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Abstract15

The mesoscale spectrum describes the distribution of kinetic energy in the Earth’s at-16

mosphere between length scales of 10 and 400 km. Since the first observations, the ori-17

gins of this spectrum have been controversial. At synoptic scales, the spectrum follows18

a –3 spectral slope, consistent with two-dimensional turbulence theory, but a shallower19

–5/3 slope was observed at the shorter mesoscales. The cause of the shallower slope re-20

mains obscure, illustrating our lack of understanding. Through a novel coarse-graining21

methodology, we are able to present a spatio-temporal climatology of the spectral slope.22

We find convection and orography have a shallowing effect and can quantify this using23

“conditioned spectra”. These are typical spectra for a meteorological condition, obtained24

by aggregating spectra where the condition holds. This allows the investigation of new25

relationships, such as that between energy flux and spectral slope. Potential future ap-26

plications of our methodology include predictability research and model validation.27

Plain Language Summary28

The kinetic energy spectrum describes how much energy is at different spatial scales29

in the atmosphere, from km-scale atmospheric waves to large-scale weather systems 100030

km across. This distribution may influence predictability. Edward Lorenz argued that31

the spectrum can determine whether a fluid can be forecast arbitrarily far into the fu-32

ture or not. In this paper, we employ a novel method to reveal how the spectrum varies33

in different locations on Earth. In addition, we generate the first “conditioned spectra”,34

which are the aggregated spectra for different levels of orography, convection and energy35

transfer. We are able to demonstrate the tendency of convection and orography to in-36

crease small-scale energy and show their effect on the classic global spectrum. Spectra37

are vital for model validation and predictability research; therefore, these results and the38

methods used to obtain them are of interest to meteorology practitioners, theorists and39

those in neighbouring fields.40

1 Introduction41

The reader familiar with turbulence theory may recognise −5/3 as the spectral slope42

of three-dimensional turbulence, which arises from a cascade of energy from large to small43

scales (Kolmogorov, 1941). However, the aspect ratio, stratification and rotation of the44

atmosphere all conspire against this explanation for the atmospheric mesoscale slope (G. K. Val-45

lis, 2017). Similarly, two-dimensional turbulence exhibits a –5/3 slope at scales larger46

than an injection of energy. The latter result motivated early explanations for the shal-47

lowing as being caused by small - submesoscale - energy injection from convection (Gage,48

1979; Lilly, 1983; G. Vallis et al., 1997), but this explanation became less popular once49

the average flux of energy was discovered to be towards the smaller scales in the mesoscales50

(Lindborg, 1999; Cho & Lindborg, 2001; Lindborg & Cho, 2001; Augier & Lindborg, 2013).51

Other turbulence-based explanations include the two-dimensional surface quasi-geostrophic52

equations which exhibit a direct, down-scale cascade with a −5/3 law (Tulloch & Smith,53

2009). However, the validity of these equations to explain the global shallowing is called54

into question by their assumption of geostrophic balance (Callies et al., 2014).55

Explanations that move away from the concept of a turbulent inertial range have56

gained prominence, such as wave theories and convective and orographic theories (Dewan,57

1979; Waite & Snyder, 2009; Sun et al., 2017), while competing explanations such as strat-58

ified turbulence have also been put forward (Lindborg, 2006; Waite & Bartello, 2006).59

More recently, a mix of explanations has been posited, and the inability of a single the-60

ory to explain the spectral shallowing has been suggested (Selz et al., 2019; Aaron Wang61

& Sardeshmukh, 2021), but no consensus has yet been reached.62
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To address this problem as well as explore the spatial dependence of spectral slope,63

we employ sequential coarse-graining to extract instantaneous spatial maps of kinetic en-64

ergy (KE) at multiple scales, allowing the creation of local power spectra (Sadek & Aluie,65

2018; Storer & Aluie, 2023). These spectra can be conditioned based on geography and66

meteorology, creating ‘typical’ spectra for the conditions, or they can be combined to mea-67

sure the full global spectrum as would be found through a Fourier or spherical harmonic68

method (Storer et al., 2022; Buzzicotti et al., 2023). We can investigate the slope of the69

power spectra at different locations and under different meteorological conditions, allow-70

ing us to analyse a vast range of geophysical data and atmospheric phenomena in a novel71

way.72

Methods73

Coarse-Graining74

A commutative coarse-graining method, implemented in FlowSieve (Storer & Aluie,75

