the group scheme given by Z™. Then there are positive integers qu and
C depending on H and p such that the following statements hold.
(1) Hypiyq0) := H x2Z[1/qo] is smooth over Spec(Z[1/qo]), and for every prime
p which does not divide qq, EFP is a connected semisimple simply-connected
algebraic group defined over IF,.
(2) The group homomorphism p has an extension to a group homomorphism
from Hypyjq01 to (GL,,)z[1/4) (that we still denote by p).
(3) For every prime p not dividing qo and every finite field F' of characteristic
p, M(F) is a completely reducible Z[H(F)]-module where H(F') acts on
M(F) via p.
(4) For an integer i in [1,k], suppose p; is a prime which does not divide go
and F; is a finite field of characteristic p;. Then for every x € M(Hle E),

M, = Zcox *Zcoxv

where M, is the Z[E(Hi;l F;)]-module generated by x and O, is the
E(Hle F;)-orbit of .

Proof. For Parts (1)—(3) see [17, Theorem A] and [14, Lemma 64, Lemma 65]. In
[14, Lemma 65], Part (3) is proved only for F' = F,. The complete reducibility
of M(F) follows from [17, Theorem A] and the fact that H(F)* = H(F) as Hy,
is simply-connected. By the argument given in the last paragraph of the proof of
[14, Lemma 65], H(F,) does not have a non-zero fixed point in M (F).

y =
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Suppose x := (z1,...,Tk) € M(Hle F;). By Proposition 44 and the fact that
H(F;)* = H(F;), there is a positive integer C' which only depends on dimH and
m such that

(183) Ml’l = ZC OL - ZC Oél?z

for every i where M, is the F,,[H(F;)]-submodule generated by z; and O,, is the
H(F;)-orbit of x;. Notice that, we enlarge gy to make sure that all the primes less
than or equal to y/m divide qg, and so p; { go implies that p; > v/m.

Part (4) follows from (183) and

k k
M, = HM% and O, = H(’)xi.
i=1 i=1
a

8. PERFECT GROUPS, THEIR ALMOST SIMPLE FACTORS, AND SPECTRAL GAP

Suppose G < (GL,,)q is a connected, simply-connected perfect group. It is well-
known that the unipotent radical of G xg Q descends to a unipotent subgroup
U of G. Since G is perfect, connected, and simply connected, G/U is a perfect,
connected, simply-connected reductive group. Because the derived subgroup of a
reductive group is semisimple, we obtain that G/U is a connected simply-connected
semisimple Q-group. By a result of Mostow, the short exact sequence

15>U>G—G/U—1

splits. Hence, there is a connected, simply-connected, semisimple subgroup H of
G, and a normal unipotent subgroup U of G such that G is isomorphic to H x U
where H acts on U by conjugation. Since U is a connected unipotent subgroup of
(GL,,)o, there is g € GL,(Q) such that gUg™! is a subgroup of (Uni;)q. Hence,
after conjugating G, we can and will assume that U is a subgroup of (Uni;")g. This
discussion justifies the following assumptions:

(Al) H < (GLy)q is a connected, simply-connected, semisimple group.

(A2) U is a closed subgroup of (Uni,")g which is normalized by H (and Hn U =
).

(A3) G := H x U is a perfect group.

Notice that if G is perfect, then so is G/[U, U] ~ Hx U*". By an argument similar
to the proof of Lemma 21, we see that the converse holds as well (see [14, Lemma
65]). By Proposition 29, U?P is isomorphic to the Q-vector group (V)g given by

V := Lie(U)(Q)* := Lie(U)(Q)/[Lie(U)(Q), Lie(U)(Q)];

moreover, since the given isomorphism in Proposition 29 is based on the logarithmic
map, it is an H-equivariant map where H acts on (V)q via the adjoint action of H
on LieU. Since H x U?P is perfect (and H(Q) is Zariski-dense in H), no non-zero
element of V is invariant under H(Q).

