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Analog Error-Correcting Codes: Designs
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Abstract— A new type of analog error-correcting codes (Analog
ECCs) has been proposed by Roth recently. The codes can correct
errors of unlimited magnitudes even though the codeword is
affected not only by such errors, but also by ubiquitous noise of
limited magnitudes. The codes have the potential to accelerate
the widely used vector-matrix multiplication in machine learning
via their implementation in nanoscale analog circuits. Several
Analog ECCs, which mainly focus on correcting or detecting
a single unlimited-magnitude error, have been proposed. This
paper explores the analysis and constructions of Analog ECCs in
multiple ways. It presents a linear-programming based algorithm
that computes the m-heights of Analog ECCs efficiently, which
can be used to determine the error correction/detection capa-
bilities of the codes. It then presents a family of Analog ECCs
based on permutations, and proves that the time complexity for
determining the m-heights of such codes can be further reduced
substantially. The analysis forms a basis for the time-complexity
tradeoff between the searching of codes and the verification of
their performance. The paper then presents a number of newly
discovered codes based on such a search and verification process,
which achieve state-of-the-art performance.

Index Terms— Analog error-correcting codes, machine
learning, permutation, resistive memories, vector-matrix
multiplication.

I. INTRODUCTION

ACHINE learning algorithms have found wide appli-

cations in many fields of engineering. A new type
of Analog Error-Correcting Codes (Analog ECC), which has
important potential applications to machine learning, has been
proposed recently [1], [2]. Let C be a linear [n, k] Analog ECC
over R. Let ¢ = (cg,¢1, - ,¢n—1) € R™ denote a generic
codeword in C. There are two types of additive errors that can
be added to a codeword by the channel: a type of limited-
magnitude errors (LMESs), and a type of unlimited-magnitude
errors (UMES), defined as follows.

Let [n) denote the integer set {0,1,--- ,n — 1}. Let § and
A be two positive real thresholds, where A > § > 0. An error
vector e= (gg9,€1, " ,En—1) € R™ is called a limited-
magnitude error vector (i.e., LME vector) if €; € [, 0] for
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all i € [n). Given a vector e = (eg, ey, -
define its support with respective to A as

7€n—1) € R"”,

Suppp(e) = {i € [n) : leif > A}

The above definition can be extended to A = 0. Then by
this definition, the ordinary support of e is Supp,(e). And
the Hamming weight of e, denoted by wg(e), is |Suppg(e)|.
An error vector e = (eg,€1, - ,e,—1) € R™ is called
an unlimited-magnitude error vector (i.e., UME vector) of
Hamming weight w if wy(e) = w. A noisy codeword y =
(Y0,Y1, -+ ,Yn—1) € R™ is the sum of the codeword ¢ € C
and the two error vectors € and e, namely, y = c+e+e. The
code is designed such that significant UMEs will be corrected.

A strong motivation for the introduction of Analog ECC is
to support vector-matrix multiplication — a common operation
in machine learning algorithms including deep learning [1],
[2] — that is realized with a crossbar architecture. In the
following, we introduce its application to Analog In-Memory
Computing for deep neural networks (DNNs). DNNs have
achieved significant progress for Al in recent years, covering
computer vision, natural language processing, generative Al
and more areas. However, the cost for their training and infer-
ence, in both time and power consumption, is also increasing
substantially. A fundamental emerging technology, Analog In-
Memory Computing, promises to make DNNs much more
efficient in both speed and energy consumption [3], [4],
[5], [6]. By storing the real-valued parameters of DNNs in
nanoscale analog non-volatile memory (NVM) cells and using
them directly for computing, in-memory analog computing
may overcome the “von Neumann bottleneck” of conventional
computers. The new paradigm avoids the movement of mas-
sive amounts of data between GPUs and external memories,
which incurs massive energy consumption and accounts for
extensive latency [7] in current Al systems. There has been
good progress in the development of analog chips in recent
years, which realize DNNs for training [8] and/or infer-
ence [9] in analog circuits. They achieve software-comparable
Al performance (e.g., classification accuracy), can run with
substantially higher speed and power efficiency compared to
digital circuits (e.g., 35 times lower in power consumption [6]),
and promise more in the future.

The high efficiency of Analog In-Memory Computing
achieved for DNNs is largely due to the efficient imple-
mentation of Vector—-Matrix Multiplications, which are widely
used in DNNs, in the crossbar architecture of NVM cells.
Vector—matrix multiplication is dominantly the most frequent
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operation in most DNNs, whether it is a dense network, con-
volutional network (CNN), recurrent network (RNN), graph
network or transformer model. The crossbar architecture is
illustrated in Fig. 1 (a). The crossbar array has L row con-
ductors, k column conductors, and Lk nanoscale nonvolatile
resistive memories (e.g., memristors [7], phase-change mem-
ories [3], [4], etc.) at the junctions. Let A = (a;;)rxx be a
matrix of non-negative numbers. For ¢ = 0,1,--- ;L — 1 and
7=0,1,---  k—1, the resistor at the junction of the ¢-th row
and the j-th column is programmed to have conductance that
is proportional to a; ;. Let u = (ug,u1,- -+ ,ur—1) € RY be
a vector. For ¢ =0,1,--- , L — 1, let the input voltage on the
i-th row be proportional to u;. Let (co,c1,- -+ ,cx—1) = WA
be the multiplication of the vector u and the matrix A. Then
(co,c1,-++ ,ck—1) can be computed by reading the currents at
the columns, where for j = 0,1,--- ;k — 1, the current on
the j-th column is proportional to c;. Note that if A contains
negative numbers [6], [10], we can write itas A = AT — A~
where AT and A~ are both non-negative matrices, and use
two crossbar arrays to compute (cg, c1, -+ ,Cx_1) as UAT —
uA~. In DNNs, the matrix A represents model parameters
(i.e., edge weights in the DNN), which remain constant during
inference. The vector u represents the input to a layer in
the DNN, which are variables since their values change for
different input samples. Compared to digital computing, which
needs Lk scalar multiplications and (L — 1)k additions to
compute uA, the crossbar can compute uA in a single
time step by exploiting Ohm’s law and Kirchhoff’s law, thus
significantly improving the speed and energy efficiency of
computing, potentially by multiple orders.