2023), is applied to atmospheric data. This analysis framework has been used to study76

global KE spectra of the ocean (Storer et al., 2022; Buzzicotti et al., 2023) as well as the77

across-scale oceanic KE transfer (Storer et al., 2023). At its core, coarse-graining uses78

spatial filtering — convolution with a filtering kernel — to partition both scalar and vec-79

tor fields into small-scale and large-scale components, where the partition scale is arbi-80

trarily set. This filtering procedure can be applied to both types of datasets as well as81

the governing equations / physics, allowing us to study and quantify the scale-dependence82

of the physical system (Aluie et al., 2018). Importantly, when applied in a careful way,83

coarse-graining commutes with spatial derivatives, ensuring preservation of key flow prop-84

erties like incompressibility (Aluie, 2019).85

Details of the commutative coarse-graining methodology are outlined in those pa-86

pers (Storer et al., 2022; Buzzicotti et al., 2023; Storer et al., 2023; Aluie et al., 2018;87

Aluie, 2019), and here we instead provide details of the novel developments on that frame-88

work, namely the extension to local spectral slopes. For a given filter scale ℓ, coarse-graining89

provides large-scale KE as a function of space, time, and scale: KE>ℓ(x⃗, t). Following90

(Sadek & Aluie, 2018), the KE spectral density is then given by ∂
∂kKE>ℓ(x⃗, t), where k =91

ℓ−1, which remains a function of space, time, and scale. Since power laws of the form92

kα become straight lines under a log-log transformation, spectral slope is generally de-93

fined as the log-log slope of the power spectrum. Specifically, given a scale- and space-94

local KE, the spectral slope can be defined as95

Spectral Slope =
∂

∂ log k

(
log

[
∂

∂k
KE>ℓ

])
(x⃗, t, ℓ) (1)96

= k
∂2

∂k2KE>ℓ

∂
∂kKE>ℓ

. (2)97

This definition provides a scale- and space-local measurement of the spectral slope.98

Filtering Kernel99

For a given scalar field f on the sphere Ω and filtering scale ℓ, the coarse-grained100

form of f , denoted f , is defined as101

f(x⃗, t) =

∫
y⃗∈Ω

f(y⃗, t)G(γ(x⃗, y⃗))dA, (3)102
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where γ(x⃗, y⃗) is the geodesic distance on the sphere and G is the filtering kernel.103

In this work we define the kernel by104

G(δ) =
1

A

[
1

2
(1− tanh (10D(δ)))− c · exp

(
− (2D(δ))

2
)]

, (4)105

where A, c are normalization factors and D(δ) = δ/(ℓ/2) − 1.106

Practical Details of Spectral Slopes107

It is worth noting that some care needs to be taken when computing statistics of108

the spectral slope. Since spectral slopes are only concerned with the log-log slope, two109

spectra that differ by a constant scaling factor (i.e. KE>ℓ
1 = α ·KE>ℓ

2 ) have the same110

slope. That is, spectral slope is insensitive to KE magnitude. Because of this, it is dy-111

namically inconsistent to, for example, compute means of the slopes directly. To illus-112

trate, consider two spectra, one with very high energy and a −3 slope, and the other with113

very low energy and a −2 slope. Because of the energy disparity, the average of the spec-114

tra would essentially follow the high-energy −3 curve, giving an average slope of ∼ −3,115

while computing the mean of the slopes themselves would give −2.5. Following the def-116

inition of equation 2, we can see that the problem is because averaging does not com-117

mute with the ratio. Instead, we compute the weighted mean, using the KE spectrum118

(the denominator in eq. 2) as the weight. In other words, the mean of the spectral slopes119

should be measured as the slope of the mean power spectrum, not a direct mean on the120

slopes themselves. This is discussed further in the Supporting Information.121

Noisy Slopes122

It is also worth recognizing that clean power law signals typically only exist in ag-123

gregate, and not at a single instance in time and space. As a reflection of this, spectral124

slopes computed at a single time and length scale will typically produce a noisy signal.125