Let G, H, and U be the Zariski-closure of G, H, and U, respectively, in (GL,,)z.
By the spreading out results ([16, Theorem 9.7.7 and Theorem 12.2.4]; see also
Proposition 29 and [14, Theorem 40]), there is a positive integer gy such that
Gu1/g01 Hazp1/g0)> and Ugpyjqy) are smooth and the fibers Gy, Hy )y, and Uy )y
are connected algebraic groups defined over Z/pZ and they are of dimension dim G,
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dim H, and dim U, respectively, for every prime p which does not divide gqg. Fur-
thermore, we have a splitting short exact sequence

L= Uzpi/g0) = Ga1/90) = Hzp1/90) = 1-

Moreover, we can and will assume that qg satisfies properties given by Proposi-
tion 29. Let u be Lie((U)z[1/4,])(Z[1/q0]) and

u =/ u, u.

Let p : H — GL(u*) be the group homomorphism that is given by the natural
action of H(B) on u® ®p[1 /4,1 B for every Z[1/qo]-algebra B.

Suppose p1,...,pr are primes that do not divide gy and Fi,..., Fj are finite
fields of characteristic p1, ..., pg, respectively. Let

k k k

(184) G = Gopyg)([ [ F), H = Hypy gy (] [ 1), and U = Uspy 01 ([ [ Fo)-

i=1 i=1 i=1
Since H is simply-connected, there are connected, simply-connected, Q-almost sim-
ple groups Hy, ..., H, such that

H=H & &H.

Let H, be the closure of H; in (GL,,)z. As before, choosing gy with large enough
prime factors we can and will assume that (H,;)z[1/q,] is smooth and

(H)z11/90] = (H1)2[1/90) D+ ® (H ) 2[1/40)-

Let Hj; := (H;)z[1/q)(F3) for every j. Changing qo, if needed, we can and will
assume that p; > +/dim U and we get a splitting short exact sequence

s k
j=1i=1
[ —;
H
Theorem 46. Suppose G, H, H;;’s, and U are as in the setting laid out in the
previous couple of paragraphs (in particular, see (184) and (185)). Suppose Z :=
(X11,---, Xs 1, Y) is a symmetric random-variable with values in G where X is
a random-variable with values in H;; and Y is a random-variable with values in
U. Assume the range of Z generates G. Suppose ¢y and g are positive numbers
such that for every integer j in [1,s] and i in [1,k],

L(X;:)=co and P(Z=2)>

for every z in the range of Z. Then L(Z) » min{cy, 1}, where the implied constant
depends on dim G, k (number of fields), and «ay.

In addition to Theorem 46, we can study random-walks in G(Z/q%°Z) where G is
as above, vy is a fixed positive integer, and ¢ is a square-free positive integer such
that ged(gs,go) = 1. Suppose p;’s are distinct prime factors of ¢s. Let ¢ := ¢,
U, :=U(Z/qZ), Gy = G(Z/qZ), Hy := H(Z/qZ), H; ; :== H;(Z/p;°Z), and H; ; :=
H ;(Z/piZ) (notice that we are using the same notation H;; as in Theorem 46, but
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considering the context is different this should not cause any confusion). Then we
get the following short exact sequences

s k
(186) 1-U,—Gy— PP H; — 1,
j=14=1
[
Hq

and for every i and j
(187) L — Hjlpi] — Hji — Hji — 1,
where 7, is the residue modulo p; map and H; ;[p;] is its kernel.

Theorem 47. Suppose Gy, Hy, H;;’s, and U, are as in the setting in the previous
paragraph (in particular (186) and (187)). Suppose Z = (Xi1,...,Xsk,Y) is a
symmetric random-variable with values in G, where X;; is a random-variable with
values in H;; and Y is a random-variable with values in U,. Assume the range of
Z generates G. Suppose ¢y and o are positive numbers such that for every integer
jin[1,s] and i in [1,k],

L(my,(Xj4)) = co and P(Z = 2) = ag

for every z in the range of Z. Then L(Z) » min{cy, 1} where the implied constant
depends on dim G, k (number of prime factors), ag, and vy (the power of prime
factors).

8.1. Semisimple groups and dealing with non-log-balanced factors. To
prove Theorem 46, we start with obtaining a spectral gap for (Xi,..., Xy); this
means passing from (almost) simple groups of bounded rank to their products (see
Proposition 50). To do this, we need the following variant of Proposition 2.