A challenge for analog in-memory computing, however,
is the reliability of computing against errors. Nonvolatile
memories are known to have many noise mechanisms, include
cell-programming noise, cell-level drifting, random noise,
read/write disturbs, stuck cells, short cells, etc. In general, the
errors can be partitioned into two types: (1) those that are
small but ubiquitous (i.e., appearing in nearly all cells), such
as programming noise, cell-level drifting, random noise, etc.,
and (2) those that are more isolated but can be much more
significant, such as stuck cells, short cells (e.g., due to faults
in the programming process [10]), memory/circuit defects, efc.
The two types of errors are modeled by LMEs and UMEs,
respectively. DNNs often naturally have some tolerance of
small ubiquitous noise [3], [4], [6], [10], [11]. However, they
are challenged by significant outlier errors, which need to be
detected and corrected.

Analog ECC has been proposed to address the above
challenge as follows [1]. Let C be a linear [n,k] Analog
ECC. We extend the L X k crossbar array for vector—matrix
multiplication to an L X n crossbar array, as illustrated in
Fig. 1 (b). Each row in the original matrix A = (a; ;) xk is
extended to a codeword. That is, for : =0,1,--- , L — 1, the
i-th row in the matrix, (a; 0, @i 1, - ,a;k—1), is encoded into
a codeword ¢; £ (a;0,ai1, " ,ain_1), and the n — k extra
memory cells in the row are programmed so that their con-
ductance values are proportional to a; x, @ k+1, ***» in—1,
respectively. By the linearity of the code, no matter what
the input variables ug, w1, ---, ur—1 are, the output vector
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c 2 (co,c1, 0 0n1) = ZZ-L:_Ol u;c; is also a codeword in
C. Therefore, significant errors in ¢ can be corrected by the
decoder of C. And note that the first k& elements in ¢ are simply
the desired output of the vector—matrix multiplication uA.
For more details on the design and experimental performance,
please refer to [1], [2], [10], and [12].

Analog ECCs consider LMEs as folerable (as long as §
is small), and focus on the detection and correction of the
UMEs, especially those UMEs whose magnitudes exceed the
threshold A. Given the above considerations, the decoding
objective of Analog ECC is set as follows. ! The decoder for
a linear [n, k] Analog ECC C is a function

D:R" — 2

that returns a set of locations of UMEs. Let §, A € Rt be
positive thresholds with § < A as mentioned earlier, and let ¢
be a nonnegative integer. We say that “the decoder D corrects
t UMEs (with respect to the threshold pair (8, A))” if for every
possible vector y = c+e+e with ¢ € C being a codeword,
€ being an LME vector and e being an UME vector whose

Hamming weight w (e) is at most ¢, the following condition
holds:

Supp, (e) € D(y) € Suppg(e).

The above condition not only ensures that the decoder will
find all the locations of UMEs whose magnitudes are more
than A (thus no “false negative”), but also ensures that all the
found locations, namely D(y ), have UMEs (thus no “false pos-
itive”). 2 After the decoder locates the UMEs (which include as
a subset all those significant UMEs whose magnitudes exceed
A), those UMEs can be removed by either re-computing the
corresponding entries in the codeword c (as in the case of the
vector-matrix multiplication application where c is the result
of such a multiplication [10], [12]), or by estimating the values
of those UMEs via an extended decoding algorithm [1].

In spite of the importance of Analog ECCs for machine
learning, the designs of such codes are still relatively limited.
Most existing codes focus on the detection or correction of
only one UME [1]. A main challenge in the designing of more
codes, including codes that correct more than one UME, lies in
the analysis of the error-correction capabilities of codes. Such
an analysis requires the computing of an important quantity
of the code named m-height [1], which is analogous to the
minimum distance of conventional ECCs over finite fields.

In this paper, we first propose a baseline algorithm that
computes the m-height of an Analog ECC. We then present a
more efficient algorithm based on linear programming, which
reduces the time complexity of computing the m-height by a
factor of (m —1)!- (n—m—1)!-2"~™, We use the algorithm
to find the exact values of m-heights of existing Analog ECCs
for all m. (For many of those codes, only upper bounds
to their 1-height or 2-heights were known previously.) The

The original decoding objectives include both error correction and detec-
tion. In this work, we focus on error correction alone. So the decoding
objective described here is simplified compared to [2].

ZNote that given a pair of noiseless and noisy codewords (c,y), there can
be different pairs of error vectors (&, e) that change ¢ into y, and the decoding
objective needs to be realized for all such possible pairs of error vectors.
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Fig. 1.
in the array and the output vector (co,c1, - -

exact m-height values help us understand the error-correction
capabilities of the known codes better.

