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Spin-orbit torques in ferromagnet/nonmagnet/ferromagnet trilayers are studied using a combina-
tion of symmetry analysis, circuit theory, semiclassical simulations, and first-principles calculations
using the non-equilibrium Green’s function method with supercell disorder averaging. We focus
on unconventional processes involving the interplay between the two ferromagnetic layers, which
are classified into direct and indirect mechanisms. The direct mechanism involves spin current
generation by one ferromagnetic layer and its subsequent absorption by the other. In the indirect
mechanism, the in-plane spin-polarized current from one ferromagnetic layer “leaks” into the other
layer, where it is converted into an out-of-plane spin current and reabsorbed by the original layer.
The direct mechanism results in a predominantly dampinglike torque, which damps the magneti-
zation towards a certain direction sd. The indirect mechanism results in a predominantly fieldlike
torque with respect to a generally different direction sf . Similar to the current-in-plane giant mag-
netoresistance, the indirect mechanism is only active if the thickness of the nonmagnetic spacer is
smaller than or comparable to the mean-free path. Numerical calculations for a semiclassical model
based on the Boltzmann equation confirm the presence of both direct and indirect mechanisms
of spin current generation. First-principles calculations reveal sizeable unconventional spin-orbit
torques in Co/Cu/Co, Py/Cu/Py, and Co/Pt/Co trilayers and provide strong evidence of indirect
spin current generation.

I. INTRODUCTION

The discoveries of the giant magnetoresistance [1,
2] and tunnel magnetoresistance [3–7] effects led to
the development of many spintronic devices requir-
ing the control of magnetization. For example, spin
transfer torque magnetic random access memories
(STT-MRAM) employ the tunnel magnetoresistance
to read out the state of an individual bit [8], while
writing is done using spin-transfer torque [9, 10].
The latter effect relies on the transfer of angular
momentum between layers and requires a relatively
large charge current flow perpendicular to the layer
planes. Later, it was discovered that the magnetiza-
tion of a ferromagnetic layer can also be controlled
by running an in-plane charge current through an
adjacent nonmagnetic layer with sufficient spin-orbit
interaction—this process is called spin-orbit torque
[11]. Like spin-transfer torques, spin-orbit torques
allow all-electrical control of magnetization while
offering additional advantages, such as higher en-
durance and the potential for better power efficiency
[12, 13].

Spin-orbit torques in magnetic nanostructures are
attributed to several mechanisms, including the
spin-Hall effect [14–18], Rashba-Edelstein effect [19–
22], orbital Hall effect [23, 24], planar Hall ef-
fect [25, 26], magnetic spin-Hall effect [27, 28], and
interfacial spin current generation [29, 30]. Unfor-
tunately, the multitude of mechanisms responsible

for spin-orbit torques lead to difficulties in inter-
preting experimental results. On the other hand,
understanding these mechanisms is crucial to opti-
mize the switching efficiency of spin-orbit torque-
based devices. Further, efficient field-free magneti-
zation switching in layers with perpendicular mag-
netization requires additional modifications, such as
employing systems with lower structural [31] or crys-
tallographic [32, 33] symmetry or ferromagnetic tri-
layers [34, 35]. Field-free switching has already been
demonstrated in ferromagnetic trilayers [35].

The spin-diffusion model [36–38] is often suffi-
cient for identifying various mechanisms of spin-
orbit torque [39–41]. However, as we explain be-
low, the interpretation of certain experimental [34]
and theoretical [42] results for ferromagnetic trilay-
ers within the spin-diffusion model requires an im-
plausibly large imaginary part of the spin-mixing
conductance. On the other hand, it is well un-
derstood that the current-in-plane giant magnetore-
sistance effect involves interlayer scattering with a
length scale on the order of a mean free path, a pro-
cess beyond the spin-diffusion model [43]. The inter-
play between such processes and spin-orbit coupling
and their contributions to spin-orbit torques in fer-
romagnetic trilayers are the subject of the present
paper.

In this work, we classify and calculate spin-orbit
torques in ferromagnet/normal metal/ferromagnet
trilayers that have no analogue in nonmag-
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net/ferromagnet bilayers, including those not de-
scribable by spin diffusion models. We refer to such
torques as nonlocal because they require coupling
between the two ferromagnetic layers via spin cur-
rents. We identify two previously unrecognized phe-
nomena due to nonlocal torques. First, we find
a disorder-dependent torque that exceeds typical
torques in heavy metal/ferromagnet bilayers when
in the parallel magnetization configuration but is
strongly reduced in the antiparallel configuration.
We argue this behavior is the spin-orbit torque ana-
logue of the current-in-plane giant magnetoresis-
tance and call it giant magnetotorquance. Second,
when the magnetizations of the two ferromagnetic
layers are orthogonal to each other, we identify un-
conventional fieldlike torques generated by the inter-
play of spin-orbit coupling and interlayer scattering.

In general, the nonlocal torques may be catego-
rized into direct and indirect mechanisms. In the
direct mechanism, one ferromagnetic layer emits a
spin current than is absorbed by the other ferromag-
netic layer. In the indirect mechanism, the in-plane
spin-polarized current from one ferromagnetic layer
“leaks” into the other ferromagnetic layer, where it
is converted into an out-of-plane spin current and
reabsorbed by the original layer.

The main results of this paper are the following:

1. A symmetry-based characterization of spin-
orbit torques in ferromagnetic trilayers.

2. A classification of the physical mechanisms
of nonlocal spin-orbit torques, including those
beyond the spin-diffusion model.

3. Semiclassical calculations qualitatively illus-
trating nonlocal spin-orbit torques.

4. Ab-initio calculations showing that nonlo-
cal spin-orbit torques in ferromagnetic trilay-
ers have comparable strength to conventional
spin-orbit torques in bilayers.

The paper is organized as follows. Section II gives
a brief background on spin-orbit torques in both
nonmagnet/ferromagnet bilayers and ferromagnetic
trilayers. Section III characterizes the spin-orbit
torques from the symmetry point of view. Section
IV introduces the direct and indirect nonlocal mech-
anisms and uses magnetoelectronic circuit theory to
deduce how these mechanisms contribute to spin-
orbit torques. Section V presents semiclassical cal-
culations of nonlocal spin-orbit torques, and Section
VI reports on first-principles calculations of these
torques. The paper is summarized in Section VII.

II. BACKGROUND

Heavy Metal/Ferromagnet Bilayers—The first ex-
perimental investigations of spin-orbit torques were
conducted in heavy metal/ferromagnet bilayers to
leverage the strong spin-orbit coupling in the heavy
metal in close proximity to the magnetization of the
ferromagnet. For these systems, spin-orbit torques
are ideally suited to switch the magnetization be-
tween the in-plane directions ±s, where s = ẑ × Ê.
This is because symmetry mandates that the torque
vanishes when the magnetization direction (m̂) is
parallel to ±s, where for m̂ ∥ s there is a stable
equilibrium and for m̂ ∥ −s there is an unstable
equilibrium. For this reason, we refer to s as the
fixed point. This makes deterministic switching via
spin-orbit torque ideal in systems with in-plane mag-
netic anisotropy but impossible in systems with per-
pendicular magnetic anisotropy, unless an effective
magnetic field is used to lower the symmetry of the
system and shift the fixed point.

Early theoretical descriptions attributed spin-
orbit torques to two mechanisms: 1) the spin Hall
effect in the heavy metal generates spin current that
flows into the ferromagnet and exerts a spin trans-
fer torque [14–18]; 2) the Rashba-Edelstein effect
[44–46] generates spin accumulation at the heavy
metal/ferromagnet interface that exerts an exchange
torque on the magnetization [19–22]. However, over
the last several years the number of known spin-
orbit torque mechanisms has exploded. In addi-
tion to the spin Hall and Rashba-Edelstein mech-
anisms, spin-orbit torques are now attributed to in-
terfacial effects (such as interface-generated spin cur-
rents) [29, 30, 47], bulk effects in the nonmagnet
(such as the orbital Hall effect [23, 24]), and bulk
effects in the ferromagnet (orbital Hall, spin and
anomalous Hall, planar Hall, and magnetic spin Hall
effects [27, 28]).

Experimentally distinguishing the various mecha-
nisms is difficult, because clear signatures of each
mechanism (such as their magnetization depen-
dence) are not known. For example, given a fixed
electric field direction, the sign of the spin-orbit
torque that enables magnetization switching (i.e.,
the dampinglike torque) often directly corresponds
to the sign of the heavy metal’s spin Hall conductiv-
ity, suggesting that the magnetization switching is
dominated by the spin Hall contribution. However,
there is no reason why other mechanisms, such as
orbital Hall effects or interface-generated spin cur-
rents, cannot also switch sign based on the choice of
the heavy metal. More theoretical and experimental
work is required to determine which of the wide va-
riety of mechanisms dominate spin-orbit torques in
bilayers.
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FIG. 1. Spin-orbit torques in bilayers and trilayers. (a) In nonmagnet/ferromagnet bilayers, symmetry guarantees

the dampinglike torque τ d ∝ m̂× (s× m̂) and fieldlike torque τ f ∝ m̂× s vanish when m̂ || s, where s = ẑ× Ê. (b)
For trilayers, additional symmetries are broken such that the dampinglike and fieldlike torques are defined relative to
individual fields sad and saf respectively, such that τ a

d ∝ m̂a × (sad × m̂a) and τ a
f ∝ m̂a × saf where a ∈ [1, 2] labels the

layer. The fields sad and saf can point along any direction in general (including out-of-plane). Some of the physical
mechanisms that determine sad and saf arise from spin transport between the ferromagnetic layers that cannot be
captured by spin diffusion theory, as we show in sections IV and V.

Ferromagnetic Trilayers—Over time, investi-
gations of spin-orbit torque turned to mate-
rials with lower symmetry than conventional
heavy metal/ferromagnet bilayers, including two-
dimensional materials like transition metal dichalco-
genides [32], magnetic heterostructures with addi-
tional structural asymmetry [31–33], and ferromag-
netic trilayers [34, 35, 48]. In trilayers, which consist
of two ferromagnetic layers sandwiching a nonmag-
netic spacer, the magnetizations of the two ferro-
magnetic layer need not be collinear; thus, these sys-
tems have lower symmetry than bilayers owing to the
symmetries broken by the additional magnetization.
This lower symmetry leads to less constrained, qual-
itatively different torques. In particular, the torque
on one ferromagnetic layer with magnetization direc-
tion m̂ need not vanish when m̂ = s. In general, the
net torque on a given ferromagnetic layer in trilay-
ers need not vanish for any magnetization direction,
meaning that no fixed point exists.

Humphries et al. [34] reported sizable but un-
conventional torques acting on the permalloy (Py)
layer in a Py/Cu/PML trilayer, where PML is a per-
pendicularly magnetized multilayer. These torques
were unconventional because they vanish for m̂Py ∥
m̂PML × s instead of m̂Py ∥ s. Thus, the fixed point
of the Py layer in the trilayer was “rotated’ com-
pared with a bilayer and depended on the magnetiza-
tion direction of the PML layer. Further, Baek et al.
[35] demonstrated field-free switching of a perpen-
dicularly magnetized top CoFeB layer by similarly-
defined unconventional torques in a trilayer system.
In both experiments, the dampinglike torque can

be explained by the emission of a spin current by
the PML layer that flows out-of-plane with a “spin-
rotated” polarization given by m̂PML × s [39]. Such
unconventional spin current generation is allowed in
ferromagnets but not in nonmagnets due to the lower
symmetry of ferromagnets.

Of particular note for us here is that the spin-
rotated fieldlike torque [i.e., the torque ∝ m̂Py ×
(m̂PML × s)] was even larger than the spin-rotated
dampinglike torque in the system studied in Ref.
[34]. Similarly, a large spin-rotated fieldlike torque,
much larger than the spin-rotated dampinglike
torque, was found in first-principles calculations [42]
for Co/Cu/Co trilayers using the Kubo linear re-
sponse technique with eigenvalue broadening incor-
porated in the Green’s function. Within the spin-
diffusion theory, the existence of a large spin-rotated
fieldlike torque requires an unusually large imagi-
nary part of the spin-mixing conductance [49, 50].

Thus, there is both experimental [34] and theo-
retical [42] evidence of a strong spin-rotated fieldlike
torque which has no satisfactory explanation within
the conventional theory. Understanding the origin of
this torque is a key motivation for the present work.

