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ABSTRACT: We present theoretical predictions for u — e conversion rates using a tower
of effective field theories connecting the UV to nuclear physics scales. The interactions in
nuclei are described using a recently developed nonrelativistic effective theory (NRET) that
organizes contributions according to bound nucleon and muon velocities, ¥y and v, with
|Un| > |v|. To facilitate the top-down matching, we enlarge the set of Lorentz covariant
nucleon-level interactions mapped onto the NRET operators to include those mediated by
tensor interactions, in addition to the scalar and vector interactions already considered
previously, and then match NRET nonperturbatively onto the Weak Effective Theory (WET).
At the scale p = 2GeV WET is formulated in terms of u, d, s quarks, gluons and photons
as the light degrees of freedom, along with the flavor-violating leptonic current. We retain
contributions from WET operators up to dimension 7, which requires the full set of 26 NRET
operators. The results are encoded in the open-source Python- and Mathematica-based
software suite MuonBridge, which we make available to the theoretical and experimental
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1 Introduction

The observation of neutrino oscillations [1-3] shows that lepton flavor is not conserved in
nature. This raises the question of whether similar flavor violation might occur among charged
leptons. In the Standard Model (SM), neutrino loop amplitudes for charged lepton flavor
violation (CLFV) are suppressed by the ratio of neutrino and W masses, Am2/ ml%v ~ 10724,
yielding rates too small to be observed experimentally. Consequently, any observation of
CLFV would be evidence of new physics. There are many plausible modifications of the
SM — including supersymmetry, leptoquarks, heavy neutrinos, or a more complicated Higgs
sector — that could induce observable levels of CLFV. Current upper bounds on CLFV
branching ratios thus provide stringent constraints on such UV SM extensions [4].

Among the most sensitive CLF'V measurements are those performed using stopped muons.
The current best limits on the CLFV branching ratios B(ut — eTv) < 4.2 x 10713 and
B(pt — etemet) < 1.2 x 10712 were obtained by MEG [5] and SINDRUM [6], respectively.
These bounds, given at 90% confidence level (C.L.), should be significantly improved by the
ongoing experiments MEG II [7] and Mu3e [8]. Upcoming experiments can also search for
exotic CLFV decays of muons involving light new physics states [9-16].

The main focus of the present work is the neutrinoless conversion of a muon bound
to an atomic nucleus, = 4+ (A,Z) — e~ + (A,Z). Experiments under construction at
Fermilab and J-PARC are expected to improve limits on the ; — e conversion rate by
approximately four orders of magnitude. Here we provide a systematic treatment of the
theory of ;1 — e conversion based on effective field theory, with the goal of creating a general
analysis framework for relating experimental bounds to high-scale sources of CLFV.

The quantity extracted from experiment is the branching ratio for y — e conversion

Fp+(AZ) —we +(A,2)]
Plpg=+(A4,2)» v+ (A, Z-1))

Bp~ —e )= (1.1)
with respect to ordinary muon capture in a nucleus with A nucleons and Z protons. SM
muon capture rates are generally available for targets of interest, due to the long history
of measurements [17]. The most stringent current bounds on p — e branching ratios are
B(p~+Ti— e +Ti) < 6.1 x 10713 [18] and B(u~+Au— e~ +Au) < 7 x 10713 [19]. Both of
these 90% C.L. limits were established by the SINDRUM II collaboration. By the end of this
decade, the new Fermilab (Mu2e [20, 21]) and J-PARC (COMET [22, 23]) experiments are
expected to reach branching ratio sensitivities of about 1077, probing new physics scales in
excess of 10? TeV. Both experiments will measure electrons produced from the conversion
of a muon bound in the 1s atomic orbital of 27Al.

The properties of nuclear targets — the nucleon number A and proton number Z,
the ground-state spin and isospin, and their responses to operators that involve orbital
angular momentum !7; spin §, or spin-orbit correlations (-5 affect the relationship between
1 — e conversion bounds and underlying sources of CLFV. Comparable branching ratio limits
obtained from different nuclear targets will differ in their sensitivity to a given source of CLFV.
This is an attractive feature of u — e conversion that distinguishes this process from y — ey
or i — 3e: by using several nuclear targets, one can place multiple constraints on the CLFV



mechanism. Were p — e conversion to be discovered in a given target, one could conduct
additional studies with suitably selected targets to further characterize the CLFV source.

On the other hand, the interpretation of experimental limits on y — e conversion is,
compared to pu — ey and pu — 3e, significantly more complicated due to the use of nuclear

! most existing work has

targets. Although the literature on p — e conversion is extensive,
focused on the special case of coherent conversion, where the leading response is governed
by a scalar, isoscalar operator that sums coherently over all nucleons in the target. With
this operator choice, the nuclear physics simplifies dramatically, allowing one to compute
the p© — e conversion rate using experimentally determined proton and neutron densities
(see, e.g., ref. [35]).

While studies of the coherent operator have provided useful constraints on sources of
CLFV [36, 44, 46|, symmetry arguments show that six nuclear response functions arise in
a general description of elastic u — e conversion [24]. As we do not know a priori which
CLFV source is realized in nature, a proper interpretation of experiment requires that such
a general description be used. The situation is reminiscent of another elastic process, the
scattering of a heavy dark matter (DM) particle off a nucleus, the process exploited in DM
direct-detection searches. Over the last decade, an attractive formalism was developed for DM
direct detection based on a tower of effective theories that link the low-energy nuclear scale,
where experiments are performed, to the UV scale where the new DM interactions reside. The
starting point is the nonrelativistic effective theory (NRET) [47, 48], consisting of all possible
heavy DM-nucleon interactions that can be constructed from the available hermitian operators.
This guarantees that all symmetry-allowed nuclear responses will be generated. The NRET
is ultimately connected to UV theories of DM through a series of matchings involving a
tower of effective field theories [49, 50], encoded in a combination of DirectDM [51] and
DMFormFactor [52] computer codes, that can then be used to make leading-order predictions
for direct-detection scattering rates for (almost) any heavy DM theory.

In this manuscript, we develop a similar bottom-up approach for y — e conversion, with
the corresponding tower of EFTs shown in figure 1. Starting from a UV theory and integrating
out heavy mediators, one recovers the SM augmented by higher dimension operators — the so-
called Standard Model Effective Field Theory (SMEFT). Only a subset of SMEFT operators
are relevant for the problem at hand — those that induce p — e transitions. At the
electroweak scale the Z and W gauge bosons, the Higgs, and the top quark are integrated
out, giving rise to Weak Effective Theory (WET) describing CLFV interactions with currents
constructed from quark, gluon or electromagnetic gauge fields, containing either five (above b
quark mass), four (above roughly the ¢ quark mass) or three (u, d, s) active quark flavors. As
our default choice we take the three-flavor WET at p = 2 GeV, a scale choice most commonly
used in lattice QCD evaluations of the hadronic matrix elements. The three-flavor WET can
be matched nonperturbatively onto covariant nucleon-level interactions, describing physics
below A, ~ m, ~ 1GeV, where the dynamics due to the omitted degrees of freedom (such as
the vector meson resonances) is included through the momentum exchange dependence of the
single-nucleon form factors. Because u — e is characterized by the three-momentum transfer

'Table T of ref. [24] provides a relatively thorough overview of previous elastic u — e conversion stud-
ies [25—45].
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Figure 1. The effective field theories — and their respective thresholds — relevant for describing p — e
conversion, as well as the corresponding computer codes (in grey boxes). The MuonBridge repository,
introduced as part of this manuscript, consists of the interconnected packages MuonConverter,
Mu2e_NRET, and Elastic (orange boxes).

of size ¢ =~ my, a more efficient NRET can then be obtained by nonrelativistic reduction.
The NRET basis is compatible with the standard nonrelativistic many-body methods, like
the shell model, that are typically employed in nuclear response function evaluations.

The prerequisite nuclear-level NRET was developed recently in refs. [24, 42], together
with the accompanying public code Mu2e_NRET_v1, available in Mathematica and Python. In
this work, we introduce an updated code, Mu2e _NRET_v2, with two major changes. First, we
extend the code to include the leading muon-velocity-suppressed contributions, which were
calculated in ref. [24] but not included in Mu2e_NRET_v1. Second, to facilitate the matching
between NRET and WET, we extend the set of covariant scalar- and vector-mediated
interactions discussed in ref. [24] to include tensor mediators. In addition, we provide a new
open-source code MuonConverter (also available in Python and Mathematica), that facilitates
the connection between NRET and WET and provides an interface to SMEFT through
optional linking to dedicated external codes wilson [53] and DsixTools [54, 55|, see figure 1.

To allow for independent usage, MuonConverter, Mu2e_NRET, and Elastic — a database
of shell-model one-body density matrices that are required for the evaluation of NRET
nuclear form factors — are integrated together within a single parent repository, MuonBridge,
containing documentation, examples, and the appropriate instructions for assembling the
independent components, depending on the specific goals of user.

The paper is organized as follows: in section 2 we introduce a convenient WET operator
basis up to dimension 7 for use in © — e conversion calculations. Section 3 describes the NRET
basis of 26 operators that arises in an expansion to linear order in ¥y and v, and the matching
from WET to the NRET is performed in section 4. As an illustration, in section 5 we perform
the EFT matching for two new physics models where p — e conversion is mediated by either



heavy leptoquarks or light axion-like particles (ALPs). We also derive model-independent
bounds on individual SMEFT operators. Section 6 contains our summary and outlook.

Several appendices are included with further technical details: appendix A describes
the MuonBridge repository, appendix B contains intermediate results for WET to NRET
matching, including the mapping from WET onto the covariant Dirac basis of 32 operators
used as an intermediate step in the matching. Appendix C extends the results of section 4
to the case of second-class currents. Details on the numerical evaluation of nucleon form
factors are presented in appendix D. Finally, in appendix E we give the translation between
our WET basis and the dimension-6 WET three-flavor basis of ref. [56], which is used by
the MuonConverter to interface with other existing SMEFT/WET software.

2 Weak effective theory basis

The tower of EFTs in figure 1 relates UV-scale physics to the nuclear scale where p — e
conversion experiments are performed. In this manuscript, we focus on the last three steps
in the ladder of EFT matchings: the Weak Effective Theory (WET) at pu = 2GeV, the
matching to NRET, and the prediction of conversion rates for nuclear targets of experimental
interest using state-of-the-art shell-model methods to evaluate nuclear response functions. The
formalism for relating the UV physics at an arbitrary high scale A to the WET at u = 2 GeV is,
on the other hand, well developed [56-62] and available in the form of public codes [53, 55, 63].

The part of the WET Lagrangian at u = 2 GeV relevant for describing the u — e
conversion process is given by?

Ly =" clal, (2.1)
a,d

where the di) are CLFV operators of mass dimension d (defined below) and the CA((zd)
are dimensionful Wilson coefficients. By introducing an energy scale Acppy associated
with the CLFV physics, we can express these dimensionful Wilson coefficients in terms of

dimensionless O(1) Wilson coefficients ¢\ as

N
Ca” = Add (2.2)
CLFV
In what follows, we retain operators up to and including dimension 7. The full set of
dimension-5 operators consists of the magnetic and electric dipoles,

B) _ € ~ ap (G) _ €~ _aB,;
Q" = 8?(60 wFas, Q' = @(60 Bivsp) Fag (2.3)

where F,z is the electromagnetic field strength tensor. The dimension-6 operators are

Q%) = (Eyap) (@10) Q) = (Fars1)(@°0) (2.4)
Q%) = (&va) (a7 59) , Q%) = (&va51) (37" 754) - (2.5)

2Qur basis at u = 2 GeV follows from [64], though we choose instead the operator basis with currents of
definite parity. We keep only the subset of operators that give rise to u — e transitions and assume this is the
only flavor-violating effect.



Q%% = (eu)(qq), Q) = (einsp)(da) . (2.6)
Q) — (ep)(Ginsa) Q) = (einsu) (dis9) (2.7)
Q) = (20°% 1) (qoupa) Q) = (eioc™Pysu) (@0asa) - (2.8)

The quark label ¢ = u, d, s denotes one of the three light quark flavors. We assume that the
CLFYV interaction responsible for u — e conversion is flavor-conserving in the hadronic sector.
The dimension-7 basis includes 8 operators that couple to gauge bosons

o = 2 (en)Gmr G, o)) = T (@i GU Gy (29)
O = T (em) GGy, 0} = ? (einsi)G* Gy, (2.10)
o = 1; (en) F*P Fop, Q) = Tom —(@iys) F* Fag, (2.11)
ol = 8*(6#) F°F.g, o = 83(827511) FFag, (2.12)
where G¢ ap 18 the gluon field strength tensor and Gag = ea[gWG“” is its dual.? The

electromagnetic dual Fag is similarly defined. In order to complete the basis of dimension-7
CLFV operators, we introduce the following four-fermion operators with derivatives acting
inside the lepton currents

) = (€ i 1) (1r"a) Q) = (éirs ida 1) (#7"q) (2.13)
), = (¢ i0a 1) (@71"150) Q) = (éirs ida 1) (#7"150) (2.14)
Qi = 0°(&y° 1) (@0a9) Q17, = 0°(e7"15m) (d0apa) (2.15)
QfY), = () (dioas150) Q§8q = 0@y sm) (@ioaprsa) . (216)
- —
where € i0, p = €id,u — € 10, p.
Instead of the operators QQ(], ey Q%{q, one could use equations of motion to write a

more symmetric operator basis, with the derivatives acting on the quark currents

Q) = —(@1) (7D q) +2m, Q%% (2.17)
QfY, = —(er*sm) (a iDa q) +2m, QL) b (2.18)
oY, = —(&v*) (Gins iDa q), (2.19)
Y, = —(@"sm) (i iDa q). (2.20)

This reformulation demonstrates that our dimension-7 basis is equivalent to the basis in
ref. [64] (when restricted to those operators that can mediate y — e conversion). Our basis
is chosen to make the evaluation of hadronic matrix elements straightforward.

3 Nonrelativistic effective theory

The u — e conversion process results in momentum exchanges typical of the nuclear scale,
where the natural degrees of freedom for describing the strong interaction are nucleons. To

3We use the convention €piag = +1.



make contact with experiments, the CLFV light-quark operator basis of section 2 must be
matched to the basis of CLFV single-nucleon operators. Just as the WET basis is organized
by a power-counting in mass dimension, the NRET basis must also be organized through an
expansion in small dimensionless parameters. Before introducing the single-nucleon CLFV
basis, we briefly review how the physics of ;1 — e conversion motivates the particular form
of the nuclear-scale effective theory [24, 42] used in this work.

3.1 Kinematics

The p~ that gets captured in the nuclear Coulomb field quickly de-excites to the 1s orbital.
The muon’s binding energy EBind (defined to be positive) and the muon’s wave function
1, can be determined by numerically solving the Dirac equation for a potential sourced by
the experimentally known nuclear charge distribution. To the precision we work, screening
and other corrections arising from the Coulomb potential of the surrounding electron cloud
can be ignored.