We then present a new family of Analog ECCs called
Analog Permutation Codes, where the columns in such a
code’s generator matrix are distinct permutations of the same
set of real numbers. We prove that for Analog Permutations
Codes, the time complexity of the m-height algorithm can be
further reduced by a factor of n. The gained efficiency can
help us search for more codes in the code space, and verify
their error-correction capabilities.

We then use genetic programming to search for new codes,
using randomly generated Analog ECCs and Analog Permu-
tation Codes as seeds. A number of new codes that achieve
state-of-the-art performance are discovered, whose m-heights
are summarized in Table III. The codes can be used to correct
one or more (up to 4) UME:s.

The rest of the paper is organized as follows. In Section II,
a survey on existing Analog ECC constructions and their
performance is presented, and related works are reviewed.
In Section III, an efficient m-height algorithm is presented and
analyzed, and the algorithm is used to find the exact m-height
values of existing codes. In Section IV, Analog Permutation
Codes are analyzed, for which the m-height algorithm’s effi-
ciency is further improved. In Section V, new codes that
are discovered via genetic programming and achieve state-of-
the-art performance are presented. In Section VI, concluding
remarks are presented.

II. EXISTING CONSTRUCTIONS FOR ANALOG ECCS AND
RELATED WORKS

In this section, we summarize the known constructions
for Analog ECCs, with a focus on their error correction —
instead of error detection — capabilities. We first review an
important analytical tool called m-height and its relation to
the error-correction capability of an Analog ECC [1]. Let
x = (zog,&1, "+ ,&p—1) # (0,0,---,0) be a vector in R™.
Let 7 : [n) — [n) be a permutation such that

|$7r(0)| Z |x7r(1)| Z te Z |x7r(n71)|-

U1
aL—tg/Z,
>

(a) A crossbar architecture for vector-matrix multiplication. (b) Using Analog ECC for the multiplication, where each row (a;,0,a4,1,- -
,cn—1) are codewords of the code.
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For any m € [n), the m-height of x is defined as

Tn(0)

L (m)

hin (X) =

if 27y # 0, and as hy,(x) = oo if 2,(,) = 0. For the
all-zero vector 0 = (0,0,---,0), its m-height is defined as
hm(0) = 0 for all m. Then, the m-height of a linear [n, k|
code C over R is defined as

hm(C) = max hm(c).

The next important result was proven in [1].

Theorem 1: Let C be a linear [n, k] code over R. Given 4,
A € RT with § < A and a positive integer ¢, there exists a
decoder for C that corrects t UME:s if and only if

A > 2(hg(C) +1)4.

We now present the existing constructions for Analog ECCs.
Let us start with the Repetition Code [1]. Let C be the [n, 1]
repetition code over R, whose generator matrix is the all-one
vector 1 = (1,1,---,1). Its m-height is h,,(C) = 1 for m €
[). So by Theorem 1, the code can correct | (n—1)/2] UMEs
as long as A > 44.

The next code to consider is the Cartesian power of rep-
etition code [1]. Let C be a linear [n = wk, k] code over R
that is the k-fold Cartesian power of the [w, 1] repetition code.
Its generator matrix is a k X n binary matrix where each row
has n/k = w 1s and each column has one 1, while all the
remaining elements are Os. If we use Gp—q, ; to denote its
generator matrix, then it has the recursive form

1 1 1 00 ---0
ka,k:( |

| Gu(h—1)5—1
Its m-height is h,,(C) =1 for m € [w), and h,,(C) = oo for
m > w. So by Theorem 1, the code can correct |(w — 1)/2]
UME:s as long as A > 44.

The third code to present has an upper bounded for its
1-height [1]. Although it is not for correcting any UME, it can
detect a single UME by the definition of error detection in [2].
Let H be a r X n binary matrix over {0,1} with r < n that
satisfies two properties: (1) every column in H has exactly
one 1, and (2) each row of H has either |n/r] or [n/r] ls.

0
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Let C be a linear [n,k = n — r] code over R with H as its
parity-check matrix. Then its 1-height satisfies

hi(C) < [n/r] — 1.

When n is a multiple of r, the code is the dual code of the
r-fold Cartesian power of the [n/r, 1] repetition code.

The fourth code to introduce has an upper bound for its
2-height [1], which is useful for correcting one UME. Let r
be a positive even integer, and let n be an integer such that
r <n <r(r—1).Let H be a r xn matrix over {—1,0, 1} that
satisfies three properties: (1) all the columns in H are distinct,
(2) every column in H has exactly two nonzero entries, the first
of which being a 1, and (3) the number of nonzero entries in
each row of H is either |2n/r] and [2n/r]. Note that such
a matrix H is guaranteed to exist [13]. For example, when
r=4and n = 12, H can be [1]:

11 1 1 0 0O O O 1 1 0 O
o 0 0 0 1 1 1 1 1 -10 0
1 -10 0 1 -10 0 0 0 1 1
o 0 1 -10 0 1-10 0 1 -1

Let C be a linear [n,k > n — r] code over R with H as its
parity-check matrix. Then its 2-height satisfies

ho(C) < [2n/r] — 1.

So by Theorem 1, the code can correct one UME as long as
A/§ > 2[2n/r].

The fifth code is an extension of the fourth code [1]. Recall
that the parity-check matrix H of the fourth code satisfies
three properties. Now let us generalize the second property
as follows: instead of requiring every column of H to have
Hamming weight 2, we now require it to have Hamming
weight b for some prescribed integer b > 2. Let n = (}) 271,
Then the 2-height of C satisfies

ho(C) < [bn/r] — 1.
So by Theorem 1, the code can correct one UME as long as
A6 > 2[bn/r].

