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A macroscopic square arti�cial spin ice, or macro-ASI, is a collection of bar magnets placed in
a square lattice arrangement. Each magnet is supported by hinges that allow their mechanical
rotation. Previous investigations in these structures have shown ground-state con�gurations and
driven dynamics similar to those of their nanosized counterparts. Here, we numerically investigate
the impact of the wave dynamics of a uniform state and the impact of a domain wall on the driven
dynamics. We �nd that waves quickly lose coherence by scattering between modes in this system.
In addition, we observe a distinct mode associated with the isolated oscillation at the domain wall.
As expected from spatial localization, this resonant mode is under the band of propagating waves
in the macro-ASI. The results are analogous to the development of low-frequency edge modes in
nanoscopic spin ices in the presence of defects. Our results provide valuable insight into the physics of
mechano-magnetic systems, demonstrating the existence of wave scattering and spatial con�nement
phenomena in macro-ASIs.

I. INTRODUCTION

Arti�cial spin ices (ASIs) are metamaterials composed
of nanomagnets arranged in a geometrical fashion [1].
Many di�erent magnetic con�gurations are available due
to their geometric frustration [2�4], which has fueled an
interest in their applications for magnonics [5, 6], i.e., the
control of dynamical excitations of magnetization order�
magnons. Recon�gurable band structures have been nu-
merically predicted in these metamaterials [7�10] and sig-
ni�cant developments have been achieved by measuring
their ferromagnetic resonance [11�13], including pattern-
ing modi�cations to identify magnetization states [14�
18] as well as reservoir computing applications [19, 20].
More recently, it has been shown that ASIs can be driven
to nonlinear dynamics [21] and can be realized in three-
dimensional (3D) geometries [22�25].
Much of the thermodynamical properties of these ge-

ometrical arrangements can be realized on larger scales.
For example, in colloidal ASIs [26, 27] colloids are placed
on microtracks that obey the ice rules due to Coulomb
repulsion, and mechanical ice-like systems based on elas-
tic metastable structures [28, 29] exhibit several proper-
ties of ASIs. At the macroscale, arrays of permanent
bar magnets [30] can be placed in geometric arrange-
ments to demonstrate frustration and similar ground
states [31, 32]. Recently, a macroscopic arti�cial spin ice,
or macro-ASI, was realized to investigate resonant dy-
namics of mechano-magnetic systems [33]. The combined
experimental and numerical study demonstrated that the
coupling between magnetic dipolar and mechanical de-
grees of freedom in a macro-ASI leads to rich nonlin-
ear dynamics, including the stabilization of a frequency
comb. Such �ndings could potentially be used to de-
sign and improve the coupling and nonlinear features of
micro-mechanical resonators.
The macro-ASI provides an excellent testbed for in-

vestigating complex dynamics, including frustration. In
particular, if any application is to be derived from ASIs,

it would be advantageous to develop a mechanism to con-
trol wave transport through them. In electrical systems,
transistors provide the machinery to manage the �ow of
electrical current. In magnonic systems, a promising so-
lution could instead be to embed topological defects or
magnetic interfaces. For example, Dirac strings [34] arise
in ASIs from two magnetic topological defects separated
by one or more vertex sites [35, 36]. Dirac strings could
condition wave dynamics in ASIs by making certain paths
through the lattice more favorable to propagation than
others. This approach is reminiscent of one of the �rst
investigations of magnetization dynamics in nanoscopic
ASIs, where topological defects were found to give rise
to new modes in the ferromagnetic spectrum associated
with GHz dynamics localized at the edges of the indi-
vidual nanomagnets [37]. In a macro-ASI, the perma-
nent magnets preclude localized dynamical modes and
instead each bar magnet can be considered to be an ideal
dipole to a good approximation. Dirac strings can be
stabilized in the macro-ASI but are found to be unsta-
ble to spin waves, quickly pushing the topological defects
to the physical edges. However, a domain wall between
two ordered states is stable to external forcing. These
boundaries are known in magnetic systems to interact
with spin waves [38, 39] and even support modes within
the domain wall [40]. Here, we investigate the impact
of a domain wall in the macro-ASI for propagating spin
waves.

