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Abstract
We prove Rietsch’s mirror conjecture that the Dubrovin quantum connection for

minuscule flag varieties is isomorphic to the character D-module of the Berenstein—

Kazhdan geometric crystal. The idea is to recognize the quantum connection as

Galois and the geometric crystal as automorphic. We reveal surprising relations
with the works of Frenkel and Gross; Heinloth, Ngo, and Yun; and Zhu on Kloost-
erman sheaves. The isomorphism comes from global rigidity results where Hecke

eigensheaves are determined by their local ramification. As corollaries, we obtain

combinatorial identities for counts of rational curves and the Peterson variety pre-
sentation of the small quantum cohomology ring.
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1. Introduction

Let G be a complex, almost simple, algebraic group, let B C G be a Borel subgroup,
and let P C G be a parabolic subgroup containing B. Let BY C PY C GV denote
the Langlands duals. In the case that P" is a minuscule maximal parabolic subgroup,
we prove the mirror theorem that the quantum connection of the partial flag variety
GV /P is isomorphic to the character D-module of the geometric crystal associated
to (G, P). This isomorphism is the top row of the diagram of D-modules of Figure 1,
where the bottom row is an instance of the geometric Langlands program.

In fact, our main result is stronger. It concerns the equivariant quantum coho-
mology of GV /P, and moreover adds a parameter h € A'. This is Theorem 11.14.
Specializing i = 1 is the equivariant version of the above mirror theorem which was
conjectured by Rietsch [107], and taking the semiclassical limit (A — 0) yields the
equivariant Peterson isomorphism which was stated in the as yet unpublished lectures
of Peterson [100].

We now discuss the diagram of Figure 1 in detail.

1.1. Quantum cohomology and mirror symmetry for flag varieties
The study of the topology of flag varieties GV /B has a storied history. Borel found
the cohomology rings H*(GY /B, C) to be isomorphic to the coinvariant algebras
of the Weyl group W acting on the natural reflection representations. This result is
continued by the works of Chevalley, Bernstein, Gelfand, and Gelfand, Demazure,
Lascoux, and Schiitzenberger, and many others on the Schubert calculus of flag vari-
eties.

Much progress was made on the quantum cohomology of flag varieties in the
last two decades. Givental and Kim [56] and Ciocan-Fontanine [28] (for GV of
type A), and Kim [80] (for general GV) identified the quantum cohomology rings

B-model A-model
character D-module of Rietsch’s mirror conjecture | quantum D-module
geometric crystal for (G, P) for G¥/PY
§6-§7 §3-§4
Kloosterman D-module for Frenkel-Gross connection for
minuscule representation of GV 7Zhu’s Theorem minuscule representation of GV
Automorphic Galois

Figure 1. The four D-modules in this work.
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QH*(G"Y/BY,C) with the ring of regular functions on the nilpotent leaf of the Toda
lattice of G. Subsequently, Givental [54] formulated a mirror conjecture that oscil-
latory integrals over a middle-dimensional cycle inside the mirror manifold should
be solutions to the quantum D-module, and established this result for GV of type A
(see also [37]). This mirror theorem was extended to general G¥/BY by Rietsch in
[107] and [108]. These oscillatory integrals gave new integral formulas for Whittaker
functions.

By contrast, our understanding of mirror symmetry for partial flag varieties
GY/PY is much more limited. Peterson [100] discovered a uniform geometric
description of the quantum cohomology rings QH*(GY/PY,C), but this work
remains unpublished (see, however, [25], [87], [105], [107]). The quantum D-
modules of GY/P" have remained largely unstudied in full generality. Batyrev et
al. [5] proposed a mirror conjecture for SL(n)/P", and Rietsch formulated a mirror
conjecture for arbitrary GV /P, in the style of Givental.

One of the main aims of this work is to establish Rietsch’s mirror conjecture
in the case that PV is minuscule (see Section 2.4). This class of spaces includes
projective spaces, Grassmannians, and orthogonal Grassmannians (see Figure 2 for
the full list). Even for the case of Grassmannians, whose quantum cohomology rings
are well studied in [11], [113], and [123] and a large part of the mirror conjecture
established in [93], our results are new.

1.2. Small quantum D-module
We now let P be a minuscule (maximal) parabolic subgroup. The small quantum
cohomology ring QH*(G"/P") is isomorphic to C[g,q™ '] ® H*(GY/PV) as a
vector space,’ with quantum multiplication denoted by *,.

Let C; = Spec(C[g,g~']) be the 1-dimensional torus with coordinate ¢. The
small quantum D-module (at & = 1) (see [36]) is the connection on the trivial
H*(GY/PY)-bundle over C given by

v d
QG /P :=d+(0*q)?q, (1.2.1)

where 0 € H 2(GV / PV ,7) is the effective divisor class, and we consider
o%q € End(H*(GV/PY)) ® C[g]. (1.2.2)

In [26], Chevalley gave a combinatorial formula for the cup product in H*(G"Y/
PY) with the divisor class o, that is, for (1.2.2) at ¢ = 0. A quantum Chevalley for-
mula (see Theorem 4.3) evaluating (1.2.2) in terms of Schubert classes for general

'In this paper, cohomologies and quantum cohomologies are all taken with C coefficients.
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flag varieties was stated by Peterson [100] and proved by Fulton and Woodward [46].
This formula has been extended to the equivariant case by Mihalcea [94] and to the
cotangent bundle of partial flag varieties by Su [119]. For recent developments in the
minuscule case, see [19].

In the sequel, we also let QG"/PY denote the corresponding algebraic D-module,
where D = Dcx = Clg,q~'1(d,) is the ring of differential operators on Cy, and

. d
8y =&

1.3. The character D-module of a geometric crystal

Berenstein and Kazhdan [8], based on previous works by Lusztig and of Berenstein
and Zelevinsky [10], have constructed geometric crystals which are certain complex
algebraic varieties equipped with rational maps. The motivation of the construction
was the birational lifting of the combinatorics of Lusztig’s canonical bases and Kashi-
wara’s crystal bases.

Fix opposite Borel subgroups B and B_ of G with unipotent subgroups U and
U_,and let T = B N B_. Let R denote the root system, and let R¥E denote the sub-
sets of positive and negative roots. Let { : U — G, be a nondegenerate character in
the sense that 1 is nontrivial on every simple root space when composed with the
exponential isomorphism €p;; A! =~ U/[U, U].

For a parabolic subgroup P C G, let Wp C W be the Weyl group of the Levi
subgroup Lp, and let /p C I be the corresponding subset of the Dynkin diagram.
There is a unique set W C W of minimal length coset representatives for the quo-
tient W/ Wp. Define w;l € W to be the longest element in W . The (parabolic)
geometric crystal X = X (g, p) is the smooth subvariety

X=UZ(Lp)wpUNB_CQG,

where Z (L p) denotes the center of the Levi subgroup L p, and wp € G is a repre-
sentative of wp € W, equipped (see [8, Section 2.2]) with geometric crystal actions
Gm x X — X (which are rational maps, defined on a dense open subset) and three
regular maps of importance to us:

X —> Al Utwpus = Y(uy) + ¥ (uy) called the decoration function,
y: X —>T, x—x modU_eB_/U_=T called the weight function,
m:X—>Z(Lp), Utwpus —t called the highest weight function.

The fiber X; := n~1(¢t) for t € Z(Lp) is called the geometric crystal with high-
est weight t. For any t € Z(Lp), X; is a log Calabi—Yau variety isomorphic to the
open projected Richardson variety G/P C G/ P (see [81]), the complement in G/ P
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of a particular anticanonical divisor dg,p. (The boundary divisor dg,p is not nor-
mal crossing in general. There is a Bott—Samelson resolution that provides an explicit
compactification of G7 P with normal crossing divisors; see [81, Appendix], [84, Sec-
tion 4.2].) The affine variety G7 P has a distinguished holomorphic volume form w
(see Section 6.6), with simple poles along the boundary divisor dg/p.

On A! we consider the cyclic D-module E := D1 /D 1(dx — 1) with generator
the exponential function, where D 1 = C[x](d,). The pullback f*E is a D-module
on X. Note that one can identify the D-module E with the connection d — dx on the
trivial line bundle on A!l. The pullback f*E can be identified with the connection
d — df on the trivial line bundle on X. We define the character D-module of the
geometric crystal X by

Cr(G,p) = RJl’*f*E, (1.3.1)

which is a D-module on Z(Lp). For P = B, the geometric crystal X tropicalizes
to Kashiwara’s combinatorial crystals (see [8, Section 6]). As explained in Lam [86]
and Chhaibi [27], the tropicalization of (1.3.1) is an irreducible character of GV.

A priori Cr(g,p) is a complex of D-modules, but we show in Theorem 1.8
(= Theorem 7.10) that it is just a D-module. Our proof is via the left-hand side of
Figure 1, which enables us to recognize this statement as the Ramanujan property, in
the context of the geometric Langlands program, for a certain cuspidal automorphic
D-module Ag (see Section 1.7 below and [71, Theorem 1]).

This article seems to be the first time the properties of the character D-module
Cr(g, p) are studied. There are other geometric crystals, and as we shall see below,
other families of Landau—Ginzburg models that one could apply this construction
to. We also note that automorphic D-modules with wild ramification, and geometric
analogues of Arthur conjectures—both of which play an important role in our study—
are themes which have been largely unexplored at the present time.

1.4. Rietsch’s Landau—Ginzburg model

In [107], Rietsch constructed conjectural Landau—Ginzburg mirror partners of all par-
tial flag varieties G/ P. Her construction was motivated by earlier works of Givental
[54], Joe and Kim [77], and Batyrev et al. [5] for type A flag varieties, and also by the
Peterson presentation of QH*(GY /PV).

Rietsch’s mirror construction are families of varieties fibered over g €
Spec((C[qijEl | i ¢ Ip]), equipped with holomorphic superpotentials f;, and holo-
morphic volume forms w,.

It was observed by Lam [86] and Chhaibi [27] that Rietsch’s mirror construction
could be obtained from the group geometry of geometric crystals. Thus, after identi-
fying Spec((C[qijEl | i ¢ Ip]) with Z(L p), Rietsch’s mirror family can be identified
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with the highest weight function v : X — Z(L p) of Section 1.3, and Rietsch’s super-
potential becomes the decoration function f; := f|x, : X; — A!; henceforth we will
use f, or f; interchangeably (¢ being a point in Spec((C[qijEl |i ¢ Ip]) and ¢ a point
in Z(Lp)).

Earlier mirror Landau—Ginzburg models for various partial flag varieties (see,
e.g., [5], [37], [54]) were Laurent polynomial superpotentials defined on an algebraic
torus. These Landau-Ginzburg models arose from toric degenerations of GV/P".
In contrast, Rietsch’s candidate mirror Landau—Ginzburg model is defined (see [98],
[99]) on a partial compactification of a torus, and is intrinsically related to the group
geometry of G/ P (and not to any toric degeneration). In the literature, this distinction
also appears in the form of “strong mirror” versus “weak mirror.”

Stated informally our main goal in this paper is to show:

If PV is minuscule, then G¥ /P" and (G/ P, fy) form a Fano type mirror pair.

On the A-model side GY/P" is a projective Fano variety, and on the B-model side

G; P is a log Calabi—Yau variety (see [79] for general expectations for Fano type
mirror pairs). We show that some of the mirror symmetry expectations hold.

One expectation is a relationship between the Gromov—Witten invariants of
GY/PY and the coefficients of the Laurent series expansion of the potential f;

restricted to a torus of G 7 P.If PV is minuscule, then we shall establish such a rela-
tionship in the form of an integral representation of the quantum period of GV /PY
which was previously known for Grassmannians in [93] and for quadrics in [99] (see
Section 13 for details).

1.5. The mirror isomorphism
The following is a simple version of the main result of this paper and establishes the
top row of Figure I.

THEOREM 1.6 (Theorem 8.3)
Suppose that P is minuscule. The geometric crystal D-module Cr(g, py and the
quantum cohomology D-module Qe/PY for GY /| PV are isomorphic.

For G/ PV aprojective space P", the result is well known (see [53], [78]). The
homological mirror symmetry version is established in [1] and [40]. Our approach
gives an original perspective in terms of hyper-Kloosterman sheaves studied in
SGA 41 (see [33]).

For GV /PY a Grassmannian Gr(k,n), the result is already new. Partial results are
obtained by Marsh and Rietsch [93], notably a canonical injection of Q%"/P" into
Cr(g,P), who establish as a consequence a conjecture of Batyrev et al. [4, Conjec-
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ture 5.2.3]. Our Theorem 1.6 is stronger. Indeed, it establishes the conjecture of [93,
Section 3] that the canonical injection is bijective, and thereby also another conjecture
of Batyrev et al. [5, Conjecture 5.1.1].

For GV /P an even-dimensional quadric, the injection of @¢"/?" into Creg,pr)
is obtained by Pech, Rietsch, and Williams [99], and our Theorem 1.6 establishes a
conjecture of [99, Section 4].

Although both sides of Theorem 1.6 are described explicitly, this does not lead
to a way of establishing the isomorphism. Indeed our proof will follow a lengthy
path, where the isomorphism will eventually arise from Langlands reciprocity for the
automorphic D-module Ag¢ of [71, Section 2.5] over the rational function field C(?).

While the Langlands program has integrated for a long time adjacent areas of
mathematics into the solution of some of its conjectures, in the other direction, there
are yet rather few applications of the Langlands program to problems outside of num-
ber theory. Interestingly, in this paper we shall apply recent advances in the geometric
Langlands program to establish results on the geometry of flag varieties.

1.7. Kloosterman sums, Kloosterman sheaves, and Kloosterman D -modules
For a prime p and a finite field F;, g = p™, define the two maps

fZ(F;)"eIE‘q (X1, X2,...,Xp) > X1 + X2+ -+ + Xp,
m:(Fp)" —TFy (X1,X2, ..., Xp) > X1 X2+ Xpp.
The (hyper-)Kloosterman sum in (n — 1)-variables is
- 2mi
Kl,(a;q) := (=) ! Z exp(—TrFq/pr(x)>, (1.7.1)
xEﬂfl(a) p

where a € F. Deligne [33] defines the (hyper-)Kloosterman sheaf to be the £-adic
sheaf on F7 given by

KI := Ry f*ASy[n — 1], (1.7.2)

where ASy; is the Artin—Schreier sheaf on Al corresponding to a nontrivial character
YiFp,— Q. For an appropriate embedding ¢ : Q; — C, the Kloosterman sum (1.7.1)
is identified as the Frobenius trace of the Kloosterman sheaf (1.7.2): Kl (a:q) =
L(Tr(Froba,Klgf )). The Kloosterman D-module is defined (see [78]) by replacing
the Artin—Schreier sheaf with the exponential D-module:

Kl, := Rm f*E. (1.7.3)

The pair (7 : (F7)" — Fy, f) and (1.7.2) should be compared with the geometric
crystal mirror family (7w : X — Z(Lp), f) and (1.3.1).
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Heinloth, Ng6, and Yun [71] generalize Kloosterman sheaves and D-modules.
More precisely, for a representation V of GV, they define a generalized Klooster-
man D-module Klgv y) on C*. Their construction uses the moduli stack Bung of
g-bundles on P!, where ¢ is a particular nonconstant group scheme over P! (see Sec-
tion 7); equivalently, Bung classifies G-bundles with specified ramification behavior.
Heinloth, Ngd, and Yun construct an automorphic Hecke eigen- D-module A¢ on the
Hecke stack over Bung. The generalized Kloosterman D-module Klgv 1) is defined
to be the Hecke eigenvalue of Ag. The projection and superpotential maps 7 and f
are replaced in this setting by the projection maps of the Hecke moduli stack.

A remarkable feature of the automorphic D-module Ag is that it is rigid: it can
be characterized uniquely by its local components. Indeed, the existence of the rigid
local systems constructed by Heinloth, Ng6, and Yun was predicted by Gross, who
constructed the trace function of Ag over finite fields via the stable trace formula.
(We refer to [126] for a comprehensive survey of rigid automorphic forms.)

The following result gives an automorphic interpretation of geometric crystals.

THEOREM 1.8 (Theorem 7.10)

Let P C G be a cominuscule parabolic, and let V be the corresponding minuscule
representation of GV. The character D-module Cr(g, p) is isomorphic to the Kloost-
erman D-module Klgv y) defined as the V-Hecke eigenvalue of the automorphic
D-module Ag.

The proof of Theorem 1.8 is by a comparison of the geometry of the Hecke
moduli stack and that of parabolic geometric crystals.

The above suggests a new parallel between exponential sums over finite fields and
Landau—Ginzburg models. Recall that arithmetic mirror symmetry has been studied
for mirror Calabi—Yau varieties (see [122, Section 3]). The present work leads us to
suggest that arithmetic mirror symmetry could conjecturally extend to Fano varieties
and their mirror Landau—Ginzburg models. Although we do not pursue this direction
in the present paper, we observe for example the precise compatibility between the
recent conjecture of Katzarkov, Kontsevich, and Pantev [79, (3.1.5)], specialized to
GV /PY =P", and the classical theorem of Sperber [116] on the Newton polygon of
the Kloosterman sums Kl, (a;¢). We remark that the Hodge theory of Kloosterman
connections was studied in [44].

We believe that the purity property of an exponential sum (viewed from a mir-
ror Landau—Ginzburg model perspective) should mirror the Hodge—Tate property of
the cohomology of a Fano variety. In the context of Theorem 1.8, the Kloosterman
sum Kl(gv,y) is pointwise pure (see [71]), and the partial flag variety G/ P has coho-
mology of Hodge-Tate type. We speculate that the slope multiplicities of the Newton
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polygon of Kl(gv ) should coincide with the Betti numbers dim H '(G/P) (which
are well known). The same construction applied to other mirror families (see, e.g.,
[30]) produces new £-adic sheaves and overconvergent F-isocrystals.

1.9. Frenkel-Gross rigid connection
In [43], Frenkel and Gross study a rigid irregular connection on the trivial G -bundle
on P! given by the formula

y d
VO :=d+yp?q +xpdq, (1.9.1)

where y, € g¥ = Lie(G") is a principal nilpotent, and xg € g lives in the highest
root space. For any GV -representation V', we have an associated connection vG.»),

When V is the minuscule representation of G corresponding to parabolic PV,
we have a natural isomorphism L : H*(GY/PY) = V.

THEOREM 1.10 (Theorem 4.14)
Under the isomorphism L : H*(GY /PY) = V, the quantum connection QG /P s

isomorphic to the connection \ACARL0)

The isomorphism L sends the Schubert basis of H*(GY/PY) to the canonical
basis of V. The proof of Theorem 1.10 is via a direct comparison of the Frenkel-Gross
connection in the canonical basis with the quantum Chevalley formula.

1.11. Zhu’s theorem

Beilinson and Drinfeld have introduced a class of connections called opers, extend-
ing earlier work of Drinfeld and Sokolov. They use opers to construct (part of) the
Galois-to-automorphic direction of the geometric Langlands correspondence. Frenkel
and Gross [43] have observed that (1.9.1) can be put into oper form after a gauge
transformation.

Zhu [128] has extended Beilinson and Drinfeld’s construction to allow certain
nonconstant group schemes, or equivalently to allow specified ramifications. He
thereby confirms the conjecture of [71] that the Kloosterman D-module Klgv is
isomorphic to the Frenkel-Gross connection VC .

Theorem 1.6 is obtained by composing the isomorphisms of Theorems 1.8 and
1.10, and Zhu’s theorem.

This concludes our discussion of Figure 1. We continue this introduction by
explaining the stronger Theorem 1.15 and how it relates to Rietsch’s equivariant mir-
ror conjecture and to the equivariant Peterson isomorphism.
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1.12. Equivariant quantum cohomology and weighted geometric crystals
We may replace the quantum cohomology ring QH*(GY/P") by the TV -equivariant
quantum cohomology ring QH7., (GY/P"). We briefly discuss the new features.

The corresponding equivariant quantum connection (flgi /7" is a connection over
Cj x t* relative to t*, where t = Lie(7') and instead of 0%, in (1.2.1), we have the
operator clT (o)) *Zv of equivariant quantum multiplication in QH7., (GY/PY)
(see Section 10). Identifying S = Hy. (pt) with the coordinate C-algebra Sym(t) =
C[t*], we may equivalently consider the family of connections (Qg;/ /P ®y, C indexed
by h € t* viewed as algebra morphism /4 : S — C. These specialize again to connec-
tions on the trivial H*(G"/P")-bundle over C;.

Let us now discuss the weighted character D-module of the geometric crystal X,
equipped with the weight function y : X — T'. The character D-module (1.3.1) can
be weighted with a parameter & € t*, to give

WCrg,py := R« (y*Mr ® f*E), (1.12.1)

where M7 denotes the (D ® S)-module on 7 defined in Section 9.2.
The D-module version of Rietsch’s equivariant mirror conjecture in [107] states
that there is an isomorphism

GV /PY
WCI‘(G,p) ~ @TV/

1.13. A deformation of Zhu’s theorem
The twisted Kloosterman D-module TKI, arises in (1.7.2) by replacing the Artin—
Schreier sheaf by the tensor product of an Artin—Schreier sheaf and a Kummer sheaf.
The automorphic D-module Ag can similarly be deformed to an automorphic D-
module which further depends on the choice of a character of 7 (see [71]). We thus
obtain the twisted Kloosterman D-module, denoted TKlgv .

The corresponding deformation of the Frenkel-Gross connection (1.9.1) has not
appeared in the literature as far as we know. We define the deformed Frenkel-Gross
connection to be

. d
Ve :=d+(yp+h)?q + xpdq, (1.13.1)

for i € t¥ an element of the Cartan subalgebra.

With these modifications, Figure | and Theorems 1.6, 1.8, and 1.10 all hold with
their equivariant and deformed counterparts. In particular, we deduce Rietsch’s equiv-
ariant mirror conjecture for minuscule flag varieties. With some mild variation, we
also generalize Zhu’s theorem to the deformed setting: the twisted Kloosterman D -
module TKlgv and the deformed Frenkel-Gross connection VG are isomorphic.
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1.14. Dp-module generalization

The passage from the quantum connection (,‘2?5 P (o the quantum cohomology ring
QHJ.(GY/PY) itself is obtained by taking a semiclassical limit. A framework to
rigorously formalize the semiclassical limit is to extend the mirror theorem to an
isomorphism of Dj-modules, where Dy, := C[g,q ™', h](hd,) and h is an additional
parameter. In (1.12.1), the D-module E is replaced by the Dp-module E/" defined
in Section 11.8, the (D ® S)-module M7 is replaced by the (Dj, ® S)-module M/

defined in Section 11.1, and we obtain the (D ® S)-module
h B
WCr(g'p) 1= R (y*Mz" ® f*EVM). (1.14.1)

Similarly, one obtains an h-deformation TKllG/f of the twisted Kloosterman D-
module. The equivariant quantum connection and deformed Frenkel-Gross connec-
tion (1.13.1) also possess a further i-deformation

\4 \4 d
QG = hd + T (0(1)) %, 761,
=c dq
V) i=hd + (yp +h)? + xpdg.

These two formulas define A-connections over C; x t* relative to t*, hence in partic-
ular (D ® S)-modules.

We are now able to state the main result of this paper, which includes the equiv-
ariant A-mirror isomorphism.

THEOREM 1.15 (Theorems 11.6, 11.9, 11.12, 11.14)
Suppose that PV is minuscule. The four (D ® S)-modules wcrl/h VﬁGv,

(G,Py
(Qg;/vpv, and TKlgf are isomorphic.

Specializing both & = 0 € t* and & = 1 yields the earlier mirror Theorem 8.3.
Specializing 7 = 0 establishes the equivariant Peterson isomorphism, which we
explain in the next subsection. Theorem 1.15 is obtained by exploiting the grading
of the quantum product on one side, and the homogeneity of the potential f; on the
other side.

1.16. Application: Proof of the Peterson isomorphism

Given a regular function on an algebraic variety, one can consider the sheaf of Jaco-
bian ideals generated by all the first-order derivatives. Its quotient ring defines a sub-
scheme, possibly nonreduced, of critical points of the function. Since G7 P is affine,
applying this construction to the weighted potential, we obtain a (relative) Jacobian
ring Jac(G?P, fa7), which has the structure of a C[t*, g, g~ !]-algebra.
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THEOREM 1.17 (Theorem 12.4)
If PV is minuscule, then we have an isomorphism of C[t*,q,q ']-algebras

QH}.,(GY/PY) =Jac(G/ P, fy.7).

