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ABSTRACT
Chromatin is partially structured through the effects of biological motors. “Swimming motors” such as RNA polymerases and chromatin
remodelers are thought to act differentially on the active parts of the genome and the stored inactive part. By systematically expanding the
many-body master equation for chromosomes driven by swimming motors, we show that this nonuniform aspect of motorization leads to
heterogeneously folded conformations, thereby contributing to chromosome compartmentalization.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0238294

I. INTRODUCTION

Chromatin is a complex heteropolymer composed of genomic
DNA and associated proteins, regulated by various proteins, some
of which are active motors.1 Advances in imaging and sequencing
technologies show this structure is overall disordered but varies in
its statistics between active and inactive regions.2–5 Chromosome
Conformation Capture (Hi-C) experiments measure this separa-
tion by quantifying contact probabilities within euchromatic (A)
and heterochromatic (B) regions and then showing an effective
relative repulsion between them.6 The formation of these “A/B
compartments” is often attributed to pairwise attractions between
chromatin segments.7

Many chromatin-associated proteins may be thought of as
motors.8–10 RNA polymerase II, a swimming motor, clearly acts
heterogeneously.11–13 Other proteins also play an important role in
setting up the folding patterns of chromosomes in different cell types
and states.4,14,15 A heterogeneous chromatin folding model based
on energy landscape theory trained to maximize the information-
theoretical entropy consistent with observed patterns (Minimal
Chromatin Model16 or MiChroM17–22) indicates that the compart-
mentalization of chromosomes can be effectively pictured as coming
from the microphase separation of regions with different biochem-
ical properties. In this model, the formation of folding patterns is
described as coming from heterogeneous effective static interactions

between parts of the chromosome. The detailed biophysical mecha-
nisms are not spelled out in this analysis. Recently, we analyzed the
folding patterns of a homogeneous motorized chromosome model,
where the response of the motors to imposed forces is critical.23
Many other models of nonequilibrium motors assume the motors
act independently of the forces that they must exert.24–31

Here, we explore the statistical mechanical modeling of a het-
erogeneous chromosome model with force-responsive swimming
motors. We do not deal with grappling motors, which we have
shown can naturally lead to long-ranged correlations that show up
in the “ideal chromosome.”16–19,32,33 In the present model, chromo-
somes are driven by swimming motors, giving rise to a many-body
master equation for their configurations, similar to previous studies
on the cytoskeleton34–37 and on uniform chromosome chains.23 By
systematically expanding the master equation, we show that motor-
driven compartments will be separated from the non-motor-driven
compartments at their junctions. Analytical and numerical analyses
of this minimal model show that the effect of nonuniformmotoriza-
tion induces direct mode coupling and can be mapped as non-local
interactions in an equivalent effective equilibrium model.23,29

II. MODEL
Here we study a nonuniform, sequence-dependent motorized

model of a heteropolymer separated into euchromatin (A) and
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heterochromatin (B) regions. Following our previous work,23 we
describe the motion of the motorized chain by an overdamped
Langevin equation to which is added discrete steps mimicking
the kicks of the motors: ṙi = βD(−∇iU) + ηi + v

m
i , where ri is

the position of the ith bead of the polymer. We take the back-
bone to be a Rouse chain, thereby neglecting excluded vol-
umes, so that the potential is harmonic, U({r}) = U(r1, r2, . . . , rn)
= K∑N

i=1 (ri − ri−1)
2
/2 with K the spring constant. The random vari-

ables ηi are Gaussian noises, representing the ordinary thermal
Brownian random forces with zero average correlated in the usual
way as ⟨η j1

