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Properties of two-level systems in current-carrying superconductors
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We show that in disordered s-wave superconductors, at sufficiently low frequencies ω, the coupling of two-
level systems (TLSs) to external ac electric fields increases dramatically in the presence of a dc supercurrent.
This giant enhancement manifests in all ac linear and nonlinear phenomena. In particular, it leads to a parametric
enhancement of the real part of the ac conductivity and, consequently, of the equilibrium current fluctuations. If
the distribution of TLS relaxation times is broad, the conductivity is inversely proportional to ω, and the spectrum
of the equilibrium current fluctuations takes the form of 1/ f noise.
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Introduction. The concept of two-level systems (TLSs) was
introduced to explain the unusual thermal and transport prop-
erties of insulating and metallic glasses [1,2] (see Refs. [3–8]
for a review of the subject). While the microscopic nature of
TLSs is still not fully understood, the standard phenomeno-
logical model assumes the ability for an atom, or several
atoms, to tunnel quantum mechanically at low temperatures
between two quasistable atomic configurations, as illustrated
in Fig. 1.

The dynamics of TLSs may be described by a 2 × 2 matrix
Hamiltonian of the form

Ĥ0 =
(

ε t
t∗ −ε

)
. (1)

Here, 2ε is the energy difference between the two quasistable
configurations and t is the tunneling amplitude between them.
Diagonalization of this Hamiltonian yields the eigenvalues of
the system

E± = ±
√

ε2 + |t |2. (2)

External perturbations modify the parameters of the Hamil-
tonian. Usually, it is assumed that the modulation of the
interwell splitting ε is much bigger than the modulation
of t (see, for example, Ref. [7]). Thus, the coupling of
TLSs to external low-frequency perturbations is described
by the time dependence of the interwell energy splitting
ε(t ) = ε0 + δε(t ). For example, in the presence of an external
electric field E(t ) we have a “dipole” contribution to the
energy splitting,

δεd (t ) = −E(t ) · d, (3)

where 2d is the dipole moment difference between the two
metastable states of the TLS. The magnitude and direction of
d are random. The coupling of this form changes both the
eigenvalues E± as well as the eigenfunctions, and therefore
adequately describes both resonant and relaxation absorption
mechanisms of the electric field by the TLS.

The TLS has also been suggested as a source of the ubiqui-
tous 1/ f noise in conductors (see, for example, Refs. [9–12]).
Since the two states of the TLS have different electron scatter-

ing cross sections, transitions between them change the local
conductivity. If the distribution function of TLS relaxation
times is broad, the 1/ f noise of current fluctuations through
a voltage-biased sample can be attributed to fluctuations in
sample conductance induced by the TLS transitions. This
picture has been confirmed by measuring “noise of the noise”
in metals [13].

At low temperatures T , the quantum interference of elec-
tron waves in metals results in large sensitivity of electron
transport to the motion of individual scatterers [14,15]. At
relatively weak magnetic fields, the electron system crosses
over from the “orthogonal” to the “unitary” ensemble and, as a
result, the amplitude of the 1/ f noise is suppressed by a factor
of two [15,16]. Conversely, due to the interaction of TLSs with
the Friedel oscillations of the electron density, the properties
of TLSs in metals at low temperatures are strongly affected
by the quantum interference of the electron wave functions,
resulting in a strong dependence of the TLS activation energy
on the magnetic field [17]. This phenomenon was revealed
by measurements of the magnetic field dependence of the
plateaus in the telegraph signal associated with transitions
between the two states of a single fluctuator [18,19]. Thus, the
strong interaction of TLSs with the local density of electrons
in disordered conductors has been verified experimentally.