Here, we present numerical simulations of wave dynam-
ics in a macro-ASI and investigate the impact of a do-
main wall on its characteristics. We �rst determine that
the macro-ASI supports two bands in its �rst Brillouin
zone that are degenerate when propagating along the x
and y directions. These bands de�ne the range in which
standing waves are stabilized in a physically constrained
macro-ASI. The strong coupling between magnets leads
to signi�cant scattering between such modes, and excited
waves quickly lose coherence along the lattice. The inclu-
sion of a domain wall does not arrest this behavior, but
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FIG. 1. (a) Vertex con�gurations with Type-I being the ground state and Type-IV being an emergent monopole. Schematic of
the macro-ASI, with arrows pointing from each magnet's south pole to its north pole. (b) Represents the lattice in its ground
state. (c) Represents the lattice hosting two domains in di�erent Type-I states, black and red arrows, separated by a Type-II
domain wall whose vertices are emphasized by blue dots.

instead wave scattering excites localized modes within
the domain wall. These results demonstrate the spin-
wave dynamics in a macro-ASI is much more reminiscent
to that of an exchange-dominated material and suggests
the nanoscale ASIs could host spin wave propagating over
many sides if the dynamic coupling is enhanced.

II. SIMULATION GEOMETRY

We consider an array of sixty 2.54-cm-long magnets
arranged in a square geometry with a lattice constant of
d = 5.08 cm. This arrangement is based on the phys-
ical macro-ASI built in Ref. [33] where each magnet is
supported by a low-friction rotary mount. At each ver-
tex, four magnets strongly interact with each other. The
interactions de�ne the energy at each vertex shown in
Fig. 1(a), where both Type-I and Type-II con�gurations
obey the ice rule, with the Type-II having a higher en-
ergy because of the horizontal and vertical magnets be-
ing along the same direction. The Type-III and Type-
IV con�gurations contain monopole charges. For our
�nite square arrangement, a global energy minimum is
achieved in the system, corresponding to the Type-I or
vortex con�guration [3]. This con�guration is shown in
Fig. 1(b). A domain wall can be set in the system by en-
forcing two Type-I con�gurations , shown by black and
red arrows in Fig. 1(c), and the domain wall is de�ned
by vertices in the Type-II con�guration which are shown
by blue dots.

The macro-ASI is numerically modeled using the
magnetic-monopole approximation detailed in Refs. [31�
33], according to which each magnet is reduced to two
monopoles carrying magnetic charges, +q and −q. All
magnets are governed by a Coulomb-like interaction
among monopoles and energy dissipation due to friction
at the rotors. Additionally, the magnets may be driven
by an external magnetic �ux density B. The resulting

torque experienced by a magnet i is given by:

I
d2θi
dt2

= −η dθi
dt

+

[
qLµ̂i

×B(x, y, z) (1)

+

N∑
j=1,j 6=i

µ0

4π

q2

|rµ̂i,µ̂j |3
(Lµ̂i × rµ̂i,µ̂j )

]
·
(
µ̂i × k̂

)
where I = 2.03 × 10−8 kg m2 is the moment of inertia
of the bar magnet, η = 10−7 is the friction coe�cient,
and q = 2.08 A m is the e�ective monopole charge corre-
sponding to the nominal saturation magnetization of the
bar magnets, Ms = 1050 kA/m. The third and fourth
terms in Eq. (1) are in general de�ned in three dimensions
but the e�ective torque is constrained to a rotation axis
by the rotary mount. To numerically represent this situ-

ation, we de�ne the magnet's plane of rotation as µ̂i× k̂,
the orientation of the magnet as Lµ̂i

, and the distance
between monopoles by rµ̂i,µ̂j

= Lµ̂j
+dl−Lµ̂i

, where dl
is the center-to-center distance between magnets i and j.
Equation (1) was solved using MATLAB's ode15s, ap-

plying a variable-step variable-order method to a system
of sti� di�erential equations. To stabilize an appropriate
ground state, we provided the con�gurations shown in
Fig. 1(b) and (c) with an additional small random noise
as initial conditions. This state was allowed to relax for
20 seconds. Then, a small 10 mT spatially-uniform mag-
netic �eld was applied for 10 seconds and subsequently
removed for another 10 seconds. Following this three-
step procedure provided a stable initial state for both the
ground state and two-domain states for dynamic simula-
tions. The relaxed states are shown in Fig. 2. Note that
there is little vertical deviation for the magnets along the
domain wall except for the physical edges. We can un-
derstand this from the point of view that the edges do
not satisfy the ice rule because three magnets interact at
the vertex so that emergent monopoles pin. It is worth
pointing out that we are able to de�ne Type-III emergent
monopoles within the macro-ASI, but these are unstable
to small perturbations, returning the system to a long-
range Type-I state.
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FIG. 2. Stabilized ASI states for the (a) ground state and
(b) defective state with a Dirac string across the macro-ASI's
diagonal.