Lemma 48. Suppose X is a symmetric random-variable with values in a finite
group G. Assume the range of X generates G. Let i be the probability law of X.
Suppose mo : G — GL(Vy,) is a unitary irreducible representation of G, fo is in the
space Hr, of matriz coefficients of m; that means

Hry 1= {.’L‘ = <7r0($)f17f2> | fi,f2 € Vﬂo}v

[follz =1, and p = fo = M) fo. Suppose c is a positive number and degmy = |G|°.
If

Hy(X*0)) > (1 - g) log |G
for some integer £y < C'log |G|, then
c
X))z —.
£(X) 41C

Proof. Let us recall that for every function g € L?(G) and 7 € G , the Fourier inverse
g of g is defined as

‘ |xeG

Then, for every gi,g2 € L?>(G) and 7 € é’, we have
(188) g1 # g2(m) = |Gga(m) g1 ().
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Hence, by the Parseval theorem, for every positive integer £, we have

Mu)** = = fol3 =G| Y] degmlu® + fo(m) s

el
(189) =[G Y deg | fo(m)u® (m) s,
weé

where |z|gs := (Tr(z*z))"/? is the Hilbert-Schmidt norm of x. Since fy € Hn,,
fo(mw) = 0 for every 7 # my. Therefore, by (189) and (192), we obtain that

AMp)* =|GI* deg o | fo (o) (o) s

G ~ —
=25 (16 deg mol o) )61 deg molla® ) s
(€] 20,.(0) )12 1—c, ()2
< < .
(190) LB < G

Applying the function (—1log) to both the sides of the inequality given in (190), we
deduce that
20L(p) = Hy(X 1)) — (1 - ) log G|
Since £y < Clog |G| and Hy(X %)) > (1 — £)log |G|, we conclude that
¢
L(X) = Toh
|

In several steps in the proof of Theorem 46, we are working with a product of
groups that are not necessarily log-balanced; that means we do not have a control
on the ratio of the logarithm of their orders. Lemma 49 helps us reduce to the case
with a log-balanced condition.

Lemma 49. Suppose c is a positive number, G1, . .., Gy are c-quasi-random groups,
and |G;| = 2%¢ for everyi. Let G := Hle G;. For every subset I of {1,...,k}, let

Gr:=1l;e; Gi and
. flog|Gil .
by = mm{logG1| |ie I}.
Suppose X = (Xq,...,Xy) is a symmetric random-variable with values in G. Sup-
pose there is a function f : (RT)3 — (0,1) which is increasing with respect to the
first and the third factors, decreasing with respect to the second factor, and for every
non-empty subset I of {1,...,k} we have

‘C(XI) = f(C, ‘I‘,b]),

where Xy := (X;)ier. Then

fle,k,c/(4k))
L(X) > SR

Proof. Suppose p is the probability law of X; that means for every z € G, u(z) :=
P(X = z). Let’s recall that T, : L*(G) — L*(G) is T,(f) = f* p, ANp) =
1Tl (e llop, @and L£(X) = —log A(u1). For every unitary irreducible representation
m: G — GL(V;) of G, let H, be the space of matriz coefficients of m; that means

He = A{x = (n(2) f1, fo) | f1, f2 € Va}.
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Let G be the set of unitary irreducible representations of G up to equivalency. By
the Peter-Weyl theorem, L*(G) = @, g M~ and if 7y # w2, then Hy, is orthogonal
to Hr,. Moreover, H,’s are irreducible G x G-subspaces of L?(G), where

((w1,22) - ) () = f(a7 ' z22),
for every x1,x9,x € G. Hence, there is a non-trivial g € G and fo € Hr, such that

(191) Tu(fo) = M) fo and [fol2 = 1.
Let
I:={ie[l,k]|G; & kermp}.
Then by (191), £(X) = L(X7). Since passing to a subset of G;’s does not change
the set of assumptions, without loss of generality, we can and will assume that
I ={1,...,k}. This implies that
T=T1® Qg

for some non-trivial unitary irreducible representation m; of GG;. Because G;’s are
c-quasi-random

k
(192) degm = [ [degm; > [ [1Gi|° = |G|".

i=1 i=1
Thus, by Lemma 48, if for some positive integer C' which depends only on the given
parameters and some positive integer £ < C'log |G|,

(193) Hy(X0) > <1 — g) log |G, (Target entropy)
then
c
194 X))z —.
(194) LX) > 1o
Next, we look for a large quotient of G, which consists of roughly log-balanced

factors. Let x; be %. After rearranging the factors, if needed, we can and will

assume that z;’s are decreasing. Suppose kg is the smallest positive integer such
that

(195) Tit o > 1o

Z.
Notice that since x;’s add up to 1, there is such a positive integer kg. This implies
that

(196) Ty A+ T <1 —

e

By (196) and the fact that (k — ko + 1)z, = Tk, + - - + Tk, we obtain that

C
1—Z+(k—ko+1)l‘k02(l‘1+"'+l‘k0_1)+(l‘k0+"'+xk):1.

