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Abstract: We present theoretical predictions for µ → e conversion rates using a tower

of effective field theories connecting the UV to nuclear physics scales. The interactions in

nuclei are described using a recently developed nonrelativistic effective theory (NRET) that

organizes contributions according to bound nucleon and muon velocities, v⃗N and v⃗µ, with

|v⃗N | > |v⃗µ|. To facilitate the top-down matching, we enlarge the set of Lorentz covariant

nucleon-level interactions mapped onto the NRET operators to include those mediated by

tensor interactions, in addition to the scalar and vector interactions already considered

previously, and then match NRET nonperturbatively onto the Weak Effective Theory (WET).

At the scale µ ≈ 2 GeV WET is formulated in terms of u, d, s quarks, gluons and photons

as the light degrees of freedom, along with the flavor-violating leptonic current. We retain

contributions from WET operators up to dimension 7, which requires the full set of 26 NRET

operators. The results are encoded in the open-source Python- and Mathematica-based

software suite MuonBridge, which we make available to the theoretical and experimental

communities interested in µ → e conversion.
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1 Introduction

The observation of neutrino oscillations [1–3] shows that lepton flavor is not conserved in

nature. This raises the question of whether similar flavor violation might occur among charged

leptons. In the Standard Model (SM), neutrino loop amplitudes for charged lepton flavor

violation (CLFV) are suppressed by the ratio of neutrino and W masses, ∆m2
ν/m

2
W ≈ 10−24,

yielding rates too small to be observed experimentally. Consequently, any observation of

CLFV would be evidence of new physics. There are many plausible modifications of the

SM — including supersymmetry, leptoquarks, heavy neutrinos, or a more complicated Higgs

sector — that could induce observable levels of CLFV. Current upper bounds on CLFV

branching ratios thus provide stringent constraints on such UV SM extensions [4].

Among the most sensitive CLFV measurements are those performed using stopped muons.

The current best limits on the CLFV branching ratios B(µ+ → e+µ) < 4.2 × 10−13 and

B(µ+ → e+e−e+) < 1.2 × 10−12 were obtained by MEG [5] and SINDRUM [6], respectively.

These bounds, given at 90% confidence level (C.L.), should be significantly improved by the

ongoing experiments MEG II [7] and Mu3e [8]. Upcoming experiments can also search for

exotic CLFV decays of muons involving light new physics states [9–16].

The main focus of the present work is the neutrinoless conversion of a muon bound

to an atomic nucleus, µ− + (A,Z) → e− + (A,Z). Experiments under construction at

Fermilab and J-PARC are expected to improve limits on the µ → e conversion rate by

approximately four orders of magnitude. Here we provide a systematic treatment of the

theory of µ → e conversion based on effective field theory, with the goal of creating a general

analysis framework for relating experimental bounds to high-scale sources of CLFV.

The quantity extracted from experiment is the branching ratio for µ → e conversion

B(µ− → e−) =
Γ [µ− + (A,Z) → e− + (A,Z)]

Γ [µ− + (A,Z) → ¿µ + (A,Z − 1)]
, (1.1)

with respect to ordinary muon capture in a nucleus with A nucleons and Z protons. SM

muon capture rates are generally available for targets of interest, due to the long history

of measurements [17]. The most stringent current bounds on µ → e branching ratios are

B(µ−+Ti→ e−+Ti) < 6.1 × 10−13 [18] and B(µ−+Au→ e−+Au) < 7 × 10−13 [19]. Both of

these 90% C.L. limits were established by the SINDRUM II collaboration. By the end of this

decade, the new Fermilab (Mu2e [20, 21]) and J-PARC (COMET [22, 23]) experiments are

expected to reach branching ratio sensitivities of about 10−17, probing new physics scales in

excess of 104 TeV. Both experiments will measure electrons produced from the conversion

of a muon bound in the 1s atomic orbital of 27Al.

The properties of nuclear targets — the nucleon number A and proton number Z,

the ground-state spin and isospin, and their responses to operators that involve orbital

angular momentum ℓ⃗, spin s⃗, or spin-orbit correlations ℓ⃗ · s⃗ — affect the relationship between

µ → e conversion bounds and underlying sources of CLFV. Comparable branching ratio limits

obtained from different nuclear targets will differ in their sensitivity to a given source of CLFV.

This is an attractive feature of µ → e conversion that distinguishes this process from µ → eµ

or µ → 3e: by using several nuclear targets, one can place multiple constraints on the CLFV
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mechanism. Were µ → e conversion to be discovered in a given target, one could conduct

additional studies with suitably selected targets to further characterize the CLFV source.

On the other hand, the interpretation of experimental limits on µ → e conversion is,

compared to µ → eµ and µ → 3e, significantly more complicated due to the use of nuclear

targets. Although the literature on µ → e conversion is extensive,1 most existing work has

focused on the special case of coherent conversion, where the leading response is governed

by a scalar, isoscalar operator that sums coherently over all nucleons in the target. With

this operator choice, the nuclear physics simplifies dramatically, allowing one to compute

the µ → e conversion rate using experimentally determined proton and neutron densities

(see, e.g., ref. [35]).

While studies of the coherent operator have provided useful constraints on sources of

CLFV [36, 44, 46], symmetry arguments show that six nuclear response functions arise in

a general description of elastic µ → e conversion [24]. As we do not know a priori which

CLFV source is realized in nature, a proper interpretation of experiment requires that such

a general description be used. The situation is reminiscent of another elastic process, the

scattering of a heavy dark matter (DM) particle off a nucleus, the process exploited in DM

direct-detection searches. Over the last decade, an attractive formalism was developed for DM

direct detection based on a tower of effective theories that link the low-energy nuclear scale,

where experiments are performed, to the UV scale where the new DM interactions reside. The

starting point is the nonrelativistic effective theory (NRET) [47, 48], consisting of all possible

heavy DM-nucleon interactions that can be constructed from the available hermitian operators.

This guarantees that all symmetry-allowed nuclear responses will be generated. The NRET

is ultimately connected to UV theories of DM through a series of matchings involving a

tower of effective field theories [49, 50], encoded in a combination of DirectDM [51] and

DMFormFactor [52] computer codes, that can then be used to make leading-order predictions

for direct-detection scattering rates for (almost) any heavy DM theory.

In this manuscript, we develop a similar bottom-up approach for µ → e conversion, with

the corresponding tower of EFTs shown in figure 1. Starting from a UV theory and integrating

out heavy mediators, one recovers the SM augmented by higher dimension operators — the so-

called Standard Model Effective Field Theory (SMEFT). Only a subset of SMEFT operators

are relevant for the problem at hand — those that induce µ → e transitions. At the

electroweak scale the Z and W gauge bosons, the Higgs, and the top quark are integrated

out, giving rise to Weak Effective Theory (WET) describing CLFV interactions with currents

constructed from quark, gluon or electromagnetic gauge fields, containing either five (above b

quark mass), four (above roughly the c quark mass) or three (u, d, s) active quark flavors. As

our default choice we take the three-flavor WET at µ = 2 GeV, a scale choice most commonly

used in lattice QCD evaluations of the hadronic matrix elements. The three-flavor WET can

be matched nonperturbatively onto covariant nucleon-level interactions, describing physics

below ΛÇ ≈ mÄ ≈ 1 GeV, where the dynamics due to the omitted degrees of freedom (such as

the vector meson resonances) is included through the momentum exchange dependence of the

single-nucleon form factors. Because µ → e is characterized by the three-momentum transfer

1Table I of ref. [24] provides a relatively thorough overview of previous elastic µ → e conversion stud-

ies [25–45].
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Figure 1. The effective field theories — and their respective thresholds — relevant for describing µ → e

conversion, as well as the corresponding computer codes (in grey boxes). The MuonBridge repository,

introduced as part of this manuscript, consists of the interconnected packages MuonConverter,

Mu2e_NRET, and Elastic (orange boxes).

of size q ≈ mµ, a more efficient NRET can then be obtained by nonrelativistic reduction.

The NRET basis is compatible with the standard nonrelativistic many-body methods, like

the shell model, that are typically employed in nuclear response function evaluations.

The prerequisite nuclear-level NRET was developed recently in refs. [24, 42], together

with the accompanying public code Mu2e_NRET_v1, available in Mathematica and Python. In

this work, we introduce an updated code, Mu2e_NRET_v2, with two major changes. First, we

extend the code to include the leading muon-velocity-suppressed contributions, which were

calculated in ref. [24] but not included in Mu2e_NRET_v1. Second, to facilitate the matching

between NRET and WET, we extend the set of covariant scalar- and vector-mediated

interactions discussed in ref. [24] to include tensor mediators. In addition, we provide a new

open-source code MuonConverter (also available in Python and Mathematica), that facilitates

the connection between NRET and WET and provides an interface to SMEFT through

optional linking to dedicated external codes wilson [53] and DsixTools [54, 55], see figure 1.

To allow for independent usage, MuonConverter, Mu2e_NRET, and Elastic — a database

of shell-model one-body density matrices that are required for the evaluation of NRET

nuclear form factors — are integrated together within a single parent repository, MuonBridge,

containing documentation, examples, and the appropriate instructions for assembling the

independent components, depending on the specific goals of user.

The paper is organized as follows: in section 2 we introduce a convenient WET operator

basis up to dimension 7 for use in µ → e conversion calculations. Section 3 describes the NRET

basis of 26 operators that arises in an expansion to linear order in v⃗N and v⃗µ, and the matching

from WET to the NRET is performed in section 4. As an illustration, in section 5 we perform

the EFT matching for two new physics models where µ → e conversion is mediated by either

– 4 –



J
H
E
P
1
1
(
2
0
2
4
)
0
7
6

heavy leptoquarks or light axion-like particles (ALPs). We also derive model-independent

bounds on individual SMEFT operators. Section 6 contains our summary and outlook.

Several appendices are included with further technical details: appendix A describes

the MuonBridge repository, appendix B contains intermediate results for WET to NRET

matching, including the mapping from WET onto the covariant Dirac basis of 32 operators

used as an intermediate step in the matching. Appendix C extends the results of section 4

to the case of second-class currents. Details on the numerical evaluation of nucleon form

factors are presented in appendix D. Finally, in appendix E we give the translation between

our WET basis and the dimension-6 WET three-flavor basis of ref. [56], which is used by

the MuonConverter to interface with other existing SMEFT/WET software.

2 Weak effective theory basis

The tower of EFTs in figure 1 relates UV-scale physics to the nuclear scale where µ → e

conversion experiments are performed. In this manuscript, we focus on the last three steps

in the ladder of EFT matchings: the Weak Effective Theory (WET) at µ = 2 GeV, the

matching to NRET, and the prediction of conversion rates for nuclear targets of experimental

interest using state-of-the-art shell-model methods to evaluate nuclear response functions. The

formalism for relating the UV physics at an arbitrary high scale Λ to the WET at µ = 2 GeV is,

on the other hand, well developed [56–62] and available in the form of public codes [53, 55, 63].

The part of the WET Lagrangian at µ = 2 GeV relevant for describing the µ → e

conversion process is given by2

LWET
eff =

∑

a,d

Ĉ(d)
a Q(d)

a , (2.1)

where the Q(d)
a are CLFV operators of mass dimension d (defined below) and the Ĉ(d)

a

are dimensionful Wilson coefficients. By introducing an energy scale ΛCLFV associated

with the CLFV physics, we can express these dimensionful Wilson coefficients in terms of

dimensionless O(1) Wilson coefficients C(d)
a as

Ĉ(d)
a =

C(d)
a

Λd−4
CLFV

. (2.2)

In what follows, we retain operators up to and including dimension 7. The full set of

dimension-5 operators consists of the magnetic and electric dipoles,

Q(5)
1 =

e

8π2
(ēÃ³´µ)F³´ , Q(5)

2 =
e

8π2
(ēÃ³´iµ5µ)F³´ , (2.3)

where F³´ is the electromagnetic field strength tensor. The dimension-6 operators are

Q(6)
1,q = (ēµ³µ)(q̄µ³q) , Q(6)

2,q = (ēµ³µ5µ)(q̄µ³q) , (2.4)

Q(6)
3,q = (ēµ³µ)(q̄µ³µ5q) , Q(6)

4,q = (ēµ³µ5µ)(q̄µ³µ5q) . (2.5)

2Our basis at µ = 2 GeV follows from [64], though we choose instead the operator basis with currents of

definite parity. We keep only the subset of operators that give rise to µ → e transitions and assume this is the

only flavor-violating effect.
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Q(6)
5,q = (ēµ)(q̄q) , Q(6)

6,q = (ēiµ5µ)(q̄q) , (2.6)

Q(6)
7,q = (ēµ)(q̄iµ5q) , Q(6)

8,q = (ēiµ5µ)(q̄iµ5q) , (2.7)

Q(6)
9,q = (ēÃ³´µ)(q̄Ã³´q) , Q(6)

10,q = (ēiÃ³´µ5µ)(q̄Ã³´q) . (2.8)

The quark label q = u, d, s denotes one of the three light quark flavors. We assume that the

CLFV interaction responsible for µ → e conversion is flavor-conserving in the hadronic sector.

The dimension-7 basis includes 8 operators that couple to gauge bosons

Q(7)
1 =

³s
12π

(ēµ)Ga³´Ga³´ , Q(7)
2 =

³s
12π

(ēiµ5µ)Ga³´Ga³´ , (2.9)

Q(7)
3 =

³s
8π

(ēµ)Ga³´G̃a³´ , Q(7)
4 =

³s
8π

(ēiµ5µ)Ga³´G̃a³´ , (2.10)

Q(7)
5 =

³

12π
(ēµ)F³´F³´ , Q(7)

6 =
³

12π
(ēiµ5µ)F³´F³´ , (2.11)

Q(7)
7 =

³

8π
(ēµ)F³´F̃³´ , Q(7)

8 =
³

8π
(ēiµ5µ)F³´F̃³´ , (2.12)

where Ga³´ is the gluon field strength tensor and G̃³´ = 1
2ϵ³´µνG

µν is its dual.3 The

electromagnetic dual F̃³´ is similarly defined. In order to complete the basis of dimension-7

CLFV operators, we introduce the following four-fermion operators with derivatives acting

inside the lepton currents

Q(7)
9,q = (ē

↔

i∂³ µ) (q̄µ³q) , Q(7)
10,q = (ēiµ5

↔

i∂³ µ) (q̄µ³q) , (2.13)

Q(7)
11,q = (ē

↔

i∂³ µ) (q̄µ³µ5q) , Q(7)
12,q = (ēiµ5

↔

i∂³ µ) (q̄µ³µ5q) , (2.14)

Q(7)
13,q = ∂³(ēµ´µ) (q̄Ã³´q) , Q(7)

14,q = ∂³(ēµ´µ5µ) (q̄Ã³´q) , (2.15)

Q(7)
15,q = ∂³(ēµ´µ) (q̄iÃ³´µ5q) , Q(7)

16,q = ∂³(ēµ´µ5µ) (q̄iÃ³´µ5q) , (2.16)

where ē
↔

i∂ν µ = ēi∂νµ − ē
←

i∂ν µ.

Instead of the operators Q(7)
13,q, . . . ,Q

(7)
16,q, one could use equations of motion to write a

more symmetric operator basis, with the derivatives acting on the quark currents

Q(7)
13,q = −(ēµ³µ) (q̄

↔

iD³ q) + 2mqQ(6)
1,q , (2.17)

Q(7)
14,q = −(ēµ³µ5µ) (q̄

↔

iD³ q) + 2mqQ(6)
2,q , (2.18)

Q(7)
15,q = −(ēµ³µ) (q̄iµ5

↔

iD³ q) , (2.19)

Q(7)
16,q = −(ēµ³µ5µ) (q̄iµ5

↔

iD³ q) . (2.20)

This reformulation demonstrates that our dimension-7 basis is equivalent to the basis in

ref. [64] (when restricted to those operators that can mediate µ → e conversion). Our basis

is chosen to make the evaluation of hadronic matrix elements straightforward.

3 Nonrelativistic effective theory

The µ → e conversion process results in momentum exchanges typical of the nuclear scale,

where the natural degrees of freedom for describing the strong interaction are nucleons. To

3We use the convention ϵ0123 = +1.
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make contact with experiments, the CLFV light-quark operator basis of section 2 must be

matched to the basis of CLFV single-nucleon operators. Just as the WET basis is organized

by a power-counting in mass dimension, the NRET basis must also be organized through an

expansion in small dimensionless parameters. Before introducing the single-nucleon CLFV

basis, we briefly review how the physics of µ → e conversion motivates the particular form

of the nuclear-scale effective theory [24, 42] used in this work.

3.1 Kinematics

The µ− that gets captured in the nuclear Coulomb field quickly de-excites to the 1s orbital.

The muon’s binding energy Ebind
µ (defined to be positive) and the muon’s wave function

Èµ can be determined by numerically solving the Dirac equation for a potential sourced by

the experimentally known nuclear charge distribution. To the precision we work, screening

and other corrections arising from the Coulomb potential of the surrounding electron cloud

can be ignored.

We are interested in µ → e transitions where the nucleus remains in the ground state.4

The three-momentum q⃗ of the outgoing electron is then given by

q⃗ 2 =
MT

mµ +MT

[(
mµ − Ebind

µ

)2
−m2

e

]
, (3.1)

where we keep the first correction in mµ/MT , with MT , mµ, and me being the masses of

the target nucleus, muon, and electron, respectively. Once the energy of the electron is

known, the outgoing electron wave function can be obtained from numerical solutions of

the Dirac equation in the Coulomb field generated by the extended nuclear charge. As

the momentum transfer from the leptons to the nucleus is sufficient to require retention of

several electron partial waves, this has the potential to significantly complicate calculations.

Fortunately, the Coulomb-distorted waves can be very well approximated by much simpler

plane waves, evaluated for a shifted effective momentum qeff determined from the average

value of the Coulomb potential near the nucleus [24]. Numerically, the difference between

q and qeff is ≈ 5% in 27Al.

To motivate the form of the nuclear-scale effective theory, we note that:

1. The outgoing electron is highly relativistic, with Ee ≈ mµ: the correction due to the

muon binding energy Ebind
µ is small (Ebind

µ ≈ 0.463 MeV in 27Al). The electron velocity

— defined in the NRET as the Galilean-invariant velocity with respect to the center of

mass of the final-state nucleus — thus has magnitude 1 (in units of c) and direction q̂,

the latter of which is, in principle, an observable. This leaves only the nonrelativistic

velocities of the bound-state nucleons and muon to be treated as operators, a task

ideally suited for NRET methods.

2. Relativistic corrections for the bound muon are roughly proportional to Z³/2. For light

nuclei such as 27Al, the muon is highly nonrelativistic, so that its Dirac wave function

4Experimentally, this is the preferred option as the resulting conversion electrons will be at the endpoint

of the SM background from µ → eνν̄ decays. In µ → e conversions where the nucleus transitions to an

excited state, the less energetic outgoing electron must compete with a larger SM background but may provide

additional information about the underlying CLFV mechanism [65].

– 7 –



J
H
E
P
1
1
(
2
0
2
4
)
0
7
6

is dominated by its Schrödinger-like upper component. The muon’s velocity operator

v⃗µ thus enters the NRET as a correction generated by the suppressed lower component

of the Dirac solution. In the NRET, v⃗µ is defined as the Galilean-invariant velocity

associated with the motion of the bound muon with respect to the center of mass of

the initial-state nucleus. The effects of v⃗µ are limited to small numerical changes in

nuclear form factors: the v⃗µ operator plays no role in the selection rules that determine

the nuclear response functions.

3. Nucleons bound in a nucleus are only mildly relativistic, with typical velocities vavg ≈
0.1. We can therefore perform a nonrelativistic expansion of the nuclear charges

and currents. In the NRET, the nucleon velocity operator v⃗N stands for the set of

A − 1 independent nucleon Jacobi velocities, e.g., the Galilean-invariant velocities

v⃗N ≡ {(v⃗2 − v⃗1)/
√

2, (2v⃗3 − (v⃗1 + v⃗2))/
√

6, . . .}, where v⃗i is velocity operator for the

i-th nucleon and A is the nucleon number. See [24, 48] for details.

The available Hermitian operators that enter into the construction of the NRET CLFV

operators are: iq̂ where q̂ is the velocity of the outgoing ultra-relativistic electron, the nucleon

velocity operator v⃗N , and the respective lepton and nucleon spin operators, Ã⃗L and Ã⃗N .

Extending this set of building-block operators to include the muon velocity operator v⃗µ
generates the relativistic corrections associated with the lower component of the muon’s

Dirac wave function.

3.2 NRET basis

Working to the first order in the nucleon velocity v⃗N and neglecting the muon velocity v⃗µ,

there are 16 independent CLFV single-nucleon operators [24, 42],

O1 = 1L 1N , O′2 = 1L iq̂ · v⃗N , (3.2a)

O3 = 1L iq̂ · [v⃗N × Ã⃗N ] , O4 = Ã⃗L · Ã⃗N , (3.2b)

O5 = Ã⃗L · (iq̂ × v⃗N ) , O6 = iq̂ · Ã⃗L iq̂ · Ã⃗N , (3.2c)

O7 = 1L v⃗N · Ã⃗N , O8 = Ã⃗L · v⃗N , (3.2d)

O9 = Ã⃗L · (iq̂ × Ã⃗N ) , O10 = 1L iq̂ · Ã⃗N , (3.2e)

O11 = iq̂ · Ã⃗L 1N , O12 = Ã⃗L · [v⃗N × Ã⃗N ] , (3.2f)

O′13 = Ã⃗L · (iq̂ × [v⃗N × Ã⃗N ]) , O14 = iq̂ · Ã⃗L v⃗N · Ã⃗N , (3.2g)

O15 = iq̂ · Ã⃗L iq̂ · [v⃗N × Ã⃗N ] , O′16 = iq̂ · Ã⃗L iq̂ · v⃗N . (3.2h)

This operator basis matches closely the one previously derived for dark matter direct detec-

tion [48]; we distinguish with a prime the operators for which there are significant differences.

The NRET operators Oi are understood to act between Pauli spinors Às for muon, electron,

and nucleons. The leptonic current operators 1L or Ã⃗L couple the 1s muon wave function to

the various distorted partial waves comprising the outgoing electron’s wave function.

The corresponding effective interaction can be expressed as

LNRET
eff =

∑

N=n,p

16∑

i=1

cNi ON
i + · · · , (3.3)
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where ellipses denote omitted corrections due to operators generated by v⃗µ, two-body currents

that arise in nuclear systems, etc. We refer to the numerical coefficients cNi as the low-energy

constants (LECs) of the NRET. They are the analogs of the Wilson coefficients Ĉ(d)
a in the

WET Lagrangian, eq. (2.1), and carry dimensions of 1/(mass)2. Strictly speaking, the LECs

are functions of q⃗ 2; however, for a given target the momentum transfer in µ → e conversion

is a fixed quantity determined by kinematics, as in eq. (3.1). As a result, the NRET LECs

are genuine constants capable of encoding the exact momentum dependence that arises, for

example, from the exchange of light mediators with m2 ≲ q⃗ 2. Thus, the NRET formalism is

ideally suited to describe not just heavy mediators but also light new physics such as the

CLFV axion-like-particle scenario considered below in section 5.3.

In eq. (3.3) we have also introduced the index N to allow for the CLFV physics to

couple differently to protons vs. neutrons. Equivalently, we can work in terms of isoscalar

and isovector operators

LNRET
eff =

∑

τ=0,1

16∑

i=1

cτi Oit
τ + · · · , (3.4)

where c0
i = (cpi + cni )/2, c1

i = (cpi − cni )/2, and t0 = 1, t1 = Ä3 are the isospin matrices.

Working to first order in the nucleon velocity vN and neglecting the muon velocity vµ,

the µ → e conversion rate is given by [24, 42]

Γ(µ → e) =
1

2π

q2
eff

1 + q/MT

∣∣ϕZeff

1s (⃗0)
∣∣2

×
∑

τ,τ ′

{[
Rττ

′

MMW
ττ ′

MM (qeff) +Rττ
′

Σ′′Σ′′W ττ ′

Σ′′Σ′′(qeff) +Rττ
′

Σ′Σ′W ττ ′

Σ′Σ′(qeff)
]

+
q2

eff

m2
N

[
Rττ

′

Φ′′Φ′′W ττ ′

Φ′′Φ′′(qeff) +Rττ
′

Φ̃′Φ̃′
W ττ ′

Φ̃′Φ̃′
(qeff) +Rττ

′

∆∆W
ττ ′

∆∆(qeff)
]

−2qeff

mN

[
Rττ

′

Φ′′MW
ττ ′

Φ′′M (qeff) +Rττ
′

∆Σ′W ττ ′

∆Σ′(qeff)
]}
,

(3.5)

where

Rττ
′

MM = cτ1c
τ ′∗
1 + cτ11c

τ ′∗
11 , (3.6)

Rττ
′

Σ′′Σ′′ =
(
cτ4 − cτ6

)(
cτ

′

4 − cτ
′

6

)∗
+ cτ10c

τ ′∗
10 , (3.7)

Rττ
′

Σ′Σ′ = cτ4c
τ ′∗
4 + cτ9c

τ ′∗
9 , (3.8)

Rττ
′

Φ′′Φ′′ = cτ3c
τ ′∗
3 + (cτ12 − cτ15)(cτ

′∗
12 − cτ

′∗
15 ), (3.9)

Rττ
′

Φ̃′Φ̃′
= cτ12c

τ ′∗
12 + cτ13c

τ ′∗
13 , (3.10)

Rττ
′

∆∆ = cτ5c
τ ′∗
5 + cτ8c

τ ′∗
8 , (3.11)

Rττ
′

Φ′′M = Re[cτ3c
τ ′∗
1 − (cτ12 − cτ15)cτ

′∗
11 ], (3.12)

Rττ
′

∆Σ′ = Re[cτ5c
τ ′∗
4 + cτ8c

τ ′∗
9 ], (3.13)

and ϕZeff

1s (⃗0) is the 1s wave function of a muonic atom with effective charge Zeff , evaluated

at the origin. The leptonic response functions Rττ
′

i are bilinears in the NRET LECs. The
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specific combinations define what can (and thus what cannot) be determined about CLFV

from elastic µ → e conversion. Note that the nuclear response functions W ττ ′

i depend on

the modified momentum of the outgoing electron wave qeff .