III. MECHANO-MAGNETIC WAVES

DISPERSION

While the system we aim to explore is con�ned,
the dispersion relation provides insights into the wave
anisotropy and band structure in the macro-ASI model.
For this, we perform numerical simulations in an ex-
tended macro-ASI of 25 × 25 lattice sites, i.e., 650 mag-
nets, relaxed to their ground state con�guration. This
extended array provides su�cient wavevector resolution
in reciprocal space.

Waves are excited by rotating one magnet close to the
center of the array by 20 degrees. This is equivalent to a
delta-function excitation which develops into every pos-
sible wavelength in the system. Therefore, Fourier trans-
formation of the spatial and temporal data results in the
system's dispersion relation [41]. For this, we record the
time evolution of the angle θi(t) for each magnet in time
and then map the angles onto a regular grid, so that we
can de�ne θ(x, y, t). Because of the discrete locations of
the magnets, this matrix exhibits a �checkerboard� pat-
tern where data is present. This implies that the Fourier
transform of such an array will be di�cult to compute
accurately stemming from the convolution theorem. In
other words, the checkerboard pattern can be assumed to
be a mask that is convolved with the Fourier transform
of the �true� data. To solve this issue, we interpolate
θ(x, y, t) in space at each time step. The best results

FIG. 3. Dispersion relation for the macro-ASI. The contour
exhibits two bands with four-fold symmetry except for the
degenerate directions when kx = 0 or ky = 0.

were obtained with MATLAB's �natural� 2D interpola-
tion. To avoid numerically induced anisotropy in the
reconstruction, we computed the Fourier transform for
datasets rotated by 90 degrees. From this treatment, we

obtain θ̂(kx, ky, ω).
For the ground state con�guration, the primitive cell is

composed of four nanomagnets interacting at one vertex.
The lattice is then built from the primitive cell by the
translation vectors ~a1 = 2dx̂ and ~a2 = d(x̂ + ŷ). This
implies that the �rst Brillouin zone (FBZ) is given by the

reciprocal vectors~b1 = (π/d)(k̂x+k̂y) and~b2 = (2π/d)k̂x.
The resulting dispersion relation in the FBZ is shown in
Fig. 3 as a contour of the 3D Fourier transform data.
It is immediately apparent that the macro-ASI has

four-fold symmetry in the ground state, as expected. The
bands are de�ned within ≈ 5.7 Hz and ≈ 14.8 Hz. The
waves are degenerate and �at along kx = 0 and ky = 0,
with a frequency of ≈ 9.5 Hz. This means that wave
propagation in the macro-ASI is preferentially along di-
agonals. This intuition is in qualitative agreement with
the standing wave modes observed in the con�ned macro-
ASI [33].

IV. FORCED DYNAMICS

In this section, we investigate wave propagation in the
con�ned macro-ASI and the in�uence of the domain wall.
Due to the preferential diagonal wave propagation, we
excite two magnets in one corner of the macro-ASI by an
external oscillatory magnetic �eld, which we refer to as
the input. The remainder of the magnets are not a�ected
by the �eld and interact only through non-local dipolar
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FIG. 4. Frequency spectra of one output magnet for varying
excitation frequencies of the �eld applied to the input magnets
shown for the (a) ground state and (b) two-domain state.

forces. The output signal is collected from the magnets
opposite to the input. Because of the four-fold symmetry
of the system, any pair of diagonal magnets leads to the
same dynamics.

First, we perform simulations by setting the amplitude
of the oscillatory magnetic �eld to B = 1 mT and vary
its frequency from 5 Hz to 14 Hz in increments of 0.1 Hz.
In these simulations, we probed the output every 0.02 s
and ran the simulation for 20 s, resulting in a frequency
resolution of 50 mHz and Nyquist frequency of 25 Hz.
The resulting spectra for the output magnet are shown
in Fig. 4(a). While there is some discernible output at
5 Hz, a clear output is observed above 5.7 Hz, over the
minimum wave propagation frequency determined in Sec-
tion II. The spectrum at the output becomes particularly
broad past 10 Hz which is an indication of wave scatter-
ing in the lattice as well as formation of standing wave
patterns. Notice that the broadening is contained within
the band of propagating waves, as is expected for the for-
mation of and scattering between localized modes. This
is in agreement with features observed in Ref. [33] al-
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FIG. 5. The mode pro�le as an average of modes amplitudes
between 4 Hz and 6 Hz in the case where two domains are
stabilized.

though at di�erent frequencies because of the choice of
Ms. Despite this broadening, and thus loss of coherence,
the output is dominated by the driving frequency.