In disordered s-wave superconductors, the TLSs become
the most abundant low-energy excitations at low temperatures,
T � �, with � being the superconducting gap, and thus
play an important role in the dissipation and decoherence of
superconducting systems. Since the typical size of TLSs is
believed to be smaller than the superconducting coherence
length ξ , their atomic structure and strength of coupling to
the electron density should be similar to that in normal met-
als.1 In this Letter, we consider the effect of superconducting
pairing on the coupling of TLSs to the external ac electric field
E(t ) = Re(Eωe−iωt ). We show that in the presence of a dc su-
percurrent and at sufficiently small frequencies, the effective
interaction between the TLSs and the electromagnetic field is

1At T � �, where the concentration of quasiparticles is low, the
relaxation rate of the TLSs in superconductors can be very different
from that in normal metals [20,21].
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FIG. 1. Qualitative picture of a TLS potential plotted as a func-
tion of the configurational coordinate. The dashed lines represent the
energy eigenvalues in the two states of the TLSs, which differ by
(E+ − E−).

parametrically enhanced. The physical origin of this effect lies
in the large sensitivity of the random Friedel oscillations of the
electron density n(r,ps) in disordered superconductors to the
changes of the superfluid momentum

ps(t ) = h̄

2
∇χ − e

c
A(t ). (4)

Here, χ (r, t ) is the phase of the superconductivity order pa-
rameter, and A(t ) is the vector potential. The interwell energy
splitting ε(t ) of the TLSs is affected by the interaction of the
atoms forming TLSs with the electron density. Therefore it
acquires a ps-dependent correction δεs. Since atomic TLSs do
not break time-reversal invariance, their energy must be an
even function of ps. Therefore, at small supercurrent densities
this correction can be written in the form

δεs(t ) =αs p
2
s (t ), αs ≡ dε

(
p2s

)
d
(
p2s

)
∣∣∣∣∣
p2s=0

. (5)

In the presence of an ac electric field the superfluid momen-
tum becomes time dependent,

ṗs(t ) = eE(t ). (6)

This causes the time dependence of the TLS Hamiltonian in
Eq. (1). Equation (5) shows that a linear coupling of the exter-
nal electric field to TLSs mediated by superconductive pairing
is possible only in the presence of a dc superfluid momentum
p̄s. In this case, the time-dependent superfluid momentum can
be written as ps(t ) = p̄s + δps(t ), where, according to Eq. (6),
δps(t ) = Re(ieEωe−iωt/ω).

The instantaneous relation between the time-dependent su-
perfluid momentum ps(t ) and the energy splitting described
by Eq. (5) remains valid as long as h̄ω � �. Combining
Eq. (3) with Eq. (5), linearized with respect to δps, we find
that in this frequency interval, the interaction of TLSs with an
ac electric field in current-carrying superconductors has the
form δε(t ) = Re(δεωe−iωt ) where

δεω = −
(
d − i

e

ω
αsp̄s

)
· Eω. (7)

Although Eqs. (5) and (7) can be introduced phenomenologi-
cally, evaluation of the parameter αs, which characterizes the
sensitivity of TLS level splitting to the superfluid momentum,
requires a microscopic consideration.

Below, we develop a microscopic theory of this effect for
s-wave superconductors in the diffusive regime, where the
coherence length ξ is larger than the electron mean free path 	

in the normal state, ξ = √
h̄D/� > 	 > λF . Here,D = vF	/3

is the diffusion coefficient, vF is the Fermi velocity, and λF

is the Fermi wavelength. In this case, the magnitude of the
parameter αs is large because of the high sensitivity of the
Friedel oscillations of the electron density to the changes
in ps.

In disordered superconductors, the ps-dependent correc-
tion to the electron density,

δn(r,ps) = n(r, 0) − n(r,ps),

exhibits random oscillations on the spatial scale of order of
λF [22,23]. We assume that the typical kinetic and potential
energy of electrons in the system are of the same order,
rs ∼ e2/h̄vF ∼ 1, and that the characteristic size of TLSs is
of the order of the interatomic spacing, which in metals is of
the order of λF . In this case, the variance of the ps-dependent
correction to interwell energy splitting may be estimated to
within a factor of order unity as√

〈[δεs(t )]2〉 ∼ kεFλ3
F

√
〈[δn(r,ps(t ))]2〉, (8)

where εF is the Fermi energy, k ∼ 1, and 〈· · · 〉 denotes aver-
aging over disorder. Thus, the characteristic values of the TLS
parameter αs in Eqs. (5) and (7) may be estimated using the
sensitivity of the variations of the electron density δn(r,ps) to
the superfluid momentum.