In the long wavelength limit, qeff → 0, the coherently enhanced response function W ττ
MM

counts the number of protons and neutrons in the nucleus, while W ττ ′

Σ′Σ′ and W ττ ′

Σ′′Σ′′ measure

the transverse and longitudinal nuclear spin responses, respectively. The velocity-dependent

response functions W ττ ′

Φ′′Φ′′ , W ττ ′

Φ̃′Φ̃′
, and W ττ ′

∆∆ appear in the rate formula multiplied by a factor

of q2
eff/m

2
N , reflecting their origin as responses sensitive to the composite structure of the

nucleus, generated by operators like the orbital angular momentum ℓ⃗. As such, contributions

from these responses vanish in the limit of a point-like nucleus, qeff → 0.

One of these response functions, W ττ ′

Φ′′Φ′′ , becomes coherent in nuclei like 27Al where

one of two spin-orbit partner shells j = ℓ± 1/2 is occupied [48]. The response Φ′′, which is

generically associated with tensor mediators, corresponds to the longitudinal projection of the

nuclear spin-velocity current v⃗N × Ã⃗N and can interfere with the charge multipole operator

M . (Similarly, there can be interference between the transverse-magnetic response ∆ and

the transverse-electric response Σ′.) In 27Al, which is a nearly ideal target for maximizing

the coherence of Φ′′, the interference term W 00
Φ′′M contributes ≈ 5% of the total response (for

equal NRET coefficients, e.g., c0
1 = c0

3). Along with the usual coherent coupling to nuclear

charge, these two distinct sources of nuclear enhancements of operators lead to a hierarchy in

the associated response functions for 27Al. In the case of isoscalar couplings — assuming

that the relevant NRET coefficients are roughly equal in magnitude — the hierarchy is

W 00
MM ∼ O(A2) k qeff

mN
W 00
MΦ′′ k

{
W 00

Σ′Σ′ ,W 00
Σ′′Σ′′ ,

q2
eff

m2
N

W 00
Φ′′Φ′′

}
k

{
q2

eff

m2
N

W 00
∆∆,

q2
eff

m2
N

W 00
Φ̃′Φ̃′

}
.

(3.14)

This assumes, as is the case for 27Al, that the nuclear ground state carries angular

momentum j g 1, so that all nuclear response functions can contribute. The above hierarchy

of nuclear response functions illustrates that the nucleus can alter the naïve nucleon-level

counting based on the small parameter |v⃗N |; coherence can elevate operators to be of the

allowed strength.

The six response functions (and the two interference terms) constitute the most general

set of symmetry-allowed nuclear response functions. That is, the constraints of the nuclear

ground state — angular momentum, parity, and time-reversal — restrict the operators that

can contribute to the elastic µ → e conversion process, so that the 16 leading single-nucleon

operators embed into just six nuclear response functions and two interference terms. The

general form is generated at O(vN ); the extension to O(vµ) adds small form factor corrections,

but does not change any of the essential features of the CLFV physics.

If one includes all first-order effects of velocity, whether associated with the nucleon or

muon, the NRET operator basis in eq. (3.3) expands to [24]

LNRET
eff =

∑

N=n,p

16∑

i=1

cNi ON
i +

∑

N=n,p

∑

i∈I

bNi Of,N
i , (3.15)

where the second sum is over ten new operators linear in v⃗µ, indexed by the set I =
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{2, 3, 5, 7, 8, 12, 13, 14, 15, 16}, which arise from the muon’s lower component,

Of ′
2 = iq̂ · v⃗µ

2
1N , Of

3 = iq̂ ·
[
v⃗µ
2

× Ã⃗L

]
1N , (3.16a)

Of
5 =

(
iq̂ × v⃗µ

2

)
· Ã⃗N , Of

7 =
v⃗µ
2

· Ã⃗L 1N , (3.16b)

Of
8 =

v⃗µ
2

· Ã⃗N , Of
12 =

[
v⃗µ
2

× Ã⃗L

]
· Ã⃗N , (3.16c)

Of ′
13 =

(
iq̂ ×

[
v⃗µ
2

× Ã⃗L

])
· Ã⃗N , Of

14 =
v⃗µ
2

· Ã⃗L iq̂ · Ã⃗N , (3.16d)

Of
15 = iq̂ ·

[
v⃗µ
2

× Ã⃗L

]
iq̂ · Ã⃗N , Of ′

16 = iq̂ · v⃗µ
2
iq̂ · Ã⃗N , (3.16e)

with the bNi the associated LECs. Although there are only 10 additional operators, they are

labeled in analogy with the 16 upper component operators: Oi ↔ Of
i under the exchange

v⃗N ↔ v⃗µ/2. Here we employ v⃗µ/2 because this operator, when acting on the muon’s upper

Dirac component, generates the lower component. The complete expression for Γ(µ → e) with

all velocities handled through linear order is given in eq. (B3) of ref. [24]. The new public

computer codes discussed in appendix A are the first to properly include the effects of v⃗µ.

4 Matching quarks and gluons to nucleons

We turn next to the nonperturbative matching from WET to NRET, starting with single

nucleon matrix elements.

4.1 Nucleon matrix elements

For the nucleon matrix elements, we use a notation closely resembling that of refs. [51, 66]5

ïN ′|q̄µµq|Nð = ū′N

[
F
q/N
1 (q2

rel.)µ
µ − i

2mN
F
q/N
2 (q2

rel.)Ã
µνqν

]
uN , (4.1)

ïN ′|q̄µµµ5q|Nð = ū′N

[
F
q/N
A (q2

rel.)µ
µµ5 − 1

2mN
F
q/N
P ′ (q2

rel.)µ5q
µ

]
uN , (4.2)

ïN ′|mq q̄q|Nð = F
q/N
S (q2

rel) ū
′
NuN , (4.3)

ïN ′|mq q̄iµ5q|Nð = F
q/N
P (q2

rel) ū
′
N iµ5uN , (4.4)

ïN ′| ³s
12π

GaµνGaµν |Nð = FNG (q2
rel.) ū

′
NuN , (4.5)

ïN ′|³s
8π
GaµνG̃aµν |Nð = −FN

G̃
(q2

rel.) ū
′
N iµ5uN , (4.6)

ïN ′|q̄Ãµνq|Nð = ū′N

[
F̂
q/N
T,0 (q2

rel.)Ã
µν − i

2mN
µ[µqν]F̂

q/N
T,1 (q2

rel.)

− i

m2
N

q[µk
ν]
12F̂

q/N
T,2 (q2

rel.)

]
uN ,

(4.7)

5The difference is in the definitions of the tensor form factors, F̂
q/N
T,i ≡ F

q/N
T,i /mq, where F

q/N
T,i , with

i = 0, 1, 2, are the form factors in [51, 66]. This choice reflects the normalization of the tensor current operators

in WET basis, section 2. For scalar and pseudoscalar form factors F
q/N
S , F

q/N
P we keep the mq prefactors in

the currents, since the form factors thus defined are more precisely known. Note that the definitions of Fγ̃ and

FG̃ form factors include minus signs in order to match [51, 66], where the ϵ0123
= +1 convention was used.
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ïN ′| ³
12π

FµνFµν |Nð = FNµ (q2
rel.) ū

′
NuN , (4.8)

ïN ′| ³
8π
FµνF̃µν |Nð = −FNµ̃ (q2

rel.) ū
′
N iµ5uN . (4.9)

Here we shortened ïN ′| = ïN(k2)|, |Nð = |N(k1)ð, ū′N = ūN (k2), uN = uN (k1) and

introduced qµ = kµ1 − kµ2 , kµ12 = kµ1 + kµ2 , with

q2
rel. ≡ qµq

µ ≃ −|q⃗ |2 ≡ −q2. (4.10)

Compared to ref. [51], the definition of the momentum exchange qµ differs by a sign (but the

definitions of form factors coincide). For covariant derivative we use DµÈ = (∂µ + ieQÈAµ)È,

where QÈ is the electric charge. The antisymmetrized tensors are defined as µ[µqν] = µµqν −
µνqµ, and similarly for q[µk

ν]
12 and µ[µ/qµν]. For CP-violating light new physics, additional

form factors appear on right-hand sides (r.h.s.) of eqs. (4.1), (4.2), and (4.7). These are

expected to be small and are discussed in appendix C. The numerical values of the form

factors for µ → e conversion in 27Al are derived in appendix D.

4.2 Covariant nucleon-level interactions

To facilitate matching between nuclear NRET and WET, we follow ref. [24] and introduce

an intermediate step — a set of covariant single-nucleon operators and corresponding LECs.

We denote the resulting interaction as

Lcov
eff =

∑

N=n,p

32∑

j=1

dNj Lj,Nint . (4.11)

The Lorentz covariant operators Lj,Nint are listed in appendix B.2, in the first columns of

tables 1 and 2. The operators in table 1 appear in ref. [24], where all covariant interactions

generated from scalar or vector mediators were enumerated. Here, we extend this set to

include tensor-mediated interactions, listed in the first column of table 2.

The WET is matched onto Lcov
eff , relating the LECs of the former to the CLFV coefficients

dNj of the nucleon-level interaction that we employ below ΛÇ. In this nonperturbative

matching, we use the definitions of the nucleon matrix elements in eqs. (4.1)–(4.9), with

the corresponding results for dNj coefficients listed in appendix B.1, eqs. (B.10)–(B.41). The

dNi coefficients — expressed in the proton/neutron basis — are readily converted into the

isospin basis via

d0
i =

1

2
(dpi + dni ) , d1

i =
1

2
(dpi − dni ) . (4.12)

4.3 The NRET

Because the momentum scale in µ → e conversion is set by mµ j mN , we can perform

a nonrelativistic reduction of the covariant operators, Lj,Nint , to obtain the NRET. This

reduces the number of nucleon-level operators while generating an interaction compatible

with standard nuclear calculations, which are typically nonrelativistic. Since we consider

only elastic µ → e conversion, and since the nuclear recoil energy ≈ m2
µ/MT is extremely

small, the reduction can be done with q0 ≡ 0.
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The relativistic reduction of operators L1−20
int — the interactions arising from scalar and

vector mediators — to their corresponding NRET forms was done in ref. [24]. For convenience

those results are summarized in appendix B.2, with the resulting ON
i and Of,N

i displayed in

tables 1 and 3, respectively. The corresponding results from the nonrelativistic reduction of

12 new tensor-mediated interactions are given in tables 2 and 4, respectively. (We note that

certain tensor operators were also considered recently in [67].) The final columns of these

tables relate the relativistic {dNi } to the appropriate {cNi , bNi } NRET LEC combinations.

Combining with the results for the dNi in appendix B.1, we then obtain for the cNi

cN1 = − ³

πq
Ĉ(5)

1

∑

q

QqF
q/N
1 +

∑

q

Ĉ(6)
1,qF

q/N
1 +

∑

q

1

mq
Ĉ(6)

5,qF
q/N
S

− q

mN

∑

q

Ĉ(6)
9,q

(
F̂
q/N
T,0 − F̂

q/N
T,1 + 4F̂

q/N
T,2

)

+ Ĉ(7)
1 FNG + Ĉ(7)

5 FNµ +
(
q +m+

) ∑

q

Ĉ(7)
9,qF

q/N
1

− q2

2mN

∑

q

Ĉ(7)
13,q

[
F̂
q/N
T,0 − F̂

q/N
T,1 +

(
4 +

q2

m2
N

)
F̂
q/N
T,2

]
,

(4.13)

cN2 = i
[ ∑

q

Ĉ(6)
1,qF

q/N
1 +m+

∑

q

Ĉ(7)
9,qF

q/N
1 +

q2

2mN

∑

q

Ĉ(7)
13,q

(
F̂
q/N
T,1 − 4F̂

q/N
T,2

)]
, (4.14)

cN3 = − 2
∑

q

Ĉ(6)
9,q F̂

q/N
T,0 − q

∑

q

Ĉ(7)
13,q

(
F̂
q/N
T,0 +

q2

m2
N

F̂
q/N
T,2

)
, (4.15)

cN4 = − ³

2πmN
Ĉ(5)

1

∑

q

Qq
(
F
q/N
1 + F

q/N
2

)
− q

2mN

∑

q

Ĉ(6)
1,q

(
F
q/N
1 + F

q/N
2

)

−
∑

q

Ĉ(6)
4,qF

q/N
A + 2

∑

q

Ĉ(6)
9,q F̂

q/N
T,0 − q

2mN

(
m+ − q

) ∑

q

Ĉ(7)
9,q

(
F
q/N
1 + F

q/N
2

)

+ i(m− − q)
∑

q

Ĉ(7)
12,qF

q/N
A − q

∑

q

Ĉ(7)
13,q

[
F̂
q/N
T,0 +

q2

4m2
N

F̂
q/N
T,1

]
,

(4.16)

cN5 = − ³

πq

∑

q

Ĉ(5)
1 QqF

q/N
1 −

∑

q

Ĉ(6)
1,qF

q/N
1

− (m+ − q)
∑

q

Ĉ(7)
9,qF

q/N
1 − q2

2mN

∑

q

Ĉ(7)
13,q

(
F̂
q/N
T,1 − 4F̂

q/N
T,2

)
,

(4.17)

cN6 = − ³

2πmN

∑

q

Ĉ(5)
1 Qq

(
F
q/N
1 + F

q/N
2

)
− q

2mN

∑

q

Ĉ(6)
1,q

(
F
q/N
1 + F

q/N
2

)

− qm+

4m2
N

∑

q

Ĉ(6)
4,qF

q/N
P ′ − q

2mN

∑

q

1

mq
Ĉ(6)

8,qF
q/N
P +

q

2mN

(
Ĉ(7)

4 FN
G̃

+ Ĉ(7)
8 FNµ̃

)

− (m+ − q)q

2mN

∑

q

Ĉ(7)
9,q

(
F
q/N
1 + F

q/N
2

)
− iq

∑

q

Ĉ(7)
12,q

(
F
q/N
A − m+m−

4m2
N

F
q/N
P ′

)

− q
∑

q

Ĉ(7)
13,q

(
F̂
q/N
T,0 +

q2

4m2
N

F̂
q/N
T,1

)
+ iq

∑

q

Ĉ(7)
16,qF̂

q/N
T,0 ,

(4.18)

cN7 =
∑

q

Ĉ(6)
3,qF

q/N
A + (m+ + q)

∑

q

Ĉ(7)
11,qF

q/N
A , (4.19)
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cN8 = i
³

πq

∑

q

Ĉ(5)
2 QqF

q/N
1 −

∑

q

Ĉ(6)
2,qF

q/N
1

+ i(m− − q)
∑

q

Ĉ(7)
10,qF

q/N
1 − q2

2mN

∑

q

Ĉ(7)
14,q

(
F̂
q/N
T,1 − 4F̂

q/N
T,2

)
,

(4.20)

cN9 = i
³

2πmN

∑

q

Ĉ(5)
2 Qq

(
F
q/N
1 + F

q/N
2

)
− q

2mN

∑

q

Ĉ(6)
2,q

(
F
q/N
1 + F

q/N
2

)

−
∑

q

Ĉ(6)
3,qF

q/N
A − 2i

∑

q

Ĉ(6)
10,qF̂

q/N
T,0

+ i
(m− − q)q

2mN

∑

q

Ĉ(7)
10,q

(
F
q/N
1 + F

q/N
2

)
− (m+ − q)

∑

q

Ĉ(7)
11,qF

q/N
A

− q
∑

q

Ĉ(7)
14,q

(
F̂
q/N
T,0 +

q2

4m2
N

F̂
q/N
T,1

)
,

(4.21)

cN10 = i
∑

q

Ĉ(6)
3,q

(
F
q/N
A − q m−

4m2
N

F
q/N
P ′

)
+

q

2mN

∑

q

1

mq
Ĉ(6)

7,qF
q/N
P − 2

∑

q

Ĉ(6)
10,qF̂

q/N
T,0

− q

2mN

(
Ĉ(7)

3 FN
G̃

+ Ĉ(7)
7 FNµ̃

)
+ im+

∑

q

Ĉ(7)
11,q

(
F
q/N
A − qm−

4m2
N

F
q/N
P ′

)

− q
∑

q

Ĉ(7)
15,qF̂

q/N
T,0 ,

(4.22)

cN11 =
³

πq

∑

q

Ĉ(5)
2 QqF

q/N
1 − i

∑

q

Ĉ(6)
2,qF

q/N
1 −

∑

q

1

mq
Ĉ(6)

6,qF
q/N
S

+
q

mN

∑

q

Ĉ(6)
10,q

(
F̂
q/N
T,0 − F̂

q/N
T,1 + 4F̂

q/N
T,2

)
− C(7)

2 FNG − C(7)
6 FNµ

− (m− + q)
∑

q

Ĉ(7)
10,qF

q/N
1 + i

q2

2mN

∑

q

Ĉ(7)
14,q

[
F̂
q/N
T,0 − F̂

q/N
T,1 +

(
4 +

q2

m2
N

)
F̂
q/N
T,2

]
,

(4.23)

cN12 = − 2
∑

q

Ĉ(6)
10,qF̂

q/N
T,0 + q

∑

q

Ĉ(7)
15,qF̂

q/N
T,0 , (4.24)

cN13 = − 2i
∑

q

Ĉ(6)
9,q F̂

q/N
T,0 + q

∑

q

Ĉ(7)
16,qF̂

q/N
T,0 , (4.25)

cN14 = − i
∑

q

Ĉ(6)
4,qF

q/N
A − (m− + q)

∑

q

Ĉ(7)
12,qF

q/N
A , (4.26)

cN15 = iq
∑

q

Ĉ(7)
14,q

(
F̂
q/N
T,0 +

q2

m2
N

F̂
q/N
T,2

)
+ q

∑

q

Ĉ(7)
15,qF̂

q/N
T,0 , (4.27)

cN16 = i
³

πq

∑

q

Ĉ(5)
2 QqF

q/N
1 − iq

∑

q

Ĉ(7)
10,qF

q/N
1 , (4.28)

where all the form factors are understood to be evaluated at q2
rel. = −q2

eff , and we defined

m± = mµ ±me. (4.29)

Similarly, one can express the bNi coefficients in terms of Ĉ(d)
i . While the bNi coefficients are

included in our numerical results, as well as in the MuonBridge computer code, they generate

only subleading corrections. As a result, they are not relevant to the present qualitative

discussion, and we do not show their matching explicitly.
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Figure 2. A graphical representation of how different WET operators (2.1) contribute to the µ → e

conversion rate, in which we keep the terms that remain in the vN , vµ → 0 limit, as well as the

coherently enhanced but velocity-suppressed contribution from the WΦ′′Φ′′ response function. The

NRET coefficients cN
i receive contributions from WET Wilson coefficients Ĉ(d)

i , as denoted with

the corresponding colored circles (only the cN
i that contribute to the numerically leading response

functions are considered). These then enter the leptonic response factors Rττ ′

OO′ that multiply various

nuclear response functions, as indicated. For instance, Ĉ(5)
1 contributes to cN

1 , c
N
4 and cN

6 , and these

lead to W ττ ′

MM , W ττ ′

Σ′Σ′ , W ττ ′

Σ′′Σ′′ nuclear responses.

Note that the NRET LECs cNi are in general complex. First of all, the Wilson coefficients

Ĉ
(d)
i can be complex, given that the lepton-flavor-violating WET operators in eq. (2.1) are

not hermitian (note though, that they are defined in such a way that they would have been

hermitian, had the leptonic currents been flavor conserving). However, even if Ĉ
(d)
i are taken

to be real, the cNi are still complex in general, due to the appearance of explicit factors of i in

eqs. (4.13)–(4.28). These can be traced back to the fact that iq̂ used to construct the NRET

operators actually represents two operators, the electron velocity and the three-momentum

transfer, see the discussion in appendix A of ref. [24].

Using the results for cNi in eqs. (4.13)–(4.28), together with the rate formula in eq. (3.5)

and the known nuclear response functions, W ττ ′

a , one can obtain predictions for the µ → e

conversion rate in terms of the WET Wilson coefficients Ĉ(d)
i . Here, we focus on the leading

contribution to Γ(µ → e), i.e., those terms that are nonzero in the vN , vµ → 0 limit,

supplemented by the coherently enhanced but velocity suppressed contribution from the

WΦ′′Φ′′ response function, which in general contributes at the same level as the spin-dependent

nuclear response functions, cf., eq. (3.14). The graphical representation of how the WET

Wilson coefficients Ĉ(d)
i map onto the leading prediction for the µ → e conversion rate is

shown in figure 2.
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We make several phenomenologically relevant observations:

• Dimension-5 WET operators Q(5)
1,2, i.e., the transition magnetic and electric moments,

induce the coherently enhanced spin-independent, W ττ ′

MM , as well as the spin-dependent,

W ττ ′

Σ′Σ′ , W ττ ′

Σ′′Σ′′ , nuclear responses. At dimension 6 also W ττ ′

Φ′′Φ′′ is generated (although

only from Ĉ(6)
9,q and Ĉ(6)

10,q).

• Even if only a single Wilson coefficient Ĉ
(d)
i is nonzero, this always results in a nonzero

contribution from at least one of the numerically leading nuclear response functions.

• All 16 NRET operators are generated by the dimension d f 7 WET basis. At dimension

d f 6, all NRET operators except ON
15 are generated.

• Not all NRET operators ON
i in eq. (3.15) contribute to the above numerically leading

nuclear response functions: cN5 , cN8 , and cN13 contribute only to numerically subleading

nuclear responses, whereas cN2 , cN7 , cN14, and cN16 do not contribute at all to elastic

µ → e conversion due to the parity and time-reversal properties of the nuclear response

functions that they generate [24].

• Working at this numerically leading order, certain WET Wilson coefficients contribute

to just a single NRET operator:6 the Wilson coefficients Ĉ
(6)
5,q , Ĉ

(7)
1 , Ĉ

(7)
5 only contribute

to cN1 ; Ĉ
(6)
6,q , Ĉ

(7)
2 , Ĉ

(7)
6 only to cN11; Ĉ

(6)
7,q , Ĉ

(7)
3 , Ĉ

(7)
7 only to cN10; and Ĉ

(6)
8,q , Ĉ

(7)
4 , Ĉ

(7)
8 only

to cN6 . The Wilson coefficients only contributing to a single cNi cannot be distinguished

from each other using measurements on different targets, since they always enter in the

same linear combination, unless the much smaller vµ suppressed relativistic corrections

and the small corrections from the q2 dependence of nucleon form factors can also

be taken into account (i.e., the total theoretical error on the prediction for Γ(µ → e)

reaches the level where these corrections become relevant).

• The qeff dependence of CLFV coefficients Rττ
′

MM , Rττ
′

Σ′Σ′ , Rττ
′

Σ′′Σ′′ and Rττ
′

Φ′′Φ′′ comes from

the q dependence of cNi in eqs. (4.13)–(4.28) (for heavy new physics the WET Wilson

coefficients C(d)
i are q independent). Since qeff depends only mildly on the chosen target

nucleus, the cNi entering the predictions for the µ → e rate are effectively constant, i.e.,

independent of the nuclear target. In this limit there are only 12 combinations of cNi ,

i.e., the combinations multiplying Rττ
′

MM , Rττ
′

Σ′Σ′ , Rττ
′

Σ′′Σ′′ and Rττ
′

Φ′′Φ′′ for Ä (′) = 0, 1 that

can be measured.

At a future time when µ → e conversion has been discovered in several different targets,

one could use the “bottom-up” approach to efficiently encode the CLFV physics in the

NRET LECs, which would then serve as constraints on generic UV models. Given existing

uncertainties in nuclear response calculations — perhaps in the range of tens of percent —

details like the variation of qeff with target could be neglected. (If our ability to compute

nuclear responses were ever to reach the few percent level, one would need to exercise

6We ignored for simplicity the quark flavor in this counting. A more precise statement is that a certain

linear combination of Ĉ
(6)
5,u, Ĉ

(6)
5,d , Ĉ

(6)
5,s , Ĉ

(7)
1 , Ĉ

(7)
5 enters c

p
1, while a different linear combination enters cn

1 , and

similarly for the other cN
i .
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more care.) In general, one would not be able to determine individual LECS, but only the

combinations that appear in the expressions for the Rττ
′

OO′ . To do more, one would need

additional constraints on CLFV, beyond those available from elastic µ → e conversion.

The NRET employs single-nucleon currents and charges, but could in principle be

extended to include a similar set of Galilean-invariant two-body operators. For certain cases,

like the Rayleigh operators, these two-body currents can be important [68]. Due to the

averaging properties of nuclei, most of the effects of such contributions (assuming they are

not treated explicitly) would be absorbed into the one-body LECs, making them effective,

as discussed in section IIIG of ref. [24]. While most of the missing physics would thus be

properly incorporated into the fitted LECs, one would need to account for the associated

renormalization and operator mixing, before relating empirically determined LECs to the

predictions of an underlying model.