We repeat the simulation when two domains are sta-
bilized, as shown in Fig. 2(b). The excitation is in the
corner normal to the domain wall boundary so we expect
the wave to preferentially collide with the domain wall.
The resulting output spectra are shown in Fig. 4(b). The
features are rather similar to Fig. 4(a), with a dominant
linear output and loss of coherence past 10 Hz. However,
there is a clear �at signal at ≈ 4.9 Hz. This frequency
is under the allowed wave frequencies and thus we sur-
mise that it corresponds to localized modes. The natural
question is to determine whether this localization occurs
at the edges of the array or at the domain wall.

To determine the spatial location of the mode, we per-
form a dedicated simulation at 11.2 Hz and compute
the Fourier transform for the time trace of each magnet
in the array. We then determine the Fourier amplitude
for each magnet and convolve it with a Gaussian func-
tion [33]. This allows us to clearly visualize the mode
volume. The mode pro�le at frequencies under 5.7 Hz is
shown in Fig.5. Because of its broad spectrum, we aver-
aged the mode amplitudes in the frequency range from
4 Hz to 6 Hz. Clearly, the mode is located at the domain
wall and is thus related to the di�erent energy landscape
due to the Type-II vertices. Some evidence of localiza-
tion at the physical edges is also observed. Because our
system has no mechanism to impart chirality, all edges
are excited.

For the mechano-magnetic wave scattering to occur be-
tween the spin wave bath and the localized domain wall,
we expect nonlinearities to play an important role. To
determine the onset of nonlinearities, we perform simu-
lations as a function of applied �eld magnitude and at
a frequency of 11.2 Hz, where the scattering to the lo-
calized domain wall mode is observed. The results are
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FIG. 6. Frequency spectra of one output magnet as a function
of applied �eld magnitude and a frequency of 11.2 Hz shown
for the (a) ground state and (b) defective state.

shown in Fig. 6 for the (a) ground state and (b) the two-
domain state. From Fig. 6(b), we see that the onset of
the localized mode occurs at approximately B = 0.8 mT.
This is accompanied by a signi�cant spectral broadening
between 5.7 Hz and 9.5 Hz, the lower wave mode band.
In contrast, the ground state only exhibits a modest spec-
tral peak at 7 Hz for comparable �eld magnitudes while
a broad spectrum is observed starting at B = 1.8 mT.

V. CONCLUSION

We have investigated the impact of a domain wall on
the dynamics of a macro-ASI. We �nd that this system
can excite two wave bands that become degenerate in

the x and y direction of propagation. This band struc-
ture allows for the formation of standing wave patterns
and also inter-modal scattering, resulting in broad spec-
tra. When a domain wall is stabilized within the macro-
ASI, wave scattering stimulates resonant dynamics in the
domain wall. Because of its spatial localization, such a
resonant mode has a characteristic frequency below the
wave dispersion bands. These results are in analogy with
the appearance of low-frequency features in the FMR
spectra of nanoscopic arti�cial spin ices due to emer-
gent monopoles [37]. However, our macro-ASI does not
exhibit edge modes because the magnets are e�ectively
permanent. The appearance of localized modes is thus
related to the di�erent coupling strengths between Type-
II and Type-I vertices.

Contrary to expectations, the excited wave does not
propagate towards the domain wall and scatter on it.
The excited wave instead scatters throughout the lat-
tice, exciting local resonating modes at the domain wall.
This implies that domain walls cannot be directly used
as simple �gates� for mechano-magnetic waves in arti�-
cial spin ices. The mode localization, however, can po-
tentially lead to channel excitations through the domain
wall. This would be similar to the spin wave propaga-
tion where domain walls act as nanoscale waveguides [40].
However, it is important to recognize that the macro-ASI
displays a signi�cant loss in coherence in this process.
Therefore, an excitation directly at the domain wall res-
onant frequency may be a pathway to channel waves with
better coherence.

In comparison with nanoscopic ASIs, the macro-
ASI boasts a stronger dynamic coupling because the
stray �elds are modulated by mechanical motion. This
suggests that similar dynamics can be observed in
nanoscopic ASIs insofar as the dynamic magnetic cou-
pling is enhanced.
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