We are interested in p — e transitions where the nucleus remains in the ground state.*
The three-momentum ¢ of the outgoing electron is then given by

7= o (= i) - ). @
where we keep the first correction in m,/Mr, with Mrp, m,, and m. being the masses of
the target nucleus, muon, and electron, respectively. Once the energy of the electron is
known, the outgoing electron wave function can be obtained from numerical solutions of
the Dirac equation in the Coulomb field generated by the extended nuclear charge. As
the momentum transfer from the leptons to the nucleus is sufficient to require retention of
several electron partial waves, this has the potential to significantly complicate calculations.
Fortunately, the Coulomb-distorted waves can be very well approximated by much simpler
plane waves, evaluated for a shifted effective momentum ¢.g determined from the average
value of the Coulomb potential near the nucleus [24]. Numerically, the difference between
q and geg is ~ 5% in 2TAl
To motivate the form of the nuclear-scale effective theory, we note that:

1. The outgoing electron is highly relativistic, with E. ~ m,: the correction due to the
muon binding energy EBind is small (E}jind ~ 0.463 MeV in 27Al). The electron velocity
— defined in the NRET as the Galilean-invariant velocity with respect to the center of
mass of the final-state nucleus — thus has magnitude 1 (in units of ¢) and direction ¢,
the latter of which is, in principle, an observable. This leaves only the nonrelativistic
velocities of the bound-state nucleons and muon to be treated as operators, a task
ideally suited for NRET methods.

2. Relativistic corrections for the bound muon are roughly proportional to Z«/2. For light
nuclei such as 27Al, the muon is highly nonrelativistic, so that its Dirac wave function

4Experimentally, this is the preferred option as the resulting conversion electrons will be at the endpoint
of the SM background from p — evv decays. In p — e conversions where the nucleus transitions to an
excited state, the less energetic outgoing electron must compete with a larger SM background but may provide
additional information about the underlying CLFV mechanism [65].



is dominated by its Schrodinger-like upper component. The muon’s velocity operator
), thus enters the NRET as a correction generated by the suppressed lower component
of the Dirac solution. In the NRET, v, is defined as the Galilean-invariant velocity
associated with the motion of the bound muon with respect to the center of mass of
the initial-state nucleus. The effects of 7, are limited to small numerical changes in
nuclear form factors: the @, operator plays no role in the selection rules that determine

the nuclear response functions.

3. Nucleons bound in a nucleus are only mildly relativistic, with typical velocities vavg ~
0.1. We can therefore perform a nonrelativistic expansion of the nuclear charges
and currents. In the NRET, the nucleon velocity operator v stands for the set of
A — 1 independent nucleon Jacobi velocities, e.g., the Galilean-invariant velocities
v = {(Th — 1) /V2, (203 — (U1 + ©2))/V6, ...}, where ©; is velocity operator for the
i-th nucleon and A is the nucleon number. See [24, 48] for details.

The available Hermitian operators that enter into the construction of the NRET CLFV
operators are: ¢4 where § is the velocity of the outgoing ultra-relativistic electron, the nucleon
velocity operator ¥y, and the respective lepton and nucleon spin operators, &7 and &'y.
Extending this set of building-block operators to include the muon velocity operator w,
generates the relativistic corrections associated with the lower component of the muon’s
Dirac wave function.

3.2 NRET basis

Working to the first order in the nucleon velocity 5 and neglecting the muon velocity v,
there are 16 independent CLFV single-nucleon operators [24, 42],

O1 =11 1y, Oy =1yp 44 - Un, (3.2a)
O3 =11 iG- [Un x &n], Oy = 7y - 3w, (3.2b)
O5 =71, - (ig x Tn), O = iq- &1 iq- oy, (3.2¢)
O7 =1z, Uy - &N, Og = &1 - U, (3.2d)
Oy = &7, - (iG x Fn), O10 = 11, iG - Gn, (3.2¢)
On =iq-ar 1y, O12 = &1, - [Un X 3], (3.2f)
Ols =31 - (i§ x [Uy x 3n]), O14 = iG- 3, VN - Fn, (3.2g)
O15 =iq- &1 iG - [Un X FN], Olg = iq - & i - Un. (3.2h)

This operator basis matches closely the one previously derived for dark matter direct detec-
tion [48]; we distinguish with a prime the operators for which there are significant differences.
The NRET operators O; are understood to act between Pauli spinors £, for muon, electron,
and nucleons. The leptonic current operators 17, or &7, couple the 1s muon wave function to
the various distorted partial waves comprising the outgoing electron’s wave function.

The corresponding effective interaction can be expressed as

16
L = > Y NoY + -, (3.3)
N=n,pi=1



where ellipses denote omitted corrections due to operators generated by 4, two-body currents
that arise in nuclear systems, etc. We refer to the numerical coefficients ¢V as the low-energy
constants (LECs) of the NRET. They are the analogs of the Wilson coefficients ¢\ in the
WET Lagrangian, eq. (2.1), and carry dimensions of 1/(mass)?. Strictly speaking, the LECs
are functions of ¢'2; however, for a given target the momentum transfer in y — e conversion
is a fixed quantity determined by kinematics, as in eq. (3.1). As a result, the NRET LECs
are genuine constants capable of encoding the exact momentum dependence that arises, for
example, from the exchange of light mediators with m? < §2. Thus, the NRET formalism is
ideally suited to describe not just heavy mediators but also light new physics such as the
CLFV axion-like-particle scenario considered below in section 5.3.

In eq. (3.3) we have also introduced the index N to allow for the CLFV physics to
couple differently to protons vs. neutrons. Equivalently, we can work in terms of isoscalar
and isovector operators

Lt =% Z ] O;tT + (3.4)

7=0,1i=1

where ¢ = (¢! + ) /2, ¢f = (F —cP)/2, and t¥ = 1, ¢! = 73 are the isospin matrices.
Working to first order in the nucleon velocity vy and neglecting the muon velocity vy,

the u — e conversion rate is given by [24, 42]

1 qff
F €
=)= 51 +q/Mr LAl

x Z { | B3 Wi (Gerr) + RErs Wi (gerr) + Ry Wi (qer)|

(3.5)
q - /
eg [ Rrar Whan (qert) + Rirs, WITs, (qest) + REAWE A(qeff)]
miy
_2qe R WTT’ RTT’ W‘r‘r’
<I>“M o 01 (Geft) + RNy WAS (gest) | ¢
my
where
Rifar = ¢ief " + ¢yl (3.6)
e = (ch — ) (ch —c§)" + clociys (3.7)
sy = chel "+ cjep (3.8)
Rc1>”<1>" = 0503 + (cla — c15)(cla" — c15), (3.9)
RYZ, = CIQCIlz* + facly, (3.10)
RAA —C5C5 +C78—C78—*, (311)
Rcb//M = Re[c}c{ " — (el — cis)eir s (3.12)
Ty = Relele] * + e, (3.13)

and ¢1Z§“(6) is the 1s wave function of a muonic atom with effective charge Z.g, evaluated
at the origin. The leptonic response functions Ri”/ are bilinears in the NRET LECs. The



specific combinations define what can (and thus what cannot) be determined about CLFV
from elastic 4 — e conversion. Note that the nuclear response functions WZ-TT/ depend on
the modified momentum of the outgoing electron wave geg.

In the long wavelength limit, geg — 0, the coherently enhanced response function Wiy, ,
counts the number of protons and neutrons in the nucleus, while Wg?é, and Wﬂlz,, measure
the transverse and longitudinal nuclear spin responses, respectively. The velocity-dependent

response functions WqZZZI,,,, WZIT-,, and W1y appear in the rate formula multiplied by a factor

of qgﬁ / m?\,, reflecting their 0?1211& as responses sensitive to the composite structure of the
nucleus, generated by operators like the orbital angular momentum 0. As such, contributions
from these responses vanish in the limit of a point-like nucleus, g.g — 0.

One of these response functions, WCIZZ;I)N, becomes coherent in nuclei like 27 Al where
one of two spin-orbit partner shells j = ¢+ 1/2 is occupied [48]. The response ®”, which is
generically associated with tensor mediators, corresponds to the longitudinal projection of the
nuclear spin-velocity current vy X &y and can interfere with the charge multipole operator
M. (Similarly, there can be interference between the transverse-magnetic response A and
the transverse-electric response ¥'.) In 27Al, which is a nearly ideal target for maximizing
the coherence of ®”, the interference term W39 ,, contributes ~ 5% of the total response (for
equal NRET coefficients, e.g., ¢} = cJ). Along with the usual coherent coupling to nuclear
charge, these two distinct sources of nuclear enhancements of operators lead to a hierarchy in
the associated response functions for 2?Al. In the case of isoscalar couplings — assuming
that the relevant NRET coefficients are roughly equal in magnitude — the hierarchy is

00 2 deft % id Aot % fF 11700
WM ~Y O(A ) >> /rrj WM@N {WZIE/ WE//EN e W@//¢//} {Trj WAA, /rrf W(D/(bl}

(3.14)

This assumes, as is the case for 27Al, that the nuclear ground state carries angular
momentum j > 1, so that all nuclear response functions can contribute. The above hierarchy
of nuclear response functions illustrates that the nucleus can alter the naive nucleon-level
counting based on the small parameter |¥y|; coherence can elevate operators to be of the
allowed strength.

The six response functions (and the two interference terms) constitute the most general
set of symmetry-allowed nuclear response functions. That is, the constraints of the nuclear
ground state — angular momentum, parity, and time-reversal — restrict the operators that
can contribute to the elastic 4 — e conversion process, so that the 16 leading single-nucleon
operators embed into just six nuclear response functions and two interference terms. The
general form is generated at O(vy); the extension to O(v,) adds small form factor corrections,
but does not change any of the essential features of the CLFV physics.

If one includes all first-order effects of velocity, whether associated with the nucleon or
muon, the NRET operator basis in eq. (3.3) expands to [24]

16
LT = 5T S cNoN+ N S uNol, (3.15)

N=n,p i=1 N=n,p i€l

where the second sum is over ten new operators linear in v, indexed by the set I =

,10,



{2,3,5,7,8,12,13,14,15,16}, which arise from the muon’s lower component,

Oglzi(j-% 1N, (’)f—zq [2X0L] 1w, (3.16&)
og‘:(m”;).&]v, of = 311y, (3.16b)
of = U .z of = [P 5] 5 3.16
R = 5 N 12 = 9 L ON, ( . C)
ol — (iox [P o 5 - FoUu o

13 = (Z X |:2XUL:|)~JN, 014—?~O'L 1q-0ON, (3.16d)
of; =ig- B" x&L} i - N, Ofs =ig- 2 iq- 3y, (3.16¢)

with the b the associated LECs. Although there are only 10 additional operators, they are
labeled in analogy with the 16 upper component operators: O; <> OZf under the exchange
Un > U,/2. Here we employ 7,,/2 because this operator, when acting on the muon’s upper
Dirac component, generates the lower component. The complete expression for I'(u — e) with
all velocities handled through linear order is given in eq. (B3) of ref. [24]. The new public
computer codes discussed in appendix A are the first to properly include the effects of 7,.

4 Matching quarks and gluons to nucleons

We turn next to the nonperturbative matching from WET to NRET, starting with single

nucleon matrix elements.

4.1 Nucleon matrix elements

For the nucleon matrix elements, we use a notation closely resembling that of refs. [51, 66]°

_ _ N N
V' alV) = e |FEN " - ()o@
_ _ N 1 N
<N,|Q'7“'Y5Q|N>ZUIN{F§1/ (qfel.)v“%—MFq{ (qfel.)%q“]w, (4.2)
(N'|mqdq|N) = F&N (q) iWyun (4.3)
<N’\mqqm5q|N> FJ%/N<q3d>a3msuN, (4.4)
(V|5 G G IN) = FY (g ) iy (4.5)
< ‘SWGCWVG(ZV’AO C];V(qgel.) a?\ﬂ;’%u]\f’ (46>
—~ v — N v v N
(N'lao*q|N) = aly | EF (gh) " = 5~ "a" B ()
my

[ "k ]Fq/N(Qrel) UN
N

®The difference is in the definitions of the tensor form factors, Fq({{iN = F;{’/iN/mq7 where quﬂ’/iN, with
1 =0,1,2, are the form factors in [51, 66]. This choice reflects the normalization of the tensor current operators
in WET basis, section 2. For scalar and pseudoscalar form factors F, g/ N, F;_Z,/ N we keep the m, prefactors in
the currents, since the form factors thus defined are more precisely known. Note that the definitions of Fy and
Fg, form factors include minus signs in order to match [51, 66], where the ¢°*2* = 4-1 convention was used.
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<N'|7F“”F vIN) = FY (qrer.) Ty un (4.8)
<N'\§ W Ew|N) = = () Uyinsun - (4.9)

Here we shortened (N'| = (N(k2)|, |N) = |N(k1)), vy = un(k2), uy = uy(k1) and
introduced ¢* = ki — kb, k5 = ki + kb, with

Gt = qug” ~ —|7)* = —¢*. (4.10)

Compared to ref. [51], the definition of the momentum exchange ¢* differs by a sign (but the
definitions of form factors coincide). For covariant derivative we use D, ¢ = (0, + ieQyAL)Y,
where @)y is the electric charge. The antisymmetrized tensors are defined as Alighl = gy —
~Yg*, and similarly for q[“k:?f}2 and 'y[“g'y”}. For CP-violating light new physics, additional
form factors appear on right-hand sides (r.h.s.) of egs. (4.1), (4.2), and (4.7). These are
expected to be small and are discussed in appendix C. The numerical values of the form

factors for ;1 — e conversion in 27Al are derived in appendix D.