5 Sample new physics models

Next we turn to a few examples of new physics models that can lead to µ → e conversions.

In the “top-down” approach, our results can be used to obtain predictions for Γ(µ → e) in

a particular UV model. In this case, one must first match the UV model onto SMEFT by

integrating out the mediators at scale µ ≈ mmediator, then RG evolve in SMEFT down to

µ ≈ mW , match onto WET, and finally RG evolve down to µ = 2 GeV. At this point one can

then use our results, encoded in the MuonBridge code suite, to obtain the prediction for the

µ → e transition rate. In section 5.1 we first illustrate the expected reach of the upcoming

µ → e experiments in terms of bounds on single SMEFT Wilson coefficients. In sections 5.2

and 5.3, on the other hand, we use concrete new physics models. From the large array of

possible UV examples, we choose two that best highlight the strengths of our systematic

EFT based approach: µ → e conversions induced by leptoquark exchanges, which lead to

scalar, vector, and tensor currents (section 5.2), and µ → e conversions induced by light

pseudoscalar/ALP exchanges, which can also be covered by our formalism, but now with

q2-dependent Wilson coefficients Ĉ(d)
i (section 5.3).

5.1 Bounds on UV Wilson coefficients

We start by considering the case where the UV theory generates a single SMEFT operator

above the electroweak scale. This is a standard approach in phenomenological EFT analysis

used to estimate the scales that are being probed by experiments, without consideration

for the ability or inability of plausible new physics models to realize these single-operator

contributions.

For concreteness, let us consider a UV theory that, after integrating out the heavy degrees

of freedom at a scale µ = Λ (∼ heavy mediator mass), generates just a single dimension-6

SMEFT operator in the Warsaw basis

LSMEFT,UV =
Ci
Λ2

Qi. (5.1)

To arrive at the prediction for the µ → e conversion rate, as described in section 3, one first

needs to RGE evolve from the scale µ = Λ to µ = 2 GeV using the tower of EFTs, from
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SMEFT to WET with nf = 5 to WET with nf = 4 flavors followed by a tree-level matching

to WET with nf = 3, as shown in figure 1. We perform the one-loop RG running using

wilson [53] and then use MuonConverter to obtain the prediction for the µ → e conversion

rate. Using the projected experimental sensitivity B(µ− + Al → e− + Al) < 10−17, we show

in figure 3 the implied bounds on ΛCLFV,i = Λ/
√

Ci, if no signal is found. We perform

the calculation for each dimension-6 CLFV SMEFT operator Qi in the Warsaw basis that

can induce µ → e transitions.

For each operator in figure 3, the bound is obtained by identifying the UV scale ΛCLFV,i

that, after one-loop RGE evolution to µ = 2 GeV, produces a conversion rate saturating the

projected single-event sensitivities of the upcoming Mu2e and COMET experiments. The

magnitude of the initial Wilson coefficient, assuming Ci = 1, is set by Λ−2
CLFV,i and scanned

over ten equally spaced points in the range Λ−2
CLFV,i ∈ 10−17 − 10−4 GeV−2 corresponding to

new physics scales ΛCLFV,i ∼ 100 GeV − 105 TeV. The resulting conversion rates are then

interpolated as a function of ΛCLFV,i and a root-finding algorithm is utilized to obtain the

scale at which the conversion rate crosses the projected experimental limits. The running

of each operator is solved exactly via numerical integration of the one-loop RG equations

from µ = Λ to µ = 2 GeV using wilson. In agreement with the leading log resummation,

the matchings between different thresholds are performed at tree level.

Operator-mixing induced by the one-loop running allows for non-zero limits to be placed

on the purely leptonic and off-diagonal semi-leptonic SMEFT operators. This treatment is

consistent as long as the logarithmically enhanced RG running contributions to dimension-six

operators are numerically leading and the finite terms from loop-level matching can be ignored.

5.2 Leptoquarks

Next, we use our computational framework to analyze the µ → e conversion rate in the

context of an explicit UV model. Specifically, we assume that the µ → e conversion is

generated by tree-level exchange of a leptoquark scalar R2, which then leads to vector, scalar

and tensor interactions, making it an ideal showcase for quantifying the relative magnitudes

and correlations between different nuclear responses. The leptoquark R2 is in the (3,2, 7/6)

representation of the SM gauge group, so that the interaction Lagrangian is given by [70]

L ⊃ −yRL2 ij ū
i
RR

a
2ϵ
abLj,bL + yLR2 ij ē

i
RR

a ∗
2 Qj,aL + h.c., (5.2)

where the summation over flavor indices, i, j = 1, 2, 3, and electroweak SU(2) indices a, b = 1, 2

is implicit, and we do not display the contraction of color indices.

Integrating out the leptoquark at tree level, cf. figure 4, gives the following nonzero

contributions to the SMEFT Wilson coefficients (we use the notation of refs. [54, 69]),

C12ii
ℓu = − 1

2m2
LQ

yRL2 i2y
RL∗
2 i1 , (5.3a)

Cii12
qe = − 1

2m2
LQ

yLR∗
2 2i y

LR
2 1i, (5.3b)

C
(1),12ii
ℓequ = 2C

(3),12ii
ℓequ = − 1

2m2
LQ

yLR∗
2 2i y

RL∗
2 i1 , (5.3c)
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Figure 3. The energy scales probed by dimension-six SMEFT operators assuming the projected

experimental limits of the future Mu2e and COMET experiments, B(µ− + Al → e− + Al) < 10−17.

The notation is as in [54, 69].
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u(d)
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e−

Figure 4. Diagram for tree-level contributions to µ → e conversion mediated by scalar leptoquark

R2. Leptoquark superscripts indicate the electric charge of the exchanged particle.

C
(1),21ii
ℓequ = 2C

(3),21ii
ℓequ = − 1

2m2
LQ

yLR2 i2y
RL
2 1i, (5.3d)

where mLQ is the leptoquark mass. The Wilson coefficients in eqs. (5.3a), (5.3b) multiply

vector four-fermion operators (ℓ̄1µµℓ2)(ūiµ
µui) and (q̄iµ

µqi)(ē1µµe2), respectively, while the

Wilson coefficients in eqs. (5.3c), (5.3d) with the superscript (1) [(3)] multiply scalar [tensor]

four-fermion operators of the form (ℓ̄a1e2)ϵab(q̄
b
iui) [(ℓ̄a1Ãµνe2)ϵab(q̄

b
iÃ

µνui)] and with 1 ↔ 2

lepton flavor indices exchanged.

The above effective interactions introduce both spin-independent as well as spin-dependent

nuclear responses, when running down to low energies and matching onto NRET. Ignoring

for the moment the effect of RG running, integrating out the leptoquark results in the

SMEFT operators in eq. (5.3) and gives the following nonzero contributions to the WET

Wilson coefficients:

Ĉ(6)
1,u = −Ĉ(6)

4,u = − 1

8m2
LQ

λ+ , (5.4)

Ĉ(6)
2,u = −Ĉ(6)

3,u = − 1

8m2
LQ

λ− , (5.5)

Ĉ(6)
1,dj

= Ĉ(6)
2,dj

= −Ĉ(6)
3,dj

= −Ĉ(6)
4,dj

= − 1

8m2
LQ

λ′
j , (5.6)

Ĉ(6)
5,u = −Ĉ(6)

8,u = 2Ĉ(6)
9,u =

1

8m2
LQ

λRL+ , (5.7)

Ĉ(6)
6,u = Ĉ(6)

7,u = 2Ĉ(6)
10,u =

i

8m2
LQ

λRL− . (5.8)

The up-quark couplings are

λ± = c1Lc
∗
2L ± c2Rc

∗
1R, λRL± = c2Rc1L ± c∗

2Lc
∗
1R, (5.9)

where (for i = 1, 2)

ciL = (yLR2 V †)i1, ciR = yRL2 1i, (5.10)

The coupling to the down quarks is (for j = 1, 2 down quark flavors)

λ′
j = yLR2 1jy

LR∗
2 2j . (5.11)
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The NRET LECs that lead to coherently enhanced nuclear responses (again, ignoring

RGE effects) are given by

cN1 = − 1

8m2
LQ

{

λ+F
u/N
1 − λRL+

[

1

mu
F
u/N
S − q

2mN

(

F̂
u/N
T,0 − F̂

u/N
T,1 + 4F̂

u/N
T,2

)]}

− 1

8m2
LQ

(

λ′
1F

d/N
1 + λ′

2F
s/N
1

)

,

(5.12)

cN11 = − icN1
(

λ+ → λ−, λRL+ → λRL−

)

, (5.13)

while the LECs that contribute to spin-dependent nuclear responses W ττ ′

Σ′Σ′ , W ττ ′

Σ′′Σ′′ are

cN4 =
1

8m2
LQ

{

λ+

[

− F
u/N
A +

q

2mN

(

F
u/N
1 + F

u/N
2

)]

+ λRL+F̂
u/N
T,0

}

+
1

8m2
LQ

∑

j

λ′
j

[

− F
dj/N
A +

q

2mN

(

F
dj/N
1 + F

dj/N
2

)] (5.14)

cN6 =
1

8m2
LQ

q

2mN

[

λ+

(

F
u/N
1 + F

u/N
2 − m+

2mN
F
u/N
P ′

)

+
λRL+

mu
F
u/N
P

]

+
1

8m2
LQ

q

mN

∑

j

λ′
j

(

F
dj/N
1 + F

dj/N
2 − m+

2mN
F
dj/N
P ′

) (5.15)

cN9 =
1

8m2
LQ

{

λ−

[

q

2mN

(

F
u/N
1 + F

u/N
2

)

− F
u/N
A

]

+ λRL−F̂
u/N
T,0

}

+
1

8m2
LQ

∑

j

λ′
j

[

q

2mN

(

F
dj/N
1 + F

dj/N
2

)

− F
dj/N
A

]

,

(5.16)

cN10 =
i

8m2
LQ

[

λ−

(

F
u/N
A − qm−

4m2
N

F
u/N
P ′

)

− λRL−

(

F̂
u/N
T,0 − q

2mN

1

mu
F
u/N
P

)]

+
i

8m2
LQ

∑

j

λ′
j

(

F
dj/N
A − qm−

4m2
N

F
dj/N
P ′

)

,

(5.17)

and those that generate the coherent but velocity-suppressed W ττ ′

Φ′′Φ′′ nuclear response are

cN3 = − 1

8m2
LQ

λRL+F̂
u/N
T,0 , (5.18)

cN12 = − i

8m2
LQ

λRL−F̂
u/N
T,0 . (5.19)

In addition, the NRET LECs cN5 , cN8 , and cN13 are nonzero but contribute only to numerically

subleading nuclear response functions. The NRET LECs cN2 , cN7 , and cN14 are also nonzero,

but do not contribute to the elastic conversion process due to the parity and time-reversal

symmetries of the nuclear ground state. Numerically,

cp1(11)+c
n
1(11) =

−1(+i)

8m2
LQ

{

2.91(λ± + λ′
1) − [6.8(2.2) − 0.26(15)]λRL± +

[

2.2(2.1) × 10−4λ′
2

]}

.

(5.20)

In summary, i) the LQ model leads to many different NRET coefficients, including those

leading to velocity suppressed but coherently enhanced Φ′′ nuclear response, and ii) it is
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Figure 5. A decomposition of the µ → e conversion rate in terms of contributions from different

nuclear response components classified by the type of response (OO′) as well as the isoscalar/isovector

component (ÄÄ ′), for 27Al target, at a single representative point in the parameter space of the R2

leptoquark model, eq. (5.2).

possible that the leading, spin-independent, contribution could be accidentally small due

to cancellations between different contributions, though that is not a generic situation (cf.

eq. (5.20)). These two qualitative features persist also once the RGE running is included,

as we demonstrate below using a numerical analysis.

The leptoquark model introduced in eq. (5.2) depends on one dimensionful quantity, mLQ,

and 36 dimensionless parameters (i.e., 18 complex coefficients yRL,LR2 ij ). In matching onto

SMEFT in eq. (5.3), we already limited the discussion to µ → e transitions and anticipated

that only flavor-conserving quark currents are relevant in nuclear transitions.

In our numerical analysis, we focus on conversion in 27Al and explore the 18-dimensional

complex Yukawa parameter space. The SMEFT coefficients at the scale µ = mLQ, eq. (5.3),

are RG evolved to µ = 2 GeV using wilson, after which we utilize our WET to NRET

matching expressions to compute the µ → e conversion rate as described in sections 2–4. The

conversion rate is proportional to the product of leptonic Rττ
′

OO′ and nuclear W ττ ′

OO′ response

functions summed over all nuclear responses (OO′) and isospin (Ä, Ä ′ = 0, 1) components (see

eq. (3.5)). To better understand which nuclear responses are numerically relevant it is useful

to analyze the sum in terms of its summands. We define the quantities

|OO′|ττ ′ ≡ |Rττ ′

OO′W ττ ′

OO′ |
∑

ττ ′OO′ |Rττ ′

OO′W ττ ′

OO′ |
, (OO′)ττ ′ ≡ Rττ

′

OO′W ττ ′

OO′

∑

ττ ′OO′ Rττ
′

OO′W ττ ′

OO′

, (5.21)

such that |OO′|ττ ′ denotes the normalized, non-negative fractional contribution of the

Rττ
′

OO′W ττ ′

OO′ component to the total rate and (OO′)ττ ′ denotes the normalized, signed frac-

tional contribution. Figure 5 shows the relative strengths of each response at a representative

– 22 –



J
H
E
P
1
1
(
2
0
2
4
)
0
7
6

0.00 0.01 0.02 0.03∑
ττ ′
(Σ′′Σ′′)ττ ′

0.96

0.97

0.98

0.99

1.00

∑
τ
τ
′
(M

M
) τ

τ
′

0.000 0.002∑
ττ ′
(∆Σ′)ττ ′

0.000 0.001 0.002 0.003 0.004∑
ττ ′
(∆∆)ττ ′

0.96

0.97

0.98

0.99

1.00

∑
τ
τ
′
(M

M
) τ

τ
′

−0.0050−0.0025 0.0000 0.0025 0.0050∑
ττ ′
(Φ′′M)ττ ′

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

lo
g
1
0
[∑

O
O

′
(O

O
′ )
0
0
/
∑

O
O

′
((
O
O

′ )
1
1
+
(O

O
′ )
0
1
+
(O

O
′ )
1
0
)]

27Al, mLQ = 5000 TeV

Figure 6. A comparison of the isoscalar nuclear response components over 2 × 104 parameterizations

of the R2 leptoquark model introduced in eqs. (5.2), (5.3). Each of the 18 dimensionless complex

parameters yRL,LR
2 ij are randomly sampled over the unit complex circle and the leptoquark mass is held

fixed at 5000 TeV. The color denotes the logarithm of the ratio of the summed isoscalar components

and the sum of isovector components for all contributing nuclear responses. Whenever the scalar

response contributions fall below ≈ 98% of the total rate, the gray lines are used to illustrate how

the components are distributed. The µ → e conversion rates for the shown points lie in the range

10−17 < B(µ− + Al → e− + Al) < 10−11 (we do not denote which of the points are already excluded).

point in the leptoquark Yukawa parameter space, mLQ = 100 TeV, yLR,RL12,21 = yLR,RL11,22 = 0.1,

yLR,RL13,31,23,32,33 = 0. We find that the isoscalar component of the scalar response |MM |00

dominates the rate, as expected, but additionally that the coherent tensor-scalar interfer-

ence response |Φ′′M |00 is comparable in magnitude to the longitudinal nuclear spin response

|Σ′′Σ′′|00 (but where the total summed longitudinal response dominates). For µ → e conversion

on 63Cu nuclei, at the same point in parameter space, we find that the total tensor-scalar inter-

ference response instead dominates over longitudinal spin response — the former making up
∑

ττ ′ |Φ′′M |ττ ′ ≈ 0.23% of the total rate compared to
∑

ττ ′ |Σ′′Σ′′|ττ ′ ≈ 0.17% from the latter.
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In figure 6 we illustrate the correlations between the leading isospin-summed nuclear

response (MM) and the next-to-leading (Σ′′Σ′′), (∆Σ′), (∆∆), and (Φ′′M) nuclear responses

over 2 × 104 samples of the 18-dimensional yRL,LR2 ij parameter space. Additional nuclear

response components, such as (Σ′Σ′), (Φ′′Φ′′), and (Φ̃′Φ̃′) are also generated but contribute

< 10−5% to the total rate and thus are not shown. Each point represents a unique parame-

terization of the model where the 18 complex Yukawas have been sampled independently

and uniformly over the unit complex circle such that
∣

∣

∣y
RL,LR
2 ij

∣

∣

∣

2
= Re

(

yRL,LR2 ij

)2
+ Im

(

yRL,LR2 ij

)2
f 1, (5.22)

while leptoquark mass is set to mLQ = 5 · 103 TeV. We find that the scalar (MM) and

longitudinal-spin (Σ′′Σ′′) nuclear responses dominate the total rate and are highly correlated

across parameter space. The remaining nuclear responses generally provide < 1% contributions

to the total rate. However, in some parts of parameter space, where contributions from

the scalar response falls below ≈ 98%, these responses become enhanced with O(1%)–level

contributions that may be measurable, as depicted by the gray lines between the figure

sub-panels that connect like-parameterizations.

While outside the scope of the current work, a detailed analysis exploring the similarities

and differences of nuclear responses between different target nuclei (see, for example, [43]) as

well as UV completions is easily accommodated by our computational framework.

5.3 ALP exchanges

The above formalism for computing Γ(µ → e) can, with trivial modifications, also be used in

scenarios where the mediators are light. We illustrate this in the case of µ → e conversion

induced by the exchange of a light axion-like particle (ALP) with mass ma. The only

required change is that now the Wilson coefficients Ĉ
(d)
i in WET Lagrangian (2.1) become

q2 dependent. As long as one is only interested in µ → e conversion, the fact that WET is

strictly speaking no longer the correct effective field theory, since there is an additional light

degree of freedom — the ALP, makes no practical difference since all the relevant effects

of the ALP are absorbed in Ĉ
(d)
i (q2).

The ALP interactions with the SM fields start at dimension 5 and are given by

LALP ⊃ −³s
8π

1

fa
aGa³´G̃

a³´ +
∂³a

2fa
ēµ³

(

CVℓ + CAℓ µ5)µ+
∑

q=u,d,s

CAq
∂³a

2fa
q̄µ³µ5q, (5.23)

where we only display the couplings relevant for µ → e conversion. The tree level ALP

exchange induces µ → e transition, inducing the following Ĉ(d)
i coefficients

Ĉ(6)
7,q = −imqm−

2f2
a

CAq C
V
ℓ

q2 +m2
a

, (5.24)

Ĉ(6)
8,q =

mqm+

2f2
a

CAq C
A
ℓ

q2 +m2
a

, (5.25)

Ĉ(7)
3 = −im−

2f2
a

CVℓ
q2 +m2

a

, (5.26)

Ĉ(7)
4 =

m+

2f2
a

CAℓ
q2 +m2

a

, (5.27)
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where we used q2
rel ≃ −q2, cf. eq. (4.10). Since these are higher dimension operators, suppressed

by two powers of the UV scale, ∝ 1/f2
a , other dimension 6 contributions from the complete

new physics model could be relevant as well, a possibility that we ignore in this example (see,

however, ref. [71]). More importantly for our purposes is that the Ĉ
(d)
i are, as anticipated,

now explicitly q2 dependent. Since these coefficients are induced in the IR, no RGE running

needs to be included in the numerical analysis. That is, the values of the Ĉ
(d)
i coefficients

in (5.24)–(5.27) are already given at µ = 2 GeV.

The resulting NRET coefficients are

cN6 =
q

2mN

m+

2f2
a

CAℓ
q2 +m2

a

[

−
∑

q

CAq F
q/N
P + FN

G̃

]

,

cN10 = i
q

2mN

m−

2f2
a

CVℓ
q2 +m2

a

[

−
∑

q

CAq F
q/N
P + FN

G̃

]

,

(5.28)

which both contribute to the longitudinal spin response function W ττ ′

Σ′′Σ′′ .

6 Conclusions

Next-generation experiments, such as Mu2e at Fermilab [20, 21] and COMET at J-PARC [22,

23], are expected to advance limits on µ → e conversion rate by four orders of magnitude,

to about B(µ− + Al → e− + Al) ≲ 10−17. What will the new limits — or a nonzero signal

— tell us about the new physics responsible for CLFV?

The experiments are done at low energy, using nonrelativistic nuclear targets, yet probe

new BSM physics associated with UV energy scales. Effective field theory is a powerful

technique for bridging between low energies and the UV, thereby connecting experimental

constraints to BSM models. Recently, a nonrelativistic nucleon-level effective theory (NRET)

was constructed and then embedded in a series of nuclei, allowing limits extracted from

different nuclear targets to be meaningfully compared. The NRET can be organized according

to a hierarchy of dimensionless small parameters, y = (qb/2)2 > |v⃗N | > |v⃗µ| > |v⃗T |. The

operator expansion through order v⃗N was shown to generate the most general form of the

nuclear µ → e conversion rate, while the retention of v⃗µ adds form factor corrections associated

with the muon’s lower component [24, 42]. Open-source Mathematica and Python codes

named Mu2e_NRET_v1 for calculating nuclear µ → e conversion rates were released with [24],

using the NRET basis obtained by expanding through order v⃗N .

In this paper, we connected this NRET to a CLFV weak effective theory (WET) in which

the degrees of freedom are the light quarks (u, d, s), gluons, and photons. We also updated

and extended the accompanying nucleon-level computer codes, to fully support this matching.

These codes are collected in the repository MuonBridge, consisting of MuonConverter and

Mu2e_NRET_v2 computer codes (available in both Mathematica and Python versions), as well

as of the Elastic repository (see appendix A for details). MuonConverter matches from

WET to the intermediate step of relativistic covariant nucleon interactions, while the new

script Mu2e_NRET_v2 extends Mu2e_NRET_v1 to support this matching. This was done by

adding to the script’s existing 16 operators the 10 additional v⃗µ suppressed NRET operators

already identified in [24]. Furthermore, selected tensor-mediated interactions were added to
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the scalar- and vector-mediated interactions already present in Mu2e_NRET_v1. These are

needed in the WET matching at dimension 7. Finally, the repository Elastic is a database

of shell-model one-body density matrices needed for nuclear form-factor calculations. In

principle, this repository can be utilized for other problems such as the calculation of dark

matter direct detection rates.

Our choice for the WET basis, consisting of dimension-5, -6, and -7 operators, was

motivated by the problem at hand; the operators are built out of quark, gluon and photon

currents with definite parity, which simplifies the calculation of nucleon matrix elements. The

basis is consistent with the complete WET basis of ref. [64], when the latter is restricted

to the operators that can mediate µ → e conversion. MuonBridge contains an example of

translation between our WET basis and provides the interface to external SMEFT softwares

such as wilson [53], and DsixTools [54, 55], that can be used to perform RG running, see

appendix A for further details.

In conclusion, over the next decade the experimental community will be making a major

effort to improve our understanding of CLFV. In anticipation of these experiments, it is

important to develop theory tools that can treat the particle and nuclear physics of µ → e

conversion as completely and accurately as possible. As discussed in [24], most past work

on µ → e conversion has focused on one or two of the 16 + 10 NRET operators, employed

schematic nuclear response functions, and simplified the leptonic physics through partial-wave

truncations and other steps that are not well justified. The formalism developed in [24, 42]

and encoded in Mu2e_NRET_v2 addresses all of these issues, and now MuonConverter connects

this low-energy formalism to the light-quark and gluon WET as well as to higher energy EFTs.

The completeness of the WET and NRET operator bases ensures that they can faithfully

encode the low-energy consequences of any UV CLFV theory.
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A Public code

Below we outline the structure and purpose of the accompanying public code available in

Python and Mathematica at https://github.com/Berkeley-Electroweak-Physics/MuonBridge .

The full code repository, termed MuonBridge, is composed of three independent sub-reposito-

ries, namely Elastic, Mu2e_NRET, and MuonConverter each with dependencies on the former

i.e., MuonConverter is dependent on Mu2e_NRET, which is dependent on Elastic.

Elastic is a database containing ground-state-to-ground-state one-body density matrices

computed using the nuclear shell-model code BIGSTICK [72, 73] for a variety of relevant

isotopes for muon-to-electron conversion.

The repository Mu2e_NRET contains two versions: Mu2e_NRET_v1 and Mu2e_NRET_v2.

Mu2e_NRET_v1, originally developed in [24], provides functionality for computing branch-

ing ratios and decay rates for nuclear muon to electron conversion. The current release,

Mu2e_NRET_v2, extends the original code by including the effects that arise from tensor-

mediated exchanges as well as form-factor corrections induced by the muon’s velocity operator

v⃗µ. These additions were necessary to support the current “top-down” WET reduction as dis-

cussed in the main text. A top-level Python (Mathematica) notebook, Mu2e_v2.ipynb(.nb)

provides an example of typical usage and input. The Mathematica version offers both an

interactive and manual (in the form of an association) input interface while the Python version

requires manual input in the form of a dictionary or YAML file containing the required

parameters. The parameters for both languages include:

1. A target isotope choice. For an updated list of supported target isotopes, please refer

to the current repository.

2. A shell-model interaction, used to select one-body density matrices. A detailed list of

supported shell-model interactions for specific target nuclei can be found in table XIII

of [24].

3. An optional harmonic oscillator length scale b in units of fm.

4. An optional response function option to generate an analytic nuclear response function

W (y) (available with Mathematica only) and/or to generate plots of the response

functions. With this option, one also specifies the isospin with one of the options:

isoscalar, isovector, proton-only, or neutron-only couplings.