Specializing to nonequivariant cohomology, we obtain the mirror isomorphism
of C[g,q ']-algebras QH*(GY/PV) = Jac(G?P,fq). The same isomorphism is
expected to hold for every Fano mirror dual pair. It is established for (possibly orb-
ifold) toric Fano varieties in [3], [31], [45], [60], and [97].

The equivariant Peterson variety ¥ is the closed subvariety of G/B_ x t* defined
by

Y:={(gB-.h) € (G/B_) x t* | g~ ' (F — h) vanishes on [u_,u_] 1,

where F € g* is a principal nilpotent defined as in (1.9.1) (see [107, Section 3.2]),
and u_ := Lie(U_), and g~! - (—) denotes the coadjoint action. It contains an open
subscheme

Y*:=Y N B_woB_/B_.

obtained by intersecting with the open Schubert cell B_wg B—/B—_, where wq denotes
the longest element of W. The intersection of ¥* with the opposite Schubert stratifi-
cation {BwB_/B_} gives the 2°*(®) strata

Yy :=Y*nBwl{B_/B_, (1.17.1)

where wé) is the longest element of Wp C W and the intersections are to be

taken scheme-theoretically. In [100], Peterson announced the isomorphism Zy;‘, ~
Spec(QH;. (GY/PY)).

Rietsch [107] has proved that Jac(G7 P, fq.v) is isomorphic to C[¥%] as
C[t*,q.q~']-algebras. We thus obtain the following corollary.

COROLLARY 1.18 (Equivariant Peterson isomorphism; see Corollary 12.5)
If PV is minuscule, then we have an isomorphism of C[t*,q,q ']-algebras
QHJF,(GY/PY)=C[Y}p]

The Peterson isomorphism has been established directly for Grassmannians by
Rietsch [104], for quadrics by Pech, Rietsch, and Williams [99], and for Lagrangian
and orthogonal Grassmannians by Cheong [25], all in the nonequivariant case (i.e.,
specializing & € t* to zero). In the equivariant case, the results of [104] and [93] can
be combined to also obtain Corollary 1.18 for Grassmannians (see [93, Section 5]).
For some other works on the spectrum of classical equivariant cohomology rings,
which correspond to the specialization ¢ = 0, see [61] and [62].
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Theorem 1.17 is proved by passing to the semiclassical limit (2 — 0) in the equiv-
ariant A-mirror isomorphism of Theorem 1.15.

1.19. Mirror pairs of Fano type and towards mirror symmetry for Richardson vari-
eties

In our mirror theorem, the A-model G/ P" and the B-model (X;, f;) play distinctly

different roles. On the other hand, the geometry of G/ P features prominently in the

construction of X;. This suggests a more symmetric mirror conjecture should exist.
One such setting could be the mirror pairs of compactified Landau—Ginzburg

models studied in [79], and one might speculate on the mirror symmetry of the pair

of compactified Landau—Ginzburg models

(G/P.g.wgp, fo/p)  and  (GY/PY.gY.wgv/pv. fov/pv),

where g is a Kéhler form, wg,p denotes the volume form of [81], and fg,p denotes
the potential function on G/O P discussed above. If such a mirror theorem holds, we
would expect a matching of the cohomologies of the log Calabi—Yau manifolds G7 P
and GV7PV. Indeed, the equality H*(G7P) o~ H*(GV7PV) holds more generally
for open Richardson varieties.

Namely, we identify the Weyl group of G and of GV, and denote it by W. For
v,w € W with v < w, the open Richardson variety R’ C G/B is the intersection
of the Schubert cell B_vB/B with the opposite Schubert cell Bw B/B. We denote
by ﬁl’f’ C GY/BY the open Richardson variety attached to GY. Then we have the
equality H*(RY) = H* (ﬁv“’) (see Proposition 14.6). We are thus led to the question:
Can our mirror theorems be generalized to Richardson varieties?

Let us also comment that the open Richardson varieties R, are expected to be
cluster varieties (see [89]). We refer to [59], [65], and [66] for recent results on canon-
ical bases on log Calabi—Yau varieties assuming the existence of a cluster structure.
For a discussion of the cluster structure of G7 P, see [7, Section 2].

1.20. Other related works
Witten [124] has related Langlands reciprocity for connections with possibly irreg-
ular singularities and mirror symmetry of Hitchin moduli spaces of Higgs bundles
(see also [70] and [35] in the absence of singularities). The present work may perhaps
be seen as an instance of this relation in the case of rigid connections, although we
are considering rather the moduli spaces of holomorphic bundles. Another important
difference is that automorphic D-modules appear in [124] as the A-side, as opposed
to the B-side in the present work.

Recently, the rigid connections of [43] and [71] have been generalized by Yun and
Chen to parahoric structures and Yun considered rigid automorphic forms ramified at
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three points. See also [13], [17], and [111] for recent advances on wild character
varieties.

Quantum multiplication by divisor classes in the equivariant quantum cohomol-
ogyring QHJ. -~ (T*G" /PY) of the cotangent bundle has been recently computed
for any partial flag variety by Su [119], extending work of Braverman, Maulik, and
Okounkov [16] for the cotangent bundle T7*G" /B of the full flag variety. Special-
izing the C*-equivariant parameter to zero, it recovers the T-equivariant quantum
Chevalley formula of Mihalcea [94]. It would be interesting to investigate generaliza-
tions of Rietsch’s mirror conjecture to this setting. See [ 120] for work in this direction.

A different approach to mirror phenomena for partial flag varieties is the study of
period integrals of hypersurfaces in G/ P by Lian, Song, and Yau [90]. Their “tauto-
logical system” is further studied in [75], where geometry such as the open projected
Richardson G 7 P also makes an appearance.

Since QH*(GY/PV) is known (see [23]) to be semisimple for minuscule PV,
the Dubrovin conjecture concerning full exceptional collections of vector bundles on
GV /P and the Stokes matrix of QG /P g q = oo is expected to hold. It has been
established for projective spaces by Guzzetti [68], and more generally for Grassman-
nians by Ueda [121]. Recent works on exceptional collections for projective homoge-
neous spaces include [85] for GV classical and [39] for GV of type Es.

Related to the Dubrovin conjecture are the Gamma conjectures in [48]. The rela-
tion with mirror symmetry is discussed in [49] and [79]. The conjectures are known
for Grassmannians (see [48]), for certain toric varieties (see [49]), and are compat-
ible with taking hyperplane sections (see [49]). Also, [58] establishes the Gamma
conjecture I for Fano 3-folds with Picard rank 1, exploiting notably the modularity
of the quantum differential equation which holds for 15 of the 17 families from the
Iskovskikh classification. See [41] and [74] for further recent progress.

2. Preliminaries
Notation in Sections 2.1-2.4 will be used frequently in the article. The results of
Section 2.5 will be used in Sections 3 and 4.

2.1. Root systems and Weyl groups
Let G denote a complex almost simple algebraic group, let 7 C G be a maximal torus,
and let B, B_ be opposed Borel subgroups. The Lie algebras are denoted g, t, b, b_,
respectively. Let R denote the root system of G, and let / denote the vertex set of
the Dynkin diagram. The simple roots are denoted «; € t*, and the simple coroots are
denoted ;" € t. The pairing between t and t* is denoted by (.,.). Thus a;; = (o;, oY)

J
are the entries of the Cartan matrix. Let RT, R~ C R denote the subsets of positive
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and negative roots. Let § € R™ denote the highest root, and let p := % D wcr+ o be
the half-sum of positive roots.

We let W denote the Weyl group, and let s;, i € I denote the simple generators.
For a root @ € R, we let s, € W denote the corresponding reflection. The length of
w is denoted £(w). For w € W, we let Inv(w) := {& € R | wa € R~} denote the
inversion set of w. Thus |Inv(w)| = £(w). Let “<” denote the Bruhat order on W,
and let “<” denote a cover relation (i.e., w < v if w < v and £(w) = £(v) — 1).

Let P C G denote the standard parabolic subgroup associated to a subset Ip C I.
Let Wp C W be the subgroup generated by s;,i € Ip. Let W be the set of minimal
length coset representatives for W/ Wp. Let wp : W — W denote the composition
of the natural map W — W/ Wp with the bijection W/ Wp = WF . Let Rp C R
denote the root system of the Levi subgroup of P. Let pp := % Za erE -

For a weight A of g, we let V, denote the irreducible highest weight representa-
tion of g with highest weight A.

2.2. Root vectors and Weyl group representatives
We pick a generator xo for the weight space g for each root «. Write y; for x_q ;,
xj for x4, and yg4 for x_q. Define

$j :=exp(—x;)exp(y;) exp(—x;) € G.

Then if w = s;, --+s;, is a reduced expression, the group element 1w = §;, ---§;, does
not depend on the choice of reduced expression.

We assume that the root vectors x, have been chosen to satisfy:
(1) W+ Xg = EXya,
2 [Xa, Vel = @V,
where W - x4 denotes the adjoint action (see [117, Chapter 3]). In (3.9.1), we will
make a choice of sign for xg.

2.3. Quantum roots
If G is simply laced, then we consider all roots to be long roots. Otherwise, we have
both long and short roots. Let R C Rt be the subset of positive roots defined by

Rt ={BeR"|l(sp)=(2p.8") —1}.

Aroot B € Rt iscalled a quantum root (terminology to be explained in Section 4.2).
If G is simply laced, then RT = R*. Otherwise, it is a proper subset. A root & € Rt
belongs to R™ if one of the following is satisfied (see [16]):

(D « is a long root, or

(2)  no long simple roots ¢; appear in the expansion of « in terms of simple roots.
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R Dynkin Diagram Va, dim V' Flag variety dim G/P
o0—O0——0O—~e—0—=0
A, 1 2 k- n |AFC! ("Zl) Grassmannian Gry 41 kn+1—k)
o0—0—0—0—0==e
B,(n>2)| 1 2 --- .-+ n | spinor 2" | odd orthogonal Grassmannian | n(n+1)/2
&0 —0—0—0=<0
C,(n>2)| 1 2 -+« . n c* 2n projective space 2n —1
on )
D, (n>4) '1 ; oo c<0 | c?n 2n even dimensional quadric 2n —2
e 2
i: n
12 o —on®1 » ‘
D, (n>4) p| spinor 2" even orthogonal Grassmannian | n(n —1)/2
12 .- .-.n=1
T 2
OO0 00
Es 13 %12 5 6 27 Cayley plane 16
1 3 45 6
T 2
O—O0—O0—O0—0—®
E; 1 3 45 6 7 56 Freudenthal variety 27

Figure 2. The minuscule parabolic quotients. In the second column, the possible minuscule nodes
are indicated with a black vertex.

If G is of type B, then Rt is the union of the long positive roots with the short
simple root ay. If G is of type Cy, then R™ is the union of the long positive roots
with the short roots of the form o; + ;11 + -+, where 1 <i <j <n-—1.

2.4. Minuscule weights

Leti e I, and let w; denote the corresponding fundamental weight. We call i, or @,
minuscule, if the weights of V = Vi, are exactly the set W - A. Equivalently, i € [ is
minuscule if the coefficient of «;” in every coroot " is at most 1.

Let P = P; C G be the parabolic subgroup associated to /p = I \ {i}. Then Wp
is the stabilizer of z;. We have natural bijections between w¥e, W/Wp,and W - w;.
We have that @ € Rp if the simple root «; does not occur in «. We say that P = P; is
a minuscule parabolic if i is a minuscule weight.

The minuscule nodes for each irreducible root system are listed in Figure 2.
Our conventions follow the Bourbaki numbering (see [15, Chapter VIII, Section 7.4,
Proposition 8]).

If G is simply laced, then a minuscule node is also cominuscule. Thus the coef-
ficient of o; in every root o € R™ is at most 1. This means that the nilradical of P is
abelian; hence by Borel-de Siebenthal theory, G/ P is a compact Hermitian symmet-
ric space (see, e.g., [64]).
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2.5. A remarkable quantum root
Fix a minuscule node i and corresponding parabolic P = P;. Define the long root
k = k(i) € R by:

o if G is simply laced,
K= \Qn-1+ 20, if G is of type B, (and thus i = n),
201 + 2000 + -+ 2051 + 0, =0 if G is of type C,, (and thus i = 1).

Since « is a long root, it is also a quantum root. The coroot kY is the (unique)
“Peterson-Woodward lift” of o’ + O} € QV/Qy, where OV, Q} denote coroot
lattices (see Section 15).

Let Ig ={j € Ip | {a;.«Y) =0} ={j € Ip | {k,&]) = 0}. Then @ € Ry if no
simple root o; with j ¢ Ip occurs in a. If G is simply laced, then /¢ is the set of
nodes in / not adjacent to i. If G is of type By, then Ig ={1,2,...,n =3, n —1}. If
G isof type Cy, then Ig =1{2,3,...,n} = Ip.

LEMMA 2.6

The root k has the following properties:
(D (wi,kY) =1, and

) (a,kY)=—1fora € Rf\ R

Proof
This is by direct check. O

It turns out that the root k can be characterized in a number of ways.

PROPOSITION 2.7

Let Be RT\ R;. Then the following are equivalent:
1 B=x

(2)  we have (o, BY) € {—1,0} forall « € R};;

(3)  there exists w € WP such that B = —w~1(6).

Define W(k) :={w € W¥ | wk = —6}. Let wp/o € Wp be the longest element
that is a minimal length coset representative in wp,;o Wo. Note that Inv(wp,g) =
RH\ RE (see Lemma 15.3). Denote s, := sKw;}Q.

PROPOSITION 2.8

Suppose that w € W(k). Then:

(1) L(wse) = L(w) — L(sk),

(2)  L(wse) = L(w) —Llse) = L(wp) ) = L(w) —£(sp),
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(3)  ws, =mp(wsy),

4) there is a unique length-additive factorization w = uw’, where u € Wy and
w’ € W(k) is the minimal length element in the double coset WywWp; here,
Wy is a standard parabolic subgroup all of whose generators stabilize 0.

Conversely, suppose that w € WF satisfies (1) and (2). Then w € W(k).

The proofs of Propositions 2.7 and 2.8 are given in Section 15.

3. Frenkel-Gross connection
We caution the reader that the roles of G and GV are reversed in Sections 3—5 com-
pared to the rest of the paper.

3.1. Principal sl
Let y, := ) ;cy ¥i which is a principal nilpotent in b_. Let 2p¥ =) cp+ ",
viewed as an element of t. We have

2pY =22wiv =Zc,~ai\’,

iel iel

where the ¢; are positive integers. Let x, := Y ,; ¢;x; € b. Then (x,,2p",yp) isa
principal sl,-triple (see [63] and [15, Chapter VIII, Section 11, no. 4]).

Let 3(y,) be the centralizer of y, which is an abelian subalgebra of dimension
equal to the rank of g. The adjoint action of 2p" preserves 3(y,) and the eigenvalues
are nonnegative even integers. We denote the eigenspaces by 3(y )2, with m > 0.
Thus 3(¥p)o = 3(g). The integers m > 1 counted with multiplicity dim3(y ;)2 coin-
cide with the exponents m; < --- < m, of the root system R. Kostant has shown that
g= @mzoSymzm (C?) ® 3(yp)2m as a representation of the principal sl,. It implies
that twice the sum of exponents is equal to the number of roots | R|.

The first exponent is m; = 1 since 3(y,), contains y,. The last exponent is
m, = ¢ — 1 which is the height of the highest root 8 because x_g € 3(y,). In fact,
m; +myy1—; =c foranyi.

3.2. Rigid irregular connection
Frenkel and Gross [43] construct a meromorphic connection VY on the trivial G-

bundle on P!\{0, oo} by the formula

d
VO .=d + y,,?q ¥ xpdq. 32.1)

Here d is the trivial connection and y, {I—q + xg dq is the g-valued connection 1-form
attached to the trivialization G x P'\{0, co}. For any finite-dimensional G-module
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V, it induces a meromorphic flat connection V(") on the trivial vector bundle V x
P'\{0,00}. If V; is an irreducible highest module, then we also write V(@4 for
v(G.Vy)

The formula (3.2.1) is in oper form (see [43]) because V¢ is everywhere transver-
sal to the trivial B-bundle B x P'\{0, oo} inside G x P\ {0, 0o}. The connection V¢
has a regular singularity at the point 0 with monodromy generated by the principal
unipotent exp(2i 7y ). It has an irregular singularity at the point co, and it is shown
in [43] that the slope is 1/c, where c is the Coxeter number of G. One of the main
results of [43] is that the connection is rigid in the sense of the vanishing of the
cohomology of the intermediate extension to P! of V(@A viewed as a holonomic
D-module on Spec C[g.g~!] = P'\{0, 0o}. Here, Ad is the adjoint representation of
Gong.

3.3. Outer automorphisms

In certain cases, the connection V¢ admits a reduction of the structure group. This
is related to outer automorphisms of G, and thus to automorphisms of the Dynkin
diagram. If G is of type A»,_1, then V¢ can be reduced to type C,,. If G is of type Es,
then V¢ can be reduced to type F4. If G is of type D, with n > 4, then VE can be
reduced to type B, . In particular, there is a reduction from type D4 to type B3. In fact,
by using the full group S5 of automorphisms of the Dynkin diagram, if G is of type
D4, then VE can be reduced to type G». As a consequence, there is also a reduction of
VE from type Bj to type G, even though B3 has no outer automorphism. It follows
from Frenkel and Gross [43, Sections 6 and 13], who determine the differential Galois
group of VY for every G, that the above is a complete list of possible reductions.

3.4. Homogeneity

We make the observation that the connection VY is compatible with the natural grad-
ing on g induced by the adjoint action of the cocharacter subgroup p¥ : G,, — G.
Precisely, we have a G,,-action on g induced by ¢ — Ad(pV({)), where ¢ € Gy,
Consider also the G,,-action on P1\{0, oo} given by ¢ - ¢ = ¢¢q, where we recall that
¢ is the Coxeter number of g. It induces a natural G,,-equivariant linear action on
T*P"\{0, oo} and also on the bundle g ® T*P'\ {0, co}.

LEMMA 3.5
The connection 1-form yp'i]—q + xgdq in QUP'\{0,00},9) is homogeneous of
degree 1 under the above G, -equivariant action.
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Proof
We have seen in Section 3.1 that y, has degree m; =1 and xg has degree —m, =
1 — ¢, which implies the assertion. O

3.6. Frenkel-Gross operator acting on the minuscule representation
Let i be a minuscule node, and let Vz;, denote the minuscule representation. In this
section, we explicitly compute V(G-7)_ We shall use the canonical basis of Vi
constructed in [50].

There is a basis {vy, | w € WF} of Vy, characterized by the properties
vs;w i (i af) = -1, vs;w  if (woiaf) =1,

0 otherwise, 0 otherwise,

Xj(vy) = { yi(vw) = {
and the condition that v,, has weight ww;. Note that in the formulas above,
s;w always lies in WP (For example, (wwi,a}’) = 1 implies that s;w > w and
sjwWp # wWp. Together with w € WP we have that SjwW E WP

The following result follows from [50, Lemma 3.1] and the discussion after [50,

Lemma 3.3]. We caution that our §; is equal to Geck’s n;(—1).

LEMMA 3.7
(D) For w e WP, we have wv, = vy,. Foru e W and w € W, we have vy, =

FV5p uw)-
2) Fora € Rt and w e WP, we have

tug,w  If (woi,aV) =—1,
Xg (V) = .
0 otherwise,
Fvgw I (Wi a’) =1,
X_o(Vy) = .
0 otherwise.

LEMMA 3.8
Let j €I andw € WP . Then

Vwsg ifﬂ:w_l((){j)ERJ"\R"',

YjVw = .
0 otherwise.

In the first case, we automatically have wsg > w and wsg € WF.

Proof
Let 8 = w™!(a;). The condition that 8 > 0 is equivalent to s;w > w. In this case,
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Inv(s;w) = Inv(w) U {B}, so the condition that s;w € W is equivalent to 8 ¢ Rp.
The condition (ww;, oe}/) = 1 is thus equivalent to B € R™ \ R;ﬁ. O

Recall that we have defined a distinguished root k¥ = k(i) € R™ and a subset
W(x) C W in Section 2.5.

LEMMA 3.9
There is a sign ¢ € {+1,—1}, not depending on w € W¥, such that

i {vnp(ws,c) ifweWk),
EXGUy =
otherwise.

Proof
Let B = —w™1(#). By Lemma 3.7(2), xgvy, # O if and only if (wwi,0V) = —1. By
a similar argument to the proof of Lemma 3.8, this holds if and only if 8 € R \ R}f.
By Proposition 2.7, we have xgvy, # 0 if and only if 8 = «, that is, w € W (k).

Suppose that w € W (k). By Proposition 2.8(4), we have w = uw’, where u € Wy
is an element of a standard parabolic subgroup stabilizing 8, and the product uw’ is
length-additive. Then we have

XgUw = XgU Uy = & ' X_e (W)™ Wy = E10Vyrg, = E Vg0

where &', ¢ are signs not depending on w. For the first equality, we have used
Lemma 3.7(1). For the second equality, we used that 1 is a product of elements
§j, where s;6 = 6 and thus §; commutes with xg. For the third equality, we used
X_iVe = Vg, Which follows from Lemma 3.7(2) and Lemma 2.6(1). In the last two
equalities, we used Proposition 2.8(2) applied to w,w’ € W(k). In the last equality,
we also used that £(ws,) = £(u) + L(w’s}). O

From now on, we make the assumption that

Xg € gg is chosen so that ¢ = 1 in Lemma 3.9. 3.9.1)

4. Quantum cohomology connection

4.1. Quantum cohomology of partial flag varieties
Let P C G be an arbitrary standard parabolic subgroup. Let Q H*(G/ P) denote the
small quantum cohomology ring of G/ P. It is an algebra over C[g; | i ¢ Ip], where
we write ¢; for g,v.Forw € WP let o, € QH*(G/ P) denote the quantum Schubert
class. For each i é I,leto; = Osg; - Then we have
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QH*(G/P)= P Clgi|i ¢ Ip]-ou.

weWw P

4.2. Quantum Chevalley formula

The quantum Chevalley formula for a general G/P is due to Fulton and Wood-
ward [46] and Peterson [100]. Let np : Q¥ — QV/Q} be the quotient map, where
QY =@;c; Zay (resp., Op = D;es, Zay') is the coroot lattice. Recall that pp =
% Za crE - The following version of the quantum Chevalley rule is from [87, Theo-
rem 10.14, Lemma 10.18].

THEOREM 4.3
Forw € WP, we have

0i g 0w = Y (@i, BY)0usy + Y (@i )np )0 p wsi)s
B v

where the first summation is over B € Rt \ R; such that wsg > w and wsg € 48
and the second summation is over v € R\ R; such that

L(wsy) =L(w) —L(sy) and (4.3.1)
L(p(wsy)) =Lw) +1—{(2(p— pp).vY). (4.3.2)

4.4. Degrees

The quantum cohomology ring QH *(G/P) is a graded ring. The degree of oy, is
equal to 2¢(w). The degrees of the quantum parameters ¢; = ¢,v fori € I\Ip are
given by l

deg(qi) =2 /G e Torp) O = (4o = pr).c')

The second equality is [46, Lemma 3.5]. Indeed, the first Chern class of G/ P satisfies

c1(Toip)= ) (2(0—pp).)oi. (4.4.1)
iel\Ip

We verify that the quantum multiplication o;%*, is homogeneous of degree 2
directly from Theorem 4.3. Indeed, oy, has degree 2¢(w) + 2, and

deg ¢y p vy + 2L(p (wsy))
= (40— pp).1p (0] + 26(w) +2—2(2(p — pp). v¥) = 26(w) + 2.

where the second equality follows because p — pp is orthogonal to Q.



MIRROR CONJECTURE FOR MINUSCULE FLAG VARIETIES 97

4.5. Quantum connection and quantum D -module

We let C4 be the complex points of SpecClg; | i ¢ Ip] and let C be the complex
points of Spec (C[qiﬂEl | i ¢ Ip]. We can attach a quantum connection @%/F on the
trivial bundle C; x H*(G/ P) over C; as follows. For each i € 1\ 1p, the connection
@Y/P in the direction of ¢; is given by

9qi
where *, is quantum multiplication with quantum parameter ¢. The connection is
integrable, which is equivalent to the associativity of the quantum product. The asso-
ciated connection 1-form is

3 (oivg) 4 Q'(C, End(H*(G/P))). 4.5.1)
iel\Ip i

Define a C*-action on H*(GY/PY) by ¢ -0 = o for { € C* and o0 €
H?(GY/PV). Also define a C*-action on C} by ¢ - q; = {%4)/2g; for i ¢ Ip.
Then it is clear from the previous Section 4.4 that the connection 1-form (4.5.1) is
homogeneous of degree 1 for the action of C*.