4.2 Covariant nucleon-level interactions

To facilitate matching between nuclear NRET and WET, we follow ref. [24] and introduce
an intermediate step — a set of covariant single-nucleon operators and corresponding LECs.
We denote the resulting interaction as

32
= ZdN,cf;m. (4.11)

N=npj=1

The Lorentz covariant operators L3N are listed in appendix B.2, in the first columns of

int

tables 1 and 2. The operators in table 1 appear in ref. [24], where all covariant interactions

generated from scalar or vector mediators were enumerated. Here, we extend this set to
include tensor-mediated interactions, listed in the first column of table 2

The WET is matched onto L', relating the LECs of the former to the CLEFV coefficients

dﬁ-v of the nucleon-level interaction that we employ below A,. In this nonperturbative

matching, we use the definitions of the nucleon matrix elements in eqs. (4.1)—(4.9), with

the corresponding results for d;v coefficients listed in appendix B.1, egs. (B.10)—(B.41). The

d{v coefficients — expressed in the proton/neutron basis — are readily converted into the

isospin basis via

1

1 1
d) = 3 (dF +dty, df = 3 (df —d7). (4.12)

4.3 The NRET

Because the momentum scale in © — e conversion is set by m,, < my, we can perform
to obtain the NRET. This
reduces the number of nucleon-level operators while generating an interaction compatible

a nonrelativistic reduction of the covariant operators, Emt ,

with standard nuclear calculations, which are typically nonrelativistic. Since we consider
only elastic 4 — e conversion, and since the nuclear recoil energy ~ mi /My is extremely
small, the reduction can be done with ¢° = 0.
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The relativistic reduction of operators EllntQO — the interactions arising from scalar and
vector mediators — to their corresponding NRET forms was done in ref. [24]. For convenience
those results are summarized in appendix B.2, with the resulting (’)ZN and (’)Zf AV displayed in
tables 1 and 3, respectively. The corresponding results from the nonrelativistic reduction of
12 new tensor-mediated interactions are given in tables 2 and 4, respectively. (We note that
certain tensor operators were also considered recently in [67] ) The final columns of these

N1 NRET LEC combinations.
Combining with the results for the dfv in appendix B.1, we then obtain for the ci

tables relate the relativistic {d¥} to the appropriate {c

7,”L

NG N 4(6 N 1 46 N
o = - ;d )ZQqFf/ G EN Y e FY
q q q

q 6 N pq/N ~q/N
. Zc( (Y — BN 4By
q

X ) (4.13)
+CFY + ¢VEN 1 (g 4+ my) ZCSBF{’/N
2
ch3q[Fq/N—F"/N+<4+ >F7‘Z/QN]
N
[ZC O piN 4 Zc” FIN 4 chgq (B - aBg)), (4.14)
5(6) pa/N 5(7) ( pa/N £q/N
_ 2265}@‘%{0 —ch§33q(F;{0 + m—%FJ‘ig ). (4.15)
N _ o 5(5) IN | /N q 5(6) (7pa/N | 1a/N
W= Gy 2 QU+ FET) - m?flﬂf 5T
(6) Q/N o/N _ 4 _ 7 q/N a/N
204 Fa +2ZC9qF Sy 4 Eq: PSR (4.16)
5(7 N 5(7 ~q/N ~q/N
_q)Zd??qFX/ _qzcgi’jq FYq’:/O + m?VF%/l ’
q q
(64 5(5 N 5(6 N
- 2y P -y
q (") /Nq 7 (7) ( pa/N /N 1)
— (m4 —Q)ch,qﬂq - chls,q<F;,1 _4F5]‘,2 )v
N q
N _ (5) /N /N (6) / a/N /N
06 ——27TmNZC Qq Fq Fq ) ﬂzc (Fq F2q )
4t N~ 5(6) pa/N q ORI (D N A0 N
) CO FY Z N (c FY + ¢ RY)
~ (my —q)q q/N q/N , 5(7) (pa/N _ M4M— q/N (4.18)
T, ch,q (FN + B —ig Yo G (FAY - = —Fp )
q
5(7 ~q/N ~q/N . 5 N
—QZC£3?q(qu”/O + 4m2 F:?,/l )"’ZQZdG ng/o ;
q
= 2636)FQ/N (my +q) S FYN, (4.19)
q
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e 5(5 N 5(6 N
CévleQE CPQu RN =S e P
q q
2
(7 N q 7 N N
_ q)E :Cfo?qﬂq/ _ T }4)(1 (Fq/ . 4Fq/ )7

N _ q/N q/N (6) q/N q/N
y 27rmN E C2 Qq (F" + F Eq (F"" + Fy)

Z C36) F‘]/N 2% Z CIO qFQ/N

Am—_ — " N N N
my q q

2
5(7) ( fpa/N 4" pa/N
- qzq:614,q(FT,o + 4m?VFT’1 )v
N _ N A (pa/N_ dm= q L 5(6) pa/v 5(6) pa/N
€10 —ZZC:M (qul - 4m2 P’ ) + M Z ECMFI% - 2z:clO,qFTq“,O
q

—M(cgﬁ 'FY + GV EY) +imy chq(Fg/N i 2Fq/N)

N
—4q Zc1s,qF1q“/o ]
q

e} (5 N 6) /N 1 56 N
= S P QN — Z Gy ™ =Y Ry
q q

q
q 6 N N q/N 7 7
o > e (B - Fq/ 4F§(2 ) -V EY — cVEYN
q

~

— (m_ +q) Zcm ) PN ZCM(]{FY‘%V — B (4 q2 VB

my
N N
cfh = —Qchquq/ +QZ015qF%/o )
q

N = 2220(6 B+ qzcﬁg?qF%V :

M= — ch(ﬁ Fq/N (m— +q) chzqFQ/N’

=i+ ) ¢ o S
q

N :i% zq:é§5)QqFf/N qucm qu/N :

where all the form factors are understood to be evaluated at ¢2,; =

M4 = My, = me.

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)
(4.25)

(4.26)

(4.27)

(4.28)

qZH, and we defined

(4.29)

Similarly, one can express the bfv coefficients in terms of CAl-(d). While the bfv coefficients are

included in our numerical results, as well as in the MuonBridge computer code, they generate

only subleading corrections. As a result, they are not relevant to the present qualitative

discussion, and we do not show their matching explicitly.
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Figure 2. A graphical representation of how different WET operators (2.1) contribute to the u — e
conversion rate, in which we keep the terms that remain in the vy,v, — 0 limit, as well as the
coherently enhanced but velocity-suppressed contribution from the Wg. ¢ response function. The
NRET coefficients ¢ receive contributions from WET Wilson coefficients CAZ-(d), as denoted with
the corresponding colored circles (only the ¢V that contribute to the numerically leading response
functions are considered). These then enter the leptonic response factors BTO', that multiply various
nuclear response functions, as indicated. For instance, CA£5) contributes to ¢, c) and ¢f’, and these
lead to Wiy, Wi, Wi, nuclear responses.

Note that the NRET LECs cfv are in general complex. First of all, the Wilson coefficients
CA'i(d) can be complex, given that the lepton-flavor-violating WET operators in eq. (2.1) are
not hermitian (note though, that they are defined in such a way that they would have been
hermitian, had the leptonic currents been flavor conserving). However, even if C’i(d) are taken
to be real, the ¢V are still complex in general, due to the appearance of explicit factors of 7 in
eqs. (4.13)—(4.28). These can be traced back to the fact that iG used to construct the NRET
operators actually represents two operators, the electron velocity and the three-momentum
transfer, see the discussion in appendix A of ref. [24].

Using the results for ¢V in eqs. (4.13)—(4.28), together with the rate formula in eq. (3.5)
and the known nuclear response functions, W, T/, one can obtain predictions for the u — e
conversion rate in terms of the WET Wilson coefficients CAZ-(d) . Here, we focus on the leading
contribution to I'(x — e), i.e., those terms that are nonzero in the vy,v, — 0 limit,
supplemented by the coherently enhanced but velocity suppressed contribution from the
Wangn response function, which in general contributes at the same level as the spin-dependent
nuclear response functions, cf., eq. (3.14). The graphical representation of how the WET
Wilson coefficients CAZ-(d) map onto the leading prediction for the u — e conversion rate is

shown in figure 2.
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We make several phenomenologically relevant observations:

e Dimension-5 WET operators Qf’%, i.e., the transition magnetic and electric moments,
induce the coherently enhanced spin-independent, X];\/[, as well as the spin-dependent,

/ ! . . / .
sisvs Weilsw, nuclear responses. At dimension 6 also Wg/ 4, is generated (although

only from (f'éi; and (f%g?q).

)

. . . . A(d) . . .
e Even if only a single Wilson coefficient Ci( is nonzero, this always results in a nonzero

contribution from at least one of the numerically leading nuclear response functions.

e All 16 NRET operators are generated by the dimension d < 7 WET basis. At dimension
d < 6, all NRET operators except C’){\é are generated.

« Not all NRET operators OV in eq. (3.15) contribute to the above numerically leading
nuclear response functions: ¢, ¢}, and ¢} contribute only to numerically subleading
nuclear responses, whereas cév , cév , cﬁ, and c{\é do not contribute at all to elastic
1 — e conversion due to the parity and time-reversal properties of the nuclear response

functions that they generate [24].

o Working at this numerically leading order, certain WET Wilson coefficients contribute
to just a single NRET operator:® the Wilson coefficients CA}()Gq) , C‘p, C’én only contribute
to cV; C’éil), Ag), C’é7) only to c; é’éfﬁq), A§7), CA'g) only to clY); and CA'E(E?Q), Af), CA'§7) only
to cf’. The Wilson coefficients only contributing to a single ¢/ cannot be distinguished
from each other using measurements on different targets, since they always enter in the
same linear combination, unless the much smaller v,, suppressed relativistic corrections
and the small corrections from the ¢ dependence of nucleon form factors can also
be taken into account (i.e., the total theoretical error on the prediction for I'(1 — e)

reaches the level where these corrections become relevant).

e The gesr dependence of CLFV coefficients R;\/[T}vp Rglz,, Rg/z,, and R?{;T,'@, comes from
the ¢ dependence of ¢ in eqgs. (4.13)(4.28) (for heavy new physics the WET Wilson
coefficients Ci(d) are ¢ independent). Since geg depends only mildly on the chosen target
nucleus, the ¢V entering the predictions for the y — e rate are effectively constant, i.e.,
independent of the nuclear target. In this limit there are only 12 combinations of c;N ,
i.e., the combinations multiplying RTA}}W, glzl, Rg;z/, and Rg/lq),, for 7() = 0,1 that
can be measured.

At a future time when u — e conversion has been discovered in several different targets,
one could use the “bottom-up” approach to efficiently encode the CLFV physics in the
NRET LECs, which would then serve as constraints on generic UV models. Given existing
uncertainties in nuclear response calculations — perhaps in the range of tens of percent —
details like the variation of geg with target could be neglected. (If our ability to compute
nuclear responses were ever to reach the few percent level, one would need to exercise

SWe ignored for simplicity the quark flavor in this counting. A more precise statement is that a certain
linear combination of C’éf’l)t, Céf’;, C’éf’z , C’f”, Cé” enters ¢, while a different linear combination enters cf', and
N

F

similarly for the other ¢
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more care.) In general, one would not be able to determine individual LECS, but only the
combinations that appear in the expressions for the TOT(;/. To do more, one would need
additional constraints on CLFV, beyond those available from elastic y — e conversion.

The NRET employs single-nucleon currents and charges, but could in principle be
extended to include a similar set of Galilean-invariant two-body operators. For certain cases,
like the Rayleigh operators, these two-body currents can be important [68]. Due to the
averaging properties of nuclei, most of the effects of such contributions (assuming they are
not treated explicitly) would be absorbed into the one-body LECs, making them effective,
as discussed in section IIIG of ref. [24]. While most of the missing physics would thus be
properly incorporated into the fitted LECs, one would need to account for the associated
renormalization and operator mixing, before relating empirically determined LECs to the
predictions of an underlying model.

5 Sample new physics models

Next we turn to a few examples of new physics models that can lead to p — e conversions.
In the “top-down” approach, our results can be used to obtain predictions for I'(x — €) in
a particular UV model. In this case, one must first match the UV model onto SMEFT by
integrating out the mediators at scale u ~ Mmediator, then RG evolve in SMEFT down to
1~ myy, match onto WET, and finally RG evolve down to p = 2 GeV. At this point one can
then use our results, encoded in the MuonBridge code suite, to obtain the prediction for the
1 — e transition rate. In section 5.1 we first illustrate the expected reach of the upcoming
1 — e experiments in terms of bounds on single SMEFT Wilson coefficients. In sections 5.2
and 5.3, on the other hand, we use concrete new physics models. From the large array of
possible UV examples, we choose two that best highlight the strengths of our systematic
EFT based approach: p — e conversions induced by leptoquark exchanges, which lead to
scalar, vector, and tensor currents (section 5.2), and u — e conversions induced by light
pseudoscalar/ALP exchanges, which can also be covered by our formalism, but now with
¢*-dependent Wilson coefficients CAZ-(d) (section 5.3).

5.1 Bounds on UV Wilson coefficients

We start by considering the case where the UV theory generates a single SMEFT operator
above the electroweak scale. This is a standard approach in phenomenological EFT analysis
used to estimate the scales that are being probed by experiments, without consideration
for the ability or inability of plausible new physics models to realize these single-operator
contributions.

For concreteness, let us consider a UV theory that, after integrating out the heavy degrees
of freedom at a scale y = A (~ heavy mediator mass), generates just a single dimension-6
SMEFT operator in the Warsaw basis

Ci
LSMEFT,UV = sz‘- (5.1)

To arrive at the prediction for the u — e conversion rate, as described in section 3, one first
needs to RGE evolve from the scale 4 = A to u = 2GeV using the tower of EFTs, from
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SMEFT to WET with ny =5 to WET with n; = 4 flavors followed by a tree-level matching
to WET with ny = 3, as shown in figure 1. We perform the one-loop RG running using
wilson [53] and then use MuonConverter to obtain the prediction for the y — e conversion
rate. Using the projected experimental sensitivity B(u~ 4+ Al — e~ + Al) < 107'7, we show
in figure 3 the implied bounds on Acpry,; = A/V/Ci, if no signal is found. We perform
the calculation for each dimension-6 CLFV SMEFT operator Q; in the Warsaw basis that
can induce py — e transitions.

For each operator in figure 3, the bound is obtained by identifying the UV scale Acrrv
that, after one-loop RGE evolution to u = 2 GeV, produces a conversion rate saturating the
projected single-event sensitivities of the upcoming Mu2e and COMET experiments. The
magnitude of the initial Wilson coefficient, assuming C; = 1, is set by AEEFV,i and scanned
over ten equally spaced points in the range AE%FVJ € 10717 — 107* GeV~2 corresponding to
new physics scales Acrry,; ~ 100 GeV — 105 TeV. The resulting conversion rates are then
interpolated as a function of Acprv,; and a root-finding algorithm is utilized to obtain the
scale at which the conversion rate crosses the projected experimental limits. The running
of each operator is solved exactly via numerical integration of the one-loop RG equations
from p = A to p = 2GeV using wilson. In agreement with the leading log resummation,
the matchings between different thresholds are performed at tree level.

Operator-mixing induced by the one-loop running allows for non-zero limits to be placed
on the purely leptonic and off-diagonal semi-leptonic SMEFT operators. This treatment is
consistent as long as the logarithmically enhanced RG running contributions to dimension-six
operators are numerically leading and the finite terms from loop-level matching can be ignored.

5.2 Leptoquarks

Next, we use our computational framework to analyze the y — e conversion rate in the
context of an explicit UV model. Specifically, we assume that the gy — e conversion is
generated by tree-level exchange of a leptoquark scalar Rs, which then leads to vector, scalar
and tensor interactions, making it an ideal showcase for quantifying the relative magnitudes
and correlations between different nuclear responses. The leptoquark Ry is in the (3,2,7/6)
representation of the SM gauge group, so that the interaction Lagrangian is given by [70]

—1 47b — * '7
LD —yilupRse™ L) + ysf erRS* QY + hoc., (5.2)

where the summation over flavor indices, i, 7 = 1,2, 3, and electroweak SU(2) indices a,b = 1,2
is implicit, and we do not display the contraction of color indices.

Integrating out the leptoquark at tree level, cf. figure 4, gives the following nonzero
contributions to the SMEFT Wilson coefficients (we use the notation of refs. [54, 69]),

iy 1
12ii _ RL, RL*
Cp' = *m?bn?hn ) (5.3a)
i 1 LR« LR
021612 = —TH%Q Y22 Y21is (5.3b)
(1),12ii (3),12ii L LR« RLs
Cfequ = 2CZequ = _2 2 y2 21 y27,1 Y (53C>
mLQ
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Figure 3. The energy scales probed by dimension-six SMEFT operators assuming the projected
experimental limits of the future Mu2e and COMET experiments, B(u~ + Al — e~ + Al) < 10717,

The notation is as in [54, 69].




Figure 4. Diagram for tree-level contributions to y — e conversion mediated by scalar leptoquark
R,. Leptoquark superscripts indicate the electric charge of the exchanged particle.