5. The leptonic scale mL, which should match the leptonic scale used by MuonConverter

so that LEC interpretation matches.

6. The relativistic LECs, i.e., the dNi coefficients of the Lorentz-covariant EFT defined in

eq. (4.11). Only non-zero values need to be specified.

7. An optional override of the default ordinary muon capture rate to be used in the

branching ratio calculation. The default values are obtained through a weighted average

of the measurements compiled in [17].

Additional documentation and annotated examples of input files are included in the repository.
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The main purpose of MuonConverter is to provide an interface between external EFT

software such as wilson [53], DsixTools [54, 55], etc, and the Mu2e_NRET software developed

in [24]. This interface extends the functionality of the original Mu2e_NRET code and allows

for full top-down (or bottom-up) phenomenological studies of muon-to-electron conversion

in the field of a target nucleus. Explicitly, in conjunction with external EFT software,

MuonConverter can be used to compute the influence of UV charged-lepton-flavor-violating

operators on the predictions for branching and capture ratios reported by experimental

collaborations.

Both versions of MuonConverter (Python and Mathematica) are comprised of four

modular components:

1. Numerical inputs — all numerical inputs are stored within an associative array that can

be modified by the user upon intialization of the MuonConverter class. The parameters

and their default values can be found in parameters.py(.wl).

2. Form factors — the form factor expressions required for the WET to NRET matching,

eqs. (4.1)–(4.9), and whose numerical values are derived in appendix C can be found in

form_factors.py(.wl). For maximum flexibility, the default form factor values may

be manually overwritten within parameters.py(.wl).

3. Matching — to facilitate the WET to NRET matching, MuonConverter utilizes the

matching expressions derived in eqs. (B.10)–(B.41) for the relativistic di coefficients

(the di coefficients are automatically translated to the nonrelativistic ci, bi coefficients

within Mu2e_NRET). The matching expressions, as well as their translation to the isospin

basis, can be found in hadronization.py(.wl).

4. Interfacing — given an array of WET coefficients (in units of GeV−2),7 the inter-

face with Mu2e_NRET, utilizing external and internal basis translations as well as

the matching expressions implemented in hadronization.py(.wl), can be found in

MuonConverter.py(.wl).

To facilitate interfacing with external EFT software we provide a representation of our

WET basis (defined in eqs. (2.3)–(2.13)) up to dimension-six8 in the naming conventions

of the Wilson coefficient exchange format WCxf [74]. In addition, we provide an explicit

translation between our basis and the relevant subset of flavor-violating operators in the

Jenkins, Manohar, Stoffer (JMS) three-flavor WET basis [56, 74] which we will conventionally

use as the ‘reference basis’ when interfacing with external codes. For more details on this

translation, see appendix E.

As an example of typical usage, consider an arbitrary UV model defined above the

electroweak scale that has been matched onto a SMEFT basis, run down to ∼ 2 GeV, matched

onto a three flavor WET basis, and translated to the JMS three-flavor WET basis. The

7The dimensionful input allows for the support of multiple CLFV scales Λ, Λ
′, Λ

′′, . . ., if desired.
8At the time of writing, commonly used EFT software [53–55] performing RG evolution and matching

above and below the electroweak scale only support operators up to dimension-six. Because our basis also

includes matching expressions for dimension-seven operators, future versions of these codes supporting higher

dimensional operators can be accommodated straightforwardly by MuonConverter.
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output of the previously described procedure will be a data-structure9 consisting of Wilson

coefficient names and values in the WET–3 JMS basis, e.g.,

{‘VeuLL_1211’:10−13, · · · }. (A.1)

Both the Python and Mathematica versions of MuonConverter take Wilson coefficient

names and values as well as the momentum transfer qµ ≡ (∆E, qx, qy, qz) as input (in addition

to the atomic and nuclear input required by Mu2e_NRET, please see appendix C of [24] or

the example notebooks and documentation within the repository for more information and

explicit examples). It is assumed by default that the input Wilson coefficients and values are

given in the WET-3 JMS basis.10 Upon initialization, the input Wilson coefficient data is

automatically translated to the basis defined in eqs. (2.3)–(2.13). The heart of MuonConverter

is the matching expressions derived in eqs. (B.10)–(B.41) which relate the Wilson coefficients

from an EFT of relativistic quarks and gluons to an EFT of relativistic nucleons. Using

these expressions, the translated dictionary can be straightforwardly ‘hadronized’ and fed

into Mu2e_NRET where these coefficients are mapped to the NRET basis using the expressions

derived in tables 1–4. The final output is the conversion rate Γ(µ− + A → e− + A) in units

of s−1 and corresponding branching ratio B(µ− + A → e− + A).

For example, consider the WET-3 JMS data structure given in eq. (A.1), with all

coefficients except VeuLL_1211 set to zero, in an aluminum target with momentum transfer

four vector qµ = (0, 0, 0, 0.11081) GeV. Internally, the translation to the MuonConverter basis

gives non-zero C(6)
1,u, C(6)

2,u, C(6)
3,u, and C(6)

4,u coefficients. These WET coefficients then generate

non-zero d
(N)
2 , d

(N)
4 , d

(N)
5 , d

(N)
6 , d

(N)
7 , d

(N)
13 , d

(N)
14 , d

(N)
15 covariant coefficients upon hadronization.

Finally, after feeding the covariant coefficients to Mu2e_NRET, the conversion rate and capture

ratio are given by11

Γ(µ− + Al → e− + Al)=4.19 × 10−10 s−1, B(µ− + Al → e− + Al)=6.0 × 10−16. (A.2)

For details on the running and matching procedure down to ∼ 2 GeV, we refer the reader

to the documentation of the respective external EFT software of choice. For additional details,

documentation, and examples showcasing the usage of MuonConverter with external EFT

software see the public repository whose link is provided at the beginning of this section.

A schematic outline of the computation performed by the MuonBridge software suite

can be seen in figure 7. The graph shows how a single CLFV SMEFT operator, defined

at a scale Λ = 103 TeV, is mapped through our WET basis and down to the final NRET

basis, where the conversion rate is computed. The one-loop RGE from µ = Λ to µ = 2 GeV

generates many WET operators, however, only a small portion are numerically relevant —

as depicted by the red edges of the graph.

9MuonConverter utilizes Python dictionaries and Mathematica associations as input.
10However, it is also possible to directly input coefficients from our WET basis, eqs. (2.3)–(2.13), by passing

the following argument to the relevant functions: basis = ‘HMMRZ’.
11Note that, because the Wilson coefficients in [24] are normalized using the weak scale, the conversion rate

and the capture ratio returned by the Mu2e_NRET code must be rescaled by v4/Λ
4 where v =

(
√

2GF

)

−1/2

=

246.2 GeV is the Higgs vacuum expectation value and GF is the Fermi constant. This rescaling is automatically

incorporated into the rate computation functions within MuonConverter.
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Ĉ
(6
)

10
,u

Ĉ
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B Intermediate results for WET to NRET matching

In this appendix we collect further details on the matching from WET to NRET effective

theories, where, following ref. [24] we use as an intermediate step a set of Lorentz covariant

CLFV operators that are the products of flavor-changing lepton currents and single-nucleon

currents. In section B.1 we first show the results for the nonperturbative matching from WET

to these covariant interactions, followed in section B.2 by the nonrelativistic reduction to

NRET. Some of the results were already derived in ref. [24] and are here merely reproduced

for reader’s convenience (tables 1 and 3), while tables 2 and 4 contain new results, required

for tensor currents.

B.1 From WET to covariant nucleon interactions

In this subsection we collect the results for the d
(N)
j coefficients in the effective covariant

interaction Lagrangian, eq. (4.11). The basis of covariant operators that we use is given in

the first columns of tables 1 and 2. While the basis is overcomplete, this does not cause any

problems given that we only use the covariant interactions as the intermediate step in the

matching from WET to NRET. The goal is to write down an effective Lagrangian, valid

for interactions of external lepton currents with a single nucleon sector. This means that

we replace the operators that contain quark currents with equivalent nucleon-level currents,

using expressions for nucleon form factors in eqs. (4.1)–(4.9). For instance,

q̄µµq → N̄
[

F
q/N
1 (q2)µµ − i

2mN
F
q/N
2 (q2)Ãµνqν

]

N , (B.1)

where N are Dirac fields for nucleons, and the arrow means that the l.h.s. and r.h.s. give

the same result when sandwiched between single nucleon states, ïN ′| . . . |Nð, as is easily

checked using eq. (4.1). Since this is an operator identity, qν should also be interpreted

as a derivative, i.e., the operator of the form
(

ē . . . µ
)(

N̄ . . . qνN
)

should be interpreted as
(

ē . . . µ
)

i∂ν
(

N̄ . . . N
)

, and similarly for lepton currents containing qµ (for simplicity we do

not show the Lorentz structures explicitly). The reason for this somewhat unconventional

notation is that then the covariant interactions have exactly the same form as in ref. [24].

As usual, we make use of equations of motion when performing the matching. Furthermore,

in deriving the expressions for the dNi coefficients the following identity proves to be useful

µ[µ
/qµν] = 2iϵµνλÄqλµÄµ5, (B.2)

as well as the following expressions

mq q̄Ã³´iq´q →
(

F
q/N
T,0 − q2

m2
N

F
q/N
T,2

)

N̄iÃ³´q´N

+
q2

2mN

(

F
q/N
T,1 − 4F

q/N
T,2

)

N̄µ³N,

(B.3)

ϵ³´µνq
´mq q̄Ãµνq → 2iF

q/N
T,0 N̄Ã³´µ5q´N − 4F

q/N
T,3

(

2q³N̄iµ5N + i
q2

mN
N̄µ³µ5N

)

. (B.4)
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Making use of the relation (B.2) we can arrive at the following relations between different

possible tensor operators

(

ēµ[³q´]µ
) (

N̄Ã³´µ5N
)

=
1

2

(

ēµ[³
/qµ´]µ5µ

) (

N̄Ã³´N
)

, (B.5)

(

ēµ[³q´]µ5µ
) (

N̄Ã³´µ5N
)

=
1

2

(

ēµ[³
/qµ´]µ

) (

N̄Ã³´N
)

, (B.6)
(

ēµ[³
/qµ´]µ

) (

N̄Ã³´µ5N
)

= 2
(

ēµ[³q´]µ5µ
) (

N̄Ã³´N
)

, (B.7)
(

ēµ[³
/qµ´]µ5µ

) (

N̄Ã³´µ5N
)

= 2
(

ēµ[³q´]µ
) (

N̄Ã³´N
)

, (B.8)

so that we are left with 4 independent operators instead of 8.

While these 4 operator structures are not independent of the operators L1−20
int , we do

not attempt to reduce the basis in tables 1 and 2 further. For example, by a simple

rearrangement, we may write

L29
int =

i

2mL

(

ēµ[³q´]µ
) (

N̄Ã³´N
)

=
1

mL
(ēµ³µ)

(

N̄iÃ³´q´N
)

=
mN

mL
L6

int,

(B.9)

so that L29
int could have always be traded for L6

int. In this regard, the basis furnished by L1−32
int

is overcomplete. However, as already stated, since it is primarily used to translate between

the WET basis and the NRET basis, the overcompleteness is of little practical consequence.

The above equality also highlights the fact that in tables 1–4, the relativistic operators in

which derivatives act on the leptonic fields contain a spurious mass scale mL, whose only

role is to make all the operators of the same mass dimension. After matching to WET the

mL dependence drops out, as demonstrated explicitly in section 4.3.

Finally, the d
(N)
j coefficients in the covariant single-nucleon interaction Lagrangian in

eq. (4.11) are explicitly given by

dN1 =
∑

q

1

mq
Ĉ(6)

5,qF
q/N
S + Ĉ(7)

1 FN
G + Ĉ(7)

5 FN
µ , (B.10)

dN2 = −i
m−

2mN

∑

q

Ĉ(6)
3,qF

q/N
P ′ +

∑

q

1

mq
Ĉ(6)

7,qF
q/N
P − Ĉ(7)

3 FN
G̃

− Ĉ(7)
7 FN

µ̃

− i
m+m−

2mN

∑

q

Ĉ(7)
11,qF

q/N
P ′ ,

(B.11)

dN3 =
∑

q

1

mq
Ĉ(6)

6,qF
q/N
S + Ĉ(7)

2 FN
G + Ĉ(7)

6 FN
µ , (B.12)

dN4 =
m+

2mN

∑

q

Ĉ(6)
4,qF

q/N
P ′ +

∑

q

1

mq
Ĉ(6)

8,qF
q/N
P − Ĉ(7)

4 FN
G̃

− Ĉ(7)
8 FN

µ̃

− i
m+m−

2mN

∑

q

Ĉ(7)
12,qF

q/N
P ′ ,

(B.13)

dN5 =
∑

q

Ĉ(6)
1,qF

q/N
1 + m+

∑

q

Ĉ(7)
9,qF

q/N
1 −

∑

q

q2
rel.

2mN
Ĉ(7)

13,q

(

F̂
q/N
T,1 − 4F̂

q/N
T,2

)

, (B.14)
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dN6 = −1

2

∑

q

Ĉ(6)
1,qF

q/N
2 − 1

2
m+

∑

q

Ĉ(7)
9,qF

q/N
2 , (B.15)

dN7 =
∑

q

Ĉ(6)
3,qF

q/N
A + m+

∑

q

Ĉ(7)
11,qF

q/N
A , (B.16)

dN8 = 0, (B.17)

dN9 = −³

π
Ĉ(5)

1

mL

q2
rel.

∑

q

QqF
q/N
1 − mL

∑

q

Ĉ(7)
9,qF

q/N
1 , (B.18)

dN10 =
³

2π
Ĉ(5)

1

mL

q2
rel.

∑

q

QqF
q/N
2 +

mL

2

∑

q

Ĉ(7)
9,qF

q/N
2 , (B.19)

dN11 = −mL

∑

q

Ĉ(7)
11,qF

q/N
A , (B.20)

dN12 = 0, (B.21)

dN13 =
∑

q

Ĉ(6)
2,qF

q/N
1 − im−

∑

q

Ĉ(7)
10,qF

q/N
1 −

∑

q

q2
rel.

2mN
Ĉ(7)

14,q

(

F̂
q/N
T,1 − 4F̂

q/N
T,2

)

, (B.22)

dN14 = −1

2

∑

q

Ĉ(6)
2,qF

q/N
2 +

i

2
m−

∑

q

Ĉ(7)
10,qF

q/N
2 , (B.23)

dN15 =
∑

q

Ĉ(6)
4,qF

q/N
A − im−

∑

q

Ĉ(7)
12,qF

q/N
A , (B.24)

dN16 = 0, (B.25)

dN17 =
³

π
Ĉ(5)

2

mL

q2
rel.

∑

q

QqF
q/N
1 + mL

∑

q

Ĉ(7)
10,qF

q/N
1 , (B.26)

dN18 = − ³

2π
Ĉ(5)

2

mL

q2
rel.

∑

q

QqF
q/N
2 − 1

2
mL

∑

q

Ĉ(7)
10,qF

q/N
2 , (B.27)

dN19 = mL

∑

q

Ĉ(7)
12,qF

q/N
A , (B.28)

dN20 = 0, (B.29)

dN21 =
∑

q

Ĉ(6)
9,q F̂

q/N
T,0 , (B.30)

dN22 = −
∑

q

Ĉ(6)
9,q F̂

q/N
T,1 , (B.31)

dN23 = −
∑

q

Ĉ(6)
9,q F̂

q/N
T,2 , (B.32)

dN24 = 0, (B.33)

dN25 =
∑

q

Ĉ(6)
10,qF̂

q/N
T,0 , (B.34)

dN26 = −
∑

q

Ĉ(6)
10,qF̂

q/N
T,1 , (B.35)

dN27 = −
∑

q

Ĉ(6)
10,qF̂

q/N
T,2 , (B.36)

dN28 = 0, (B.37)
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dN29 = −mL

∑

q

Ĉ(7)
13,q

(

F̂
q/N
T,0 − q2

rel.

m2
N

F̂
q/N
T,2

)

, (B.38)

dN30 = −mL

∑

q

Ĉ(7)
14,q

(

F̂
q/N
T,0 − q2

rel.

m2
N

F̂
q/N
T,2

)

, (B.39)

dN31 =
mL

4

∑

q

C(7)
16,qF̂

q/N
T,0 , (B.40)

dN32 =
mL

4

∑

q

Ĉ(7)
15,qF̂

q/N
T,0 . (B.41)

Note that all the form factors depend on q2
rel = −q2, eq. (4.10), see a more detailed discussion

in appendix D. As before, we shortened the notation above by introducing m± = mµ ± me,

cf. eq. (4.29). Note that m− vanishes in the limit when electron and muon masses are

the same, me → mµ.

Six of the single-nucleon coefficients, dN8 , dN12, dN16, dN20, dN24, and dN28 are zero. They are

associated with the second-class currents — nucleon currents that have opposite time-reversal

parity from the quark currents that generate them. Although suppressed, they could be

generated by CP-violating light new physics, see further discussion in appendix C.

B.2 NRET decomposition of covariant interactions

When performing the nonrelativistic reduction of the covariant interactions in eq. (4.11),

we follow closely ref. [24]. In particular, we work to linear orders in vN and vµ, while the

nonrelativistic reduction is performed on matrix elements ïe, N ′|Lcov
eff |µ, Nð. The results

in ref. [24] were limited to the first 20 Lj,Nint , since these involve scalar and vector currents.

Working to linear order in vN , but to O(v0
µ), the nonrelativistic reduction of Lj,Nint , j = 1, . . . , 20,

gives rise to the NRET operator combinations listed in table 1 (with slight abuse of notation,

N now denotes the corresponding Dirac four-component spinors, see caption for details).

We observe that these involve only a subset of the 16 operators constituting the complete

O(vN ) NRET operator basis in eq. (3.2): the operators O3, O12, O′
13, and O15 do not appear.

If the contributions of O(v⃗µ) are added, thereby including contributions from the muon’s

lower component, the additional NRET operators in eq. (3.16) are generated, with the results

collected in table 3. Note that extending the nonrelativistic reduction to O(vµ) does not

generate the missing NRET operators. The net effect of v⃗µ is to modify [at O(∼ 5%)] the

nuclear response functions W ττ ′

i , all of which were already present in the expansion to order

O(v⃗N ): this is a consequence of the fact that the emitted electron is ultra-relativistic, which

guarantees that the contribution of v⃗µ to the leptonic current will always be just a correction.

The results of the above nonrelativistic reduction at O(vN ) were encoded in Mu2e_NRET_v1

version of the public code that accompanied ref. [24].

Motivated by the dimension d f 7 light-quark interactions described in section 2, we

add to the covariant interaction in eq. (4.11) an additional 12 operators that take the

form of products of tensor currents. The additional Lj,Nint interactions are listed in the first

column in table 2, which also gives the results of the nonrelativistic reduction, working at

O(vN ). The four NRET operators previously missing now appear. When v⃗µ corrections are

included, this generates the additional NRET contributions listed in table 4. The extended
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j Ljint Pauli operator reduction
∑

i

ciOi

1 Ç̄eÇµ N̄N 1L 1N O1

2 Ç̄eÇµ N̄iµ5N 1L

(

i
q⃗

2mN
· Ã⃗N

)

q

2mN
O10

3 Ç̄eiµ
5Çµ N̄N (−iq̂ · Ã⃗L) 1N −O11

4 Ç̄eiµ
5ÇµN̄iµ5N (−iq̂ · Ã⃗L)

(

i
q⃗

2mN
· Ã⃗N

)

− q

2mN
O6

5 Ç̄eµ
µÇµN̄µµN 1L1N O1

− (q̂1L − iq̂ × Ã⃗L) ·
(

v⃗N + i
q⃗

2mN
× Ã⃗N

)

+iO′
2 − O5 − q

2mN
(O4 + O6)

6 Ç̄eµ
µÇµN̄iÃµ³

q³

mN
N − (q̂1L − iq̂ × Ã⃗L) ·

(

−i
q⃗

mN
× Ã⃗N

)

q

mN
(O4 + O6)

7 Ç̄eµ
µÇµN̄µµµ5N 1L (v⃗N · Ã⃗N ) − (q̂1L − iq̂ × Ã⃗L) · Ã⃗N O7 + iO10 − O9

8 Ç̄eµ
µÇµN̄Ãµ³

q³

mN
µ5N 1L

(

−i
q⃗

mN
· Ã⃗N

)

− q

mN
O10

9 Ç̄eiÃ
µν qν

mL
ÇµN̄µµN − q

mL
1L 1N − q

mL
O1

−
(

−i
q⃗

mL
× Ã⃗L

)

·
(

v⃗N + i
q⃗

2mN
× Ã⃗N

)

− q

mL

(

O5 +
q

2mN
(O4 + O6)

)

10 Ç̄eiÃ
µν qν

mL
ÇµN̄iÃµ³

q³

mN
N −

(

−i
q⃗

mL
× Ã⃗L

)

·
(

−i
q⃗

mN
× Ã⃗N

)

q

mL

q

mN
(O4 + O6)

11 Ç̄eiÃ
µν qν

mL
ÇµN̄µµµ5N

(

− q

mL
1L

)

v⃗N · Ã⃗N −
(

−i
q⃗

mL
× Ã⃗L

)

· Ã⃗N − q

mL
(O7 + O9)

12 Ç̄eiÃ
µν qν

mL
ÇµN̄Ãµ³

q³

mN
µ5N

(

− q

mL
1L

)(

−i
q⃗

mN
· Ã⃗N

)

q

mL

q

mN
O10

13 Ç̄eµ
µµ5ÇµN̄µµN (q̂ · Ã⃗L) 1N − Ã⃗L ·

(

v⃗N + i
q⃗

2mN
× Ã⃗N

)

−iO11 − O8 − q

2mN
O9

14 Ç̄eµ
µµ5ÇµN̄iÃµ³

q³

mN
N −Ã⃗L ·

(

−i
q⃗

mN
× Ã⃗N

)

q

mN
O9

15 Ç̄eµ
µµ5ÇµN̄µµµ5N (q̂ · Ã⃗L) (v⃗N · Ã⃗N ) − Ã⃗L · Ã⃗N −iO14 − O4

16 Ç̄eµ
µµ5ÇµN̄Ãµ³

q³

mN
µ5N (q̂ · Ã⃗L)

(

−i
q⃗

mN
· Ã⃗N

)

i
q

mN
O6

17 Ç̄eÃ
µν qν

mL
µ5ÇµN̄µµN

(

−i
q⃗

mL
· Ã⃗L

)

1N − q

mL
O11

−i
q

mL
(Ã⃗L − q̂q̂ · Ã⃗L) ·

(

v⃗N + i
q⃗

2mN
× Ã⃗N

)

− q

mL

(

iO8 + i
q

2mN
O9 + iO′

16

)

18 Ç̄eÃ
µν qν

mL
µ5ÇµN̄iÃµ³

q³

mN
N −i

q

mL
(Ã⃗L − q̂q̂ · Ã⃗L) ·

(

−i
q⃗

mN
× Ã⃗N

)

i
q

mL

q

mN
O9

19 Ç̄eÃ
µν qν

mL
µ5ÇµN̄µµµ5N

(

−i
q⃗

mL
· Ã⃗L

)

(v⃗N · Ã⃗N ) − q

mL
O14

−i
q

mL
(Ã⃗L − q̂q̂ · Ã⃗L) · Ã⃗N − q

mL
(iO4 + iO6)

20 Ç̄eÃ
µν qν

mL
µ5ÇµN̄Ãµ³

q³

mN
µ5N

(

−i
q⃗

mL
· Ã⃗L

)(

−i
q⃗

mN
· Ã⃗N

)

q

mL

q

mN
O6

Table 1. Dirac forms of the CLFV amplitudes Lj
int

are related to linear combinations of the Pauli

forms (the operators Oi). Bjorken and Drell spinor and gamma matrix conventions are used. Here

Çe =





Às

Ã⃗L · q̂ Às



, Çµ =





Às

0



, and N =





Às

Ã⃗N ·v⃗N

2
Às



. The Dirac forms are expanded to first order

in v⃗N to maintain consistency with their use between Schrödinger wave functions.
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j Ljint Pauli Operator Reduction
∑

i ciOi

21 Ç̄eÃ
µνÇµN̄ÃµνN − q

mN
1L1N − 2iq̂ · (v⃗N × Ã⃗N ) + 2Ã⃗L · Ã⃗N + 2Ã⃗L · [q̂ × (v⃗N × Ã⃗N )] − q

mN
O1 − 2O3 + 2O4 − 2iO′

13

22 Ç̄eÃ
µνÇµ

i
2mN

N̄µ[µqν]N − q
mN

1L1N − q
mN

O1

23 Ç̄eÃ
µνÇµ

i
m2

N
N̄q[µk12,ν]N 4 q

mN
1L1N 4 q

mN
O1

24 Ç̄eÃ
µνÇµ

1
mN

N̄µ[µ/qµν]N −4i q
mN

(q̂ × Ã⃗L) · (q̂ × Ã⃗N ) −4i q
mN

(O4 + O6)