III. SYMMETRY-BASED
CHARACTERIZATION OF SPIN-ORBIT

TORQUES

Symmetry is a powerful tool to determine the al-
lowed orientations of spin-orbit torques in any ma-
terial system. In an axially symmetric nonmag-
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net/ferromagnet bilayer, symmetry constrains the
spin-orbit torque τ as follows:

τ = τd m̂× (s× m̂) + τf m̂× s+ τ̃ (m̂) (1)

where s = ẑ × Ê, ẑ points out-of-plane, and Ê is
a unit vector pointing along the electric field. The
most important consequence of symmetry is that τ
vanishes when m̂ || s. Fig. 1a illustrates the rele-
vant torque directions and symmetry-determined di-
rection s in heavy metal/ferromagnet bilayers. The
first two terms are called the dampinglike and field-
like torques respectively, because the former damps
the magnetization towards the fixed point while the
latter incites precession about the axis parallel to the
fixed point. In the language of vector spherical har-
monics, the dampinglike and fieldlike terms are real

vector spherical harmonics Z
(ν)
1,−1(m̂) with l = 1 of

type ν = 1 and 2, respectively [30]. The third term
τ̃ (m̂) includes higher-order harmonics with l ≥ 2.
In ferromagnetic trilayers, the presence of one fer-

romagnetic layer lowers the symmetry of the spin-
orbit torque on the other ferromagnetic layer (and
vice-versa). In general, the spin-orbit torque on one
ferromagnetic layer depends on the magnetization of
both layers (m̂a and m̂b). In the following, our con-
vention will be to use the index a for the top layer
and b for the bottom layer (see Fig. 1b). For ex-
ample, given a generic orientation of m̂a and m̂b,
symmetry allows the torque on layer a to be written
as

τ a = m̂a × (sad(m̂b)× m̂a)

+ m̂a × saf (m̂b) + τ̃ a(m̂a, m̂b), (2)

A convenient feature of this description is that the
spin-orbit torque τ a can still be described by damp-
inglike and fieldlike torques, as seen by the first two
terms of Eq. (2), which span the same space as a gen-
eral linear combination of vector spherical harmonics

Z
(ν)
1,m(m̂). In ferromagnetic trilayers, the damping-

like and fieldlike torques on layer a are defined rela-
tive to the fields sad and saf , which have the following
properties:

1. They depend on material properties of the en-
tire trilayer

2. They only depend on the other layer’s magne-
tization direction (i.e. sad and saf are functions

of m̂b and not m̂a)

3. They point in different directions (i.e. sad ∦ saf )
in general

The last property is in contrast to nonmag-
net/ferromagnet bilayers, where, in this language,
sad = saf = s. Thus, in trilayers, the damping-
like torque damps m̂a towards sad while the fieldlike
torque incites precession about a generally different
direction saf .

The third term τ̃ a(m̂a, m̂b) includes all terms
described by real vector spherical harmonics with
l ≥ 2. Our ab-initio calculations suggest that l ≥ 2
terms, which have a qualitatively important effect on
current-induced damping but are small compared to
the dampinglike torque in bilayers [30], remain small
in trilayers.

The directions of sad and saf can be experimen-
tally determined by measuring all spin-orbit torque
components while rotating one layer’s magnetization
and leaving the other layer’s magnetization fixed.
The magnetization direction in which the damping-
like torque vanishes and the fieldlike torque vanishes
determine sad and saf respectively. Note that experi-
mentally determining the underlying physical mech-
anisms likely requires varying other material param-
eters in addition.

Symmetry-constrained definitions, based, for ex-
ample, on the vector spherical harmonics (Appendix
A), provide a representation for the special fields,
which can also be used to infer the underlying phys-
ical mechanisms. Using hindsight from the results
of ab initio calculations, we expand them up to sec-
ond order in the components of m̂b, keeping only
the terms that survive symmetrization with respect
to the C∞v group:

sad(m̂b) = dass+ da×(m̂b × s) + (dam − das)(m̂b · s)m̂b + daDβ̂Dm̂b + 4da2(mbz)
2s+ 4dazmbz(m̂b · s)ẑ (3)

saf (m̂b) = fa
s s+ fa

×(m̂b × s) + (fa
m − fa

s )(m̂b · s)m̂b + fa
Dβ̂Dm̂b + 4fa

2 (mbz)
2s+ 4fa

zmbz(m̂b · s)ẑ. (4)

The β̂D matrix is defined by its nonzero elements
βD
xz = βD

zx = 1. Additional terms are possible in a
single-crystal sample, but they are not needed to fit

the results of our first-principles calculations, and
they are absent in typical polycrystalline samples
studied in experiments.
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FIG. 2. Depiction of nonlocal torques on the top ferromagnetic layer (FMa) when Im[G↑↓] = 0 for both interfaces.
Panels (a)-(c) describe the direct nonlocal mechanism. The in-plane charge current in FMb or near its interfaces
results in an out-of-plane spin current. This spin current flows into FMa and exerts a spin transfer torque. Panels (a)
and (b) depict the torque (green arrow) for two different directions of m̂a. The torque vanishes when m̂a points along
the emitted spin current’s polarization. (c) Spin torques from the direct nonlocal mechanism for the in-plane m̂a

directions. The special field, here given by sad = ŷ, points along the magnetization direction for which the dampinglike
torque vanishes. Panels (d)-(e) describe the indirect nonlocal mechanism. The in-plane spin-polarized current in FMa

is also present in FMb with reduced magnitude if the spacer layer thickness is comparable to its mean free path. The
spin-spin conversion tensor χzi for i ∈ x, y, z, which captures processes such as the spin-orbit precession effect and/or
spin swapping, relates the in-plane spin current jxi to an out-of-plane spin current jzz. The out-of-plane spin current
flows into FMb and exerts a spin transfer torque. Unlike the direct nonlocal mechanism, the indirectly-generated spin
current depends on both layer’s magnetizations and, as shown in section IV, results in a primarily fieldlike torque.
(f) Spin torques from the indirect nonlocal mechanism for the in-plane m̂a directions. The direction that the fieldlike
torque vanishes, i.e. saf , can point in a different direction to sad, owing to the fact that the spin-spin conversion does
not have the same angular dependence as the direct charge-spin conversion.

The parameters appearing in Eqs. (3)-(4) are de-
termined by the material system. As explained in
Section IVE, each term in Eqs. (3)-(4) can be asso-
ciated with one or more physical mechanisms. The
terms in Eq. (3), which contribute to the damp-
inglike torque on m̂a, are most simply associated
with spin currents directly generated in layer b,
where the terms themselves are the various spin po-
larizations of those spin currents. Such spin cur-
rents include bulk spin currents from the spin Hall,
spin anomalous Hall, and magnetic spin Hall effects
and interface-generated spin currents. The terms in

Eq. (4) are associated with the indirect mechanism
of spin current generation, which is described in the
following section.

IV. PHYSICAL MECHANISMS OF
NONLOCAL SPIN-ORBIT TORQUES

In this section, we discuss two nonlocal mecha-
nisms by which the ferromagnetic layers influence
each other (depicted in Fig. 2). Then, we explain
how these mechanisms contribute to the fields sad and
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saf . Finally, we connect all the symmetry-allowed
terms in sad and saf to possible microscopic mecha-
nisms.

A. Definitions

Any physical mechanism responsible for differen-
tiating sad and saf from s and/or from each other

has no analogue in nonmagnet/ferromagnet bilayers.
We identify two broadly applicable nonlocal mecha-
nisms):

1. Direct spin current generation—An out-of-
plane spin current generated in FMb or its
interfaces flows into FMa and exerts a spin
transfer torque (illustrated in Fig. 2a-b). This
well-studied mechanism leads to qualitatively
different spin-orbit torques than in nonmag-
net/ferromagnet bilayers because the spin cur-
rent emitted by layer b can have spin com-
ponents forbidden by symmetry in bilayers.
This mechanism primarily results in damping-
like torques, where the field sad(m̂b) is paral-
lel to the spin polarization of the emitted spin
current from layer b (shown in Fig. 2c).

2. Indirect spin current generation—Since spin-
orbit torques are driven by an in-plane electric
field, an in-plane spin polarized current forms
in each ferromagnetic layer with a spin po-
larization antiparallel to its magnetization. If
the nonmagnetic spacer layer thickness is sim-
ilar to its mean free path, then the in-plane
spin polarized current from each ferromagnetic
layer is also present (with reduced magnitude)
in the other layer. This ”leakage” process is
illustrated in Fig. 2d-e, where the horizontal
block arrows depict the in-plane spin-polarized
currents leaked from FMa. What results is
a two-step mechanism not present in bilay-
ers: 1) the in-plane spin-polarized current from
layer a leaks into layer b, where it is con-
verted (via the spin-orbit precession effect [39]
or spin swapping [51, 52]) into an out-of-plane
spin current; 2) the out-of-plane spin current
flows back to layer a and exerts a spin transfer
torque. Unlike the direct mechanism, the spin
current emitted from layer b has a spin polar-
ization that depends strongly on m̂a. As de-
scribed in detail below, this results in fieldlike
torques on layer a (shown in Fig. 2f), which
may be strong.

In experimental systems, we expect that the spe-
cial fields can be misaligned. If we ignore for a mo-
ment the traditional “local” spin-orbit torques (for

example, disregarding the spin-orbit coupling on the
given layer), then we expect, to a good approxi-
mation, that the special fields are only misaligned
when both the direct and indirect nonlocal mecha-
nisms are simultaneously present. Including the lo-
cal spin-orbit torque contributions, the special fields
may be misaligned in general. However, as we show
below, the indirect nonlocal torque can cause strong
fieldlike torques where saf ∦ s, even if the imaginary
part of the spin mixing conductance is small. Thus,
one plausible experimental signature of the indirect
nonlocal mechanism is a fieldlike torque with the so-
called spin-rotation symmetry, which corresponds to
saf (m̂b) = m̂b × s.

Before proceeding, we define the notation and
terms used throughout this section. Spin currents
are generally specified by the tensor elements Qiσ,
where i denotes the flow direction and σ denotes
the spin direction (i, σ ∈ [x, y, z]). In what fol-
lows, out-of-plane spin current and in-plane spin
current refer to flow direction and not spin direc-
tion. To denote spin currents, we use the notation
[ji]σ = (2/ℏ)Qiσ. For example, jz is a vector with
components (2/ℏ)Qzσ whose magnitude equals the
flux of spin angular momentum flowing out-of-plane
and whose direction points along the spin polariza-
tion of the spin current. Finally, we use transverse
to denote spin orientations transverse to the mag-
netization of the FM layer that receives the torque
(always layer a unless otherwise noted).

B. Circuit theory with injected spin currents

Interfaces can generate an out-of-plane spin cur-
rent under an applied in-plane electric field through
various mechanisms including spin filtering and spin
precession [40, 41]. In this section we set up the
equations for finding the resulting spin currents and
torques within the magnetoelectronic circuit theory
[49, 50, 53]. In subsequent Sections IVC and IVD
we solve these equations for different kinds of mech-
anisms generating the spin current. Our main in-
terest below will be in spin torques appearing when
the thickness of the nonmagnetic layer tNM is smaller
than or comparable to the mean-free path λNM. Al-
though the circuit theory is formally inapplicable in
this regime, we will see that it provides useful in-
sight; we also expect its predictions should be ap-
proximately realized at tNM ∼ λNM.
To avoid having to solve for the spatially resolved

spin accumulation using spin-diffusion equations, we
exploit the exact correspondence between the scat-
tering theory and the spin-diffusion model estab-
lished in Ref. 53. Assuming the ferromagnetic layer
thicknesses are much larger than the spin-diffusion
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length, we place the circuit theory nodes a few
spin-diffusion lengths away from the interfaces in-
side these layers; the charge and spin accumulation
in those nodes, therefore, vanishes. For the nonmag-
netic layer, we introduce only one node somewhere
in its middle. The circuit theory thus includes three
nodes and two contacts, as shown in Fig. 3. Each
contact represents an interface along with the ad-
jacent layers extending up to the nodes. With this
formulation of the problem, there is no spin relax-
ation in the nodes. The unknown quantity is the
spin accumulation µs in the nonmagnetic node.
The circuit theory operates with spin currents

flowing from nodes into contacts due to the devia-
tions of the spin potentials from equilibrium. We will
refer to such spin currents as backflow spin currents
and denote them as jNM→a

z and jNM→b
z (see Fig. 3).

Spin currents generated by interfaces act as sources
produced directly by the applied electric field and
are finite even when all charge and spin accumula-
tions vanish. We will call such spin currents injected
spin currents. From the point of view of the circuit
theory, an injection current flows into a given node,
and it does not matter where it originates. We de-
note the spin current injected into the nonmagnetic
node as jinjz , although the subscript z is superfluous
within the circuit theory. Generally, the effects of
spin currents injected into different nodes are addi-
tive, because the circuit theory equations are linear.
Note that spin currents are not conserved in gen-
eral when passing through layers and interfaces; the
circuit shown in Fig. 3 is meant to depict the mag-
netoelectronic circuit theory itself and should not be
interpreted as spin current conservation through the
layers and interfaces.
The boundary condition for the FMb/NM contact

gives the backflow spin current flowing from the non-
magnetic node into that contact:

jNM→b
z = Re[Gb

↑↓]m̂b × (µs × m̂b)

+ Im[Gb
↑↓]m̂b × µs

+ (Gb
c/2)(µs · m̂b)m̂b (5)

where Gb
c and Gb

↑↓ are the effective interfacial charge
conductance and spin-mixing conductance, respec-
tively. Equation (5) gives the most general form
of a boundary condition that does not depend on
the orientation of the magnetizations and the spin
accumulation relative to the plane of the interface.
In particular, the effective conductance Gb

c includes
a contribution from an isotropic spin-memory loss
conductance [53]. The condition of isotropy with re-
spect to the surface orientation can be relaxed for
the FMb/NM contact without materially changing
the conclusions. An expression identical to Eq. (5)
with the index b replaced by a applies to the back-
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'()
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FIG. 3. Magnetoelectronic circuit corresponding to
the trilayer. Black circles represent nodes in the circuit.
Dashed lines represent contacts, which include interfaces
along with the adjacent portions of bulk regions (see
text). The white circle represents the source that cre-
ates the injected spin current. This spin current source
is an additional feature beyond the conventional magne-
toelectronic circuit theory which describes out-of-plane
spin currents created by in-plane electric fields, as de-
scribed in [40, 41].

flow spin current flowing from the nonmagnetic layer
into the FMa/NM contact.