1),214i 3),21ii 1
Clgegu "= 2Olge;u = _2m2 y%gygfﬂ (53d)
LQ

where mp,q is the leptoquark mass. The Wilson coefficients in egs. (5.3a), (5.3b) multiply
vector four-fermion operators (£17,02)(@;v"u;) and (g;v"q;)(€17,e2), respectively, while the
Wilson coefficients in egs. (5.3¢), (5.3d) with the superscript (1) [(3)] multiply scalar [tensor]
four-fermion operators of the form (£$e2)eqp(qPu;) [((30mea)ean(@ o™ u;)] and with 1 < 2
lepton flavor indices exchanged.

The above effective interactions introduce both spin-independent as well as spin-dependent
nuclear responses, when running down to low energies and matching onto NRET. Ignoring
for the moment the effect of RG running, integrating out the leptoquark results in the
SMEFT operators in eq. (5.3) and gives the following nonzero contributions to the WET

Wilson coefficients:

%) = ¢ = —ST;%Q Ay, (5.4)
) =€) = —SW;%Q A (5.5)
€l = €4, = =) = -l = g (56)
és(fu = —C}ﬁil = Qésg?u = 8ml%Q/\RL+ ; (5.7)
éc(si)b = ééii = 2@& = ST;%Q ARL-— - (5.8)

The up-quark couplings are
At = 165, £ carcig, ArL+ = Ccorcir £ ¢31Cl R, (5.9)
where (for i = 1,2)
cir = (™ V1, CiR = Y31, (5.10)
The coupling to the down quarks is (for 7 = 1,2 down quark flavors)

LR, LR
Xj = Y2925 - (5.11)
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The NRET LECs that lead to coherently enhanced nuclear responses (again, ignoring
RGE effects) are given by

1 1 U ald U U
A = g B e | Y Y B arY )
LQ ' (5.12)
(/\/ Fd/N + )\/ s/N)
SmLQ ’
le\i =—1ic ()\+ — A, ARy — )\RL—); (513)

while the LECs that contribute to spin-dependent nuclear responses ngé,, Wgﬁlzn are

1 u U u ]
Civ :8 {)\+ /N + — 5 (F /N F, /N)] + )\RL+FT7/ON}
LQ o (5.14)
8mLQ 7 2mN
1 U U U >\ u
A A+( /N | ge/N _ M p /N) 4 ARL+ FP/N]
8m 2mN 2m mn My,
- (5.15)
q Z)‘/< d/N d/N my Fd/N>
8mLQ 2mpy
1 U u u ]
¥ =gz - (7 B) 3 R
LQl . ¢ ( pdi/N dj/N d;/N (5.16)
— Mol —— Ey’ —F/
+8m%Q; J{sz\/( - ) 4 }’
N _ i uw/N M- u/N ~u/N q 1 u/N
CIO —8m%Q |:)\ <F 47’)”)3\/ FP/ ) — ARL* (FT,O — MmquP >:|
(5.17)
j(Fjj/N - ng/N)’
4mz;

and those that generate the coherent but velocity-suppressed W%Z/q)/, nuclear response are

1

N u/N
c3 = _Sm%QARL+FT’O , (5.18)
N i ~u/N

=— Arp_F'5. 5.19
C12 8m%Q RL T,0 ( )

In addition, the NRET LECs ¢, ¢’, and ¢f} are nonzero but contribute only to numerically
subleading nuclear response functions. The NRET LECs cév , cév , and cﬁ are also nonzero,
but do not contribute to the elastic conversion process due to the parity and time-reversal
symmetries of the nuclear ground state. Numerically,

1(—1—2)
LQ

A +elany = 5o {2910 + M) = [6:8(22) — 0.26(15)] Arpe + [22(2.1) x 107X}

(5.20)
In summary, i) the LQ model leads to many different NRET coefficients, including those
leading to velocity suppressed but coherently enhanced ®” nuclear response, and ii) it is
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Figure 5. A decomposition of the 1 — e conversion rate in terms of contributions from different
nuclear response components classified by the type of response (OO’) as well as the isoscalar /isovector
component (77'), for 27Al target, at a single representative point in the parameter space of the Ry

leptoquark model, eq. (5.2).

possible that the leading, spin-independent, contribution could be accidentally small due
to cancellations between different contributions, though that is not a generic situation (cf.
eq. (5.20)). These two qualitative features persist also once the RGE running is included,
as we demonstrate below using a numerical analysis.

The leptoquark model introduced in eq. (5.2) depends on one dimensionful quantity, mr,q,
and 36 dimensionless parameters (i.e., 18 complex coefficients yQR i?’LR). In matching onto
SMEFT in eq. (5.3), we already limited the discussion to u — e transitions and anticipated
that only flavor-conserving quark currents are relevant in nuclear transitions.

In our numerical analysis, we focus on conversion in 2”Al and explore the 18-dimensional
complex Yukawa parameter space. The SMEFT coefficients at the scale p = myq, eq. (5.3),
are RG evolved to p = 2GeV using wilson, after which we utilize our WET to NRET
matching expressions to compute the ;1 — e conversion rate as described in sections 2—4. The
conversion rate is proportional to the product of leptonic RTOT(;/ and nuclear 570/, response
functions summed over all nuclear responses (OO') and isospin (7,7/ = 0,1) components (see
eq. (3.5)). To better understand which nuclear responses are numerically relevant it is useful
to analyze the sum in terms of its summands. We define the quantities

7T/ 77/ 77!

WTT’
’OO/’TT/ = ‘ o 7—790/| T’ (OO/)TT’ = o0 7790, 77! 0 (5'21)
ZTT’OO’ |ROO’WOO’| ZTT’OO/ ROO’ oo’

such that |OO'|;; denotes the normalized, non-negative fractional contribution of the
go’, ng, component to the total rate and (OO’),, denotes the normalized, signed frac-
tional contribution. Figure 5 shows the relative strengths of each response at a representative
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Figure 6. A comparison of the isoscalar nuclear response components over 2 x 10* parameterizations
of the Ry leptoquark model introduced in egs. (5.2), (5.3). Each of the 18 dimensionless complex

parameters yi@’LR are randomly sampled over the unit complex circle and the leptoquark mass is held

fixed at 5000 TeV. The color denotes the logarithm of the ratio of the summed isoscalar components
and the sum of isovector components for all contributing nuclear responses. Whenever the scalar
response contributions fall below = 98% of the total rate, the gray lines are used to illustrate how
the components are distributed. The p — e conversion rates for the shown points lie in the range
10717 < B(u™ + Al = e~ + Al) < 107! (we do not denote which of the points are already excluded).

point in the leptoquark Yukawa parameter space, mpq = 100 TeV, ylLQ]TQ’fL = ylLlR 2’§L = 0.1,

y1L3I,%3,E§3,32,33 = 0. We find that the isoscalar component of the scalar response |M M |og
dominates the rate, as expected, but additionally that the coherent tensor-scalar interfer-
ence response |®” Mgy is comparable in magnitude to the longitudinal nuclear spin response
|X"%" |00 (but where the total summed longitudinal response dominates). For p — e conversion
on %3Cu nuclei, at the same point in parameter space, we find that the total tensor-scalar inter-
ference response instead dominates over longitudinal spin response — the former making up

> |9 M| & 0.23% of the total rate compared to Y. [X'%"] v & 0.17% from the latter.

77! ‘
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In figure 6 we illustrate the correlations between the leading isospin-summed nuclear
response (M M) and the next-to-leading (X”¥"), (AY'), (AA), and (®”M) nuclear responses
over 2 x 10* samples of the 18-dimensional yf i?’LR parameter space. Additional nuclear
response components, such as (¥'Y/), (®”®"), and (®'®’) are also generated but contribute
< 1075% to the total rate and thus are not shown. Each point represents a unique parame-
terization of the model where the 18 complex Yukawas have been sampled independently
and uniformly over the unit complex circle such that

Y LR[ = Re (43} LR) +Im (g3 LR) <1, (5.22)

while leptoquark mass is set to mpq = 5-103TeV. We find that the scalar (M M) and
longitudinal-spin (X”%") nuclear responses dominate the total rate and are highly correlated
across parameter space. The remaining nuclear responses generally provide < 1% contributions
to the total rate. However, in some parts of parameter space, where contributions from
the scalar response falls below ~ 98%, these responses become enhanced with O(1%)-level
contributions that may be measurable, as depicted by the gray lines between the figure
sub-panels that connect like-parameterizations.

While outside the scope of the current work, a detailed analysis exploring the similarities
and differences of nuclear responses between different target nuclei (see, for example, [43]) as
well as UV completions is easily accommodated by our computational framework.

5.3 ALP exchanges

The above formalism for computing I'(x — e) can, with trivial modifications, also be used in
scenarios where the mediators are light. We illustrate this in the case of ;x — e conversion
induced by the exchange of a light axion-like particle (ALP) with mass m,. The only
A(d)

required change is that now the Wilson coefficients C;"’ in WET Lagrangian (2.1) become
¢ dependent. As long as one is only interested in j — e conversion, the fact that WET is
strictly speaking no longer the correct effective field theory, since there is an additional light
degree of freedom — the ALP, makes no practical difference since all the relevant effects
of the ALP are absorbed in CA'i(d) (¢?).

The ALP interactions with the SM fields start at dimension 5 and are given by

O a Opt
a aaf 4 Oa@
Larp D — 8 —aG 5G + 2fa (Cg +C£ V5 ,u—i—q %dSC’q 5 aq,y Y54, (5.23)

where we only display the couplings relevant for p — e conversion. The tree level ALP

5(d)

exchange induces p — e transition, inducing the following C;™ coefficients

R _cAcy

c§6) _ 477%77; 4 ¢ 5 (5.24)
»q 2fa q + ma

56) _ mgme G CF

Cse = om 3 3 (5.25)
»q 2fa q + ma

A oY

o L 5.26

3 i 2f2 Q2 + ’I?’L2 ) ( )

4 cp

N =T e (5.27)

2f2¢2 +m2’
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where we used qfel ~

—q?, cf. eq. (4.10). Since these are higher dimension operators, suppressed
by two powers of the UV scale, oc 1/f2, other dimension 6 contributions from the complete
new physics model could be relevant as well, a possibility that we ignore in this example (see,

)

now explicitly ¢? dependent. Since these coefficients are induced in the IR, no RGE running

however, ref. [71]). More importantly for our purposes is that the CA’Z»(d are, as anticipated,

needs to be included in the numerical analysis. That is, the values of the CA'Z-(d) coeflicients
in (5.24)—(5.27) are already given at u = 2GeV.
The resulting NRET coefficients are
~N_ 4 my Cf Y AR RN
6 T omy2f2q2 +m2 i P G|
(5.28)

Y

1%
N_ . g m- Cy cA q/N N
= — — F F=
“10 ZQmN2f3q2+mg[ ; ¢ P ThG

which both contribute to the longitudinal spin response function WgZIE//.

6 Conclusions

Next-generation experiments, such as Mu2e at Fermilab [20, 21] and COMET at J-PARC [22,
23], are expected to advance limits on p — e conversion rate by four orders of magnitude,
to about B(u~ + Al — e~ + Al) <1077, What will the new limits — or a nonzero signal
— tell us about the new physics responsible for CLFV?

The experiments are done at low energy, using nonrelativistic nuclear targets, yet probe
new BSM physics associated with UV energy scales. Effective field theory is a powerful
technique for bridging between low energies and the UV, thereby connecting experimental
constraints to BSM models. Recently, a nonrelativistic nucleon-level effective theory (NRET)
was constructed and then embedded in a series of nuclei, allowing limits extracted from
different nuclear targets to be meaningfully compared. The NRET can be organized according
to a hierarchy of dimensionless small parameters, y = (¢b/2)* > |on| > |7,| > |vr|. The
operator expansion through order ¥y was shown to generate the most general form of the
nuclear p — e conversion rate, while the retention of 7, adds form factor corrections associated
with the muon’s lower component [24, 42]. Open-source Mathematica and Python codes
named Mu2e_NRET_v1 for calculating nuclear y — e conversion rates were released with [24],
using the NRET basis obtained by expanding through order Uy .

In this paper, we connected this NRET to a CLFV weak effective theory (WET) in which
the degrees of freedom are the light quarks (u, d, s), gluons, and photons. We also updated
and extended the accompanying nucleon-level computer codes, to fully support this matching.
These codes are collected in the repository MuonBridge, consisting of MuonConverter and
Mu2e_NRET_v2 computer codes (available in both Mathematica and Python versions), as well
as of the Elastic repository (see appendix A for details). MuonConverter matches from
WET to the intermediate step of relativistic covariant nucleon interactions, while the new
script Mu2e_NRET_v2 extends Mu2e_NRET_v1 to support this matching. This was done by
adding to the script’s existing 16 operators the 10 additional v}, suppressed NRET operators
already identified in [24]. Furthermore, selected tensor-mediated interactions were added to
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the scalar- and vector-mediated interactions already present in Mu2e_NRET_v1. These are
needed in the WET matching at dimension 7. Finally, the repository Elastic is a database
of shell-model one-body density matrices needed for nuclear form-factor calculations. In
principle, this repository can be utilized for other problems such as the calculation of dark
matter direct detection rates.

Our choice for the WET basis, consisting of dimension-5, -6, and -7 operators, was
motivated by the problem at hand; the operators are built out of quark, gluon and photon
currents with definite parity, which simplifies the calculation of nucleon matrix elements. The
basis is consistent with the complete WET basis of ref. [64], when the latter is restricted
to the operators that can mediate p — e conversion. MuonBridge contains an example of
translation between our WET basis and provides the interface to external SMEFT softwares
such as wilson [53], and DsixTools [54, 55|, that can be used to perform RG running, see
appendix A for further details.

In conclusion, over the next decade the experimental community will be making a major
effort to improve our understanding of CLFV. In anticipation of these experiments, it is
important to develop theory tools that can treat the particle and nuclear physics of u — e
conversion as completely and accurately as possible. As discussed in [24], most past work
on p — e conversion has focused on one or two of the 16 + 10 NRET operators, employed
schematic nuclear response functions, and simplified the leptonic physics through partial-wave
truncations and other steps that are not well justified. The formalism developed in [24, 42]
and encoded in Mu2e_NRET_v2 addresses all of these issues, and now MuonConverter connects
this low-energy formalism to the light-quark and gluon WET as well as to higher energy EFTs.
The completeness of the WET and NRET operator bases ensures that they can faithfully
encode the low-energy consequences of any UV CLFV theory.
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A Public code

Below we outline the structure and purpose of the accompanying public code available in
Python and Mathematica at https://github.com/Berkeley-Electroweak-Physics/MuonBridge .
The full code repository, termed MuonBridge, is composed of three independent sub-reposito-
ries, namely Elastic, Mu2e_NRET, and MuonConverter each with dependencies on the former
i.e., MuonConverter is dependent on Mu2e_NRET, which is dependent on Elastic.

Elastic is a database containing ground-state-to-ground-state one-body density matrices
computed using the nuclear shell-model code BIGSTICK [72, 73] for a variety of relevant
isotopes for muon-to-electron conversion.

The repository Mu2e_NRET contains two versions: Mu2e_NRET_v1 and Mu2e_NRET_v2.
Mu2e_NRET_v1, originally developed in [24], provides functionality for computing branch-
ing ratios and decay rates for nuclear muon to electron conversion. The current release,
Mu2e_NRET_v2, extends the original code by including the effects that arise from tensor-
mediated exchanges as well as form-factor corrections induced by the muon’s velocity operator
U),. These additions were necessary to support the current “top-down” WET reduction as dis-
cussed in the main text. A top-level Python (Mathematica) notebook, Mu2e_v2.ipynb(.nb)
provides an example of typical usage and input. The Mathematica version offers both an
interactive and manual (in the form of an association) input interface while the Python version
requires manual input in the form of a dictionary or YAML file containing the required
parameters. The parameters for both languages include:

1. A target isotope choice. For an updated list of supported target isotopes, please refer
to the current repository.

2. A shell-model interaction, used to select one-body density matrices. A detailed list of
supported shell-model interactions for specific target nuclei can be found in table XIII
of [24].