25 Ç̄eiÃ
µνµ5ÇµN̄ÃµνN 2Ã⃗L · (q̂ × Ã⃗N ) − 2iq̂ · Ã⃗N + q

mN
iq̂ · Ã⃗L − 2Ã⃗L · (v⃗N × Ã⃗N ) −2iO9 − 2O10 + q

mN
O11 − 2O12

26 Ç̄eiÃ
µνµ5Çµ

i
2mN

N̄µ[µqν]N
q
mN

iq̂ · Ã⃗L1N
q
mN

O11

27 Ç̄eiÃ
µνµ5Çµ

i
m2

N
N̄q[µk12,ν]N −4 q

mN
iq̂ · Ã⃗L1N −4 q

mN
O11

28 Ç̄eiÃ
µνµ5Çµ

1
mN

N̄µ[µ/qµν]N −4 q
mN

Ã⃗L · (iq̂ × Ã⃗N ) −4 q
mN

O9

29 i
2mL

Ç̄eµ
[µqν]ÇµN̄ÃµνN

q
mL

(

q
2mN

1L1N + iq̂ · (v⃗N × Ã⃗N ) + (q̂ × Ã⃗L) · (q̂ × Ã⃗N )
)

q
mL

(

q
2mN

O1 + O3 + O4 + O6

)

30 i
2mL

Ç̄eµ
[µqν]µ5ÇµN̄ÃµνN

q
mL

(

Ã⃗L · (iq̂ × Ã⃗N ) + q
2mN

q̂ · Ã⃗L1N + q̂ · Ã⃗Liq̂ · (v⃗N × Ã⃗N )
)

q
mL

(

O9 − i q
2mN

O11 − iO15

)

31 1
mL

Ç̄eµ
[µ/qµν]ÇµN̄ÃµνN 4 q

mL

(

− i (q̂ · Ã⃗L) (q̂ · Ã⃗N ) + Ã⃗L · [iq̂ × (v⃗N × Ã⃗N )]
)

4 q
mL

(iO6 + O′
13)

32 1
mL

Ç̄eµ
[µ/qµν]µ5ÇµN̄ÃµνN 4 q

mL

(

− iq̂ · Ã⃗N + Ã⃗L · (v⃗N × Ã⃗N ) − q̂ · Ã⃗Lq̂ · (v⃗N × Ã⃗N )
)

4 q
mL

(−O10 + O12 + O15)

Table 2. Nonrelativistic reduction of tensor currents and their correspondence to the upper-component

operators Oi.

j Ljint Pauli operator reduction
∑

i

biOf
i

1 Ç̄eÇµ N̄N −1

2
q̂ · v⃗µ 1N − i

2
q̂ · [v⃗µ × Ã⃗L] 1N iOf ′

2 − Of
3

3 Ç̄eiµ
5Çµ N̄N

i

2
v⃗µ · Ã⃗L1N iOf

7

5 Ç̄eµ
µÇµN̄µµN

1

2
q̂ · v⃗µ 1N +

i

2
q̂ · [v⃗µ × Ã⃗L] 1N −iOf ′

2 + Of
3

7 Ç̄eµ
µÇµN̄µµµ5N −1

2
v⃗µ · Ã⃗N − i

2
[v⃗µ × Ã⃗L] · Ã⃗N −Of

8 − iOf
12

9 Ç̄eiÃ
µν qν

mL
ÇµN̄µµN

q

2mL
(q̂ · v⃗µ 1N + iq̂ · [v⃗µ × Ã⃗L] 1N )

q

mL

(

−iOf ′
2 + Of

3

)

11 Ç̄eiÃ
µν qν

mL
ÇµN̄µµµ5N

q

2mL
(v⃗µ · Ã⃗N + i[v⃗µ × Ã⃗L] · Ã⃗N

q

mL

(

Of
8 + iOf

12

−iq̂ · [v⃗µ × Ã⃗L]q̂ · Ã⃗N − q̂ · v⃗µq̂ · Ã⃗N ) +iOf
15 + Of ′

16

)

13 Ç̄eµ
µµ5ÇµN̄µµN

1

2
v⃗µ · Ã⃗L 1N Of

7

15 Ç̄eµ
µµ5ÇµN̄µµµ5N

i

2
[q̂ × v⃗µ] · Ã⃗N − 1

2
(q̂ × [v⃗µ × Ã⃗L]) · Ã⃗N Of

5 + iOf ′
13

−1

2
v⃗µ · Ã⃗L q̂ · Ã⃗N +iOf

14

17 Ç̄eÃ
µν qν

mL
µ5ÇµN̄µµN

iq

2mL
v⃗µ · Ã⃗L 1N

iq

mL
Of

7

19 Ç̄eÃ
µν qν

mL
µ5ÇµN̄µµµ5N

q

2mL
([q̂ × v⃗µ] · Ã⃗N + (iq̂ × [v⃗µ × Ã⃗L]) · Ã⃗N )

q

mL
(−iOf

5 + Of ′
13)

Table 3. As in table 1, but listing the additional terms generated for scalar- and vector-mediated

interactions when the linear expansion in velocities includes v⃗µ, so that Çµ =





Às

Ã⃗L·v⃗µ

2
Às



.

nucleon-level Dirac basis, consisting of 20+12=32 operators, is employed in the updated

script, Mu2e_NRET_v2.
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j Ljint Pauli Operator Reduction
∑

i biOf
i

21 Ç̄eÃ
µνÇµN̄ÃµνN (iq̂ × v⃗µ) · Ã⃗N − [q̂ × (v⃗µ × Ã⃗L)] · Ã⃗N − (v⃗µ · Ã⃗L) (q̂ · Ã⃗N ) 2Of

5 + 2iOf ′
13 + 2iOf

14

25 Ç̄eiÃ
µνµ5ÇµN̄ÃµνN iv⃗µ · Ã⃗N − (v⃗µ × Ã⃗L) · Ã⃗N 2iOf

8 − 2Of
12

29 i
2mL

Ç̄eµ
[µqν]ÇµN̄ÃµνN − q

mL

( (

iq̂ × v⃗µ

2

)

· Ã⃗N −
[

q̂ ×
(

v⃗µ

2 × Ã⃗L
)]

· Ã⃗N
)

− q
mL

(

Of
5 + iOf ′

13

)

30 i
2mL

Ç̄eµ
[µqν]µ5ÇµN̄ÃµνN

q
mL

(

v⃗µ

2 · Ã⃗N + i
(

v⃗µ

2 × Ã⃗L
)

· Ã⃗N − iq̂ ·
(

v⃗µ

2 × Ã⃗L
)

q̂ · Ã⃗N − q̂ · v⃗µ

2 q̂ · Ã⃗N
)

q
mL

(

Of
8 + iOf

12 + iOf
15 + Of ′

16

)

31 1
mL

Ç̄eµ
[µ/qµν]ÇµN̄ÃµνN −2i q

mL
v⃗µ · Ã⃗Lq̂ · Ã⃗N −4 q

mL
Of

14

32 1
mL

Ç̄eµ
[µ/qµν]µ5ÇµN̄ÃµνN 2 q

mL

(

q̂ · (v⃗µ × Ã⃗L) q̂ · Ã⃗N − iq̂ · v⃗µq̂ · Ã⃗N
)

4 q
mL

(

−Of
15 + iOf ′

16

)

Table 4. As in table 2, but listing the additional terms generated for tensor-mediated interactions

when the linear expansion in velocities includes v⃗µ.

Mu2e_NRET_v2 thus includes 32 Dirac interactions associated with scalar, vector, or tensor

exchanges. The NRET reduction used in the new script also includes the lower-component

contributions of v⃗µ, extending the NRET basis used in Mu2e_NRET_v1 by an additional 10

operators, for a total of 26. When the nuclear physics multipole expansion is performed for

the additional operators, new nuclear multipoles arise. These appear in eq. (B7) of [24].

Matrix elements of the new multipole operators can still be evaluated analytically, if the Slater

determinants used in the shell model are constructed in a harmonic oscillator single-particle

basis. But unlike the original 16 NRET operators, the results are no longer expressible in

the form of e−2yp(y) where p(y) is a finite polynomial in y.

C Time-reversal-odd nuclear currents

In addition to the terms displayed on the right-hand sides of eqs. (4.1), (4.2), and (4.7), other

terms can be constructed that satisfy the conditions of Lorentz covariance and hermiticity

ïN ′|q̄µµq|Nð = · · · + ū′
N

[

iF
q/N
3 (q2

rel)
qµ

mN

]

uN , (4.1a)

ïN ′|q̄µµµ5q|Nð = · · · + ū′
N

[

µ5
Ãµνqν
mN

F
q/N
A,3 (q2

rel)

]

uN , (4.2a)

ïN ′|q̄Ãµνq|Nð = · · · + ū′
N

[

− 1

mN
µ[µ

/qµν]F̂
q/N
T,3 (q2

rel)

]

uN , (4.7a)

where the ellipses denote the terms already displayed in eqs. (4.1), (4.2), and (4.7). The

single-nucleon currents displayed on the r.h.s. of eqs. (4.1)–(4.7) transform under time reversal

in the same way as the corresponding bare quark operators on the l.h.s., from which the

nucleon currents are generated. In contrast, the single-nucleon currents on the r.h.s. of

eqs. (4.1a)–(4.7a) have the opposite behavior under T . Since QCD is invariant under T

(ignoring for now the experimentally well constrained QCD ¸ term), the form factors on the

r.h.s. of eqs. (4.1a)–(4.7a) cannot be generated in QCD.

If all new physics is heavy, it can be integrated out and described by the WET Lagrangian

in section 2. At low energies, we then only have QCD and QED as propagating degrees of

freedom, both of which are invariant under T . In this case, the form factors F
q/N
3 , F

q/N
A,3 , F

q/N
T,3

are zero and do not contribute to µ → e conversion. CP-violating light new physics, on the

other hand, could give rise to nonzero T -odd nuclear currents on the r.h.s. of eqs. (4.1a)–(4.7a).

Since such light NP couples to nucleons, it is necessarily weakly coupled, otherwise it would
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have been observed already, and thus will only give rise to highly suppressed contributions:

F
q/N
3 , F

q/N
A,3 , F

q/N
T,3 j 1. (The other option is that these are generated from the small but

nonzero QCD ¸ term or from the CP-violating part of the SM weak interactions, again

leading to highly suppressed contributions.)

While we expect such symmetry-odd operators to be highly suppressed, nevertheless we

include them here for completeness. The modifications to the d
(N)
j coefficients are

dN1 = · · · − i
m−

mN

∑

q

Ĉ(6)
1,qF

q/N
3 − i

(

m2
µ − m2

e

)

∑

q

Ĉ(7)
9,qF

q/N
3 , (B.10a)

dN2 = · · · +
m+

mN

∑

q

Ĉ(6)
2,qF

q/N
3 − 4im−

∑

q

C(7)
15,qF̂

q/N
T,3 (B.11a)

dN3 = · · · − i
(

m2
µ − m2

e

)

∑

q

Ĉ(7)
10,qF

q/N
3 , (B.12a)

dN4 = · · · + 4m+

∑

q

C(7)
16,qF̂

q/N
T,3 , (B.13a)

dN7 = · · · + 2
q2

rel.

mN

∑

q

C(7)
15,qF̂

q/N
T,3 , (B.16a)

dN8 = · · · +
∑

q

Ĉ(6)
3,qF

q/N
A,3 + m+

∑

q

Ĉ(7)
11,qF

q/N
A,3 , (B.17a)

dN12 = · · · − mL

∑

q

Ĉ(7)
11,qF

q/N
A,3 , (B.21a)

dN15 = · · · + 2
q2

rel.

mN

∑

q

C(7)
16,qF̂

q/N
T,3 , (B.24a)

dN16 = · · · +
∑

q

Ĉ(6)
4,qF

q/N
A,3 − im−

∑

q

Ĉ(7)
12,qF

q/N
A,3 , (B.25a)

dN20 = · · · + mL

∑

q

Ĉ(7)
12,qF

q/N
A,3 , (B.29a)

dN24 = · · · −
∑

q

Ĉ(6)
9,q F̂

q/N
T,3 , (B.33a)

dN28 = · · · −
∑

q

Ĉ(6)
10,qF̂

q/N
T,3 . (B.37a)

With this extension, all dNi coefficients are nonzero.

D Numerical values of nucleon form factors

In the numerical results of section 5, we evaluated the nucleon form factors in eqs. (4.1)–(4.9)

at q2
rel. = −q2

eff , where qeff = 110.81 MeV for 27Al. Below, we provide the expressions that

were used in the numerical evaluations. The expressions are given in a form where it is

straightforward to re-use them for any other target element and the corresponding qeff . To

do so, we Taylor expand the nucleon form factors around q2
rel. = 0,

F
q/N
i (q2

rel.) = F
q/N
i (0) + F

′ q/N
i (0)q2

rel. + · · · . (D.1)
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The axial, pseudoscalar, and CP-odd gluonic current form factors include light-meson poles,

so that for these we have (for i = G̃ the superscript q/N → N)

F
q/N
i (q2

rel.) =
m2
N

m2
Ã − q2

rel.

a
q/N
i,Ã +

m2
N

m2
η − q2

rel.

a
q/N
i,η + b

q/N
i + · · · , i = P, P ′, G̃ . (D.2)

Throughout this work, we use the π0 mass for mÃ. The ellipses denote terms of the form

(q2
rel./m2

N )n, which we do not include.

Unless specified otherwise, we work in the isospin limit, so that the nucleon form factors

for neutrons can be obtained from the ones for protons, e.g.,

F
u(d,s)/p
1,2 (q2

rel.) = F
d(u,s)/n
1,2 (q2

rel.). (D.3)

For the average nucleon mass, we use mN = (mp + mn)/2. We use the FLAG quality

requirements [75] to decide which lattice QCD results to include in our determinations of the

hadronic input parameters. In many respects, our results are an update of the global averaging

for the values of nucleon form factors for dark matter direct detection in refs. [51, 66].

For certain quark currents, two-nucleon terms contribute at the same order in chiral

power counting as “form-factor effects” arising from the momentum dependence of single-

nucleon form factors. Recent calculations of scalar-mediated scattering of dark matter on
4He suggest that the naïve power-counting scheme may be flawed in two ways: (1) The

calculated two-nucleon contributions are significantly smaller than expected, and (2) they

may require new short-distance operators at NLO with currently unknown LECs in order to

restore regulator independence [76]. Given the current uncertainty regarding two-nucleon

effects, our approach is to retain the relatively well understood NLO physics associated with

the momentum dependence of single-nucleon form factors while leaving a complete evaluation

of subleading effects to future investigations.

D.1 Vector currents

The hadronic matrix elements of quark currents in eq. (4.1) depend on two sets of form

factors. The Dirac form factors for the proton, at zero recoil, are given by

F
u/p
1 (0) = 2, F

d/p
1 (0) = 1, F

s/p
1 (0) = 0, (D.4)

while the derivatives at q2 = 0 are (see, e.g., ref. [77], with ap = µp − 1, an = µn)

F
′u/p
1 (0) =

1

6

(

2
[

rpE
]2

+
[

rnE
]2

+
[

rsE
]2)− 1

4m2
N

(

2µp+µn+µs−2) = 5.07(1) GeV−2 , (D.5)

F
′d/p
1 (0) =

1

6

([

rpE
]2

+2
[

rnE
]2

+
[

rsE
]2)− 1

4m2
N

(

µp+2µn+µs−1) = 2.61(2) GeV−2 , (D.6)

F
′s/p
1 (0) =

1

6

[

rsE
]2− µs

4m2
N

= −8.9(8.4)·10−3 GeV−2 . (D.7)

The Pauli form factors at zero momentum are

F
u/p
2 (0) = 2(µp − 1) + µn + µs = 1.64(2), (D.8)

F
d/p
2 (0) = 2µn + (µp − 1) + µs = −2.07(2), (D.9)

F
s/p
2 (0) = µs = −0.036(21), (D.10)
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and the first derivatives are

F
′u/p
2 (0) =

1

6

(

2
([

rpM
]2 −

[

rpE
]2)

+
[

rnM
]2 −

[

rnE
]2

+
[

rsM
]2 −

[

rsE
]2
)

+
1

4m2
N

(

2µp + µn + µs − 2) = 4.3(4) GeV−2 ,
(D.11)

F
′ d/p
2 (0) =

1

6

(

[

rpM
]2 −

[

rpE
]2

+ 2
([

rnM
]2 −

[

rnE
]2)

+
[

rsM
]2 −

[

rsE
]2
)

+
1

4m2
N

(

µp + 2µn + µs − 1) = 6.8(2) GeV−2 ,
(D.12)

F
′ s/p
2 (0) =

1

6

(

[rsM ]2 − [rsE ]2
)

+
µs

4m2
N

= −0.03(5) GeV−2 . (D.13)

In the numerical evaluations we used µp = 2.792847, µn = −1.91304 for the proton and

neutron magnetic moments in units of nuclear magnetons µ̂N = e/(2mN ) (the errors are

negligibly small) [78]. The value for µs in (D.10) is the average of results from refs. [79, 80],

inflating the errors according to the PDG prescription (as before, we do not include [81]

in the average). For the values of electric and magnetic charge radii, we use
[

rpE
]2

=

0.7071(7) fm2 [78],
[

rpM
]2

= 0.724(45) fm2 [78],
[

rnE
]2

= −0.1155(17) fm2 [78],
[

rnM
]2

=

0.743(16) fm2 [78], and
[

rsE
]2

= −0.0045(14) fm2 [79, 80],
[

rsM
]2

= −0.010(11) fm2 [79]. (We

do not use the Nf = 2 + 1 + 1 results for
[

rsE
]2

,
[

rsM
]2

from ref. [81] due to lack of continuum

extrapolation.)

For µ → e conversion on 27Al the values of the Dirac and Pauli form factors are thus,

F
u/p
1

∣

∣

−q2

eff

= 1.9378(4), F
d/p
1

∣

∣

−q2

eff

= 0.9681(3), F
s/p
1

∣

∣

−q2

eff

= 1.1(1.0) · 10−4, (D.14)

F
u/p
2

∣

∣

−q2

eff

= 1.58(2), F
d/p
2

∣

∣

−q2

eff

= −2.15(2), F
s/p
2

∣

∣

−q2

eff

= −3.6(2.2) · 10−2. (D.15)

The errors on F
u/p
1 and F

d/p
1 are dominated by the neglected O(q4) contributions, which

we estimate to be equal to Fi(0) × (qeff/mN )4.

In the derivation of expressions for the zero recoil values of the F
q/N
1,2 form factors and

their derivatives in terms of the conventionally defined observables we used

GN
E (q2

rel.) = GN
E (0) +

1

6

[

rNE ]2q2
rel. + · · · , GN

M (q2
rel.) = GN

M (0) +
1

6

[

rNM ]2q2
rel. + · · · , (D.16)

where the Sachs electric and magnetic form factors are [82] (see also, e.g., [83])

GN
E (q2

rel.) = FN
1 (q2

rel.) +
q2

rel.

4m2
N

FN
2 (q2

rel.) , and GN
M (q2

rel.) = FN
1 (q2

rel.) + FN
2 (q2

rel.) . (D.17)

D.2 Axial vector currents

The axial vector form factor at zero recoil is given by

F
q/p
A (0) = ∆q, (D.18)

where numerically,

∆u − ∆d = gA = 1.2754(13), (D.19)

∆u + ∆d ≡ ∆Σud = 0.397(40), (D.20)

∆s = −0.045(9). (D.21)
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The isovector combination ∆u − ∆d is determined very precisely from nuclear ´ decay [78]

(above we set gV = 1 in λ = gA/gV , i.e., we ignored corrections of second order in isospin

breaking [84, 85], and used positive sign convention for gA). The value for ∆u + ∆d (for ∆s)

follows from averages of the lattice QCD results for ∆u and ∆d (for ∆s), summing errors in

quadrature [86, 87], and rescaling the errors for ∆u and ∆s according to the PDG description.

For derivatives of the axial form factor at zero recoil we can write

F
q/p
A (q2

rel.) = F
q/p
A (0)

(

1 +
ïr2
Aðq
6

q2
rel. + · · ·

)

. (D.22)

For the u−d current the axial charge radius is well known, ïr2
Aðu−d = 0.392(28) fm2, averaging

over lattice QCD determinations [88–92] (see also [93, 94]). For u + d and s quark currents

we use the results from [95] ïr2
Aðu+d = 0.49(31) fm2, ïr2

Aðs = 0.48(48) fm2, with the caveat

that this determination still lacks proper continuum extrapolation.

In terms of the above input quantities the zero-recoil form factors are

F
u/p
A (0) = ∆u =

1

2

(

gA + ∆Σud

)

= 0.836(20), (D.23)

F
d/p
A (0) = ∆d =

1

2

(

− gA + ∆Σud

)

= −0.439(20), (D.24)

F
s/p
A (0) = ∆s = −0.045(9), (D.25)

with the derivatives given by

F
u/p′
A (0) =

1

12

(

gAïr2
Aðu−d + ∆Σudïr2

Aðu+d

)

= 1.49(28) GeV−2, (D.26)

F
d/p′
A (0) =

1

12

(

− gAïr2
Aðu−d + ∆Σudïr2

Aðu+d

)

= −0.653(28) GeV−2, (D.27)

F
s/p′
A (0) =

1

6
∆sïr2

Aðs = −0.09(9) GeV−2. (D.28)

Note that the errors on F
u/p
A (0) and F

d/p
A (0) are fully correlated (and similarly on F

u/p′
A (0)

and F
d/p′
A (0)).

For the induced pseudoscalar form factors F
q/N
P ′ we use the expansion in (D.2). At LO in

Heavy Baryon Chiral Perturbation Theory (HBChPT) the residues of the pion- and eta-pole

contributions to F
q/N
P ′ are given by [96]

a
u/p
P ′,Ã = −a

d/p
P ′,Ã = 2gA, a

s/p
P ′,Ã = 0, (D.29)

a
u/p
P ′,η = a

d/p
P ′,η = −1

2
a
s/p
P ′,η =

2

3

(

∆Σud − 2∆s
)

(1 + ∆8
GT), (D.30)

where for the coefficients of the · pole we also include the correction that was found in

the lattice QCD study for the u + d − 2s current, ∆8
GT = 0.50(14) [95], and apply it as

a common factor for each quark flavor, so that still only the octet current contributes to

the · pole (we use the z expansion value, determination from a dipole ansatz agrees with

it). For constant terms we write

b
q/N
P ′ = F

q/N
P ′ (0) − m2

N

(a
q/N
P ′,Ã

m2
Ã

+
a
q/N
P ′,η

m2
η

)

, (D.31)
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where F
u/p
P ′ (0) = 119(7), F

d/p
P ′ (0) = −130(17), F

s/p
P ′ (0) = −1.6(1.0) [95] (note that the

continuum extrapolation does not satisfy FLAG criteria, so these results should still be

treated as preliminary).

For µ → e conversion on 27Al we thus have

F
u/p
A

∣

∣

−q2

eff

= 0.818(20), F
d/p
A

∣

∣

−q2

eff

= −0.431(20), F
s/p
A

∣

∣

−q2

eff

= −4.4(9) · 10−2, (D.32)

F
u/p
P ′

∣

∣

−q2

eff

= 69(7), F
d/p
P ′

∣

∣

−q2

eff

= −80(17), F
s/p
P ′

∣

∣

−q2

eff

= −1.5(1.1). (D.33)

D.3 Scalar currents

At zero recoil, the scalar form factors defined by eq. (4.3) are given by the nuclear sigma terms

F
q/N
S (0) = ÃNq . (D.34)

For u and d quarks their values follow from the pion-nucleon sigma term, ÃÃN = ïN |m̄(ūu +

d̄d)|Nð [97]

Ãp/nu =
1

2
Ã̃ÃN (1 − À) ± ĉ5(1 − 1/À), Ã

p/n
d =

1

2
Ã̃ÃN (1 + À) ± ĉ5(1 + 1/À), (D.35)

where Ã̃ÃN = ÃÃN + ¶ÃÃN , with ¶ÃÃN an isospin breaking correction, while À = (1 − rud)/(1 +

rud) = 0.357(6) [78], where rud = mu/md is given in eq. (D.52) and we shortened the product

of low energy constants to ĉ5 ≡ Bc5(md − mu) = −0.51(8) MeV [97]. The isospin corrections

¶ÃÃN depend on what part of isospin breaking has been included in the extraction of ÃÃN . The

average of lattice results gives ÃÃN = 44.2(2.6) MeV [98–104], with ¶ÃÃN = −0.5(5) MeV [97],

which is significantly lower than the pion-atom based value ÃÃN = 59.0(3.5) MeV [for which

¶ÃÃN = −3.6(2) MeV] [97]. Averaging the two determinations, and inflating the errors

according to the PDG prescription, gives

Ã̃ÃN = 48(6) MeV, (D.36)

from which

Ãpu = 16.3(2.5) MeV , Ãpd = 30.6(4.2) MeV ,

Ãnu = 14.5(2.2) MeV , Ãnd = 34.5(4.0) MeV .
(D.37)

For the strange quark nuclear sigma term the average of lattice QCD determinations

is [98, 100–103, 105, 106]

Ãps = Ãns = (43.3 ± 4.8) MeV . (D.38)

The derivatives of the scalar form factors at zero recoil can be related to the quark

contributions to the A and D gravitational form factors (we use the notation from [107])

F
q/p′
S (0) = mNA′

q(0) − 1

4mN

[

3Dq(0) + Aq(0) − 2Jq(0)
]

, q = u, d, s. (D.39)

Using the dipole fit to the q2
rel.-dependent form factors from ref. [107] we then obtain

F
u/p′
S (0) = 0.72(14) GeV−1, F

d/p′
S (0) = 0.59(14) GeV−1, F

s/p′
S (0) = 0.17(14) GeV−1.

