DECONVOLUTIONAL DETERMINATION OF THE
NONLINEARITY IN A SEMILINEAR WAVE EQUATION
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ABSTRACT. We demonstrate that in three space dimensions, the scattering be-
haviour of semilinear wave equations with quintic-type nonlinearities uniquely
determines the nonlinearity. The nonlinearity is permitted to depend on both
space and time.

1. INTRODUCTION

We consider the semilinear wave equation

(On — A)u(t,z) = F(t,z,u(t,z)), (t,z) € RxR3;
u(0, ) = uo; (1.1)
8,5U(0, . ) = Uui.

Under mild assumptions on the nonlinearity F : R x R? x R — R, we show that
this equation admits a small-data scattering theory and that the scattering operator
determines the nonlinearity. The specific class of nonlinearities we consider is given
in Definition [I.I]and may be regarded as a generalization of the energy-critical case.
The main inspiration for the problem we study is the paper [12] of S4 Barreto,
Uhlmann, and Wang. Our methods, however, are more strongly influenced by
Killip, Murphy, and Visan [6].
The requirements that we impose on the nonlinearity are as follows:

Definition 1.1 (Admissible nonlinearity). A measurable function F : RxR3 xR —
R will be called admissible for equation (|L.1]) if

(i) F(t,z,0) =0 for all ¢, z;

(i) |F(t,z,u)— F(t,z,v)| < (Jul*+ |v|*)|u—v]| for all u, v uniformly in ¢, z; and
(ii) F(t,z,—u) = —F(t,x,u) for all ¢, .

~— —

If F(t,x,u) = %|u|*u, the resulting equation is the defocusing/focusing (de-
pending on the sign of the nonlinearity) energy-critical wave equation. This name
reflects the fact that in this case, the equation enjoys a scaling symmetry

u(t,z) — ur(t,z) = )\%u()\t, Az) for A >0
that preserves the energy of solutions

E(u) = / Uult, )2 + Lanult, o) £ Lult,2)|° da.
RS

Accordingly, we will be studying equation (1.1) with initial data (ug,u1) in the
energy space Hl(R?’) x L2(R?).
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Definition 1.2 (Solution). A function u : R x R — R is said to be a strong

global solution of equation (1.1) if (u,Opu) € C’?Hi(R x R3) x CYL2(R x R3?),
u € LPLIY(K x R3) for all compact sets K C R, and u satisfies the Duhamel

) wo ) fue-af)] @

Here U denotes the propagator for the linear wave equation, that is,

o sin(t|V])
up — | VT
—|V|sin(¢t|V]) cos(t|V])

Here and in what follows we abbreviate u(t, - ) as u(t) and F(t, -, u(t)) as F(t).

For the definitions of the homogeneous Sobolev space H ' (R3) and the mixed-
norm spaces above, see Section The spaces in Definition are chosen to
capture the dispersive behaviour of solutions while matching the criticality of the
problem. The Strichartz estimates in Theorem [2.1] show that solutions to the linear
wave equation also belong to these spaces and allow us to construct solutions to
the semilinear wave equation via contraction mapping. In fact, we will prove
that this equation admits a small-data global well-posedness and scattering theory
for admissible nonlinearities.

Theorem 1.3 (Small-data scattering). Let F be an admissible nonlinearity for
equation (L.1)). Then there exists an n > 0 such that equation (1.1|) has a unique
global solution u satisfying

I B0,
whenever (ug,u1) € By, where
.1 .
B, = {(up,wm1) € H (R‘3) X Lz(R?’) : ||(u0,u1)||H1xL2 <n}.

-1
This solution scatters in H (R3) x L?(R3) as t —> +o0, meaning that there exist

ryrw S (w0, wn)ll gy e (1.2)

(necessarily unique) asymptotic states (uf,ui) € H (R3) x L*(R3) for which

BRI

In addition, for all (ug,u;) € By, there exists a um’que global solution u to

=0 ast— +oo. (1.3)
H'x L2

equation l) and a unique asymptotic state (uf,ul) € H (]R?’) x L?(R3) so that
both limits in ) hold.