For simplicity, we consider the situation where a super-
conducting film with a thickness Lz smaller than the skin
length is exposed to a monochromatic ac electric field of
frequency ω. The spatial modulations of the electron den-
sity n(r), which contribute to the TLS level splitting, are
caused by the interference of the electronic waves scattered
by different impurities. Due to the rapid decay of the Friedel
oscillation amplitude with the distance from the impurity, the
value of n(r) is determined primarily by impurities closest
to the TLS. However, the sensitivity of the electron density
to the changes in ps is determined by the interference of
quantum amplitudes for the electron propagation from the
impurities separated from the observation point by distances
of order ξ . This can be understood as follows: At ps 	= 0, the
electron amplitudes corresponding to different diffusion paths
acquire random phases δφk ∼ ∫ ps

h̄ · dlk , where the index k
labels different diffusion paths. This changes the interference
of contributions of different paths to the electron density.
Since δφk increases with the length of the path, the sensitivity
of the electron density δn(r,ps) is controlled by contribu-
tions from electron waves traveling from impurities situated
at distances of the order of the superconducting correlation
length ξ from point r. This is shown qualitatively in Fig. 2.
Therefore, the variance of δn(r,ps) in the diffusive regime can
be obtained using the standard diagram technique of averaging
over a random impurity potential [24], valid at λF � 	. To be
concrete, we consider thin films of thickness smaller than the
coherence length, λF < Lz < ξ . Standard calculations of the
Feynman diagrams shown in Fig. 3 that are similar to those in
Refs. [22,23,25] yield

√
〈(δn)2(r,ps)〉 = C

λ3
F

√
G

�

εF

(
ps
pd

)2

, ps � pd . (9)
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FIG. 2. Illustration of the Friedel oscillations caused by interfer-
ence of electron waves scattered from multiple impurities. The black
dots represent randomly distributed impurities.

Here, pd = √
h̄�/D is the depairing superfluid momentum,C

is a numerical factor of order unity, and

G = 8π

3

	Lz
λ2
F

(10)

is the conductance of the film in units of e2/2π h̄.
Using Eq. (9) we obtain the following estimates for the

variances of δεs(t ) in Eq. (8), and the parameter αs in Eqs. (5)
and (7), √

〈(δεs)2〉 ∼ |�| 1√
G

(
ps
pd

)2

= 1

h̄
√
G
Dp2s , (11a)

√
〈α2

s 〉 ∼ D

h̄
√
G

, 〈αs〉 = 0. (11b)

These results show that in situations where the electric field is
not orthogonal to p̄s, the ratio of the second and the first terms
in the Parentheses in Eq. (7) is of order

eαs p̄s
ωd

∼ ω∗
ω

. (12)

Here, we introduced the characteristic frequency scale defined
by the dc superfluid momentum

ω∗ ∼ k

k1

�

h̄

p̄s
pd

√
ξ0

Lz
, (13)

FIG. 3. Feynman diagrams for calculating 〈(δn)2〉. The dashed
lines represent disorder averaging. The solid line correspond to the
electron Green’s functions, which are matrices in the Gorkov-Nambu
space.

where ξ0 = h̄vF/� is the coherence length of a pure super-
conductor, and k1 = d/eλF ∼ 1.

It follows from Eqs. (7) and (12) that

ω < ω∗. (14)

The interaction between the TLSs and the external electric
field is dominated by the temporal oscillations of the electron
density, rather than by the direct interaction of the external
electric field with the dipolar moment of the TLS.

The aforementioned p̄s-dependent enhancement of the
coupling of TLSs to electric fields manifests itself in all ac
phenomena. This includes resonant absorption, absorption re-
lated to the relaxation mechanism, and all nonlinear effects.
The frequency dependences of these effects will be very dif-
ferent from the conventional ones.