The spin currents flowing into and out of the nodes
are related by the spin Kirchhoff rule [49, 50]. Be-
cause there is no spin relaxation in the nonmagnetic
node, we have simply

jinjz = jNM→a
z + jNM→b

z (6)

We will further assume that spin-orbit coupling
has no effect on the transport of spins across the
physical FMa/NM interface, and that the spin de-
phasing length for transverse spins in the FMa layer
is much shorter than the spin-diffusion length. Un-
der these conditions, the total spin torque τ a is equal
to the part of jNM→a

s that is orthogonal to m̂a, which
is

τ a = Re[Ga
↑↓]m̂a × (µs × m̂a)

+ Im[Ga
↑↓]m̂a × µs. (7)

In addition, the form of Eq. (5) for the FMa/NM
contact is the most general in this case.

C. Direct spin current generation mechanism

We now consider the case of direct spin current
generation from layer b, i.e., when the spin current
jinjz injected into the nonmagnetic layer due to the
in-plane electric field is generated exclusively in layer
b or at its interfaces and, therefore, depends only on
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FIG. 4. Schematic depicting the circuit theory solu-
tion for τa

d/f , which assumes that m̂b points either along
the electric field or out-of-plane and m̂a is swept in the
plane perpendicular to m̂b (the figure shows the case
when m̂b ∥ ẑ, i.e. out-of-plane). The spin current emit-
ted by layer b or its interfaces is denoted by jbz and arises
from both direct and indirect spin current generation.
Symmetry arguments mandate that the spin polariza-
tion of the direct spin current points along the m̂a-plane
(where ϕD gives the polarization angle in that plane)
while the spin polarization of the indirect spin current
points along m̂b. As m̂a is rotated through an angle ϕ in
the m̂a-plane, τ

a
d and τa

f will vanish at different ϕ values
if both direct and indirect spin current generation are
active.

the orientation of m̂b. We will denote jinjz = jbz(m̂b)
in this case. The dependence on m̂b is determined
by the underlying mechanism, such as the spin Hall
effect, spin anomalous Hall effect, magnetic spin Hall
effect, or interface-generated spin current.
To derive an analytical solution from this circuit

theory model, we focus on a magnetization config-
uration with experimental relevance: m̂b points ei-
ther along the electric field or out-of-plane while m̂a

is rotated in the plane perpendicular to m̂b (see Fig.
4). In this magnetization configuration, symmetry
dictates that sad, s

a
f , and jbz lie in the m̂a-plane. The

dampinglike and fieldlike torques on layer a are the
first and second terms respectively of the following
equation:

τ a = m̂a × (sad × m̂a) + m̂a × saf . (8)

It turns out that the circuit theory solution for these
constrained magnetization directions is given exactly
by Eq. (8), enabling us to extract sad and saf . How-
ever, if m̂b points along an arbitrary axis, finding sad
and saf requires obtaining τ a for all magnetization

directions and fitting the results to Eq. (2).
Let us further simplify Eq. (8). Since by symmetry

both sad and saf lie in the m̂a-plane, the dampinglike

torque also lies in the m̂a-plane while the fieldlike
torque is perpendicular to it, according to Eq. (8).
Combined with the fact that spin torques are per-
pendicular to the magnetization when saturated (i.e.
τ a ⊥ m̂a), the dampinglike torque is constrained
along the vector m̂× ≡ m̂b × m̂a and the fieldlike
torque is constrained along m̂b. Thus, in describ-
ing the torques, it is convenient to use basis vectors
given by m̂a, m̂b, and m̂×. In this magnetization-
dependent basis, Eq. (8) becomes

τ a = τad (ϕ)m̂× + τaf (ϕ)m̂b (9)

where τad/f (ϕ) is the strength of the damping-

like/fieldlike torque and ϕ indicates the direction of
m̂a in the m̂a-plane, as illustrated in Fig. 4. Solving
Eqs. (5)-(6) yields dampinglike and fieldlike torques
which have the same angular dependence, given by

τad/f ∝ (Re[Gb
↑↓]−Ga

c/2) sin(ϕ− ϕD)

+ Im[Gb
↑↓] cos(ϕ− ϕD). (10)

where ϕD is the angle of the injected spin current
polarization jbz in the m̂a-plane. It is clear from
Eq. (10) that the torque does not vanish when m̂a

points along the injected spin current polarization
(i.e. ϕ = ϕD) unless Im[Gb

↑↓] = 0. Using the defini-
tion

tan(αba) ≡
Im[Gb

↑↓]

Ga
c/2− Re[Gb

↑↓]
, (11)

Eq. (10) can be rewritten more compactly as

τad/f ∝ sin(ϕ− ϕD − αba). (12)

Eq. (12) shows that both the dampinglike and field-
like torques vanish at the same m̂a direction given
by ϕ′

D ≡ ϕD + αba. Since sad and saf point along the
magnetization direction of vanishing torque, the an-
gle ϕ′

D gives the direction of sad and saf for the direct
mechanism.

To first order in the spin mixing conductances of
both interfaces, the ratio between the fieldlike and
damplinglike torques is given by

τaf
τad

= −Gb
c tan(αab)

2Re[Ga
↑↓]

(13)

We can interpret Eqs. (11)-(13) as follows. The
quantity αba equals the separation angle between the
injected spin current polarization jbz and the special
fields sad and saf (where sad ∥ saf ). When Im[Gb

↑↓] = 0,
the separation angle αba vanishes and the injected
spin current polarization aligns with the special
fields, i.e. jbz ∥ sad ∥ saf . On the other hand, the
quantity αab determines the ratio of the fieldlike to
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dampinglike torque on m̂a. The fieldlike torque van-
ishes when Im[Ga

↑↓] = 0 (since tan(αab) ∝ Im[Ga
↑↓]).

Thus, in the direct nonlocal mechanism, the imagi-
nary part of the spin mixing conductance of each in-
terface plays a unique role in determining the torque.

D. Indirect spin current generation mechanism

A less straightforward mechanism which appears
prominently in our ab-initio and semiclassical re-
sults occurs due to indirect spin current generation.
This mechanism occurs because the in-plane, spin-
polarized current from layer a is present with re-
duced magnitude in layer b. Via spin-orbit cou-
pling in layer b or its interfaces, this in-plane spin-
polarized current is converted to an out-of-plane spin
current. We refer to this out-of-plane spin current
as the indirect spin current because it is not directly
generated from the electric field in layer b but rather
from the electric field in layer a. The remaining pro-
cess is identical to direct spin current generation: the
indirect, out-of-plane spin current flows into layer a
and exerts a spin transfer torque.
We begin by assuming the spin current jinjz is

injected into the nonmagnetic layer from layer b
but depends on both magnetization directions, i.e.
jinjz = jbz(m̂a, m̂b). This is necessary because the
in-plane spin-polarized current originally created in
layer a indirectly generates the out-of-plane spin cur-
rent in layer b, so the indirect spin current must
depend on both magnetizations. The indirect spin
current source can be written as

jbz(m̂a, m̂b) = χ(m̂b)m̂a (14)

where χ(m̂b) is a 3× 3 response tensor that can be
separated into its symmetric (χS) and antisymmetric
(χA) parts, i.e.

χ(m̂b) = χS(m̂b) + χA(m̂b), (15)

defined by χS = χT
S and χA = −χT

A. We find
that the symmetric spin-spin response tensor χS con-
tributes to torques described by l = 2 vector spheri-
cal harmonics. Since, according to our ab-initio cal-
culations, the l = 2 torques are small, we will focus
on contributions from the antisymmetric spin-spin
response tensor χA.
Any antisymmetric matrix can be used to describe

a cross product operation relative to some vector
f = (fx, fy, fz), such that

χAm̂ = f × m̂ (16)

for

χA =

 0 −fz fy
fz 0 −fx
−fy fx 0

 (17)

Then according to Eq. (16), the indirectly-generated
spin current ejected from layer b vanishes when m̂a ∥
f . In our magnetization configuration (m̂a ⊥ m̂b),
symmetry arguments dictate that jbz(m̂a, m̂b) points
along m̂b, so f must be parallel to the m̂a-plane. Us-
ing ϕI to represent the angle in the m̂a-plane point-
ing along f , the circuit theory solution for the indi-
rect nonlocal mechanism can be written as:

τad/f ∝ sin(ϕ− ϕI). (18)

Thus, for the indirect mechanism, both the damp-
inglike and fieldlike torques vanish along the same
magnetization direction ϕI . Another way of stat-
ing this result is that the contributions to sad and
saf from the indirect mechanism point along the vec-
tor f , which characterizes the spin-spin conversion
at the FMb/NM interface.

The ratio of the dampinglike to fieldlike torque to
first order in Im[Ga

↑↓] and Im[Gb
↑↓] is

τad
τaf

= −
(Gb

c − 2Re[Ga
↑↓])G

b
c tan(αab)

2Re[Ga
↑↓](Re[G

a
↑↓] + Re[Gb

↑↓])
, (19)

where, as a reminder, tan(αab) ∝ Im[Ga
↑↓]. Unlike

the direct mechanism, the dampinglike torque is zero
when Im[Ga

↑↓] vanishes. Given that Im[G↑↓]/Re[G↑↓]
is considered to be small for most material interfaces
of interest, the indirect mechanism produces larger
fieldlike torques than dampinglike torques.

Thus, we find that when both the direct and
indirect mechanisms are active, the special fields
point in different directions. If Im[Ga

↑↓] can be ne-
glected, then the direct mechanism yields zero field-
like torque and the indirect mechanism yields zero
dampinglike torque. Since direct and indirect spin
current generation occur via distinct physical mech-
anisms, determining the special fields in experimen-
tal systems may provide clues about the underlying
physical mechanisms of spin-orbit torques in ferro-
magnetic trilayers.

Since the conditions of circuit theory are not for-
mally met if the spacer thickness is comparable with
the mean free path, the complete description of
spin transport in this case requires the use of the
Boltzmann theory accounting for the details of the
nonequilibrium distribution function. This complete
treatment will be given below in Section V, which
also shows that sad ∦ saf when both the direct and
indirect nonlocal mechanisms are active.

E. Connection to known spin-orbit torque
mechanisms

Let us discuss the physical meaning of different
terms in Eqs. (3) and (4). For the sake of the argu-
ment, assume that all torques are linear in spin-orbit
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FIG. 5. (a) Direct nonlocal mechanism. Plot of the dampinglike (τa
d ) and fieldlike (τa

f ) torques on layer a as a
function of magnetization angle ϕ, obtained from magnetoelectronic circuit theory alone (solid lines) and from the
spin diffusion model (dashed lines). As seen in the zoom panel (red box), both models show the dampinglike and
fieldlike torques vanishing at the same magnetization direction. Thus, for direct nonlocal torques, the special fields
sad and saf are parallel, since they point along the magnetization direction with vanishing torque. The circuit theory
model predicts a shift between the spin direction of the injected spin current (ϕD = π/2) and the direction of the
special fields (ϕ′

D = ϕD + αba). The spin diffusion model can yield a different shift in direction, but converges to ϕ′
D

in the limit of infinite diffusion length. (b) Indirect nonlocal mechanism. Plot of the same torque components as in
(a). The dampinglike and fieldlike torques vanish for the same magnetization direction (ϕI = π/8), but this direction
can be different than for the direct mechanism (i.e. ϕ′

D ̸= ϕI). For vanishing Im[G↑↓] at the NM/FMa interface,
τa
f = 0 for the direct mechanism and τa

d = 0 for the indirect mechanism. Thus, if Im[G↑↓] can be neglected, the direct
mechanism determines the direction of sad and the indirect mechanism determines the direction of saf .

coupling, and first consider the torque generated in
layer a by spin-orbit coupling in layer b ̸= a. Also,
let us assume that the absorption by layer a of spin
current flowing across the spacer results in damp-
inglike torque with sad being equal to the polariza-
tion of that spin current. This amounts to assuming
that the boundary condition is dominated by the
real part of the spin-mixing conductance. Then, dif-
ferent terms in Eq. (3) can be attributed to different
mechanisms by which spin-orbit coupling in layer b
generates spin currents emitted into the spacer layer.
The mechanisms contributing to the first three terms
are listed in Table I.

The das term represents the spin-Hall effect, which
can be generated in any part of the system, including
layer b, its interface with the spacer, and the spacer
itself. The term with dam−das has the same structure
as the spin anomalous Hall (SAHE) effect [27], but
it can also be generated at the interface between
layer b and the spacer [39]. We can interpret das as
the effective spin-Hall conductivity when m̂b lies in

the xz plane and dam when it lies along the ŷ axis;
in both cases the spin current emitted by layer b is
polarized along the ŷ axis.