The map (uo,ul) — (ug,uy) defined implicitly by Theorem [1.3| on the open

ball B, C H 1(R?’) x L?(IR?) is the inverse of what is often called the forward wave
operator; in this paper, we will refer to it simply as the wave operator and we will
denote it by W,.. The map (uq,u;) — (ug,ui) is the scattering operator and
will be denoted S,. Our principal result is that either operator determines the
nonlinearity completely.

Our hypotheses on the nonlinearity F' do not demand any continuity in ¢ or x.
Avoiding such a restriction is important for us as we wish to allow nonlinearities
of the form 1q(z)u®, which model a nonlinear medium (whose shape we wish to
determine) surrounded by vacuum.
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Without a continuity requirement, complete determination of the nonlinearity
means determination at (Lebesgue) almost every spacetime point. We can be very
precise about the spacetime points at which we determine the nonlinearity:

Definition 1.4 (Determinable point). Suppose that F' is an admissible nonlinearity
for equation . A point (t,z) € R x R3 will be called determinable for F if it is
a Lebesgue point of F( -, -,u) for every rational u. The set of all such points will
be denoted Dy.

For each fixed u, the map (¢, 2z) — F(t,z,u) is bounded and measurable and so
almost every point is a Lebesgue point. The countability of the rational numbers
then guarantees that almost every spacetime point is determinable.

Theorem 1.5. Suppose that F and F are admissible nonlinearities for equa-
tion (1.1)) and that B, and By are corresponding balls given by Theorem . If Wy
and W, or S, and Sg, agree on B, N By (that is, the smaller of the two balls),

then F(t,x, -) :f(t,x, -) for all (t,x) € D, N Dx.

The question of whether the nonlinearity in a dispersive PDE is determined by its
scattering behaviour has been extensively studied [1}, |8, 10} [12H16], [18H27]. Usually,
rather strong assumptions are imposed on the nonlinearity in order to obtain a
positive answer.

In contrast, Killip, Murphy, and Visan’s deconvolution-based approach [6] en-
abled them to determine power-type nonlinearities in a semilinear Schrédinger equa-
tion with only moderate growth restrictions on the nonlinearities. Their approach
is flexible and technically simple, as demonstrated by its subsequent application
to the determination of coefficients [4, 9] and inhomogeneities [2, |3] of nonlinear
Schrédinger equations.

In this paper, we revisit the setting considered by S& Barreto, Uhlmann, and
Wang |12], who determined nonlinearities of the form F' = F(u) in equation
under the following assumptions:

(i) F(u) = h(u)u for some even function h satisfying |h(u)| =~ |u|* for all u;
(ii) F ()u~F()asu—>0andasu—>:|:oo;
(i) u— [y F(v)dv is convex;
(iv) |F(J (u)| < Jul>77 for each 0 < j < 5; and
(v) F®(u) =0 if and only if u = 0.

By adapting the deconvolution technique of [6] to the setting of the wave equa-
tion, we will prove that even more general nonlinearities of the form F = F (¢, x, u)
can be determined under the weaker conditions of Definition [[.1l

Let us now turn to an overview of the paper, the method of [6], and the principal
challenges to be overcome in applying it in the wave equation setting.

Our first task is to establish the existence, uniqueness, and long-time behaviour
of solutions to for small initial data and for admissible nonlinearities. This is
Theorem [I.3] which we prove in Section [

Following [6], our approach to identifying the nonlinearity is through the small-
data asymptotics of the scattering and wave operators. These are presented in
Corollary which gives a precise estimate on the difference between the full
operators and what is known as their Born approzimation.

Under the Born approximation, the scattering/wave operators capture the space-
time integral of w(t, x)F (¢, z,u(t,x)), where u(t,z) is a solution of the linear wave
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equation. This evidently represents a substantial ‘blurring’ of the nonlinearity
across different values of ¢, x, and u. If the nonlinearity did not depend on ¢ and
x, then this blurring would take the form of a convolution (over the multiplication
group). By switching to exponential variables, this then would become a convolu-
tion in the traditional sense. In this way, the question of identifying the nonlinearity
reduces to a deconvolution problem. As we will discuss in Section[d] the uniqueness
criterion for such deconvolution problems is the well-known L! Tauberian theorem
of Wiener; see Theorem