Equations (5), (7), and (11) show that in the presence of
a supercurrent, the dissipative part of the conductivity tensor
becomes anisotropic. The enhancement of TLS coupling to
ac electric fields occurs only for the longitudinal geometry,
where the ac electric field is parallel to p̄s. At small ω, the
corresponding longitudinal component of the dissipative con-
ductivity, σ‖, is significantly enhanced as compared to the
p̄s = 0 case. In contrast, the transverse component σ⊥ remains
roughly the same as that at p̄s = 0.

As an example, we evaluate the TLS contribution to the
dissipative part of the longitudinal microwave conductiv-
ity at sufficiently small frequencies, where it is controlled
by the Debye relaxation mechanism (see, for example,
Refs. [7,26–28]). Energy dissipation in the relaxation mech-
anism is caused by the time dependence of the TLS energy
levels, which creates a nonequilibrium level population,
whose relaxation leads to entropy production. In this case
the main contribution to the absorption power P = σ‖E2

ω/2
comes from the TLSs with |E+ − E−| � T , and long relax-
ation times, τ ∼ 1/ω. The latter condition corresponds to
|t | � |ε| in Eqs. (1) and (2), which implies |E+ − E−| ≈ 2|ε|.
Using standard arguments (see, for example, Ref. [27]), we
get the following estimate for the dissipative part of the longi-
tudinal conductivity,

σ‖(ω) ∼ e2ν(T )
∫

dτ f (τ )
λ2
Fτ [ω2 + η · (ω∗)2]

1 + (ωτ )2
. (15)

Here, ν(T ) is the density of states of TLSs with ε ∼ T per
unit area, f (τ ) is the distribution function of relaxation times
normalized to unity, and η ∼ 1 is a factor of order one. In
general, ν(T ) is temperature dependent. However, we note
that in glasses this quantity does not depend on T .

At T � � the concentration of quasiparticles in s-wave
superconductors is exponentially small, and the TLS relax-
ation times are controlled by their interactions with phonons,
similar to the case of dielectrics. The frequency dependence of
the conductivity depends on how quickly f (τ ) decays at large
values of τ . If f (τ → ∞) decays quicker than 1/τ 2, then one
can introduce a characteristic relaxation time τ̃ . In this case
at ps = 0 the conductivity, σ (ω) ∼ e2νλ2

Fω2τ̃ , is isotropic
and quadratic in frequency. However, at p̄s 	= 0 and ω � ω∗,
the longitudinal component of the conductivity tensor, σ‖(ω),
exhibits a giant enhancement, proportional to the parameter

L180502-3



T. LIU, A. V. ANDREEV, AND B. Z. SPIVAK PHYSICAL REVIEW B 111, L180502 (2025)

(ω∗/ω)2. In this case

σ‖(ω → 0) ∼ e2ν(λFω∗)2τ̃ (16)

becomes frequency independent.
In many disordered systems, especially in glasses, the

relaxation time of TLSs has an exponential dependence,
τ ∼ exp(ζ ), on some parameter ζ , which is uniformly dis-
tributed. In such cases the distribution function f (τ ) is broad,
and has the form (see, for example, Refs. [10,11])

f (τ ) ∼ 1/τ. (17)

Then, according to Eq. (15) at p̄s = 0, the conductivity has a
linear dependence on the frequency,

σ (ω) ∼ e2νλ2
Fω. (18)

In contrast, at p̄s 	= 0 and ω � ω∗ the longitudinal conductiv-
ity is inversely proportional to ω,

σ‖(ω) ∼ e2ν
(λFω∗)2

ω
. (19)

It may seem counterintuitive that, according to Eq. (15), at
p̄s 	= 0 the conductivity associated with a localized TLS does
not vanish as ω → 0. The reason for this is as follows. In-
elastic processes induce transitions between the two states of
TLSs and modulate the supercurrent by changing the super-
fluid density. At low frequencies, this modulation turns out to
be in phase with the oscillations of the external electric field,
leading to dissipation.

Since a superconductor carrying a dc supercurrent is in
an equilibrium state, one can use the fluctuation-dissipation
theorem (FDT) [29] to relate the spectral density of fluctua-
tions of the total current through the system to the dissipative
conductivity σ‖(ω),

Ss(ω) =
∫

dtδIs(t )δIs(0)e
iωt = Tσ‖(ω), h̄ω < T . (20)

Here, the subscript s indicates that the system is in the
superconducting state and δIs(t ) describes the fluctuation
component of the total current in the direction of p̄s.