Hence
c c
(197) Thy = m > e
Let I :={1,...,ko}. Notice that, by (197), by, = 4%. Therefore,
(198) L(X1,) = f(e, k,c/(4k)).
Let ¢p be the smallest positive integer such that
(199) 0L(X1,) = 21og|Gyy)-
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By (198) and (199), we have that

(200) log |G, .

U < L
° = Flek, ¢/ (4k))
By (199) and a similar argument as how we derived (40), we deduce that

1 < 1
‘GIO| h |G10|2

(201) P(X{ =)

for every = € Gy,. Therefore

Hy(X®)) > Hy(X5)) > —1og( S (el + Gfo|-2>2)

{L’EGIO
(202) =log |Gy,| — 2log(1 + |G1,| ™) = log |Gy, | — 2.
By (202) and (195), we obtain that

(203) Hy(X"0)) > (1 - 2) log |G| — 2.

Since |G| = 2%¢, by (203) it follows that

(204) Hy(X(90)) > (1 - g) log |G.
Now that we reached to the target entropy in logarithmic steps, by (200) and (194),
we conclude that,
£(X) > cf(c,k,c/(élk)).
12
(Il

Proposition 50. Suppose Fy, ..., F,, are finite fields and H; is a connected, simply-
connected, absolutely almost simple F;-group for every i. Suppose dimH; < dy for
every i. Let H; := H;(F;) and

H=H &  -®Hp,.
Assume that |F;| »q, 1. Suppose X = (X1,...,Xm) is a symmetric random-
variable with values in H whose range generates H. Suppose ¢y and aqg are positive
numbers such that L(X;) = ¢y for every i and P(X = x) = ag for every x in the
range of X. Then

L(X) » min{eg, 1},
where the implied constant depends only on ag, do, and m.

Proof. By [22], there is a positive number ¢ which depends only on dy such that H;
is c-quasi-random for every i. For every subset I of {1,...,m}, let H; := @®,_; H;,

X1 = (X})ier, and
by = min{ log | ;| |ie I}.
log |Hy|
By induction on the number of factors, Theorem 12, Proposition 25, and Proposi-
tion 26, we deduce that for every dy and « there is a function fg, o, : (RT)3 — (0,1)
which is increasing with respect to the first and the third components, decreasing
with respect to the second component, and

L(X1,) = fdg.e0(c,m,by) min{co, 1}.
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Then by Lemma 49,

LX) = Jas e (€, ;r;, o/(4m)) min{cg, 1}.

O

8.2. Proof of Theorem 46. Perfect to simple factors: Finite fields. By
(185), we have the following short exact sequence

1= U/(U) = G/v(U) - H—1.

By Proposition 28, Proposition 29, and the preparatory discussion at the beginning
of the section, there is an H-equivariant isomorphism from U?" to u®? ®7z[1/q0]
(Hf: F;), and the action of H = (H)g on (u®®)g does not have a non-zero fixed
point. Hence, by Proposition 45, there is a positive integer C’ such that for every
x e U?P,

(205) My =300z =2 O,

where M, is the Z[H]-module generated by z and O, is the H-orbit of z. This
means the pair of groups H and U?" satisfy (G6).
Notice that for every i, the following is a short exact sequence

1 - u(F) — G(F;)/7v2(Uzpr)q0)(F3)) — H(F;) — 1.

By Proposition 25, there is a positive number ¢ depending only on dy := dimG
such that H; := H(F;) is c-quasi-random, and by (205), the pair of groups H;
and A; := u*(F;) satisfy (G6). The pair of groups H; and A; also satisfy (G5)
with a constant which only depends on dim G. Hence, by Lemma 17, there exists
a positive number ¢ which depends only on dj such that

Gi = G(F;)/v2(Uzp/g0) (Fi)

is ¢-quasi-random for every i. Let G := Hleéi, and notice that G is naturally
isomorphic to G/v2(U). Let Z := ) (Z) where ;) : G — G is the natural
quotient map.