The f b
s term is the conventional effective field due

to the Rashba-Edelstein effect at the surface of layer
b. In contrast, the fa

s term represents the nonlo-
cal m̂b-independent effective field acting on layer a
thanks to spin-orbit coupling on layer b. Such field
can be generated even by a nonmagnetic interface
[54]. The additional m̂b-dependent contribution is
captured by the fa

m − fa
s term. To our knowledge,

such nonlocal m̂b-dependent fieldlike torque has not
been discussed in the literature.

The da× term can arise from the magnetic spin Hall
effect (MSHE) [55] in layer b and from the spin-orbit
filtering effect [34, 35]. The fa

× term describes an ef-
fective field with the rotated spin polarization, in
the language of Ref. 34 where it was denoted hR

FL.
This term was found [34] to be larger than da× for
a PML/Cu/Py trilayer, where PML is a perpendic-
ularly magnetized CoFe/Ni multilayer. The large
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Bulk mechanism angular dependence

spin Hall effect s = ẑ× Ê
spin anomalous Hall effect (m̂ · s)m̂
spin swapping m̂× s
magnetic spin Hall effect m̂× s

Interfacial mechanism angular dependence
spin-orbit filtering s
spin-orbit precession m̂× s

TABLE I. Angular dependence associated with various
spin current generation mechanisms. Spin currents can
be defined in general by a conductivity tensor σijk with
spin flow index i, spin direction index j, and electric field
index k, where i, j, k ∈ [x, y, z]. Assuming the electric

field direction Ê is in-plane and the spin flow direction is
out-of-plane (ẑ), the remaining conductivity tensor ele-

ments form a vector p where, for example, if Ê = x̂ then
[p]j = σzjx. The vector p is sometimes called the spin
polarization of the spin current; here we refer to it as the
spin direction. The table shows the angular dependence
of p for various spin current generation mechanisms as
a function of the directions of the electric field Ê and
magnetization m̂ of the generating layer or interface (if
it is ferromagnetic).

fa
×/d

a
× ratio was surprising because, within the spin-

diffusion model, it requires an unrealistically large
imaginary part of the spin-mixing conductance at
the interface between layer a and the spacer layer.
As we show in the following sections, the large fa

×
term can appear due to an indirect spin current gen-
erating mechanism facilitated by the crosstalk be-
tween the two ferromagnetic layers, which is remi-
niscent of the CIP-GMR effect and is absent in the
conventional spin-diffusion theory.
An unconventional fieldlike torque with an out-of-

plane spin orientation was observed in a Mn3Sn/Ni-
Fe bilayer and interpreted as a manifestation of
MSHE in noncollinear antiferromagnetic Mn3Sn
[56]. Although our treatment is not directly appli-
cable to this system, the fieldlike character of the
torque with an unconventional spin polarization may
indicate an indirect spin current generation mecha-
nism.
The last three terms in Eqs. (3) and (4) explicitly

distinguish in-plane and out-of-plane components of
the magnetization, reflecting interfacial anisotropies
induced by spin-orbit coupling. As we find below
in Section VI, these terms are negligible in trilayers
with a Cu spacer but appreciable with Pt.

V. SEMICLASSICAL CALCULATIONS

First we describe semiclassical calculations that
qualitatively capture both direct and indirect non-
local spin-orbit torques in ferromagnetic trilayers.

Specifically, we solve the spin-dependent Boltzmann
equation for a layered system with quantum coher-
ent boundary conditions, which enables us to deter-
mine the spin accumulations, spin currents, and spin
torques within each layer and at the interfaces. By
studying this solution, we develop a model that can
partially explain our first principles results.

A. Computational Details

For simplicity, all layers are described by free elec-
tron gases with the same spin-independent spherical
Fermi surfaces, though other parameters like mo-
mentum relaxation times and spin diffusion lengths
vary between layers. In the ferromagnetic layers,
the momentum relaxation times are spin-dependent,
which leads to spin-polarized currents.

To proceed, we must first determine the Boltz-
mann distribution function throughout the layered
system. We write the distribution function at posi-
tion r and crystal momentum k as fα(r,k), where
α ∈ [x, y, z, c] denotes a spin/charge index. For
α = c, the Boltzmann distribution function equals
the number of carriers within the phase space vol-
ume d3rd3k. For α = x, y, z, the Boltzmann distri-
bution equals the difference in spin ”up” and ”down”
carriers defined along the α-axis per d3rd3k. To
obtain fα(r,k), we solve the spin-dependent Boltz-
mann equation given by

∂fα
∂t

+ v(k) · ∂fα
∂r

− eE · ∂fα
∂k

+ γϵαβγH
ex
β fγ

=
∂fα
∂t coll

(20)

where v = ∇kϵk/ℏ denotes the electron velocity, ϵk
is the k-dependent energy of carriers, E equals the
electric field, and the spin/charge indices (α, β ∈
[x, y, z, c]) are implicitly summed over unless other-
wise stated. The fourth term on the L.H.S., how-
ever, describes spin precession in a ferromagnet and
excludes the charge distribution from the implicit
sums. The collision term on the R.H.S. describes
scattering with all k-states.

In what follows, we assume translational invari-
ance along the interface plane (x/y plane), so all
position dependence is restricted to the out-of-plane
direction (z axis). In the linear response regime, the
distribution function equals the spin-independent
equilibrium distribution function feq plus a spin-
dependent perturbation gα(z,k), such that

fα(z,k) = feq(ϵk)δαc +
∂feq
∂ϵk

gα(z,k). (21)
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Plugging fα(z,k) into Eq. (20), we obtain the lin-
earized Boltzmann equation in steady-state,

vz(k)
∂gα
∂z

(z,k)− eE · v(k)δαc + γϵαβγH
ex
β gγ(z,k)

= −Rαα′(k)gα′(z,k) +

∫
FS

dk′Pαα′(k,k′)gα′(z,k′),

(22)

where the first term on the R.H.S. describes scatter-
ing out to all other k-states, and the second scatter-
ing in to the given k state. All k-vectors are con-
strained to the Fermi surface.
Once the general solution to the Boltzmann equa-

tion is obtained in each layer, boundary conditions
are required to obtain the full solution for the mul-
tilayer system. Here, boundary conditions are given
by reflection (RI) and transmission (TI) matrices
that relate the Boltzmann distributions on each side
of the interface:

gα(z
−
I ,k||,−kz) = RI

αβ(k||)gβ(z
−
I ,k||, kz)

+ T I
αβ(k||)gβ(z

+
I ,k||,−kz) (23)

gα(z
+
I ,k||, kz) = T I

αβ(k||)gβ(z
−
I ,k||, kz)

+ RI
αβ(k||)gβ(z

+
I ,k||,−kz) (24)

For the first and last layers of the heterostructure,
we only assume the Boltzmann distribution does not
diverge at ±∞. For the interfaces, the reflection and
transmission matrices are adapted from the scat-
tering matrix of plane waves scattering off a spin-
dependent scattering potential given by:

V (r) =
ℏ2kF
2m

δ(z)(µ0 + µexσ · m̂+ µsocσ · (k× ẑ))

(25)

where kF is the Fermi momentum and µ0, µex,
and µsoc are dimensionless parameters specifying the
strength of the spin-independent potential barrier,
exchange interaction, and Rashba spin-orbit cou-
pling respectively.
Even with the simple electronic structure assumed

for each layer, obtaining a general analytical so-
lution is intractable. Therefore, we solve for the
nonequilibrium, spin-dependent Boltzmann distri-
bution gα(z,k) within each layer using numerical
methods detailed in Appendix B. Once the dis-
tribution function in each layer is obtained, the
spin/charge accumulations µα and nonequilibrium
spin/charge currents jiα are given by

µα(z) =
1

(2π)3vF

∫
FS

gα(z,k) (26)

jiα(z) =
1

(2π)3vF

∫
FS

vigα(z,k) (27)

where i ∈ [x, y, z] gives the flow direction of the
nonequilibrium current and vF is the Fermi velocity.
In the absence of spin-orbit coupling, the spin torque
τFM is only determined by the spin current incident
to the ferromagnet. For example, if the nonmag-
net/ferromagnet interface is located at z = 0 with
the nonmagnetic layer at z ≤ 0, then

τFM = m̂× (jz(z = 0−)× m̂) (28)

where [jz]σ = jzσ is a vector giving the spin polariza-
tion of the z-flowing spin current and σ ∈ [x, y, z] de-
notes the spin indices of α. This expression is noth-
ing more than the z-flowing spin current incident to
the ferromagnet with spin polarization transverse to
the magnetization, which represents the total angu-
lar momentum that can be transferred to the ferro-
magnetic layer. Due to our selective treatment of
spin-orbit coupling, where spin-orbit coupling is ab-
sent in the layer which receives the torque, Eq. (28)
is exact. Note that if spin-orbit coupling is included
in this layer, Eq. (28) must be modified to include
separate bulk and interfacial contributions [40, 41].

B. Semiclassical description of nonlocal
spin-orbit torques

Using the multilayer Boltzmann formalism just
described, we calculate the spin-orbit torque τ a on
ferromagnetic layer a assuming that spin-orbit cou-
pling not present anywhere except the FMb/NM in-
terface. This eliminates all spin-orbit torque con-
tributions in ferromagnetic trilayers that are also
present in nonmagnet/ferromagnet bilayers, isolat-
ing only the direct and indirect nonlocal contribu-
tions introduced in section III. The semiclassical re-
sults give qualitative agreement with the ab-initio
results presented in section VI and further eluci-
date the mechanism underlying indirect spin-orbit
torques. The parameters used in these calculations
are listed in Appendix B.

We first discuss direct spin-orbit torques. Since
spin-orbit coupling is only present at the FMb/NM
interface, any out-of-plane spin current directly gen-
erated by an in-plane electric field must occur at
that interface. The boundary conditions used at
this interface, described in detail in Appendix B,
are sufficient to capture the spin-orbit filtering and
spin-orbit precession effects [39–41] which cause spin
current generation at interfaces.

Note that direct spin current generation could
happen in the bulk ferromagnetic layer rather than
its interfaces, via several mechanisms such as the
spin Hall, spin anomalous Hall, spin planar Hall,
and magnetic spin Hall effects. For simplicity, we do
not include any of these effects in our semiclassical
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FIG. 6. (a)-(c) In-plane charge and spin currents as a function of out-of-plane position (z-axis) under an applied
electric field E ∥ x̂. For both the charge and spin currents, the flow direction points along x̂. For the spin currents,
the spin polarization direction is shown along x (blue curves) and z (orange curves). Spin-orbit coupling is absent
everywhere except the FMb|NM interface. Both ferromagnetic regions are identical except m̂a = x̂ and m̂b = ẑ. In-
plane spin polarized currents form in each ferromagnetic layer with spin polarization antiparallel to the magnetization
direction, as seen in the ferromagnetic regions. These in-plane spin-polarized current decay over out-of-plane distances
on the order of the mean free path λNM = 3 nm, as expected within the relaxation time approximation. For tNM = 4
nm, which is similar to λNM, the spin-polarized currents from each ferromagnetic layer are present in the other
ferromagnetic layer and can even change sign. (d)-(e) In-plane charge currents at z = 0+ (d) and z = t−NM as a
function of tNM. For tNM > λNM, the in-plane charge current and spin current polarized along the magnetization
approach constant values while the spin currents polarized transversely to the magnetization (generated in the other
layer) decay exponentially on the order of λNM.

calculations because the interface is sufficient both
to generate spin currents in the direct mechanism
and to convert in-plane to out-of-plane spin currents
in the indirect mechanism. Further, spin currents
generated in the ferromagnetic layer can be mod-
ified when transmitting through the FMb/NM in-
terface, introducing additional complications in an-
alyzing the charge-to-spin and spin-to-spin conver-
sion processes. We emphasize that bulk contribu-
tions from the source ferromagnetic layer are likely
quite important in experimental systems; however
they are not necessary to qualitatively explain non-
local torques within our semiclassical formalism.