To overcome the dependence of the nonlinearity on space and time, we will em-
ploy a solution of the linear wave equation that concentrates tightly at a single
point in spacetime (while also remaining small in scaling-critical norms). As noted
earlier, we do not assume that the nonlinearity is continuous in ¢ or x; consequently,
there are some subtleties to be overcome in localizing the nonlinearity to a single
spacetime point. This is the role of Lemma With this hurdle overcome, the
uniqueness question is reduced to the deconvolution problem presented in Proposi-
tion

We now arrive at the crux of the matter: we need to find solutions to the
linear wave equation that lead to a deconvolution problem that can actually be
solved. Concretely, we must find a linear solution whose distribution function we
can compute sufficiently explicitly that we will be able to verify the hypotheses of
Wiener’s Tauberian theorem. The distribution function for the solution we choose is
computed in Lemma[3.I] Although we are unable to compute the resulting Fourier
transform precisely, we are nonetheless able to verify that it is nonvanishing (see
Proposition and consequently to apply the Tauberian theorem.

Acknowledgments. R.K. was supported by NSF grant DMS-2154022; M.V. was
supported by NSF grant DMS-2054194.

1.1. Notation. Throughout this paper, we employ the standard notation A < B
to indicate that A < C'B for some constant C' > 0; if A < B and B < A, we write
A =~ B. Occasionally, we adjoin subscripts to this notation to indicate dependence
of the constant C' on other parameters; for instance, we write A <, 3 B when
A < CB for some constant C' > 0 depending on «;, 3.

The homogeneous Sobolev space H (R®) is defined as the completion of the
Schwartz space S(R?) with respect to the norm

~

11l gy == NELF 2 mey = NIVl @),

where we use the Fourier transform convention
F&) = [ flx)e " du.
Rd

We write LYLZ(I x R3) for the mixed Lebesgue space on a spacetime region
I x R? with norm

lullprpsrxmsy = ([t )| La@)l 1o oy

(with the understanding that I = R if it is unspecified). Similarly, we define the

1
mixed-norm space L H (I x R3) with norm

”uHL;?OHi(IXRS) = HHU(t,l')HH;(Rz) HL;?O(I)'
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-1

We write CYH,, for the subspace of functions that are continuous in time with
-1

values in H (R?).

2. SMALL-DATA SCATTERING

We begin by establishing the small-data scattering theory described in Theo-
rem [1.3] This relies on a standard contraction mapping argument using Strichartz
estimates.

Theorem 2.1 (Strichartz estimates, |5, [11} [17]). If u : R x R® — R is a global
solution of equation (1.1)), then

et D) eyt e gz + el oo S o0, ) gt g + I 2t 2) 1y 2

The contraction mapping argument constructs the solution from the Duhamel

o [87:152)} =U(t) [Z‘j + /0 tu(t —s) [F?S)} ds. (2.1)

Similarly, the solution with prescribed asymptotic state (ug,u; ) as t — —oo is
constructed from the formula

- t
[81‘52)} — U(t) [Z‘;_] +/_Oou(t— 5) [F(()S)} ds. (2.2)
Proof of Theorem[I.3 Let
X={u:RxR*—>R:
(u,0u) € COHL(R x R®) x COL2(R x R®), u € LILYO(R x R3),
10, 00) e e s el < 2C a0, w12}
where C' is the implicit constant in the Strichartz estimates. Equipping X with the
metric
() 2= [|(u, ) — (0,00 g1 e o+l 0l 20

we obtain a nonempty complete metric space (X, d).
For u € X, we then define

o sin(t|V]) sin((t — s)|V))
(B())(1) = cos(t]¥])uo + =7 +/0 T (s) ds
so that

[(gtpqga))gt(zf)} =ut) Bﬂ + /Otu(t - 5) [F(()s)] ds. (2.3)

To construct the solution of equation (L.1]), we will show that @ is a contraction on
(X, d) whenever (ug,u1) € B, and 0 is sufficiently small. The solution sought will
then be the fixed point of ® whose existence and uniqueness are guaranteed by the
Banach fixed point theorem.