The sixth code to introduce has known finite 2-height
values, and therefore is suitable for correcting one UME [1].
Let n > 3 be an integer, let « = 7/n, and let w = el with
i = v/—1, namely, w is the complex primitive 2n-th root of
unity. Let C be a linear [n, k = n — 2] code over R defined by

C= {(607617"' ,Cn—1) €ER™ Z cjw-j = 0}.
J€ln)
C is a negacyclic code because if (co,c1, - ,Cp_2,¢pn—1) is a
codeword, then so is (—c¢,—1,¢,¢1,+*+ ,Cn—2). Its generator
polynomial is
g(z) =1 —2cos(a)x + 22,
and its parity-check matrix can be H = (h;);e[,) with
h. — cos(ja) — cos((j + 1))
7\ Usin(ja) —sin((j + D) /-

The 2-height of C satisfies
B 1
~ 2sin®(7/(2n))

h2(C)
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So by Theorem 1, the code can correct one UME as long as
A/ > 1/sin?(7/(2n)).

There have been previous works that study the correc-
tion of analog noise in different settings. In [14], codes
based on chaotic dynamic systems were designed to repre-
sent an analog number z € R by a sequence of numbers
Y = (yo,y1, "+ ,Yk—1), which are transmitted over a chan-
nel and received as a sequence of noisy numbers Z =
(20,21, "+ ,2Kk—1), where z; = y; + w; for i € [k) and w; is
the additive noise. A decoding algorithm recovers the number
x approximately as & from Z. Assuming that the message x
and the noise follow certain distributions (e.g., = is uniformly
distributed on the unit interval [0, 1] and w;’s are additive white
Gaussian noise), the objective is to minimize the expected
distortion E[(x — #)?].

The above scheme belongs to a broad field named joint
source-channel coding (JSCC), with its original study dat-
ing back to Shannon [15] and Kotelnikov [16]. In its
more general setting, a sequence of m real numbers X =
(xo,21, "+ ,Tm—1) are encoded as a new sequence Y =
(Y0,Y1," - ,yk—1) and transmitted through a noisy channel.
Bandwidth compression or expansion is achieved when m > k
or m < k, respectively. JSCC is particularly interesting in
communications when both the source data and the channel
noise have Gaussian distributions. Many solutions are based on
space-filling curves, including the well known Archimedean
spiral and its variations [15], [17]. It was further shown that
instead of parameterized spirals, a functional optimization
approach could be used for state-of-the-art performance [18].

Analog coding has also been studied in the area of coded
distributed computing. In this area, a commonly studied sce-
nario is that computation over a massive dataset is distributed
among a set of worker nodes, and as soon as a sufficiently
large subset of worker nodes submit their computation results
to a central server, the server can use them to obtain the
final result. A coding scheme can be applied to the data
and/or computation across the worker nodes, so that the
system has resiliency against straggler nodes that can prolong
computation, maintains security against malicious nodes that
may change the computation results in adversarial ways, and
keeps privacy of the dataset despite possible collusion among
some worker nodes [19]. In [20], it is shown that analog
coding can make the computation more scalable because it
avoids quantizing data into a finite field, and can achieve better
tradeoffs between privacy and accuracy. In [21], [22], [23],
[24], and [25], analog coding for coded distributed computing
schemes with numerical stability issues are studied. In the
above schemes, if their analog vector-matrix multiplications
are performed in analog circuits, Analog ECCs can help
correct significant computational errors and make the schemes
more robust.

Analog ECC considers both UMEs and LMEs, which makes
it bear some similarity with the line of research on analog
polynomial recovery in the presence of both outlier errors
and inlier errors. In [26], the robust polynomial curve fitting
problem is studied where, given the existence of an unknown
degree-d polynomial p and n ordered pairs (z;,y;) € [—1,1] X
[-1,1] for ¢ = 1,2,---,n such that |p(z;) — y;| < ¢
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for all but p fraction of the pairs, the goal is to find a
degree-d polynomial ¢ such that ||[p — ¢||c is small. The
problem is further extended to trigonometric polynomials
in [27]. The topic, however, also has clear differences from
Analog ECC in its objective and formulations. Its analysis
is often probabilistic and needs certain assumptions (e.g.,
the sparsity of outlier errors in every region), while the
analysis of Analog ECCs usually focuses on their worst-case
performance.

Another related field is ECCs for nonvolatile memories
(NVMs). (Note that when vector-matrix multiplications — an
important application of Analog ECCs — are implemented in
nanoscale analog circuits, the numbers in the matrix are stored
in crossbar arrays of NVM cells [3], [4], [6], [10], [12].) Each
NVM cell has ¢ discrete levels (e.g., ¢ = 2, 4, §, 16 or
32) and can store log, ¢ bits. ECCs have been designed to
correct bit errors [28], limited-magnitude errors [29], [30],
[31], errors with graded magnitude distributions [32] and
stuck-cell errors [33]. There are also ECCs that inherently
use features of NVMs, such as the asymmetric costs of
writing data and erasing data in NAND Flash Memories [34],
[35], [36], [37]. A variety of techniques have been used to
correct errors of different metrics. For instance, to correct
Hamming errors in the binary pages of NVMs (sometimes
with additional soft information on the sizes of errors), BCH
codes and LDPC codes are optimized for NVM channels [28].
To correct asymmetric limited-magnitude errors, a modular
method is used to map large-alphabet codes to small-alphabet
codes [29]. To correct errors measured by the L;-metric or
Lee-metric in g-ary NVM cells, codes based on multisets,
elementary symmetric functions and additive number theory
are designed [38], [39], [40], [41]. To correct inter-cell inter-
ference (ICI) errors, constrained coding techniques that enable
page separation are designed [42]. To correct errors measured
by the Kendall’s 7-distance in the rank modulation scheme
(RM), metric-embedding techniques are used to translate
the codes to Lee-metric codes [35], [43]. To correct errors
measured by the Ulam metric in RM, new code-interleaving
techniques are developed [44]. To correct errors measured by
the Infinity Norm in RM, code construction methods based
on the direct/semi-direct product of (subgroups of) symmetric
groups are used [45]. Such techniques can potentially be useful
for the designs of Analog ECCs, too.