i1 (t)η
j2
i2 (t

′
)⟩ = 2Dδi1i2δ j1 j2δ(t − t

′
), where D is the dif-

fusion coefficient and β is the inverse temperature. The kicking
terms from the motors vmi = ∑q lqδ(t − tq) are modeled as a time
series of shot-noise-like transitions. The statistical nature of the
motor kicks depends on how the motor’s activity is influenced by
the applied forces and how far the motor displaces the chain ele-
ments in each step. We see that this activity dependence implies
the statistics of vmi is not independent of chain structure—a cru-
cial difference from some other models of motorized chromosomes
and active matter.24–31,38–40 This description leads to a Master equa-
tion to track the dynamics of the probability distribution function
Ψ of the chain having bead positions in three-dimensional space
{ri}, ∂tΨt({r}) = (LFP + LNE)Ψt({r}). The first term LFPΨt({r})
= −∑i∇i ⋅ Ji is the conventional Fokker–Planck operator describing
the passive thermal motions with Ji({r}; t) = βD(−∇iU)Ψt({r})
−D∇iΨt({r}) the probability current. The statistics of the nonequi-
librium motorized displacements of the chain by the motors are
summarized by an integral term in the Master equation LNEΨt(r)
= ∫Πidr′iKr′→rΨt(r′) −Ψt(r) ∫Πidr′iKr→r′ , where Kr′→r is the tran-
sition rate between different chain conformations caused by a
single specific kicking event. The kicking rate depends on how
the underlying biochemical mechanisms of the motors respond to
the forces that are required to displace them. We write k = κW
(ΔU) = κ[Θ(ΔU)e−ϑuβΔU +Θ(−ΔU)e−ϑdβΔU] with κ the basal kick-
ing rate, Θ the Heaviside function, and ΔU the free energy dif-
ference between the starting configuration and the displaced chain
due to the motorization.34–37,41,42 This discrete dynamics resem-
bles a typical finite-step Monte–Carlo move. Our setup, we see,
couples motor-driven non-equilibrium chemical reactions with the
local mechanical forces acting on the motors. The assumption
that transition probabilities depend instantaneously on the parti-
cle configuration implies that the dynamics is Markovian. Proces-
sivity requires additional variables monitoring how long a motor
has been actively bound to the chromosome fiber. The coeffi-
cient ϑ, called the susceptibility, describes the coupling strength
between the kicking noises andmechanical interactions. Susceptibil-
ities have been measured for many systems by using force-extension
measurements.43,44 The motor susceptibilities can be different for
uphill kicks (ϑu) and downhill kicks (ϑd). These coefficients depend
on the motor mechanism. When ϑ→ 0, the motors do not respond
to external forces. We say here in that case that the motors
are “fully adamant.” When ϑ ≠ 0, the motor responds to applied
forces.

In active matter research, it has been common to model motors
as transporting their cargo directly across three-dimensional space.
True molecular-level swimming typically involves only minute
movements.45 We calledmotors, which relocate individual elements,

“swimming motors” in our previous work.23 Conceptually, this type
of motor can be thought of as approximating the local reorgani-
zation of chromatin facilitated by active nuclear enzymes such as
RNA polymerase II, helicases, or topoisomerases.46–49 These pro-
teins act on local chromatin structures to regulate DNA accessibility,
structural states, or topological properties, thus forming the basis
for dynamic chromatin regulation. RNA polymerase II unwinds the
DNA double helix during transcription, transcribing the template
strand into mRNA while closely interacting with both DNA and
RNA.50,51 Its size is ∼10–12 nm,52 with a typical transcriptional activ-
ity range spanning several kbps to 10 kbps.53 Helicases primarily
function to unwind DNA or RNA duplexes during replication, tran-
scription, or repair, enabling local single-strand formation.54 Their
size ranges from 5 to 15 nm, depending on the specific type,55 with
an activity range typically covering hundreds to thousands of base
pairs.56 Topoisomerases alleviate torsional stress and resolve super-
coiling by cutting and rejoining DNA strands, maintaining DNA
topology. Their size is ∼8–10 nm,57 and they locally act on DNA
segments spanning hundreds to thousands of base pairs to manage
supercoils and topological stress.58

For simplicity in this paper, we will show results only for
the choice ϑu = ϑd = ϑ but our results are easily generalized to
the two susceptibilities being different. Motors with both signs of
ϑ are known. We here will mainly focus on motors with non-
negative ϑ. A swimming motor executes a power stroke, leading
to a specific structural alteration that propels the polymer bead
by a distance l in the direction n, denoted as l = ln(r). The
transition rate kernel Kr′→r for swimming motors can then be
written as