Taking means over larger spatial areas [e.g. coarsening to 2◦×2◦ resolution], time means126

[e.g. monthly, seasonal, etc], and averaging across a scale band [e.g. between 100 km and127

400 km] provide meaningful ways to remove spurious slopes caused by low-energy sig-128

nals.129

In Figure 1, time-averaging, averaging onto a 2◦ × 2◦ grid, and averaging across130

scales between 100 and 400 km are used to reduce the noise. Figures 2 and 3 used a com-131

bination of temporal averaging (inherited from the time-space binning used for condi-132

tioning) as well as averaging over the mesoscales [between 100 km and 400 km] for the133

slopes reported in the legends.134

Comparison with Alternative Methods135

It is important to note that other methods for studying spectral characteristics are136

typically unable to build spatial maps. For example, (Buzzicotti et al., 2023) illustrates137

how using spherical harmonics to create spatial maps of coarse KE produces heavy spec-138

tral ringing and truncation artefacts, which can dominate in low-energy regions. Recently,139

(Aaron Wang & Sardeshmukh, 2021) used truncated spherical harmonics to produce spa-140

tial maps of KE within different scale bands, as well as of spectral slopes. While this is141

a pragmatic solution to the problem, there are concerns with their framework that are142

overcome by coarse-graining. The first is that of spectral ringing: as highlighted by (Buzzicotti143

et al., 2023) and analogous to Fourier methods, truncating spherical harmonics produces144

spectral ringing artefacts, which are most visible in (Aaron Wang & Sardeshmukh, 2021)145

Figure 3(a)-(c). Further, their definition of spectral slope [unnumbered equation on their146

page 2595] assumes that the scale range being measured presents a single consistent power147
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law, which need not be true a priori. Coarse-graining naturally produces spatial maps148

that guarantee that information is space-local to within a radius of ℓ/2, in contrast to149

the inherently global nature of spherical harmonics. Further, since spectral slopes in com-150

mutative coarse-graining only require first and second derivatives of the large-scale KE,151

the slopes can be measured as a function of length-scale, and do not require any prior152

assumptions about the slope other than that they are shallower than the critical slope.153

Difference in Energy Formulation vs Spherical Harmonics It is important to em-154

phasise that spherical harmonics (and Fourier methods in general), while globally energy-155

preserving through Parseval’s relation, are not locally energy-preserving decompositions.156

That is, |u<K |2+|u>K |2 = |u|2 need not hold locally under a spherical harmonic frame-157

work. While coarse-graining can use a Dirichlet kernel to perform a spherical harmonic158

decomposition, our definition for energy within a wave-band, being an ℓ−1-derivative of159

the space-local coarse/fine KE, is fundamentally different. This difference then extends160

to our definition for spectral slope, which uses first and second ℓ−1-derivatives of the space-161

local coarse KE. Our approach then departs not only in our choice of filtering kernel, but162

early in the formulation of local energy, from a traditional spherical harmonics approach.163

Dataset164

The European Centre for Medium-range Weather Forecasting (ECMWF), integrated165

forecasting system operational analysis provides a high-resolution (1/12
◦
) dataset that166

assimilates observational data. This dataset provides a physically and observationally167

constrained best estimate of the instantaneous state of the global atmosphere. In con-168

trast to ERA5, which shows no distinct mesoscale shallowing due to resolution and other169

issues, the ECMWF operational analysis demonstrates a clear shallowing that agrees well170

with high-resolution global simulations (Aaron Wang & Sardeshmukh, 2021; Stephan et171

al., 2022). We analysed the whole of 2020, with hourly means sampled 4 times per day172