3. An optional harmonic oscillator length scale b in units of fm.

4. An optional response function option to generate an analytic nuclear response function
W (y) (available with Mathematica only) and/or to generate plots of the response
functions. With this option, one also specifies the isospin with one of the options:
isoscalar, isovector, proton-only, or neutron-only couplings.

5. The leptonic scale mp, which should match the leptonic scale used by MuonConverter
so that LEC interpretation matches.

6. The relativistic LECs, i.e., the le coefficients of the Lorentz-covariant EFT defined in
eq. (4.11). Only non-zero values need to be specified.

7. An optional override of the default ordinary muon capture rate to be used in the
branching ratio calculation. The default values are obtained through a weighted average
of the measurements compiled in [17].

Additional documentation and annotated examples of input files are included in the repository.
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The main purpose of MuonConverter is to provide an interface between external EFT
software such as wilson [53], DsixTools [54, 55], etc, and the Mu2e_NRET software developed
in [24]. This interface extends the functionality of the original Mu2e _NRET code and allows
for full top-down (or bottom-up) phenomenological studies of muon-to-electron conversion
in the field of a target nucleus. Explicitly, in conjunction with external EFT software,
MuonConverter can be used to compute the influence of UV charged-lepton-flavor-violating
operators on the predictions for branching and capture ratios reported by experimental
collaborations.

Both versions of MuonConverter (Python and Mathematica) are comprised of four
modular components:

1. Numerical inputs — all numerical inputs are stored within an associative array that can
be modified by the user upon intialization of the MuonConverter class. The parameters
and their default values can be found in parameters.py(.wl).

2. Form factors — the form factor expressions required for the WET to NRET matching,
eqgs. (4.1)-(4.9), and whose numerical values are derived in appendix C can be found in
form_factors.py(.wl). For maximum flexibility, the default form factor values may
be manually overwritten within parameters.py(.wl).

3. Matching — to facilitate the WET to NRET matching, MuonConverter utilizes the
matching expressions derived in egs. (B.10)—(B.41) for the relativistic d; coefficients
(the d; coefficients are automatically translated to the nonrelativistic ¢;, b; coefficients
within Mu2e_NRET). The matching expressions, as well as their translation to the isospin
basis, can be found in hadronization.py(.wl).

4. Interfacing — given an array of WET coefficients (in units of GeV~2),” the inter-
face with Mu2e_NRET, utilizing external and internal basis translations as well as
the matching expressions implemented in hadronization.py(.wl), can be found in
MuonConverter.py(.wl).

To facilitate interfacing with external EFT software we provide a representation of our
WET basis (defined in eqgs. (2.3)—(2.13)) up to dimension-six® in the naming conventions
of the Wilson coefficient exchange format WCxf [74]. In addition, we provide an explicit
translation between our basis and the relevant subset of flavor-violating operators in the
Jenkins, Manohar, Stoffer (JMS) three-flavor WET basis [56, 74] which we will conventionally
use as the ‘reference basis’ when interfacing with external codes. For more details on this
translation, see appendix E.

As an example of typical usage, consider an arbitrary UV model defined above the
electroweak scale that has been matched onto a SMEFT basis, run down to ~ 2 GeV, matched
onto a three flavor WET basis, and translated to the JMS three-flavor WET basis. The

"The dimensionful input allows for the support of multiple CLFV scales A, A’, A”, ..., if desired.

8At the time of writing, commonly used EFT software [53-55] performing RG evolution and matching
above and below the electroweak scale only support operators up to dimension-six. Because our basis also
includes matching expressions for dimension-seven operators, future versions of these codes supporting higher
dimensional operators can be accommodated straightforwardly by MuonConverter.
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output of the previously described procedure will be a data-structure” consisting of Wilson
coefficient names and values in the WET-3 JMS basis, e.g.,

{‘VeuLL_1211’:10"13, ...} (A1)

Both the Python and Mathematica versions of MuonConverter take Wilson coeflicient
names and values as well as the momentum transfer ¢* = (AE, ¢4, gy, ¢-) as input (in addition
to the atomic and nuclear input required by Mu2e_NRET, please see appendix C of [24] or
the example notebooks and documentation within the repository for more information and
explicit examples). It is assumed by default that the input Wilson coefficients and values are
given in the WET-3 JMS basis.'? Upon initialization, the input Wilson coefficient data is
automatically translated to the basis defined in eqgs. (2.3)—(2.13). The heart of MuonConverter
is the matching expressions derived in egs. (B.10)—(B.41) which relate the Wilson coefficients
from an EFT of relativistic quarks and gluons to an EFT of relativistic nucleons. Using
these expressions, the translated dictionary can be straightforwardly ‘hadronized’ and fed
into Mu2e_NRET where these coefficients are mapped to the NRET basis using the expressions
derived in tables 1-4. The final output is the conversion rate I'(u~ + A — e~ + A) in units
of s7! and corresponding branching ratio B(u~ + A — e~ + A).

For example, consider the WET-3 JMS data structure given in eq. (A.1), with all
coefficients except VeuLL_1211 set to zero, in an aluminum target with momentum transfer
four vector ¢* = (0,0,0,0.11081) GeV. Internally, the translation to the MuonConverter basis

gives non-zero ¢ c® ) and Ci?) coefficients. These WET coefficients then generate

1w Y2u ¥3,u [
(N) J(N) S(N) S(N) (N) 4(N) S(N) (N)

non-zero dy *,dy *,ds ',dg ',dy 7,dy3°,dy, ,dj5  covariant coefficients upon hadronization.
Finally, after feeding the covariant coefficients to Mu2e_NRET, the conversion rate and capture
ratio are given by!!

T~ +Al—e +A)=419x 10" s B(u +Al = e +Al)=6.0x 10710, (A.2)

For details on the running and matching procedure down to ~ 2 GeV, we refer the reader
to the documentation of the respective external EFT software of choice. For additional details,
documentation, and examples showcasing the usage of MuonConverter with external EF'T
software see the public repository whose link is provided at the beginning of this section.

A schematic outline of the computation performed by the MuonBridge software suite
can be seen in figure 7. The graph shows how a single CLFV SMEFT operator, defined
at a scale A = 10® TeV, is mapped through our WET basis and down to the final NRET
basis, where the conversion rate is computed. The one-loop RGE from p = A to = 2 GeV
generates many WET operators, however, only a small portion are numerically relevant —
as depicted by the red edges of the graph.

“MuonConverter utilizes Python dictionaries and Mathematica associations as input.

However, it is also possible to directly input coefficients from our WET basis, eqs. (2.3)—(2.13), by passing
the following argument to the relevant functions: basis = ‘HMMRZ’.

" Note that, because the Wilson coefficients in [24] are normalized using the weak scale, the conversion rate
and the capture ratio returned by the Mu2e_NRET code must be rescaled by v*/A* where v = (\/§G p) —z
246.2 GeV is the Higgs vacuum expectation value and G is the Fermi constant. This rescaling is automatically
incorporated into the rate computation functions within MuonConverter.
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B Intermediate results for WET to NRET matching

In this appendix we collect further details on the matching from WET to NRET effective
theories, where, following ref. [24] we use as an intermediate step a set of Lorentz covariant
CLFV operators that are the products of flavor-changing lepton currents and single-nucleon
currents. In section B.1 we first show the results for the nonperturbative matching from WET
to these covariant interactions, followed in section B.2 by the nonrelativistic reduction to
NRET. Some of the results were already derived in ref. [24] and are here merely reproduced
for reader’s convenience (tables 1 and 3), while tables 2 and 4 contain new results, required
for tensor currents.

B.1 From WET to covariant nucleon interactions

In this subsection we collect the results for the d;N) coefficients in the effective covariant
interaction Lagrangian, eq. (4.11). The basis of covariant operators that we use is given in
the first columns of tables 1 and 2. While the basis is overcomplete, this does not cause any
problems given that we only use the covariant interactions as the intermediate step in the
matching from WET to NRET. The goal is to write down an effective Lagrangian, valid
for interactions of external lepton currents with a single nucleon sector. This means that
we replace the operators that contain quark currents with equivalent nucleon-level currents,

using expressions for nucleon form factors in eqs. (4.1)—(4.9). For instance,

aHqg — N[qu/N(qQ)fy“ — ﬁFQq/N(qQ)J’“’q,,}N, (B.1)
where N are Dirac fields for nucleons, and the arrow means that the l.h.s. and r.h.s. give
the same result when sandwiched between single nucleon states, (N'|...|N), as is easily
checked using eq. (4.1). Since this is an operator identity, ¢, should also be interpreted
as a derivative, i.e., the operator of the form (é...u)(N...q,N) should be interpreted as
(e...1)i0, (N ...N), and similarly for lepton currents containing ¢ (for simplicity we do
not show the Lorentz structures explicitly). The reason for this somewhat unconventional
notation is that then the covariant interactions have exactly the same form as in ref. [24].

As usual, we make use of equations of motion when performing the matching. Furthermore,
in deriving the expressions for the d coefficients the following identity proves to be useful

gy = 2iet a0, (B2)
as well as the following expressions

2
_ . N q N\ -
mqqaamqﬂq — (qu‘,/o — m—zFr}é ) Nwa/quN
N (B.3)

2
q /N /N
+ o (PR — aFEY) Nyan,

2
_ . q/N N = . =
eagwqﬁmqqa“”q — QZF%/O Naagfy5q'3N — 4F7qﬂ7/3 <2an1fy5N + ZT?LN N’Ya’Y5N> . (B4)
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Making use of the relation (B.2) we can arrive at the following relations between different
possible tensor operators

(7°¢7 1) (NoasysN) = % (v g7 s1) (Noash) (B.5)
(g s1) (NoasysN) = % (v °g771) (NoasN ) , (B.6)
(747 1) (NowprsN ) = 2 (6917 sn) (NowshV ) (B.7)

(g7 s1) (NowsysN) = 2 (119" (NoasN) (B.8)

so that we are left with 4 independent operators instead of 8.

E_I—QO

While these 4 operator structures are not independent of the operators L;

, we do
not attempt to reduce the basis in tables 1 and 2 further. For example, by a simple

rearrangement, we may write
20 _ U (o la 8, (N
L ST (e'y q u) (NaaﬁN)

= — (ey*n) (NiousaN) (B.9)

mr,
= ‘Cintv
mrp,

so that £29

int

could have always be traded for £8 . In this regard, the basis furnished by £{>
is overcomplete. However, as already stated, since it is primarily used to translate between
the WET basis and the NRET basis, the overcompleteness is of little practical consequence.
The above equality also highlights the fact that in tables 14, the relativistic operators in
which derivatives act on the leptonic fields contain a spurious mass scale my, whose only
role is to make all the operators of the same mass dimension. After matching to WET the
my, dependence drops out, as demonstrated explicitly in section 4.3.

Finally, the dgN) coefficients in the covariant single-nucleon interaction Lagrangian in
eq. (4.11) are explicitly given by

1 56) mg/N | A7 AT
ay = Zﬁch;Fg/ +CFY + ¢V EN, (B.10)
q

—_ A 1 A A A
dY = —ig— S PR+ Y - &V - VR
Ny g Ma

B.11
P Z " pa/N ( )
2my - 11,7 P" >
L5 N | A7 5(7
i’ =3 ECQFE/ +CVFY + EVFY (B.12)
q q
m 5(6) za/N L 56) na/N (7 5(7
R e S G RN 43— C YN — VY - R
! @ (B.13)
L Z@(?) FyN
2mN - 12, P’ >
2
5(6) /N 5(7) a/N Qrel. A7) ( pa/N ~q/N
Y = Zciq)Ff/ +my ZCES,(])FfI/ = 72751]\[ cig?q (F%/1 - 4F§{7/2 ) (B.14)
q q q
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1 s6) a/v 1 A7) /N
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2
5(7 g/ N Arel. 15q/N
3= - Y, (Y ), %)
q

s = —mu SO, (B - B0, (B30
q
d = T Y el (B.40)
q
b, = % S el By (B.41)
q
Note that all the form factors depend on qfel = —¢?, eq. (4.10), see a more detailed discussion

in appendix D. As before, we shortened the notation above by introducing m4+ = m, £ me,
cf. eq. (4.29). Note that m_ vanishes in the limit when electron and muon masses are
the same, me — my.

Six of the single-nucleon coefficients, d, dfY,, df%, db},, dY;, and d} are zero. They are
associated with the second-class currents — nucleon currents that have opposite time-reversal
parity from the quark currents that generate them. Although suppressed, they could be
generated by CP-violating light new physics, see further discussion in appendix C.

B.2 NRET decomposition of covariant interactions

When performing the nonrelativistic reduction of the covariant interactions in eq. (4.11),
we follow closely ref. [24]. In particular, we work to linear orders in vy and v, while the
nonrelativistic reduction is performed on matrix elements (e, N'|LSF |, N). The results
in ref. [24] were limited to the first 20 [,fn]tv, since these involve scalar and vector currents.
Working to linear order in vy, but to O(Uﬂ), the nonrelativistic reduction of C{I’l{ﬁv, j=1,...,20,
gives rise to the NRET operator combinations listed in table 1 (with slight abuse of notation,
N now denotes the corresponding Dirac four-component spinors, see caption for details).
We observe that these involve only a subset of the 16 operators constituting the complete
O(vn) NRET operator basis in eq. (3.2): the operators Os, O12, O}3, and O15 do not appear.
If the contributions of O(¥,) are added, thereby including contributions from the muon’s
lower component, the additional NRET operators in eq. (3.16) are generated, with the results
collected in table 3. Note that extending the nonrelativistic reduction to O(v,) does not
generate the missing NRET operators. The net effect of 4, is to modify [at O(~ 5%)] the
nuclear response functions W[T,, all of which were already present in the expansion to order
O(¥n): this is a consequence of the fact that the emitted electron is ultra-relativistic, which
guarantees that the contribution of ¥}, to the leptonic current will always be just a correction.
The results of the above nonrelativistic reduction at O(vy) were encoded in Mu2e_NRET_v1
version of the public code that accompanied ref. [24].