LNEΨt(r) = κ∑
i
∫ dn{e−ϑβ[U(...,ri ,... )−U(...,ri−l,... )]

×Ψt(. . . , r′i = ri − l, . . . ) − e
−ϑβ[U(...,ri+l,... )−U(...,ri ,... )]

×Ψt(. . . , ri, . . . )}. (1)

The basal kicking rate may depend on the conformation of the
chromosome chain.45 Here, we assume that the kicking direc-
tion n fluctuates on the timescale of the motor particle’s tum-
bling τ ≪ κ−1, which corresponds to an isotropic kicking pro-
cess. Polymerases swim along the chain, but because of the
thermal motions of the chain, they lead to a small persistence
length statistically. We believe isotropy then is an appropri-
ate approximation to describe the motions on the larger length
scales.

Although previous studies based on MiChroM suggest that
static interactions between local chromatin types can predict
specific patterns of compartmentalization in the genome,18 the
detailed biophysical mechanisms that give rise to those interac-
tions are not specified. We focus on the case where the sequence-
dependent activity of polymerase along the chain is only the
monomers in the A (euchromatin) segments that are affected by
the swimming motors. Then we have explicitly a uniform thermal
motion,

LFPΨt(r) = − ∑
i ∈A∪B

∇i ⋅ [βD(−∇iU)Ψt(r) −D∇iΨt(r)], (2)
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FIG. 1. Model of the genome as a heteropolymer with nonuniform motorization. As
a minimal model, we assume uniform activity within segments I and II. Specifically,
κi∈ I = 0 for heterochromatin and κi∈ II = κ for euchromatin.

and a heterogeneous motorized effect described as

LNEΨt(r) =∑
i ∈A

κi ∫ dn{e−ϑβ[U(...,ri ,... )−U(...,ri−l,... )]

×Ψt(. . . , r′i = ri − l, . . . ) − e
−ϑβ[U(...,ri+l,... )−U(...,ri ,... )]

×Ψt(. . . , ri, . . . )}. (3)

To elucidate how heterogeneous motorizations affect the poly-
mer conformation, we study the simplest case where there are
only two continuous segments, one made up of heterochromatin
(B compartment) having κ = 0 and the other having κi∈ II = κ for the
euchromatin or A compartment, see Fig. 1. A junction is placed at
the middle of the chain.

III. PÉCLET NUMBER EXPANSION
When the kicks are relatively small, one can expand the

nonequilibrium integral operator perturbatively as

LNEΨt(r) = −∑
i ∈A
∇i ⋅ [

ϑκil2

d
(−∇iβU)Ψt(r) −

κil2

2d
∇iΨt(r)]. (4)

Here, d is the general dimension. Wang and Wolynes showed that
in cytoskeleton models, this can be described as a renormaliza-
tion of the diffusion coefficients and the ambient temperature.37
Here, the effect of the heterogeneous motorization is to yield a
sequence-dependent diffusion constant and sequence-dependent
effective temperature of the Brownian motion,

βeff,i∈II = β[1 + (ϑ −
1
2
)
Δ
d
], (5)

Deff,i∈II = D(1 +
ϑΔ
d
). (6)

The non-uniformity of effective temperature leads to spatial struc-
ture. The quantity Δ = κl2/D is analogous to the Péclet number used
in discussing diffusion in systems with convection. In hydrodynam-
ics, the Péclet number quantifies the effects of flows relative to the
effects of molecular diffusion.59

IV. EFFECTIVE ROUSE MODE ANALYSIS
Without considering the excluded volume effect, we see the

renormalized temperature and diffusion coefficient lead to an effec-
tive Rouse model to low order in the Péclet number. This is most
easily seen in the continuous version of the model appropriate
for a long polymer chain composed of a large number of beads:

ri(t)→ r(s, t) as ∂tr(s, t) = (βD)K∂2
s r(s, t) + η(s, t), where η(s, t)

is the Gaussian random noise.60,61 The Rouse mode decom-
position is basically a sequence Fourier transformation, written
as follows: r(s, t)→ r̂q(t) = ∫