It follows from Eqs. (15), and (20) that in the presence
of supercurrent, and at ω < ω∗ the amplitude of the current
fluctuations exhibits giant enhancement. In particular, accord-
ing to Eqs. (19) and (20), in systems where f (τ ) ∼ 1/τ , the
current correlation function has a 1/ f form,

Ss(ω) ∼ �
I2s
Vω

, � = νT 	

〈Ns〉2 . (21)

Here, Is is the total bias supercurrent passing through the
system, and we used the relation between the average
supercurrent density and superfluid density per unit area
〈js〉 = e〈Ns〉ps/m, which is valid at ps � pd .

The expression for the spectral density of current fluctua-
tions in Eq. (21) describing 1/ f noise in superconductors is
similar to the corresponding expression for the 1/ f noise of
normal current in metals (see, for example, Refs. [10,11]). In
both cases the spectral functions are quadratic in the dc cur-
rent and inversely proportional to the volume of the sample.
However, there are significant differences between these two
situations.

In normal metals, the 1/ f noise of the total current
is related to the conductance fluctuations and exists only
in the presence of a bias current. These current fluctu-
ations are nonequilibrium and therefore do not obey the
fluctuation-dissipation theorem. In particular, at ω → 0 the
conductivity of metals becomes frequency independent. In
contrast, Eq. (21) describes equilibrium current fluctuations,
and the divergence of Ss(ω) at ω → 0 is accompanied by the
corresponding divergence of the conductivity in Eq. (19).

According to Eqs. (18) and (19), the spectrum of the cur-
rent fluctuations in superconductors is dominated by the 1/ f
noise for ω < ω∗. This frequency interval can be significantly
larger than the interval in which the 1/ f noise exceeds the
equilibrium Johnson-Nyquist noise in the normal metals.

Equations (5), (7), and (11) can be obtained from an al-
ternative consideration by evaluating the sensitivity of the
superfluid density per unit area, Ns, to a change of state of the
TLS. It was shown in Refs. [23,30,31] that the rms the ampli-
tude of its mesoscopic fluctuations, of the superfluid density
δNs = Ns − 〈Ns〉, averaged over a region of size ξ , scales with
the amplitude of universal conductance fluctuations [14,32] of
the sample, √

〈(δNs)2〉 ∼ 〈Ns〉/G ∼ NλF (�/εF ). (22)

Here, N is the electron density, and we used the expression for
average superfluid density per unit area 〈Ns〉 ∼ NLz	/ξ0.

By changing the electron interference pattern, transitions
of an individual TLS located at ri induce time dependence
of the superfluid density in the spatial region of the order of
the coherence length ξ near ri. We denote the time-dependent
part of the superfluid density averaged over this region by
δNs(ri, t ) ≡ Ñs,i(t ). At rs ∼ 1 the difference in the electron
scattering amplitudes in the two different states of a TLS is of
the order of λ2

F . Therefore, using Eq. (22) the rms value of a
random change of the superfluid density caused by a change
of state of an individual TLS may be estimated as2

√
(δÑs,i )2 ∼

√
(δNs)2√
G

. (23)

2The estimate (23) can be obtained as follows. It was shown in
Refs. [14,15] (see also Ref. [23] for a review) that the number of
impurities n0 whose scattering amplitude needs to be changed by
δ f ∼ λF in order to change the conductance by δG ∼ e2/h̄ (and
consequently the superfluid density by δNs) is of order n0 ∼ G. The
qualitative explanation of this fact is as follows. The mesoscopic
fluctuations of δNs originate from the interference of diffusion paths
traveling across a region of size ξ . Each diffusive path can be viewed
as a tube with a cross-section area ∼λ2

F surrounding a classical diffu-
sive trajectory with a typical length ξ 2/	. Thus, its volume is of the
order of v = ξ 2λ2

F/	. The interference pattern changes completely
if each diffusion path contains at least one impurity which changes
its scattering amplitude. Thus n0 ∼ V

v
= G, where V = ξ 2Lz is the

volume of a sample of a lateral size ξ . Since the changes of the
superfluid density associated with motions of individual scatterers
have random signs, the estimate for the rms value of δÑs, Eq. (23) is
obtained by dividing δNs in Eq. (22) by

√
n0.
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Finally, associating the change of the energy of the TLS with
the change of the superfluid energy of a block of size ξ ,
δε(ps) = ξ 2δÑsp2s/m, we reproduce Eq. (11a).