Next, we discuss indirect spin-orbit torques. Fig. 6
plots the in-plane charge and spin currents as a func-
tion of out-of-plane position (z-axis) in a ferromag-
netic trilayer, as determined by our semiclassical cal-
culations. The parameters used in these simulations
are given in Appendix B. Both ferromagnetic layers
are identical, except m̂a = x̂ and m̂b = ẑ. We expect
the in-plane spin currents are polarized antiparallel
to the magnetization direction deep within each fer-

romagnetic layer, as clearly seen in Fig. 6(a)-(c).
However, near interfaces, where material properties
change, the in-plane charge and spin currents must
change as well; the decay length of the in-plane cur-
rents is roughly given by the mean free path, here
λNM = 3nm. Thus, when tNM ∼ λNM, as is the case
in Fig. 6(a), the in-plane spin-polarized current gen-
erated in each ferromagnetic layer is present in the
other layer as well. As tNM increases, the overlap of
in-plane spin-polarized currents vanishes. Fig. 6(d)-
(e) show the in-plane charge and spin currents at
z = 0+ (i.e. at FMb/NM on the NM side) and
z = t−NM (i.e. at NM/FMa on the NM side). In both
cases, the in-plane charge current and the in-plane
spin current polarized antiparallel to the magnetiza-
tion are independent of tNM, while the in-plane spin
current polarized along the other layer’s magnetiza-
tion decreases exponentially. Thus, we expect the
nonlocal indirect mechanism, which requires the in-
plane spin current from one ferromagnetic layer to
be present in the other ferromagnetic layer, to only
occur when tNM ∼ λNM.
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FIG. 7. (a)-(c) Dampinglike τa
d and fieldlike τa

f torques on layer a versus in-plane magnetization direction ϕa (m̂a = x̂
corresponds to ϕa = 0). Here m̂b = ẑ, so the two magnetization directions are always transverse to each other. In
this configuration, both special fields sad and saf lie in-plane, so τa

d and τa
f must vanish in-plane when pointing along

sad and saf respectively. Thus, any phase difference in the angular dependence of τa
d and τa

f indicates that sad and saf
are misaligned, which can only occur due to indirect spin current generation in layer b (see section VB). For tNM = 4
nm, the dampinglike and fieldlike curves have a phase difference ∆ϕ = ϕd −ϕf ∼ π/2, indicating strong indirect spin
current generation in layer b. For tNM = 12 nm, the dampinglike and fieldlike curves are in-phase, which can result
from both direct and indirect spin current generation in layer b. (d) Torque amplitudes and (e) torque phase difference
∆ϕ for layer a as a function of tNM. As tNM becomes greater than λNM but remains less than the nonmagnetic layer’s
spin diffusion length, indirect spin current generation vanishes while direct spin current generation does not. In this
limit, the torque phase difference approaches zero and the perpendicular torque arises solely due to spin rotation at
the interface (parameterized by Im[Ga

↑↓]).

We now discuss how to distinguish the direct and
indirect nonlocal mechanisms within our simulation
results, which in principle can be done for experi-
mental measurements as well. We choose an orthog-
onal configuration for the magnetizations, where
m̂b = ẑ and m̂a is rotated in the xy plane. The
angle ϕ specifies the direction of m̂a, where ϕ = 0
corresponds to m̂a = x̂. Since m̂a always points
in plane and the spin-orbit torque τ a is transverse
to m̂a, τ a can be resolved into components along
ẑ and m̂×, where m̂× is a unit vector pointing in-
plane and transverse to m̂a. Here we choose the
definition m̂× = m̂b × m̂a, which works because m̂b

is fixed out-of-plane. For m̂b = ẑ, the special fields
saf (m̂b = ẑ) and sad(m̂b = ẑ) must point in-plane

but need not be parallel, as is verified by Eqs. (3)
and (4). Rewriting Eq. (2) under these constraints
(and ignoring the l ≥ 2 vector spherical harmonics

contributions), we have

τ a = m̂a × (sad(m̂b = ẑ)× m̂a)

+ m̂a × saf (m̂b = ẑ)

= τad (ϕ)m̂× + τaf (ϕ)ẑ, (29)

where

τad (ϕ) = Ad sin(ϕ− ϕd) (30)

τaf (ϕ) = Af sin(ϕ− ϕf ). (31)

According to Eq. (29), the torque component along
ẑ is fieldlike and the torque component along m̂× is
dampinglike. In this formulation, saf points along the

magnetization direction for which τaf (ϕ) = 0 and sad
points along the magnetization direction for which
τad (ϕ) = 0. In this way, we can determine the orien-
tation of the special fields.

Under the direct nonlocal mechanism, sad ∥ saf , so

τad (ϕ) and τaf (ϕ) must vanish at the same magnetiza-

tion angle, i.e. ϕd = ϕf (modulo π). Thus, ϕd ̸= ϕf
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indicates the presence of indirect nonlocal spin-orbit
torques. Fig. 7(a)-(c) show the semiclassical cal-
culations (indicated by the symbols) of τaf (ϕ) and

τad (ϕ) for three different spacer thicknesses. These
data are then fit to Eqs. (30) and (31) (indicated by
the curves). As seen in the plots, for small spacer
thickness (tNM ∼ λNM), there is a phase difference
∆ϕ = ϕd − ϕf of nearly π/2, indicating the indirect
mechanism, while for larger spacer thicknesses, the
phase difference vanishes, which does not rule out
the indirect mechanism but can be solely caused by
the direct mechanism.
Panels (d)-(e) show the amplitudes (Ad and Af )

and phase differences ∆ϕ (modulo π/2) of the spin-
orbit torques as a function of tNM. Note that as
spacer thickness increases, we expect a 1/tNM thick-
ness dependence due to the increased spin resistance
of the spacer layer. At tNM = 4 nm, the field-
like torque amplitude is nearly half the damping-
like, which would require Im[Ga

↑↓]/Re[G
a
↑↓] ∼ 0.5,

already improbable given Im[Ga
↑↓]/Re[G

a
↑↓] ∼ 0.1 or

less for most NM/FM systems of interest. However,
more decisive than the torque amplitudes, the phase
difference ∆ϕ ≈ π/2 at tNM = 4 nm, as seen in
Fig. 7(e), proves only the indirect mechanism could
cause this large fieldlike torque. As the thickness
increases, the fieldlike torque decreases relative to
the dampinglike torque and the phase difference ap-
proaches zero, consistent with direct spin current
generation.
To summarize this section, we performed semi-

classical Boltzmann calculations for a ferromagnetic
trilayer and demonstrated that, for nonmagnetic
spacer thicknesses comparable to the mean free path,
the special fields saf and sad do indeed point in differ-
ent directions as predicted by symmetry arguments.
Only the indirect nonlocal mechanism explains this
result, as supported by our semiclassical calculations
of the in-plane charge and spin currents and the spin-
orbit torques on layer a. In the next section, we
present ab-initio calculations that also demonstrate
strong phase differences ∆ϕ in orthogonal magneti-
zation configurations, consistent with the semiclas-
sical calculations.

VI. FIRST-PRINCIPLES CALCULATIONS

A. Computational details

We consider several FM/NM/FM trilayer sys-
tems, including Co/Cu/Co, Py/Cu/Py (where Py
stands for permalloy, the random face-centered cu-
bic Ni80Fe20 alloy), and Co/Pt/Co. The elec-
tronic structure and transport properties are de-
scribed within the tight-binding linear muffin-tin or-

bital (TB-LMTO) method in the atomic sphere ap-
proximation implemented in the Questaal package
[57]. The atomic potentials for Fe and Ni atoms in
permalloy are obtained self-consistently for the min-
imal unit cell of the given trilayer using the coher-
ent potential approximation (CPA), adjusting the
atomic sphere radii in each Py monolayer to make
the sphere charges of Fe and Ni equal to each other.

The spin torques are calculated using the nonequi-
librium Green’s function (NEGF) technique [30, 47,
58] with explicit averaging over disorder configura-
tions. The NEGF method properly treats charge
and spin diffusion [59] and includes all microscopic
mechanisms of spin torque generation on the same
footing, which in the Kubo linear response technique
would require a consistent inclusion of vertex correc-
tions.

In the systems with Py, the Fe and Ni atoms are
randomly distributed over the lattice sites in the cor-
responding monolayers. The use of atomic spheres
with equal charges makes the Madelung potentials
in the substitutional alloy nonrandom and makes it
possible to avoid computationally prohibitive self-
consistent calculations for the entire disordered su-
percell.

Disorder is simulated by adding a uniformly dis-
tributed random Anderson potential −Vm < Vi <
Vm at each lattice site i. This is also done for
the Py/Cu/Py system, because substitutional dis-
order alone does not generate enough scattering to
make the mean-free path sufficiently short. To ob-
tain bulklike torquances, we used a correction for the
potential drop in the contacts [59].

Ideal face-centered cubic lattices were assumed
with lattice constants of 3.56 Å for Py/Cu/Py
and 3.75 Å for Co/Cu/Co and Co/Pt/Co trilay-
ers. Co/Cu/Co and Co/Pt/Co trilayers were set
up with (001) interfaces and current flowing in the
[11̄0] direction. Py/Cu/Py trilayers we set up with
(111) or (001) interfaces and current flowing in the
[11̄0] direction in both cases. All supercells had 400
monolayers (ML) in the direction of the current flow,
which is much longer than the effective mean-free
path. The periodic setup is completed by vacuum
separating the two ferromagnetic layers, which is
represented by 4 monolayers of empty spheres. Su-
percells are periodic in the third dimension with the
thickness of 4 or 6 ML for supercells with (001) or
(111) interfaces, respectively. Subscripts in the spec-
ification of the trilayer, such as Co4Cu4Co4, indicate
the thicknesses of the corresponding layers in ML.

Disorder strength Vm was chosen as 40 mRy or 80
mRy. The resistivities of bulk materials are: 0.4 or
1.5 µΩcm in Cu, 2.5 or 9.4 µΩcm in Co, and 6.4 and
40 µΩcm in Py at Vm = 40 or 80 mRy, respectively.
The experimental resistivities of bulk Cu and Co at
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room temperature are 1.7 and 5.6 µΩ·cm, respec-
tively. Thus, Vm = 80 mRy for these materials ap-
pears to be reasonable for room-temperature prop-
erties in high-quality samples, while 40 mRy may
correspond to extremely clean samples at low tem-
peratures.
Temperature-dependent resistivity of bulk Py was

calculated by Starikov et al. [60] who found that
the residual resistivity of about 2.3 µΩcm is dom-
inated by spin-orbit coupling and is about twice
smaller compared to experiment, which they at-
tributed to grain boundary scattering in polycrys-
talline samples. Taking thermal lattice and spin
disorder, they found room-temperature resistivity
of about 15 µΩcm in good agreement with experi-
ment [61]. However, thin Py films used in spin-orbit
torque measurements have significantly larger resis-
tivities, for example, about 30 µΩcm in Ref. [62].
Thus, Anderson disorder amplitudes of 40 and 80
mRy bracket the typical range of resistivities in thin
Py films.
The Fermi sea term [47] can contribute to the

torques that are even under time reveral, such as
those described by coefficients ds, dm, and f×. Cal-
culation of this term for a disordered system is com-
putationally very expensive. Our estimates for the
disorder-free system show that it is rather small (of
order 0.1× 105 Ω−1 m−1).

B. Giant magnetotorquance

First, we consider the configurations in which the
magnetizations of the two ferromagnetic layers are
either parallel (P) or antiparallel (AP). The in-plane
conductivity of such a trilayer depends on the rela-
tive orientation of the magnetizations (P or AP),
which is the essence of the CIP-GMR effect. Fig-
ure 8(b) shows the magnetoresistance ratio R =
(GP − GAP)/GAP for the Co4CuNCo4 trilayer as a
function of the Cu layer thickness (green symbols)
for Vm = 40 or 80 mRy. The CIP-GMR exceeds
300% in the system with N = 4 and Vm = 40 mRy
and declines with increasing N and increasing disor-
der strength, as expected.
We then calculate the spin-orbit torque acting on

the top layer in the P or AP configuration of this
system as a function of the orientation of the magne-
tizations, which are always kept collinear such that
m̂a = ±m̂b = m̂. Because none of the layers has a
fixed orientation in this case, the torques are charac-
terized by Eq. (1) with the conventional orientation
of s; for example, the torque acting on layer a is
τ a = τDLm̂ × (s × m̂) + τFLm̂ × s, where τDL and
τFL are different in the P and AP configurations.
By analogy with GMR, we define the giant mag-
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FIG. 8. (a) Torquance with dampinglike angular depen-
dence acting on the top Co layer in Co4CuNCo4 trilay-
ers in the parallel or antiparallel configurations. (b) Gi-
ant magnetotorquance and current-in-plane giant mag-
netoresistance for the same systems.

netotorquance (GMT) as RT = (τPDL − τAP
DL )/τ

AP
DL .

Experimentally, GMT could be measured by using
two ferromagnetic layers of different thickness with
sufficiently strong antiferromagnetic interlayer cou-
pling and an external magnetic field to enforce both
the orientation and the P or AP configuration.

Keeping only the first three terms in Eq. (3)
and (4) for simplicity, the observed coefficients are
τDL = das ∓ fa

× and τFL = fa
s ± da×, where the up-

per and lower signs correspond to the P and AP
confugurations, respectively. This means that τDL

and τFL do not have pure dampinglike and fieldlike
character and are defined solely based on the angular
dependence of τ a(m̂).

Large CIP-GMR in Co/Cu/Co trilayers indicates
that the effective momentum relaxation time for
electrons near the interfaces depends strongly on the
angle between the two magnetic layers. Interfacial
mechanisms of spin current emission and conversion
depend on the scattering rates and may, therefore,
be affected by the magnetic configuration. As a re-
sult, the coefficients das , f

a
×, etc., may themselves be

different in the P and AP configurations.
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Figure 8(a) shows τDL as a function of Cu layer
thickness and disorder strength in Co/Cu/Co trilay-
ers. In the parallel configuration τDL for the thinnest
Cu layer is about 7.4×105 Ω−1 m−1 at Vm = 40 mRy,
which is reduced to 2.2 at Vm = 80 mRy. This reduc-
tion follows the reduction of the conductivity, sug-
gesting that this torque comes from processes pro-
portional to the relaxation time τ , such as the spin
currents generated at the interfaces. Figure 8(b)
shows the GMT, which behaves qualitatively sim-
ilar to CIP-GMR. Clearly, the crosstalk between the
scattering in the two ferromagnetic layers strongly
affects the generation of the spin-orbit torque. This
can happen in part due to the variation of the rele-
vant relaxation times in the regions where spin cur-
rents are generated; these processes are well under-
stood in the context of CIP-GMR [43]. However, a
finite fa

× could also contribute to the difference be-

tween τPDL and τAP
DL . To isolate this contribution, in

the following we focus on the orthogonal configura-
tions.