For every subset I of {1,...,k}, let Gy := []
G — G is the natural projection, and

by = min{ log |€z| |ie I}.
log |G|

By Theorem 15 and Proposition 25, for every dy and «g, there is a function
fdo.a ¢ (RT)? — (0,1) which is decreasing with respect to the first and the third
components, decreasing with respect to the second component, and

(206) L(Z1) = fao.a (@ ], br) min{co, 1}.

Y2

Gi, Z1 = pr;(Z) where pr; :

iel

Hence, by Lemma 49, we deduce that
fdo70t0 (67 k, E/(4k))
12

Notice that choosing gop with enough prime factors, we can and will assume that
|G| = 2%/¢ for every i.

(207) L(Z)>

min{cg, 1}.
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By Proposition 28, for every positive integer i, we have
k
(208) %(U) = [ [7Ur)(F)
j=1

By (208), U is a finite nilpotent group whose nilpotency class is bounded by dp.
Moreover,

(209) @% V(U IT@%M% i L) ).

1111

By (209), L(U) is an ]_[5:1 Fj-algebra. Furthermore, by Uy (Fi) = Uz jq,)(Fi)
and Proposition 29

k
U™ ~u™ ®gp1/001 (| [ F)
j=1

and so U?P is generated by at most dy elements as an H?zl F;-module. Hence, U
satisfies (G7) and (G8) with parameters that depend only on do.

For every i, let G; := G(F;). As we discussed earlier, G; = Gi/v2(Up,)(F;) is
c-quasi-random for some positive number ¢ which depends only on dy. For a subset

Iof{l,...,k},let Gy :=]],.; G; and
. (log|Gy| | .
by = I},
o min g i
Then G is ¢br-quasi-random. For every non-empty subset I of {1,...,k}, let

Zy :=pr;(Z) where 7y : G — Gy is the natural projection. By Proposition 19 and
(207), for every dy there is a function fy, : (RT)® — (0,1) which is increasing with
respect to the first and the third components, decreasing with respect to the second

component, and
(210) L(21) > fu, (@ 1] by) L @1 /AR

for every non-empty subset I of {1,...,k}. Therefore, by Lemma 49, we deduce

that
fdo (Ea k76/(4k)) fdo,ao (Ev kvé/(4k))
12 12

min{cg, 1}

L(Z) =
which finishes the proof.

min{co, 1},

8.3. Proof of Theorem 47. Perfect to simple factors: Bounded number of
prime factors. For every positive integer r, let U, := U(Z/rZ), G, := G(Z/rZ),
and H, := H(Z/rZ). For every divisor d of r, let w4 be the residue map modulo
d from G, to Gg4, and let G, [d] := kermy. Then the following is a short exact
sequence,

(211) 1= Gylgs] = Gqg — Gg, — 15
moreover, by the Chinese remainder theorem,

Gq —@Gvo and  Gylgs] @Gvopl

It is well-known (and easy to check) that for every integer v < vy and every index 4,

[Geo[pY], Gyoo [pi]] < Go [p0 1],
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Hence, G4[¢s] is a nilpotent group with nilpotency class at most vy — 1. In fact, by
[25, Lemma 1.8], for every positive integer j < vy, we have that

(212) 7;(Gyrolpil) = Gyo[p]] and G [p]1/Gpo (0711 ~ 8 @z jan) (Z/0i2),

where g := Lie(Gyp/4,1)(Z[1/q0]). Notice that this claim is true only for large
enough primes p;, and by assuming that gy has enough prime divisors we can and
will insure this property. We should also point out that the mentioned result in [25]
is written only for the semisimple case, but the same argument implies the perfect
case (see [10, Lemma 39] and [9, Section 2.9]). Therefore,

(213)  L(G @% alasD)/75+1(Galas]) = 8 ®zp1/q0) HZ/gsZ)[t] /)

By (213), we obtain that the nilpotent group Gg[gs] satisfies (G7) and (G8) with
parameters that depend only on vy and dim G.
By (212), we also deduce that there is a short exact sequence of the form

(214) 1 — g ®z[1/q0] /6L — Gg/72(Gylgs]) = Gg, — 1,

and Gg/72(Gglgs]) ~ Gq?'
We identify G, with [ [; G0, and for every subset I of {1,...,k}, let

pr;:Gg — H G o
i€l
be the natural projection.
For every subset I of {1,...,k}, let by be the log-balanced factor of G v0’s; that
means

b . log |G vo

= min ————
1 el g |G, v0|
By [10, Proposition 19], [ [;c; G w0 is c;-quasi-random where c; is a positive number
which depends only on dim G, vy and b;. Moreover, by the same result, we have
that there is a positive number ¢ which depends only on dim G and vy such that

