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The Mu2e and COMET experiments are expected to improve existing limits on charged lepton flavor
violation (CLFV) by roughly 4 orders of magnitude. 4 — e conversion experiments are typically optimized
for electrons produced without nuclear excitation, as this maximizes the electron energy and minimizes
backgrounds from the free decay of the muon. Here we argue that Mu2e and COMET will be able to extract
additional constraints on CLFV from inelastic u — e conversion, given the 2’Al target they have chosen and
backgrounds they anticipate. We describe CLFV scenarios in which inelastic CLFV can induce measurable
distortions in the near-endpoint spectrum of conversion electrons, including cases where certain
contributing operators cannot be probed in elastic 4 — e conversion. We extend the nonrelativistic
EFT treatment of elastic 4 — e conversion to include the new nuclear operators needed for the inelastic
process, evaluate the associated nuclear response functions, and describe several new-physics scenarios
where the inelastic process can provide additional information on CLFV.
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The observation of neutrino oscillations implies that
flavor violation also occurs among the charged leptons,
though the neutrino-mediated contribution to charged
lepton flavor violation (CLFV) is unobservable, suppressed
by the small neutrino mass. Consequently, observation of
CLFV would be evidence of additional new physics [1-3].
One of the most sensitive tests of CLFV is py — e
conversion, in which muons are stopped in a target, capture
into the 1s Coulomb orbits of the target nuclei, and convert
into monoenergetic electrons, unaccompanied by any other
final-state leptons.

The quantity reported by 4 — e conversion experiments
is the branching ratio

T+ (A.Z) = e + (A, Z)]

STt AZ) v, Az

where the numerator is the rate for the CLFV process and
the denominator is the rate for standard muon capture.
Currently, the best limit is R, <7.0x 107" at 90%
confidence level, obtained from SINDRUM II measure-
ments using a gold target [4]. Two new experiments now in
construction, Mu2e [5] at Fermilab and COMET [6] at
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J-PARC, are expected to improve existing limits by about
four orders of magnitude, reaching a single-event sensi-
tivity R,, < 107'7 for a 27Al target.

The momentum of the conversion electron (CE) pro-

duced from a muon in a 1s atomic orbit is given by

=) MT

q- = .+ M, [(m, — E5™ — AE, )2 —m?2], (2)
u

where My is the mass of the nuclear target, AE, . =
E; —E; is the energy gap between the final and initial
nuclear states, and E}ji“d ~ 0.463 MeV is the muon binding

energy for 2’Al. The CLFV signal is a monoenergetic,
relativistic electron with energy Ecg ~ m,, which must be
distinguished from background electrons originating from
the standard-model decay in orbit 4 — e + 2v (DIO). Near
the end point, the spectrum of DIO electrons is suppressed
by (E—E.q)°, where E.q4 is given by Ecp when
AE,, =0. In order to minimize the DIO background,
experiments typically focus on the most energetic CEs,
those produced in elastic conversion where AE,,. = 0.
If a nonzero elastic rate is observed in an experiment, it
will establish the existence of CLFV, but provide no
information about the underlying source: The coefficient
of any candidate operator can be dialed to reproduce the
signal. To learn more, one would have to perform additional
experiments that employ target nuclei with varying ground-
state spin, isospin, valence nucleon, and spin-orbit structure
[7]—a tedious process. Here we argue that a single
experiment can yield multiple independent constraints on
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CLFV, provided the target has specific properties. The
target chosen by Mu2e and COMET, ?’Al, is an outstanding
example of such a target.

Specifically, we consider the case of inelastic y — e
conversion, where the nucleus transitions to an excited final
state. Previous studies [8—14], which frequently refer to this
scenario as incoherent y — e conversion, have estimated
the total response to all excited states (for selected CLFV
operators), in contrast to our present focus on experimen-
tally accessible low-lying transitions and CLFV operators
for which inelastic transitions can provide unique informa-
tion. Provided one focuses on transitions where AE,, <
2 MeV, signals can appear above the DIO background,
distinguishable from the elastic response, given the antici-
pated momentum resolution of Mu2e and COMET. This
inelastic contribution probes certain CLFV operators that
cannot contribute to elastic 4 — e conversion, due to the
parity (P) and time-reversal (T') selection rules. Further,
because the inelastic and elastic contributions can be
separated by doing a shape analysis in the endpoint region
where the DIO background is low, the inelastic contribution
provides additional information, regardless of the operator
origin of CLFV.