L/2
−L/2 dse

−iqsr(s, t) and η(s, t)→ η̂q(t)

= ∫
L/2
−L/2 dse

−iqsη(s, t), where L is the polymer length. We use two
matrices R̂q,...(t) = r̂q(t) and M̂q,...(t) = η̂q(t) to represent the
Rouse modes, where the Rouse mode dynamics can be written as
∂tR̂(t) = −J(t) ⋅ R̂(t) +H(t). Here, J is the response matrix and
H(t) is the covariance matrix with ⟨H(t)H†

(t′)⟩ = Λδ(t − t′).60,61
The spatial association of chromosomal steady-state configurations
can be analyzed by calculating the second Rouse moments of the
displacements23,29 Y = limt→∞⟨R̂(t) ⋅R̂ †

(t)⟩/L. In the long time
limit, the steady-state solution can be obtained as

Y = L−1∫
∞

0
dτe−Jτ ⋅Λ ⋅ e−J

†τ. (7)

For convenience, we apply the periodic boundary condition to the
entire chain, which eliminates the need to address end effects. By
transforming the second Rouse moments into real space, we can
obtain the mean squared separation ⟨r2ss′(t)⟩ with rss′(t) = r(s, t)
− r(s′, t), which characterizes the structural patterns in the polymer
conformation.

V. NONUNIFORM HETEROPOLYMER CHAIN
WITH COMPARTMENTALIZATION

For the motorized chain whose response matrix is non-
diagonal, we assume that the interactions within the backbone Rouse
chain (the diagonal elements of the response matrix) are domi-
nant. The other interactions caused by the motors are perturbations
(δJqk,q≠k ≪ Jqk,q=k), and the covariance matrix between different
modes can be decomposed into the independent parts with homo-
geneous magnitude Λ0 and the correlated parts Λqk,q≠k. Following
the method proposed by Goychuk et al.,29 we calculate the second
Rouse moments by using the matrix exponential perturbation as

LYqk =
Λqk

Jqq+Jkk −
Λ0

Jqq+Jkk (
δJqk
Jkk
+

δJ∗kq
Jqq
).62 For the minimal scenario stud-

ied here, we place the II compartment (euchromatin) on the right-
hand segment s ∈ (0,L/2], which is subject to swimming motors,
and the I compartment (heterochromatin) on the left-hand segment
s ∈ [−L/2, 0], which is not subjected to swimming motors. Thus, we
take

κ(s) =
⎧⎪⎪
⎨
⎪⎪⎩

0 s ∈ [−L/2, 0]
κ s ∈ (0,L/2]

, (8)

where the junction between the two compartments, one active
and the other inactive, is placed at s = 0. From Eqs. (5) and (6),
the effects of motorization lead to sequence-dependent effective
diffusion Deff(s) and effective temperature βeff(s),

Deff(s) =
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

D s ∈ [−L/2, 0]

D(1 +
Δ
2d
) s ∈ (0,L/2]

, (9)
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and

βeff(s) =
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

β s ∈ [−L/2, 0]

β[1 + (ϑ −
1
2
)
Δ
d
] s ∈ (0,L/2]

. (10)

From that we obtain

Yqk =
b2δqk
q2
−

2b2 fq−k
L(q2 + k2)

. (11)

Here, fq is the sequence Fourier transformation of f(s)with f(s) = 0
for s ∈ [−L/2, 0] and f (s) = (ϑ − 1

2)Δ/d for s ∈ (0,L/2]. It is worth
noting that, unlike a homogeneous chain, a heterogeneous chain
with nonuniform motorization couples different Rouse modes hav-
ing different sequence k vectors. By transforming Eq. (11) back
into real sequence space, we obtain the spatial correlations of the
chromosome with heterogeneous motorization,