Motivated by the dimension d < 7 light-quark interactions described in section 2, we
add to the covariant interaction in eq. (4.11) an additional 12 operators that take the
form of products of tensor currents. The additional E{;ljtv interactions are listed in the first
column in table 2, which also gives the results of the nonrelativistic reduction, working at
O(vn). The four NRET operators previously missing now appear. When @, corrections are

included, this generates the additional NRET contributions listed in table 4. The extended
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i L'ijnt Pauli operator reduction Z ¢iO;
1 XXy NN 17 1y Oy
P Xexu Niy’N 1 <z g .5N> 10,
2mpy 2my
3 Xeiyxu NN (—=iG-G1) 1n -0
_ 5 .5 - . q q
4 XetV XpuNiy" N (—ig-&r) (ZQmN .UN) 506
5 )Ze’YHX/LN’Y;LN AN 01
) (L — G X Fr) - <17N + igniw X 5N> 40}~ 05 = 21(01+ 0)
_ o q N Ao . q o q
6 XV XuNioyo—N — (gl —ig x 7L) - (fz— X O'N> — (04 + Og)
my my mn
7 XV Xu NV N 1 (U - 6n) — (Gl —iG X &) - Gn O7 +1i010 — Og
- S g% 5 g q
8 XeV'XuNOpa——7"N 1z <_17 : UN) ——010
my my mn
9 )ZeiauuﬂXuN%;N ,LlL 1y _ 17
mrp, . myp, N myp,
—(—’L* ><0'L> . <17N+i X5N> _ 4 <O5+L(O4+06)>
N my, 27 my, 2mpy
10 )ZeiU“Vq—VXHNiU#a—N — (fz— X 3L> . <7i— X OGN 4.9 (O4 + Og)
mr, my mp, N mr mn
11| yeio" 2y, Nvy,A°N (—ilL Oy -Gy — (—i-L %) 6y —L (07 +0y)
my, " mr, _mr, mr
12 )ZeiU“”q—VX/‘Na,‘a—75N <—L1L) (_ii . 3N> Li@m
my, my my, my . myp my
_ 5 = PO o . . q o . q
13 Xe V'V Xu NV N (G-Gr)In—0L- (On +1 X UN) —i011 — O — ——0O9
a _ sz 2mN
14 )267“75X‘4Niouaq—N -0y, - <—ii X 0N i(99
my my my
15 X"V XxuNvuy° N (G-61) (Uy-GN)— 3L - 0N —i014 — Oy
(o4 =
— 5 N T 5 A — . q — . q
16| XeV" V' XuNopa——7"N (¢-0L) <*l* : UN) e
my \, my mn
17 Reo™ 2y, Ny N <_Zi ' 5L> v -4 o,
mr L . mr,
PN i . - q , . q N
—i— - + X —— (40 Oy +1i0 )
X ? . (FrL—4q-51L) <UN Z% UN) _— <Z 8+12mN 9 + 10
18 | o™ 2Py Nivuo——N | —i—— (1, —4q-5p) - (—i—— x Gx i 9o,
my, my my, . my mrp mn
19| Xeo™ 2PNy N —i-L 5, ) (G - 3w) -Loy,
mrp, mrp, mr,
. q o PR . .
—i— (FL—4q-5L)- N ——— (104 +i0s)
_ e g
20 | oo B N LN (,ZL _ 3L> (,ii UN) 4 a
mr my mr, m mrL my

Table 1. Dirac forms of the CLFV amplitudes Ll

int

are related to linear combinations of the Pauli

forms (the operators O;). Bjorken and Drell spinor and gamma matrix conventions are used. Here

&s &s
L » Xp =
or-qé&s 0

Xe =

,and N =

£s

UNQ"UN fs

. The Dirac forms are expanded to first order

in ¥y to maintain consistency with their use between Schrodinger wave functions.
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J E{nt Pauli Operator Reduction >, 60,

21 o™X u N N — 1y — 20+ (B X Gw) + 21 x4 251 0 % (I X 3x)] | — 5Oy — 205+ 204 — 204,
22| Xeo™xu erzN Nt N —mliln —L0,

23| Xe0" Xyt Napubnzo) N 411y Lo,

2| X" Xz N1 N —4iz (G % F1) - (4 % ) —4i-L (04 + Op)

25 Xeio" v5XuNou N 261 - (§ % ON) = 214 -GN + ;i - G — 20, - (U X ) —2i0g — 2010 + ;1-0n — 2012
26 )ZJUW’YE»XHﬁN‘/[N%]N "?A iG-opln v L0y

27 | Xetio"” 'VOXMFN‘I[ ki) N —4;1-ig - dLly mVOU

28 Xelg“”’pouWNN’Y[uﬁ’Yp]N —4:L-7 - (ig x 3n) 4,40y

29 ﬁiﬂ[l‘qv}xﬂ,ﬁawl\f e (2mV1L1v+zq (On xGn)+ (G%x3L)- (g &N)) H (2mv(91+@3+@4+@6>
30 2;'“ XV g 95 xu Ny N L (c? (1§ X ON) + g - FrIN + G- Frig - (U % (,—A)) L (Og i5d—On — 2015)
31| X IxuNow N 45 (=i(3-31) (a-Fn) + 1 - [id x (B x v)]) AL (i0g + Of)

82| Xt hoxuNowN | 45 (=i dx + - (O X Gy) — 4314 (v x 5v) ) 47 (<010 + 013 + Oy5)

Table 2. Nonrelativistic reduction of tensor currents and their correspondence to the upper-component

operators O;.

J Emt Pauli operator reduction Zbi(’)lf
i
_ - .. T, .
1 XeXy NN —iq- u lN—ﬁq [0, x o] In 205’—O§
_ . - (2 .
3 XeVYSX,u NN 51)# orln z(’)%c
5 Xe'Y“XuN’YpN —q ’U’u Iv+=G- [Uﬂ x or) In —Z.Oé[/ + Of;
_ . 1, i, 21 o .
7 XeV“XuN’Yu75N =5 U ON — 5[0 X GL] - On _OEJ; - 10{2
q q 2 2 q
— . v AT PO AU — . nf! f
9 Xelo? m—LXHNWN m (-9, In+1iq¢- [0, x L] 1n) WTL (—1(92 + (93)
_ . q o 5 N N o o q f . nf
11 Xezgl“jmil’LXMnyu'y N Sy (v# -ON + Z[vﬂ X Gr) - On miL (OS + 101,
—iq - [0y X G1)- Gy — 4 Tud - G) +i0f; + Of)
13 )Zefy“’y‘r’xujvfyuN 517'“ .o 1y (’);
_ = Tr, R R .
15 XeW“’Y5XuN’Yu’Y5N i[q X U] Fn — =(G X [0, X L)) - N (’)g + z(’){?:
1, %, "
*5%'01: q-ON +i01,
_ W 5 g i f
17 Xea‘“’m—:fy Xu NV N 2vau &1 1y m—L(%
o w5 w5 9 a1, 2 a7 - q .S fr
19 | X" ==Xy NV’ N | 5=—([q X Tu] - On + (i§ X [0, x GL]) - GN) | ——(=i05 + O13)
my, 2my, mj,

Table 3. As in table 1, but listing the additional terms generated for scalar- and vector-mediated

interactions when the linear expansion in velocities includes #,, so that x, =

nucleon-level Dirac basis, consisting of 20412=32 operators, is employed in the updated

script, Mu2e_NRET_v2.
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j [:ijnt Pauli Operator Reduction > b:‘,O,f

21 X" XN N (iG X ) - 3n — [d % (B x FL)] - Fn — (T4 31) (G- F) 20! +2i0f + 2i0{,

25 Reio" Y5 xuNow N i, - 6N — (B, X 31) - Fn 2i0] — 201,

29 ﬁm[uqlemmzv *%( (i‘f X %) “ON — {ti X (%" X (?L)] ~51v) — (Of + 70{!)

30 ﬁ){eq/[“qv]'yg,xl,,]{’(r,‘,,N %(% SON +i (% X 3L> CON — 4] (% X 3L) Gg-oN—q- %‘i : 31\") % (O?{ + i0{2 + io{s + Olfé)
31| XX uNow N ~2 U 0L N 5 Ols

82 | e g1 s X N o N 2L (¢ (5 X 52) 4+ G — id - Tud G ) 45L (—0f +iof;)

Table 4. As in table 2, but listing the additional terms generated for tensor-mediated interactions
when the linear expansion in velocities includes .

Mu2e_NRET_v2 thus includes 32 Dirac interactions associated with scalar, vector, or tensor
exchanges. The NRET reduction used in the new script also includes the lower-component
contributions of 7, extending the NRET basis used in Mu2e_NRET_v1 by an additional 10
operators, for a total of 26. When the nuclear physics multipole expansion is performed for
the additional operators, new nuclear multipoles arise. These appear in eq. (B7) of [24].
Matrix elements of the new multipole operators can still be evaluated analytically, if the Slater
determinants used in the shell model are constructed in a harmonic oscillator single-particle
basis. But unlike the original 16 NRET operators, the results are no longer expressible in
the form of e=2Yp(y) where p(y) is a finite polynomial in y.

C Time-reversal-odd nuclear currents

In addition to the terms displayed on the right-hand sides of egs. (4.1), (4.2), and (4.7), other
terms can be constructed that satisfy the conditions of Lorentz covariance and hermiticity

_  [ma/N gq"
V' alV) = i [iF8 N )L, (4.12)
L my
- [ 0™ay gN
(VaysalN) =+ iy [0 F ()| (4.20)
_ 71 ro/N
(Va0 aN) =+ iy | = Al L (k). (472

where the ellipses denote the terms already displayed in eqs. (4.1), (4.2), and (4.7). The
single-nucleon currents displayed on the r.h.s. of egs. (4.1)—(4.7) transform under time reversal
in the same way as the corresponding bare quark operators on the lL.h.s., from which the
nucleon currents are generated. In contrast, the single-nucleon currents on the r.h.s. of
egs. (4.1a)—(4.7a) have the opposite behavior under 7. Since QCD is invariant under T
(ignoring for now the experimentally well constrained QCD 6 term), the form factors on the
r.h.s. of egs. (4.1a)—(4.7a) cannot be generated in QCD.

If all new physics is heavy, it can be integrated out and described by the WET Lagrangian
in section 2. At low energies, we then only have QCD and QED as propagating degrees of
freedom, both of which are invariant under 7". In this case, the form factors Fg/ N, j{ év , qu/ év
are zero and do not contribute to 4 — e conversion. CP-violating light new physics, on the
other hand, could give rise to nonzero T-odd nuclear currents on the r.h.s. of egs. (4.1a)—(4.7a).
Since such light NP couples to nucleons, it is necessarily weakly coupled, otherwise it would
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have been observed already, and thus will only give rise to highly suppressed contributions:
Fg/ N, Fj{ év , Fj‘{/?fv < 1. (The other option is that these are generated from the small but
nonzero QCD 6 term or from the CP-violating part of the SM weak interactions, again
leading to highly suppressed contributions.)

While we expect such symmetry-odd operators to be highly suppressed, nevertheless we
include them here for completeness. The modifications to the dg-N) coefficients are

.m_ (6 N . 5(7 N
= e S O RN i (mi . m2) Socsn Y, (B.10a)
q q
my 5(6 N . 7) £q/N
& = I SOCER EIN — dim_ S D B! (B.11a)
q q
N (9 2 5(7) /N
= (m# - me) Sl Fi, (B.12a)
q
7) pa/N
dy = amy Sl BN, (B.13a)
q
2
? et e, 00
N 4
4(6 N 5(7 N
B = SR e S, )
q q
5(7) pa/N
Yy = —myg ZC&?ngx,/:i ’ (B-21a)
q
2
e, 7) pa/N
aN=... 4 2m71 ZdG?ng“,/S , (B.24a)
N g
4(6 N . 5(7 N
A=+ SO FYN —im 3D PN, (B.25a)
q q
dp = "'+mLZCAg?qFZ{é\7» (B.29a)
q
a = — Zééﬁq)ﬁj%/év, (B.33a)
q
5(6) foq/N
= Zc§o?qF7(1“7/3 ' (B.37a)
q

With this extension, all dfv coefficients are nonzero.

D Numerical values of nucleon form factors

In the numerical results of section 5, we evaluated the nucleon form factors in eqs. (4.1)-(4.9)
at ¢2, = —q¢’%;, where gog = 110.81 MeV for 2"Al. Below, we provide the expressions that
were used in the numerical evaluations. The expressions are given in a form where it is
straightforward to re-use them for any other target element and the corresponding ¢eg. To
do so, we Taylor expand the nucleon form factors around qfel. =0,

Fiq/N(QrQel.> = Fiq/N(O) + Fz‘,q/N(O)q?el- oo (D-1)

— 38 —



The axial, pseudoscalar, and CP-odd gluonic current form factors include light-meson poles,
so that for these we have (for i = G the superscript ¢/N — N)
2 2
FN(qRy) = — N alN o N N 0N =P P,G.  (D2)

My — g, mn — Grel.

Throughout this work, we use the 7° mass for m,. The ellipses denote terms of the form

(qfel./m%\/’)
Unless specified otherwise, we work in the isospin limit, so that the nucleon form factors

" which we do not include.

for neutrons can be obtained from the ones for protons, e.g.,

u(d,s d(u,s)/n
FySP (g2 ) = FIS9(g2)). (D.3)

rel. rel.

For the average nucleon mass, we use my = (m, + my)/2. We use the FLAG quality
requirements [75] to decide which lattice QCD results to include in our determinations of the
hadronic input parameters. In many respects, our results are an update of the global averaging
for the values of nucleon form factors for dark matter direct detection in refs. [51, 66].

For certain quark currents, two-nucleon terms contribute at the same order in chiral
power counting as “form-factor effects” arising from the momentum dependence of single-
nucleon form factors. Recent calculations of scalar-mediated scattering of dark matter on
4He suggest that the naive power-counting scheme may be flawed in two ways: (1) The
calculated two-nucleon contributions are significantly smaller than expected, and (2) they
may require new short-distance operators at NLO with currently unknown LECs in order to
restore regulator independence [76]. Given the current uncertainty regarding two-nucleon
effects, our approach is to retain the relatively well understood NLO physics associated with
the momentum dependence of single-nucleon form factors while leaving a complete evaluation
of subleading effects to future investigations.

D.1 Vector currents

The hadronic matrix elements of quark currents in eq. (4.1) depend on two sets of form
factors. The Dirac form factors for the proton, at zero recoil, are given by

FPo0y=2  FP0)=1,  F"0)=0, (D.4)

while the derivatives at ¢ = 0 are (see, e.g., ref. [77], with a, = pp — 1, an = uy)

u 1 n s _
FP(0) = 2 @]+ [P+ 18] — o 2yt +1s—2) =5.07(1) GeV =2, (D.5)
N
1 1
Flld/P(O):6([T%]2+2[T%]2+[r%}]2)_m(ﬂp+2ﬂn+us—1):2.61(2) GeV=2,  (D.6)
N
s 1 s _ _
Fy /”(O)ZE[T%]Q—&Z — 8.9(8.4)-1073 GeV 2. (D.7)
N

The Pauli form factors at zero momentum are

FyP(0) = 201 — 1) + i + p1s = 1.64(2), (D.8)
FyP(0) = 21 + (pp — 1) + s = —2.07(2), (D.9)
F3/P(0) = ps = —0.036(21), (D.10)
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and the first derivatives are

Fr(0) = 2 (2%~ []%) + () = )+ i) = b))

6 (D.11)
+ T (2,U'p+ﬂn+,us_2)_43()GeV_27
(0 g< B 2]~ b)) + ) - )
(D.12)
+4 (up+2un+ys—1>—68(>eev—2,
F7(0) = é([rw — (B + 1 = —0.03(5) Gev 2. (D13)

N

In the numerical evaluations we used p, = 2.792847, 11, = —1.91304 for the proton and
neutron magnetic moments in units of nuclear magnetons iy = e/(2my) (the errors are
negligibly small) [78]. The value for p® in (D.10) is the average of results from refs. [79, 80],
inflating the errors according to the PDG prescription (as before, we do not include [81]
in the average). For the values of electric and magnetic charge radii, we use [r’éf =
0.7071(7) fm? [78], [r?,]* = 0.724(45) fm? [78], [r2]® = —0.1155(17) fm? [78], [r7,]* =
0.743(16) fm? [78], and [r5]” = —0.0045(14) fm? [79, 80], [r$,]> = —0.010(11) fm? [79]. (We
do not use the Ny =2+ 141 results for [r5]%, [r3,]” from ref. [81] due to lack of continuum
extrapolation.)