27Al s an interesting case for inelastic 4 — e conversion.
As arelatively light nucleus with an unpaired nucleon—the
naive description of the J* = 5/2% ground state is a proton
hole in a closed 1ds, shell—*’Al's low-energy spectrum
includes three reasonably well spaced excited states in the
end point region, J* = 1/2% (0.844), 3/2* (1.015), and
7/2% (2.212 MeV). Transitions to the second and third
states are “allowed” (requiring angular momentum transfer
of |[J| £ 1). All three states can be excited by operators
whose strengths are consistent with current bounds on
CLFV, producing signals that can be distinguished from
background. The contribution from DIO is modest and, as
this background is well understood [15-17], can be
subtracted in a shape analysis. The less well-understood
electron background from radiative muon capture (RMC)
does not contribute in this energy window, as the end point
for RMC electrons in 2’Al is 3.62 MeV below the maxi-
mum CE energy.

Experimental signal—A monoenergetic CE will be
registered in the Mu2e detector with a reconstructed mo-
mentum ¢, that differs from the initial momentum ¢ due
to energy losses as the electron moves through additional
layers of the aluminium target and proton absorber, before
reaching the calorimeter [18]. Such target effects dominate
over those due to the intrinsic resolution of the Mu2e
detector. Recently, the Mu2e Collaboration performed
detailed Monte Carlo (MC) simulations in order to char-
acterize the detector response and overall efficiency [19].
Based on this study, the energy loss experienced by
electrons in the signal window (¢ 2 100 MeV) results in
a typical shift in the reconstructed momentum 6qy = ¢o.—
q = —0.5497(26) MeV /c. The smearing is highly asym-
metric, with a long low-energy tail.

The shape of the y — e conversion signal generated in a
single nuclear transition does not depend on the underlying
CLFV mechanism: a monoenergetic electron is produced
with momentum ¢, given by Eq. (2), with this signal then
smeared out by the energy losses described above. But
when multiple nuclear final states contribute, the combined
signal can be quite sensitive to the underlying source of the
CLFV, reflecting operator-dependent relative branching
ratios. This is the source of the additional information
not available from the elastic transition alone.

In Refs. [7,20], the most general expression for the
elastic 4 — e conversion rate was derived in nonrelativistic
effective theory (NRET), yielding the factorized form

Cuelgs = g5) =To > > Y REWF,  (3)

=0,17=0,1 i

where the CLFV response functions R?" are dimensionless,
target- and transition-independent coefficients that encode
all available information about the underlying CLFV
mechanism. They are bilinear functions of the coefficients
of the 16 CLFV nucleon-level NRET operators defined in
Table 1. The W?J are dimensionless nuclear response
functions that depend on both target and transition.
Subscripts i and superscripts 7,7’ indicate the operator
and isospin dependence, respectively. Details can be found
in [7], where the NRET is developed through linear order in
bound nucleon 7y and muon %, velocities.

The NRET construction of the single-nucleon CLFV
transition operator is fully general, applicable to both
elastic and inelastic transitions. It generates a hierarchy
of low-energy operators, organized according to available
dimensionless small parameters gR > [vy| > [7,|, where R
is the nuclear size. Experimental results constrain the
coefficients of the NRET operators. Once obtained, these
constraints can be ported to higher energies, through a
process of matching successive effective theories [21].
Which nuclear responses arise and how they are related
to NRET operators depends on whether the 4 — e con-
version is elastic or inelastic: Nuclear selection rules
associated with parity and time-reversal invariance restrict
the elastic response functions appearing in Eq. (3), limiting
the number of constraints R?® that can be imposed on
underlying CLFV operator coefficients.

We have developed for the first time the NRET inelastic
equivalent of Eq. (3) and evaluated the associated nuclear
form factors. This technical work, described in [22],
extends the number of nuclear operators from six to 11
(see Table I). Two new response functions—associated
with additional observables R?” —are obtained, and three of
the existing response functions acquire new terms, reflect-
ing the absence of time-reversal invariance as a constraint
on inelastic transitions.

The two new responses are associated with the axial
charge operator 7 - 6y and the longitudinal projection of
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TABLE L.

Top: The 16 nucleon-level NRET operators formed from the electron velocity g, the nucleon velocity

Uy, and the lepton and nucleon spin operators 6; and . Bottom: Multipole responses contributing to y — e
conversion, their underlying charges or currents (in parentheses), their transformation properties under P-T (even E
or odd O), and their associated NRET operators ;. The charge and longitudinal, transverse magnetic, and
transverse electric current multipoles are denoted M, £, 7™, and 7, respectively. The six responses denoted E-E
contribute to elastic y — e conversion, the others only to inelastic.