⟨r(s, t) ⋅ r(s′, t)⟩ = −
1
2
b2[∣Δs∣ − ∫ dx f (x)GA

(s − x, s′ − x)], (12)

where Δs = s − s′ and GA
(s1, s2) = [2γe + log (s21 + s22)]/π is the

Green’s kernel with γe, the Euler–Mascheroni constant.
By using Eq. (12), one can analytically calculate the mean

squared separation ⟨r2ss′(t)⟩ for the heterogeneous polymer chains
subjected to swimming motors with different susceptibilities, see
Fig. 2(a). Where the susceptible motors drive the polymer chain, the
mean squared separations become smaller; whereas, if the chain is
driven by adamant motors, the mean squared separations become
larger. To illustrate thismore clearly, we present the changes inmean
squared separation relative to a passive Rouse polymer in Fig. 2(b).
The junction breaks the sequence translational invariance.When the
system is driven by susceptible motors, the active regions not only
contract themselves significantly but also cause a slight contraction
in those parts of the inactive region near the junction. Conversely,
when driven by adamant motors, the active regions expand signif-
icantly but at the same time also cause a slight expansion in the

inactive regions close to the junction. This suggests that the driv-
ing forces of motors with different properties may contribute to
compartmentalization locally in sequence but only throughout three
dimensions.

VI. NONUNIFORM MOTORIZATIONS INDUCED
LONG-RANGED INTERACTIONS

To elucidate the conformation of motorized chains, we note
that any Gaussian steady state can be mapped to the thermal equi-
librium weight of a generalized Gaussian polymer with additional
harmonic interactions,23,29,63 where the dynamics of the polymer are
determined by

∂tr(s, t) = βDk{∂2
s r(s, t)+ ∫ ds′ K̃(s, s′)[r(s′, t) − r(s, t)]} + η(s, t)

= βDk{∂s[(1 + K̃(s))∂sr(s, t)]

+∫ ds′ K̃LR(s, s′)[r(s′, t) − r(s, t)]} + η(s, t). (13)

In the second equality, the additional interactions caused by the
motorizations decouple into a local reorganization term K̃(s)
and a direct interaction term K̃LR(s, s′) with reciprocity that is
K̃LR(s, s′) = K̃LR(s′, s), which can be positive or negative. We can
extract the coupling coefficients K̃(s, s′) that best reproduce the
steady-state separations. To this goal, we first calculate the response
matrix of the polymer, which is given by a non-diagonal Hermi-
tian matrix Jqk = ξ−1k(q2δqk − L−1 K̃qk). Then, we can obtain that
Yqk = b2δqk/q2 + b2 K̃qk/Lq2k2. Compared with Eq. (11), we can
extract the coupling strength to map the motorized chain confor-
mation:

K̃qk

q2k2
= −

2 fq−k
q2 + k2

. (14)

Transforming Eq. (14) into real space, one finds that

K̃(s) = f (s), (15)

FIG. 2. The mean-squared separation (a, left panel) and change in mean squared separation relative to passive Rouse polymers (b, right panel) of motorized polymer
chains for both the susceptible swimming motor (ϑ = 1, upper triangle) and the adamant swimming motor (ϑ = 0, bottom triangle). The results were obtained by numerically
calculating Eq. (12). Parameters L = 8π, κl2/dD = 0.6, and b2

= 1 for both panels.
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and

K̃LR(s, s′) = −∫
dq
2π

fq
∣q∣3

4
e−

∣q∥s−s′ ∣
2 + iq(s+s′)

2 . (16)

The first term, Eq. (15), represents the modification of the local
spring constant, which renormalizes the effective Kuhn lengths.
The second term, Eq. (16), represents the non-local long-range
interactions, which give rise to correlations.