Using Eqs. (22) and (23) we can also obtain the spectrum
of the 1/ f current noise in Eqs. (19)–(21) without appealing
to FDT. This consideration elucidates the microscopic origin
of the current noise in current-carrying superconductors, by
tracing them to the temporal fluctuations of the superfluid
density, δÑs(r, t ), which are induced by the TLS transitions.

On the spatial scales larger than ξ , the superfluid density
can be written as

Ns(r, t ) − 〈Ns〉 =
∑
i

δÑs,i(t )ξ
2δ(r − ri ). (24)

Here, the index i labels individual TLSs. Assuming that tran-
sitions of different TLSs are uncorrelated, we get the spectrum
of fluctuations of δÑs,i(t ) in the form∫

dtδÑs,i(t )Ñs, j (0)e
iωt = δi j

τi〈(δÑs)2〉
π [1 + (ωτi )2]

. (25)

The local current density Js(r, t ) = 〈Js〉 + δJs(r, t ) and
superfluid momentum ps(r, t ) = p̄s + δps(r, t ) can be deter-
mined from the continuity equation ∇ · Js = 0, which after
directing the average superfluid momentum in the x direction,
and linearization with respect to small fluctuations, can be
written as

〈Ns〉∇ · δps(r, t ) + p̄s · ∇Ns(r, t ) = 0. (26)

In this form the problem represented by Eqs. (25) and (26)
becomes equivalent to the problem of current fluctuations in a
current bias normal conductor in which the local conductivity
fluctuates in space and time [33]. Solving these equations and
averaging the result over the distribution of relaxation time
with the distribution function f (τi ) ∼ 1/τi and over the posi-
tion of the ith TLS, ri, we reproduce Eq. (21).

The central assumption we made in this Letter is that the
TLSs are situated inside superconductors with rs ∼ 1 and that
their size is of order interatomic spacing. Therefore the the
electron scattering cross-section difference between two the

states of TLSs is of order λ2
F . Recently, other pictures of

TLSs have been proposed, including electronic traps [34,35],
and localized states associated with spatial fluctuations of the
superconductor order parameter in strongly disordered super-
conductors [36–39]. In these cases, either the characteristic
size of the TLS is significantly larger than λF , or the TLSs are
situated in an insulator close to the superconductor. Enhance-
ments of the microwave absorption rate and the spectrum of
equilibrium fluctuations, which are proportional to p̄2s/ω

2, ex-
ist in these cases as well. However, in these situations, Eq. (15)
will acquire additional small preexponential factors.

The enhancement of the linear longitudinal conductivity
proportional to (ω∗/ω)2 can be several orders of magni-
tude larger than unity. Because of this, in a wide interval
of frequencies, the dissipative properties of current-carrying
superconductors are dominated by the coupling of TLSs to
the superfluid current. In this frequency interval, the results
presented above enable us to evaluate the ac conductivity
and the power of 1/ f current noise up to a factor of order
unity. The linear approximation in the external electric field
is valid as long as eEω/ω � p̄s. In the nonlinear regime,
pd > eEω/ω > p̄s, Eq. (5) is still valid, and the enhancement
of the nonlinear absorption coefficient is independent of p̄s.

Finally, we would like to mention that the results presented
above may be relevant to the physics of superconductor-
insulator-superconductor junctions. In the presence of voltage
on the junction the current exhibits oscillations in time which
are accompanied by oscillations of superfluid velocity in su-
perconducting leads supplying the current to the junction.
Therefore there is a contribution to the total dissipation rate
of the system associated with TLSs in the bulk of the leads.
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