O, =11y O, =ig- vy O3 =1iq- [vy x oy

Oy =0 -0y Os =06, - (ig xVy) Og=iq-6.i4 0y

O; =Ty -6y Oy =6, - Uy Oy =61, - (ig x 6y)

Oy =iq-6y On=iq-6, O =06y - (Iy X Gy)

O3 =61 - (ig x [y x 65]) Oy =iq -0,y -0y

Oi5s = iq-6.iq - [Dy % oy] Ole = i4-0Li4 - Dy
Projection Response Range Even J Odd NRET
My (1y) My J>0 E-E 0-0 0., 0y,
Mu(Vy - Gy) Qi J>0 O-E E-O 0,5, Oy
L (3y) o J>0 0-0 E-E O, 05, Oy
T3 (Gy) Zim J=1 E-O O-E 0,4, O,
T5(6v) i I>1 0-0 E-E O, O,
Lm(Vy) At J>0 E-O O-E 05, Og, O
T (Uy) Asm J>1 0-0 E-E Os, Oy
7, (Ty) Ay J>1 E-O O-E Os, Oy
Lu(Uy x 6y) Dy J>0 E-E 0-0 O3, Oy, Oys
Thi(Ty x Gy) ®, J>1 O-E E-O O, O
TS5y (B x 3y) @, J>1 E-E 0-0 O, Ol

the convection current g - ¥y. The former vanishes for
elastic transitions because of P and T selection rules, the
latter because of current conservation.

The three modified response functions consist of paired
terms, (Wyg, Wy/), (Wa, Wy), and (Wg, W4y ), that arise
from the transverse magnetic and electric projections of the
same current and, consequently, probe the same CLFV
interactions; that is, ~§)’/ = I?g,/ for O = X, A, ®. In each
pair, one response is generated by a normal parity operator,
7= (=1)7 where J is the multipolarity, the other by an
abnormal parity one, (—1)’*!. This can produce a lot of
variability in the relative rates of elastic and inelastic y — ¢
capture, as transitions to states of different J (and poten-
tially different parity) will sample different sets of multi-
pole operators. Such variations can be exploited as
diagnostic tools, if both elastic and inelastic data are
available.

We perform sensitivity studies of elastic and inelastic
u — e conversion, exploring “directions” in parameter
space defined by selected response functions. We consider

Ri(gs = f)  Tulgs—>f)  WZ(gs— f)

fr—g d 7 N (4)
R,.(9s = gs) T.(gs—gs) Wg(gs— gs)

where on the right we take the limit of a single response
function. In this limit the CLFV particle physics, which is

independent of the transition, factors from the nuclear
physics and drops out of the ratio in Eq. (4). The quantity
we explore is nuclear, a response function ratio. However, if
the spectral end point signature of the chosen Wg/ is
distinctive, the presence or absence of this signature would
constrain NTOT/ and thus the source of the CLFV physics.

Our near-end-point electron spectrum calculations use
results from recent Mu2e Monte Carlo simulations [19]. We
have added to the predicted Mu2e elastic CE signal the
corresponding inelastic contribution, shifting the recon-
structed electron momentum by the nuclear excitation
energy AE,,. and rescaling the excited-state contribution
by the branching ratio of Eq. (4). We take into account
small phase-space differences and any CLFV effects that do
not cancel in taking the ratio [22].

The needed %’Al response functions were evaluated for
each of three selected sd-shell effective interactions [23,24]
by performing full sd-shell diagonalizations. We employed
harmonic oscillator Slater determinants with b = 1.84 fm,
an oscillator parameter chosen to reproduce the measured
charge radius of 2’Al. The standard deviations derived from
these results were used as lo theory uncertainties, which
were then folded in quadrature with CE spectrum statistical
uncertainties. We stress that the nuclear uncertainty deter-
mined in this way is a minimum value, accounting for
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Expected electron counts in reconstructed momentum bins of width 50 keV/c in Mu2e Run I for six NRET CLFV scenarios,

mediated by charge (M), longitudinal spin (X”), transverse spin (X + X'), transverse spin velocity (® + @), axial charge (), and
longitudinal convection (A”). In each case, isoscalar coupling has been assumed. The total CE signal (black) is separated into
contributions from the nuclear ground state (blue) and first three excited states at 0.84 (red), 1.0 (purple), and 2.2 MeV (orange). Green
squares denote the DIO background, which dominates all other sources [19]. The gray shading indicates the region 103.60 < ¢,.. <
104.90 MeV /c where the Mu2e sensitivity has been optimized. Error bars combine the statistical uncertainty from the Mu2e detector

response with the estimated nuclear theory uncertainty (see text).

differences in the effective interactions, but not for common
assumptions inherent in using the shell model.