00, 06, 12, 18 UTC, at both 200 and 600 hPa pressure levels. Precipitation and orog-173

raphy data were sourced from ECWMF ERA5 for 2020 (Hersbach et al., 2020).174

Domain Partitioning: Category definitions and sample sizes175

The sample size and category details are given in Supporting Information. To ob-176

tain confidence bounds bootstrapping was employed. For each spectrum examined, tra-177

ditional bootstrapping was employed with 256 samples. A parameter sweep was employed178

to ensure statistics had sufficiently converged for this number of samples.179

Results and Discussion180

Figure 1 shows the global distribution of the mesoscale spectral slope that we com-181

pute using a high-resolution global atmosphere dataset for 2020, a mixed-phase El Niño182

year. The 200 hPa level (Figure 1d), at around 12 km altitude, straddles the troposphere183

and the stratosphere, while 600 hPa (Figure 1a), corresponding to 4 km altitude, is within184

the troposphere.185

The KE spectral slopes at those pressure levels demonstrate striking spatial pat-186

terns. The inter-tropical convergence zone (ITCZ) paints a slash across the oceans, clearly187

demonstrating a high correlation with precipitation, which indicates convective activ-188

ity. The South Pacific convergence zone and storm tracks are also visible. Orography also189

clearly shows a shallowing effect at 600 hPa over the Rockies, the Andes, the Atlas moun-190

tains and East African highlands, the Urals and the Himalayas (see annotations in 1b).191

The shallowing effect of orography attenuates with altitude but can still be discerned at192

200 hPa, for instance, over the Rockies and Southern Andes. These observations broadly193

match those presented in the lower resolution analysis in (Aaron Wang & Sardeshmukh,194

2021). See methods for a comparison of our approaches.195
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Figure 1: The local slope of the atmospheric kinetic energy spectrum between scales
of 100 and 400 km. The 600 hPa, within the troposphere (Fig 1a), and 200 hPa, which
straddles the troposphere and stratosphere (Fig 1d), levels are shown. The colour bar is
centred at −2.2, close to the global mean slope for illustration. Orography field (Fig 1b)
and the 2020 mean precipitation (Fig 1c) for visual comparison. Precipitation is a sign of
convective activity. The precipitation field resembles the pattern of shallowing observed
at both altitudes. In the troposphere, the orography also has a sizable impact. The com-
bination of orography and precipitation makes a good approximation for the patterns of
spectral slope.
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Figure 1 visually illustrates the relationship between orography and precipitation196

and the mesoscale spectral slope. To quantify these relationships, we construct condi-197

tional power spectra, utilising the spatial information of the spectra and highlighting the198

power of our methodology: given a mask/partition over the globe, we can compute the199

power spectrum averaged only over those points selected by the mask. To measure the200

impact of convection, we partition the globe based on the quantity of rainfall [see table201

S1 in Supporting Information], while orography is partitioned based on geographic el-202

evation. The convection masks consider only precipitation over the ocean to remove oro-203

graphic effects, while the orography masks remove precipitating areas and the poles. This204

is because the poles contain ice sheets of considerable altitude that are qualitatively dif-205

ferent from lower-latitude orography. Figure 2 presents the conditioned spectra and shows206

a clear shallowing of the power spectra both with increasing precipitation (2a–b) and oro-207

graphic height (2c–d). The impact of convection is clear at both 600 hPa and 200 hPa208

(convective precipitation is similar (not shown)), while the orographic effect is signifi-209

cantly weakened at 200 hPa.210

We also see a shallowing at 600 hPa associated with the direction of energy flux211

(Figure 2e), such that points with an upscale (small-scale to large-scale) energy flux ex-212

hibit a shallower slope in the mesoscales. This shallowing may be due to the influence213

of a two-dimensional energy cascade, a possibility that needs further investigation. This214

effect is not observed in the stratosphere (Figure 2f).215

Global Effects of Orography and Convection216

Having seen the local effect of orography and convection, it remains to address how217

these impact the global spectrum. In Figure 3, we compare the global power spectrum218

with the spectrum computed only over points with no precipitation and sea-level oro-219

graphic height. At 600 hPa, removing the effects of convection and orography produces220

a significant steepening of the global spectrum. At 200 hPa, a similar steepening effect221

is observed for scales smaller than ∼ 300 km. This provides evidence that orography222

and convective activity lead to the shallowing of the mesoscale slope in the troposphere223

and at higher altitudes.224

Mechanisms for spectral shallowing225

Three main explanations exist for the shallow spectral slope observed in the atmo-226

sphere: i) gravity waves, ii) direct forcing by convection and orography, and iii) turbu-227

lent inertial ranges.228

i) Gravity Waves229

We argue that gravity wave activity dominates the spectral shallowing at 200 hPa.230