Analog ECC differs from the JSCC paradigm in that it does
not depend on the probabilistic distributions of data and noise
(namely, it optimizes the worst-case performance), differs from
the ECC-for-NVM paradigm in that it focuses on analog
values (instead of discrete values) for both data and errors,
and differs from both paradigms in that it considers two types
of errors LME and UME (instead of only one). By tolerating
small LMEs and combatting large UMEs, it aims at making
machine learning algorithms (especially deep neural networks)
run more reliably in next-generation analog computers.

III. FINDING THE m-HEIGHT OF ANALOG ECC

The m-height of Analog ECC is analogous to the minimum
distance of conventional error-correcting codes (e.g., codes
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over finite fields), as evidenced by Theorem 1. It is crucial
for finding the error-correction capability of a code.

The Minimum Distance Problem for linear error-correcting
codes over finite fields — namely, given a generator matrix
G e IF’;X”, find the minimum distance d of the corresponding
code — is a fundamental computational problem in coding the-
ory [46]. However, the problem is computationally intractable.
In [47], Vardy proved that the minimum distance cannot be
computed exactly in deterministic polynomial time unless P =
NP. In [46], Dumer, Micciancio and Sudan proved that the
minimum distance is not approximable to within any constant
factor in random polynomial time (RP) unless NP = RP. They
also showed that the minimum distance is not approximable
to within an additive error that is linear in the block length
n of the code. It was further proven that under the stronger
assumption that NP is not contained in RQP (random quasi-
polynomial time), the minimum distance is not approximable
to within the factor 218" “(") for any € > 0. The hardness
of the Minimum Distance Problem has also been shown for
error-correcting codes in more domains. For instance, for
quantum codes, Kapshikar and Kundu have proved that it is
NP-hard to find the minimum distance of stabilizer quantum
codes either exactly or approximately [48].

For Analog ECC, the corresponding m-Height Problem can
be defined as follows: given a generator matrix G € RF¥*",
find the m-height of the corresponding Analog ECC, where
m € [n). Note that the m-Height Problem is more general
than finding the minimum distance d(C) of the Analog ECC
C. Let wy(c) denote the Hamming weight of a codeword c.
Then d(C) equals the minimum Hamming weight of a nonzero
codeword in C, namely, d(C) = mincec— o} Wa(c). Based on
the definition of m-height, we have

ho(C) < hi(C) < -+ < hy1(C).

Let h,(C) £ oo. Then d(C) is the minimum index m €
[n + 1) such that h,,(C) = oco. Namely, h,,(C) = oo if
and only if m > d(C). So when the m-height values are
found for all m € [n), the value of d(C) also becomes
known. Knowing the m-height values is also more important
for analyzing the error-correction capability of an Analog
ECC than simply knowing d(C), because the necessary and
sufficient condition for the code to be able to correct ¢ UMEs
is A/§ > 2(hgt(C)+1), which depends on the ratio A/d. The
value of d(C) can tell us that the code can potentially correct

| £(d(C) — 1)] UMEs, however it cannot guarantee that any

1

|5(d(C)—1)] UMEs are correctable without knowing the ratio
A/d; that is, d(C) provides only a necessary but not sufficient
condition for the error correction capability.

In this section, we study how to find the m-height of an
Analog ECC given its generator matrix. We first present a
baseline algorithm, which solves the m-Height Problem by
solving n! - 2™ linear-fractional programs. We then improve
the computational complexity substantially by presenting an
enhanced algorithm that discovers the m-height via solving
n(n — 1)(:1__21)2’” linear programs, which reduces the com-
plexity by a factor of (m —1)!- (n—m—1)!-2""™ compared
to the baseline method.
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A. A Baseline Algorithm for m-Height Problem

Consider a linear [n, k] code C over R. For any non-empty
subset of codewords C' C C, we define
B (C) = max hp, (c).
ceC
And we define h,, (D) = 0.