As an example, for the minimal model with compartmentaliza-
tion that we introduced before [see Eq. (8)], we have

K̃(s) =
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

0 s ∈ [−L/2, 0]

(ϑ −
1
2
)
Δ
d

s ∈ (0,L/2]
, (17)

and

K̃LR(s, s′) = −2(ϑ −
1
2
)
Δ
d ∫

L

0

dq
2π

q2

4
e−

q
2 ∣s−s′ ∣

× [sin
(s + s′)

2
q − sin

(s + s′ − L)
2

q]. (18)

For the local modification term, Eq. (17), we observe that the local
spring constants of the compartments driven by motors are renor-
malized, whereas those of the compartments not driven by motors
remain unchanged. If the motors are susceptible, the Kuhn length
of the motorized compartment will decrease, whereas if the motors
are adamant, the Kuhn length of the motorized compartment will
increase. This is consistent with our previous findings on uniform
motorized chromosomes, where again susceptible motors cause
local contraction of the chain, while adamant motors cause local
expansion.23

We numerically calculate the long-ranged interaction term
K̃LR(s, s′) by using Eq. (18). The results are shown in Fig. 3. We

observe that nonuniform motorization yields differently correlated
domains near the junction. In some regions, sites exhibit mutual
attraction, while in other regions, sites exhibit mutual repulsion.
These regions are interleaved along both sides of the junction, with
their arrangement dependent on the mechanical properties of the
motors. When the motors are susceptible, the regions near the junc-
tion driven by the motors show mutual attraction between sites,
leading to compaction. Conversely, when the motors are adamant,
the regions near the junction show mutual repulsion between sites,
leading to expansion.

To see it more clearly, we plot the nonuniform motor-induced
long-ranged interactions K̃LR(s, s′) at different values s̄ = (s + s′)/2
as a function of Δs = s − s′ for both the adamant motor and the sus-
ceptible motor in Fig. 4(a). In Fig. 4(b), we also plot K̃LR(s, s′) vs
Δs = s − s′ for fixed s′ = 0, which is close to the junction. Regardless
of whether the motors are susceptible or adamant, the motorization-
induced interactions between compartments I and II are small. In
addition, it is observed that the strength of themotorization-induced
interactions decays with increasing distance from the junction.
Our calculations indicate that the range of this long-range interac-
tion spans approximately several hundred kilobases. Specifically, for
human chromosomes, this length scale is not too different from the
typical size of Topologically Associating Domains (TADs), which
generally range between 100 kb and 1 Mb.64 In contrast, compart-
mentalization often involves larger chromatin structures on the scale
of several megabases or even entire chromosomes.6,65 We suggest
that to explain the larger size compartmentalization by swimming
motors alone may require multi-junction cooperation. We suggest
using this interaction pattern near the junctions of Hi-C data. This
junction effect is absent in the very powerful MiChroM model of
chromosome structure.17–22 A careful inspection of directly inverted
Hi-C data near such junctions may provide a route to quantify
the importance of swimming motors in determining chromosome
structure.

FIG. 3. The nonuniform motorization
induced long-ranged interactions
K̃LR(s, s′) for both the adamant
swimming motor (ϑ = 0, left panel) and
the susceptible swimming motor (ϑ = 1,
right panel). The results were obtained
by numerically calculating Eq. (18).
Parameters: L = 8π, κl2/dD = 0.6, and
b2
= 1.
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FIG. 4. The nonuniform motorization
induced long-ranged interactions
K̃LR(s, s′) for both the adamant
swimming motor and the susceptible
swimming motor. (a) K̃LR(s, s′) are
plotted vs s̄ = (s + s′)/2 by varying the
genomic separation Δs. (b) K̃LR(s, s′)
are plotted vs Δs = s − s′ for fixed
s′ = 0, near the junction. Parameters:
L = 8π, κl2/dD = 0.6, and b2

= 1.

VII. CONCLUSION
In this paper, we have studied the heterogeneous folding pat-

terns induced by nonuniformmotorization. An interaction structure
emerges in the junctions between active and inactive components.
One can test whether heterogeneous activity profiles of motors with
different properties match orthogonal experimental measurements,
such as DNA-binding patterns of active enzymes.66 In addition, a
topic worth further investigation is how the combined actions of
swimming motors and other “grappling” motors, such as the SMC
complex, conspire to organize chromosome conformation. This is
left for future work.
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