(D.40)
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This then translates to the following values of scalar form factors for µ → e conversion

on 27Al,

F
u/p
S

∣

∣

−q2

eff

= 7.5(3.0) MeV, F
d/p
S

∣

∣

−q2

eff

= 23.4(4.5) MeV,

F
u/n
S

∣

∣

−q2

eff

= 7.3(2.7) MeV, F
d/n
S

∣

∣

−q2

eff

= 25.6(4.3) MeV,
(D.41)

and

F
s/N
S

∣

∣

−q2

eff

= 41(5) MeV . (D.42)

D.4 Pseudoscalar currents

For the pseudoscalar form factors F
q/N
P defined by eq. (4.4), the LO HBChPT expressions

for the residues of the pole are given by

a
u/p
P,Ã

mu
= −

a
d/p
P,Ã

md
=

B0

mN
gA ,

a
s/p
P,Ã

ms
= 0 , (D.43)

a
u/p
P,η

mu
=

a
d/p
P,η

md
= −1

2

a
s/p
P,η

ms
=

B0

3mN

(

∆u + ∆d − 2∆s
)

, (D.44)

where B0 is a ChPT constant related to the quark condensate given, up to corrections of

O(mq), by ïq̄qð ≃ −f2B0. In order to satisfy the PCAC relations (D.88), (D.89), we use

the SU(3) flavor symmetric meson mass relations

m2
Ã = B0(mu + md), m2

η =
B0

3
(mu + md + 4ms), (D.45)

for the residues of the corresponding meson poles, and include the ∆8
GT correction factor,

eq. (D.30), which then gives,

a
u/p
P,Ã =

m2
Ã

mN

1

1 + 1/rud
gA = 7.9(7) · 10−3 GeV, (D.46)

a
d/p
P,Ã = − m2

Ã

mN

1

1 + rud
gA = −16.8(7) · 10−3 GeV, (D.47)

a
s/p
P,Ã = 0, (D.48)

and

a
u/p
P,η =

m2
η

mN

1

1 + 1/rud

1

1 + 2rs

(

∆Σud − 2∆s
)(

1 + ∆8
GT

)

= 1.4(2) · 10−4 GeV, (D.49)

a
d/p
P,η =

m2
η

mN

1

1 + rud

1

1 + 2rs

(

∆Σud − 2∆s
)(

1 + ∆8
GT

)

= 2.9(4) · 10−3 GeV, (D.50)

a
s/p
P,η = −

m2
η

mN

1

2 + 1/rs

(

∆Σud − 2∆s
)(

1 + ∆8
GT

)

= −0.11(1) GeV, (D.51)

where the ratios of the quark masses are [78]

rud =
mu

md
= 0.474(65), rs =

2ms

mu + md
= 27.33(72). (D.52)

– 43 –



J
H
E
P
1
1
(
2
0
2
4
)
0
7
6

Using the PCAC expressions in section D.9 we obtain for the constant terms

b
u/N
P = b

d/N
P =

mN

2rs + 1

[

(

rs − 1

2
∆8

GT

)

∆Σud +
(

1 + ∆8
GT

)

∆s
]

+
mN

3

(1 − rud)

(1 + rud)
gA − mNm̃

∑

q=u,d,s

∆q

mq
,

(D.53)

b
s/N
P = b

u/N
P +

mN

2
∆8

GT

(

∆u + ∆d − 2∆s
)

, (D.54)

where 1/m̃ = (1/mu + 1/md + 1/ms). Numerically, b
u/N
P = b

d/N
P = −0.070(12) GeV and

b
s/N
P = 0.044(35) GeV.

For µ → e conversion on 27Al thus

F
u/p
P

∣

∣

−q2

eff

= 0.16(3) GeV, F
d/p
P

∣

∣

−q2

eff

= −0.55(3) GeV, F
s/p
P

∣

∣

−q2

eff

= −0.28(2) GeV. (D.55)

D.5 CP-even gluonic current

For evaluating the matrix element of the CP-even gluonic current in eq. (4.5) we can use

the relation with the trace of the stress-energy tensor Tµ
µ = (´/2³s)G

a
µνG

aµν +
∑

u,d,s(1 +

2µm)mq q̄q [108, 109] (see also discussions in [110–113]), where ´ = −(b0³2
s+b1³3

s+ · · · ), µm =

µ1(³s/4π)+µ2(³s/4π)2 + · · · , where b0 = (33−2nf )/12π = 27/12π, b1 = (153−19nf )/(24π2),

µ1 = 4, µ2 = 202/3 − 20nf/9, and the results for higher orders can be found in [78]. The

nucleon matrix element of the trace of the stress-energy tensor at zero momentum-transfer

is ïN |Tµ
µ |Nð = mN ūNuN , which then gives

FN
G (0) = −2mG

27

1

1 + (b1³s + · · · )/b0
= −50.4(6) MeV, (D.56)

where mG = mN − (1 + 2µm)
∑

q ÃNq = 823(10) MeV, where we used ³s(2 GeV) = 0.297(6)

and averaged over values for N = n, p since the difference is much smaller than the error.

In terms of the gravitational form factors

F ′N
G (0) = − 2

27

mN

1 + (b1³s + · · · )/b0

[

A′
g(0) + A′

q(0) − 3

4m2
N

(

Dg(0) + Dq(0)
)

− (1 + 2µm)

mN

∑

q

F
′q/N
S (0)

]

= −0.14(5)GeV−1.

(D.57)

This then gives

FN
G

∣

∣

−q2

eff

= −48.7(0.9) MeV . (D.58)

D.6 CP-odd gluonic current

For the hadronic matrix element of the CP-odd gluonic current in eq. (4.6), we use the

leading-order HBChPT expression [66],

FN
G̃

(q2
rel.) = −m̃mN

[

∆u

mu
+

∆d

md
+

∆s

ms
+

gA
2

(

1

mu
− 1

md

)

q2
rel.

m2
Ã − q2

rel.

+
1

6

(

∆u + ∆d − 2∆s)

(

1

mu
+

1

md
− 2

ms

)

q2
rel.

m2
η − q2

rel.

]

,

(D.59)
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where 1/m̃ = (1/mu + 1/md + 1/ms). Using the values and expression for ∆q in (D.19)–

(D.21), along with ratios of masses in (D.52), gives

FN
G̃

∣

∣

−q2

eff

= −0.306(28) GeV . (D.60)

D.7 Tensor current

The matrix elements of the tensor current in eq. (4.7) are described by three sets of form

factors, related to the generalized tensor form factors [66, 114, 115]. At zero recoil we have

F̂
q/p
T,0 (0) = gqT , with the lattice QCD results [75, 116] (see also [117])

guT = 0.784(30), gdT = −0.204(15), gsT = −2.7(1.6) · 10−3. (D.61)

In ref. [118] these results were used, combined with the assumption of pole dominance, as

well as constraints from analyticity and unitarity, to obtain the zero-recoil values of the

remaining two tensor form factors, as well as the derivatives at q2
rel. = 0. We use the values

in (D.61), with the remaining inputs given in table I of [118], together with the translation

to our notation, F̂
q/p
T,0 = F q

1,T , F̂
q/p
T,1 /2 = F q

2,T , F̂
q/p
T,2 = −F q

3,T , to obtain for F̂
q/N
T,i

∣

∣

−q2

eff

F̂
u/p
T,0 = 0.777(30), F̂

d/p
T,0 = −0.203(15), F̂

s/N
T,0 = −2.7(1.6) · 10−3, (D.62)

F̂
u/p
T,1 = −2.8(2.0), F̂

d/p
T,1 = 0.9(6), F̂

s/N
T,1 = 1.7(1.0) · 10−2, (D.63)

F̂
u/p
T,2 = −0.08(20), F̂

d/p
T,2 = 0.57(30), F̂

s/N
T,2 = 3.8(3.0) · 10−3. (D.64)

D.8 Rayleigh operators

The matrix element of the CP-even Rayleigh operator at zero momentum transfer, FN
µ (0)

in eq. (4.8), can be obtained from the spin-averaged forward nucleon matrix element (we

use the same normalization as [119])

Tµν
N ūNuN =

i

2

∑

s

∫

d4x eiq·xïN(k, s)|T{Jµe.m.(x), Jνe.m.(0)
}

|N(k, s)ð, (D.65)

where N = p, n, while Jµe.m. =
∑

q=u,d,s Qq q̄µµq, with Qq = {2/3, −1/3, −1/3} for q = {u, d, s}.

The above matrix element can be decomposed as

Tµν
N =

{(

−gµν +
qµqν

q2

)

TN
1 (¿, Q2)+

1

m2
N

(

kµ− k · qqµ

q2

)(

kν − k · qqν

q2

)

TN
2 (¿, Q2)

}

, (D.66)

with Q2 = −q2 and ¿ = k · q/mN .

The hadronic matrix element FN
µ (0) follows from FF operator insertion, attaching the

two photon lines to Tµν
N , giving the one-loop expression

FN
µ (0) = −i

³2

6πmN

∫

R

d4q

(2π)3

Tµν
N gµν

q2 + iϵ
, (D.67)

where the integral over d4q is regularized (see below). The value of FN
µ (0) is directly

proportional to the electromagnetic self-energy of the nucleon ¶Mµ
N (see, e.g., eq. (3) in [119]),

FN
µ (0) = − ³

3π
¶Mµ

N . (D.68)
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parameter value parameter value parameter value

µp 2.792847 µn −1.91304 µs −0.036(21)
[

rpE
]2

0.7071(7) fm2 [

rnE
]2 −0.1155(17) fm2

[

rsE
]2 −0.0045(14) fm2

[

rpM
]2

0.724(45) fm2
[

rnM
]2

0.743(16) fm2
[

rsM
]2 −0.010(11) fm2

gA 1.2754(13) ∆Σud 0.397(40) ∆s −0.045(9)

ïr2
Aðu−d 0.392(28) fm2, ïr2

Aðu+d 0.49(31) fm2 ïr2
Aðs 0.48(48) fm2

F
u/p
P ′ (0) 119(7) F

d/p
P ′ (0) −130(17) F

s/p
P ′ (0) −1.6(1.0)

∆8
GT 0.50(14)

Ã̃ÃN 48(6) MeV ĉ5 −0.51(8) ÃNs 43.3(4.8) MeV

F
u/p′
S (0) 0.72(14) GeV−1 F

d/p′
S (0) 0.59(14) GeV−1 F

s/p′
S (0) 0.17(14) GeV−1

FN
G (0) −50.4(6) MeV F ′N

G (0) −0.14(5) GeV−1 ³s(2 GeV) 0.297(6)

guT 0.784(30) gdT −0.204(15) gsT −2.7(1.6) · 10−3

F̂
′u/p
T,0 (0) 0.54(11) GeV−2 F̂

′d/p
T,0 (0) −0.11(2) GeV−2 F̂

′s/N
T,0 (0) −0.0014(9) GeV−2

F̂
u/p
T,1 (0) −3.0(2.0) F̂

d/p
T,1 (0) 1.0(6) F̂

s/N
T,1 (0) 0.018(10)

F̂
′u/p
T,1 (0) −14.0(1.6) GeV−2 F̂

′d/p
T,1 (0) 5.0(6) GeV−2 F̂

′s/N
T,1 (0) 0.082(52) GeV−2

F̂
u/p
T,2 (0) −0.1(2) F̂

d/p
T,2 (0) 0.6(3) F̂

s/N
T,2 (0) 0.004(3)

F̂
′u/p
T,2 (0) −1.8(2) GeV−2 F̂

′d/p
T,2 (0) 2.1(2) GeV−2 F̂

′s/N
T,2 (0) 0.015(13) GeV−2

rud 0.474(65) rs 27.33(72)

F p
µ (0) 4.7(2.6) · 10−7 GeV Fn

µ (0) 1.5(0.5) · 10−6 GeV

F p
µ̃ (0) 3.83(3) · 10−6 GeV Fn

µ̃ (0) −3.9(7) · 10−7 GeV

Table 5. Numerical values of input parameters that enter the expressions for matrix elements of

vector, axial, scalar, pseudoscalar, and tensor quark currents, CP-even and CP-odd gluonic currents,

as well as the CP-even and CP-odd Rayleigh operators. See the main text for details and references.

For the numerical evaluation of FN
µ (0) we can thus use the appropriately rescaled Cottingham’s

sum rule for ¶Mµ
N

FN
µ (0) = − ³

3π

[

¶M el
N + ¶M inel

N + ¶M sub
N + ¶M ct

N

]

, (D.69)

where ¶M el
N is the elastic contribution, ¶M inel

N the inelastic contribution, ¶M sub
N the contribu-

tion due to T1 requiring a once subtracted dispersion relation, and ¶M ct
N the counter-terms

that can be obtained using operator product expansion (OPE) at large Q2. The explicit

expressions for ¶M el
N , ¶M inel

N , and ¶M sub
N are given in eqs. (11), (12) and (13) in [119], and

depend on a regularization scale Λ0 separating the hadronic and the deep inelastic regimes,

while OPE results can be found in [120]. Numerically,

F p
µ (0) = 4.7(2.6) · 10−7 GeV, Fn

µ (0) = 1.5(0.5) · 10−6 GeV, (D.70)

where we only included the elastic contribution and the subtractions from elastic and inelastic

terms. The errors are squared summed errors due to parameterizations of elastic electric
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and magnetic form factors (we use the parameterization and numerical values in [121]),

the magnetic polarizabilities, ´p = 2.5(4) · 10−4 fm3, ´n = 3.7(1.2) · 10−4 fm3 [78], and the

variations of the cut-off scale regulating the dispersion integrals, as well as the modeling of

¶M sub
N , where we follow the prescriptions in [119]. The omitted inelastic and counter term

contributions are expected to be percent level corrections, i.e., much smaller than the above

errors on our estimates and can thus be safely neglected.

Since the change in vector form factors FN
1,2 going from Q2 = 0 to Q2 = −q2

eff is at the

level of O(5%), it is reasonable to expect a similar change also in FN
µ , which is much smaller

than the errors in (D.70). In the numerics we therefore set FN
µ (−q2

eff) to the numerical

values for FN
µ (0) in (D.70).

For the matrix element of the CP-odd Rayleigh operator at zero momentum transfer,

FN
µ̃ (0) in eq. (4.9), we can use the spin-dependent part of the forward double virtual Compton

scattering tensor

ūNMµν
N uN = i

∫

d4x eiq·xïN(k, s′)|T{Jµe.m.(x), Jνe.m.(0)
}

|N(k, s)ð. (D.71)

The scattering tensor Mµν
N can be decomposed into a symmetric spin-independent piece Tµν

N

and an antisymmetric spin-dependent piece SµνN as

Mµν
N = Tµν

N + SµνN , (D.72)

where Tµν
N is given in (D.65), while the SµνN is given by [122]

SµνN =
i

mN
ϵµν³´

[

q³sN´S1(¿, Q2) +
1

m2
N

q³
(

k · qsN´ − sN · qk´
)

S2(¿, Q2)

]

, (D.73)

with sN being the nucleon spin vector, satisfying sN · k = 0, s2
N = −1. Following the same

procedure as was done for the CP-even case, the hadronic matrix element FN
µ̃ (0) can be

obtained from an FF̃ operator insertion, attaching the two photon lines to Mµν
N , giving

the one-loop amplitude

ïN(k, s′)| ³

8π
FµνF̃µν |N(k, s)ð = −i

³2

π

∫

d4q

(2π)3

ūN ϵµν³´q³q′´SµνN uN
q4

, (D.74)

where q³ is the loop momentum and q′´ = q´rel = (pe − pµ)´ is the four-momentum transfer.

This is the only place where we retain non-zero momentum transfer. The rest of the loop

is evaluated in the forward limit. Plugging in eq. (D.73), the terms proportional to S2

either vanish identically or are odd under q³ → −q³ and therefore vanish in the integral.

Using the non-zero contribution

ϵµν³´q³q′´SµνN → 2i

mN

[

q2(q′ · sN ) − (q · q′)(q · sN )
]

S1 =
3i

2mN
q2(q′ · sN )S1, (D.75)

and the relation

ūN iµ5uN ≃ i

2mN
(qrel · sN )ūNuN , (D.76)

– 47 –



J
H
E
P
1
1
(
2
0
2
4
)
0
7
6

we find the following expression for the hadronic matrix element

FN
µ̃ (0) =

3i³2

2π

∫

d4q

(2π)3

S1(¿, Q2)

q2
. (D.77)

Performing the Wick rotation q0 → i¿ and the variable transformation Q2 = q⃗ 2 + ¿2 the

matrix element becomes

FN
µ̃ (0) =

3³2

8π3

∫ ∞

0
dQ2

∫ Q

−Q
d¿

√

Q2 − ¿2

Q2
S1(i¿, Q2). (D.78)

Using the Born-approximation, S1 may be written as [122]

S1(i¿, Q2) = − 1

2mN

[

F2(Q2)2 − Q2

¿2 + ¿2
B

F1(Q2)GM (Q2)

]

. (D.79)

Using this form, the final integral is given by

FN
µ̃ (0) = − 3³2

16π2mN

∫ ∞

0
dQ2

[

(GE − GM )2

2(1 + Äel)2
+

(

1 −
√

1 + Äel√
Äel

)

(GE + ÄelGM )GM

1 + Äel

]

, (D.80)

where Äel = Q2/4m2
N . This integral is both UV and IR finite, and thus does not require

regularization. Using the same form factor parameterization, ref. [121], as the CP-even

calculation, we find (in the Born approximation)

F p
µ̃ = 3.83(3) × 10−6 GeV, Fn

µ̃ = −3.9(7) × 10−7 GeV. (D.81)

Note that the errors include only uncertainties on GE,M form factors, while we do not attempt

to quantify the error due to the neglected inelastic contributions.

D.9 Partial conservation of axial current

The matrix elements of the axial, eq. (4.2), pseudoscalar, eq. (4.4), and CP-odd gluonic

current, eq. (4.6), are related to each other through partial conservation of axial current

(PCAC) and through the QCD chiral anomaly. For zero momentum exchange these relations

can be derived by performing a chiral rotation of the quark fields, q → exp(i´µ5)q, where ´

is a diagonal 3 × 3 matrix, which results in a shift in the QCD Lagrangian,

LQCD → LQCD + 2Tr´
³s
8π

Ga
µνG̃

aµν − ∂µ
(

q̄µµµ5´q
)

+ 2q̄iµ5´Mqq, (D.82)

where Mq = diag (mu, md, ms) and q = (u, d, s) is a vector of light quarks. Requiring that

the results are independent of this phase shift implies an operator identity: the sum of the

three last terms in (D.82) vanishes for any ´, and thus

−Tr´ ïN ′| ³s
8π

Ga
µνG̃

aµν |Nð = ïN ′|q̄iµ5´Mqq|Nð − 1

2
∂µïN ′|q̄µµµ5´q|Nð . (D.83)

We can then write the following relation among form factors

Tr(´)FN
G̃

= Tr
(

´F
q/N
P

)

− mNTr(´F
q/N
A

)

− q2
rel.

4mN
Tr
(

´F
q/N
P ′

)

, (D.84)
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which are valid also for q2
rel. ̸= 0, if Tr´ = 0, and valid only for q2

rel. = 0, if Tr´ ≠ 0. Note

that above, we use the short-hand notation F
q/N
i = diag

(

F
u/N
i , F

d/N
i , F

s/N
i

)

, i = A, P, P ′.

Choosing ´ = diag (1, −1, 0) and ´ = diag (1, 1, −2) gives the PCAC relations, which

are valid for any q2
rel.,

F
u/N
P − F

d/N
P = mN

(

F
u/N
A − F

d/N
A

)

+
q2

rel.

4mN

(

F
u/N
P ′ − F

d/N
P ′

)

(D.85)

F
u/N
P + F

d/N
P − 2F

s/N
P = mN

(

F
u/N
A + F

d/N
A − 2F

s/N
A

)

+
q2

rel.

4mN

(

F
u/N
P ′ + F

d/N
P ′ − 2F

s/N
P ′

)

,

(D.86)

while for ´ = diag (1, 1, 1) one obtains the relation, valid only for q2
rel. = 0,

∑

q

F
q/N
P (0) = 3FN

G̃
(0) +

∑

q

mNF
q/N
A (0) . (D.87)

Using the q2
rel. expansion of form factors in (D.1) and (D.2) in the relations (D.85), (D.86),

matching the pole structures on l.h.s. and r.h.s., and using the fact that u − d (u + d − 2s)

current only has the π (·) pole, gives the following relations for the residues,

a
u/N
P,Ã − a

d/N
P,Ã =

m2
Ã

4mN

(

a
u/N
P ′,Ã − a

d/N
P ′,Ã

)

, (D.88)

a
u/N
P,η + a

d/N
P,η − 2a

s/N
P,η =

m2
η

4mN

(

a
u/N
P ′,η + a

d/N
P ′,η − 2a

s/N
P ′,η

)

. (D.89)

One can easily check that our expressions for a
q/N
P,M , a

q/N
P ′,M satisfy the above relations. The

q2
rel. independent terms give

1

mN

(

b
u/N
P − b

d/N
P

)

= F
u/N
A (0) − F

d/N
A (0) − 1

4

(

a
u/N
P ′,Ã − a

d/N
P ′,Ã

)

, (D.90)

1

mN

(

b
u/N
P + b

d/N
P − 2b

s/N
P

)

= F
u/N
A (0) + F

d/N
A (0) − 2F

s/N
A (0) − 1

4

(

a
u/N
P ′,η + a

d/N
P ′,η − 2a

s/N
P ′,η

)

.

(D.91)

Using the above two relations, together with (D.87) (setting N = p), as well as F
q/p
A (0) = ∆q

and the expression for F p

G̃
in (D.59), and for F

q/N
P in (D.2) with (D.43), (D.44), one can then

solve for b
q/N
P , with the results given in eqs. (D.53) and (D.54).

E WET translation

In tables 6 and 7 we list and outline explicitly the translation between a variant of the

dimension-6 WET–3 flavor basis of Jenkins, Manohar, and Stoffer [56] to our basis in

eqs. (2.4)–(2.8). These naming convention and translations are used within MuonConverter

to interface with the existing SMEFT/WET software.
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MuonConverter

WC name Operator

Tegamma_12 – Ĉ(5)
1 (ēÃ³´µ)F³´

ATegamma_12 – Ĉ(5)
2 (ēÃ³´iµ5µ)F³´

VVeu_1211 – Ĉ(6)
1,u (ēµ³µ)(ūµ³u)

VVed_1211 – Ĉ(6)
1,d (ēµ³µ)(d̄µ³d)

VVed_1222 – Ĉ(6)
1,s (ēµ³µ)(s̄µ³s)

AVVeu_1211 – Ĉ(6)
2,u (ēµ³µ5µ)(ūµ³u)

AVVed_1211 – Ĉ(6)
2,d (ēµ³µ5µ)(d̄µ³d)

AVVed_1222 – Ĉ(6)
2,s (ēµ³µ5µ)(s̄µ³s)

VAVeu_1211 – Ĉ(6)
3,u (ēµ³µ)(ūµ³µ5u)

VAVed_1211 – Ĉ(6)
3,d (ēµ³µ)(d̄µ³µ5d)

VAVed_1222 – Ĉ(6)
3,s (ēµ³µ)(s̄µ³µ5s)

AVAVeu_1211 – Ĉ(6)
4,u (ēµ³µ5µ)(ūµ³µ5u)

AVAVed_1211 – Ĉ(6)
4,d (ēµ³µ5µ)(d̄µ³µ5d)

AVAVed_1222 – Ĉ(6)
4,s (ēµ³µ5µ)(s̄µ³µ5s)

SSeu_1211 – Ĉ(6)
5,u (ēµ)(ūu)

SSed_1211 – Ĉ(6)
5,d (ēµ)(d̄d)

SSed_1222 – Ĉ(6)
5,s (ēµ)(s̄s)

ASeu_1211 – Ĉ(6)
6,u (ēiµ5µ)(ūu)

ASed_1211 – Ĉ(6)
6,d (ēiµ5µ)(d̄d)

ASed_1222 – Ĉ(6)
6,s (ēiµ5µ)(s̄s)

SAeu_1211 – Ĉ(6)
7,u (ēµ)(ūiµ5u)

SAed_1211 – Ĉ(6)
7,d (ēµ)(d̄iµ5d)

SAed_1222 – Ĉ(6)
7,s (ēµ)(s̄iµ5s)

AAeu_1211 – Ĉ(6)
8,u (ēiµ5µ)(ūiµ5u)

AAed_1211 – Ĉ(6)
8,d (ēiµ5µ)(d̄iµ5d)

AAed_1222 – Ĉ(6)
8,s (ēiµ5µ)(s̄iµ5s)

TTeu_1211 – Ĉ(6)
9,u (ēÃ³´µ)(ūÃ³´u)

TTed_1211 – Ĉ(6)
9,d (ēÃ³´µ)(d̄Ã³´d)

TTed_1222 – Ĉ(6)
9,s (ēÃ³´µ)(s̄Ã³´s)

ATTeu_1211 – Ĉ(6)
10,u (ēiÃ³´µ5µ)(ūÃ³´u)

ATTed_1211 – Ĉ(6)
10,d (ēiÃ³´µ5µ)(d̄Ã³´d)

ATTed_1222 – Ĉ(6)
10,s (ēiÃ³´µ5µ)(s̄Ã³´s)

WET-3 JMS [56, 74]

WC name Operator

egamma_12 ēLÃ³´µRF³´
VeuLL_1211 (ēLµ³µL)(ūLµ³uL)

VedLL_1211 (ēLµ³µL)(d̄Lµ³dL)

VedLL_1222 (ēLµ³µL)(s̄Lµ³sL)

VeuRR_1211 (ēRµ³µR)(ūRµ³uR)

VedRR_1211 (ēRµ³µR)(d̄Rµ³dR)

VedRR_1222 (ēRµ³µR)(s̄Rµ³sR)