There is a clear resemblance between shallowing at this level and the spatial distribu-231

tion of gravity wave activity (see the climatology of gravity wave activity at 100 hPa in232

(Hocke et al., 2016)). While gravity waves can be generated by orography and convec-233

tion (Hocke et al., 2016), they can be dampened by other features, such as the suppres-234

sion of gravity waves over the Himalayas caused by the tropical jet. There appear to be235

steeper slopes at 200 hPa associated with the jet (Figure 1d), particularly when com-236

paring the shallowing seen near the Rockies to that over the Himalayas. This may be237

due to the suppression of the gravity waves produced by orography, although the inter-238

actions between critical layers and topographically induced gravity waves can be com-239

plex depending on the details of the atmospheric conditions present (Clark & Peltier,240

1984). In addition, convective activity is a strong source of wave activity in the strato-241

sphere (Hocke et al., 2016; Dhaka et al., 2006), consistent with the strong correlation be-242

tween precipitation and shallow spectral slopes at 200 hPa in Figure 2b.243
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To further investigate the proposal that gravity waves substantially contribute to244

the shallowing at 200 hPa, we consider the rotational (horizontally divergence-free) and245

divergent (irrotational) components of the flow through a Helmholtz decomposition. This246

strongly correlates with gravity wave activity (Avalos, 2024; Waite, 2020). By applying247

our coarse-graining methodology to these flow components individually, we find that re-248

moving orography and precipitation substantially steepened the divergent flow, while hav-249

ing a minimal effect on the rotational flow [see Supporting Information]. That is, orog-250

raphy and precipitation induce shallowing of the spectrum of the gravity wave field, lead-251

ing to a shallowing of the full KE spectrum. This indicates that gravity wave effects are252

likely responsible for the majority of the shallowing associated with orography and pre-253

cipitation in our maps.254

ii) Direct forcing255

The second possibility is direct input of energy throughout the mesoscales from to-256

pography or convection (Skamarock, 2004). The direct input of energy is distinct from257

other explanations because it does not suppose that the spectrum is undergoing a cas-258

cade independent of the nature of the forcing. This means the particular spectral char-259

acteristics of the forcing may influence the observed kinetic energy slope through a kind260

of imprinting. Both convection and topography exhibit scaling behaviour. For instance,261

Earth’s topography possesses a k−2 spectrum (Balmino, 1993) and mesoscale orographic262

features produce 3D turbulence, thus injecting energy into the flow at their particular263

scale (Shutts, 2005). Although imprinting is not the dominant explanation globally (when264

we exclude precipitating and points above sea level from the global spectrum, it under-265

goes a steepening (Fig 3a) but still exhibits mesoscale shallowing), it may have signif-266

icant relevance in explaining local shallowing in regions of high orography or precipita-267

tion. This possibility deserves further attention. Future investigations may utilise the268

coarse-graining energy flux to investigate the nature of local energy injection in the mesoscales269

and or compare local spectral slopes of precipitation and topography to those observed270

in the kinetic energy.271

iii) Turbulent inertial range272

The final class of mesoscale slope explanation is inertial range theories. These in-273

clude the earliest explanations for the mesoscale spectrum (Lilly, 1983). As a class, they274

share the characteristic that energy is injected at scales larger or smaller than the mesoscales275

and then undergoes an inertial cascade through it. From observations, it appears that276

globally, the average flux of energy in the mesoscales is downscale (Cho & Lindborg, 2001),277

but locally this need not be the case. In Figure 2 e–f, we partition our data based on the278

local direction of energy transfer through the mesoscales. The relationship between the279

direction of energy flux and the spectral slope appears weak at 200 hPa (Figure 2f), in-280

dicating the two situations produce a comparable spectrum. However, at 600 hPa, lo-281

cal upscale energy flux regions present a shallower spectrum. It is possible that inertial282