Let 7 : [n) — [n) denote a permutation on [n), and let
IT denote the set of all the n! such permutations. Let s =
(80,81, y8n—1) € {1, —1}" be a binary vector of length n,
and let S = {1, —1}" denote the set of all the 2" such vectors.
Let sgn be the sign function:

sgn(z) = {1_1

Let Cr s denote the subset of codewords of C such that a
codeword ¢ = (cp,c1, -+ ,¢,) € C is in Crs if ¢ # O,
sgn(cy(jy) = s; for j € [n), and

ifx>0
if x <0

x| = 85 Cx() 2 Sj11 - Cr(i+1) = lCri)]
for j € [n—1). Since C—{0} = Unen,ses Crs and h,, (0) =
0, we get
hm(C) = max hy,(Crs).

mell,seS

Lemma 1: Let C be a linear [n, k] code over R. Let G =
(9i.j)kxn € RFX™ be the generator matrix of C. Let m €
[d(C))—{0}, m € Il and s = (50, 1, ,Sn—1) € S. Let F ¢
denote the following linear-fractional program with k real-
valued variables ug, uy, - -+, Up—1:

S0 - Zie[k) (4i9i,7(0))
Sm Eie[k) (4iGi,m(m))

s.t. Sg- Z (u,'giﬁ(o)) >0
i€(k)

Sn—1" Zie[k) (Uigi,w(nfl)) >0

87 ’ Z1€[k) (ul‘gl»ﬂ'(J)) Z Sj+1 : ZiE[k} (uigivﬂ(j+1))

Vjen—1)

maximize

Let frs be the optimal objective value of Fy g if Fy is
feasible, and let fr s = 0 otherwise. Then

hm(c) =

WGIIll_Ias}éS fﬂ s

Proof: A vector ¢ = (cg,¢1, -+ ,¢n—1) is a codeword in
C if and only if there is a vector u = (ug,u1,- - ,u_1) € R¥
such that ¢ = uG. The constraints in F; ¢ provide the neces-
sary and sufficient condition for uG to be a codeword in C; s,
and the objective function of F; s is the m-height of uG. (The
condition s0- 34y (Uigix(0)) > 0 ensures that the codeword
is not an all-zero codeword. And since ,py (Ui x(m))
is the number in the codeword uG with the (m + 1)-th
highest absolute value, it cannot be 0 when m < d(C),
so the objective function of F; ¢ is well defined.) Therefore
fﬂ',s = hm(Cﬂ',S)' Since hm(c) = IMaXrell,seS h’m(Cﬂ',S)s
we get 1y, (C) = maXyen ses frs- O
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The lemma above considers h,,(C) for m > 0 because
ho(C) = 1 as long as C contains a nonzero codeword.
It indicates a baseline method for finding the m-height of an
Analog Code: solve n! - 2" linear-fractional programs Fj g,
and take the maximum of their corresponding values of fr s.
It turns the m-Height Problem to a computational problem.
But when n is large, the number of linear-fractional programs
to solve, n! - 2™, is still prohibitively high. In the following,
we present an improved method that makes the computation
substantially more efficient.

B. More Efficient Algorithm for m-Height Problem

Let m € [n) — {0}. Let ¥ = {—1,1}"™ be the set of 2™
binary vectors of length m whose elements are either 1 or —1.

Let (a,b, X,v) be a tuple where a € [n), b € [n) — {a},
X C [n)—{a, b}, |X|=m—1,and ¢ = (s0,51, "+, Sm—1) €
W. Let I' denote the set of all the

n—2
-1 2m
n(n —1) (m 3 1)
such tuples.

Given a tuple (a,b, X,¢) € T, let 1, 29, - -
the m — 1 integers in X such that

, Tm—1 denote

T <To <+ < Typ—1-
Define Y £ [n) — X — {a,b}, and let 2y, 1, Tpio,  * » Tn_1
denote the n — m — 1 integers in Y such that
T4l < T2 < - < Tp_1.
Let o = a and x,, = b. Then zg,xy, -+ ,x,_1 are the n

distinct integers in [n). Let 7 denote the permutation on [n)
such that 7(j) = z; for j € [n). We call 7 the quasi-sorted
permutation given (a,b, X,1). Let Co x4 denote a subset
of nonzero codewords of C such that a nonzero codeword ¢ =
(co,c1, -+ ,en—1) € Cis in Cqp, x4 if and only if it satisfies
the following properties:

1) Forj = 1527' M — 1’ |C‘r(0)| > ICT(j)| > |C'r(m)|

2) Forj=m+1,m+2,---,n—1, [cr(m)| > |crj)l-

3) V j € [m), sgn(cy(j)) = sj. (Note that here s; is the

j-th element of 1).)

For any nonzero codeword ¢ = (cg,¢1, - ,¢n—1) € C,
there exists at least one tuple (a,b, X,%) € T such that
c € Copx,u- (To see that, let 7 € II be a permutation
such that [c. ()| > |c,T(1)| > -+ > |erm—1)|- Then we let

a = m(0), b = 7w(m), X = {w(1),7(2),---,7(m — 1)}.

Let x1,20, * ,Tm_1 denote the m — 1 integers in X such
that x1 < 9 < --+ < Zy—1, and let g = a. Then we let
Y = (80,51, ,8m—1) Where V j € [m), s; = sgn(c,; ). For

the above tuple (a,b, X, ), we have ¢ € Cq 3, x,.) Therefore
we have C — {0} = U, x.yer Cap,x,0- Since hy(0) =0,
we get

max

hin(C) =
( ) (a,b,X,9p)el

hon (Cab, x,0)

Theorem 2: Let C be a linear [n,k] code over R. Let
G = (9i,j)kxn € RF*™ be a generator matrix of C where
no column is 0. Let d(C) be the minimum distance of C, and
let m € {1,2,--- ,min{d(C),n — 1}}. Let (a,b, X,9) € T,
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where ¥ = (80,51, ;8m_1). Define Y £ [n)—X — {a, b},
and let 7 be the quasi-sorted permutation given (a, b, X, ).
Let LP, 3 x . denote the following linear program with % real-
valued variables ug, u1, -+, Up—1:

maximize Z 500i.a) * Ui
iE[k>( ng,a) 7

St D (51091 — S0i) i SO for j € X

D (i) us < -1 forjeX
Ziem Gib-u; =1

Ziem Gij - ui <1 forjeY
Ziem —Gij - u;i <1 forjeyY

Let zqp,x,4 be the optimal objective value of LP, ; x o if it
is bounded, let z4 3 x , = oo if the optimal objective value of
LP,p x4 is unbounded, and let z4p x, = 0 if LP,} x4 18
infeasible. Then

him(C) =

max

Za,b, X,
(a,b,X,y)el’