We first verify that ® maps X into itself. Let Cr be a constant such that
|F(t,z,u)] < Cplul® for all (t,z) € R x R3. If u € X, then by the Strichartz
estimates, we have

(@, BB 1 g + 12010
< C(”(u07u1)HHlez + HF(taxau(ml‘))“L%L%)
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< C(”(“Oaul)HHlez + CFHUHE[)/?L%O)
< ClL+ Cp(2C)*(20)]||(uo, u1)
< 2C|(uo, u1)

| H'xL?
” H'x 12
provided that 7 is sufficiently small.

To show that (®(u))(t) and (0:P(u))(t) are also continuous in t, fix a tp € R
and consider, without loss of generality, the case when ¢ > ty. The first term on
i

-1
the right-hand side of formula ( converges to U(to)(ug,u1) in H x L% ast — tg
since U(t) is strongly continuous in ¢. As for the second term, we observe that

‘/Otm—s) {F(()s)} ds—/otou(—s) {F(()s)} ds
[ R s

t
S | IEG)ze ds

to

H'x L2

/ cos(—s|V|)F(s)ds

S ‘
to

"
1

H L2

S ”uHifL}EO([to,t]x]RS) —0 ast— i,

by the dominated convergence theorem. Consequently, the second term converges

to U(to) Oto U(—s)(0,F(s))ds in H'xL?ast — to since U (t) is strongly continuous

and uniformly bounded in ¢. Altogether, this shows that ®(u) € X as required.
Now if u,v € X, the Strichartz estimates also yield

d(®(u), ®(0)) S | F(t, 2, ult, ) = F(t,z,0(t2)l| 2
S ul® + o) =l 2z
< (lullzp 10 + 0l 7e o) llu = vll L5 210
< [20n)* + (20n)" d(u, v),
which shows that ® is a contraction for sufficiently small 7.
Next, we prove that the solution u scatters in H' % 12, As U(t) is unitary on

H' % L2, this amounts to showing that the functions U ~1(¢)(u(t), ,u(t)) converge

-1
in H x L? ast — 4o00. By time reversal symmetry, it suffices to consider t — +oc.
For t2 2 tl Z T,

u(t

H”W oiain) 7@ [ty HH

:‘ OtQU(—s) [F(()S)] ds— [ u(=s) [F?S)} ds

5 ||u||i?L}EO([t1,t2]XR3) — O as T — o0,

t1

H'xL>2

by the dominated convergence theorem. We conclude that {U/=1(¢)(u(t), dyu(t))} is

-1
Cauchy in H x L? as t — oo and therefore convergent.

This completes the construction of the wave operator. The construction of the
scattering operator, using (2.2]) in place of (2.1), is entirely analogous. a
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We note that the foregoing argument shows that the wave operator is given by

i)l Looolife e

where u is the solution of equation (1.1) with initial data (ug,u1). Similarly, the
scattering operator is given by

(D[] foolde o

where u is the solution of equation (1.1 that scatters to (ug,u;) as t — —o0.

Corollary 2.2 (Small-data asymptotics for the wave and scattering operators).
Suppose that F is an admissible nonlinearity for equation (L.1) and that B, is a
corresponding ball given by Theorem[I.3 If uin denotes the solution of the linear

-1
wave equation with initial data (ug,u1) € By, then (in H x L?) we have

o) e R e A

Similarly, given (ug,uy ) € By, let u be the solution of equation (1.1) that scatters
to (ug,uy) ast — —oo. If ui, denotes the solution of the linear wave equation

with initial data (ug,u1) = (u(0),0u(0)) € B,), then
SRIE
0
. 2.7
{ulil H1><L2> &7

Uy Uy o 0
S, )=+ / Ut dt+ 0O
(L)) =[]+ Lo [
Here Fyn(t) is an abbreviation for F(t, -, win(t)).
Proof. We will derive the asymptotic expansion (2.7) from formula (2.5) for the
scattering operator; the derivation of (2.6)) from formula (2.4) for the wave operator
is similar.

Comparing (2.5 with , we see that the latter follows from

H/thﬁmwfawﬂﬁkamguﬁ}g

H'x L2

-1
which we will prove by duality. To this end, fix some (vg,v;) € H x L? and let
vlin denote the solution of the linear wave equation with initial data (vg,v1). Then

</Z U= [F(t) —Oﬂinu)} @ m > .
= [ {lrw ") 40 0]},
[

e B el P

- /OO (F(t) = Fiin(t), Oviin(t)) ,» dt.