It follows from Theorem 4.3 that quantum multiplication is a Laurent polynomial;
hence @QY/® is an algebraic connection.

Remark 4.6

We may identify the universal cover of C; with H 2(G/P) and define a flat con-
nection on H?(G/P) instead, which would correspond to the general framework
of Frobenius manifolds (see [36], [72], [92]). Viewing {o; | i ¢ Ip} as a basis
of H?(G/P), the link is the change of parameters given by (¢; | i ¢ Ip)
> ienu, 10g(gi)oi € H?(G/P) (see, e.g., [76, Section 2.2]). Intrinsically, C3
is identified with the quotient H2(G/P)/2inH?*(G/P,7) (see also Lemma 8.2
below).

4.7. Minuscule case

For minuscule G/ P, with I p = I'\{i}, where i is a minuscule node, we shall simplify
Theorem 4.3. The Schubert divisor class o; € H?(G/ P) is a generator of Pic(G/ P).
It defines a minimal homogeneous embedding G/ P C P(V), and G/ P is realized as
the closed orbit of the highest weight vector v, € V' = Vg, . The hyperplane class of
P(V) restricts to 0. The following is established in [21] and [114].

LEMMA 4.8

If P = P; is a minuscule parabolic, then (2(p — pp),a;") = c, the Coxeter number
of G.
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It then follows from (4.4.1) that the first Chern class ¢;(Tg,p) is equal to co.
There is only one quantum parameter ¢ = ¢; = daY which has degree 2c.

PROPOSITION 4.9
Let k = k(i) be the long root of Section 2.5. Then for w € W¥, we have

Oi *g Oy = Zawslg + X(w)qozrp(ws,(),
B

where the first summation is over B € Rt \ R;ﬁ such that wsg > w and wsg € wk,
and x(w) equals 1 or 0 depending on whether w € W (k) or not.

Proof
For BY € R™, the coefficient (z;, BY) is either 0 or 1, and it is equal to 1 if B €
R™\ R}. This explains the first summation.

Suppose that v € RT \ R;E and we have (4.3.1) and (4.3.2). Define Ig/ :={j €
Ip |{a;,v¥)=0}={j €lp|(v,a)) =0} We have Inv(ws,) N RJQF/ = ¢ and thus
Inv(wsy,) N R;F c (R1+> \R},).Now, (4.3.1) implies that s, € W and thus (0, vV) <
0 for i € Ip. It follows from our definition of /o that (o;,vY) <0 fori € Ip and
(i, vV) =0fori € Ig/. Thus (,v") <0 fora € RI+, \ R’QL,, o)

IRE\RG <= > favV)== Y (a.v¥)=—(2pp.v").

@€RF\RS, a€R}
Condition (4.3.2) guarantees that we have equality and hence that {«,v") = —1 for
o€ RJ{, \ RE,. By Proposition 2.7, we conclude that v = k. It follows from the last
sentence of Proposition 2.8 that w € W (k). O

Example 4.10

Suppose that G/P = Gr(n — 1,n) = CP""!. The minimal representative permu-
tations w € WT are determined by the value w(n) € [1,n], or equivalently by a
Young diagram which is a single column of length w(n) — 1. Denote the Schubert

J

* .
classes by og = 1, 01 = Osgys 02+, On—1. Then o,” =o0j for1<j<n-—1and

01 *¢ 0n—1 = ¢. The quantum cohomology ring has presentation Clo1,g]/(0] —¢q).

Chaput, Manivel, and Perrin [21]-[23] study the quantum cohomology of minus-
cule and cominuscule flag varieties. In particular, they obtain a combinatorial descrip-
tion in terms of certain quivers (see [21, Proposition 24]), which may be compared
with Proposition 4.9 above.

4.11. Minuscule representation
Define the linear isomorphism
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L:H*(G/P)—>V, oprv, forweWw?f. (4.11.1)

Recall the principal sl,-triple (x,,20", yp).

PROPOSITION 4.12 (Gross [64])
The isomorphism L intertwines the action of the Lefschetz sl, on H*(G/ P) and the
action of the principal sl; on V.

Proof

If the term 0y, Occurs in 0; *g 0y, then wp = «; for some j (see [118]). It then
follows from Lemma 3.8 that L(o; *¢ 0y) = ypVy = ¥p © L(0y). On the other
hand, we have dim(G/P) = (wi,2p"), and £(w) = (@, p") — (wwy, p¥) (see [64,
Section 6]). Since L(oy) = vy, has weight ww; (see Section 3.6), for every d €
[0,2dim(G/ P)], the image L(H%(G/P)) is equal to the 2p"-eigenspace of V of
eigenvalue dim(G/P) —d. O

Consider quantum multiplication 0%, as an operator on H*(G/P) with coeffi-
cients in C[gq].

PROPOSITION 4.13
We have L o oi%g = (yp + qxg) o L.

Proof

Let oixy = Dy + D,, where Dy and D, correspond to the two terms of Propo-
sition 4.9. We have seen in the proof of Proposition 4.12 that L o Dy =y, o L.
Assumption (3.9.1) and Proposition 4.9 show that L o D, =gxg o L. O

Golyshev and Manivel [57] study “quantum corrections” to the geometric Satake
correspondence. Their main result is closely related to our Proposition 4.13 for the
simply laced cases.

Recall from Section 4.5 that the quantum connection on (C; is given by

d
Q%P =d + oy xg L. 4.13.1)
q

THEOREM 4.14

If P C G is minuscule with minuscule representation V, then under the isomorphism
L:H*(G/P)— V, the quantum connection Q%/P is isomorphic to the rigid con-
nection VG-V Moreover, the isomorphism is graded with respect to the gradings in
Sections 3.4 and 4.5.
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4.15. Automorphism groups

The connected automorphism group of a projective homogeneous space H/P is of

the same Dynkin type as H except in the following three exceptional cases (see [2,

Section 3.3]):

. If H =Sp(2n) is of type C,,, n > 2, and i = 1 is the unique minuscule node,
then H/ P is isomorphic to projective space P?"~!. Thus it is homogeneous
under the bigger automorphism group G = PGL(2n).

. If H=S0Q2n + 1) is of type By, n > 2, and i = n is the unique minuscule
node, then the odd orthogonal Grassmannian SO(2n + 1)/ P, is isomorphic
to the even orthogonal Grassmannian SO(2n + 2)/ Pp41.

. If H is of type G, and i = 1, then H/P; is a 5-dimensional quadric which
is also isomorphic to SO(7)/P;. In this case, i corresponds to the unique
short root, which is therefore also the shortest highest root, and thus H/ P,
is quasiminuscule and coadjoint, but it is neither minuscule nor cominuscule.
On the other hand, the 5-dimensional quadric is cominuscule as a homoge-
neous space under G = SO(7).

In each of the above cases the quantum cohomology rings coincide, and hence the
quantum connections also coincide. In the first two cases we can apply Theorem 4.14
to deduce that the corresponding rigid connections associated to a minuscule repre-
sentation V' coincide. In view of Section 3.3, we conclude that if there is a minus-
cule Grassmannian H /P whose connected automorphic group is G, then VY can be
reduced to V.

4.16. Quantum period solution
The connection @°/* has regular singularities at ¢ = 0. Let S(g) be the horizontal

section of the dual connection that is asymptotic to Owoul 8 4 = 0. Here, wowé)

(resp., wo and w(f ) is the longest element of wr (resp., W and Wp). The quantum
period of G/ P is (S(q), 1). Here, (-,-) denotes the intersection pairing on H*(G/P),
s0 (S(g),1) is equal to the coefficient of 0, ,, s in the Schubert expansion of S(g).
The quantum period (S(g), 1) has a power series expansion in g with nonnegative
coefficients, which one can determine using the Frobenius method. We determine the
first term in the g-expansion in the following.

LEMMA 4.17
Asqg — 0,

(S(q)’ 1) =1+ q/G/P OiC_lOnP(wow(fSK) + O(C]Z).

The integral above is the number of paths in Bruhat order inside W from
Tp (wow(fs,() to wowé). It is a positive integer.
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Proof
We write S(q) =0 Lt O(g?), where v € H*(G/ P). Since S is a horizontal

section of the connection dual to @%/? | we have ‘é—‘; = 0y *4 S(g). Using the quantum

wow

Chevalley formula in Proposition 4.9 and ’;—2 = v + O(q), this implies that

V=0 %9 U +O-np(w0w(fs,<)'

Since o is nilpotent, this equation uniquely determines v.
We have E(wowé)) =dim(G/P), and

{(mp(wowd se)) =dim(G/P) +1—c,

where ¢ = (2(p—pp), k") is the Coxeter number of G by Lemma 4.8. Hence we find
that (v, 1) is as stated in the lemma.

The interpretation as counting paths in Bruhat order follows from the classical
Chevalley formula for the cup product with o;. It is a general fact that the Bruhat
order of any W ¥ is a directed poset with maximal element wyq w(f . In particular, there
exists always a path in Bruhat order from any element to the top, and the count is
positive. U

5. Examples

5.1. Grassmannians
Let G = PGL,. Then G/P is the Grassmannian Gr(k,n) for 1 <k <n — 1. The
Weyl group W = S, and the simple root o; = x corresponds to the transposition
of k and k + 1. We have (2(p — pp),k") = n. The maximal parabolic subgroup is
Wp = Si x S;,—k. The minimal representatives w € WP are the permutations such
that w(l) <--- < w(k) and w(k + 1) <--- < w(n). Any such permutation can be
identified with a Young diagram that fits inside a k x (n — k) rectangle, and £(w) is the
number of boxes in the diagram. The projection wp : W — W ¥ consists in reordering
the values w(1),...,w(k) in increasing order and similarly for w(k + 1),...,w(n).
In the quantum Chevalley formula of Proposition 4.9, the condition that wsg > w
means that € RT \ R; is the transposition of / € [1,k] and m € (n — k,n] with
w(m) = w(l) + 1. Equivalently, the Young diagram of wsg has one additional box
on the (k —/ 4 1)th row. In the second term of the quantum Chevalley formula, the
condition £(7wp (ws,)) = £(w) + 1 — n is equivalent to wk = —0, which is in turn
equivalent to w(k) = n and w(k + 1) = 1. This can also be seen from the fact that
the element 7 p (ws, ) has Young diagram obtained by deleting the rim of the diagram
of w (see [12]). A presentation for the quantum cohomology ring of Grassmannians
is given in [18], [20], and [113].
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The first term in the g-expansion in Lemma 4.17 is (Z:?) Indeed, 7 p (wo w(f Sk)
has Young diagram the (k — 1) x (n — k — 1) rectangle. The number of paths in Bruhat
order is equal to the number of ways to sequentially add boxes to form the k x n
rectangle which corresponds to the maximal element wg wé) of WP This is consistent
with the g-expansion of the quantum period in terms of binomial coefficients in [5,
Theorem 5.1.6] and [93, Corollary 4.7].

The fundamental representation V = Vy, is the exterior product AXC”. The
highest weight vector is v, = ej A --- A ex. For every w € W ¥, the basis vector is
Uy = W Ve = €y(1) A -+ A €y (k). The Schubert class oy, is the B-orbit closure of
Span(ey (1), - - . ew(k)) inside Gr(k, n).

Example 5.2

Assume that k = 2 and n = 4. Denote the Schubert classes by og = 1, 07 = Oy »
011, 02, 021, and 022. The quantum Chevalley formula gives the identities 01 *4 01 =
011 + 02, 01 *g 011 = 01 %4 02 = 021, 01 *q 021 = 022 + ¢, and o *gq 022 = (021.

5.3. Type D
If G =SO(2n) is of type Dy, n >4, and i = 1, then G/ P; is a quadric of dimension
2n — 2 in P?2". The quantum cohomology ring is described in [22] and [99].

The two minuscule nodes i = n and i = n — 1 are equivalent, and then G/ P, is
isomorphic to one connected component of the orthogonal Grassmannian of maximal
isotropic subspaces in C2”. A presentation for the quantum cohomology ring is given
in [83].

5.4. Exceptional cases
A presentation of the quantum cohomology ring of the Cayley plane E¢/ Pg (resp., the
Freudenthal variety E7/P7) is given in [21, Theorem 31] (resp., [21, Theorem 34]).
The quantum corrections in the quantum Chevalley formula are also described in
terms of the respective Hasse diagram. There are 6 (resp., 12) correction terms for
E¢/ Ps (resp., E7/ P7).

5.5. Six-dimensional quadric, triality of D4
A case of special interest is G = SO(8) of type D4 where all minuscule nodes 1,
3, 4 are equivalent. The homogeneous space G/P; is a 6-dimensional quadric. It
also coincides with the Grassmannian SO(7)/ P of isotropic spaces of dimension 3
inside C”.

The quadric is minuscule both as an SO(8)-homogeneous space and as an
SO(7)-homogeneous space. Theorem 4.14 applies in both cases so that @SO®)/P1 ~
@S9/ Ps s jsomorphic to the Frenkel-Gross connection V(%) for both G = SO(8)
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and G = SO(7). Here, the representation V is either the standard representation of
SO(8), or its restriction to SO(7) which is the direct sum of the trivial representation
plus the standard representation.

PROPOSITION 5.6

6} The quantum connection Q3°®/P1 of the 6-dimensional quadric is the direct
sum of two irreducible constituents of dimensions 1 and 7, respectively.

(i1) The differential Galois group is G».

Proof

We have seen in Section 3.3 that VE for G of type D4 reduces to VO for G of type
G». Thus it suffices to observe that the standard representation V' of SO(8) when
restricted to G, decomposes into the trivial representation plus the irreducible repre-
sentation of dimension 7. This holds because the restriction of the standard represen-
tation of SO(7) is the 7-dimensional representation of G. O

A presentation of the quantum cohomology ring of the homogeneous space G/ P;
is given in [22]. It is also given in [83] as a particular case of Grassmannians of
isotropic spaces and in [99] as a particular case of even-dimensional quadrics. From
either of these presentations or from the quantum Chevalley formula, we find the
quantum multiplication by o = o; in the Schubert basis; thus

d
QCG/Pt —

S OO = = O O O
S O = O O O O O
SO O =, O OO O O
SO = O O O O o O
—_ O O O O oo
= elNelNeoNeR«R =]

=l eNeoNeRele =)
[l ool ==

The middle cohomology H®(G/P;) is 2-dimensional, spanned by {03,073 }.
Since 0 %405 = 0 %, 05 , the subspace C (03" —03) is in the kernel of o and in partic-
ular is a stable 1-dimensional subspace of the connection. The other stable subspace,
denoted H*(G/P;) following [67], has dimension 7 and is spanned by U3+ + o5
and all the cohomology in the remaining degrees. This is consistent with Proposi-
tion 5.6(1).

The rank-7 subspace H*#(G/P;) is generated as an algebra by H?(G/P;), and
moreover the vector 1 is cyclic for the multiplication by o. The quantum D-module
QG/P1 is then given in scalar form as D/DL, where
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_ d\7 5 d
L:= (q@> + 4q % +2q.
The differential Galois group of L on P'\{0, 00} ~ Cj is equal to G, according
to Proposition 5.6(ii). Recall from [43] that ultimately the reason for the differential
Galois group to be G, is the triality of D4 and the invariance of the Frenkel-Gross
connection VS°®) under outer automorphisms which reduces it to V92,

After rescaling L by g — —q/4, the D-module D/DL becomes isomorphic
to the hypergeometric D-module ; Fg( - 11/ f ; 1) studied in [78] with the notation
#(0,0,0,0,0,0,0;1/2). Katz proved in [78, Theorem 4.1.5] that the differential
Galois group is G, which is consistent with Proposition 5.6(ii).

Our work gives a new interpretation of D/ DL studied by Katz and by Frenkel
and Gross as the quantum connection Q6/P1 Hence we have the following question.

Question 5.7
Is it possible to see a priori that the differential Galois group of the quantum connec-
tion of the 6-dimensional quadric is G,?

The question seems subtle because, for example, the quantum connection of the
5-dimensional quadric, which is homogeneous under G,, has rank 6 (see Section 5.8
below), and thus its differential Galois group is unrelated to the group G,.

5.8. Odd-dimensional quadrics

More generally, let G = SO(2n + 1) be of type B, withn > 3. Then G/ P; isa (2n —
1)-dimensional quadric and is cominuscule. The cohomology has total dimension 27.
There is one Schubert class oy in each even degree 2k < 4m —2. The quantum product
is determined in [22, Section 4.1.2]. In particular, 0} *4 0x—; =0} for 1 <k <n —1
and n + 1 <k <2n—2, 01 *g 0p—1 = 204, 01 *4 Ozp—2 = O24—1 + ¢, and 0] *4
O2n—1 = q01, which also follows from the quantum Chevalley formula. The relation
between the quantum connection and hypergeometric D-modules is studied in detail
by Pech, Rietsch, and Williams [99].

The space G,/ P; is a 5-dimensional quadric. Its connected automorphism group
is SO(7) by Section 4.15. It is coadjoint as a G,-homogeneous space and cominuscule
as an SO(7)-homogeneous space. The cohomology has total dimension 6. A presen-
tation of the quantum cohomology ring is C[o, ¢]/(0® — 40¢q) (see [24, Section 5.1]).

6. Character D-module of a geometric crystal

In this section, we introduce the character D-module for the geometric crystal of
Berenstein and Kazhdan [8]. The roles of G and GV are interchanged relative to
Sections 3-5.
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6.1. Double Bruhat cells
Let U C B and U_ C B_ be opposite maximal unipotent subgroups. Foreachw € W,
define

BY:=UwU N B_,
UY:=UnNB_wB_.

LEMMA 6.2
LetU(w) :=UNwU_1w~!. Foru e Uv™" thereisa unique (1) € BY and a unique
t(u) € U(w) such that

n(u) = t(u)wu.

The twist map n: UY — BY is a biregular isomorphism and t : UY — U(w) is an
injection.

Proof
This is [9, Propositions 5.1 and 5.2] (see also [ 10, Theorem 4.7] and [8, Claim 3.25]).
Since our conventions differ from those in [8] and [10] slightly, we provide a proof.

If we define the subgroup U’ (w) := U_ NwU_1w~", then the multiplication maps
U(w) x U'(w) — wU_1w~ " and U’'(w) x U(w) — wU_w~! are bijective. In partic-
ular, B_B_w~! = B_wU_w™! = B_U'(w)U(w) = B_U(w).

We have ™! € U¥. Thus u='w~' € B_U(w) C B_U. Since B_ NU =1, the
factorization u~ 1w~ = n(u)"'r(u) with n(u) € B_ and t(u) € U(w) is unique.
Moreover, n(u) € B*. Since t(u)w € B_u~!, it follows similarly that u > 7(u) is
injective.

Conversely, w1 UwU = (™ 'Uw NU-_)U = w 'U(w)wU. Hence, given x €
BY we have v~ !x € w™'U(w)wU, which provides by factorization an inverse ele-
ment 71 (x) € UV. O

LEMMA 6.3
Fort €T, lets :=wtw™ . Each of U¥ and U(w) is Ad(T)-stable, and for u ¢ U¥,

t(tut™Y) =st(u)s™!, n(tut™') = spu)t L.
Proof

Since su = t, we have sn(u)t~' = st(u)s~hitut~!; hence the assertion follows.
O
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6.4. Geometric crystals

Fix an arbitrary standard parabolic subgroup P C G. Let wg € W be the longest
element of W, and let wé’ € Wp be the longest element of Wp. Define wp := wé) Wo
so that w;l is the longest element in W ¥ . In this case, the subgroup Up := U(wp)
is the unipotent radical of P. The parabolic geometric crystal associated to (G, P) is

X:=UZ(Lp)bpU N B_ = Z(Lp)BY".

We now define three maps w, y, f on X, called the highest weight map, the
weight map, and the decoration or superpotential.
The highest weight map is given by

w:X—>Z(Lp) X =uUjtwpus —t.

Let X; = 77 1(t) = {uitwpu, € B_} be the fiber of X over . We call X; the geo-
metric crystal with highest weight t. Since the product map Z(Lp) x B¥? — X is
an isomorphism, we have a natural isomorphism X; =~ B¥?. Geometrically, we think
of X as a family of open Calabi—Yau manifolds fibered over Z(L p).

The weight map is given by

y: X—>T x—x modU_eB_/U_=T. (6.4.1)

Fori € 1,let y; : U — Al be the additive character uniquely determined by
xi(exp(rx;)) = 8,

where the elements x; for j € I are given in Section 2.2. Let the standard additive
character be ¥ := ), xi- The decoration (or superpotential) is given by

fiX—Al x =uitwpuz > Y (ur) + ¥ (u2).

It follows from [107, Lemma 5.2] that f agrees with Rietsch’s superpotential. (This
reference has conventions Langlands dual to ours. Our Z(L p) and w(f are denoted
(TV)"P and wp in [107], while our §; is inverse to the corresponding notation there.)

Set V;(u) := Y (tut ') fort € T and u € U. For t € Z(L p), the potential can
be expressed as a function of u € U wp' as follows:

fiw) = f(tn)) = ¥ (t(w)) + ¥ (). (6.4.2)

Equivalently, the potential is expressed on B¥? = UwpU N B_ by

Jruiwpuz) = Y (uy) + ¥ (uz).
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Example 6.5
Let G =SL(2) and P = B. With the parameterizations

. 1 a — t 0
"“No 1) "7 \o 1/4)
PR (e o (! 1?/a
P =351 = 1 0 B 2 = 0 1 s
the geometric crystal X is the set of matrices
Y = a/t 0
1/t t/a
equipped with the functions

f(x)=a+ ZZ/a, w(x) = ((t) 1(;2‘) , and y(x) = (a(/)l‘ t;)a) .

a,te(CX} C SL(2),

6.6. Open projected Richardson varieties
For v, w € W with v < w, the open Richardson variety RY C G/ B is the intersection
of the Schubert cell B_vB/B with the opposite Schubert cell Bw B/B. The map
u — g (mod B) induces an isomorphism U¥ — R, For every 1 € Z(Lp),
we have a sequence of isomorphisms

X, = B¥? = UvF ;eﬂi(},, (6.6.1)

0

LN u;lu')oB, where in the factorization

given by x = tujwpus = uipus — u;
we assume that u; € U(wp). We describe directly the composition of these isomor-

phisms as follows.

LEMMA 6.7
For every x = ujtwpu, € Xy with u; € Up = U(wp), we have x~ wé’B =
u; i B.

Proof
We have x— wo B =u; wp Ly pwgB. Tt suffices to observe that wowP X
urwpg € U since u; € U(wp). O

-1

The projection p : G/B — G/ P induces an isomorphism of R "9 wf onto its 1mage

G/ P, the open projected Richardson variety of G/P. The complement of G/ P
in G/ P is the divisor dg/p in G/P, the multiplicity-free union of the irreducible
codimension-1 subvarieties D¥, i € I and D;, i ¢ Ip, where
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D' = p(ﬁz‘}si) and  Dj:=p(R° ).
0 170

By [81, Lemma 5.4], 3(;/ p is anticanonical in G/ P, or in other words, the canonical
bundle is given by wg,p = Og,p(3dg/p). There is thus, up to scalar, a unique mero-
morphic form w on G/ P that has no zeros, and simple poles along dg,/p. We let 1/
denote the section of the anticanonical bundle inverse to w.

6.8. Explicit formula for superpotential

We now give an explicit formula for the superpotential f; as a function on U wp!
Given g = bh_v, where b_ € B_ and v € U, we set w4 (g) = v. Also let g > g7
denote the transpose antiautomorphism of G (see, e.g., [42]). Let g — g~ T denote
the composition of the inverse and transpose antiautomorphisms (which commute).
There is an involution % : / — [ determined by wq - o; = —a;«. We let P* be the
standard parabolic subgroup determined by /p» = (Ip)*.

LEMMA 6.9
—1
Foru e UYP | we have

7+ (o) M u g ") = (o)~ () T abo.

Proof
Let v = t(u). Then x = vibpu € B_ and u = (Wwp)~'v™'x. Noting that (w)7 =
()™, we have

(o) 'uT = (o) " xTv T p = [(wo) " xT g [ (o)~ v Tig [ (o) i p .