range theories that assumed a global upscale cascade can still be of relevance in explain-283

ing this local spectral shallowing in regions of local upscale energy transfer. This pos-284

sibility of local inertial ranges deserves further attention.285

These results demonstrate the striking inhomogeneity and variability of atmospheric286

spectral slopes. Instead of clean universal power laws, strong regionality and temporal287

variability is imposed by both orographic and convective effects, including strong localised288

spectral shallowing (e.g. ITCZ), broad relative steepening in the low-precipitation ‘deserts’289

of the south-eastern tropical Atlantic and Pacific basins, and high-variability slopes through-290

out the globe. Our results not only illustrate these effects, but quantify them, and re-291

veal them to have substantial impacts on spectral characteristics.292
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Outlook293

This work anticipates applying coarse-grain spectral analysis to a whole suite of294

problems. We will gain new insights into the atmosphere’s spectral properties through295

applying this technique to storms, the quasi-biennial oscillation, El Niño and atmospheric296

blocking. In addition, the technique promises further insights into spectral variability,297

including the relationship between spectral slope and geophysical variables such as mean298

surface level pressure and the magnitude of energy flux. Other further topics of inquiry299

include predictability, model parametrisation and location-dependent estimates of model300

effective resolution (Bolgiani et al., 2022). Researchers from adjacent fields could apply301

the technique to Earth’s topography, known to follow a −2 global spectrum (Balmino,302

1993), and turbulent flows found in solar, planetary and tokamak physics.303

Atmospheric kinetic energy spectra are widely used as a model validation tool (Skamarock,304

2004), used to assess both the model’s dynamical core (Rauscher et al., 2013) and small-305

scale approximations (Malardel & Wedi, 2016; Stephan et al., 2022). Our work provides306

important context for performing such analysis. Only by understanding the origins of307

the observed spectrum can we use spectral analysis to pinpoint the origins of deficien-308

cies in a model. Furthermore, the Nastrom and Gage spectra (Nastrom et al., 1984), con-309

structed using flight-path data from a set of specific routes, is not representative of the310

global spectrum and so should not be compared to global model spectra, as is common311

(Skamarock, 2004).312

We hope this report can shift spectral analysis of the atmosphere from a global to313

a local perspective, allowing us to ask new questions. Future studies may include apply-314

ing coarse-graining to error growth in global simulations similar to those of Judt, 2018.315

This would allow a quantification of the error spectrum associated with orography, pre-316

cipitation or other variables of interest, such as the direction of energy flux. It would also317

be interesting to analyse the nature of the local mesoscale forcing through coarse-grain318

energy fluxes to evaluate the relative importance of “direct imprinting” of the spectrum319

from orography or precipitation against inertial range cascades. In addition, the tech-320

nique can find many applications in model evaluation, one example being a comparison321

between the local spectra of ERA5 and IFS to create an effective resolution map of ERA5.322
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Figure 2: Mesoscale spectra are binned based on their (a–b) level of precipitation and
(c–d) orographic height; in (a–b), precipitating points are taken only from over the ocean,
and in (c–d) we exclude both precipitating points and the poles from the orography spec-
tra. Precipitation is used as a measure of convective activity. Error bars are obtained
through bootstrapping using 1000 sample spectra constructed from 32400 points (equiv-
alent to two globes of data). We exclude heavier rainfall and higher altitude bins due to
an insufficient sample size for bootstrapping. The conditioned spectra quantify the clear
shallowing effect of precipitation and orographic height in the analysis and the attenuated
effect of orography at higher altitudes. In (e–f), spectra are binned based on the local
direction of energy flux.Inlaid figures show spectral slope with scale, demonstrating signif-
icance. At 600 hPa a shallowing is seen in the mesoscales associated with a local upscale
transfer of energy.

–13–



manuscript submitted to Geophysical Research Letters

Figure 3: The total global mesoscale spectrum and the global spectrum excluding both
land points and precipitating points. Data are shown for 600 hPa (Fig 3a) and 200 hPa
(Fig 3b). The total spectrum steepens noticeably when excluding precipitating and land
points, indicating the role convection and orography play in shallowing the global spec-
trum.
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