For ;1 — e conversion on 27Al the values of the Dirac and Pauli form factors are thus,

FUP| o, =1.9378(4), FYP| , =09681(3), FP| , =1.1(1.0)-107%  (D.14)
dog o Ao
U d s _
F: /py_qgﬁ =158(2),  FL /p|_q§,fr = —2.15(2), F2/p|_qgﬂ = -3.6(22)-1072. (D.15)

The errors on F}' /P and Fld /P are dominated by the neglected O(g*) contributions, which

we estimate to be equal to F;(0) x (geg/mn)*.
In the derivation of expressions for the zero recoil values of the Fl/ form factors and
their derivatives in terms of the conventionally defined observables we used

1 1
G (q) = GE(0) + E[Tg]QQEeL +o Ghr(aky) = G (0) + 6 [7“1]\\74]2%2(31. +---, (D.16)

where the Sachs electric and magnetic form factors are [82] (see also, e.g., [83])

q
Gg(quel.) = Filv(ql?el ) Am r612 F2 (qrel ) and G%(qrzel) = FlN(qgel) + FQN(Qrzel) . (D17>

D.2 Axial vector currents

The axial vector form factor at zero recoil is given by

FI%(0) = Aq, (D.18)
where numerically,
Au— Ad = gy = 1.2754(13), (D.19)
Au+ Ad = AY,4 = 0.397(40), (D.20)
As = —0.045(9). (D.21)
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The isovector combination Au — Ad is determined very precisely from nuclear § decay [78]

(above we set gy = 1 in A = ga/gv, i.e., we ignored corrections of second order in isospin

breaking [84, 85], and used positive sign convention for g4). The value for Au+ Ad (for As)

follows from averages of the lattice QCD results for Au and Ad (for As), summing errors in

quadrature [86, 87|, and rescaling the errors for Au and As according to the PDG description.
For derivatives of the axial form factor at zero recoil we can write

2
() = FYPO) (14 Tlgz, o), (D.22)
For the u—d current the axial charge radius is well known, (r2),_4 = 0.392(28) fm?, averaging
over lattice QCD determinations [88-92] (see also [93, 94]). For v + d and s quark currents
we use the results from [95] (r%)y1q = 0.49(31) fm?, (r%)s = 0.48(48) fm?, with the caveat
that this determination still lacks proper continuum extrapolation.

In terms of the above input quantities the zero-recoil form factors are

FYP(0) = Au = %(gA + AX,4) = 0.836(20), (D.23)
1

Fi/P(0) = Ad = (= ga+ ATua) = —0.439(20), (D.24)

F3/P(0) = As = —0.045(9), (D.25)

with the derivatives given by

u 1 -
Fi/7(0) = 75 (940 uma + AZualri)ura) = 1.49(28) GeV 2, (D-26)
1
FYP'(0) = 15 (= 940 uma + ABualrh)usa) = —0.653(28) GeV 2, (D.27)
/P (0) = éAs@QS = —0.09(9) GeV 2, (D.28)

Note that the errors on FZ/ P(0) and FZ/ P(0) are fully correlated (and similarly on FX/ P(0)
and FY7(0)).

For the induced pseudoscalar form factors F}q){N we use the expansion in (D.2). At LO in
Heavy Baryon Chiral Perturbation Theory (HBChPT) the residues of the pion- and eta-pole
contributions to Fg{N are given by [96]

a’IMD/’f;r = 7adP/'1,;7r = 2914’ a’;/’],)ﬂ' = O’ (D29)
ulp _ dfp _ 1 s/ ZE(AE —2As)(1+ Adp) (D.30)
CLF)/’77 aP/777 2apl,7] 3 ud S GT)» .

where for the coefficients of the 1 pole we also include the correction that was found in
the lattice QCD study for the u + d — 2s current, A% = 0.50(14) [95], and apply it as
a common factor for each quark flavor, so that still only the octet current contributes to
the 7 pole (we use the z expansion value, determination from a dipole ansatz agrees with
it). For constant terms we write

N N
bQ/N _ F‘I/N 0 2 aqp/l’ﬂ a%m D.31
p — 4L p ( ) - mN m72r + m% I ( ° )
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where F/P(0) = 119(7), FHP(0) = —130(17), F/P(0) = —1.6(1.0) [95] (note that the
continuum extrapolation does not satisfy FLAG criteria, so these results should still be
treated as preliminary).

For ;1 — e conversion on 27Al we thus have

U 2. = 0.818(20), FiP 2 = —0.431(20), Fir) 2 = —440)-107 (D.32)

“/p| ), d/p! = —80(17), S/P| = —1.5(1.1). (D.33)

D.3 Scalar currents

At zero recoil, the scalar form factors defined by eq. (4.3) are given by the nuclear sigma terms
FIN(©0) = ol (D.34)

For u and d quarks their values follow from the pion-nucleon sigma term, o,y = (N|m(uu +
dd)|N) [97]

o = Loen( - £ es(1-1/6), "= Lo (1 4O+ 6041/, (D)

where 6Ny = oxN + 00N, With do,n an isospin breaking correction, while £ = (1 —r,4)/(1+
Tud) = 0.357(6) [78], where ryq = m,/mq is given in eq. (D.52) and we shortened the product
of low energy constants to és = Bes(mg — my,) = —0.51(8) MeV [97]. The isospin corrections
do.n depend on what part of isospin breaking has been included in the extraction of o;n. The
average of lattice results gives o,y = 44.2(2.6) MeV [98-104], with don = —0.5(5) MeV [97],
which is significantly lower than the pion-atom based value o,y = 59.0(3.5) MeV [for which
dorn = —3.6(2) MeV] [97]. Averaging the two determinations, and inflating the errors
according to the PDG prescription, gives

gr-N = 48(6) MeV, (D.36)
from which

3(25)MeV,  of = 30.6(4.2) MeV,
. (D.37)

(2.2) MeV, oy = 34.5(4.0) MeV .

For the strange quark nuclear sigma term the average of lattice QCD determinations
s [98, 100-103, 105, 106]

of = o7 = (43.3 £ 4.8) MeV . (D.38)

The derivatives of the scalar form factors at zero recoil can be related to the quark
contributions to the A and D gravitational form factors (we use the notation from [107])

1

Fg/p/(o) = myA,(0) — e

[38D4(0) + Ay (0) = 2/,(0)],  g=u,ds. (D.39)

Using the dipole fit to the qrel.—dependent form factors from ref. [107] we then obtain

FUP(0) = 0.72(14) GV, FH7(0) = 0.59(14) GeV™!,  F/P'(0) = 0.17(14) GeV .
(D.40)
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This then translates to the following values of scalar form factors for ;1 — e conversion
27
on “"Al,

FP| o =T5B0)MeV,  Fg"| , = 23.4(4.5)MeV,

. (D.41)
Fg/"ngﬁ = 7.3(2.7) MeV, FS/”quH — 25.6(4.3) MeV,
and
FIN| , =41(5)MeV. (D.42)
ot

D.4 Pseudoscalar currents

For the pseudoscalar form factors F' ]%/ N defined by eq. (4.4), the LO HBChPT expressions
for the residues of the pole are given by

/P o/ B oSP

Pr _ _ZBn_ 0, br ), (D.43)
My, mgq my ms

u/p d/p s/p
@Pn _ %Py _ 1%y _ Bo (Au+ Ad — 2As), (D.44)
My, mq 2 mg 3my

where Bg is a ChPT constant related to the quark condensate given, up to corrections of
O(my), by (qq) ~ —f*By. In order to satisfy the PCAC relations (D.88), (D.89), we use
the SU(3) flavor symmetric meson mass relations
2 _ Do

ms = Bo(my + ma), m, = ?(mu + mq + 4ms), (D.45)
for the residues of the corresponding meson poles, and include the A%T correction factor,
eq. (D.30), which then gives,

ayP = m—gf#gfl =7.9(7) - 1073 GeV (D.46)
P N1+ 1/7'ud ’
2
dfp _ My 1 - .1073
U = o TFrg 94 = 16.8(7) - 1072 GeV, (D.47)
a;{g -0, (D.48)
and
Q4P — my 1 L (A g — 2A5) (1 + Adp) = 1.4(2) - 1074 GeV (D.49)
P mn 1+ 1/ryq 1+ 2rg 7
d/p _ my_ 11 (AX g — 2As8) (1 + Alp) =2.9(4) - 1073 GeV (D.50)
B my 14 1y 14 21 ’
allP = Jﬁ#mzud —2As5)(1+ Afp) = —0.11(1) GeV (D.51)
P my 2+ 1/rs ’

where the ratios of the quark masses are [78]

u 2ms
Fud = % = 0.4T4(65),  1s = —— " = 97.33(72). (D.52)

mq My, + My
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Using the PCAC expressions in section D.9 we obtain for the constant terms

U m 1
b = b = N [(ry — S AR AT + (14 Akp) A

S 2rg 41 (D.53)
.53

my (1 —7uq) . Agq

+ o A mNm —

3 (14 ruq) q:%’s My
b = by + LY Ak (Au+ Ad - 24s), (D.54)

N . u/N d/N

where 1/m = (1/my + 1/mq + 1/m,). Numerically, by~ = bp" = —0.070(12) GeV and

/N = 0.044(35) GeV.
For ;1 — e conversion on 27Al thus

F;;/Py_qgﬁ = 0.16(3) GeV, F;i/p\_qgﬁ = —0.55(3) GeV, F;/ﬂ_qgﬁ = —0.28(2) GaV. (D.55)

D.5 CP-even gluonic current

For evaluating the matrix element of the CP-even gluonic current in eq. (4.5) we can use
the relation with the trace of the stress-energy tensor T} = (8/2a5)Gy, G + 3, 4 (1 +
2m)mqqq [108, 109] (see also discussions in [110-113]), where 8 = —(bpa2 +b1a +-++), Ym =
Y1 (s /AT) + 2 (s /4m)2 4+ - -, where by = (33—2n¢) /121 = 27/127, by = (153—19ny)/(247%),
11 =4, v2 = 202/3 — 20n/9, and the results for higher orders can be found in [78]. The
nucleon matrix element of the trace of the stress-energy tensor at zero momentum-transfer

is (N|T}!|N) = myunyuy, which then gives

2mg 1
— —50.4(6) MeV D.56
97 1+ (bras + ) /b (6) MeV, (D56)

where mg = my — (1 + 2v,) qaév = 823(10) MeV, where we used a,(2GeV) = 0.297(6)
and averaged over values for N = n, p since the difference is much smaller than the error.

FY(0) = -

In terms of the gravitational form factors

2 mpy 3
PNy = - 2 {A’ A (0) — 5 (Dy(0) + D
(1 + 2ym) 1q/N ] (D.57)
— =N FETN0 :
my 2 (0)
= —0.14(5)GeV 1.
This then gives
EY |7qzﬁ = —48.7(0.9) MeV . (D.58)

D.6 CP-odd gluonic current

For the hadronic matrix element of the CP-odd gluonic current in eq. (4.6), we use the
leading-order HBChPT expression [66],
Au  Ad n E n gA( 1 1) 2,

S\~ 2
My, Mg Mg 2 \my mgq)m2—qL

(D.59)

1 1 1 2 2
+ (Au—l—Ad—2As)<+ _ )2%2}
0 My Md M mTI - qrel.
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where 1/m = (1/m,, + 1/mg + 1/ms). Using the values and expression for Ag in (D.19)-
(D.21), along with ratios of masses in (D.52), gives

FY|_. =—0.306(28) GeV . (D.60)
qeff

D.7 Tensor current

The matrix elements of the tensor current in eq. (4.7) are described by three sets of form
factors, related to the generalized tensor form factors [66, 114, 115]. At zero recoil we have
F:?/é)(()) = g4, with the lattice QCD results [75, 116] (see also [117])

g% =0.784(30), g% =—-0.204(15), g5 = —2.7(1.6)-1073. (D.61)

In ref. [118] these results were used, combined with the assumption of pole dominance, as
well as constraints from analyticity and unitarity, to obtain the zero-recoil values of the
remaining two tensor form factors, as well as the derivatives at qfel. = 0. We use the values
in (D.61), with the remaining inputs given in table I of [118], together with the translation

to our notation, F:;{{é) = qu,T’ Fg{)/Q = FQq’T, ﬁ'%/zp = _F??,Tv to obtain for FA’%QNngﬁ
EpP =0.777(30),  Epd =-0203(15),  Ep) = -2.7(1.6) - 1072, (D.62)
Bl = —28(2.0),  EYP=0.9(6), B = 1.7(1.0) - 1072, (D.63)
FplP = —0.08(20),  EYF =0.57(30), B3l =3.8(3.0)- 107, (D.64)

D.8 Rayleigh operators

The matrix element of the CP-even Rayleigh operator at zero momentum transfer, F7N (0)
in eq. (4.8), can be obtained from the spin-averaged forward nucleon matrix element (we
use the same normalization as [119])

T = 5 3 [t COHN )T, (), T OFN (), (D.65)

where N = p,n, while Jt'\, =>>_, 4, Qqq7"q, with Qg = {2/3,-1/3,—-1/3} for ¢ = {u, d, s}.
The above matrix element can be decomposed as

. oV 1 k- gat k- ad”
T4 :{<—g“”+qg>T{V(u,Q2)+2(k“— 3 )(k”— 2 )TzN(%QQ)}, (D.66)
q my q q

with Q? = —¢? and v = k - ¢/mn.
The hadronic matrix element F2¥(0) follows from F'F operator insertion, attaching the
two photon lines to T4, giving the one-loop expression

2

d4q T g
FN(0) = —i— / N G D.
(0) mmm Jn QP R 1 i (D.67)

where the integral over d'q is regularized (see below). The value of FWN (0) is directly
proportional to the electromagnetic self-energy of the nucleon 6 M} (see, e.g., eq. (3) in [119]),

N «
N (0) = == 00y, (D.68)
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parameter value parameter value parameter value

1 2.792847 Lin —1.91304 s —0.036(21)
EAk 0.7071(7) fm? (2] —0.1155(17) fm? 5]’ —0.0045(14) fm?
[re,]? 0.724(45) fm? [ ]? 0.743(16) fm? [r3,)? —0.010(11) fm?

g4 1.2754(13) A 0.397(40) As —0.045(9)
(ri)u—d 0.392(28) fm?, () utd 0.49(31) fm? (r3)s 0.48(48) fm?
FP(0) 119(7) FP(0) —130(17) F3P(0) —1.6(1.0)

AS,p 0.50(14)

Gan 48(6) MeV & —0.51(8) oN 43.3(4.8) MeV

FYP0)  072014)Gevt FYP0)  059(14)GeVTl FYP(0)  0.17(14) Gev !
FY(0) —50.4(6) MeV FNO)  —0.14(5)GeV™h  a,(2GeV) 0.297(6)

g 0.784(30) g4 —0.204(15) g5 —2.7(1.6) - 1073
ERP0) 05411 GeV2 EGP(0) —011(2)Gev? BN (0)  —0.0014(9) Gev
£/P(0) —3.0(2.0) I0) 1.0(6) /N (0) 0.018(10)
EP0)  ~14.0(1.6) GV EP(0) 5.0(6) GeV 2 3/ N)  0.082(52) Gev—2
20) —0.1(2) Ef2(0) 0.6(3) */N(O) 0.004(3)
FP0)  —1.8(2) Gev 2 P (0) 2.1(2) GeV 2 EN(0)  0.015(13) Gev 2

Fud 0.474(65) re 27.33(72)

FP(0)  4.7(2.6)-1077GeV  FI(0) 1.5(0.5) - 1076 GeV
FP(0)  3.83(3)-10°GeV  F2(0)  —3.9(7) 1077 GeV

Table 5. Numerical values of input parameters that enter the expressions for matrix elements of
vector, axial, scalar, pseudoscalar, and tensor quark currents, CP-even and CP-odd gluonic currents,
as well as the CP-even and CP-odd Rayleigh operators. See the main text for details and references.