We note that [(1o) ' xT o] € B_ and [(o) v T o] € U, so the claim follows
from the equality

(o) wp = (wF™) 7L

We first argue that (o)~ !§;1o = §;~. Write oV (¢) for the cocharacter G,, — T.
Then o (—=1) = ($;)* € T and o)’ (—1)®> = 1. Let w’ = s;wo = wos;*, and compute

(o) S50 = (o) "' er (= D)w’ = (o) '’ (= 1)iboet;h (—D)Six =Sy,
where we have used (o)~ 'o (1) = wo - i (t) = ai» (¢ 7). It follows that
(o) b p = (o) b pabo (o)t = wp (o) T = (g )7,

as required. O
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In the following, we shall assume that G is simply connected. Since the partial
flag variety G/ P depends only on the type of G, we lose no generality.

For a fundamental weight w; and elements u,w € W, there is a generalized
minor Ay, ww; : G —> A, defined in [42]. This function is equal to the matrix coef-
ficient g = (g - Vww; » Vuw,; ) of G acting on the irreducible representation Vg, , with
respect to extremal weight vectors Vy g, 1= W+ Vg, and Vyq; := U - Vy; With weights
ww; and uw;, respectively. Here v, denotes a fixed highest weight vector with
weight ;.

LEMMA 6.10
—1
Foru e U%P | we have

Aw‘p*s-w- wow-(u)
plrw)= Y ———— .

w;,WW; (“)

iel\Ip
Thus
wl s;w; womw; (u
f) =y )+ Y e (6)—— o (6.10.1)
iel\I} @i Wowi
Proof
. A5 (
First note that y;(mw4+(g)) = W;@g))' We have ¥ (t(u)) = Zi¢1P xi(t(u)).

Since (o) ! exp(ty; )y = exp(—txi+), we have y;(t(u)) = yix (o) 'r(u)~T x
we). By Lemma 6.9, we have for i* ¢ I p, the equalities

Awi,siw,' ((wO)_luTu‘)(I)D*)
Aw,-,wi ((wO)_luTw(I)D*)

xir (t) = xi (4 (o) uT ™)) =

T
wOwiaw(f*Siwi (u ) _ Aw({’*siwiawowi ()
™ = .
wowi,wé’*wi (u ) Aw(f* w; WO W; (u)

Finally, observe that we have wé) " w; = w; wheneveri € [ \ /5. For the last formula,
we note that for t € Z(Lp), we have y; (tt(u)t™) = oy (t) yi (t(u)). O

Fix a reduced word i = ijip---iy of w;l. We have the Lusztig rational parame-
o -1 .
terization G¢, — U™F  given by

a=(ay,az,...,ap) —> xi(a) = x;; (@1)xi, (a2) .-~ xi, (ar),

where x; () := exp(tx;) denotes a one-parameter subgroup of G.



110 LAM and TEMPLIER

COROLLARY 6.11
In the Lusztig parameterization, the superpotential f; |th : an — Al is given by the
function

filaraz.....a) =ar+az+-+ag+ Y alt). P,
iel\Ip

where P; is a Laurent polynomial in ay,as,, ... ,ay with positive coefficients.
Proof

We may assume that G is simply connected and apply Lemma 6.10. We have
Y(xi(a)) =a; +ax + --- 4+ ag. Now, for any i € I \ I}, the generalized minor

Aw’”s,»w,f,wow,; (xi(a)) is a polynomial in aj,as,...,a; with positive coefficients
by [10, Theorem 5.8] and A, wow, (xi(a)) is a monomial in ay,a,,...,ay by [10,
Corollary 9.5]. ([

Corollary 6.11 generalizes [27, Theorem 5.6] to the parabolic setting.

Example 6.12

If P is minuscule, then 7 \ /p = {i} consists of a single minuscule node. It follows
from the proofs of [10, Theorem 5.8, Corollary 9.5] that Ay . wow,. (xi(2)) =
ayaz---ag and that Aw(f*si*wi*,wowi* (xi(a)) is a square-free polynomial in
ai,as,...,ag with positive integer coefficients.

Example 6.13
Let us pick G = SL(4) and i = 2. A reduced word for wp = w;l is 2312. We obtain
the parameterization

1 a3 asaq 0
1
(a1,a2,a3,a4) —> u = xi(a) = 0 a1 +daq  diar ,
0 O 0 1
and
1 1
10 aiaz Tay
0 1 aijtay 1
T(u) = ajazaza ajaz
0 0 0
0 0 0 1

Thus ¥ (zr(u)) = (a1 + as)/aiazazas. This is equal to the ratio Axg 34(u)/
A12,34(u), agreeing with Lemma 6.10. Here, Ay ; denotes the minor using rows
I and columns J. Thus the superpotential is given by
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ap+ay

Jilga =a1+ax+as3+as +q———,
m aiansaszda

where ¢ = o;(t). For generic ¢, the function f; has four critical points in the chart
{(ay,az,a3,a4) € an}, which for ¢ = 1 are given by

(—1/V2,=V2,-N2.-1/v2).  (=i/N2.=iV2,~iV2,-i/V2),
(i/¥2,iN2,iN2,i/3?2), (1/32,72,v2,1/42).

We have 4 < 6 = dim(H *(Gr(2,4)). So the Laurent polynomial ff|G;‘,, is a “weak
mirror”: the missing critical points lie outside of this toric chart inside X;, consistent
with the discussion in [106, Section 9].

Example 6.14
Let us pick G = SL(5) and i = 2. A reduced word for wp is 234123. Using the
reversed reduced word for w;l, we obtain the parameterization

1 as asde 0 0
0 1 az+as asds 0
(a1,a2,a3,a4,as,a6) —u=xi(@) =10 0 1 ay+as apaq |,
0 O 0 1 ay
0 o0 0 0 1
and
10 1 —1 1
aiazas ajaz ai
0 1 ajar+ajas+asag __ajtas 1
ajarazasasag aijarasas apas
tu)=10 0 1 0 0
0 0 0 1 0
0 0 0 0 1

Thus ¥ (t(u)) = (ayaz + ai1a¢ + asas)/aiazazasasae. This is equal to the ratio
A335345(u)/A123,345(u), agreeing with Lemma 6.10. Thus the superpotential is
given by

ayas + ayae + asag

Jtlge =a1+az+as+as+as+as+gq
m a1doasaadsde

where ¢ = «;(¢). In this case, f;| Gs, has 10 = dim H *(Gr(2, 5)) critical points in the
toric chart, so there are no “missing critical points.”

6.15. Polar divisor of the superpotential
By construction, the potential f; can be identified with a rational function on G/ P.

We now show that the polar divisor of f; is equal to the anticanonical divisor dg/p C
G/P.
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PROPOSITION 6.16

The potential f;, viewed as a rational function on G/ P, has polar divisor 0, p. It can
thus be written as the ratio (1/n,)/(1/w) of two holomorphic anticanonical sections
on G/ P, where 1/w is the holomorphic anticanonical section of Section 6.6.

Proof
Let x = tujwpu, € Xy, where uy € U(wp). Under (6.6.1), we have that x is sent to
xMwE P =uzlig P.

Given y € B_,and i € I, we have

Awow;,w; (¥) =0 < y € Buys; B. (6.16.1)
Indeed, writing y = byvb,, we have

(y'vwi’vwowi)zo — (bl‘vvwivvwowi>=0 <~ UV =< wps;
<= y € Buys;B.

Working in the open affine chart (the big cell) (B- N Uwp'U)P/P C G/P, the
divisor D' is thus cut out by the single equation Awow;,w; () =0.

Now, we take y = x~!. By Lemma 6.7, the vanishing of Ay,m,,m; (X71) is
equivalent to the vanishing of Ay, w; (u;lubo) (noting that wé’ w; = w;). On the
other hand, by [42, Proposition 2.6] and [8, (1.8)],

B _ JANTp— (uzh)
Xi (u2) — _Xi (uz 1) — —(M2 1Uw0wi , UU)()SI“[,U,') - _ woSs; W;,WowW; _21) ,

Awow; wom; (U3
which has a pole along the zero locus of Ay w;,wow; wyhH = Awow; @ (u;lwo).
Thus the function y;(u») has a simple pole along D! and the function ¥ () has
simple poles along all the D’,i € I. In a similar manner using Lemma 6.10, we find
that v () has simple poles along the divisors D;,i ¢ Ip. Since all the divisors D’
and D; are distinct, the rational function f; has polar divisor exactly dg,p. ([

Remark 6.17

Proposition 6.16 is one manifestation of mirror symmetry of Fano manifolds. For
example, the potentials of mirrors of toric Fano varieties are constructed in [55] and
the same property can be seen to hold. In general, it is explained in Katzarkov, Kontse-
vich, and Pantev [79, Remark 2.5(ii)] by the fact that the cup product by ¢1(Kgv,/pv)
on the cohomology of the mirror manifold GY/P" is a nilpotent endomorphism.

Remark 6.18
The zero divisor of 1/w and the zero divisor of 1/n, may intersect, so f; has
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points of indeterminacy. Indeed, this happens in the example of P? (see also [79,
Remark 2.5(1)]).

6.19. The character D-module of a geometric crystal

Let E:= D1 /D1 (dx — 1) be the exponential D-module on A!. Let E/ = f*E be
the pullback D-module on X . Finally, define the character D-module of the geomet-
ric crystal X by

Crg.p) := RnE/ on Z(Lp). (6.19.1)

A priori Cr(g, p) lies in the derived category of D-modules on Z(Lp). But in The-
orem 7.10 we shall see that R'w4E/ =0 for i # 0, and thus Crg,p) is just a D-
module.

Remark 6.20

Our conventions for D-modules follow those in [73]. All the D-modules we study in
this paper are integrable connections, so in particular they are holonomic. We will not
need the formalism of derived categories of D-modules, since we are always just han-
dling D-modules. For the six functors for holonomic D-modules, we refer the reader
to [73, Section 3]. Our Rf and R f, are the same as ff and ff! there. Our fy and f
are the degree-0 parts [ j? and fj?! there. Additionally, the reader may consult [44] and

the references therein for more background on exponential D-modules of the form
E/.

6.21. Homogeneity
Recall that pp = %Za Rt and that wp = w(f wy is the inverse of the longest
P

element of W7 .

LEMMA 6.22
We have wp (p) = —p + 2pp.

Proof
The element wép sends R;ﬁ to R and permutes the elements of RT\ R;f. We com-
pute
wp(p) = wg wo(p) = wy (=p) = —wg (p— pp) —wg (pp)
=—(p—pp)+pp=—p+2pp. =

We view 2p" as a cocharacter G,, — T'. Similarly, we view 2p" — 2py, as a
cocharacter G,, — Z(Lp).
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LEMMA 6.23
Forany u € Uvr' te Z(Lp), and ¢ € G,

Jov—ppye2y (Adp” Q) (w)) = L fi ().

Proof
We have ¥,v (¢)(u) = {y(u) for any u € U and ¢ € Gy,. Thus in view of (6.4.2), we
have

Jiov=ppre2e (Adp” () )) = Yiov— 2y (T (Adp¥ () (w))) = L (),
and we are now reduced to treating the first term. It follows from Lemma 6.3 that
t(AdpY () (w)) = Ad(wp () () (),

and therefore the first term above is equal to

Ve 0N 0~ - (T0)) = Vwp (ov)+20v 2000 (T10))
= Vv o (T(W) = LY (t(w)).
In the second line we have used Lemma 6.22, but with p" and p}, instead of p and pp.

O

We define the following G, -actions on X, Z(L p), and AL, For ¢ € Gy, we have

E-x=p"(QxpV ()" forx e X,
¢t =(2p" =2pp)()t forteZ(Lp),
t-a=ta foraeAl

Also equip T with the trivial G,,-action.

PROPOSITION 6.24
The maps w: X — Z(Lp), f: X — A, and y : X — T are G,,-equivariant.

Proof

We have ¢ - x = (2p¥ — 2p})(Q)wp(0¥)(§)xpY (). We verify using Lemma 6.3
that x > wp(p¥)(¢)xpY(¢)~! is an automorphism of B¥?. This shows that (¢ -
x) = ¢ - m(x). The second claim follows from Lemma 6.23. The last claim is imme-
diate from the definitions. O

COROLLARY 6.25
For any A € C*, we have
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R E/* =1 (20 = 2p5)(M)1],Crg.p)-

Proof
By definition, the left-hand side is equal to R, f*[a > a/A]*E. In view of Proposi-
tion 6.24, it is isomorphic to

Rrts(x > h-x)s f*E = [t > (2p" = 2pp) (W)t ] Rovs f*E
=[t = (20" = 2p})(W)1],Crc.p).

which concludes the proof. U

We record the following lemma which will be needed in Section 13 in the context
of rapid decay cycles.

LEMMA 6.26
The meromorphic form @ on G/ P with simple poles along the anticanonical divisor
dg, p is preserved under the T -action.

Proof

First we observe that each irreducible component of the divisor dg,p is T-invariant
and thus the sections cutting them out are T -weight vectors. Now for P = B, the sec-
tions cutting out the 2|/ | divisor components D; and D’ have T -weights w7y, ..., ™,
and wo w1, ..., Wow,. The sum of these weights is zero, so the form wg, p mustbe T'-
invariant. Each open Richardson variety (R}’ has its own canonical form wgw which is
obtained from wg, g by taking residues, so again these forms are T '-invariant. Finally,
for each parabolic P, the projection map p : G/B — G/ P induces an isomorphism

of !RZ‘}, onto its image G7 P. Since p is T-equivariant, the result follows. O
0

6.27. Convention for affine Weyl groups

Let wt* € Wy = W x PV denote an element of the affine Weyl group, and let §
denote the null root of the affine root system. Then for u € P,

wtt - (4 nb) = wp + (n—(n.7))38. (6.27.1)

6.28. Cominuscule case

We now assume that G is simple and of adjoint type. Fix a cominuscule node i of G,
which is also a minuscule node of G. Let P = P; be the corresponding (maximal)
parabolic, and identify Z(L p) with G,, = P!\ {0, oo} via the simple root «;.
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LEMMA 6.29
If P is a cominuscule parabolic, then the composition of (2p" —2p}) : G, — Z(Lp)
with o . Z(L p) = Gy, is the character g — g€, where ¢ is the Coxeter number of G.

Proof

We have p — pj = pgv — ppv for the dual minuscule parabolic group P of GV.
Since «; is a simple coroot of GV, it follows from Lemma 4.8 that (2(p§ — pp). o) =
¢, where ¢ is the Coxeter number of GV which is also the Coxeter number of G. [

Let © be the quotient of the coweight lattice of G by the coroot lattice. Thus
Q is isomorphic to the center of GV. Let k €  be the element corresponding to
the cominuscule node i. Namely, k = —wiv under this identification (see [87, Sec-
tion 11.2]); we have x = @ wp. For a coweight A of G, we abuse notation by
letting * € G((1)) denote the corresponding element, which is a lift of the transla-
tion element t* € W,. Our choice is uniquely determined by the following property:
AUt = U, x4, where Uy C G((1)) denotes the one-parameter subgroup indexed
by the affine root «.

Letk =1 @ wp = wp t™* . Then k € G((7)) is a lift of « to the loop group.
Note that &|,—1_, = wp. Let G[t™!]; :=ker(G[t™!] —=> G), where eve is given
byt~ =0.

LEMMA 6.30
(a) Let o € R. Then

. R—§ fora € RY\ R},
K R OAS
R+ 7Z>08 fora¢ RT\ R}.

(b)  Foru € Up, we have kK 'uk € G[t™!];.
(¢)  Wehave wp'ai=—0 and k'ay = —0 — 6.

Proof

() We first note that Inv(wp!) = R \ R} and wp = wpi (see Section 6.8). Thus
wp! acts as a bijection from RT \ RY to —(RT \ R}.). In particular, wp! - RT \
R} =—(R*\ R}.).Fora € R, we compute by (6.27.1)

ke =17 wpl e =17 wpl (@) = whle — (wple. —w )8, (6.30.1)
where §, the null root of the affine root system, is the weight of 7. If @ € R\ R}, then
(6.30.1) shows that k! -o € R_ —§, using that i cominuscule implies i* cominuscule
implies (8, w¥) =1forall B € R* \ R}..Ifa ¢ RT\ R}, then (wpla,—w ) >0
and k7! -« € R + Zx¢8. This proves (a). Statement (b) follows immediately from (a).
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We prove (c). Since wp! sends R \ R} to —(RT \ R}.), we see that —0 €
wp! (RT\ R}). Since i is cominuscule, every root € R\ R} is of the form B = o
mod Y c;, Zzow;. But wp'a; > 0forall j € Ip,so wp' (@i + Y e, Zzowt)) C
wp (o) + > jer Zxoa ;. We deduce that wp'a; = —0. The second statement follows
from (6.30.1). O

Thus we obtain an inclusion

u: X — Gt (6.30.2)

1

X =utpus — k1t ugtk € Gt Yy, (6.30.3)

—1
where u; e Up and u, e U%r .

6.31. Embedding the geometric crystal into the affine Grassmannian
We interpret the inclusion ¢; via the affine Grassmannian.

Let Gr = G((t))/G[[r]] denote the affine Grassmannian of G. The connected
components Gr“ of Gr are indexed by « € Q. For a dominant weight A, let Gry, :=
G[[z]]t=* C Gr denote the G[[r]]-orbit. The closure of Gry is a spherical Schubert
variety inside Gr. (The minus sign in 7~* is chosen to match the convention (6.27.1)
and our choice of T*.)

For A = @, we have that eriv >~ G/ P is already closed in Gr. Indeed, the
map G — Gr given by g — grwiv* mod G [[t]] has stabilizer P*, giving a closed
embedding G/ P* = Gry,v < Gr“. Note that wx € W - (=w), so S G[[z]] -
= and G/P =~ G/P*.

Since wp'Upp N P* = {e}, we have an inclusion X; < G/P* given by x =
uitwpus >t 'uTltp mod P*, whereu; € Up andu, € Uvr', Composed with

the isomorphism G/ P* — Gr,, v, we obtain an inclusion
1

X; — Grypv. (631.1)

Vv
ix

X =utwpus — t utpt i =1 tugt -k =k 1 (x). (6.31.2)
7. Heinloth, Ngo, and Yun’s Kloosterman D-module

While the article [71] works over a finite field, we will work over the complex num-
bers C (cf. [71, Section 2.6]). In this section, we assume that G is simple and of
adjoint type.

7.1. A group scheme over P!
Take ¢ to be the coordinate on P!, and set s = L. Let
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1(0) = Io(0) = {g € G[[s1] | ¢(0) € B},
I(1) = I(1):={g € G[[s]] | g(0) e U}.
Here G|[s]] is a shorthand for G(C[[s]]). Similarly, define

1,7(0) := {g € G[[1]] | g(0) € B},
157 (1) :={g € G[[1]] | g(0) € U_}.

Also let I5(2) = 1(2) =[I(1), I(1)] be the commutator subgroup of /(1). One veri-
fies that the Lie algebra of 1(1)/1(2) has weights given by the set I,¢ of simple affine
roots, and in particular our definition of /(2) agrees with that in [71, Section 1.2]. Via
the exponential map, we obtain an isomorphism

1(1)/12) = P A

i€l

Let ¢ : I(1)/1(2) — A! be the standard affine character. Precisely, we fix root
VECLOTS X; = Xo; € go; and define ¢ by ¢(exp(tx;)) = —t for all i € I;;. The choice
of x; for i € I is already fixed in Section 2.2. Since gy, can be identified with sg_g,
the choice of x¢ € gy, is equivalent to a choice of x_g € g_g. The choice of x_g
satisfying the compatibilities (1) and (2) of Section 2.2 is equivalent to a choice of
a sign, which will be fixed in (7.8.2). We have that ¢ is a generic affine character,
meaning that it takes nonzero values on each exp(x;), for i € I.

Denote by §(1,2) the group scheme over P! in [71, Section 1.2], satisfying

G(1.2)|p1\(0,00p = G x P1\{0, 00},
5(1,2)(O0) = 1™ (1),
£(1,2)(0s0) = 1(2).

Here Oy = C[[s]] (resp., Ooo = C[[t]]) is the completed local ring at O (resp., 00).
The group scheme §(1,2) is constructed by dilatation (see [14, Section 3.2]). First,
the group scheme (1, 1) is the dilatation of the constant group scheme G x P! along
U_ x {0} C G x {0} and along U x {oco} C G x {oo}. Then §(1,2) is the dilatation
of §(1,1) which is an isomorphism away from oo and at co induces §(1,2)(O) =
12)CcI(1)=%(1,1)(Ox).

7.2. Hecke modifications
Recall that €2 is the quotient of the coweight lattice of G by the coroot lattice. Let
Bung = Bung( ) denote the moduli stack of §(1,2)-bundles on P! defined in [71,
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Section 1.4]. The stack Bung is the union Bung = | | .o Bun§ of connected com-
ponents indexed by k € 2. We let x, denote the basepoint of Bunl. Under the iso-
morphism Bun% o~ Bung of [71, Corollary 1.2], the basepoint %, is the image of the
point corresponding to the trivial bundle x.

The stack of Hecke modifications is the stack which on a C-scheme S takes value
the groupoid

Heckeg(S) := {(81,82,x,¢) | &; € Bung(S),x: S — P1\{0, 00},

¢ €111\ (xpxs — E2l@E\(xpxs |-

It has two natural forgetful maps

Heckeg
pry P2

(7.2.1)
Bung Bung x P1\{0, 0o}

given by pr; (&1, &2, x,¢) = &1 and pr, (&1, &2, x, p) = (&2, x). The geometric fibers
of pr, over Bung x P'\{0, 0o} are isomorphic to the affine Grassmannian Grg =
G((7))/ GJ[r]], where  is a local coordinate at x.

Let A be an integral coweight of G, and assume that Gr), lies in the x-component
of Gr. The G|[t]]-orbits Gry (and their closures Gry) in Grg define substacks
Hecke; C Heckeg (and Heckey ); see [71, p. 259].

7.3. Parameterization

Assume now that (G, P) are as in Section 6.28, that is, G is simple and of adjoint type,
and P = P; is the maximal parabolic subgroup corresponding to the cominuscule
node i. In particular, Z(L p) is 1-dimensional. We now fix the isomorphism

ai: Z(Lp) =P'\{0, 00} z > ai(2). (7.3.1)

Via (7.3.1), we may use “¢” both as a coordinate on P! and as a coordinate on Z(L p).
We follow [71, Section 5.2] in the remainder of this subsection. Let Hk
be the restriction of pr, : Heckeg — Bung x P!\{0,00} to %, x P1\{0,00} C
Bung x P1\{0, co} and for ¢ € P!\{0, oo}, let Hk, denote the restriction to *, X {¢}.
By [71, Corollary 1.3], Bung contains an affine open substack isomorphic to
T x I(1)/1(2), called the big cell. Let HKk® C Hk denote the inverse image of the big
cell T x I(1)/1(2) C Bun% under pr;, and similarly define Hk;. Denote the map

HK° > T x I(1)/IQR) =T xU_y xU/[U,U]

by the following triple:
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(fr. fo. f+) :HK® — T x U_g x U/[U, U].

Our aim is to parameterize Hk® and compute fr, fo, f+.

Let & = G x P! be the trivial bundle, and let &, be the §-bundle corresponding
to the basepoint x, € Bung. The bundle &, is obtained by gluing the trivial bundle
on P1\{co} with the trivial bundle on the formal disk around oo via the transition
function k(=) =177
of &, over P1\{oo}.

We use the local parameter 7 = 1 —¢/q atg. Thus 1 = 0, 1,00 (or t~! = 00,1,0)
corresponds to ¢ = ¢, 0, 0o, respectively. Let

"1 p. We fix once and for all trivializations of &o over P! and

k(Y =k=1"""wpeG[r,r""], sothat k(T -1, = Wp. (7.3.2)
We view «(7~!) as an isomorphism
k(T Eolp1\(g.00p — Elp\(g.00)
using the trivializations of & and &, over P!\ {oo}. Since
Tl =gt O((t_l)2), (7.3.3)

the Laurent expansions of x(t™1) and «(+~1) in t~! differ by an element of G[[t~1]].
Thus «(z~!) extends to an isomorphism

K(T_l) . 80|P1\{q} —> 8K|[P’1\{q}- (734)
Any point in Hk; can be obtained by precomposing « (t™!) with an element of
Aut(80|P1\(q}) = G[T_l].