)

Y

As a result, it will suffice to show that

‘[Z@@—Eﬂmwmwhﬂ4§’ 9

(2.8)

H

H'xL? ‘H1XL2
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To estimate this integral, we first employ Holder’s inequality to deduce that

‘/m<ﬂﬂ—FMUL@wJﬂhﬂﬁ
—0
< FE 2, ult, x) = F(E 2, win(t,2)) 2z - [0l g2
< (lulldg o + lhunallbg o) e — il gpo - [9viallizns . (29
By and the Strichartz estimates, we have
Fulld g0 S atos )l o
N R [
= wallzg o S IF (@ ult eDllnirs S M3 S Iosun) 5.
[0eviinllLgerz < [l(vo, vi)ll oy g2 -

Inserting these estimates into (2.9) yields (2.8, completing the proof of the corol-
lary. (I

3. REDUCTION TO A CONVOLUTION EQUATION

The next step is the reduction of the proof of Theorem to the consideration
of a convolution equation. As in [6], the central idea is to exploit the Born approx-
imation for well-chosen solutions of the linear wave equation. Indeed, the principal
obstacle to be overcome in implementing that strategy is to find solutions of the
linear wave equation with the key properties we need. Most fundamentally, we
need solutions for which we are not only able to compute the distribution function
(i.e., the measure of spacetime superlevel sets), but can also prove that the Fourier
transform of a certain function w connected with it does not vanish.

Our solutions will be built from the radially symmetric solution

fir=t) = f(r+1t)

r

win(t, 1) ==

of the linear wave equation (9y — Ag)u(t,z) = 0 on R x R, where r := |z| and
f(s) == max{1 — |s|,0}. This solution arises from the initial data

o () = win (0, |2]) = 0 € H' (R?),

% if 0 < |z <1, s (3.1)
up(x) = Opwin (0, |2|) = . € L*(R”).

0 if|z|>1

In addition, wjn(¢,2) > 0 for ¢ > 0 and wy;, (¢, z) is odd in ¢.

The next lemma gives a formula for the distribution function of uy;,. The function
w connected with this solution is presented in . The nonvanishing of the Fourier
transform of w will be demonstrated in Proposition

Lemma 3.1. For A > 0, let
m(A) == [{(t,z) € (0,00) x R3 - upy (¢, ) > AH.
Then

dr (1 2
m(A) = 3 <2)\3 T D128 2)3) Lio,2)(A).



DECONVOLUTIONAL DETERMINATION OF THE NONLINEARITY 9

Proof. For t,\ > 0, let
m(t; A) == [{z € R® s win(t, ) > A}
so that

m(\) = /O T on(t ) dt. (3.2)

We will evaluate this integral by analyzing uj;, on the spacetime regions 0 < ¢t <
i l<t<l,andt>1
On the region 0 < t < %, we have

2 ifo<r<t,

2t ift<r<l-—t,
ulin(tar) = 17‘ t .

L il -t <r <14t

0 otherwise.

Hence, for 0 <t < %,

i ($5)? o< A< £,

m(t;)\):?- (3 i L <A <2,
0 otherwise.

Therefore, the contribution of this region to the right-hand side of (3.2) is

1 1 3 1 3
2 24 (141 24 (2t
t;A)dt = — | — 1 t)dt — | =) I;.2 t)dt
/Om(7 ) /0 3 (1+>\> o<z 23 (1) +/0 3 (A) (2t <a<2y (1)

>

1 3 DN 3
2 4 1+t X33 47 [t
= ———) dt|1 A — (= dt|1 A
[/ﬁz 3 <1+)\> 0,2)(A) + /0 3 <)\> ] 0,2)(A)
47 81 4()\ +1) 4 2\
= - Loy (A) + X 22 (A
3 (64<A+ D O+ 2>4> e+ 5 FigE lea®
47 81 2
= — 1 A). 3.3
3 (64()\+ 1)3 (/\—1—2)3) () (3.3)
On the region 1 <t < 1, we have
2 ifo<r<l1l—t,
L=t of ] -t <r<t,
WUin (£, 1) = )
it Lortt ift<r <1+t
0 otherwise.
Hence, for % <t<1,
(£ fo<A<i
47 - )
0 otherwise.