Gp:o is c-quasi-random for every i. Let qr := [[,c;p;° and qrs := [[,c;pi- By

(214), we have that the following is a short exact sequence

(215) 1—g ®Z[1/qo] Z/QI,SZ e Gq/VQ(qu [QI,S]) - qu,s - L

By Proposition 19, we obtain that there is a function g : Rt — (0,1) which is
increasing and for every non-empty subset I of {1,...,k}, we have

L(Z1) Z gler)L(mg (Z1) = g(er)L(mgz (2)),

where Z; := pr;(Z). Hence, by Lemma 49, we conclude that there is a function g
of dim G, vy, and k such that

(216) L(Z) = G(dim G, vo, k)L (g2 (Z)).

Next, notice that by [10, Equation (8) in Lemma 13] the following is a splitting
short exact sequence when all the prime factors p;’s are large enough:

(217) 1->Upg =G — He — 1.

Moreover, by Proposition 28, U,z is a nilpotent group with nilpotency class at most
dimU—1, and L(U,2) satisfies (GS) with a parameter which only depends on dim U.
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Hence, by a similar argument as above, using Proposition 19 and Lemma 49, we
obtain that

(218) L(Z) » L(7,0,2)(2)),

where Toa(Ug2) Gy — Gg2/72(Ugz) is the natural quotient map, the implied

constant is a positive number which depends only on dim G, vg, and k, and Z :=
m42(Z). Notice that by Proposition 29 and (217),

qu/’}/z(Uqg) >~ Uggb A Hqg ~ (uab ®Z[1/q0] Z/QSZ) A Hqg.

By [25, Lemma 1.8] (see [10, Lemma 39] and [9, Section 2.9]), we have that the
following is a short exact sequence
(219)

1— (W ®b) @z1/q0] Z/6Z — Gz2/72(Ugz) = (W ®pp1/g0] Z/4sZ) x Hy, — 1,
where b := Lie(H 1 /4,1)(Z[1/q0])-

We can finish the proof similar to the previous step: starting with the log-

balanced case, using Theorem 15, and then applying Lemma 49.
For every subset I of {1,2...,k}, let by be the log-balanced factor of Gp?/’YQ(Up?);

that means
by min 081G/ 12(U2)|
T el log |Gz /72 (Ug2)|”

It is worth mentioning that

k
qu/’yQ(Uqf) = 1_[ pr/’YQ(Upf)
i=1
For every subset I of {1,...,k}, let
A= 1_[(11ab ®b) Qz(1/g0) Z/piZ, Hp:= H(uab ®z[1/q0] Z/PiZ) % Hp,,

iel iel
and
Gr =[] Gpe/(Up2).
iel
We also let Z; := pr,(ﬂ%(UQQ)(i)) where 7y : 6{17,”,;6} — @ is the natural projec-
tion. ’

By [10, Proposition 19], G is c;-quasi-random for a positive number ¢; which
depends only on dimG and b;. In particular, there is a positive number ¢ which
depends on dim G such that 6{1-} is c-quasi-random for every i € {1,...,k}.

Notice that the action of H(Q) on (u*® @ h) ®z[1/4,] Q does not have a non-zero
fixed point as G is perfect and H is semisimple. Therefore, by Proposition 44, we
have that the pair of groups H; and A satisfy (G6) with a parameter that depends
only on dim G. They also satisfy (G5) with a parameter depending only on dim G.
Hence, by Theorem 15, there is a function g : (R*)? — (0,1) such that for every
subset I of {1,..., k},

L(Z1) = g(dimG, 1) L(n(Z1)) = g(dim G, er)L(7(Zg,... 1))
Thus by Lemma 49, we deduce that there is a function g of dim G and & such that
(220) L(m,)(Z)) > GAimE, k)L (= (Zqs,..1).
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On the other hand, by Theorem 46,
(221) L(m(Z,. k) » min{l, o},

where the implied constant depends on dimG, k, and «g. By (216), (220), and
(221), we conclude that

L(Z) » min{co, 1},

where the implied constant depends on dim G, k, vg, and «p.
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