From the definition of &, abundle & € Bung is equipped with level structures at O
and at co. Let k(z!)g(z™!) represent a point & € Hk, under our parameterization.
We define the level structure (at 0 and at co) associated to & to be the pair

(evizo[k(t™Hg(x™)) ] evicoo [z ) ']) = (g() i3 . 2(0) ') €G x G

of elements of G. (The isomorphism (7.3.4) preserves the level structure at oo, and
* has the trivial level structure at oo, hence the formula ev;—so[g(z~1)™!] for the
level structure at 00.)

The bigeell T xI(1)/1(2) C Bunog is the orbit of &g under the action of the group
1,"°(0) x (1) (recall that T = I,™°(0)/1,"°(1), I(1) = Ioo(1), and 1(2) = 150(2)).
It follows that «(z~!)g(z™!) projects under pr, to the big cell Bungp if and only if

g0 'elU & g(0)eU,
g()™Mip! € B- © wpg(l) e B
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We have a natural evaluation map evy : Hk; — Gry given by considering
k(t71g(z™!) as an element of G((r))/G|[[]] = Gr,. The image evq(Hky) is
denoted Gr;. We may further rigidify the moduli problem by precomposing with an
element of Aut(&y) = Aut(G x P') = G to obtain an isomorphism

kK(t™Hg(r™)g(0) " : Eolpivggy — Eclpivigy
which is the identity at co. Set A(z™!) := g(z~1)g(0)~! € G[r™!];, where we recall
that G[t™!]; = ker(G[t 7] ﬂ G). This gives the parameterization
Hk) = {h(r™") € G[t7']1 | h(1) e wp' B_U}.
Varying ¢, this gives the parameterization
Hk® = {h(z™") € G[r']1 | k(1) € wp' B_U} x P'\{0, 00}. (7.3.5)
Under this parameterization, the image of #(z~!) in Gr, = G((r))/G[[t]] is equal to

Kh(z™1).

LEMMA 7.4
Under the parameterization (7.3.5), write h(1) = wp'b_u for u € U and b_ € B_.
Then we have

fr(h,q)=b"' modU_eB_/U_=T,
f+(h,q)=u mod [U,U]eU/|U,U],
Jo(h,q) =qa_g(h) eU_g =g_g,

dh(z™)

where a_g(h) denotes the g_g-part of the tangent vector . 26T l—1—0 € 0

Proof

The formulas for f7 and f4 follow from the parameterization (7.3.5). The function
fo(h,q) is obtained by expanding 2(z~!)~! at t = oo using the local parameter ¢ ~!.
By (7.3.3), we have

dh(z™H)™! _dt !t dh(x™H ™! _dh@Y)!
G =0T dGTh d@ ) =0T a0
_dh(x™Y)
Ty 120 S

where for the last equality we have used the condition 2(0) =1 € G: if h(r7!)"! =
14+hit ' 4+ 0@ ?),thenh(t ) =1—hit7 ' + 0(r7?). O
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7.5. Kloosterman D-module

Let A be an integral coweight for G. Let Hk; be the restriction of Hecke; to %, x
P'\{0, 0o}. Define Hk; and Hkg ; by intersecting with Hk® and Hkg the substack
Hecke; C Heckeg.

Let O, denote the structure sheaf of Gry, considered as a Dg;, -module. Denote
the minimal extension of (; under the inclusion j : Gr; — Gr; by D;. Abusing
notation, also denote by D the holonomic D-module on Hk; obtained via the iso-
morphism Hk; = Gr;. We consider the following diagram, where we recall that the
maps f, fo, pr, have been defined at the beginning of Section 7.3:

Hki > ﬁx
e i (7.5.)
U/[U, U] x U_g s X P1\{0, 00}

We write
(¢1-0) 1 U/[U. U x U_g = 1(1)/1(2) 5 AL,

Recall our D-module conventions from Remark 6.20, and recall that E = D1/
D,1(3x — 1) denotes the exponential D-module on A!. We write E®+ := ¢ E and
E%o .= ¢4 E. Define (see [71, (5.8)]) the Kloosterman D -module by

KlGv,a) :=prp (fTE?* ® fE? ® D,). (7.5.2)

Remark 7.6

In [71, Theorem 1], there is another definition of Kl(gv ) as the A-Hecke eigenvalue
of an automorphic D-module Ag. We shall discuss Ag in Section 9 below. In view
of the results of [71, Section 5.2], the two definitions agree.

7.7. Comparison
The inclusion ¢, : X; — G[t™!]; of (6.30.2) can be extended to an inclusion

T=(,7m): X — G[t71] x P1\{0, o0},

. . —1 .
where for x = utwpu, withu; € Up and u, € U%P | we have via (7.3.1),

1

L(x) =,(x) =k Y gtk e G and

(7.7.1)
7(x) = a;(t) € P1\{0, 00}.

LEMMA 7.8
Under the identification (7.3.5), we have an isomorphism 1 : X = Hk;y.



MIRROR CONJECTURE FOR MINUSCULE FLAG VARIETIES 123

Proof
Fix t € Z(Lp), and let ¢ = a;(t) € P'\{0,00}. We show that ¢, : X, = Hk;wiv =
Hk; N Hk, . (In this proof, we explicitly distinguish ¢ and g for clarity.)

Let x =utwpu, € X. Then by (7.3.2), we have

wp (KT k) oy =t ugtip = (1T x)(uy ) € BLU, (7.8.1)

so t(x) € Hk;. The map x +— «t;(x) is an inclusion X; — eriv (see (6.31.1)). It
follows that ¢, (X;) C Hk;”wiv and the map ¢, is injective.

Under our identification (7.3.5), any element of Hkq,wiv is represented by
h(t™') = k~'gk, where g € G is constant. It follows from Lemma 6.30(a) that
h(z™') € G[r™]; is equivalent to g € Up. The condition that h(1) € wp'B_U is

then equivalent to (7™ !) € 1;(X;). Thus, ¢, is surjective. We are done. O
By Lemma 6.30(c), we have w;lai = —0. Henceforth, we assume that
X_p €g_gisequal to — u');lxi €g_9g. (7.8.2)

Note that the choice (7.8.2) is independent of (3.9.1), which in the notation of this
section is an assumption on the root vectors of gV (rather than g).

PROPOSITION 7.9
We have

fr(ix)) =ty(x)"' e B_/U_=T,
f+({(x)) =uy' mod [U,U]€U/IUU],
So(t(x)) = =¥ (u1)x_g € U_g = g_y.

where y : U — Al denotes the standard additive character from Section 6.4.

Proof
Let ¢(x) = h(r™'). Then by (7.8.1), we have

wph(l) = (" x)uy").
By Lemma 7.4 and the definition (6.4.1) of the weight map y, we have
frix)=x"" modU_-=yx)'t=ty(x)"'eT

and f4(1(x)) =u;"' mod [U,U].
It remains to compute fo(i(x)). Let up = Lie(Up). Then up = @QGRJF\R; Oo-

Since i is cominuscule, «; occurs in every a € R™ \ R;f with coefficient 1. It follows
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that o + B is never a root for o, 8 € R\ R;E. In particular, up is an abelian Lie
algebra and Up is an abelian algebraic group, and sois k ' Upk. Letexp : up — Up
be the exponential map, which is an isomorphism since Up is unipotent.

Now, k" !gyk can be identified with the root space §,—1.,, where § = g[t*!]
is the loop algebra, and k! - o is now an affine root. By Lemma 6.30(c), we have

w;lai = —0, and k" lo; = —0 — 8, where § denotes the null root. It follows that

a-g(h) =wp' -exp! (W)a, = =¥ (u)x-g, (7.9.1)

where h(t™1) =k luk € k" 'Upk for u € Up, and exp™!(u),, denotes the compo-
nent of exp™! (1) € up lying in the root space gq, -
We compute

fo(i(x)) =ga—_g(h) (by Lemma 7.4)
= —a;i(t)Y(t  ut)x_g (by (7.3.1), (7.7.1), and (7.9.1))
= —ai (o (1YY (u1)x_g = =V (u1)x_g € g,

as claimed. (]
We can now prove the main result of this section.

THEOREM 7.10
The character D-module Cr(g,p) is a flat connection (smooth and concentrated in
one degree) and is isomorphic to the Kloosterman D-module KI(GV,wiv).

Proof
Recall (see (7.5.2)) that by definition,

Kl(G\/,wi\’) = Prz,!(f:Em ® fO*E¢0 ® Dwi\/)~

The translation element 7" is minimal in the Bruhat order of Wy /W . Thus eriv =

Gryyv, and we have Dy v = Op -
1
Thus we may restrict ourselves to considering the diagram

Hl(o v
w .
(f+,/0) ' pr2
/ \ (7.10.1)
U/[U U] xU_g *c x P1\{0, 00}

Recall that U_g == g_g is identified with A! via the root vector x_g. We then have
KlGv, my) =pra (ff E?+ ® f;*E?). By Lemma 7.8 and Proposition 7.9, diagram
(7.10.1) gets identified with the diagram
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X
O:u it puz>(uy L, =¥ (1)) w
(7.10.2)
U/IU, U] x Al Z(Lp)

Setting ¢ := (¢, ¢o), it follows that ¢ (u,a) = —y(u) — a for (u,a) € U/[U,U] x
A, The definition of the character D-module can then be written as

Cr(g,p) = RmeE/ = Rmu(©*E™?) = Rpr, . ((f+. f0)*E?) = Klgv ).

where © is the left arrow in (7.10.2). The last isomorphism is due to [71, p. 269]; in
the D-module setting it also follows from the main result of [128]. It also follows from
this calculation that Cr(g, p) is a D-module, rather than a complex of D-modules. []

Remark 7.11

Similarly, over a finite field F, equipped with a nontrivial additive character  : F; —
@;, we can define the Artin—Schreier £-adic sheaf £ () := f*&£y on X and a geo-
metric crystal £-adic sheaf Rm.&y(r) on Z(Lp). The comparison with generalized
Kloosterman £-adic sheaves is the same.

7.12. Homogeneity
In [127, Section 2.6.4], a G,,-action is defined on Hk®. Under the parameteriza-
tion (7.3.5), ¢ € G,, acts by conjugation by pV(¢) on the first factor G[r~!]; and
by g — {¢q on the second factor P'\{0, 00}, where ¢ is the Coxeter number. The
map (f4, fo) : HK® — I(1)/1(2) is G,,-equivariant, where G, acts on I(1)/1(2) by
scalar multiplication in every affine simple root space.

The G,,-action on HK® preserves Hk:)iv, and under the isomorphism of the dia-
grams (7.10.1) and (7.10.2), this G, -action is identified with the one in Section 6.21.

8. The mirror isomorphism for minuscule flag varieties

8.1. D-module mirror theorem
Assume as before that G is of adjoint type and GV is simply connected. Let P C G
be a parabolic subgroup, and let P¥ C G be the corresponding parabolic of the dual

group.

LEMMA 8.2
There is a canonical exact sequence

2inH*(GY/PY,Z) — H*(GY/P") — Z(Lp).
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Proof
By Borel’s theorem, there is a canonical isomorphism H2(G/PV) = t"» . We have
Z(Lp)=T"? and thus it only remains to apply the exponential map. O

Recall that the character D-module Cr(g, p) attached to the Berenstein—-Kazhdan
parabolic geometric crystal has been constructed in Section 6, and that the quan-
tum connection @Q%”/P" for the projective homogeneous space GV /P" has been
described in Section 4 in terms of the quantum Chevalley formula. The base of
Crg,p) is Z(Lp), and the base @QC"/P" is CX. Since C} = H2(GY/PY)/2inH?
(GY/PY,Z) by Remark 4.6, via

(qili ¢ Ip) > Y log(gi)oi,

iel\Ip

the above Lemma 8.2 shows that the two base tori are canonically isomorphic.

THEOREM 8.3

Suppose that P is a cominuscule parabolic subgroup of G, and let PV be the dual
minuscule parabolic subgroup of GV. The geometric crystal D-module Cr(, py and
the quantum connection Qe’IPY for GV /P are isomorphic.

Proof

Let i be the minuscule node corresponding to P. We claim that the isomorphism
Z(Lp)— H*(GV/PY)/2imrH*(GY /P ,Z) of Lemma 8.2 factors as the composi-
tion

Z(Lp) 25 P10, 00} = Cf ~5 C/2inZ > HA(GY/PY)/2inHX(G" | PV, 7).

Indeed, the Schubert class o; € H*(GY/PV,C) corresponds to the fundamental
coweight w,” € "7 under Borel’s isomorphism. Thus composing with the exponen-
tial map, we see that the isomorphism

(0 L8 C/2inz L5 HA(GY/PY))2inHX(GY /PV,7) > Z(Lp) = TP

is given by the cocharacter ¢ — @.”(¢). Composing with «; the claim follows from
(o, @) = 1.
The proof of the theorem follows by combining the following three results:
. Theorem 7.10 says that Cr(g, p) is isomorphic to the Kloosterman D-module
Kl(GV,wy) if we identify the respective bases Z(L p) and P'\{0, oo} via a;.
. Zhu [128] proved that Kl(Gv ) is isomorphic to the Frenkel-Gross connec-

tion V(G”:@) (see also Theorem 9.6 below).
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. Theorem 4.14 says that V@G .m) ig isomorphic to Q% /P” | if we identify
the bases via P1\{0, oo} = Cy-

In Zhu’s isomorphism the choice of affine generic character ¢ in the definition of

Kl(Gv, 7y matches with a particular choice of highest root vector in the definition of

V(6”@ (see Theorem 9.6). All our sign choices lead to a single overall sign, which

is equivalent to an isomorphism ¢ — ¢ of the curve P\ {0, 0o}.

To determine this sign and conclude that Cr(g, p) is isomorphic to QG P we
consider the quantum period solution (S(g),1) of @%"/F" . From Lemma 4.17, we
know that the first term in the g-expansion is positive. On the other hand, the corre-
sponding solution of Cr(g, p) is

_1 %eff(x)a)z .1 ¢ea1+--~+az+aa(t)l’a@...%’ (8.3.1)
(2im)t (2im)t ap ag

where we use the expression of the superpotential from Corollary 6.11. Since P;
is a Laurent polynomial with positive coefficients, and «;(¢) = g, we deduce from
Cauchy’s residue theorem that the first term in the g-expansion of the above integral
is also positive. O

If G is of type A,, this proves a conjecture of Marsh and Rietsch [93, Section 3],
and if G is of type Dy, a conjecture of Pech, Rietsch, and Williams [99, Section 4].
They construct in both cases a D-module homomorphism QeGP Cr,p) and
show that it is injective. The conjecture remained open whether it is an isomor-
phism, or equivalently whether the dimension of H*(G"/P") is equal to the rank
of Cr(g, p). This is Theorem 8.3.

COROLLARY 8.4
Suppose that P is a cominuscule parabolic of G. The number of paths in Bruhat order

inside W from mp (wow(fs,c) to wowéD is equal to Pi(1,1,...,1), where P; is the
Laurent polynomial of Corollary 6.11.

Proof

Lemma 4.17 gives that the first term in the g-expansion of the quantum period is given
by the above number of paths. In Example 6.12, we have seen that P;(ay,...,ay) is
the ratio of a square-free polynomial by the product a; ---a,. Hence (8.3.1) evaluates
to Pi(1,1,...,1). The corollary follows from Theorem 8.3. O

9. Generalization of Zhu’s theorem
In this section, we explain how Zhu’s results in [128] establish Theorem 9.6 below.
We assume the reader is familiar with [128].
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9.1. Deformation of the Frenkel-Gross connection
We use the notation from Section 3, except that G and GV are swapped. We define a
deformation of the Frenkel-Gross connection parameterized by /& € t* as follows:

o d
ve :=d+(yp+h)?q+xedCI- (O-1.)

This is a connection on the trivial GV-bundle over P'\{0, 00} x t* relative to t*
(i.e., we view the connection 1-form (y, + h)% + xg dq as a relative differential
on P1\{0, 00} x t* over t* for the projection morphism P'\ {0, 0o} x t* — t*). Thus
VG specialized to 0 € t* is the connection VG of [43] considered in Section 3. As
before, the connection (9.1.1) depends on a choice of basis vector xg, but this choice
is suppressed from the notation. If the choice of xy € gy is not mentioned, then by
default we will use (3.9.1). As before, we also have the associated vector bundle with
connection V(G = V(G".V2) gyer P\ {0, 00} x t* relative to t*.

9.2. Rigid automorphic D-module

Recall from Section 7.1 the standard affine character ¢ : I(1)/1(2) — A'. Recall
that E = D,1/(d, — 1) denotes the exponential D-module on A!, and that we write
E? := ¢*E for the pullback D-module on 7(1)/1(2). Let S = Sym(t), and identify
the complex points of Spec(S) with t*. Define the (D1 ® S)-module M7 as the free
rank-1 (O ® S)-module with basis element “x”” for i € Spec(S) = t*, with the
action of the differential operator d; € D1 ® S along k € t C Fun(t*) given by

Ok =k X"

Equivalently, M7 is a rank-1 connection on the trivial line bundle over 7' x t* relative
to t* (i.e., for every h € t*, and locally for x in an open simply connected open subset
of T the horizontal sections of M7 specialized at /i are given by constant multiples of
the function x +— xh).

Recall our D-module conventions from Remark 6.20. Let j, : T x I(1)/1(2) —
Buny; denote the inclusion of the big cell into the x-component of Bung. By [71,
Corollary 1.3], j, is an affine open embedding. For an affine map f, we have R f, =
[+, and it follows that Rj, « = ji,« and Rje 1 = je1 (see [73, p. 95]).

Now consider the (Drx7(1)/1¢2) ® S)-module My KE? on T x 1(1)/1(2).

LEMMA 9.3
We have j. (M R E?) — ji.«(Mr X E?).

Proof
This is the D-module version of [71, Lemma 2.3]. We repeat the argument. For w €
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Wy — 2, let Py, denote the §(1,2)-bundle defined by a lift of w. Pick « € Inv(w),
and let U, C I(1) denote the corresponding one-parameter subgroup. We have an
inclusion U, < Aut(Py) and a commutative diagram

Uy X pt — = pt

idx Py, \ \ Py

t
Uy x Bung ——» Bung

Pulling back ji «(M7 X E?) in two ways, we obtain
E? v, B s (M7 K E?)|p,, 22 70" jie o (M7 HE?) .

Since E¢|Uu is defined by a nontrivial character of Uy, it follows that the stalk of
Jex (M7 X E®) vanishes at Py,. Similarly, the stalk of j, 1(M7 X E?) vanishes at P,,.
Since this holds for all w € Wy — €2, the result follows. O

Following Heinloth, Ng6, and Yun [71, Definition 2.4, p. 269], we make the fol-
lowing definition.

Definition 9.4
Define Ag r to be the (Dpun, ® S)-module on Bung given by ji (M7 K E?) =
Jesx(M7 X E?) on each connected component Bung.

Thus Ag 7 is the intermediate, or minimal, extension of D-modules (see, e.g.,
[73, Section 3.4]).

9.5. Twisted Kloosterman D-modules and statement of the main result

It is established in [71, Theorem 1] that Ag r has the Hecke eigenproperty. Let
TKlgv denote the corresponding GY-Hecke eigenvalue which is a GV -connection
on P'\{0, 0o} x t* relative to t*. Our basis element x" for & € t* = Spec(S) corre-
sponds to the multiplicative character y in [71, Remark 2.5] and the D-module on
Bung given by Ag 1 ®s h is denoted Ay , in [71, Theorem 1]. The G V-connection
on P1\{0, oo} given by TKlgv ®s h is denoted Kl g (¢, x) in [71, Theorem 1].

THEOREM 9.6
There is a choice of basis vector xg € g;-,/, which is compatible up to sign with Sec-
tion 2.2, such that the above G -connections are isomorphic:

TKlgv = VC".
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Specialized to 0 € t*, Theorem 9.6 reduces to Klgv =~ VG The proof of The-
orem 9.6 occupies the rest of this section. We will assume the reader is familiar with
[128].

9.7. Classical Hitchin map
We use notation from Section 7.1, and we let v := I(1)/1(2) in the rest of this section.

LEMMA 9.8
The stack Bung is good in the sense of Beilinson and Drinfeld; that is, we have
dim 7*Bung = 2dim Bung.

Proof

In [128, Lemma 17], it is shown that Bung(g 1) is good, where §(0, 1) is the group
scheme over P! obtained from the dilatation of the constant group scheme G x P!
along U x {oo} C G x {o0o}. The lemma follows after noting that Bung = Bung(j )
is a principal bundle over Bungq, 1y under the group 1,"°(0)/1,"" (1) x 1(1)/1(2) =
T xv. O

Let ¢* := Spec C[g*]® = t* / W, where W is the Weyl group. We have a canon-
ical Gyy,-action on ¢* coming from the scalar G,,-action on g*. It gives rise to a
decomposition ¢* = P; c’:li into 1-dimensional subspaces, where the integers d; <
dy <---<d, are the degrees of W. Recall that d, = ¢ is the Coxeter number of g.

Let & € Bung, and write & := &€|p1\(9 00} € BUngypi\(o,00}- The cotangent
space Tg Bung maps to I"'(P1\{0, 0o}, 0g ® Wpi\(0,00})> Where gg, is the bundle on
P1\{0, oo} associated to &’ and the coadjoint representation g* of G. The G-invariant
map g* — ¢* gives rise, as & varies, to a global analogue of the characteristic poly-
nomial called the (global) Hitchin map h°': T*Bung — Hitch(P'\{0, 00}), where

Hitch(P'\{0, 00}) := I'(P"\{0, 00}, ¢* x®" wp1\10.00))-
Let Hitch(P!)¢ be the image of 4, so that we write
h¢': T*Bung — Hitch(P')g C Hitch(P'\{0, o0}).

We give an explicit description of Hitch(P')g, following [128]. For a point x €
P!, we let O, denote the completed local ring at x and let Fy = Frac(O,) denote
its fraction field. Denote by Dy = Spec O, and D} = Spec Fy the formal disk and
formal punctured disk at x. We write g, for the Ox-module O - dt (after choosing
a local coordinate t), and wp for Fy - dt. We have the local Hitchin map (see [128,
p- 258])

he:g* ® op — ¢ x®m 0} =:Hitch(DY),
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where F = F.

Fori =0,1,2, let p(i) = poo(i) C goo denote the Lie algebra of 1(i) = I (i).
Similarly, define po(i) C go using I, (i). For an O-lattice p C g ® F, we define
pt = pY Qo we, where p¥ C g* ® F is the O-dual of p. The two local Hitchin
maps at x = 0 and x = oo give the following two commutative diagrams (see [128,
Remark 4.4], [128, Proposition 14]):”

po(D)" —— t* = po(1)/po(0)* PR —— v = p@)t/p()*

HitCh(Do)RS

¢ Hitch(Doo)1je —— v* |/ T

where the local Hitchin spaces are defined by (see [128, bottom of p. 263])°

Hitch(Do)rs = D) o (di) ® ¢ 9.8.1)
1<i<r

Hitch(Doo)1/e = @D 0y _(d) @ ¢ @ wh_(c +1) @« (9.8.2)
1<i<r

The bottom map of the left diagram is obtained by taking the residue at 0. The bottom
map of the right diagram is explained in [128, (4.11)]. It involves Kostant’s section
(see [82])

yp+ (@) " (9.8.3)

This map is G,,-equivariant for a suitable G,-action on y, + (g*)*# and the above-
mentioned G, -action on ¢* (see [96, Proposition 2.2]). Important for us later will be
the corollary that y, + g, > ¢} under Kostant’s section.

The following result is a §(1,2)-version of a similar formula for §(0, 1) in [128,
p. 270].

LEMMA 9.9
We have an isomorphism

Hitch(P)g = @D T'(P'.0f (d; -0+ d; - 00))

I<i<r
® TP oS (c-0+(c+1)-00))®cs=A" x Al (99.1)
d; s pl c = . .
2In [128, Section 4], p is an arbitrary parahoric subgroup. We specialize to the case that p is the Iwahori. The

notation Hitch(D )1, matches [128, p. 272].
3In the notation of [128, p. 259], the integer m is equal to the Coxeter number ¢ for us.
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Proof
By the same argument as in [128, Lemma 5], we have the description

Hitch(P')g = Hitch(Do)rs Xpien(py) Hitch(P'\{0, 00}) Xpgien(pz,) Hiteh(Doo)1/c-

The explicit descriptions (9.8.1) and (9.8.2) give the first isomorphism in (9.9.1). For
the second isomorphism, we note that wgl =~ Op1(—2d). Thus a)g{ (di-0+d;-00) =
Op1(—2d; +2d;) = Op1 and wg, (¢ -0+ (¢ + 1) - 00) = Op1 (1). O

Let u : T*Bung — t* x v* be the moment map for the action of 7 x v on Bung.
PROPOSITION 9.10
The following diagram is commutative, all maps are surjective, the bottom map is an

isomorphism, and the top map is flat:

T*Bung

t* x v*
e (9.10.1)
Hitch(P')g — = x0T

Proof
The global Hitchin map /' embeds into the product of the local Hitchin maps hf)] and
h;‘ at 0 and oo, which establishes the commutativity of (9.10.1).