VeuLR_1211 (ēLµ³µL)(ūRµ³uR)

VedLR_1211 (ēLµ³µL)(d̄Rµ³dR)

VedLR_1222 (ēLµ³µL)(s̄Rµ³sR)

VueLR_1112 (ēRµ³µR)(ūLµ³uL)

VdeLR_1112 (ēRµ³µR)(d̄Lµ³dL)

VdeLR_2212 (ēRµ³µR)(s̄Lµ³sL)

SeuRL_1211 (ēLµR)(ūRuL)

SedRL_1211 (ēLµR)(d̄RdL)

SedRL_1222 (ēLµR)(s̄RsL)

SeuRR_1211 (ēLµR)(ūLuR)

SedRR_1211 (ēLµR)(d̄LdR)

SedRR_1222 (ēLµR)(s̄LsR)

TeuRR_1211 (ēLÃ³´µR)(ūLÃ³´uR)

TedRR_1211 (ēLÃ³´µR)(d̄LÃ³´dR)

TedRR_1222 (ēLÃ³´µR)(s̄LÃ³´sR)

Table 6. The WCxf-compatible operators and Wilson coefficient naming schemes for MuonConverter

(left) and the WET-3 JMS basis [74] (right). The translation between the two bases can be found in

table 7.
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MuonConverter WET-3 translation

Tegamma_12 4π2 egamma_12

ATegamma_12 −4π2i egamma_12

VVeu_1211 (VeuLL_1211 + VeuRR_1211 + VeuLR_1211 + VueLR_1112)/4

VVed_1211 (VedLL_1211 + VedRR_1211 + VedLR_1211 + VdeLR_1112)/4

VVed_1222 (VedLL_1222 + VedRR_1222 + VedLR_1222 + VdeLR_2212)/4

AVVeu_1211 (−VeuLL_1211 + VeuRR_1211 − VeuLR_1211 + VueLR_1112)/4

AVVed_1211 (−VedLL_1211 + VedRR_1211 − VedLR_1211 + VdeLR_1112)/4

AVVed_1222 (−VedLL_1222 + VedRR_1222 − VedLR_1222 + VdeLR_2212)/4

VAVeu_1211 (−VeuLL_1211 + VeuRR_1211 + VeuLR_1211 − VueLR_1112)/4

VAVed_1211 (−VedLL_1211 + VedRR_1211 + VedLR_1211 − VdeLR_1112)/4

VAVed_1222 (−VedLL_1222 + VedRR_1222 + VedLR_1222 − VdeLR_2212)/4

AVAVeu_1211 (VeuLL_1211 + VeuRR_1211 − VeuLR_1211 − VueLR_1112)/4

AVAVed_1211 (VedLL_1211 + VedRR_1211 − VedLR_1211 − VdeLR_1112)/4

AVAVed_1222 (VedLL_1222 + VedRR_1222 − VedLR_1222 − VdeLR_2212)/4

SSeu_1211 (SeuRL_1211 + SeuRR_1211)/4

SSed_1211 (SedRL_1211 + SedRR_1211)/4

SSed_1222 (SedRL_1222 + SedRR_1222)/4

ASeu_1211 −i(SeuRL_1211 + SeuRR_1211)/4

ASed_1211 −i(SedRL_1211 + SedRR_1211)/4

ASed_1222 −i(SedRL_1222 + SedRR_1222)/4

SAeu_1211 i(SeuRL_1211 − SeuRR_1211)/4

SAed_1211 i(SedRL_1211 − SedRR_1211)/4

SAed_1222 i(SedRL_1222 − SedRR_1222)/4

AAeu_1211 (SeuRL_1211 − SeuRR_1211)/4

AAed_1211 (SedRL_1211 − SedRR_1211)/4

AAed_1222 (SedRL_1222 − SedRR_1222)/4

TTeu_1211 TeuRR_1211/4

TTed_1211 TedRR_1211/4

TTed_1222 TedRR_1222/4

ATTeu_1211 −iTeuRR_1211/4

ATTed_1211 −iTedRR_1211/4

ATTed_1222 −iTedRR_1222/4

Table 7. The translation between the MuonConverter basis and the WET-3 JMS basis.

Open Access. This article is distributed under the terms of the Creative Commons Attri-

bution License (CC-BY4.0), which permits any use, distribution and reproduction in any

medium, provided the original author(s) and source are credited.

– 51 –

https://creativecommons.org/licenses/by/4.0/


J
H
E
P
1
1
(
2
0
2
4
)
0
7
6

References

[1] Super-Kamiokande collaboration, Evidence for oscillation of atmospheric neutrinos, Phys.

Rev. Lett. 81 (1998) 1562 [hep-ex/9807003] [INSPIRE].

[2] M.C. Gonzalez-Garcia and Y. Nir, Neutrino Masses and Mixing: Evidence and Implications,

Rev. Mod. Phys. 75 (2003) 345 [hep-ph/0202058] [INSPIRE].

[3] A.B. Balantekin and W.C. Haxton, Neutrino Oscillations, Prog. Part. Nucl. Phys. 71 (2013)

150 [arXiv:1303.2272] [INSPIRE].

[4] L. Calibbi and G. Signorelli, Charged Lepton Flavour Violation: An Experimental and

Theoretical Introduction, Riv. Nuovo Cim. 41 (2018) 71 [arXiv:1709.00294] [INSPIRE].

[5] MEG collaboration, Search for the lepton flavour violating decay µ+ → e+µ with the full

dataset of the MEG experiment, Eur. Phys. J. C 76 (2016) 434 [arXiv:1605.05081] [INSPIRE].

[6] SINDRUM collaboration, Search for the Decay µ+ → e+e+e−, Nucl. Phys. B 299 (1988) 1

[INSPIRE].

[7] MEG II collaboration, The design of the MEG II experiment, Eur. Phys. J. C 78 (2018) 380

[arXiv:1801.04688] [INSPIRE].

[8] Mu3e collaboration, Technical design of the phase I Mu3e experiment, Nucl. Instrum. Meth. A

1014 (2021) 165679 [arXiv:2009.11690] [INSPIRE].

[9] L. Calibbi, D. Redigolo, R. Ziegler and J. Zupan, Looking forward to lepton-flavor-violating

ALPs, JHEP 09 (2021) 173 [arXiv:2006.04795] [INSPIRE].

[10] M. Hostert, T. Menzo, M. Pospelov and J. Zupan, New physics in multi-electron muon decays,

JHEP 10 (2023) 006 [arXiv:2306.15631] [INSPIRE].

[11] Y. Jho, S. Knapen and D. Redigolo, Lepton-flavor violating axions at MEG II, JHEP 10 (2022)

029 [arXiv:2203.11222] [INSPIRE].

[12] S. Knapen, K. Langhoff, T. Opferkuch and D. Redigolo, Angling for insights: illuminating light

new physics at Mu3e through angular correlations, JHEP 07 (2024) 194 [arXiv:2311.17913]

[INSPIRE].

[13] S. Knapen, K. Langhoff, T. Opferkuch and D. Redigolo, A Robust Search for Lepton Flavour

Violating Axions at Mu3e, arXiv:2311.17915 [INSPIRE].

[14] R.J. Hill, R. Plestid and J. Zupan, Searching for new physics at µ → e facilities with µ+ and

π+ decays at rest, Phys. Rev. D 109 (2024) 035025 [arXiv:2310.00043] [INSPIRE].

[15] B. Echenard, R. Essig and Y.-M. Zhong, Projections for Dark Photon Searches at Mu3e, JHEP

01 (2015) 113 [arXiv:1411.1770] [INSPIRE].

[16] Mu3e collaboration, The Rare and Forbidden: Testing Physics Beyond the Standard Model

with Mu3e, SciPost Phys. Proc. 1 (2019) 052 [arXiv:1812.00741] [INSPIRE].

[17] T. Suzuki, D.F. Measday and J.P. Roalsvig, Total Nuclear Capture Rates for Negative Muons,

Phys. Rev. C 35 (1987) 2212 [INSPIRE].

[18] P. Wintz, Results of the SINDRUM-II experiment, Conf. Proc. C 980420 (1998) 534 [INSPIRE].

[19] SINDRUM II collaboration, A search for muon to electron conversion in muonic gold, Eur.

Phys. J. C 47 (2006) 337 [INSPIRE].

[20] Mu2e collaboration, Mu2e Technical Design Report, arXiv:1501.05241 [DOI:10.2172/1172555]

[INSPIRE].

– 52 –

https://doi.org/10.1103/PhysRevLett.81.1562
https://doi.org/10.1103/PhysRevLett.81.1562
https://doi.org/10.48550/arXiv.hep-ex/9807003
https://inspirehep.net/literature/472711
https://doi.org/10.1103/RevModPhys.75.345
https://doi.org/10.48550/arXiv.hep-ph/0202058
https://inspirehep.net/literature/582695
https://doi.org/10.1016/j.ppnp.2013.03.007
https://doi.org/10.1016/j.ppnp.2013.03.007
https://doi.org/10.48550/arXiv.1303.2272
https://inspirehep.net/literature/1223319
https://doi.org/10.1393/ncr/i2018-10144-0
https://doi.org/10.48550/arXiv.1709.00294
https://inspirehep.net/literature/1621276
https://doi.org/10.1140/epjc/s10052-016-4271-x
https://doi.org/10.48550/arXiv.1605.05081
https://inspirehep.net/literature/1459275
https://doi.org/10.1016/0550-3213(88)90462-2
https://inspirehep.net/literature/251865
https://doi.org/10.1140/epjc/s10052-018-5845-6
https://doi.org/10.48550/arXiv.1801.04688
https://inspirehep.net/literature/1648154
https://doi.org/10.1016/j.nima.2021.165679
https://doi.org/10.1016/j.nima.2021.165679
https://doi.org/10.48550/arXiv.2009.11690
https://inspirehep.net/literature/1818841
https://doi.org/10.1007/JHEP09(2021)173
https://doi.org/10.48550/arXiv.2006.04795
https://inspirehep.net/literature/1800408
https://doi.org/10.1007/JHEP10(2023)006
https://doi.org/10.48550/arXiv.2306.15631
https://inspirehep.net/literature/2672265
https://doi.org/10.1007/JHEP10(2022)029
https://doi.org/10.1007/JHEP10(2022)029
https://doi.org/10.48550/arXiv.2203.11222
https://inspirehep.net/literature/2056945
https://doi.org/10.1007/JHEP07(2024)194
https://doi.org/10.48550/arXiv.2311.17913
https://inspirehep.net/literature/2727944
https://doi.org/10.48550/arXiv.2311.17915
https://inspirehep.net/literature/2727961
https://doi.org/10.1103/PhysRevD.109.035025
https://doi.org/10.48550/arXiv.2310.00043
https://inspirehep.net/literature/2705152
https://doi.org/10.1007/JHEP01(2015)113
https://doi.org/10.1007/JHEP01(2015)113
https://doi.org/10.48550/arXiv.1411.1770
https://inspirehep.net/literature/1326635
https://doi.org/10.21468/SciPostPhysProc.1.052
https://doi.org/10.48550/arXiv.1812.00741
https://inspirehep.net/literature/1706173
https://doi.org/10.1103/PhysRevC.35.2212
https://inspirehep.net/literature/245934
https://inspirehep.net/literature/485202
https://doi.org/10.1140/epjc/s2006-02582-x
https://doi.org/10.1140/epjc/s2006-02582-x
https://inspirehep.net/literature/716542
https://doi.org/10.48550/arXiv.1501.05241
https://doi.org/10.2172/1172555
https://inspirehep.net/literature/1340468


J
H
E
P
1
1
(
2
0
2
4
)
0
7
6

[21] Mu2e collaboration, The Mu2e Experiment, Front. in Phys. 7 (2019) 1 [arXiv:1901.11099]

[INSPIRE].

[22] COMET collaboration, COMET Phase-I Technical Design Report, PTEP 2020 (2020) 033C01

[arXiv:1812.09018] [INSPIRE].

[23] COMET collaboration, COMET - A submission to the 2020 update of the European Strategy

for Particle Physics on behalf of the COMET collaboration, arXiv:1812.07824 [INSPIRE].

[24] W.C. Haxton, E. Rule, K. McElvain and M.J. Ramsey-Musolf, Nuclear-level effective theory of

µ → e conversion: Formalism and applications, Phys. Rev. C 107 (2023) 035504

[arXiv:2208.07945] [INSPIRE].

[25] S. Weinberg and G. Feinberg, Electromagnetic Transitions Between mu Meson and Electron,

Phys. Rev. Lett. 3 (1959) 111 [INSPIRE].

[26] W.J. Marciano and A.I. Sanda, The Reaction µ− Nucleus → e− Nucleus in Gauge Theories,

Phys. Rev. Lett. 38 (1977) 1512 [INSPIRE].

[27] O.U. Shanker, Z Dependence of Coherent µe Conversion Rate in Anomalous Neutrinoless

Muon Capture, Phys. Rev. D 20 (1979) 1608 [INSPIRE].

[28] T.S. Kosmas and J.D. Vergados, Study of the flavor violating (µ−, e−) conversion in nuclei,

Nucl. Phys. A 510 (1990) 641 [INSPIRE].

[29] H.C. Chiang et al., Coherent and incoherent (µ−, e−) conversion in nuclei, Nucl. Phys. A 559

(1993) 526 [INSPIRE].

[30] T.S. Kosmas, J.D. Vergados, O. Civitarese and A. Faessler, Study of the muon number violating

(µ−, e−) conversion in a nucleus by using quasiparticle RPA, Nucl. Phys. A 570 (1994) 637

[INSPIRE].

[31] A. Czarnecki, W.J. Marciano and K. Melnikov, Coherent muon electron conversion in muonic

atoms, AIP Conf. Proc. 435 (1998) 409 [hep-ph/9801218] [INSPIRE].

[32] T. Siiskonen, J. Suhonen and T.S. Kosmas, Realistic nuclear matrix elements for the

lepton-flavor violating µ− → e− conversion in AL-27 and Ti-48, Phys. Rev. C 62 (2000)

035502 [INSPIRE].

[33] T.S. Kosmas, Exotic µ− → e− conversion in nuclei: Energy moments of the transition strength

and average energy of the outgoing e-, Nucl. Phys. A 683 (2001) 443 [INSPIRE].

[34] T.S. Kosmas, On the nuclear dependence of the µ− → e− conversion branching ratio, Nucl.

Instrum. Meth. A 503 (2001) 247 [nucl-th/0108045] [INSPIRE].

[35] R. Kitano, M. Koike and Y. Okada, Detailed calculation of lepton flavor violating muon electron

conversion rate for various nuclei, Phys. Rev. D 66 (2002) 096002 [Erratum ibid. 76 (2007)

059902] [hep-ph/0203110] [INSPIRE].

[36] V. Cirigliano, R. Kitano, Y. Okada and P. Tuzon, On the model discriminating power of µ → e

conversion in nuclei, Phys. Rev. D 80 (2009) 013002 [arXiv:0904.0957] [INSPIRE].

[37] A. Crivellin, S. Davidson, G.M. Pruna and A. Signer, Renormalisation-group improved analysis

of µ → e processes in a systematic effective-field-theory approach, JHEP 05 (2017) 117

[arXiv:1702.03020] [INSPIRE].

[38] A. Bartolotta and M.J. Ramsey-Musolf, Coherent µ − e conversion at next-to-leading order,

Phys. Rev. C 98 (2018) 015208 [arXiv:1710.02129] [INSPIRE].

[39] V. Cirigliano, S. Davidson and Y. Kuno, Spin-dependent µ → e conversion, Phys. Lett. B 771

(2017) 242 [arXiv:1703.02057] [INSPIRE].

– 53 –

https://doi.org/10.3389/fphy.2019.00001
https://doi.org/10.48550/arXiv.1901.11099
https://inspirehep.net/literature/1717857
https://doi.org/10.1093/ptep/ptz125
https://doi.org/10.48550/arXiv.1812.09018
https://inspirehep.net/literature/1711192
https://doi.org/10.48550/arXiv.1812.07824
https://inspirehep.net/literature/1710014
https://doi.org/10.1103/PhysRevC.107.035504
https://doi.org/10.48550/arXiv.2208.07945
https://inspirehep.net/literature/2136840
https://doi.org/10.1103/PhysRevLett.3.111
https://inspirehep.net/literature/46796
https://doi.org/10.1103/PhysRevLett.38.1512
https://inspirehep.net/literature/5037
https://doi.org/10.1103/PhysRevD.20.1608
https://inspirehep.net/literature/141239
https://doi.org/10.1016/0375-9474(90)90353-N
https://inspirehep.net/literature/302229
https://doi.org/10.1016/0375-9474(93)90259-Z
https://doi.org/10.1016/0375-9474(93)90259-Z
https://inspirehep.net/literature/364265
https://doi.org/10.1016/0375-9474(94)90077-9
https://inspirehep.net/literature/380645
https://doi.org/10.1063/1.56214
https://doi.org/10.48550/arXiv.hep-ph/9801218
https://inspirehep.net/literature/466040
https://doi.org/10.1103/PhysRevC.62.035502
https://doi.org/10.1103/PhysRevC.62.035502
https://inspirehep.net/literature/531372
https://doi.org/10.1016/S0375-9474(00)00471-1
https://inspirehep.net/literature/555034
https://doi.org/10.1016/S0168-9002(03)00686-7
https://doi.org/10.1016/S0168-9002(03)00686-7
https://doi.org/10.48550/arXiv.nucl-th/0108045
https://inspirehep.net/literature/561650
https://doi.org/10.1103/PhysRevD.76.059902
https://doi.org/10.48550/arXiv.hep-ph/0203110
https://inspirehep.net/literature/584024
https://doi.org/10.1103/PhysRevD.80.013002
https://doi.org/10.48550/arXiv.0904.0957
https://inspirehep.net/literature/817378
https://doi.org/10.1007/JHEP05(2017)117
https://doi.org/10.48550/arXiv.1702.03020
https://inspirehep.net/literature/1512935
https://doi.org/10.1103/PhysRevC.98.015208
https://doi.org/10.48550/arXiv.1710.02129
https://inspirehep.net/literature/1628813
https://doi.org/10.1016/j.physletb.2017.05.053
https://doi.org/10.1016/j.physletb.2017.05.053
https://doi.org/10.48550/arXiv.1703.02057
https://inspirehep.net/literature/1516419


J
H
E
P
1
1
(
2
0
2
4
)
0
7
6

[40] S. Davidson, Y. Kuno and A. Saporta, “Spin-dependent” µ → e conversion on light nuclei, Eur.

Phys. J. C 78 (2018) 109 [arXiv:1710.06787] [INSPIRE].

[41] O. Civitarese and T. Tarutina, Multipole decomposition of the rate of muon-to-electron

(µ− → e−) conversion in 208Pb, Phys. Rev. C 99 (2019) 065504 [INSPIRE].

[42] E. Rule, W.C. Haxton and K. McElvain, Nuclear-Level Effective Theory of µ → e Conversion,

Phys. Rev. Lett. 130 (2023) 131901 [arXiv:2109.13503] [INSPIRE].

[43] J. Heeck, R. Szafron and Y. Uesaka, Isotope dependence of muon-to-electron conversion, Nucl.

Phys. B 980 (2022) 115833 [arXiv:2203.00702] [INSPIRE].

[44] V. Cirigliano, K. Fuyuto, M.J. Ramsey-Musolf and E. Rule, Next-to-leading order scalar

contributions to µ → e conversion, Phys. Rev. C 105 (2022) 055504 [arXiv:2203.09547]

[INSPIRE].

[45] M. Hoferichter, J. Menéndez and F. Noël, Improved Limits on Lepton-Flavor-Violating Decays

of Light Pseudoscalars via Spin-Dependent µ → e Conversion in Nuclei, Phys. Rev. Lett. 130

(2023) 131902 [arXiv:2204.06005] [INSPIRE].

[46] M. Ardu, S. Davidson and S. Lavignac, Constraining new physics models from µ → e

observables in bottom-up EFT, Eur. Phys. J. C 84 (2024) 458 [arXiv:2401.06214] [INSPIRE].

[47] J.J. Fan, M. Reece and L.-T. Wang, Non-relativistic effective theory of dark matter direct

detection, JCAP 11 (2010) 042 [arXiv:1008.1591] [INSPIRE].

[48] A.L. Fitzpatrick et al., The Effective Field Theory of Dark Matter Direct Detection, JCAP 02

(2013) 004 [arXiv:1203.3542] [INSPIRE].

[49] F. Bishara, J. Brod, B. Grinstein and J. Zupan, Renormalization Group Effects in Dark Matter

Interactions, JHEP 03 (2020) 089 [arXiv:1809.03506] [INSPIRE].

[50] M. Baumgart et al., Snowmass White Paper: Effective Field Theories for Dark Matter

Phenomenology, arXiv:2203.08204 [INSPIRE].

[51] F. Bishara, J. Brod, B. Grinstein and J. Zupan, DirectDM: a tool for dark matter direct

detection, arXiv:1708.02678 [INSPIRE].

[52] N. Anand, A.L. Fitzpatrick and W.C. Haxton, Weakly interacting massive particle-nucleus

elastic scattering response, Phys. Rev. C 89 (2014) 065501 [arXiv:1308.6288] [INSPIRE].

[53] J. Aebischer, J. Kumar and D.M. Straub, Wilson: a Python package for the running and

matching of Wilson coefficients above and below the electroweak scale, Eur. Phys. J. C 78

(2018) 1026 [arXiv:1804.05033] [INSPIRE].

[54] A. Celis, J. Fuentes-Martin, A. Vicente and J. Virto, DsixTools: The Standard Model Effective

Field Theory Toolkit, Eur. Phys. J. C 77 (2017) 405 [arXiv:1704.04504] [INSPIRE].

[55] J. Fuentes-Martin, P. Ruiz-Femenia, A. Vicente and J. Virto, DsixTools 2.0: The Effective Field

Theory Toolkit, Eur. Phys. J. C 81 (2021) 167 [arXiv:2010.16341] [INSPIRE].

[56] E.E. Jenkins, A.V. Manohar and P. Stoffer, Low-Energy Effective Field Theory below the

Electroweak Scale: Operators and Matching, JHEP 03 (2018) 016 [Erratum ibid. 12 (2023) 043]

[arXiv:1709.04486] [INSPIRE].

[57] E.E. Jenkins, A.V. Manohar and M. Trott, Renormalization Group Evolution of the Standard

Model Dimension Six Operators I: Formalism and lambda Dependence, JHEP 10 (2013) 087

[arXiv:1308.2627] [INSPIRE].

– 54 –

https://doi.org/10.1140/epjc/s10052-018-5584-8
https://doi.org/10.1140/epjc/s10052-018-5584-8
https://doi.org/10.48550/arXiv.1710.06787
https://inspirehep.net/literature/1631363
https://doi.org/10.1103/PhysRevC.99.065504
https://inspirehep.net/literature/1742557
https://doi.org/10.1103/PhysRevLett.130.131901
https://doi.org/10.48550/arXiv.2109.13503
https://inspirehep.net/literature/1932449
https://doi.org/10.1016/j.nuclphysb.2022.115833
https://doi.org/10.1016/j.nuclphysb.2022.115833
https://doi.org/10.48550/arXiv.2203.00702
https://inspirehep.net/literature/2043485
https://doi.org/10.1103/PhysRevC.105.055504
https://doi.org/10.48550/arXiv.2203.09547
https://inspirehep.net/literature/2054665
https://doi.org/10.1103/PhysRevLett.130.131902
https://doi.org/10.1103/PhysRevLett.130.131902
https://doi.org/10.48550/arXiv.2204.06005
https://inspirehep.net/literature/2066476
https://doi.org/10.1140/epjc/s10052-024-12782-x
https://doi.org/10.48550/arXiv.2401.06214
https://inspirehep.net/literature/2746286
https://doi.org/10.1088/1475-7516/2010/11/042
https://doi.org/10.48550/arXiv.1008.1591
https://inspirehep.net/literature/865062
https://doi.org/10.1088/1475-7516/2013/02/004
https://doi.org/10.1088/1475-7516/2013/02/004
https://doi.org/10.48550/arXiv.1203.3542
https://inspirehep.net/literature/1094068
https://doi.org/10.1007/JHEP03(2020)089
https://doi.org/10.48550/arXiv.1809.03506
https://inspirehep.net/literature/1693529
https://doi.org/10.48550/arXiv.2203.08204
https://inspirehep.net/literature/2053432
https://doi.org/10.48550/arXiv.1708.02678
https://inspirehep.net/literature/1615183
https://doi.org/10.1103/PhysRevC.89.065501
https://doi.org/10.48550/arXiv.1308.6288
https://inspirehep.net/literature/1251560
https://doi.org/10.1140/epjc/s10052-018-6492-7
https://doi.org/10.1140/epjc/s10052-018-6492-7
https://doi.org/10.48550/arXiv.1804.05033
https://inspirehep.net/literature/1667740
https://doi.org/10.1140/epjc/s10052-017-4967-6
https://doi.org/10.48550/arXiv.1704.04504
https://inspirehep.net/literature/1591722
https://doi.org/10.1140/epjc/s10052-020-08778-y
https://doi.org/10.48550/arXiv.2010.16341
https://inspirehep.net/literature/1827396
https://doi.org/10.1007/JHEP03(2018)016
https://doi.org/10.48550/arXiv.1709.04486
https://inspirehep.net/literature/1623566
https://doi.org/10.1007/JHEP10(2013)087
https://doi.org/10.48550/arXiv.1308.2627
https://inspirehep.net/literature/1247479


J
H
E
P
1
1
(
2
0
2
4
)
0
7
6

[58] E.E. Jenkins, A.V. Manohar and M. Trott, Renormalization Group Evolution of the Standard

Model Dimension Six Operators II: Yukawa Dependence, JHEP 01 (2014) 035

[arXiv:1310.4838] [INSPIRE].