Therefore, the contribution of this region to the right-hand side of (3.2)) is

1 1 3 1 3
dr (1+t dr (11—t
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Ygr (14t)° dr (1+1\°

>=

Yy (1-1\?
L a]
- 4% ' ﬁ ton() + 4% (A&ll - 64()\8—1&- 1)3> Lo
4% : % La2)(N)
- 4?” . ﬁ Lo, (N + %ﬂ <2;3 - 654()\841r1)3> lagy(N).  (3.4)

On the region t > 1, we have

Lr—t §ft—1<r<t,
T oift<r<t4+1,
0 otherwise.

Ulin (ta 7") =

Hence, for ¢t > 1,

m(t;\) = — -

3

dr ()P - (1=5)? ifo<Aa< 1,
0 otherwise.

Therefore, the contribution of this region to the right-hand side of (3.2)) is

> “ur [(t+1\> [t-1)°

m(t; A dt:/ - <) —() 1 1 (8)dt
[ omena= [T () - (=5) | tean®
t+1\> [t-1\°
(m) ‘(wx)]dt}lw(”

4 4
= — -1 A). .
3 (2 3 (/\+1)3> o) (3.5)
Finally, combining (3.2]) with (3.3, (3.4)), and (3.5 completes the proof of the
lemma. (]

To continue, we generate further solutions of the linear wave equation using
the scaling symmetry. Specifically, for positive parameters o and ¢, the rescaled
function u;;" defined as

ul (t, ) = aun ((/e)?t, (a/e)?x)
solves the linear wave equation with initial data
ug () == u?(0,7) = aug((a/e)?x) = 0,
uP(z) = 0 (0,2) = (a/e)’aus ((a/e)?x).
Under this rescaling, we have |ug“|
from we compute that

1(ug®, ug )3, o =%l (uo, ua) I ;o = 167E”,

gt = €lluollpr and [ui"|[L2 = elluil|rz, so
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In particular, if F' is an admissible nonlinearity for equation (1.1) and B, is a
corresponding ball given by Theorem [1.3] then (ug™®,u{") € B, for all sufficiently
small €.

We will also rely on the observation that wy,(t,2) = dynn (¢, ), where vy, is
itself a radially symmetric solution of the linear wave equation on R x R3 with
initial data

lz] —2 f0<|z] <1, 1
= v (0,2) = ) e H (R°),
le) =00 = 41 sy (®)
v1(x) == Opuin (0, ) = 0 € L*(R?).

¢ defined as
Vi (t,2) = (a/e) Pavin((a/e)’t, (a/e)?z)
solves the linear wave equation with initial data
g™ (2) = vy (0, 2) = (a/e) avo((a/e)?),

v () 1= Of(0,2) = avy ((/e)?x) = 0.

lin

Thus, u; (¢, z) = dyvy° (¢, ), where the rescaled function v

Under this rescaling, we have

10 o), = (/)02 (vo, w1, = 16m5/3al.
Proposition 3.2 (Reduction to a convolution equation). Suppose that F and F
are admissible nonlinearities for equation (1.1). For (to,x0) € DN Dg and 7 € R,
define

H(r;t =
(Ta 0)170) € ou

(to, g, GT) + 675TF(t0, g, GT),

oF ~
H(r;tg,x0) := 6_47—(t0, xo,€7) + 6_5TF(t0, xo,€").

ou
Then H and H are bounded and, under the hypotheses of Theorem we have
Hxw=H *w, (3.6)

where

4 46767
w(r) = (e 3T _ (e‘T—&—l)?’> 1(0,00)(T)- (3.7)

The proof of this proposition relies on the following result, which shows that in
the Born approximation described in Corollary we may replace F(t,x,u) by
F(to,z0,u) up to acceptable errors.

Lemma 3.3. Suppose that F' is an admissible nonlinearity for equation (1.1). Then

for all (to, o) € Dy, we have

oo
/ (F(t,z,ups (t —to, x — x0)), up (t — to,  — x0)>L2 dt

— 00 B
(o)
= / (F(to, zo,upy (t — to,x — x0)), upiy (t — to, ® — o)), dt + 0a(c®)
— 00 x
as e — 0.