The explicit description (9.9.1) of Hitch(P')¢ establishes the isomorphism of the
bottom map (see [128, (4.9), Proof of Lemma 19]). The left vertical map of (9.10.1)
is surjective by definition. The right vertical map of (9.10.1) is a quotient map and
thus surjective. The top map w of (9.10.1) is surjective because Bung is a principal
(T x v)-bundle over Bung g, 1).

The proof of the last claim is identical to that of [128, Lemma 18], which
we repeat. The Hamiltonian reduction 1 ~'(0)/(T x v) is naturally identified with
T*Bung(,1). As remarked in the proof of Lemma 9.8, Bung,) is good, and
thus 7*Bung(o,1) has dimension 0. This implies that dimu~'(0) = dim(T x v).
Let W C T*Bung be the largest open substack such that the fibers of u|w have
dimension dim(7" x v). Then W is G,,-invariant, and since ©~1(0) C W, we have
W = T*Bung, so all fibers of p : T*Bung — t* x v* have dimension dim(7" x v).
Since t* x v* is smooth and 7 *Bung is locally a complete intersection, we conclude
that u is flat. O
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9.11. Quantization

We recall the descriptions of certain spaces of g¥-opers from [128, Section 5]. (The
Lie algebra gV will be suppressed from the notation, so that we write Op for what is
denoted Op_  in [128].) Recall from Section 3.1 the principal sl>-triple (xp, 20Y.,yp)
in g¥. The space Op(DY) of opers on the formal punctured disk centered at x can be
identified with the space of operators

d+(yp+(@")? ® F)dz,

where z is a local coordinate at x. The space Op(Dg)grs of opers on the formal disk
centered at 0 with regular singularities can be identified with the space of operators

d
d+(yp+(gv)x"®(90)7q. (9.11.1)

The space Op(Do)1/c of opers on the formal disk centered at co with slope at most
1/c is the space of operators

1 1
(d+(yt—p+;bv®(900+t—zgg®(9w)d1)/UV((900), 9.11.2)
where t = 1/q. The spaces Op(Dg)rs and Op(Do)1/c are subschemes of Op(D()
and Op(D},), respectively.

In [128, Section 2], a subscheme of opers Op(P!)g C Op(P'\{0, oc}) is defined,
and according to [128, Lemma 5], we have (cf. [128, p. 272])

Op(P')g = Op(Do)rs X0op(D) Op(P'\{0, 00}) Xop(px) OP(Doo)1/e.  (9.11.3)

The description (9.11.3) is a quantization of (9.9.1).

Let U(t) and U(v) denote the universal enveloping algebras of t and v, and let D’
be the sheaf of algebras on the smooth site (Bung),, defined by Beilinson and Drin-
feld [6, Section 1.2.5]. The following variant of [128, Lemma 21] is the quantization
of Proposition 9.10.

PROPOSITION 9.12
We have a commutative diagram of strict morphisms of filtered commutative algebras,
where the top map is an isomorphism and the bottom map is flat:

U®)” @ U(w)”T —— C[Op(P)g]

hy 9.12.1)

Ul ® U(v) I'(Bung, D')
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Proof
The universal enveloping algebras U(t) and U(v) have natural filtrations such that the
associated graded algebras satisfy gr(U(t)) =~ C[t*] and gr(U(v)) == C[v*].

The ring of functions C[Op(P!)¢] has a filtration such that gr(C[Op(P!)¢]) =~
C[Hitch(P!)g], and T'(Bung, D’) has a filtration such that gr(I'(Bung, D’)) =
Fun T*Bung, where we write Fun to denote the commutative pro-algebra of regu-
lar functions on an affine ind-stack. The right vertical map hv is defined in [128,
(3.3)], and is a quantization of the classical Hitchin map 4. For these construc-
tions, see [128, p. 254, Section 5.2]. The bottom horizontal map is explained in
[128, pp. 255-256]. The top horizontal map is a quantization of the moment map
i T*Bung — t* x v* (see [128, Proposition 15]). Thus, taking associate graded
algebras of (9.12.1), we recover (9.10.1).

The commutativity of (9.12.1) follows from commutative diagrams (see [128,
Proposition 15]) analogous to (9.8.1) and (9.8.2).

By Proposition 9.10, after taking associate graded algebras the top map is an
isomorphism and the bottom map is flat; thus the same statements hold in (9.12.1).

O

9.13. Proof of Theorem 9.6
Let n: Op(Dg)rs — ¢* be the residue map obtained from the description (9.11.1) and
Kostant’s isomorphism (9.8.3). Let

ottt W ="

be the projection map. We now compute the intersection Op(P!)g N = (w (h)) for
h € t*, which corresponds to a slice of the isomorphism

Op(Pl)g —> ¢* x Spec U(v)T (9.13.1)

given by the top map of Proposition 9.12.
The space Op(P!\{0, oo}) of opers consists of operators of the form

d
V=d +yp7q +v(q)dg.

where v(q) € (g¥)*7[q.q7"].

Suppose moreover that V € Op(P')g N n~!(w(h)). The condition V €
Op(Dy)grs that V has a regular singularity at 0 implies (see (9.11.1)) that v(g) €
g~ (@¥)*7[q]. Write v(g) = a/q + vo(q) with vo(q) € (§¥)*”[g] and a € (g¥)*7.

The condition n(V) = w(h) says that the residue of V at 0 is w(h) € ¢*. By
Kostant’s theorem (see [82, Theorem 7]), the map g¥ — g¥ / GY — ¢* induces the
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isomorphism (9.8.3). Thus the element a is uniquely determined by w (k) € ¢*. We
denote it by a = ay, € (g¥)*7.
Writing ¢ = 1/¢, the operator becomes

dt 1\ dt
V=d- = —w(5)5
(yp +an) ; Vo )2
The condition V € Op(Do)1/. at oo implies (see (9.11.2)) that vo(%) must be con-
stant and must belong to the root space g, = Cxg.
Thus the space of opers Op(P!)g N n~ ' (w (h)) is the space of operators of the
form

d
V=d+,+ a;);q +axgdy, (9.13.2)

for a € C. Thus Op(P')g N n~!(ww (h)) = A'. This bijection V <> o corresponds to
the isomorphism (9.13.1) under the identification A' 2 v*/T = Spec(U(v)T). (The
(r 4+ 1)-dimensional T-module v has weights the simple roots oy, ...,q, and the
negative —0 of the longest root; hence v*/T = Al.)

By construction, the two elements y, + a; and y, + & in g¥ have the same
image w(h) in g¥ J/ GY = t* J/ W = ¢* and are therefore conjugate by a group
element g € GV. Again by Kostant’s theorem, U" acts freely on y, + b¥ via the
adjoint action, and the quotient is isomorphic to y, + (g¥)*?. Thus y, + aj and
yp + h are conjugate by an element in the unipotent subgroup UY C G V. It follows
that Adg (xg) = xg.

Recall from Section 9.1 the deformed Frenkel-Gross connection

v d
VO =d + (v, + h)i’ + xpdy. 9.13.3)

We deduce from Ad, (xg) = xp that the two connections (9.13.2) with o« = 1 and
(9.13.3) are gauge equivalent via a constant gauge transformation.

To complete the proof of Theorem 9.6, it remains to show that the twisted Kloost-
erman D-module TKlgv is isomorphic to the connection (9.13.2) for some o = %1.
This is achieved in the same manner as in [128, p. 273]. Namely, we compare two
automorphic D-modules.

We begin by constructing a Hecke eigen- D -module with Hecke eigenvalue equal
to (9.13.2). Let ¢ : v — C be the standard affine character, inducing a character ¢ :
U(v) — C. The element /1 € t* also defines a character ¢y, : U(t) — C. The D-module

—1/2
Aut(h) := s ® (D' ®UeU(®).0100 C)

is considered in [128], where D’ is the sheaf of critically twisted differential oper-
ators on (Bung)s;,, and the tensor product is defined using the bottom map of
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Proposition 9.12. Using the flatness statement in Proposition 9.12, Zhu’s result (see
[128, Corollary 9]) states that Aut(h) is a Hecke eigen- D-module with the connec-
tion (9.13.2) as its Hecke eigenvalue.

Finally, we argue that Aut(%) is isomorphic to the automorphic D-module of [71]
from Definition 9.4. Recall from Section 7.3 the big cell 7" x v = B(l)lng C Bung,
which maps to the basepoint * C Bung(,1) corresponding to the trivial (0, 1)-
bundle. By [128, Remark 6.1], wguln;z is canonically trivialized on Bfmg. It follows

that the restriction of Aut(h) to B(fmg =~ T x v is isomorphic to My X E?. Further-
more, Aut(h) is a (T x v, My X E?)-equivariant D-module on Bung (see [126, Sec-
tion A.4.2] for the definition of equivariant). By [71, Remark 2.5], Aut(/) is automat-
ically the (intermediate) clean extension of Aut(h)|B3“§. Thus Aut(h) is isomorphic
to Ag,r specialized at h € t* for which TKlgv specialized at & € t* is an eigenvalue.
This shows that TKlgv specialized at & € t* is isomorphic to (9.13.2) and thus to the
deformed Frenkel-Gross connection (9.13.3), completing the proof. O

10. Equivariant quantum cohomology and weighted geometric crystals
We extend the mirror isomorphism of Theorem 8.3 to the equivariant case. Recall
from Section 9 the notation S := Sym(t) = H7. (pt).

10.1. Equivariant quantum connection

Let QH}. (GY/PY) denote the torus-equivariant small quantum cohomology ring
of GV/PV.1tis an algebra over C[g; |i ¢ Ip] ® S. For w € WF, we abuse notation
by also writing 0y, € QHZ., (G /P") for the equivariant quantum Schubert class.
The following equivariant quantum Chevalley formula for a general GV /P is due
to Mihalcea [94].

THEOREM 10.2
Forw e W¥, we have in QH., (GY/PV)

0i *q 0w = (w;" —w - ;" )ow + Z (@7, Blowss + Z (@7 V)0 p )07 p (ws1)-

ﬂ\/ vv

\2 . Y \" \ Y
where @, € t denotes a fundamental weight of g”', and B, v denote roots of g".
The last two summations are as in Theorem 4.3.

We have a bundle map QH7. (GY/PY) — t*. We write QH;(G"/P") for the
fiber of this map over / € t*. The algebra QH} (G /P") is again a free Clg; | i ¢
I p]-module with Schubert basis {o,, | w € WF).

Now, assume that PY C GV is minuscule. Let O(1) be the line bundle on
GV /P arising from the natural embedding GV /P —> P(V ). Consider the bun-
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dle QH7 (GY/PY) over C7 x t* extended trivially to C7'. We define the equivariant

% \%
quantum connection (Q?v/ P” to be the connection on H 7v(GY/PY) over CJ x t*
relative to t* by

Vv v dq
Q" =d + el (0) %

where c{(O( 1)) denotes the equivariant first Chern class of O(1), and *, denotes
equivariant quantum multiplication. We have that clT(O( 1)) = 01 — @ 0jq in
QH7.,(GY/PY), so by Theorem 10.2,

cF(0(1)) g o0 = —w- w0 + Z (@, B)ows, + Z (@ V) p ()0 p (wsn)-

B\/ UV

Theorem 4.14 has the following equivariant generalization.

THEOREM 10.3

If PV C G is minuscule with corresponding minuscule representation Vwiv,
then under the isomorphism L : H*(GY/PY) — Vg of (4.11.1), the equivari-
ant quantum connection (Q?z/ P s isomorphic to the pulled back connection
(idg x inv)*V(E&- @) ywhere inv : t* — t* is the map h — —h, and id, : C; — CJ

is the identity map.

Proof

The extra term in c{ (0O(1)) *4 oy, not present in the nonequivariant case is —w -
@, 0y . Evaluating at i € t*, we get the term —(w - @w,”, h)oy,. This agrees with the
calculation —/ - vy, = —(w - @.”, h)vy, for gV acting on vy, € V. The result then
follows from the calculation in Theorem 4.14. O

10.4. Character D-module of a weighted geometric crystal
Define the weighted character D-module of the geometric crystal X by

WCr(g,py := Rm.(E/ ® y*Mr), (10.4.1)

where we recall that y : X — T is the weight map (6.4.1). It is a D-module over
Z(Lp) x t* relative to t*. By taking the fiber over & € t*, we obtain the D-module
(1.12.1).

Theorem 7.10 has the following generalization.

THEOREM 10.5
Suppose that P = P; is cominuscule, and identify the bases Z(Lp) — P'\{0, oo}
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via o;. Then the character D-module WCr, py is isomorphic to a pullback
(idg x inV)*TKl(Gv,wi\/) of the twisted Kloosterman D-module.

Proof

The proof is the same as that of Theorem 7.10, so we sketch the main differences.
According to Proposition 7.9, we have ¢! f7(i(x)) = y(x)~!. Thus adding f7 to the
diagram (7.10.2) we can write, with M~! denoting the pullback under inverse of the
multiplicative D-module on P'\ {0, oo},

WCr,p) = Rn*(G*E_"’) ® fAMr ® ﬂ*M—l)
= R ((f+. f0)*E® ® ffMr) @ M~
=TKlgv M7,

where we have used the projection formula (see [73, Corollary 1.7.5]) for the second
equality. For the third equality, we have used a variant of Lemma 9.3, namely, that
pro(priAg,r ® D;) = pry , (pri Ag,r ® D;) and R'pr, , (priAg,r ® D;) = 0 for
i >0 (cf. [71, Section 4.1]). Since M~ is isomorphic to Op1\(9 o0y as D-modules,
the conclusion follows. U

10.6. The equivariant mirror theorem
Combining Theorems 10.3, 9.6, and 10.5, we obtain the following equivariant
strengthening of Theorem 8.3.

THEOREM 10.7
Suppose that P is a cominuscule parabolic subgroup of G, and let P be the dual
minuscule parabolic subgroup of GY. We have an isomorphism

GV /PY
WCI‘(GJP) = (’QTV/

of D-modules over Z(L p) x t* relative to t*.

In the case that GV /P is a Grassmannian, an injection from (,‘2?:/ P into
WCr(g, p) is constructed by Marsh and Rietsch [93, Theorems 5.5 and 4.10].

11. The h-mirror theorem

Recall that S = Sym(t). We introduce an additional parameter /i and work with
(D, ® S)-modules. We shall establish Theorem 11.14, which is a stronger version
of Theorem 10.7.
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11.1. Dy ® S-modules
The definition of the sheaf Dy x of h-differential operators on a complex smooth
affine algebraic variety X equipped with a G,,-action is recalled in Section 16. An S-
structure on a Dy, x-module M is an action of S on M that commutes with the Dy x-
action. Equivalently, M is a module for the sheaf D x ® S, where elements of S are
considered “scalars.” For any Dy _x-module M, the sheaf M ® S is a (Djx ® S)-
module.

Our basic example is the multiplicative (Dy, 1 ® S)-module M;/ " on T, defined
as follows.

Definition 11.2
For a complex torus 7" and t = Lie(T), let

MY = Dur ® S/(6 —k |k etC S).

We give T the trivial G,,-action and furthermore declare that k € t C S has degree 1.
This gives MIT/ " the structure of a graded Dy, T-module.

Remark 11.3
The (D, r ® S)-module M;/ " is a free (O ® S)-module with basis element “e¢/"
with the action of & := (h +— (k,h)) € Dy, T given by

ék . ef/h — keé/f”,

for k € t C S. Here & should be thought of as “/idg” (see Section 16). And “£” should
be thought of as the multivalued function from T to S = C[t*] given by

£(t)(h) == (log(r), h), where h € t*. (11.3.1)

Recall that an h-connection on a bundle E over X is a C-linear operator V :
I'X,E) > T(X,E)® Qyx such that V(gs) = gV(s) + hs ® dg, where g € Ox and
s € I'(X, E) are sections. An h-connection for 2 = 1 is simply a connection in the
usual sense. An alternative description of M;/ " is as follows: take the trivial S [A]-
bundle on 7 and equip it with the f-connection Aid — k, where k e t C S.

Suppose that we have G,,-actions on E and X such that the projection £ — X
is G,-equivariant. We then say that the h-connection V is graded if K=V is Gy,-
equivariant, where £ is taken to be degree 1 for the G,,-action. Equivalently, if V =
hd + n, then we require that 1 has degree 1 for the G,,-action.

11.4. Frenkel-Gross connection revisited
Let V be a finite-dimensional GV-module, and let  : V' x t* — V denote the action
map of t*. Let u*: V — V ® S denote the map defined by u*(v) =v® k ifveV
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has weight k € t. By extending scalars, we obtainamap u*: V ® § - V ® S. For a
GY-module V, define the deformed Frenkel-Gross h-connection

~(v d
V,(,LG V)= hd + (yp + ,u*)?q + xgdq,

acting on the trivial (V' ® S[A])-bundle on P!\{0,00}. Thus for 4 =1 and & € t*
inducing an evaluation homomorphism % : § — C, we have that %/,(iGV’V)| =1 ®s
Cx V@GV ®s C reduces to (9.1.1).

Declaring that k € t C S sits in degree 1, the G,,-action of Section 3.4 extends to
this deformation so that the 1-form (y, + p,*)‘fl—q + x¢ dg has degree 1.

11.5. Equivariant quantum connection revisited
Define the equivariant h-quantum connection

V] Vv dq
Qg P i=hd + T (0(1)) % o

acting on the trivial bundle over Spec C[g, ¢~'] with fiber the equivariant cohomology
H7,(GY/PY)®Clh]. Here c{ (O(1))*4 denotes the equivariant quantum cohomol-
ogy action. Then C‘Z(T;j/PV from Section 10.1 is equal to @g;/vpv lrn=1-

As in Section 4.5, we define a G,,-action on QH7., (G /P") by using half the
topological degree. As before, k € t C § sits in degree 1. The connection 1-form
(01 *q 0 —@) ‘2—‘1 is then homogeneous of degree 1 for the G,,-action.

We then have the following variation of Theorem 10.3.

THEOREM 11.6

If PV C GV is minuscule and with corresponding minuscule representation Vwiv,
then under the isomorphism L : H*(GY /PY) — Vv of (4.11.1), the equivariant

% \%
quantum connection C‘ZST/VP is identified with the deformed Frenkel-Gross h-
. . . =GV, @Y
connection (idg ><1nV)*V,§ @)

on P\ {0, 00} x t* relative to t*.

. This is an isomorphism of graded h-connections

PROPOSITION 11.7
For any A € C*, there is an isomorphism

QO P e = [q > g/ AT Th > h/AT* Q5T

of connections on P'\{0, 0o} x t* relative to t*.

Proof
Recall that QH 7., (GY/P") is a graded ring with the topological degree deg(oy,) =
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2¢(w) and that it follows from Lemma 4.8 that deg(q) = 2¢. The gauge transfor-
mation o, — A¢ ¢, then gives the desired isomorphism between the two connec-
tions. O

11.8. Twisted Kloosterman D p-modules
Define the exponential Dy, 1-module by

El/h = Dh,Al/Dh,Al (hax - 1)

Recall the generic affine character ¢ : I(1)/1(2) — A', and let E¢/" := ¢*E/"
denote the pullback.

Let Alg/} denote the (Dp ® S)-module on Bung(; ) given by taking the (Dp ®
S)-module MIT/FL X E®/" on T x I(1)/1(2) and pushing it forward to Bung(j 2).
We may define the twisted Kloosterman (Dy ® S)-module TKllG/f on P'\{0, 00}
as TKlgv ® C[A]. As before, we have associated (D ® S)-modules TKl(léhv,V) and
TK1/" ) The G, -action of Section 7.12 gives the structure of a graded (D, ® S)-

GV, @
module.

THEOREM 11.9
Let w" be a minuscule fundamental weight of GV . There is a choice of basis element
Xg € gg such that we have an isomorphism of graded (Dy, p1\ (9,00} ® S)-modules
1/h ~ GV, @mY)
TKI(GV,WV) =V, .
As before, we normalize conventions so that ¢ matches with the choice of xy
from (3.9.1).

Proof

The proof is a variation of the proof of Theorem 9.6. It suffices to show that TKlg I
%/g " holds when specializing i = 1. Notationwise, the convention is that omitting &
from the notation of a Dj-module gives the corresponding D-module at 7 = 1. Let
S = Sym(t), and let ¢ : S — S denote the natural inclusion. Consider the automor-
phic sheaf

—1/2

Autg 7= 0gyrs ® (D' @swgu().ae (S ®C)),

defined using Proposition 9.12 and the natural isomorphism U(t) = S. The same
argument as in the proof of Theorem 9.6 gives that Autg 7 is a holonomic (D’ ® S)-
module. The technology of [128] shows that Autg 7 is a Hecke eigensheaf on Bung.
Let & denote its Hecke eigenvalue, and for a finite-dimensional G-module V, let



142 LAM and TEMPLIER

€Y denote its associated bundle. Then &Y is a (Dg,, ® S)-module isomorphic to
vETn,

On the other hand, as in the proof of Theorem 9.6, Autg 7 restricted to Bfmg ~
T x v is isomorphic to Mz X E?. Furthermore, Autg 7 is a (T x v,Mr X E?)-
equivariant D-module on Bung. It follows that Autg 7 = Ag 7. Thus TKlgv vy =
VGV for any V, or equivalently, TKlgv = V&Y.

We note that the (,,-actions of Section 3.4 and Section 7.12 are in agreement:
they are both induced by the trivial G,,-action on T, the dilation action on v =
I(1)/1(2), and the action ¢ - g = {€q of the curve P!\ {0, oo} (noting that the Coxeter
numbers of G and GV coincide). Thus TKlgv = V& as filtered (Dp1\(0,00} ® S)-
modules, where the filtration is induced by the G,,-action on C;( as explained in
Section 16.1. O

11.10. Weighted geometric crystal D-module revisited

We use notation similar to Section 6. Let WCr(Ié;}P) ‘= Ry (M’T’/ "® ES/ ") be the
pushforward (Dj, z(1p) ® S)-module on Z(Lp) ® S = Gy sym(r). According to
Proposition 6.24, we have that 7 : X — Z(Lp), f: X — Al,and y : X — T are

Gm-equivariant. Thus WCrgc/;hP) acquires a natural structure of a graded (D, z(1 p) ®

S)-module. In Proposition 16.13, we show that WCr(léhP) is h-torsion-free.

PROPOSITION 11.11
(1) For any A € C*, there is an isomorphism of D z(1, ,)-modules

WCH o lhms 2 [g = q /AT [ +> h/AT*WCr(G, p).

where c is the Coxeter number of G.
(ii) There is an isomorphism of (Dp, z(L ) ® S)-modules
werll, = WCr Clh
(G,P) = (G,P) &c [ ]
Proof
Assertion (i) follows from the homogeneity of the potential f established in Sec-
tion 6.21 combined with Corollary 6.25 and Lemma 6.29. Note that M’}/ " is multi-

plicative and thus invariant under any Kummer pullback.

From (i) we deduce that WCr(lng) and WCr(g, py ®c C[R] are isomorphic after

localizing Dy, p1\ (9,00} at (1). Proposition 16.13 says that WCr(lc/fP) is h-torsion free,

and WCr(g, py ® C[n] is also A-torsion-free by construction; hence the isomorphism
extends to Dy, p1\ 19,00} - |

The following result has an identical proof to Theorem 10.5.
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B-model A-model
W’Crééz,): character Dj-module of the| Theorem 11.14 Q;?;V'P ). TV-equivariant quantum
weighted geometric crystal for (G, P) Dp-module for GV/PY
Theorem 11.12 Theorem 11.6
TKI(IC/;Q’V): twisted Kloosterman VAV deformed Frenkel-Gross
Dj-module for Theorem 11.9 h-connection for
minuscule representation V' of GV reorem £2.: minuscule representation V' of GV

Automorphic Galois

Figure 3. The four Dp-modules in the proof of Theorem 11.14.