The shell-model effective interactions that we employ are
tuned to reproduce the measured binding energies and
excitation energies of 2s1d-shell nuclei. The quality of the
resulting predictions of beta-decay and electromagnetic
transition moments throughout the shell has been thoroughly
documented [24-26]. Specific tests of the wave functions for
2TA1/?7Si are detailed in [22]: The agreement between shell-
model predictions and experiment is very good.

If the elastic process is not forbidden, we normalize the
CE spectrum by fixing the ground-state branching ratio to
the fiducial value R, (gs — gs) = 107" In cases where
the elastic process is forbidden (A" or Q), we set the largest
individual branching ratio (which, in all cases considered,
is to the 7/27 state at 2.2 MeV) to the fiducial value. This is
the sensitivity anticipated for Mu2e Run I (6 x 10'®
stopped muons). Table II reports the relative strengths of
the inelastic transitions for each nuclear response. The
expected electron spectra for selected CLFV scenarios are
shown in Fig. 1 and discussed below. Additional cases are
explored in [22].

Coherent conversion—Many previous studies [27-34]
have focused on coherent ;4 — e conversion, which can
arise, for example, from a scalar or vector coupling of the

leptons to quarks or a dipole coupling to the photon. We
take the CLFV coupling to be isoscalar, to maximize the
coherent enhancement of W;. As no such coherence arises
for inelastic transitions, the elastic contribution dominates
the rate. From Table II, we see that transitions to excited
states constitute ~0.1% of the total response, consistent
with the expected elastic enhancement of ~0.43A% ~ 300
(including effects of the elastic form factor). The top left
panel of Fig. 1 shows that inclusion of excited-state
contributions has no discernible effect on the simulated
elastic spectrum of Ref. [19].

If the underlying CLFV charge coupling is isovector,
then the coherence is lost: the scattering takes place on the
unpaired nucleon. The leading multipole operator for the
elastic process is monopole, M, while that for inelastic
conversion is quadrupole, M,. The resulting g-dependent
dimensional suppression of inelastic responses is ~ a factor
of seven. The computed inelastic contribution is smaller,
~3% of the total, reflecting the specific nuclear structure of
27Al. Consequently, if experiment finds even a modest
inelastic contribution, the CLFV could not be entirely
attributed to a charge interaction, regardless of the charge’s
isospin couplings.

Spin-dependent conversion—Spin-dependent operators,
which couple primarily to the unpaired proton in 2’Al, have
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TABLE II. Relative y — e conversion strengths for transitions
to the first three excited states of 2’Al normalized to either the
ground state (upper) or 7/27 excited state (lower) (see text).
Reported errors correspond to theory uncertainties estimated
from the three nuclear shell-model calculations.

R, (95 = f)/Ryc(gs = gs)

Response f=1/2" 3/2F 7/2*
woo 240(3) x 107*  4.4(2) x 107*  9.4(2) x 107
wil 8.2(5) x 1073 0.0113(5) 0.019(1)
w2 0.084(4) 0.042(3) 0.185(7)
wi 0.081(4) 0.055(4) 0.194(10)
WP + w 0.20(2) 0.22(2) 0.30(3)
Wi + Wi 0.22(3) 0.22(3) 0.33(4)
W, 7(1) x 107 8(1) x 107 2.8(4) x 1073
Wil 6(3) x 1073 0.015(2) 0.048(6)
we +we 3.6(8) 2.7(7) 34(6)
Wi +wh o 7(3) x 1073 0.037(4) 0.163(4)
W+ WO 241(4) x 1073 2.6(2) x 107 7.7(2) x 1073
Wi+ Wi 2.1(2) x 107 0.084(8) 0.010(2)
W, 0.0361(8) 0.097(4) 1

Wi, 0.062(6) 0.12(1) 1

W 7(3) x 1073 0.016(6) 1

wi 0.010(3) 0.042) 1

been studied in the form &, -6y [35,36]. In the NRET
formalism two spin responses arise without velocity sup-
pression, and three more arise when 7y is included to first
order. We discuss the former here.