We postpone the proof of Lemma [3.3] until after we have completed that of
Proposition [3.2]
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Proof of Proposition[3.4 We only consider the case where the scattering operators
agree, as the wave operators can be treated similarly. By time and space translation
symmetry, it suffices to treat the case (¢o,zo) = (0,0).

Let G(t,z,u) := F(t,x,u)u so that

/ <F 0,0, win (t, x)), win (t, x) L2 dt = / G 0,0, un (t, x)) dz dt.
By the fundamental theorem of calculus, Fubini’s theorem, and Lemma
e > 0G
G(0,0, win (t, z)) de dt = 2 — (0,0, \)m(X\) dA.
—0c0 JIR3 0 8
Hence,
> LE LE —8 aG
(F(0,0,up;= (¢, @), uy (t,:17)>L2 dt = 2(a/e) o — (0,0, \)ym(\/ ) dA
—00 ® 0

Performing the change of variables A =: ™, we obtain

/ (F(0, 0,0l (1, 2), ul (1,2)),. dt

2e8 [ 0G
= % _ou —(0,0,e7)e"m(e” 18 dr
2¢8

= / H(1)e5 m(e" 18 ) dr

048

2e8 (2 e 12
_ 5 a) / H(T) . 76(log2a T) ( T— loga) dr
OZ ™

2
= 337T;: H w(log 2« — 7) dr
«
32med
= 3.2 (H *w)(log 2a), (3.8)

where w(7) = 2e76"m(e~ (7718 2)) is as given by (3.7).
On the other hand, if F{20°(¢) := F(t, -, up(t)), then

| )= [ R 0.00570)
-/ O;< PRI EH
- </m“( ‘) {E?HO% >] i [Z?“ZE} >H |

It follows from Corollary [2.2) that agreement of the scattering operators implies that

/ N (Fe (), ups (8)) 0 dt = /_ (Bt (), uf (1)) 0 dt

+ O (ug = ud )% L) 155 07 ) gy
:/_ (Ff (), uibs (1)) 12 dt + Og(€12). (3.9)
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Now given a 15 € R, let o := %BTO so that 79 = log 2a. Combining Lemma
(13.8), and (3.9)), we deduce that

(H % w)(70) = (H % w)(70) + 0o(1) + O(*) as e — 0.
Taking ¢ — 0, we arrive at the conclusion. O
Proof of Lemma[3.3, Fix a point (to,zo) € D, and let

G (t,x,u) == F(tg + (a/e) "2tz + (a/e) 2z, u)u
so that

o
/ (F(t, @, ugy (t —to, o — @), up (t — to, @ — x0)>L2 dt

= (a/&?)fg/ / GE(t, z, aupn(t, x)) dx dt.
— o0 JR3

Then the conclusion sought can be written as follows: as ¢ — 0,
/ / G812, qin (1, 7)) — G2(0,0, aun(t, 7)) dz dt = 0a(1).  (3.10)
— 0o JR3

To prove this, we first recall from the proof of Lemma [3.1] that
2 1{o<|z|<2y (¢, @) ifo<t<l,

ulin(tax) S {1

+ lp—i<jpl <ty () ifE > 1

Hence
6

o0 oo (o) 1
/ [ugin (t, 2)|® da dt = 2/ / lurin (t, 2)|® dz dt <1 +/ () 2 dt < oo.
—oo JR3 0 R3 1 t

Thus, given any 1 > 0, the dominated convergence theorem guarantees that there
exists an R > 0 (depending on 7) so that

// Ga,é‘(t’ Z, OZUIin(ta (E)) - Ga,s(o’ 07 aulin(tv ZL’)) dzx dt
[t|+|z|>R

Sa // lwtin (¢, ) |6 dz dt < 7. (3.11)
[t|+|z|>R

To estimate the integral in (3.10) over the complementary region |t| + |z| < R,
we partition it into the sets