THEOREM 11.12
Suppose that P = P; is cominuscule, and identify the bases Z(L p) — P'\{0, oo} via

ai. Then the graded character (D, z(L py ® S)-module WCrEéhP) is isomorphic to
the graded Kloosterman (Dy, p1\ (9 00y ® S)-module (idg X inV)"‘TKlzéhv vy
11.13. The Dy, ® Sym(t) mirror theorem

Combining Theorems 11.6, 11.9, and 11.12, we obtain the result given in Figure 3.

THEOREM 11.14
Suppose that P is a cominuscule parabolic subgroup of an almost simple algebraic
group G. We have an isomorphism of graded (Dy, z(L »y ® Sym(t))-modules
1/h . oGY/PY
WCr(G,P) =Qy v -
12. Proof of the Peterson isomorphism

We deduce the equivariant Peterson isomorphism (Theorem 12.4) by specializing
h — 0 in Theorem 11.14.

12.1. The Gauss—Manin model
Recall that S = Sym(t) = C[t*]. In this subsection, we describe the (Dpp1\{0,00} ®
S)-module WCrzé}?P) more explicitly.

By [73, Proposition 1.5.28(i)] and Proposition 16.7, we may compute
R (MY/PEJ/") by computing the sheaf pushforward GM}, along 7 of the rela-
tive de Rham complex DR}/Z(LP)(MV/th/h). Since X = B¥? x Z(Lp), where
B¥?P and Z(L p) are both affine (and thus also D-affine), it suffices to work with the
modules of global sections. The complex GM;, is given by

QUX/Z(Lp)) ®c S == Q47N X/Z(Lp)) ®c S > Q¥ (X/Z(Lp)) ®c S.
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where d := dimX — dimZ(Lp) = dim B¥?, and Q¥(X/Z(Lp)) is the module
of relative global differentials. Here, the space of global sections of the rank-1
(Dp.x ® S)-module MY/"E//" has been identified with S[X] = C[X] ® S and the
h-differential is given accordingly by

hd +df +y~tdy.

Here, the differential hd and the forms df and dy are both relative: no differentiation
is made in the Z(L p)-direction. The form dy is the differential of the weight map,
valued in t = Lie(T).

By Proposition 16.13, we know that R, (MY/"E//") vanishes except in one
degree, so the only nonzero cohomology group of GM}, is

GM;, = coker(Qd_l(X/Z(Lp)) ®S — Qd(X/Z(LP)) ® S).

Now, X = BY? x Z(L p) is an open subset of affine space: specifically, B¥? is
an open subset of a Schubert cell in G/ P. Let x1, x2, ..., X4 be coordinates for this
Schubert cell. Let

A:=Sym()[Z(Lp)] = C[X*(Z(Lp))]® S =CIt*.q;*" |i ¢ Ip],

which is a Laurent polynomial ring over S in dim Z (L p) variables, and let A[B*?] =~
S[X]. Then C[B¥?] is a localization of C[xq,...,x;], and we have isomorphisms of
A[B¥?]-modules

QY(X/Z(Lp))® S = A[B*?] - o,

QITNX/Z(Lp))®S =) A[B"] ;.

i

where w = ]_[;Ll dx; and w; =[], dx;. Thus the Gauss-Manin module GMj,
can be written explicitly in terms of coordinates by computing the partial derivatives
+ y! 38;/ Here, a_y are the components of the differential dy.
" The Gauss—Manin module GMy, is an A{hdy; | i ¢ Ip)-module, where /idy; acts
via the operator hdg; + 3 af

Remark 12.2

We may write “ fs” for the weighted multivalued potential, that is, fs:= f + Loy,
where £ is defined as in (11.3.1). The multivaluedness implies that it is not quite an
element of S[X]. However, its differential dfs = df + dy—y is well defined.

12.3. Peterson isomorphism
Consider the Jacobian ring of the potential f with weight y:
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a a a
y LB iy
yoxy dxg  yoxg

Jac(X/Z(Lp), £.7) :=Sym(H[X]/ (% "

It is independent of the choice of coordinates of B™? because it can be identi-
fied with the cokernel of the wedge map with df + dy—" from Q41 (X/Z(Lp)) to
Q4(X/Z(Lp)).

THEOREM 12.4
If PV is minuscule, then we have an isomorphism of Sym(t)[Z (L p)]-algebras

Jac(X/Z(Lp). f.y) = QHF (GV/PY).

Moreover, multiplication by q % on the left-hand side corresponds to quantum multi-
plication by clT(O(l)) = 0y — @,’ on the right-hand side.

Proof

Recall that 4 = Sym(t)[Z(L p)] = C[t*,¢T!]. By Theorem 11.14, we have an iso-
morphism of A(hd,)-modules between GM}, and the equivariant quantum connection
(,‘Zg,;/vpv, which is the A(hd,)-module QH7., (GY/P") ® C[h] with the action of
hqd, given by hqdy + (oi*q) — ;.

At h = 0, the map is given by wedging with the relative differential df + %,
so we have GMy 2= Jac(X/Z(Lp), f.y) as an S[g*'](hd,)-module with the action
of hd, given by multiplication by g—g on the right-hand side which we denote by
Jac( f,y) for short.

Under the above isomorphism
o: QH(GY/PY) x=TJac(f,y)

of S[¢*']-modules, quantum multiplication by o; — @; corresponds to multiplication
by q% in Jac(f,y).

Since QHF., (GY/P")is afree S[g*']-module, we deduce that Jac( £, ) is also
free. Let a(1g) be the image of the identity 1 of the ring H7,(GY/P"), and let
17 €Jac(f, y) denote the identity of the ring Jac( f, y). It also follows that there exists
¢elac(fy) ®s C(t*) sothat a(lp) - ¢ =1y. Let o : HF (GY/PY) = Jac(f.y)
denote the composition of the S[g*!]-module isomorphism & with left multiplication
by ¢. Then ¢ (1g) = 17 and o sends quantum multiplication by o; to multiplication
by g %.

Recall that S = C[t*], so the fraction field is C(t*). By [94, Corollary 6.5] and
[29, Lemma 4.1.3], QH ¥, (GY/PV) ®s Frac(S) is generated over Frac(S)[g*'] by
o, and thus also by ¢7 (O(1)) = 0y — @ . We deduce that {& induces a Frac(S)[g*1]-
algebra isomorphism after localization. Since the S[g¥!]-algebras QHZ (GY/PY)
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and Jac(f, y) are already free as S-modules, it follows that {« is an isomorphism of
S[q*']-algebras. O

Recall from (1.17.1) the definition of the Peterson stratum ¥},. Rietsch [107] has
proved that Jac(X/Z(Lp), f.y) is isomorphic to C[¥}]. We thus obtain the follow-
ing corollary.

COROLLARY 12.5
If PV is minuscule, then we have an isomorphism of Sym(t)[Z (L p)]-algebras

QH7.(GY/PY) = C[¥p].

12.6. Example
Consider the case GY/PY = Gr(l,n + 1) = P". We have that the equivariant quan-
tum A({hd,)-module (,‘ngTv is given by the connection

hy q
d 1 hz
hg —
qqur ,

1 hn+1

where Z:’:ll h; = 0, and we identify & = (hy,hy, ..., hyy1) € t* in the usual way.
Its dual is isomorphic to A(hdy)/A({hd4)L, where

n+1

L= l_[(hqj—q—hi)—q.

i=1
This is a hypergeometric differential operator of type ¢ Fy. In the notation of [78,
Section 3], we see that for A € C*, (QE?TV| n=x 1s the hypergeometric D-module

Jfﬁ(h i{s,ﬂ). On the other hand, the character A(hd,)-module WCr'/" is given by
the m,-pushforward of MY/hESa/h that is,

Ri/h Bt /R (e et xn+X0 1)/ B dxy - dxpyi
xp U eeex, MU E _—.
X1 Xp1=4 X1 Xn41

The mirror isomorphism C‘Z];)?Tv =~ WCr(lg,iP) of Theorem 11.14 follows in this case

from a result of Katz [78, Theorem 5.3.1] on convolution of hypergeometric D-
modules. In the semiclassical limit 7 — 0, we recover the equivariant quantum coho-
mology algebra

n+1

oy (") =Clx.q* .1/ ([Tx—h) =q)

i=1
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from the quantum connection (,‘ZH,;WTv on the one hand. And on the other hand, from
the potential function f + y~!dy, and in view of

0 x;0
Xi—f+)/_1 : y=Xi+hi_ 1 ;
8x,~ 8)61' X1 Xpn

we recover the Jacobi ring Jac( f,y). By letting x := x; + h;, which is independent
of i, we see that % +y7! i%’ = 0 is equivalent to ]_[:': 11 (x — h;) = ¢q, in agreement

with Theorem 12.4.

13. An enumerative formula

In this section, we calculate the quantum period of minuscule flag varieties (The-
orem 13.11). The first coefficient in the g-expansion corresponds to the identity of
Corollary 8.4.

13.1. Solution of the geometric crystal D-module

We allow P to be arbitrary until Section 13.4. The Givental [54] integral formula for
Whittaker functions (see also [52]) arises in the present context as solutions to Cr(g, p)
via a natural pairing with homology groups. Equivalently, these are special functions
that are solutions of the quantum differential equation. The final Section 13.16 treats
the case of the classical Iy and Ky-Bessel functions as an illustration of the main
concepts.

The solution complex of Cr(g, p) is defined (see [73, Section 4.2]) to be

Sol(g,p) := RHomp (Cr(g p). OZ( ,))-

Recall that Cr(g,py = R« ES. By [73, Theorem 4.2.5], we can interpret the stalks
of Sol(g,p) as dual to the algebraic de Rham cohomology H(;R(G7 P,E/t) fort e
Z(Lp). Concretely, Sol(g, py is the local system of holomorphic horizontal sections
of the connection dual to Cr(g, p).

If P is cominuscule, then by Theorem 8.3, Cr(g,p) is a coherent D-module;
hence Sol(g, p) is a local system on Z(L p). For every t € Z(L p), we deduce that
Hi (GJP,Ef) is zero unless i = d = dim(G/P), and that dim H&(G/ P, E/) is
constant and equal to |W P|.

13.2. Compact cycles

The following proposition holds for any open Richardson variety so we state and
prove it in that generality. For u < w in W, recall that R denotes the open Richard-
son variety, defined to be the intersection of B_1B/B with BwB/B.

PROPOSITION 13.3
Hywy—e) (RY) is 1-dimensional.
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Proof
By Poincaré duality, it is equivalent to treat the cohomology with compact support

Hce(w)_é(") (RY). By [103, Proposition 4.2.1], there is a canonical isomorphism

H2(RY) = Ext" Tt @ (pr, ),

where M,, and M, denote the Verma modules in the principal block. Since R}’ has
real dimension 2({(w) — £(u)), we have Hf(w)_é(”)(ﬁx’) ~ Hom(M,,, M,). This
space is 1-dimensional as follows from the Bernstein—Gelfand—Gelfand correspon-
dence. O

To construct a middle dimension cycle generating Hy(y)—¢u)(Ry ), we use that
R contains many tori. (In fact by Leclerc [89], C[RR}}] contains a cluster algebra
and is conjectured to be equal to 1.) We choose any cluster torus (C*)¢@)—t0) ¢ Rw
and consider the middle dimension cycle given by a compact torus (S1)¢)—£0) we
denote integration along this cycle by ¢. We can normalize the form o from [81]
which has simple poles along the boundary of R} such that

)

55 Qi) t@—te) — I
In view of Proposition 13.3, the cycle is well defined and independent of the choice
of tori. s

Recall from Section 6.6 that G/ P = Ry,%.,,, which can be identified with the
open projected Richardson variety in G/P. Thus we have shown that the space
Hy, (G/o P) is 1-dimensional and generated by the above compact cycle. For the case
of full flag varieties G/ B a related construction appears in [108, Section 7.1], and for
the Grassmannian in [93, Theorem 4.2].

13.4. Poincaré duality

For w € W¥, we define PD(w) := woww(f, which is still an element of W ¥ This is
an involution and we have £(PD(w)) = d — £(w). Moreover, the Schubert class oy, €
H*®)(GV/PV) is Poincaré dual to opp(y) € H2*FPPW)(GV/PV). Since GV /PV
is minuscule, a reduced expression for w € W¥ is unique up to commutation rela-
tions. It is always (see [21, Section 2.4]) a subexpression in any reduced expression
for the longest element wp! = wowd =PD(1) of WP,

13.5. Givental fundamental solution

Givental has introduced solutions Sy, (%, ¢) of the quantum A-connection (ng/ P in
terms of a generating series of gravitational descendants of Gromov—Witten invariants
(see [53], [5, Section 4.1], [32, Section 10], [67, Section 5], and [76, Section 2.3]
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for details). The functions Sy, (1,q), for w € W, form a fundamental solution of
QC%"/P" near the regular singular point ¢ = 0 (see [48, Section 2]).
The Givental J-function is defined by

TP )= Y (Swh.q). 1)oppw)-

wew?

It gives rise to a multivalued holomorphic section
JEIPT Y x CF — H*(G/P),

which becomes single-valued when factored through the universal cover H2(G"/
PY)— (C;. Using the notation of [32, Lemma 10.3.3],

JGV/PV(A q) = exp(l%al)(l + Z Z <

e=lyew?

>0,eUPD(w)) )

GY/PY

Intrinsically, the J-function is the solution to the dual connection to @, that is

asymptotic to 1 as g approaches the regular singular point 0 (see [49]).

Example 13.6
For P", we have (see [32, Section 10])

n logg d ¢ 1
P _
J (/\,Q)—CXP( 1 Ui) g qe | | W (13.6.1)
e=0 j=1

The case of quadrics is treated in [99, Section 5].

Of particular importance is the component (JS /P V(A,q),apD(l)) =
{Spp(1)(A,¢), 1) which is a power series in A71, q. In Section 4.16, we used the
notation S(g) for Spp(1)(1,¢). The single-valuedness follows from considering the
kernel of the monodromy operator which is the usual cup product with o;. Precisely,

OPD(1)
(Sepy (A, ), 1) = 1+Z < 1> R (13.6.2)

It is called the hypergeometric series of G¥ /P in [4] and [5] and called the quantum
period in [47] and [49]. The sum can be simplified further by expanding (A — ¢)~!
in power series of A7! (see [99, Section 5.2] who also consider more generally
(Spp(1), Ow) for any w € WP,
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13.7. Degrees and irregular Hodge filtration
The isomorphism WCr(g, p) = C‘ng /P from Theorem 11.14 induces for every t €
Z(L p) an isomorphism

d
@ H(GY/PY) = HL(G/P.EN). (13.7.1)
i=0

The cohomology group on the right-hand side is concentrated in a single degree since
WCrg,p) is a D-module concentrated in a single degree. In this isomorphism, the
left-hand side visibly carries a gradation by degree, which can be transported to the
right-hand side. We want to spell this out precisely and derive an important proposi-
tion.

It is easy to see that the filtration associated to the Jordan decomposition of the
linear endomorphism given by the cup product by o; coincides with the filtration by
degree on H*(GY/PV). The cup product by o; is the monodromy at ¢ = O of the
connection @%"/P” Thus we conclude from the mirror isomorphism Qe /P ~
Cr(g,p) that the filtration by degree is transported on H&(G? P,E'") to the mon-
odromy filtration of Cr(g, p).

PROPOSITION 13.8
In the isomorphism (13.7.1), the line C - o ppy = H?4(G" / PV) spanned by the top
class corresponds to the line spanned by the cohomology class of the volume form w

from Section 6.6. In particular, this cohomology class is nonzero in HddR (G/P,E/).

This was previously established for Grassmannians by Marsh and Rietsch [93]
and for quadrics by Pech, Rietsch, and Williams [99].

Proof
In view of the above discussion, we only need to analyze the monodromy filtration
on H(ﬁz(G/ P ,E/) near a;() = 0. A convenient way to do so is via the Kontsevich

complex Q;’; of f;-adapted log-forms, which again involves a resolution E;7F of the
singularities of (G/ P, f;). It is established in [38, Corollary 1.4.8] that

H&(G/P.E/y = 5 HIG/P.QY).
p+q=d

It is possible to write down the monodromy operator and to verify that the decreasing
monodromy filtration corresponds to the gradation by p — g, following [38], [69], and
[79].

Then, by the above, H 2d(GV /PV) corresponds under the isomorphism (13.7.1)
to the space H%(G/P, Q(ji‘; ) where by the definition of Q‘}, this coincides with the
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space H 0(57; , Q2% (log)) of log differential holomorphic top forms. It is known
from [81] that H° is 1-dimensional and spanned by the form w. U

In the isomorphism (13.7.1), the left-hand side is of Hodge-Tate type, namely,
H? = H®) because it is spanned by the Schubert classes o, which are algebraic.
In the mirror isomorphism, H*(G"Y/P") being of Hodge-Tate type translates to
(G7 P, f;) being pure in the sense that Cr(g, p) is a complex supported in one degree.
We obtain also parts of [79, Conjecture 3.11] concerning the matching of nc-Hodge
structures on both sides of (13.7.1); in particular, on the right-hand side we have iden-
tified the irregular Hodge filtration constructed by Deligne [33] and Esnault, Sabbah,
and Yu [38]. For the case of certain toric mirror pairs, this matching and much more
is established in [102] and [95].

Remark 13.9

We observe that in the case of P”, the above essentially amounts to a remarkable
theorem of Sperber [116] on the slopes of hyper-Kloosterman sums. Thus we are
led to conjecture that for almost all primes, the slopes of the minuscule Kloosterman
sums Kl (g, ) can be read from the cohomology of GV /P . This would follow" from
a suitable p-adic comparison isomorphism for differential equations of exponential
type between Dwork p-adic cohomology and complex Hodge theory, which does
not seem to be available in the literature yet. Interestingly, the same Hodge numbers
appear in the (g, K)-cohomology of a certain L-packet of discrete series (see [64]).

13.10. Enumerative formula

We can deduce from the above mirror theorem an integral representation for the quan-
tum period and combinatorial formulas for certain Gromov—Witten invariants. Asser-
tion (ii) below is referred to as the weak Landau—Ginzburg model in [101].

THEOREM 13.11
(1) The quantum period (13.6.2) of G¥ /| PV is equal to the integral of the potential

on the middle-dimensional compact cycle of G/ P,

._ fulA @
]cpt(k,q)-—¢e a —(Ziﬂ)dim(G/P).

4Added after submission: Our conjecture can now be established from the main result of Xu and Zhu [125,
Theorem 5.3.2(1)] as follows. They construct an overconvergent F -isocrystal which is a p-adic companion of
the Kloosterman £-adic sheaf Klg of [71], and show that its Newton polygon is the half-sum of positive coroots
oY for almost all primes. The slopes of the minuscule Kloosterman sums Kl(G, ;) under the minuscule repre-
sentation Vi, are therefore (wewi, oY) + (@i, pV) for w € W (recall from Section 2.4 that the weights of
Vi, are the orbit W - @;). For every d > 0, the number of w € W ¥ such that (wwi, pV) + (@i, 0V) =d
coincides with the Betti number dim H24 (G / P") (see the proof of Proposition 4.12).
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(i)  For every integer e > 0, the genus-0 and degree-e Gromov—Witten correlator
(Tece—20pD(1))0,e Of GV /P is equal to the constant term of f ¢ in any cluster
chart of G/ P, divided by (ce)!.

For quadrics, the theorem can be established directly by computing both sides
as shown in [99, Section 5.3]. For Grassmannians, the theorem is due to Marsh and
Rietsch [93, Theorem 4.2].

Proof

Assertion (ii) follows from (i) by taking residues. Recall that ¢ is the Coxeter num-
ber of G. Also note that @ is T -invariant by Lemma 6.26, in particular invariant by
p". This implies the identity I.p(A,q) = Iepi(1,¢4/A), which is also satisfied by the
quantum period (13.6.2).

To establish (i), we observe as consequence of the mirror Theorem 8.3 that
Ipi(1, g) is solution of the quantum connection QCG7/PY Ttis a power series in ¢ by
Cauchy’s residue formula. The same holds for the fundamental solution Spp(1)(1,¢).
We can then deduce the desired equality of the two solutions up to scalar from
the Frobenius method at the regular singularity ¢ = 0. More precisely, we need to
consider the equivariant connection (Q?i /P and equivariant Gromov—Witten corre-
lators. For generic & € t*, the monodromy at ¢ = 0 is regular semisimple. We then
specialize the equivariant parameter to # = 0.

To conclude the proof of (i), we need to specialize the solution (Spp(1)(1,¢), 1)
as in (13.6.2). It is a power series in ¢ with constant term 1. Moreover, the integral
Ipi(1, q) is against the form w which implies the identity in view of Proposition 13.8.

O

The quantum period typically has infinitely many zeros. As explained by

Deligne [34, p. 128], this implies that the irregular Hodge filtration on HfR(G7 P,
Efi/ ") does not come from a Hodge structure.

Remark 13.12

The works of Marsh and Rietsch [93] for Grassmannians and Pech, Williams, and
Rietsch [99] for quadrics lead us to suggest a more general formula that (Spp(1), 0w )
should be equal to the residue integral ¢ p,e/e/* W, with the Pliicker coor-
dinate p,, added. This formula generalizes Theorem 13.11(i), corresponding to the
case w = 1, and is compatible with the Gamma conjecture and central charges dis-
cussed in [49] and [76].
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Remark 13.13

In a series of works (see, e.g., [51]), Gerasimov, Lebedev, and Oblezin study the
Givental integral from various viewpoints, motivated by Archimedean L-functions,
integrable systems of Toda type, and Whittaker functions.

13.14. Projective spaces
For P* = Gr(1,n + 1), the Coxeter number is ¢ = n + 1. We deduce from (13.6.1)
that the quantum period (Spp(1)(A,¢q), 1) = (JP" (A, q), opp(1), 1) is equal to

>

Z (el (%)e = OFn(l -1l %)

e=0

On the other hand,

Lepi(A.q) = %e%(x1+"'+x”+xl~+xn)M‘
' (Zin)”xl...xn

Hence Theorem 13.11 reduces to Erdélyi’s integral representation.

Remark 13.15
The quantum period for a general minuscule homogeneous space G/ PV is related
to the Bessel functions of matrix argument introduced by Herz (see [91], [112]).

13.16. Classical Bessel functions
For P! = Gr(1,2), we have Ja(x)=x+ % forxeG,, =P,w = “;—x, and

0 ifi =0,

Hi(Gyp, ES2/M) =
(G ) Co ®Cxew ifi=1.

Deligne defines an irregular Hodge filtration and shows in [34, p. 127] that
F'H i (G, E/a/") = Cw, which corresponds to Theorem 13.8 above.

The dual space is generated by the two cycles ¢ and fooo, denoted by ej, —e;
in [34]. Note that the cycle fooo depends on g and A and approaches 0 and oo in the
direction of rapid decay of the exponential.

The quantum period is o F1(7; %) = lo(2/q/}) = ¢ef‘l“%. The other
integrals are expressed as follows: foooef‘//lw = 2Ko(2\/q/A); gSef‘/Mx% =
Va2 yq/r); [7° el x0 = -2, /GK1(2,/G/A). Note that 1§ = I; and K| =
—Kl.

The determinant of periods

Sﬁefq//lw ¢efq/lxw

= —2im)
[P etalhy [ efalhyy P
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established in the last paragraph of [34],” corresponds to the Wronskian formula

LY Ky+1() + L1 (MKW () =1/,

forall y e R.g and v € C.

More generally, we consider the equivariant version. Let & € C, and let ho €
t*, where « denotes the positive simple root. We consider the integral solutions to
WCr'/"|,—, specialized at Aha € t*,

2 W e i —2k— 2h k AZ h -
¢ e f"/k Z _ ) 0F1(1+2h;i2)
p ~ 'I‘(k+2h+ 0~ T +2h) 2

= Ln(2y/q/2),

2h .
where compared to Example 6.5, we have ¢ = t? and the factor ’;—h is equal to

(ha)(y(x)). Similarly, the integral from 0 to oo is equal to K5,(2,/g/A).
On the quantum connection side, let {1,0} be the Schubert basis of H*(P!).
Then the equivariant quantum Chevalley formula is

oxqo=q-1+(w—s-w)-o=q-1+a" 0.
Here, s denotes the unique simple reflection. Thus
O*xqp0=q-14+2h-0

. . . . 1 .
since (@Y, «) = 2. The equivariant quantum connection (QE’Tv (ha) is
d —hh ¢
g+ (" )
This is equivalent to the second-order differential operator
d \2
(na—-) =@ +r22),
dq

which has solutions specialized to i = A the modified Bessel functions 155(2,/q/A)
and K»,(2,/g/A). This agrees with Theorem 10.7.