C. Orthogonal magnetizations

To exclude the indirect influence of CIP-GMR on
the torquances, we now focus on magnetic configu-
rations with orthogonal magnetizations, m̂b ⊥ m̂a.
The sheet resistance of the trilayer in all such con-
figurations is the same apart from small relativistic
effects, ensuring that the angular dependence of the
spin-orbit torque is not overwhelmed by strong CIP-
GMR effects.

1. Geometry

For each trilayer system, we perform a series of
calculations in which the magnetization of one layer
is fixed while the other is rotated in the orthogonal
plane. For example, we can set m̂b = −x̂ and rotate
m̂a in the yz plane, or we can set m̂a = −ẑ and
rotate m̂b in the xy plane. We use −x̂, −ŷ, or −ẑ for
the fixed direction. The orientation of the rotating
magnetization will be encoded by angle ϕ measured
with respect to −ẑ unless the fixed layer is aligned
with −ẑ; in the latter case, the angle ϕ is measured
with respect to −x̂.

The disorder-averaged torquance on each fer-
romagnetic layer m̂a is projected onto the (ϕ-
dependent) basis of m̂b (b ̸= a) and m̂× = m̂b×m̂a

and represented in terms of a Fourier series. As an
example, Fig. 9 shows the calculated angular depen-
dence of τ a · m̂b and τ a · m̂× for the Co′4Cu4Co4
trilayer with spin-orbit coupling turned off in the

upper half of the trilayer (as further discussed be-
low).

When the fixed magnetization is parallel to x̂ or
ẑ, as in Fig. 9 for a Co/Cu/Co trilayer, the cos(nϕ)
and sin(nϕ) terms with even n are not allowed by
symmetry, and the angular dependence of all torque
components τ a · m̂b and τ a · m̂× is captured by a
linear combination of cos(ϕ) and sin(ϕ). Note that
when the fixed magnetization is parallel to ŷ, the
torque components are nearly independent of ϕ for
Co/Cu/Co and Py/Cu/Py trilayers (not shown in
Fig. 9). However, for Co/Pt/Co trilayers, there are
also sizeable second harmonics cos(2ϕ) and sin(2ϕ)
in this configuration, as shown in Fig. 10.

The calculated Fourier coefficients for all systems
are given in Appendix D (Tables V, VI). They are
related to the d- and f -coefficients in Eq. (3)-(4), as
shown in Table VII, which are subsequently obtained
by a least-squares fit. The results are listed in Table
II for trilayers with a Cu spacer and in Table III for
Co/Pt/Co. We will discuss them in the following
subsections.

2. Selective treatment of spin-orbit coupling

As explained in Sections IV and V, the phase shift
between the dampinglike and fieldlike torque com-
ponents in a ferromagnetic layer without spin-orbit
coupling is a manifestation of an indirect spin cur-
rent generation in the trilayer. This litmus test is not
available in experimental measurements if both fer-
romagnetic layers have comparable spin-orbit cou-
pling, which, in particular, is the case for symmetric
trilayers. However, it is readily available in theo-
retical simulations where spin-orbit coupling can be
turned on or off in different parts of the system.
Therefore, we perform auxiliary calculations with
SOC turned off in one of the ferromagnetic layers
and the adjacent half of the spacer. Such an aux-
iliary trilayer with spin-orbit coupling turned off in
the top half of the structure will be labeled with a
prime on the top layer, e.g., Co′4Cu4Co4.

Direct comparison shows that the spin-orbit
torque in trilayers with a Cu spacer are ap-
proximately additive: the spin-orbit torque in
FMa/Cu/FMb is equal to the sum of the spin-orbit
torques in FM′

a/Cu/FMb and FMa/Cu/FM
′
b. This

is reasonable because spin-orbit coupling in these
systems is relatively weak, and the layer thicknesses
are small compared to the spin-diffusion lengths; as
a result, the torquances are dominated by the first-
order term in spin-orbit coupling. To see this addi-
tivity explicitly, first note that Table II lists the coef-
ficients from Eqs. (3)-(4) individually for each layer,
which is identified by the subscript. For our sym-
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FIG. 9. Spin-orbit torques τa
d/f and τ b

d/f in Co′4Cu4Co4 with Vm = 40 mRy. Spin-orbit coupling is included only in
the bottom fixed layer 1 and two adjacent monolayers of Cu. The torques are plotted against the angle made by m̂a

with the −ẑ axis [for m̂b = −x̂, panels (a)-(b)] or with the −x̂ axis [for m̂b = −ẑ, panels (c)-(d)]. Solid lines are
fits to a harmonic function C +A1 cosϕ+B1 sinϕ. Vectors m̂b and m̂a represent the directions of the spin moments
rather than the magnetizations.

TABLE II. Coefficients in Eqs. (3)-(4) for systems with a Cu spacer obtained by fitting of the data from Table V.
The superscript denotes the layer on which the torque acts. A prime next to Co or Py indicates that spin-orbit
coupling is turned off in the top ferromagnetic layer and in the adjacent half of the spacer. A prime on Pt indicates
that spin-orbit coupling is also turned off in the Pt spacer. Coefficients are shown for torque efficiencies ξE in units
of 105Ω−1m−1. The last column lists the phase difference ∆ϕ = ϕa

d − ϕa
f = arctan [da×/d

a
s ]− arctan [fa

×/f
a
s ].

System Vm das dbs dam dbm da× db× fa
s fb

s fa
m fb

m fa
× fb

× ∆ϕ/π
Co4Cu4Co4 40 1.45 -1.45 -0.16 0.14 -0.18 0.23 0.92 -0.93 -1.04 1.13 -0.94 0.86 —
Co′4Cu4Co4 40 0.69 -0.72 -0.06 0.06 -0.17 0.04 -0.11 -1.07 0.12 1.24 -0.48 0.45 0.50
Co′4Cu4Co4 80 0.55 -0.56 0.01 0.05 0.14 0.13 -0.16 -0.43 0.07 0.34 -0.34 0.29 0.28
Co′4Cu12Co4 40 1.05 -1.24 -0.04 0.15 -0.22 -0.05 -0.11 -2.46 0.05 2.67 -0.86 0.71 0.52
Co′4Cu12Co4 80 0.55 -0.69 0.01 0.12 0.19 0.08 -0.13 -1.0 0.02 0.79 -0.46 0.41 0.31
Py4Cu4Py4 40 2.42 -2.40 -0.44 0.44 -0.02 -0.15 0.55 -0.6 -0.51 0.65 -1.53 1.48 —
Py′

4Cu4Py4 40 1.12 -1.30 -0.06 0.29 0.98 0.87 -1.19 -1.89 0.42 0.93 -0.83 0.96 -0.03
Py′

4Cu4Py4 80 0.46 -0.54 -0.08 0.10 0.42 0.24 -0.24 -0.65 0.08 0.28 -0.07 0.08 -0.14
Py′

4Cu4Py4 (001) 40 0.92 -1.04 -0.06 0.09 0.97 0.98 -0.92 -0.89 0.02 -0.03 -0.71 0.72 -0.05
Py′

12Cu4Py12 40 0.62 -0.66 -0.05 0.11 0.39 0.57 -0.40 -1.56 0.14 1.06 -0.34 0.52 0.04

metric trilayers with spin-orbit coupling included
everywhere (no primes in the system name) sym-
metry requires ga = −gb, where g stands for any
of the d- or f -coefficient. This relation is approxi-
mately satisfied by disorder-averaged quantities. If
the spin-orbit torque is additive, we should have
ga = gab − gbb , where the subscript b indicates that
spin-orbit coupling is only turned on in half of the
trilayer including layer b. This relation holds well
for all terms in Co4Cu4Co4 and somewhat less ac-
curately in Py4Cu4Py4.

Thus, for systems with the Cu spacer, calculations
of torques with partially turned-off spin-orbit cou-
pling allow us to separate the torques generated by
spin-orbit coupling in different layers, which is nec-
essary for identifying the indirect generation mecha-
nism. On the other hand, there are large deviations
from additivity in Co4Pt12Co4, as evident from Ta-
ble III. These deviations are expected because strong
spin-orbit coupling in Pt leads to a nonlinear inter-
play between the generation and relaxation of spin
currents. Even for a Co/Pt bilayer, non-additivity
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FIG. 10. (a)-(b) Spin-orbit torques τ a and τ b in Co′4/Cu4/Co4 at Vm = 40 mRy, projected onto m̂a and m̂× =
m̂b × m̂a (as indicated on the right). (c)-(d) Same for Co4/Pt4/Co4.

TABLE III. Same as in Table II but for Co4PtNCo4 systems with Vm = 40 mRy. Spin-orbit coupling is included
everywhere. The (signs of) coefficients for symmetric systems are for the top layer a. The Co′4Pt12Co4 system is
denoted 12′, and the torques acting on the two layers are listed in separate lines. For this system it is assumed that
dz and fz coefficients are zero to resolve the indeterminacy of the fit.

N ds dm d× fs fm f× P1 P2 dD d2 dz fD f2 fz
4 2.25 -1.03 -0.18 1.17 -1.34 0.28 -0.09 -0.06 0.261 -0.01 -0.07 -0.08 -0.11 0.03
12 2.80 -1.68 0.21 1.70 -1.37 -0.19 -0.11 0.08 0.20 0.00 0.00 0.02 -0.09 -0.01

12′ (layer a) 1.90 -1.01 -0.19 0.88 -0.50 -0.16 -0.03 0.05 0.43 -0.08 — -0.07 -0.10 —
12′ (layer b) -2.52 1.83 -0.51 -0.98 1.12 0.01 -0.06 0.13 -0.40 0.01 — 0.05 0.20 —

follows from the nonlinear dependence of the damp-
inglike torques on the thickness of the Pt layer.

3. Co/Cu/Co and Py/Cu/Py trilayers

For Co/Cu/Co and Py/Cu/Py trilayers, the first-
principles results listed in Table V are well described
by the first three terms in Eqs. (3) and (4). The
values of these coefficients obtained by least-squares
fits of the expressions in Table VII to the data in
Table V are listed in Table II.
First, we consider the phase shift between the

fieldlike and dampinglike torque components, which,
as explained in Section VB, signals the importance
of indirect spin current generation mechanism. This
phase shift ∆ϕ = ϕa

d − ϕa
f is listed in the last col-

umn of Table II for systems with spin-orbit coupling
turned off in layer a. We see that ∆ϕ is close to π/2
for Co′/Cu/Co systems with Vm = 40 mRy and de-
creases to about 0.3π at Vm = 80 mRy. We interpret

this large phase shift as an indication of a strong in-
direct spin current generation. On the other hand,
∆ϕ is rather small in the Py′/Cu/Py systems for all
parameter values.

The das coefficient gives the dampinglike torque
polarized along s in layer a generated by spin-orbit
coupling in layer b with m̂b lying in the xz plane.
This is the direct nonlocal spin current generation
mechanism discussed in Sec. IVC. The magnitude
of this term is comparable to the dampinglike torque
in Co/Pt bilayers [30, 47, 63]. It decreases with in-
creasing Vm consistent with its origin in interfacial
scattering. Interestingly, in asymmetric Co′/Cu/Co
and Py′/Cu/Py systems listed in Table II the coeffi-
cient das is close to the negative of dbs, which describes
the corresponding torque acting on the source layer
1. This correspondence suggests that this nonlocal
mechanism leads to an exchange of angular momen-
tum between the two layers with a negligible loss of
angular momentum to the lattice.

We note that the dm terms are much smaller than



20

ds in Table II, which means the spin current polar-
ized along s generated by the Co/Cu and Py/Cu
interfaces is strongly suppressed at m̂ ∥ s compared
to m̂ ⊥ s. A similar trend was found for the intrinsic
spin-Hall effect in Co and Fe, and, to a lesser degree,
Ni [27].

The da× term describes dampinglike torque with
spin polarization m̂b × s (i.e., the spin-rotated po-
larization, in the language of Ref. [34]). In the
typical case Im[G↑↓] ≪ Re[G↑↓], it corresponds to
the absorption of spin current with spin polariza-
tion m̂b × s emitted from the interface of layer b.
In the Co′/Cu/Co system this term is a few times
smaller than das , as it usually expected. However,
in Py′/Cu/Py the da× and das terms are of similar
magnitude.