UR = {(t,z) € RxR®: |t|+|z| < R and [2a]n/N < auy,(t,z) < [2a](n+1)/N},
where N is some large positive integer and |n| < N. For (¢,z) € UL, we then have
|GYE (¢, 2, aupn (t, @) — GY5(t, x, [2a]n/N)| <o 1/N,
|G*%(0,0, [2a]n/N) = G*#(0,0, aun (t, ))| Sa 1/N,
with implicit constants depending only on . As [2a|n/N € Q, replacing the true
values of auy, with these approximations will allow us to exploit the hypothesis

that (t, zo) is a determinable point. To employ these approximations, we first note
that

// GV (t, z, aupin (t, ) — GU5(0, 0, awn (¢, ©)) dz dt
[tl+]z|<R
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<> [

[n|<N

4
G¢(t,z, [2a]n/N) — G**(0,0, [2a]|n/N)| dz dt + RW .

For each n, a change of variables gives

Ihs

Sonc [ F(t,, [201n/N) ~ F(to, zo, [2a]n/N)| dz dt,
[t—to|+]|z—zo|<(ar/e) 2R

GV (t,z, [2a]n/N) — G**(0,0, [2a]n/N)| dx dt

which tends to zero as e — 0 because (g, zg) is a determinable point.
Therefore, choosing N sufficiently large (depending on n) and then e sufficiently
small (depending on 1), we obtain

// G (t, z, aupn (t, ) — GU(0,0, aunn (t, ) de dt| Sq 0.
[t|+]|z|<R

Combining this with (3.11]) and recalling that n was arbitrary, we deduce (3.10). [

convolution equation lb implies equality of the nonlinearities F' and F. We turn
our attention to this task in the next section.

In view of Proposit the proof of Theorem [L.5] reduces to showing that the

4. DECONVOLUTIONAL DETERMINATION OF THE NONLINEARITY

The final step in the proof of Theorem consists of formally “deconvolving”
both sides of equation with w to arrive at H = H. This in turn implies that
F(to,mo, - ) = F(to,x0, - ). The tool that will enable us to do so is a Tauberian
theorem of Wiener [28]. For the following formulation of the Tauberian theorem,
as well as a very elegant proof, see Korevaar [7].

Theorem 4.1 (Wiener’s Tauberian theorem). Let f € L'(R) and g € L*=(R). If
f*g=0 and f has no zeroes, then g = 0.

Proposition 4.2. Let w be as defined in Proposition|3.2. Then W has no zeroes.

Assuming that this proposition holds (so that Wiener’s Tauberian theorem is
applicable to w), Theorem follows immediately, as we demonstrate next.

Proof of Theorem[1.5 Fix a point (to,z0) € Dp N Dz and define H and H as

in Propositi so that (H — H) *w = 0. It follows from Theorem and
4.2 H

Proposition that H = H. In particular,

d% [eTF(to,xo,eT) — eTf(to,mo, eT)] =0,

from which it follows that F'(tq, zo, - ) = F(to, xo, * ). O

Proof of Proposition[{.4 We decompose w as w = wg + wy, where
6737
wo(T) = ( 5 ) 1(0,00) ()5

—37 46—67'

wi(7) = (62 - (eT—|—1)3> 1(0,00) (7).
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First, we compute that

W)= [ G = (a.)

e . T = . .

0 o 2 6 + 2i¢
As 8737 < (e77 +1)% < 8 for all T € (0,00), we also have wy(7) > 0 and so

o] 6_3T _ 6_6T 1
w1(§)| < ——dr = —.

@< [ =g

Using the expression (4.1 for wy(€), we find that [wg(§)| > 15 whenever [£[? < 27,
which implies that |@(€)| > 0 for all such &.
To handle the remaining &, we integrate by parts to obtain

< dq e 37 4e—67 efiﬁr
o) = = - dr.
0i(¢) /0 dr ( 2 (e + 1)3) e 4

It is straightforward to verify that

A(r) = —% (6_237> and - B(r) := % <_(e47€_+671)3)

satisfy 0 < 2B(7) < A(7) for all 7 € (0,00). Hence
1
w1 (8] < — / )| dr < / A(r) — =B(1)dr = = .
€] €l 3[¢]
Using the expression for wo(€) again, we find that |w0( )| > ﬁ whenever

€)% > 38 which implies that |@(€)| > 0 for all such &.
As < 27, we conclude that w(£) # 0 for all £ € R, as was to be shown. O
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