Longitudinal coupling to spin, associated with the abnor-
mal-parity operator X'/, arises for pseudoscalar or axion-like-
particle (ALP) CLFV exchanges [21,37]. The contribution of
the first excited state is roughly 9% of the elastic response.
As the peak of the inelastic electron spectrum is displaced
from the elastic peak, this produces a 40% enhancement in
the spectrum for g, = 103.5 MeV/c, distinguishing this
case from the charge responses discussed above. (See the left
middle panel of Fig. 1.) The leading operator for this
transition is X, underscoring the importance of significant
momentum transfer.

A transverse coupling to spin generates the electric and
magnetic operators ¥, and ¥, with parities (—1)’*! and
(—=1)7, respectively. The inelastic contributions are quite
substantial, with each of the first three excited states
contributing with strengths ~20%-35% that of the ground
state. This creates a distinctive second peak in the CE
spectrum near 103.5 MeV/c, shown in the bottom left
panel of Fig. 1 for isoscalar coupling.

Exotic responses—Lastly, we consider several responses
that depend explicitly on nuclear compositeness through
their dependence on the internucleon velocity operator U
[7,20]. When matched to a Lorentz-invariant, quark-level

effective theory, some fine-tuning is required to make
Uy-dependent operators leading [21]. From a bottom-up
perspective, however, the associated response functions
contain new CLFV information accessible to experiment.

An interesting case is WY 4+ WY, generated from the

transverse projection of ¥y X 6y, a current that arises when
the CLFV is mediated by tensor exchanges [7,21]. The
transition to the 7/27 state at 2.2 MeV is ~40 times
stronger than the suppressed elastic transition, dominating
the response, as shown in the top right panel of Fig. 1
(isoscalar coupling). The expected number of counts is high
because of our adopted normalization to the ground-
state rate.

The last two responses considered here are associated
with CLFV operators that can only be probed in inelastic
transitions, as the elastic response vanishes. The response Q
is generated from interactions that couple to the nuclear
axial charge, Uy - 6. Our calculations predict that >95%
of the transition strength goes to the 7/2% state at 2.2 MeV.
This places the signal—shown in the right middle panel of
Fig. 1—in a region where the DIO background is sub-
stantial, so that a background subtraction would be needed.
While the DIO shape is known well, ultimately the success
of the subtraction will depend on statistical details of future
experiments.

A" is the longitudinal projection of the nuclear con-
vective current § - ¥, which we assume is constrained by
current conservation. Consequently, it can be eliminated in
favor of the charge multipole

3 mydqo
A/J/M CI) = gz MJM(Q)’ (5)
where gy = —AE,,. is the time component of the four-

momentum transfer. (This rewriting exposes the explicit
dependence on AE, .. It also reduces the impact of two-
body corrections to operators, as these are second order in
relativity for the charge operator.) The response is domi-
nated by the transition to the 7/2% state, although the first
two excited states also make modest contributions. This is
shown in the bottom right panel of Fig. 1, where the total
electron spectrum is double peaked, with the primary
response obscured by the DIO background.
Discussion—We have demonstrated that the near-end-
point CE spectrum from elastic and inelastic 4 — e con-
version in ?’Al can vary significantly, depending on the
underlying CLFV mechanism. New information is pro-
vided by this spectrum, over and above that provided by the
elastic rate alone. While we have employed in our analysis
Mu2e simulation data, our conclusions should apply
equally well to COMET. Our analysis is a sensitivity study,
exploring separately several charge, spin, and convection
current responses generated in NRET, assuming either
isoscalar or isovector couplings. Clearly, multiple
responses with arbitrary isospin couplings can contribute
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to total rates, requiring a more general NRET analysis. Still,
the basic conclusions reached here should hold up. In
particular, even a modest inelastic signal would rule out the
most frequently explored model, CLFV generated entirely
by a coherent charge coupling.

While the predicted counts in each 50 keV/c bin are
typically small, our estimates are based on Mu2e Run I,
where 6 x 10! muons will be captured. Over the total
experimental lifetime, MuZ2e is expected to stop 10'® muons
in its 2’Al target [5], improving the statistics by more than
an order of magnitude. Mu2e-II [38,39], a proposed
extension leveraging proton beamline upgrades at
Fermilab, could yield a further order-of-magnitude
improvement. There is also the possibility that experiments
can enhance their sensitivity to inelastic conversion by
detecting the coincident low-energy photons emitted when
the nucleus deexcites.
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