Proof: Note that h,,(C) = oo if and only if m >
d(C). Let us first consider the case m < d(C). In this
case, given any tuple (a,b, X,1) € T, let Z,; x . denote
the subset of codewords of C, 5 x,» such that a codeword
c=(co,c1, + ,Cn-1) € Cap x,p is in Zq p x 4 if and only if
Cp = 1. Since Za,b,X,w - Cayb,Xﬂﬁ’ we have hm(Za,b,X,w) <
hm(ca’b’xyw). Since hm(C) = maX(a,byx,w)ep hm(ca,hx,w),
we get hp,(C) > MaX(q,b,X,9)el R (Zap, x,0)-

On the other side, for any codeword c =
(co,C1,+* yCn_1) €  Cqpx,p, consider the vector
¢ = (60,61, ,én_1) = (1/cp) - c. Since c € Ca b, x,p, there

exists a quasi-sorted permutation 7 on [n) such that for any
je{,2,---;m—1}tandl € {m+1,m+2,--- ,n—1},
we have |C’T‘(O)| > ‘Cr(j)| > |C.,-(m)| =lep| > |CT(1)‘. Therefore,
if we sort the n elements in c by their absolute values from
the highest to the lowest, ¢, will be the (m + 1)-th element.
Since ¢ # 0 and m + 1 < d(C), as every nonzero codeword
has at least d(C) nonzero elements, we have ¢, # 0, which
means the vector ¢ is well defined.

Let u € R* be the vector such that ¢ = uG. Then
@ £ (1/cp) - u is the vector such that ¢ = a4G. So ¢ € C.
Since ¢ is just a scaled version of ¢ — namely, V j € [n),
¢; = c¢j/cp — and ¢ € Cqp x,p, the codeword ¢ also
satisfies the first two properties of Cg,p x4, that is: (1) for
7 =12 .- m-1, |(§T(0)‘ > |é.,-(j)| > ‘éT(m)L and (2)
for j = m+1m+ 2,---,n — 1, é‘r(m)| > |é'r(7)|
As to the third property of C,p x4, if ¢ > 0, we have
sgn(C-(;)) = sgn(c,(;)/co) = sgn(c,(;)) = s; for j € [m),
which leads to ¢ € C,p,x,4; otherwise ¢, < 0, and we
have sgn(é;(;y) = sgn(cy(j)/cp) = —sgn(c,(jy) = —s; for
j € [m), which leads to ¢ € Cqp x,—y, Where —¢p =
7(80, S1,° ,Sm_l) = (750, —S81, 0, 7Sm_1). Therefore
¢ € Cap,x,p UCap x,—y in any case. Since & = cp/cp, =
1, we get ¢ € Za,b,X,w @] Za}b“x},w. Since hm(C) =
lczol/leraml = lez)/col/lez@my/ el = ér)l/Ieram)| =
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hm(€), and c can be any codeword in C, p x4, We get
hin(Ca,b,x,p) < max{hy(Za,0,x,0)s hin(Za,b,x,—4)}-
Since hp, (C) = max(qp, x,p)er Pm(Cab,x,4), We get hp, (C)

<max(q b, X p)er MaX{Am (Za,b,x,9)s Am (Zab,x,—¢) }
= max{max, s x,p)er Mm(Zap, X9
MaX (q,b,X,p)er Mn(Za,b,x,—p) }
=max{maxq b x y)er fm(Za,b,x0);
max(q b, x,p)er Pm (Zab,x,0)}
=max(ap X y)er Mm(Zab,x,p)
Since we also have h,,(C) > max(qp, x y)er Mm(Zab,x,5)s

we get

hin(C) =

max

ho (2, )
R (Zap,x,9)

Let us now consider h,,(Zq.,x,y), Which equals

MaXe=(co,c1, y¢n—1)EZa,b, X4 hm(C)

= maXCGZG,_’h‘Xﬂp |CT(O)/CT(m)‘

== maxceza,b,xw |CT(0)/cb|

=MaXceZ, ,, x,4 |C‘r(0)/1|

:ma‘XCEZu_’byx’d, |CT(0)|
if Z,p x4 # 0, and equals O otherwise. Let us first
consider the sub-case where Z,; x, # (. Every code-
word ¢ € Z,p x4 i equal to uG for some vector u =
(ug,u1,--- ,ur_1) € RF, and it needs to satisfy the three
properties of C, p x 4 plus the property that c.(,,) = 1 (since
7(m) = b). Since G = (gij)ixn, ¥V j € [n), cr(j) =
Zie[k) uig;,r(;)- S0 the value of h,,(Z4p, x,4), Which equals