14. Compactified Fano and log Calabi-Yau mirror pairs

Our Theorems 8.3 and 1 1.14 verify two specific mirror symmetry predictions. In this
brief section, the goal is to recast the mirror symmetry of flag varieties in view of
recent advances and to provide some evidence for potential generalizations.

3The minus sign compared to [34] is because we chose the cycle j()oo which is —e3.
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14.1. Mirror pairs of Fano type
The notion of mirror pairs of Fano type is explained in [79, Section 2.1]. In the context
of Rietsch’s conjecture that we study in this paper, we have a family of mirror pairs
indexed on one side by H?(GY/P") and on the other side by Z(L p). Lemma 8.2
is interpreted as the “mirror map” and can be compared with [76, Lemma 4.2] in the
toric case.

The A-model is a triple (X, g,1/wx) consisting of a projective Fano variety
X, a complexified Kdhler form g, and an anticanonical section 1/wx. In the con-
text of Rietsch’s conjecture, the variety is X = GV /P, the Kibhler class is varying
in H2(GY/PV), and the anticanonical section is the one constructed in [81] (see
also [107]). The B-model is another triple ((Y, f),n,wy) consisting of a Landau—
Ginzburg model, namely, a smooth variety ¥ with trivial canonical class, a regular
function f : Y — C (Landau-Ginzburg potential), a Kihler form 7, and a nonvanish-
ing canonical section wy (holomorphic volume form).

14.2. D-module version of Rietsch’s mirror conjecture

In the context of Rietsch’s conjecture, the B-model is as follows. The Landau-
Ginzburg model is given by the Berenstein—Kazhdan geometric crystal. The under-
lying variety is the open Richardson Y = G7 P in G/ P, and the Landau—Ginzburg
potential is the decoration function f; of Berenstein and Kazhdan, which depends on
the parameter ¢ € Z(L p). The volume form wy is again the one constructed in [81].

CONJECTURE 14.3
Let P be a parabolic subgroup of G, and let PV be the dual parabolic subgroup of
GV. There exists an isomorphism

1/h . oGV/PY
WCr(G,P) ~ (,‘Z;i’Tv

of graded Dy-modules over Z(Lp) X t* relative to t*.

Theorem 11.14 establishes Conjecture 14.3 in the case where P is minuscule.
The superpotential of WCr(g, p) (explicitly described in Section 6.8) agrees with the
Landau—Ginzburg model defined by Rietsch (see [107, Lemma 5.2]). Thus Conjec-
ture 14.3 is compatible with Rietsch’s conjecture in [107].

14.4. Mirror pairs of compactified Landau—Ginzburg models

Following [79, Section 3.2.4], one may also consider quadruples (X, g, w, f) consist-
ing of a projective Fano variety X, a complexified Kihler form g, a canonical section
wy, and a potential function fy. We may then examine, for appropriate choices of
Kihler forms, the mirror symmetry between
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(G/P’g7wG/PafG/P) and (GV/PV’gvvaV/PV’fGV/PV)'

The A- and B-sides now play a symmetric role. Rietsch’s mirror conjecture corre-
sponds to omitting some of the data on both sides. The full mirror conjecture between
these compactified mirror pairs involves the matching of a variety of homological data
on both sides.

For example, a Fano type mirror pair gives rise to a pair of open Calabi—Yau man-
ifolds by taking the complement of the anticanonical divisor. One obtains triples of a
log Calabi—Yau manifold, a Kéhler form, and a volume form. In our setting, the log
Calabi—Yau varieties are GV7PV and G7 P, respectively. The volume forms are as
before. Thus from the general mirror predictions in [79, Table 2], we expect a match-
ing of the cohomology of the open projected Richardson variety H *(G7 P) and the
cohomology of the Langlands dual open projected Richardson variety H * (GV7PV).
We show in the next subsection that this matching holds more generally for arbitrary
Richardson varieties.

14.5. Open Richardson varieties
Recall the open Richardson varieties R} C G/B, where u, w € W with u < w, and

the special case ‘RZ(I)’ =~ G7 P. They are log Calabi—Yau varieties with canonical vol-

0 v
ume form (see [81]). We denote by RY C GY/B" the open Richardson varieties
inside the flag variety of the dual group.

PROPOSITION 14.6
For any i > 0 and u,w € W with u < w, there is an isomorphism H'(RY) =
H(RY).

Proof

Since R} and R} are smooth complex algebraic varieties of the same dimension,
by Poincaré duality, the stated isomorphism is equivalent to the same statement for
cohomology with compact support. As in the proof of Proposition 13.3, this is in turn
equivalent to the isomorphism Ext*(My,, My) = Ext*(Myv 4, Myv ), where My,
(resp., Myv ) denotes a Verma module in the principal block of category O for g
(resp., g¥). By the work of Soergel [115], the principal blocks of category O for g
and g are equivalent, and the isomorphism of Ext-groups follows. O

Question 14.7
Can this isomorphism be an indication of mirror symmetry between open Richardson
varieties Ry C G/B and R C GY/B"?
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15. Proofs from Section 2.5

15.1. Proof of Proposition 2.7
The implications (1) = (2) and (1) = (3) are easy to check directly.

We thank the referee for the following argument showing (2) = (1), simplify-
ing our original proof. Recall that Q" (resp., Q) denotes the coroot lattice spanned
by aiv, i €l (resp., oziv, i € Ip). By aresult of Peterson and Woodward (see [87, The-
orem 10.13(1)]), for each A}, € QV/Q} there exists a unique lift 1Y € OV (called
the Peterson-Woodward lift) of A} such that (&, A¥) € {0,—1} for all @ € R};. Since
iis minuscule and B € RT\ R}, wehave ¥ + O} =) + Q% € 0V/QY. Thus, if
BY satisfies (2), then it is the Peterson—Woodward lift, which is unique, and we must
have 8¥ =«V.

We show that (3) = (1). Suppose that G is simply laced. Suppose that f =
—w~ (@) € RT \ R}, but B # a;. Then i is also cominuscule so 8 = o; + B/, where
B’ is a nonzero linear combination of o ; for j # i. Since w € WP, we have wa j €
R* for j #i. Thus wB — wa; € ZsoR™ \ {0}. Since we; is a root, it would be
impossible for wf = —6.

Suppose that G is of type B,. Choosing coordinates for R, we have § = a1 +
2000 + -+ -+ 20, = €1 4+ €2. We may identify W with the group of signed permutations
on {1,2,...,n}, and W7 is identified with signed permutations that are increasing,
under the order 1 <2 <---<n<-n<—(n—1)<---<—1. We have |WF| =2".
For example, w = (2,4,5,-3,—1) € WP and w™l(e; 4 €2) = —es5 + €. It follows
by inspection that —w™1(f) € R* \ R} implies that —w™'(6) = €4 + €5 = 0ty—1 +
20,.

Suppose that G is of type C,,. We have 60 =207 + 205 + -+ + 2051 + o, The
elements of W ¥ are

1,51,8281,538281, s SnSn—1"""5S1,Sn—1SnSn—1""* 82851, .. .,
§182*Sn—15nSn—1+""5251,

and we have |WF| =2n. We have —w='(#) € RT \ R;F if and only if w =
8182 ++*Sp—1SnSp—1 ++- 8281, and the statement follows. O

15.2. Proof of Proposition 2.8
We first note the following properties of wp,g.

LEMMA 15.3

() Inv(wpp) = R5\ RS,

()  Uwpo) = (—2pp.kY),

()  lwpjgsk) =L(wpjo) +L(sk) = (2(0—pp), k") — L.
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Proof

Let wp (resp., wg) be the maximal element of Wp (resp., Wg). Then wp,owg =
wp is length-additive, so Inv(wp,;9) = wo (Inv(wp) \ Inv(wg)) = R;E \ R}, prov-
ing (1). Formula (2) follows from Lemma 2.6(2). Since Inv(s,) N R;ﬁ = @, it fol-
lows that the product wp,g s is length-additive. Formula (3) follows from (2) and
K € R. U

15.3.1. Proof of (1) in Proposition 2.8
It is equivalent to show that Inv(w) D Inv(s,). Suppose that « € Inv(s,). Then o —
{a, k¥ = sea <0, where a = (o, k") > 0. Thus

—al =aw(k) = w(o) — w(sea),

and it follows that wa < 0 because w (s, o) is a root.

15.3.2. Proof of (2) in Proposition 2.8

After formulas (1) and (3) of Lemma 15.3, it is equivalent to show that Inv(ws,) D
R; \ RE. Leta € R; \ R’QL. Then s, = k + o by Lemma 2.6. Thus ws,o = wa +
wp = wa — 0. Since 6 is the highest root, we deduce that « € Inv(wsy).

15.3.3. Proof of (3) in Proposition 2.8

Since w;} o € Wp, it suffices to show that ws.. € WP Tt suffices to check that
Inv(ws,) N R = @. But s, fixes every element in R}, and Inv(w) N R}, = @ since
w € WP The claim follows.

15.3.4. Proof of (4) in Proposition 2.8

The standard parabolic subgroup J is given as follows: for type A,, we have J =
{2,3,....,n — 1}; for type D, or Eg, we have J = [n] \ {2}; for type E;, we have
J = [n]\ {1}; for type B,, we have J = [n]\ {1,2}; for type C,,, we have J = @. In
all cases, it is clear that W stabilizes 6.

If w,v € W(k), then clearly wv~! belongs to the stabilizer of #. In the simply
laced types, this stabilizer is exactly the group W;y. In type B,, the stabilizer of 0
is Wu\{2}, but from the description in the proof of Proposition 2.7, it is clear that
wv~! € Wy. In type C,, as noted previously we have W(k) = {s,.} which consists of
a single element.

The double coset WywWp contains a unique minimal element w’, and since
w e WP, we have a length-additive factorization w = uw’, where u € Wy. Since
w' e WP and (w')~1(8) = w™1(0) = —k, we have w’ € W (k).
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15.3.5. Proof of final sentence in Proposition 2.8

We assume that w € W ¥ satisfies Inv(w) D Inv(s,) and Inv(ws,) D R;E \ RJQr. Sup-
pose first that G is simply laced so that k = a;. Suppose that —w™!(0) = a # «;.
Let wo; = —1n < 0. Since w € WP we have « ¢ R;E. On the other hand, we have
w(a — ;i) = —0 + n < 0. Again because w € W, this shows that « ¢ RT \ R;.
Thus @ € R™.

Let § = —a € R, Since wé = 6 and w € WP, we have that § + A cannot be
a root whenever 0 # A € 3¢y, Z>owj. If 8 € R}, then it follows that § € R} \
RE. But then 5,8 = § + « implies that (ws,)d = wd + wk > 0, contradicting the
assumption that Inv(ws,) D RJPF \ RJQF.

Thus § € RT \ R}, and again since w € W¥, we may assume that § = #. Thus
wb = 0, so w lies in the stabilizer W' C W of 6. In types Eg, E7, or D, n > 4, it is
easy to see that Inv(ws;) for w € W’ cannot contain R;f \ RJé since W' is a parabolic
subgroup that contains the minuscule node i, but does not contain the adjoint node
(node 2 in types D, or Eg and node 1 in type E7). In type A,, the whole claim is
easy to check directly, and we conclude that w € W (k).

Suppose that G is of type B,. We use notation from the proof of Proposition 2.7.
We have s, = 5,—15,5,—1 and for a signed permutation w = wiwy, -+ Wy, € WP, we
have ws, = wiw; - (—wy)(—wy,—1). Thus the first condition Inv(w) D Inv(s,) is
equivalent to w,—_1, w, < 0. The second condition Inv(ws,) D R;F \ Rzg is equivalent
to the condition that {w;,w,,...,w,—>} are all bigger than —w,, and —w,—; under
theorder 1 <2<---n<—-n<—(m-—1) <--- <—1. It follows that w,—; = —2 and
w, = —1, so that wk = —6.

Suppose that G is of type C,. Then £(s,) > £(w) for w € W¥ with equality if
and only if w = s, = 8152+ Sp—15nSn—1 -+ S251. The claim follows easily. |

16. Background on Dj-modules
The main purpose of this section is to establish Proposition 16.13, which is used in
Section 12.

16.1. Filtered and graded categories

Let X be a complex smooth affine algebraic variety equipped with a G,,-action. Its
structure sheaf Oy is naturally graded by G,,-homogeneous sections. Denote by
p:T*X — X the cotangent bundle of X. Denote by Dx the sheaf of differential
operators on X . This is a sheaf of noncommutative rings. It is equipped with a filtra-
tion

<o C DX,—I CDX’() CDX’l C---

induced by the gradation of Or=x plus the order of the differential operator.
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Let MF(Dyx,.) denote the category of filtered left D x, o-modules that are qua-
sicoherent as () x-modules. An object M, € MF(Dx_,) is equipped with a filtration
~oM_y C My C My--- satisfying Dx ; M; C M,y ;. The category MF(Dyx.) is an
additive category, but not an abelian category; it can be made into an exact cate-
gory by declaring a sequence 0 - M; — M, — M — 0 to be exact if 0 — M/ —
M; — M/ — 0 is exact for all i. (This is stronger than asking for the sequence of
underlying unfiltered D x-modules to be exact.) As shown in [88], one can define the
derived category of MF(Dy .); we let DYF(D x.o) denote the bounded derived cat-
egory of MF(Dx o). There are natural forgetful functors MF(Dx,.) — M(Dx) and
D? F(Dx,.) — D?(Dy) sending a filtered module M, to the underlying D x -module
M, and a complex M, of filtered modules to the underlying complex M.

The associated graded of Dy . is the sheaf grDx « = p+O7+x of graded com-
mutative rings on X, where the grading comes from the grading of Oy together with
the declaration that vector fields have degree 1. Since p is affine, we have equiva-
lences of categories

M(Or+x) =M(ps«Or+x)  and  D°(Or+x) = DP(psOr+x)

between the corresponding categories of quasicoherent @7+ x-modules and quasico-
herent p,Or+x-modules, and bounded derived categories. We have an associated
graded functor, and derived functor

gr:MF(Dyx.) > M(Or+x) and  gr: D?F(Dx.) — D?(Or+x).

Definition 16.2

Let Dy, x denote the sheaf of graded noncommutative rings with a central section h,
locally generated by f € Oy and sections £ € @ of the tangent sheaf with the rela-
tions [£,&] = k(& - f) and En — n& = h[E, n]. The grading is given by the assignment
deg(h) = 1 and the homogeneous degrees of f and £ induced by the G,,-action.

The sheaf Dy x/h is isomorphic to the sheaf p.Or+y, while the localization
Dy, x at (1) is isomorphic to D x [A*!]. Let MG(Dp, x) denote the category of sheaves
of graded left Dy, x-modules that are quasicoherent as graded ¢ y-modules. To an
object M, € MF(Dx ) we associate an object

M. ® C[h] =: M" = M e MG(D}, x).

1

by defining Mih = M;. The section & acts by the identity, thought of as a map from
M 1o Mif’;rl. It is clear that ® C[h] : MF(Dx,e) — MG(Dy, x) is an exact functor.
For the following result, see [88, Section 7] and [109, Section 4].
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PROPOSITION 16.3
The functor

®C[h] : ME(Dx.+) — MG(D}, x), My M" =M, ® C[h]

is an equivalence between MF(Dx o) and the full subcategory of h-torsion-free
Dy, x-modules. It induces a derived functor @CI[h| giving an equivalence of cate-
gories

®C[h]: D?F(Dx.s) = D? (D x).

We also have a functor ®c[zC : MG(Dp,x) — M(O7+x) and a left derived
L
functor @[ C: Db(Dh,X) — D?(O7+x), setting h = 0.
PROPOSITION 16.4
We have commutative diagrams

®C[h] ®C[H]

MF(Dx..) —— MG(Dj, x) DPF(Dx.) — D"(Dpx)
L
or Bem® \ ®cinC
M(O7xx) DP(Or+x)

Example 16.5
Consider X = G}, x G,,, with coordinates (xi,...,X,,q), and equipped with the
G, -action

E-(X1seensXnsq) = (EX10. ., Cxn, T 1g).

The ring C[X] of Laurent polynomials has a corresponding gradation by homoge-
neous polynomials. The potential f = x; +---+ x, + xlzxn has degree 1. The ring
of differential operators Dy is filtered by the subspaces Dy ;, which for each i € Z

are the linear span of the operators

@ abl @ 8b2 ; abn m 86
X X S q"—, artar+--+ap+m+1)m—nl <i.
' dxb 2 axkz " ogxbr” 9qt "

The Dx-module Dy /Dx(d — df A) that we denote E/ is equipped with a natural
filtration and becomes an object of M F(Dx o). The ring Dy, x is the graded noncom-
mutative ring generated by functions and differential operators &, , §;, with notably
the relations
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[Exy - Xk] = . Es.q)=h

The degrees are given by deg(xx) = 1, deg(£x,) =0, deg(q) =n+1,deg(§,;) = —n,
deg(h) = 1. One can think of &, as representing “Pal gxp: and &, as representing
“h% » Applying the functor of Proposition 16.3, we have that E/ ® C[A] becomes
the Dy, x-module E//" which we can describe as follows. We have that E//" is iso-
morphic to the quotient of Dy, x by the left Dy, x-ideal generated by the operators
Ex) — 3xk and &, — —f . The operators are all homogeneous; hence E//” is an element

of MG(Dp x), and moreover it is h-torsion-free, consistently with Proposition 16.3.

16.6. Pushforward functors
In this and the next subsection only, we write |,  to denote the pushforward func-
tor for D-modules, and we reserve . for the pushforward functor of quasicoherent
sheaves. Let  : X — Y be a G,,-equivariant morphism between complex irreducible
smooth varieties X and Y equipped with G,,-actions. We recall results concerning
the pushforward functors of Dx-, Dp x-, and O+ x-modules under . Though we
shall not need it, the functors of Proposition 16.4 are also compatible with pullbacks
under .

Let wy (resp., wy) denote the canonical line bundles of X (resp., Y'). The sheaf
wy acquires a grading from the G,,-action so that it becomes a filtered right Dy -
module. Define

. -1 —1
Dy.x:=m (DY Koy Wy )®75710Y wyx,

which is a (w~' Dy, Dx)-bimodule on X. The module Dy x inherits a filtration
from the filtrations of Dy, wy, and wy. We obtain a filtered (n_lDy,.,D X,0)-
bimodule Dy x,. on X, satisfying 7 ' Dy,; - Dy—x,i - Dxx C Dy<—x,i+j+k- We
define the direct image functor by

L
f M := Rr«(Dy«x,.e®py, M),
T

where M" € D F(Dx..). Similarly, define [ : D®(Dx) — D?(Dy) by forgetting
filtrations.

PROPOSITION 16.7 ([88, (5.6.1.1)])
The following diagram commutes:
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DPF(Dx.) —+ DPF(Dy.)

JIr

Db(Dy) D®(Dy)

where the vertical arrows are the natural forgetful functors.

Let T*Y xy X be the pullback of the cotangent bundle 7*Y to X, fitting into
the commutative diagram (see [88, (5.0.1)])

Pr

T*X ~2 T*Y xy X X
,-,‘ .

*
Y ———— Y

We have

gDy xe =707y Qoy Wx/v,
which has a natural structure of a graded (7*Or+y, Or*x)-bimodule. We now define
a functor [_: DY(O7+x) — DP(Or+y) by

/ My = (R, o IT'[d]) (M), (16.7.1)

where d = dimX — dimY and IT': Db((DT*X) — Db((QT*yXYX) denotes the
upper-shriek functor on derived categories of quasicoherent sheaves.

We will only use (16.7.1) when the map 7 : X — Y is smooth, in which case we
have

M'd](=) = LTT*(=) ®0,uy ., y PrOX/Y > (16.7.2)

where LIT* : Db((QT*X) — Db(OT*YXYX) is the left derived functor of the usual
pullback functor IT* of quasicoherent sheaves.
We have the following compatibility result of pushforwards.

PROPOSITION 16.8 ([88, (5.6.1.2)])
The following diagram commutes:
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DPF(Dx.) —+ DPF(Dy.)

Jr

Db (Or+x) Db (Or+y)

Finally, we describe the pushforward functor for D x j-modules. We define

Dy«x:= Dy<x.e ® C[R], which is a graded (7! Dy, Dx 5)-bimodule. We
define the direct image functor fﬂ : Db(DX’h) — Db(Dy,h) by

L
/ M := Rr«(Dy«x,r®py, M).
g

PROPOSITION 16.9
The following diagram commutes:

DYF(Dx..) LN DYF(Dy.)

®C[h] ®C[hr]

T

D®(Dx.p)

D®(Dy.p)

Proof
A direct comparison shows that

L L
(Dy<xX,0 ®py o M) ®C[h] = Dy—x, ®py , (M ® C[h]).

as graded 7w~ !(Dy,;)-modules. Similarly, ® C[A] is an exact functor, so it commutes
with Rs. O

PROPOSITION 16.10
The following diagram commutes:

[

D®(Dx 1)

D®(Dy,1)

L L
®crn1C ®crnC

Sz
D?(Or+x) —— D®(Or+y)

where the vertical arrows are the natural forgetful functors.
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Proof
Combine Proposition 16.4 with Propositions 16.8 and 16.9. O

Example 16.11

Consider Y = Gy, graded by deg(q) =n + 1. The ring Dy, y = Clg*!, h](§,) satis-
fies the relation [§,, q] = R, and the gradation is given by deg(§,) = —n, deg(h) = 1.
The quantum differential operator (¢€,)" ! — ¢ is homogeneous of degree n + 1.
It shall follow from the next subsection that it is isomorphic to the pushforward
fp iE//" where E//" is as in Example 16.5 and 7 : X — Y is the projection onto
the second factor.

16.12. Application to the character Dp-module
Let 7 : X — Z(Lp) denote the geometric crystal, and let f : X — A! denote the
superpotential. Recall that we defined G,,-actions on X and Z(L p) in Section 6.21.

PROPOSITION 16.13
The character (D, z(L »y ® Sym(t))-module WCrééhP) € D (Dy.z(1py ® Sym(b))
is h-torsion-free and concentrated in a single degree.

Proof
To simplify the notation, we will prove the proposition for CrzéhP) e D? (Dr,z(L p))
without the weight. Thus let

M" =Dux/(E— (- 1))

denote the cyclic Dj, x-module generated by a single section e//". Here £ e
I'(X,0x) denotes a vector field on X. We shall show that N" := fﬂ M" e
D®(Dy z(L,py) is isomorphic to an h-torsion-free Dz(z ,).n-module concentrated
in a single degree. The condition that N" is h-torsion-free and concentrated in one

cohomological degree is equivalent to the condition that the object No = N éccm]
Ce Db(OT*Z(LP)) (see Section 16.1) is concentrated in a single cohomological
degree.

Let My = M" ®crr C € M(O7+x). Then My is isomorphic to Oy, where V' C
T*X is cut out by the equations & — (§ - /). By Proposition 16.10, we have Ny =
[, Mo. Denote T*Z(Lp) Xz(1,) X by Y. By (16.7.1) and (16.7.2), we have

/ Mo = R, (LF*(My) Qoy T*0x/z(Lp))-
T

where 7 : Y — X and ' : Y — T*Z(L p) are the two projectionsand F : Y — T*X
is the natural inclusion. We first show that LF*(My) € D?(Ow) is concen-
trated in a single cohomological degree. This is equivalent to the condition that
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Tor’éT*X((Qy, Oy) =0 for i > 0. It is easy to see that both V and Y are smooth
subvarieties of 7* X, and hence Cohen-Macaulay.

The fiber of Y NV under Y — T*Z(Lp) — Z(Lp) over a point g € Z(Lp)
can be identified with the critical point set of f|;-1(4). Rietsch [107] showed that this
critical point set is O-dimensional, and it follows that ¥ N V' is pure of dimension 1.
Since dimV =dim X and dimY = dim X + 1, it follows that the intersection Y NV
is proper.

If Tor’éT*X(Oy,(DV) is nonzero, then it is nonzero after localizing to some
irreducible component of C of Y N V. Applying [110, Corollary V.B.6], we obtain
Tor’éT*X!C (Oy,c,0Oy,c) =0 for all i > 0, where Or+x,c (resp., Oy,c. Ov,c)
denotes the localization. Thus Tor@T*X (Oy,0Oy) =0 fori > 0, and we deduce that
L'F*(My) =0 fori > 0. Since = : X — Z(Lp) is affine, the map 5’ is also affine,
so Rrl (F*(My)) is concentrated in a single degree. O
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