For the numerical evaluation of FWN (0) we can thus use the appropriately rescaled Cottingham’s
sum rule for M},

1% .

FN0) = — = [5M§V1 + SME + OMR® + SME] (D.69)
where 6 M§! is the elastic contribution, §M ! the inelastic contribution, 5M]S\}1b the contribu-
tion due to T requiring a once subtracted dispersion relation, and §M§} the counter-terms

that can be obtained using operator product expansion (OPE) at large Q?. The explicit
expressions for SM§, SMB and M are given in eqs. (11), (12) and (13) in [119], and
depend on a regularization scale Ay separating the hadronic and the deep inelastic regimes,
while OPE results can be found in [120]. Numerically,

_ -7 n _ —6
FP(0) = 4.7(2.6) - 1077 GeV,  F7(0) = 1.5(0.5) - 10~° GeV, (D.70)

where we only included the elastic contribution and the subtractions from elastic and inelastic
terms. The errors are squared summed errors due to parameterizations of elastic electric
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and magnetic form factors (we use the parameterization and numerical values in [121]),
the magnetic polarizabilities, 3, = 2.5(4) - 10~* fm?, 8, = 3.7(1.2) - 10~*fm3 [78], and the
variations of the cut-off scale regulating the dispersion integrals, as well as the modeling of
SM3*, where we follow the prescriptions in [119]. The omitted inelastic and counter term
contrlbutions are expected to be percent level corrections, i.e., much smaller than the above
errors on our estimates and can thus be safely neglected.

Since the change in vector form factors FINQ going from Q% =0 to Q? = —qgﬁ« is at the
level of O(5%), it is reasonable to expect a similar change also in F,iv , which is much smaller
than the errors in (D.70). In the numerics we therefore set FWN (—q%) to the numerical
values for F,iv(()) in (D.70).

For the matrix element of the CP-odd Rayleigh operator at zero momentum transfer,
Fév (0) in eq. (4.9), we can use the spin-dependent part of the forward double virtual Compton
scattering tensor

un M un = z‘/d4a: e TN (k, 8 )| T{JF 0 (), T 0 (0)} N (K, 5)). (D.71)

The scattering tensor M4’ can be decomposed into a symmetric spin-independent piece T
and an antisymmetric spin-dependent piece S]‘\L,V as

ML = TH + G (D.72)

where T\" is given in (D.65), while the S{/ is given by [122]

v i 1
S = = hwoB daSNpS1(v, Q2) + —5qa(k - qsnpg — sn - qkg)Sa(v, QQ) , (D.73)
my my
with sy being the nucleon spin vector, satisfying sy - k = 0, s?\, = —1. Following the same

procedure as was done for the CP-even case, the hadronic matrix element Fév (0) can be
obtained from an F'F operator insertion, attaching the two photon lines to M A, giving
the one-loop amplitude

4 18 Qv
(N(k, s)l— FME, |N(k, s)) = —i— / g “Nef‘”“f’qqf Sy Uy (D.74)

where ¢® is the loop momentum and ¢’# = quel = (pe — Pu

)7 is the four-momentum transfer.
This is the only place where we retain non-zero momentum transfer. The rest of the loop
is evaluated in the forward limit. Plugging in eq. (D.73), the terms proportional to So
either vanish identically or are odd under ¢ — —g¢® and therefore vanish in the integral.

Using the non-zero contribution

¢*(q" - sn)Sh, (D.75)

2i
Cuasd "¢ SN = - (0(q - sx) = (g 4) (g sn)] S = Ty

and the relation
)
2mN

UNTY5UN (Grel - SN)UNUN, (D.76)
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we find the following expression for the hadronic matrix element

_ 3ia” / d'q Si(v,Q*) (D.77)

BEO=5%"amp ¢

Performing the Wick rotation ¢° — iv and the variable transformation Q? = §2 4 v the
matrix element becomes

302 [ Q@ Q% -2
Ny — 2 A2
FN(0) = ﬁ/0 dQ /_Q S 51(i1.Q%) (D.78)
Using the Born-approximation, S; may be written as [122]
S @) =~ | B@7? - L R@)Em@)]. (0.79)
’ 2mpy v+ vy
Using this form, the final integral is given by
2 o - 2 1 e e
FZV(())__?’O‘/ dQ? M+ 1 VIt (GE + 7aGm)Gu , (D.80)
v 16m2my Jo 2(1+Tel)2 v/ Tel 14 7

where 74 = Q2 /4m?v This integral is both UV and IR finite, and thus does not require
regularization. Using the same form factor parameterization, ref. [121], as the CP-even
calculation, we find (in the Born approximation)

_ —6 n __ -7
FP=383(3) x 10°° GeV,  FI=-3.9(7) x 1077 GeV. (D.81)

Note that the errors include only uncertainties on G g s form factors, while we do not attempt
to quantify the error due to the neglected inelastic contributions.

D.9 Partial conservation of axial current

The matrix elements of the axial, eq. (4.2), pseudoscalar, eq. (4.4), and CP-odd gluonic
current, eq. (4.6), are related to each other through partial conservation of axial current
(PCAC) and through the QCD chiral anomaly. For zero momentum exchange these relations
can be derived by performing a chiral rotation of the quark fields, ¢ — exp(i5vs)q, where /3
is a diagonal 3 x 3 matrix, which results in a shift in the QCD Lagrangian,

a o _ .
Laop = Laop + 2Trf G, G = 9,(q7"758q) + 24i758Mqq, (D.82)
where M, = diag (my, mq4, ms) and ¢ = (u,d, s) is a vector of light quarks. Requiring that

the results are independent of this phase shift implies an operator identity: the sum of the
three last terms in (D.82) vanishes for any (3, and thus

e! ~ . 1 _
—TrB (N[~ G, G |N) = (N'|ginsBMqqlN) = 50,(N"lay"v584|N) - (D.83)
We can then write the following relation among form factors

2
T(B)FY = Tr(BFEY) —myT(BFYY) — fela(aEyY), (D.84)
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which are valid also for ¢, # 0, if Tr3 = 0, and valid only for ¢%, = 0, if Tr3 # 0. Note

that above, we use the short-hand notation FQ/ = diag (FU/N, FN 7FZS/N) , = A, P, P.

7

Choosing 8 = diag (1,—1,0) and 8 = diag (1,1, —2) gives the PCAC relations, which
are valid for any qfe“

2
LG R el AR (0.55)

2
PN 4 N _opsN — g (PUN £ PN —opiNy 4 43;;; (FeN + PN —opsNy,
(D.86)

while for 3 = diag (1,1,1) one obtains the relation, valid only for ¢, = 0,

S FYN©0)=3FY (0 +Zm Fi™(0). (D.87)
q

Using the ¢2,; expansion of form factors in (D.1) and (D.2) in the relations (D.85), (D.86),
matching the pole structures on L.h.s. and r.h.s., and using the fact that u — d (u + d — 2s)
current only has the 7w (1) pole, gives the following relations for the residues,

2
u/N d/N mi u/N d/N
/ / (a/ /)

Apr —Aprx = Ay P —apr (D.88)
2
/N d/N /N My /N d/N /N
ap, +ap, —2ap, _4mN( Py T ap, = 2a%,) (D.89)

q/N

One can easily check that our expressions for ap;/, a%{VM satisfy the above relations. The
q?,; independent terms give

1 wnN 4N u/N d/N 1, wN  anN

m—N(bP/ YNy = PN 0y - B (0)—Z(ap/,77r—ap/, ), (D.90)
1 wnN 4N s/N u/N d/N s/N w/N | d/N s/N
m—N(bP/ +bP/ _pr/ ):FA/ ()"’F/ (0) — QF/ ()_Z( ) “‘CL/ _2‘113/',17)-

Using the above two relations, together with (D.87) (setting IV = p), as well as Fq/p(()) =Aq
and the expression for Fg in (D.59), and for FI%/N in (D.2) with (D.43), (D.44), one can then

solve for b‘}:,/N, with the results given in egs. (D.53) and (D.54).

E WET translation

In tables 6 and 7 we list and outline explicitly the translation between a variant of the
dimension-6 WET-3 flavor basis of Jenkins, Manohar, and Stoffer [56] to our basis in
eqs. (2.4)—(2.8). These naming convention and translations are used within MuonConverter
to interface with the existing SMEFT/WET software.
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MuonConverter

Table 6. The WCxf-compatible operators and Wilson coefficient naming schemes for MuonConverter
(left) and the WET-3 JMS basis [74] (right). The translation between the two bases can be found in
table 7.

,50,

WC name Operator
Tegamma_12 — @@) (e’ ) Fap
ATegamma_12 — Cé) (ec™Pirysu) Fug

Weu_1211 - €\ | (eyap)(un*u)

VVed_1211 - CQ (EYa ) (dyd)

Wed_1222 - €\ | (&yap)(57%s) WET-3 JMS [56, 74]
AvVeu_1211 — Céiz (evaysi) (uy®u) WC name Operator
AVVed_1211 - C3) | (evans)(dy™d) egamma_12 e10°PipFog
AVVed_1222 - € | (evasi)(57°s) VeuLL_1211 | (ervapr)(uary*ur)
VAVeu_1211 — G0 | (&yap)(@y*ysu) VedLL 1211 | (€rYajtr)(dry*dL)
vAved_1211 — CO) | (@vam) (drrsd) VedLL_1222 | (€r7apr)(507%51)
VAVed 1222 — Cé@ (v t) (57%755) VeuRR_1211 (?RV&MR)(URV UR)

2 i VedRR_1211 | (Ervapr)(dry*dR)

AvAveu_ izt 76%65 (Gi%’yw)(—’ya%u) VedRR_1222 | (€rYapr)(SRY"SR)
AVAved_1211 *C%gg (67%475“)(7175@ VeulR_1211 | (E1Yastr) (@7 ur)
AVAVed 1222 — C; ¢ | (eva51)(57%758) VedLR_1211 | (é1Yaur)(drydR)
sseu_1211 - CL') (ep)(uu) VedLR_1222 | (ervair)(SrRY*SR)
ssed_1211 - C{’) (ep)(dd) VueLR_1112 | (Enyasir)(dry uL)

SSed_1222 — C{’) (ep)(3s) VdeLR_1112 | (égyapr)(dy®dr)

ASeu_1211 - C¥) (&irys ) (1) VdeLR_2212 | (€rvapr)(507%sL)

ASed_1211 - C{’) (&irys 1) (del) SeuRL_1211 (erur)(urur)

ASed_1222 — éé@ (€dyspe)(5s) SedRL_1211 (éL“R)(?RdL)

Sheu_1211 () (ep) (@ivsu) SedRL_1222 (CLir)(SrsL)

Shed_1211 () (ep)(diysd) Seufi_1211 (€ (rur)

5(6) N SedRR_1211 (erpr)(drdr)

SAed_1222 — C; (ep)(siyss) SedRR_1222 (erpr)(515R)

Aheu_1211 - C) | (€insp) (wivsu) TewRR_1211 | (610°% 1) (iipousur)

Ahed_1211 — CQ (irys ) (dirysd) TedRR_1211 | (e,0* ug)(dLoasdR)

Ahed_ 1222 — Cg? (eiys ) (Sivyss) TedRR_1222 (eLaaﬁpua(ELaagsR)

TTeu_1211 — Céi)L (e0®P ) (uonpu)

TTed_1211 - C3) |  (e0*%p)(doasd)

TTed_1222 — C(?g (€08 1) (50045)

ATTeu_1211 —'C§Qu (Eic®Pysp) (tioapu)
ATTed_1211 -~ C\p); | (€i0®Frsp)(doapd)
ATTed_1222Af(ﬁ82 (€ic®Py51)(50058)




MuonConverter

WET-3 translation

Tegamma_12
ATegamma_12
VVeu_1211
VVed_1211
VVed_1222
AVVeu_1211
AVVed_1211
AVVed_1222
VAVeu_1211
VAVed_1211
VAVed_1222
AVAVeu_1211
AVAVed_1211
AVAVed_1222
SSeu_1211
SSed_1211
SSed_1222
ASeu_1211
ASed_1211
ASed_1222
SAeu_1211
SAed_1211
SAed_1222
Adeu_1211
AAed_1211
Ahed_1222
TTeu_1211
TTed_1211
TTed_1222
ATTeu_1211
ATTed_1211
ATTed_1222

472 egamma_12
—47?] egamma_12
(VeuLL_1211 + VeuRR_1211 + VeuLR_1211 + VueLR_1112)/4
(VedLL_1211 + VedRR_1211 + VedLR_1211 + VdeLR_1112)/4
(VedLL_1222 + VedRR_1222 + VedLR_1222 + VdeLR_2212)/4
(—VeuLL_1211 + VeuRR_1211 — VeuLR_1211 + VueLR_1112)/4
(—VedLL_1211 + VedRR_1211 — VedLR_1211 + VdeLR_1112)/4
(—VedLL_1222 + VedRR_1222 — VedLR_1222 + VdeLR_2212)/4
(—VeuLL_1211 + VeuRR_1211 + VeuLR_1211 — VueLR_1112)/4
(—VedLL_1211 + VedRR_1211 + VedLR_1211 — VdeLR_1112)/4
(—VedLL_1222 + VedRR_1222 + VedLR_1222 — VdeLR_2212)/4
(VeuLL_1211 + VeuRR_1211 — VeuLR_1211 — VueLR_1112)/4
(VedLL_1211 + VedRR_1211 — VedLR_1211 — VdeLR_1112)/4
(VedLL_1222 + VedRR_1222 — VedLR_1222 — VdeLR_2212)/4
(SeuRL_1211 + SeuRR_1211)/4
(SedRL_1211 + SedRR_1211)/4
(SedRL_1222 + SedRR_1222)/4
—i(SeuRL_1211 + SeuRR_1211)/4
—i(SedRL_1211 4 SedRR_1211)/4
—i(SedRL_1222 4 SedRR_1222)/4
i(SeuRL_1211 — SeuRR_1211)/4
i(SedRL_1211 — SedRR_1211)/4
i(SedRL_1222 — SedRR_1222)/4
(SeuRL_1211 — SeuRR_1211)/4
(SedRL_1211 — SedRR_1211)/4
(SedRL_1222 — SedRR_1222)/4
TeuRR_1211/4
TedRR_1211/4
TedRR_1222/4
—iTeuRR_1211/4
—iTedRR_1211/4
—iTedRR_1222/4

Table 7. The translation between the MuonConverter basis and the WET-3 JMS basis.
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