The f b
s parameter describes the fieldlike torquance

due to the Rashba-Edelstein effect at the interface
with spin-orbit coupling. This torquance is arguably
the clearest case of an extrinsic process proportional
to the effective momentum relaxation time τint for
electrons moving through the interfacial region. The
large CIP-GMR seen in Co/Cu/Co trilayers (Fig. 8)
can be interpreted as a strong dependence of τint on
the angle between m̂b and m̂a. This dependence
(and hence the CIP-GMR ratio) becomes weaker
with increasing Cu spacer thickness tCu, on the scale
of its mean-free path. In the present case of orthog-
onal m̂b and m̂a, the presence of the second fer-
romagnetic layer leads to additional scattering, and
hence τint is expected to increase with increasing tCu.
In agreement with this expectation, the parameter
f b
s increases, by more than a factor of 2, when tCu

in the Co/Cu/Co trilayer is increased from 4 to 12
monolayers, at both Vm = 40 mRy and 80 mRy.

The coefficient fa
s is rather small in Co′/Cu/Co

trilayers, but in Py′/Cu/Py trilayers fa
s is compa-

rable with das . As noted above, the phase shift ∆ϕ
is small in this system, which means the fa

×/f
a
s and

da×/d
a
s ratios are not very far from each other. These

features could be explained within the circuit theory
in the presence of a large imaginary part of the spin-
mixing conductance Im[G↑↓]. Calculations of Ref.
[64] indeed found a rather large Im[G↑↓] for thin
layers of Ni and Py inserted between copper leads
due to incomplete dephasing of the transverse com-
ponent of the spin current, but increasing the thick-
ness of Py to 8-12 ML of Py was enough to strongly
suppress Im[G↑↓]. The fact that we see f

a
s /d

a
s ≈ 0.65

even with 12-ML Py layers in Py′12/Cu4/Py12 sug-
gests that the large fieldlike terms fa

s and fa
× in

Py′/Cu/Py trilayers are, in fact, both due to in-
direct spin current generation (i.e., to the a0, and
ax/az terms in Appendix C), while the small values
of the phase shift ∆ϕ are rather accidental. Note
that nonlocal fieldlike torque corresponding to fa

s

was discussed in Ref. [54] for a system where the
generating interface is nonmagnetic.

4. Co/Pt/Co trilayers

Table III shows that the d× and f× terms in
Co4/PtN/Co4 at both N = 4 and N = 12 are a few
times smaller compared to ds and fs, respectively.
This means that the spin-rotated [34] dampinglike
and fieldlike torques are relatively small in this sys-
tem.

Because, as mentioned in Section VIC 2, the
torques in Co/Pt/Co trilayers are not additive, the
expansion coefficients and the phase shift ∆ϕ for the
Co′/Pt/Co system are not necessarily applicable to
the physical Co/Pt/Co system. Nevertheless, we
can consider Co′4/Pt12/Co4 as a hypothetical sys-
tem to gain some insight about the indirect spin
current generation mechanism. Using the data in
Table III, we find the phase shift ∆ϕ(mod π) ≈
0.03π. Thus, the dampinglike and fieldlike torques in
Co′4/Pt12/Co4 are almost exactly out-of-phase with
each other. The spin-rotated components d× and f×
on Layer a (with turned-off spin-orbit coupling) are
small compared to their non-rotated counterparts ds
and fs, just as in the symmetric Co4/Pt12/Co4 sys-
tem.

We also note rather large values of some coeffi-
cients beyond the first three terms in Eqs. (3) and
(4), particularly dD. The dD term reflects spin-
rotated current generation at the Pt/Co surface with
Dresselhaus-like, rather than Rashba-like, angular
dependence.

VII. CONCLUSIONS

The central result of this paper is the identification
of the indirect mechanism of spin current generation
in FMa/N/FMb trilayers, in which the in-plane lon-
gitudinal spin current originating from FMa is con-
verted, at the N/FMb interface, into an out-of-plane
spin current with a different spin polarization. The
absorption of this spin current by FMa results in a
predominantly fieldlike spin torque with a spin po-
larization that depends on the magnetization of FMb

and is generally unconventional, i.e., not parallel to
the polarization of the spin-Hall current. Similar to
the current-in-plane giant magnetoresistance, the in-
direct mechanism is only possible if the thickness of
the nonmagnetic spacer is smaller than or compara-
ble to the mean-free path and can not be described
within the conventional spin-diffusion model.

Our semiclassical simulations and first-principles
calculations show that unconventional fieldlike
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torques can be similar in magnitude to unconven-
tional dampinglike torques, providing a plausible in-
terpretation of the large fieldlike torque with a “spin-
rotated” symmetry observed experimentally in Ref.
34. Such unconventional fieldlike torques can play
an important role in the field-free switching of per-
pendicularly magnetized ferromagnetic layers.
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Appendix A: Angular dependence

Equation (2) defines the dampinglike and fieldlike
torques acting on m̂a which are parametrized by two
axial polarization vectors sad and saf . Each of those
vectors is a function of m̂b and linear in E. Just
as in the analysis of the angular dependence of the
spin-orbit torque in a bilayer [30], we can write an
axial vector A (which stands for sad or saf ) in terms

of a tensor K̂:

A = K̂(m̂b) ·E (A1)

which can be expanded using vector spherical har-
monics (VSH):

K̂(m̂) =
∑
lmν

Y
(ν)
lm (m̂)⊗K

(ν)
lm . (A2)

Here K
(ν)
lm are constant vectors, and symmetry con-

siderations can be used to determine their nonzero
components. In the expansion for the spin-orbit
torque in bilayers, the torque given by A is always
orthogonal to m̂, and the index ν takes only two
values corresponding to VSH Ψlm and Φlm. The

corresponding real VSH were denoted as Z
(1)
lm , Z

(2)
lm

in Ref. 30. Here the axial vector A is not restricted
to be orthogonal to m̂b, and we need to add the third

VSH type, which we denote Z
(3)
lm , which corresponds

to Ylm(m̂) = Ylm(m̂)m̂. The set of Z
(ν)
lm is then a

complete orthonormal basis for the expansion of any

vector field defined on a sphere. The sum of direct
products (A2) defines the expansion of A(m̂b) for
any value and orientation of E.

We restrict our consideration to the angular
dependence allowed by the C∞v symmetry, even
though trilayers under consideration have lower crys-
tallographic symmetries which may allow additional
terms. As shown in Ref. [30], C∞v only allows VSH
with m = (−1)l if the x axis is aligned with the
electric field.

At order l = 1, we have

Z
(1)
1,−1(m̂) ∼ m̂× (s× m̂) (A3)

Z
(2)
1,−1(m̂) ∼ m̂× s (A4)

Z
(3)
1,−1(m̂) ∼ (m̂ · s)m̂. (A5)

The first three terms in Eq. (3) and (4) represent a
linear combination of these terms.

At order l = 2 the VSH are

Z
(1)
2,1(m̂) ∼ m̂× Z

(2)
2,1(m̂) (A6)

Z
(2)
2,1(m̂) ∼ (mxmy,m

2
z −m2

x,−mymz) (A7)

Z
(3)
2,1(m̂) ∼ mxmzm̂. (A8)

We can form a linear combination of Z
(1)
2,1 and Z

(3)
2,1

which, on account of m̂2 = 1, is first order in the
components of m̂:

Z
(1)
2,1(m̂) +

√
2

3
Z

(3)
2,1(m̂) ∼ (mz, 0,mx). (A9)

This linear combination is represented by the Dres-
selhaus terms dD and fD in Eq. (3) and (4).

Appendix B: Numerical solution of the
multilayer spin-dependent Boltzmann equation

To solve the multilayer Boltzmann equation with
quantum coherent boundary conditions, we proceed
numerically by discretizing the Fermi surface into
a mesh of Nk k-vectors labeled by index i and∫
FS

dk′ −→
∑

i wi. Then Eq. (22) can be rewrit-
ten as

vz,i
∂giα
∂z

− eEvx,iδαc + γϵαβγH
ex
β giγ

= −Ri,αα′giα′ +
∑
j

wjPij,αα′gjα′ (B1)

for an electric field along x. Defining

Bij,αα′ =
1

vz,i
(γϵαβγH

ex
β δij +Ri,αα′δij − wiPij,αα′)

(B2)
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we may write

∂giα
∂z

+
∑
j

Bij,αα′gjα′ = eE
vx,i
vz,i

δαc. (B3)

We define the scattering integrals for a ferromagnetic
layer. A nonmagnetic layer is obtained by setting pa-
rameters describing majority and minority carriers
equal to each other. To proceed, we use the following
definitions

Γ0
ij =

δij
vz,i

, (B4)

Γ±
ij = − 1

vz,i

( wj

AFS
± δij

)
, (B5)

Rrot
αα′ = ϵαzα′ (B6)

Rscat =


R⊥ 0 0 0
0 R⊥ 0 0
0 0 R+

∥ R−
∥

0 0 R−
∥ R+

∥

 , (B7)

where AFS is the area of the Fermi surface, Rrot
αα′

captures spin precession about the magnetization
(which leads to dephasing), and Rscat captures spin-
dependent impurity scattering. The scattering rates
in Eq. (B7) are given by

R±
∥ =

1

2

( 1

τ↑
± 1

τ↓

)
(B8)

R⊥ =
1

√
τ↑τ↓

+
1

τex
(B9)

where τ↑/↓ is the momentum relaxation time for ma-
jority/minority carriers, τex is the time scale associ-
ated with spin precession, and R⊥ is the scattering
rate for spins transverse to the magnetization. Using
these definitions, we have

Bij,αα′ = Γ−
ijU

T
αβ(m̂)Rscat

ββ′ Uβ′α′(m̂)

+
1

τsf
(Γ−

ijδαc + Γ+
ij(δαc − 1))δαα′

+
1

τex
Γ0
ijU

T
αβ(m̂)Rrot

ββ′Uβ′α′(m̂), (B10)

where τsf is the spin-flip lifetime and Uαβ(m̂) is a ro-
tation matrix in spin space that rotates m̂ to ẑ. Note
that we have used the relaxation time approximation
to simplify the scattering integrals [65]. Dephasing
occurs due to spin precession, which is captured by
the last term in Eq. (B10). However, dephasing is
underestimated in systems with spherical Fermi sur-
faces as compared to systems with realistic electronic
structures, so we have added an extra term 1/τex in
Eq. (B9) to enhance dephasing.

If the k-index i and the spin/charge index α are
combined into a single index: we may write

∂g

∂z
+Bg = Ev∗x (B11)

for

[v∗x]iα = e
vx,i
vz,i

δαc, (B12)

where g and v∗x are vectors of length 4Nk and B is
a 4Nk × 4Nk matrix. The solution of Eq. (B11) can
be written as

g(z) =
∑
n

cne
λnz ḡn + gP (B13)

where the first term on the right hand side is the
sum of homogeneous solutions and the second term
is the particular solution. Both the set of vectors ḡn
and gP are determined by solving

Bḡn = −λnḡn (B14)

BgP = Ev∗x. (B15)

Techniques to solve these equations can be found in
[65, 66]. Note that while the Boltzmann distribu-
tion function is real-valued, the precession term in-
troduces complex eigenvalues [40, 41, 67]. However,
the homogeneous solutions with complex eigenvalues
come in pairs whose eigenvalues are complex conju-
gates of each other, such that the appropriate linear
combinations may be real-valued. When solving the
multilayer Boltzmann equation with the boundary
conditions specified in this section, the solutions are
always real-valued.

The solution in each layer is specified once the
4Nk coefficients cn for each layer are determined
by boundary conditions. For each interface located
at z = zI (where I labels the interface), we define
reflection (RI) and transmission (TI) matrices that
connect the Boltzmann distributions on each side of
the interface in accordance with Eq. (23). Note that
in principle, the reflection matrices corresponding to
the left and right sides of the interface can be differ-
ent, though this is not the case in Eq. (23). This is
because we obtain the scattering matrices at each in-
terface by calculating the reflection and transmission
coefficients for plane waves in free space scattering
off the delta function potential given by Eq. (25).
Thus, the differences in material properties on each
side of the interface are included in the bulk solutions
and in the incoming distributions but in our simple
model do not affect the reflection and transmission
coefficients themselves. Switching to the vector and
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Bulk parameters Value Units
kF 13.58 nm−1

lNM 3.00 nm

lFM
↑ 16.25 nm

lFM
↓ 6.01 nm

lFM
sf 3280 nm

lFM
ex 0.258 nm

Interfacial parameters Value Units
µ0 0.50 dimensionless
µex 0.10 dimensionless
µsoc at FMb/NM 0.01 dimensionless
µsoc at NM/FMa 0.00 dimensionless

TABLE IV. Parameters used in the Boltzmann calcu-
lations shown in Section V. Each length parameter is
converted to the corresponding lifetime by dividing by
the Fermi velocity vF = ℏkF/m. For example, the spin-
dependent scattering times in the ferromagnetic layers
are given by τ↑/↓ = lFM

↑/↓/vF. Parameters labeled FM are
used for both ferromagnetic layers while those labeled
NM are used for the nonmagnetic spacer layer. The in-
terfacial parameters µ0 and µex are used in the scattering
potential given by Eq. (25) for all interfaces.

matrix notation

g(z±I )in −→ gα(z
±
I ,k||,∓kz) (B16)

g(z±I )out −→ gα(z
±
I ,k||,±kz) (B17)

RI −→ RI
αβ(k||) (B18)

TI −→ T I
αβ(k||) (B19)

where g(z±I )in and g(z±I )out are 2Nk-length vectors
representing the incoming and outgoing portions of
the nonequilibrium Boltzmann distribution on each
side of interface I and RI and TI are 2Nk × 2Nk

matrices, we may write the boundary conditions at
interface I as:(

g(z−I )out
g(z+I )out

)
=

(
RI TI

TI RI

)(
g(z−I )in
g(z+I )in

)
(B20)

Finally, we assume that the first and last layers of
our heterostructure are capping layers, such that:

g(z → ±∞) = 0 (B21)

For a system with L layers and L − 1 interfaces,
Eq. (B20) for each interface plus Eq. (B21) gives
4LNk equations, which is sufficient to solve for the
4LNk unknown coefficients cn, thus fully determin-
ing the nonequilibrium Boltzmann distribution in
the system. The material parameters used in the
Boltzmann calculations are found in Table IV.