[59] R. Alonso, E.E. Jenkins, A.V. Manohar and M. Trott, Renormalization Group Evolution of the

Standard Model Dimension Six Operators III: Gauge Coupling Dependence and Phenomenology,

JHEP 04 (2014) 159 [arXiv:1312.2014] [INSPIRE].

[60] I. Brivio and M. Trott, The Standard Model as an Effective Field Theory, Phys. Rept. 793

(2019) 1 [arXiv:1706.08945] [INSPIRE].

[61] W. Dekens and P. Stoffer, Low-energy effective field theory below the electroweak scale: matching

at one loop, JHEP 10 (2019) 197 [Erratum ibid. 11 (2022) 148] [arXiv:1908.05295] [INSPIRE].

[62] Z. Bern, J. Parra-Martinez and E. Sawyer, Structure of two-loop SMEFT anomalous

dimensions via on-shell methods, JHEP 10 (2020) 211 [arXiv:2005.12917] [INSPIRE].

[63] S. Di Noi and L. Silvestrini, RGESolver: a C++ library to perform renormalization group

evolution in the Standard Model Effective Theory, Eur. Phys. J. C 83 (2023) 200

[arXiv:2210.06838] [INSPIRE].

[64] Y. Liao, X.-D. Ma and Q.-Y. Wang, Extending low energy effective field theory with a complete

set of dimension-7 operators, JHEP 08 (2020) 162 [arXiv:2005.08013] [INSPIRE].

[65] W.C. Haxton and E. Rule, Distinguishing charged lepton flavor violation scenarios with

inelastic µ → e conversion, arXiv:2404.17166 [INSPIRE].

[66] F. Bishara, J. Brod, B. Grinstein and J. Zupan, From quarks to nucleons in dark matter direct

detection, JHEP 11 (2017) 059 [arXiv:1707.06998] [INSPIRE].

[67] A. Glick-Magid, Nonrelativistic nuclear reduction for tensor couplings in dark matter direct

detection and µ →e conversion, Phys. Rev. D 110 (2024) L051701 [arXiv:2312.08339]

[INSPIRE].

[68] G. Ovanesyan and L. Vecchi, Direct detection of dark matter polarizability, JHEP 07 (2015) 128

[arXiv:1410.0601] [INSPIRE].

[69] B. Grzadkowski, M. Iskrzynski, M. Misiak and J. Rosiek, Dimension-Six Terms in the Standard

Model Lagrangian, JHEP 10 (2010) 085 [arXiv:1008.4884] [INSPIRE].

[70] I. Doršner et al., Physics of leptoquarks in precision experiments and at particle colliders, Phys.

Rept. 641 (2016) 1 [arXiv:1603.04993] [INSPIRE].

[71] K. Fuyuto and E. Mereghetti, ALP contributions to µ → e conversion, arXiv:2307.13076

[INSPIRE].

[72] C.W. Johnson, W.E. Ormand and P.G. Krastev, Factorization in large-scale many-body

calculations, Comput. Phys. Commun. 184 (2013) 2761 [arXiv:1303.0905] [INSPIRE].

[73] C.W. Johnson, W.E. Ormand, K.S. McElvain and H. Shan, BIGSTICK: A flexible

configuration-interaction shell-model code, arXiv:1801.08432 [INSPIRE].

[74] J. Aebischer et al., WCxf: an exchange format for Wilson coefficients beyond the Standard

Model, Comput. Phys. Commun. 232 (2018) 71 [arXiv:1712.05298] [INSPIRE].

[75] Flavour Lattice Averaging Group (FLAG) collaboration, FLAG Review 2021, Eur.

Phys. J. C 82 (2022) 869 [arXiv:2111.09849] [INSPIRE].

[76] J. de Vries, C. Köber, A. Nogga and S. Shain, Dark matter scattering off 4He in chiral effective

field theory, arXiv:2310.11343 [INSPIRE].

– 55 –

https://doi.org/10.1007/JHEP01(2014)035
https://doi.org/10.48550/arXiv.1310.4838
https://inspirehep.net/literature/1261282
https://doi.org/10.1007/JHEP04(2014)159
https://doi.org/10.48550/arXiv.1312.2014
https://inspirehep.net/literature/1268339
https://doi.org/10.1016/j.physrep.2018.11.002
https://doi.org/10.1016/j.physrep.2018.11.002
https://doi.org/10.48550/arXiv.1706.08945
https://inspirehep.net/literature/1607817
https://doi.org/10.1007/JHEP10(2019)197
https://doi.org/10.48550/arXiv.1908.05295
https://inspirehep.net/literature/1749749
https://doi.org/10.1007/JHEP10(2020)211
https://doi.org/10.48550/arXiv.2005.12917
https://inspirehep.net/literature/1798044
https://doi.org/10.1140/epjc/s10052-023-11189-4
https://doi.org/10.48550/arXiv.2210.06838
https://inspirehep.net/literature/2165220
https://doi.org/10.1007/JHEP08(2020)162
https://doi.org/10.48550/arXiv.2005.08013
https://inspirehep.net/literature/1796721
https://doi.org/10.48550/arXiv.2404.17166
https://inspirehep.net/literature/2781236
https://doi.org/10.1007/JHEP11(2017)059
https://doi.org/10.48550/arXiv.1707.06998
https://inspirehep.net/literature/1611242
https://doi.org/10.1103/PhysRevD.110.L051701
https://doi.org/10.48550/arXiv.2312.08339
https://inspirehep.net/literature/2736525
https://doi.org/10.1007/JHEP07(2015)128
https://doi.org/10.48550/arXiv.1410.0601
https://inspirehep.net/literature/1319739
https://doi.org/10.1007/JHEP10(2010)085
https://doi.org/10.48550/arXiv.1008.4884
https://inspirehep.net/literature/866649
https://doi.org/10.1016/j.physrep.2016.06.001
https://doi.org/10.1016/j.physrep.2016.06.001
https://doi.org/10.48550/arXiv.1603.04993
https://inspirehep.net/literature/1428667
https://doi.org/10.48550/arXiv.2307.13076
https://inspirehep.net/literature/2680331
https://doi.org/10.1016/j.cpc.2013.07.022
https://doi.org/10.48550/arXiv.1303.0905
https://inspirehep.net/literature/1222547
https://doi.org/10.48550/arXiv.1801.08432
https://inspirehep.net/literature/1650477
https://doi.org/10.1016/j.cpc.2018.05.022
https://doi.org/10.48550/arXiv.1712.05298
https://inspirehep.net/literature/1643298
https://doi.org/10.1140/epjc/s10052-022-10536-1
https://doi.org/10.1140/epjc/s10052-022-10536-1
https://doi.org/10.48550/arXiv.2111.09849
https://inspirehep.net/literature/1971260
https://doi.org/10.48550/arXiv.2310.11343
https://inspirehep.net/literature/2711806


J
H
E
P
1
1
(
2
0
2
4
)
0
7
6

[77] R.J. Hill and M.P. Solon, Standard Model anatomy of WIMP dark matter direct detection II:

QCD analysis and hadronic matrix elements, Phys. Rev. D 91 (2015) 043505

[arXiv:1409.8290] [INSPIRE].

[78] Particle Data Group collaboration, Review of Particle Physics, PTEP 2022 (2022) 083C01

[INSPIRE].

[79] D. Djukanovic, K. Ottnad, J. Wilhelm and H. Wittig, Strange electromagnetic form factors of

the nucleon with Nf = 2 + 1O(a)-improved Wilson fermions, Phys. Rev. Lett. 123 (2019)

212001 [arXiv:1903.12566] [INSPIRE].

[80] R.S. Sufian et al., Strange Quark Magnetic Moment of the Nucleon at the Physical Point, Phys.

Rev. Lett. 118 (2017) 042001 [arXiv:1606.07075] [INSPIRE].

[81] C. Alexandrou et al., Nucleon strange electromagnetic form factors, Phys. Rev. D 101 (2020)

031501 [arXiv:1909.10744] [INSPIRE].

[82] F.J. Ernst, R.G. Sachs and K.C. Wali, Electromagnetic form factors of the nucleon, Phys. Rev.

119 (1960) 1105 [INSPIRE].

[83] R.J. Hill and G. Paz, Model independent extraction of the proton charge radius from electron

scattering, Phys. Rev. D 82 (2010) 113005 [arXiv:1008.4619] [INSPIRE].

[84] M. Ademollo and R. Gatto, Nonrenormalization Theorem for the Strangeness Violating Vector

Currents, Phys. Rev. Lett. 13 (1964) 264 [INSPIRE].

[85] J.F. Donoghue and D. Wyler, Isospin Breaking and the Precise Determination of V (ud), Phys.

Lett. B 241 (1990) 243 [INSPIRE].

[86] H.-W. Lin et al., Quark contribution to the proton spin from 2+1+1-flavor lattice QCD, Phys.

Rev. D 98 (2018) 094512 [arXiv:1806.10604] [INSPIRE].

[87] J. Liang et al., Quark spins and Anomalous Ward Identity, Phys. Rev. D 98 (2018) 074505

[arXiv:1806.08366] [INSPIRE].

[88] Precision Neutron Decay Matrix Elements (PNDME) collaboration, Nucleon isovector

axial form factors, Phys. Rev. D 109 (2024) 014503 [arXiv:2305.11330] [INSPIRE].

[89] RQCD collaboration, Octet baryon isovector charges from Nf=2+1 lattice QCD, Phys. Rev. D

108 (2023) 034512 [arXiv:2305.04717] [INSPIRE].

[90] Nucleon Matrix Elements (NME) collaboration, Precision nucleon charges and form

factors using (2+1)-flavor lattice QCD, Phys. Rev. D 105 (2022) 054505 [arXiv:2103.05599]

[INSPIRE].

[91] D. Djukanovic et al., Isovector axial form factor of the nucleon from lattice QCD, Phys. Rev. D

106 (2022) 074503 [arXiv:2207.03440] [INSPIRE].

[92] Extended Twisted Mass collaboration, Nucleon axial and pseudoscalar form factors using

twisted-mass fermion ensembles at the physical point, Phys. Rev. D 109 (2024) 034503

[arXiv:2309.05774] [INSPIRE].

[93] C. Alexandrou et al., Nucleon axial and pseudoscalar form factors from lattice QCD at the

physical point, Phys. Rev. D 103 (2021) 034509 [arXiv:2011.13342] [INSPIRE].

[94] PACS collaboration, Nucleon form factors in Nf=2+1 lattice QCD at the physical point: Finite

lattice spacing effect on the root-mean-square radii, Phys. Rev. D 109 (2024) 094505

[arXiv:2311.10345] [INSPIRE].

[95] C. Alexandrou et al., Quark flavor decomposition of the nucleon axial form factors, Phys. Rev.

D 104 (2021) 074503 [arXiv:2106.13468] [INSPIRE].

– 56 –

https://doi.org/10.1103/PhysRevD.91.043505
https://doi.org/10.48550/arXiv.1409.8290
https://inspirehep.net/literature/1319498
https://doi.org/10.1093/ptep/ptac097
https://inspirehep.net/literature/2106994
https://doi.org/10.1103/PhysRevLett.123.212001
https://doi.org/10.1103/PhysRevLett.123.212001
https://doi.org/10.48550/arXiv.1903.12566
https://inspirehep.net/literature/1727406
https://doi.org/10.1103/PhysRevLett.118.042001
https://doi.org/10.1103/PhysRevLett.118.042001
https://doi.org/10.48550/arXiv.1606.07075
https://inspirehep.net/literature/1471839
https://doi.org/10.1103/PhysRevD.101.031501
https://doi.org/10.1103/PhysRevD.101.031501
https://doi.org/10.48550/arXiv.1909.10744
https://inspirehep.net/literature/1755737
https://doi.org/10.1103/PhysRev.119.1105
https://doi.org/10.1103/PhysRev.119.1105
https://inspirehep.net/literature/45306
https://doi.org/10.1103/PhysRevD.82.113005
https://doi.org/10.48550/arXiv.1008.4619
https://inspirehep.net/literature/866482
https://doi.org/10.1103/PhysRevLett.13.264
https://inspirehep.net/literature/25386
https://doi.org/10.1016/0370-2693(90)91287-L
https://doi.org/10.1016/0370-2693(90)91287-L
https://inspirehep.net/literature/295003
https://doi.org/10.1103/PhysRevD.98.094512
https://doi.org/10.1103/PhysRevD.98.094512
https://doi.org/10.48550/arXiv.1806.10604
https://inspirehep.net/literature/1680001
https://doi.org/10.1103/PhysRevD.98.074505
https://doi.org/10.48550/arXiv.1806.08366
https://inspirehep.net/literature/1679295
https://doi.org/10.1103/PhysRevD.109.014503
https://doi.org/10.48550/arXiv.2305.11330
https://inspirehep.net/literature/2661219
https://doi.org/10.1103/PhysRevD.108.034512
https://doi.org/10.1103/PhysRevD.108.034512
https://doi.org/10.48550/arXiv.2305.04717
https://inspirehep.net/literature/2657610
https://doi.org/10.1103/PhysRevD.105.054505
https://doi.org/10.48550/arXiv.2103.05599
https://inspirehep.net/literature/1850754
https://doi.org/10.1103/PhysRevD.106.074503
https://doi.org/10.1103/PhysRevD.106.074503
https://doi.org/10.48550/arXiv.2207.03440
https://inspirehep.net/literature/2107144
https://doi.org/10.1103/PhysRevD.109.034503
https://doi.org/10.48550/arXiv.2309.05774
https://inspirehep.net/literature/2698479
https://doi.org/10.1103/PhysRevD.103.034509
https://doi.org/10.48550/arXiv.2011.13342
https://inspirehep.net/literature/1833574
https://doi.org/10.1103/PhysRevD.109.094505
https://doi.org/10.48550/arXiv.2311.10345
https://inspirehep.net/literature/2723963
https://doi.org/10.1103/PhysRevD.104.074503
https://doi.org/10.1103/PhysRevD.104.074503
https://doi.org/10.48550/arXiv.2106.13468
https://inspirehep.net/literature/1870320


J
H
E
P
1
1
(
2
0
2
4
)
0
7
6

[96] F. Bishara, J. Brod, B. Grinstein and J. Zupan, Chiral Effective Theory of Dark Matter Direct

Detection, JCAP 02 (2017) 009 [arXiv:1611.00368] [INSPIRE].

[97] M. Hoferichter, J.R. de Elvira, B. Kubis and U.-G. Meißner, On the role of isospin violation in

the pion-nucleon Ã-term, Phys. Lett. B 843 (2023) 138001 [arXiv:2305.07045] [INSPIRE].

[98] BMW collaboration, Sigma term and strangeness content of octet baryons, Phys. Rev. D 85

(2012) 014509 [Erratum ibid. 93 (2016) 039905] [arXiv:1109.4265] [INSPIRE].

[99] C. Alexandrou et al., Baryon spectrum with Nf = 2 + 1 + 1 twisted mass fermions, Phys. Rev.

D 90 (2014) 074501 [arXiv:1406.4310] [INSPIRE].

[100] S. Durr et al., Lattice computation of the nucleon scalar quark contents at the physical point,

Phys. Rev. Lett. 116 (2016) 172001 [arXiv:1510.08013] [INSPIRE].

[101] xQCD collaboration, πN and strangeness sigma terms at the physical point with chiral

fermions, Phys. Rev. D 94 (2016) 054503 [arXiv:1511.09089] [INSPIRE].

[102] A. Agadjanov et al., Nucleon Sigma Terms with Nf=2+1 Flavors of O(a)-Improved Wilson

Fermions, Phys. Rev. Lett. 131 (2023) 261902 [arXiv:2303.08741] [INSPIRE].

[103] RQCD collaboration, Scale setting and the light baryon spectrum in Nf = 2 + 1 QCD with

Wilson fermions, JHEP 05 (2023) 035 [arXiv:2211.03744] [INSPIRE].

[104] R. Gupta et al., Pion–Nucleon Sigma Term from Lattice QCD, Phys. Rev. Lett. 127 (2021)

242002 [arXiv:2105.12095] [INSPIRE].

[105] P. Junnarkar and A. Walker-Loud, Scalar strange content of the nucleon from lattice QCD,

Phys. Rev. D 87 (2013) 114510 [arXiv:1301.1114] [INSPIRE].

[106] MILC collaboration, Intrinsic strangeness and charm of the nucleon using improved staggered

fermions, Phys. Rev. D 88 (2013) 054503 [arXiv:1204.3866] [INSPIRE].

[107] D.C. Hackett, D.A. Pefkou and P.E. Shanahan, Gravitational Form Factors of the Proton from

Lattice QCD, Phys. Rev. Lett. 132 (2024) 251904 [arXiv:2310.08484] [INSPIRE].

[108] M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Remarks on Higgs Boson Interactions with

Nucleons, Phys. Lett. B 78 (1978) 443 [INSPIRE].

[109] J.C. Collins, A. Duncan and S.D. Joglekar, Trace and Dilatation Anomalies in Gauge Theories,

Phys. Rev. D 16 (1977) 438 [INSPIRE].

[110] X.-D. Ji, A QCD analysis of the mass structure of the nucleon, Phys. Rev. Lett. 74 (1995) 1071

[hep-ph/9410274] [INSPIRE].

[111] X. Ji, Proton mass decomposition: naturalness and interpretations, Front. Phys. (Beijing) 16

(2021) 64601 [arXiv:2102.07830] [INSPIRE].

[112] ÇQCD collaboration, Trace anomaly form factors from lattice QCD, Phys. Rev. D 109 (2024)

094504 [arXiv:2401.05496] [INSPIRE].

[113] K.-F. Liu, Proton mass decomposition and hadron cosmological constant, Phys. Rev. D 104

(2021) 076010 [arXiv:2103.15768] [INSPIRE].

[114] QCDSF and UKQCD collaborations, Quark helicity flip generalized parton distributions from

two-flavor lattice QCD, Phys. Lett. B 627 (2005) 113 [hep-lat/0507001] [INSPIRE].

[115] M. Diehl, Generalized parton distributions with helicity flip, Eur. Phys. J. C 19 (2001) 485

[hep-ph/0101335] [INSPIRE].

[116] R. Gupta et al., Flavor diagonal tensor charges of the nucleon from (2+1+1)-flavor lattice

QCD, Phys. Rev. D 98 (2018) 091501 [arXiv:1808.07597] [INSPIRE].

– 57 –

https://doi.org/10.1088/1475-7516/2017/02/009
https://doi.org/10.48550/arXiv.1611.00368
https://inspirehep.net/literature/1495512
https://doi.org/10.1016/j.physletb.2023.138001
https://doi.org/10.48550/arXiv.2305.07045
https://inspirehep.net/literature/2659219
https://doi.org/10.1103/PhysRevD.85.014509
https://doi.org/10.1103/PhysRevD.85.014509
https://doi.org/10.48550/arXiv.1109.4265
https://inspirehep.net/literature/927999
https://doi.org/10.1103/PhysRevD.90.074501
https://doi.org/10.1103/PhysRevD.90.074501
https://doi.org/10.48550/arXiv.1406.4310
https://inspirehep.net/literature/1300824
https://doi.org/10.1103/PhysRevLett.116.172001
https://doi.org/10.48550/arXiv.1510.08013
https://inspirehep.net/literature/1401013
https://doi.org/10.1103/PhysRevD.94.054503
https://doi.org/10.48550/arXiv.1511.09089
https://inspirehep.net/literature/1407157
https://doi.org/10.1103/PhysRevLett.131.261902
https://doi.org/10.48550/arXiv.2303.08741
https://inspirehep.net/literature/2741056
https://doi.org/10.1007/JHEP05(2023)035
https://doi.org/10.48550/arXiv.2211.03744
https://inspirehep.net/literature/2177325
https://doi.org/10.1103/PhysRevLett.127.242002
https://doi.org/10.1103/PhysRevLett.127.242002
https://doi.org/10.48550/arXiv.2105.12095
https://inspirehep.net/literature/1864945
https://doi.org/10.1103/PhysRevD.87.114510
https://doi.org/10.48550/arXiv.1301.1114
https://inspirehep.net/literature/1209574
https://doi.org/10.1103/PhysRevD.88.054503
https://doi.org/10.48550/arXiv.1204.3866
https://inspirehep.net/literature/1111145
https://doi.org/10.1103/PhysRevLett.132.251904
https://doi.org/10.48550/arXiv.2310.08484
https://inspirehep.net/literature/2709825
https://doi.org/10.1016/0370-2693(78)90481-1
https://inspirehep.net/literature/129398
https://doi.org/10.1103/PhysRevD.16.438
https://inspirehep.net/literature/110394
https://doi.org/10.1103/PhysRevLett.74.1071
https://doi.org/10.48550/arXiv.hep-ph/9410274
https://inspirehep.net/literature/378131
https://doi.org/10.1007/s11467-021-1065-x
https://doi.org/10.1007/s11467-021-1065-x
https://doi.org/10.48550/arXiv.2102.07830
https://inspirehep.net/literature/1846894
https://doi.org/10.1103/PhysRevD.109.094504
https://doi.org/10.1103/PhysRevD.109.094504
https://doi.org/10.48550/arXiv.2401.05496
https://inspirehep.net/literature/2745662
https://doi.org/10.1103/PhysRevD.104.076010
https://doi.org/10.1103/PhysRevD.104.076010
https://doi.org/10.48550/arXiv.2103.15768
https://inspirehep.net/literature/1854463
https://doi.org/10.1016/j.physletb.2005.09.002
https://doi.org/10.48550/arXiv.hep-lat/0507001
https://inspirehep.net/literature/686468
https://doi.org/10.1007/s100520100635
https://doi.org/10.48550/arXiv.hep-ph/0101335
https://inspirehep.net/literature/552611
https://doi.org/10.1103/PhysRevD.98.091501
https://doi.org/10.48550/arXiv.1808.07597
https://inspirehep.net/literature/1691155


J
H
E
P
1
1
(
2
0
2
4
)
0
7
6

[117] S. Park et al., Nucleon charges and form factors using clover and HISQ ensembles, PoS

LATTICE2019 (2020) 136 [arXiv:2002.02147] [INSPIRE].

[118] M. Hoferichter, B. Kubis, J. Ruiz de Elvira and P. Stoffer, Nucleon Matrix Elements of the

Antisymmetric Quark Tensor, Phys. Rev. Lett. 122 (2019) 122001 [Erratum ibid. 124 (2020)

199901] [arXiv:1811.11181] [INSPIRE].

[119] A. Walker-Loud, C.E. Carlson and G.A. Miller, The Electromagnetic Self-Energy Contribution

to Mp − Mn and the Isovector Nucleon MagneticPolarizability, Phys. Rev. Lett. 108 (2012)

232301 [arXiv:1203.0254] [INSPIRE].

[120] R.J. Hill and G. Paz, Nucleon spin-averaged forward virtual Compton tensor at large Q2, Phys.

Rev. D 95 (2017) 094017 [arXiv:1611.09917] [INSPIRE].

[121] R. Bradford, A. Bodek, H.S. Budd and J. Arrington, A new parameterization of the nucleon

elastic form-factors, Nucl. Phys. B Proc. Suppl. 159 (2006) 127 [hep-ex/0602017] [INSPIRE].

[122] V. Lensky, V. Pascalutsa, M. Vanderhaeghen and C. Kao, Spin-dependent sum rules connecting

real and virtual Compton scattering verified, Phys. Rev. D 95 (2017) 074001

[arXiv:1701.01947] [INSPIRE].

– 58 –

https://doi.org/10.22323/1.363.0136
https://doi.org/10.22323/1.363.0136
https://doi.org/10.48550/arXiv.2002.02147
https://inspirehep.net/literature/1778882
https://doi.org/10.1103/PhysRevLett.122.122001
https://doi.org/10.48550/arXiv.1811.11181
https://inspirehep.net/literature/1705646
https://doi.org/10.1103/PhysRevLett.108.232301
https://doi.org/10.1103/PhysRevLett.108.232301
https://doi.org/10.48550/arXiv.1203.0254
https://inspirehep.net/literature/1091239
https://doi.org/10.1103/PhysRevD.95.094017
https://doi.org/10.1103/PhysRevD.95.094017
https://doi.org/10.48550/arXiv.1611.09917
https://inspirehep.net/literature/1501008
https://doi.org/10.1016/j.nuclphysbps.2006.08.028
https://doi.org/10.48550/arXiv.hep-ex/0602017
https://inspirehep.net/literature/709903
https://doi.org/10.1103/PhysRevD.95.074001
https://doi.org/10.48550/arXiv.1701.01947
https://inspirehep.net/literature/1508192

	Introduction
	Weak effective theory basis
	Nonrelativistic effective theory
	Kinematics
	NRET basis

	Matching quarks and gluons to nucleons
	Nucleon matrix elements
	Covariant nucleon-level interactions
	The NRET

	Sample new physics models
	Bounds on UV Wilson coefficients
	Leptoquarks
	ALP exchanges

	Conclusions
	Public code
	Intermediate results for WET to NRET matching
	From WET to covariant nucleon interactions
	NRET decomposition of covariant interactions

	Time-reversal-odd nuclear currents
	Numerical values of nucleon form factors
	Vector currents
	Axial vector currents
	Scalar currents
	Pseudoscalar currents
	CP-even gluonic current
	CP-odd gluonic current
	Tensor current
	Rayleigh operators
	Partial conservation of axial current

	WET translation