Appendix C: Symmetry-allowed contributions to
sad and saf from the indirect nonlocal mechanism

The terms in Eqs. (3) and (4) can be related
to the antisymmetric spin-spin response tensor χA

by expanding the response tensor in terms of its
symmetry-allowed contributions. Here we assume
Ê = x̂, which sets s = ŷ. To first order in magneti-
zation m̂, we have

χA(m̂) =

 0 axmx −a0
−axmx 0 −azmz

a0 azmz 0

 (C1)

where a0, ax, and az are free parameters. Using
Eq. (17), the first-order (in m̂) contribution to the
vector f is

f1(m̂) =

−azmz

a0
axmx


= a0ŷ +

1

2
(ax + az)m̂× ŷ

+
1

2
(ax − az)β

Dm̂. (C2)

Noting again that s = ŷ and making the following
substitutions

fs = a0 (C3)

f× =
1

2
(ax + az) (C4)

fD =
1

2
(ax − az) (C5)

we reproduce the first order in m̂ terms in Eq. (4).
The spin-spin response tensor to second order in

m̂ is

χA(m̂) = 0 bzmzmy −bxm
2
y − bzzm

2
z

−bzmzmy 0 bxmxmy

bxm
2
y + bzzm

2
z −bxmxmy 0


(C6)

Using Eq. (17), the second order in m̂ contribution
to the vector f is

f2(m̂) =

 bxmxmy

bxm
2
y + azzm

2
z

bzmzmy

 (C7)

which can be rewritten as

f2(m̂) = bx(m̂ · ŷ)m̂+ bzzm
2
zŷ

+ (bz − bx)(m̂ · ŷ)mz ẑ (C8)
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Making the following substitutions

fm − fs = bx (C9)

4f2 = bzz (C10)

4fz = bz − bx (C11)

we reproduce the second order in m̂ terms in Eq. (4).

Appendix D: Results of first-principles
calculations

Table VII shows how various terms in Eqs. (1) and
(3) contribute to the expansion parameters for the
configurations appearing in Tables V and VI. In ad-
dition to the terms appearing in Eqs. (3) and (4), we

include the Z
(1)
2,1 and Z

(2)
2,1 harmonics in the τ̃ a(m̂a)

term in Eq. (2) with coefficients P1 and P2, respec-
tively. Among the systems we have considered, these
latter terms are only appreciable for Co/Pt/Co tri-
layers.
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TABLE V. Expansion coefficients C, A1, B1 for the torquances, τ a ·m̂α = C+A1 cos θ+B1 sin θ+A2 cos 2θ+B2 sin 2θ,
where θ is the angle between the rotating magnetization and the ẑ or (if rotating in the xy plane) the x̂ axis. Second-
harmonic coefficients A2, B2 are non-zero only in Co/Pt/Co trilayers; they are listed separately in Table VI. Layer a
is at the top, b at the top of the trilayer, and m̂× = m̂b × m̂a. Dashes indicate terms forbidden by symmetry. Units
of 105 Ω−1 m−1. Typical error bars are on the order of 0.1 105 Ω−1 m−1. A prime indicates that spin-orbit coupling
is turned off in layer a and in half of the adjacent spacer layer. Entry in square brackets: predicted by additivity (see
Sec. VIC 2).

System
Fixed
layer

τ a ·mb τ a ·m× τ b ·ma τ b ·m×
C A1 B1 C A1 B1 C A1 B1 C A1 B1

Co′4Cu4Co4
40 mRy

mb ∥ −x̂ — 0.11 0.50 — -0.66 0.14 — 1.08 0.08 — 0.69 -1.21
mb ∥ −ŷ 0.06 — — 0.12 — — 0.45 — — 0.04 — —
mb ∥ −ẑ — -0.10 0.45 — 0.73 0.20 — -1.07 0.04 — -0.74 -1.26
ma ∥ −x̂ — -0.10 0.06 — 0.78 0.05 — -1.07 0.50 — -0.78 0.05
ma ∥ −ŷ 0.48 — — 0.13 — — 0.04 — — -1.13 — —
ma ∥ −ẑ — 0.11 0.05 — -0.73 0.08 — 1.04 0.49 — 0.79 -0.00

id., 80 mRy mb ∥ −x̂ — 0.16 0.34 — -0.55 -0.14 — 0.43 0.05 — 0.56 -0.34
mb ∥ −ŷ -0.02 — — 0.07 — — 0.29 — — 0.13 — —

[Co4Cu4Co4]

40 mRy
Predicted

mb ∥ −x̂ — -0.97 0.95 — -1.35 0.18 — 0.97 0.14 — 1.35 -1.09
mb ∥ −ŷ 0.12 — — -1.115 — — 0.925 — — 0.21 — —
mb ∥ −ẑ — 0.97 0.9 — 1.47 0.24 — -0.97 0.1 — -1.47 -1.14

Co4Cu4Co4
40 mRy

mb ∥ −x̂ — -0.94 0.97 — -1.33 0.15 — 0.92 0.16 — 1.36 -1.06
mb ∥ −ŷ 0.16 — — -1.02 — — 0.89 — — 0.27 — —
mb ∥ −ẑ — 0.89 0.91 — 1.50 0.15 — -0.91 0.12 — -1.44 -1.10

Co′4Cu12Co4
40 mRy

mb ∥ −x̂ — 0.13 0.90 — -1.07 0.23 — 2.46 0.17 — 1.30 -2.73
mb ∥ −ŷ 0.04 — — 0.06 — — 0.72 — — -0.05 — —
mb ∥ −ẑ — -0.10 0.82 — 1.02 0.22 — -2.46 0.13 — -1.18 -2.63

id., 80 mRy mb ∥ −x̂ — 0.13 0.46 — -0.55 -0.19 — 0.10 0.13 — 0.69 -0.79
mb ∥ −ŷ -0.01 — — 0.02 — — 0.41 — — 0.08 — —

Py′
4Cu4Py4

40 mRy

mb ∥ −x̂ — 1.18 0.81 — -1.23 -1.04 — 1.89 0.25 — 1.43 -0.88
mb ∥ −ŷ 0.06 — — 0.42 — — 0.96 — — 0.87 — —
mb ∥ −ẑ — -1.20 0.85 — 1.00 -0.92 — -1.88 0.15 — -1.17 -0.97

Py′
4Cu4Py4

80 mRy

mb ∥ −x̂ — 0.25 0.14 — -0.57 -0.44 — 0.66 0.01 — 0.69 -0.19
mb ∥ −ŷ 0.08 — — 0.08 — — 0.08 — — 0.24 — —
mb ∥ −ẑ — -0.23 -0.01 — 0.35 -0.37 — -0.64 0.19 — -0.39 -0.38

Py′
4Cu4Py4

(001)

40 mRy

mb ∥ −x̂ — 0.93 0.73 — -1.00 -1.01 — 0.89 0.17 — 1.17 0.08
mb ∥ −ŷ 0.06 — — 0.02 — — 0.72 — — 0.98 — —
mb ∥ −ẑ — -0.90 0.69 — 0.84 -0.93 — -0.88 0.01 — -0.90 -0.02

[Py4Cu4Py4]

40 mRy
Predicted

mb ∥ −x̂ — -0.71 1.77 — -2.66 -0.17 — 0.71 0.31 — 2.66 -0.46
mb ∥ −ŷ 0.26 — — -0.51 — — 1.79 — — -0.11 — —
mb ∥ −ẑ — 0.68 1.81 — 2.17 -0.05 — -0.68 0.21 — -2.17 -0.55

Py4Cu4Py4

40 mRy

mb ∥ −x̂ — -0.53 1.45 — -2.42 -0.05 — 0.64 0.47 — 2.44 -0.61
mb ∥ −ŷ 0.44 — — -0.51 — — 1.48 — — -0.15 — —
mb ∥ −ẑ — 0.57 1.61 — 2.42 0.08 — -0.55 0.41 — -2.35 -0.69

Py′
12Cu4Py12

40 mRy

mb ∥ −x̂ — 0.42 0.38 — -0.59 -0.54 — 1.54 0.08 — 0.71 -0.88
mb ∥ −ŷ 0.05 — — 0.14 — — 0.52 — — 0.57 — —
mb ∥ −ẑ — -0.38 0.31 — 0.63 -0.23 — -1.57 0.14 — -0.61 -1.23

Co′4Pt
′
4Co4

40 mRy

mb ∥ −x̂ — 0.12 -0.17 — 0.09 -0.18 — -0.84 -0.05 — -0.11 0.99
mb ∥ −ŷ 0.04 — — 0.27 — — -0.28 — — -0.08 — —
mb ∥ −ẑ — -0.16 -0.22 — -0.24 -0.17 — 0.86 -0.10 — 0.30 1.06

[Co4Pt4Co4]

40 mRy
Predicted

mb ∥ −x̂ — 0.96 -0.45 — 0.20 -0.26 — -0.96 -0.01 — -0.20 1.26
mb ∥ −ŷ -0.04 — — 1.30 — — -0.48 — — -0.26 — —
mb ∥ −ẑ — -1.02 -0.50 — -0.54 -0.25 — 1.02 -0.06 — 0.54 1.33

Co4Pt4Co4
40 mRy

mb ∥ −x̂ — -1.02 -0.33 — -2.20 -0.19 — 1.60 1.03 — 2.38 -1.50
mb ∥ −ŷ 1.01 — — -1.32 — — -0.28 — — 0.31 — —
mb ∥ −ẑ — 1.70 -0.22 — 2.27 0.42 — -1.14 0.96 — -2.17 -1.28

Co4Pt12Co4
40 mRy

mb ∥ −x̂ — -1.59 0.22 — -2.83 -0.43 — 2.09 1.6 — 2.72 -1.61
mb ∥ −ŷ 1.64 — — -1.34 — — 0.19 — — -0.20 — —
mb ∥ −ẑ — 2.13 0.17 — 2.7 -0.00 — -1.59 1.78 — -2.93 -1.27

Co′4Pt12Co4
40 mRy

mb ∥ −x̂ — -0.86 0.06 — -1.95 -0.26 — 1.51 1.95 — 2.62 -1.26
mb ∥ −ŷ 1.01 — — -0.50 — — 0.01 — — -0.51 — —
mb ∥ −ẑ — 1.30 0.25 — 1.54 0.65 — -1.05 1.70 — -2.40 -1.19
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TABLE VI. Second-order coefficients A2, B2 for the torquances in Co4/PtN/Co4 trilayers with Vm = 40 mRy and
m̂b ∥ −ŷ. The definition is given in Table V.

N
Fixed
layer

τ a ·mb τ a ·m× τ b ·ma τ b ·m×
A2 B2 A2 B2 A2 B2 A2 B2

4 mb ∥ −ŷ 0.04 -0.07 -0.14 0.11 0.06 -0.27 -0.17 -0.16
12 mb ∥ −ŷ 0.07 -0.08 0.08 -0.06 -0.02 -0.21 -0.17 0.01

TABLE VII. Correspondence of the expansion terms listed in Tables V and VI with the analytical expressions in Eqs.

(3)-(4). Coefficients P1, P2 give contributions from scaled l = 2 harmonics,
√

5/3Z
(1)
2,1 and

√
5/3Z

(2)
2,1, respectively.

The form for τ b · ma and τ b · m× components acting on layer 1 can be obtained by replacing 1 ↔ 2 (which also
changes the sign of m̂×) and then reversing all signs. The coefficients for layers 1 and 2 are generally different, but
they are related by symmetry for a symmetric trilayer.

Fixed
layer

τ a ·mb τ a ·m×
C A1 B1 A2 B2 C A1 B1 A2 B2

mb ∥ −x̂ — −fs − P1 −f× − fD — −ds + P2 −d× − dD
mb ∥ −ŷ −dm — — P2 fm — — P1

mb ∥ −ẑ — fs − P1 + 4f2 −f× + fD — ds + P2 + 4d2 −d× + dD
ma ∥ −x̂ — fs − P1 + 3f2 − fz −dm − P2 − d2 − dz — ds + P2 + 3d2 − dz fm − P1 + f2 + fz
ma ∥ −ŷ −f× — — fD dD −d× — — dD −fD
ma ∥ −ẑ — −fs − P1 −dm + P2 — −ds + P2 fm + P1
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