Z UiGi,r(0)| >

i€[k)

max
uERk,uGEZavb,X,w

is the optimal objective value of the following problem:
maximize | Zie[k) Ui Gi - (0)]

s.t. |Zi6[k> uigir(0)| > |Zi€[,§> Uigir ()|
forj:1,27...,m—1

| > a:
| Zie[k> U'LgZ,T(])‘ = | ZzG[k) uzgz,T(m)|
for j=1,2,---

Zie[k) UiGi,r(m) = 1
| Zie[k) UiGi,r(m)| 2 | Ziew Uigir(5)

forj=m+1m+2,.--

Sgn(Z:ie[k> Uigi r(j)) = 8j
for j =0,1,--- ,m—1

,m—1

,n—1

Note that 7(0) = a, 7(m) = b, and ‘Zie[k) uigi,r(j)| =
sgn(ziew UiGir(j)) - (Zz‘e[k) uig; ;) for all j € [n).
So for j € [m), |3 ;e wibdir()| = S5 2icpry Widir() =
> ik (8i9i7(j)) - wi- The permutation 7 imposes a one-to-
one mapping from {1,2,--- ,m — 1} to the m — 1 indices
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in X, therefore each s;g; ;) for j € {1,2,---,m — 1}
can be expressed as s.-1(jng; 0 for j' £ 7(j) € X.
The permutation 7 also imposes a one-to-one mapping from
{m+1,m+2---,n— 1} to Y, therefore the condition
“ Zie[k} Uigi,r(j)l < |Ez€[k) uigi,'r(m)‘ = 1for j =
m+ 1m+ 2,---,n — 17 can be expressed as “—1 <
Zie[k) u;g;; < 1 for 5 € Y”. Consequently, it can be
seen that the above optimization problem is equivalent to
LP, x4, and therefore

hn(Zap,x,0) = Zap,X

when Z,, x4 # 0. When Z,, x4 = 0, we will
have hp,(Z4,x,0) = 0 by definition, and LP,} x .
will be infeasible, which will mean 2,5, x, = 0.
S0 him(Zap,x5) = Zap,x, i any case. Since hp,(C) =
max(q b, x,p)er Mm(Zap,x,0), We get

hm (C) =

max

Za,b,X,
(a6, X pyer PV

when m < d(C). So the theorem holds when m < d(C).
Now consider the case where m = d(C). In this case,

hm(C) = oo, and there exists a nonzero codeword ¢ =
(co,c1, -+ ,¢n—1) € C of Hamming weight d(C) and a
permutation 7 € II such that |c )| > |cr)| = -+ >
|67r(m—1)| > |CTr(m)| = |C7r(m+1)| = = |CTr(n—1)| = 0.

Let u € R* be the length-k vector such that ¢ = uG. Let
(i*v b*) € {07 ]-7 e 7k_1} X {W(m)vﬂ(m+]—)v e aﬂ—(n_l)}
be the pair of indexes such that

b | = max o
93, i€{0,1,+ k—1},je{m(m),m(m+1), m(n—1)} 192,
Since no column of the generator matrix G = (g ;)kxn

is an all-zero vector, we have g;« ;- # 0. Let ¢ > 0 be
a non-negative real number, whose value will be discussed
below. Let u¢ £ (’LLO, Ce U1, Ugr € U, ,uk_l),
and let c¢ = (c§,cf,--,c5_1) = uG = uG +
(Oa ~+,0,60,--- ,O)G =c+ e(gi*,ovgi*,la T ,gi*,nfl) =
(co + €9ix0,¢1 + €Gix 1, ,Cn_1 + €Gi= n—1). Let v be the
greatest integer in [m) such that |c )| = [cr()] = -+ =
|cx(vy|- There exists a sufficiently small number ¢y > 0 such
that whenever 0 < e < ¢, all the following conditions are
satisfied:

o Condition 1: V j € [m), [ ;)| > [cj. .
condition, it is sufficient to have

To satisfy this

Cr(i
€0 < min | (3)‘
i€lmy |gi= = (5)| + 1Gix br

)

because then for all j € [m), we have |cf | = |ex) +

Jirn(i)| 2 lexy| = €lgi= n()] = x| = €(gie ()| +

|gix b+ ]) + €lgix p| > €lgixp<| = |0+ €gix pe| = |co- +
€Gi b | = |5
Since Vj € {m,m+1,--- ,n — 1}, we have |g;~ p~

>
|95 ()| and €5y = Cr(j) + €9in m(j) = 0+ €9 n(j) =

€Gi n(j)» We get [chu| = €|gipr| 2 €lgi- n(j)] = lc55)-
So Condition 1 implies that

jrg[i% |c5 ()| > e [oapy

> max
je{mm+1,- ;n—1}—{m=1(b*)}
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o Condition 2: V j € [m), sgn(cjr(j)) = sgn(cq(s))-
To satisfy this condition, it is sufficient to have

|C7r(j)|

€ <
JEIM),gix = () #0 \Qi*,w(jﬂ

if {j € [m)|gi= x(jy # 0} # 0 (and no constraint for €g
otherwise) because then for all j € [m), if sgn(c,(;)) =
1, which means Cr(jy = 0, we get c;(j) = ecﬁ(j) +
€Jir (i) = len(| = €lgimn(pl = 0, so sgn(cy ;) =
1 = sgn(cq(;)); otherwise sgn(cy(;y) = —1, which means
Ca(j) < 0, We get €y = Ca(j) + €0inm(i) < ~len(p| +
€lgix x()| < 0, s0 sgn(cf ;)) = —1 = sgn(cx(j)).
Condition 2 implies that V j € [m),

\C;(j)| = sgn(cq(j) 'Cfr(j)
e Condition 3: if v < m — 1, then

min |c¢S, ] >
join, [yl

max

jEm)—[v+1) SO0

To satisfy this condition, it is sufficient to have

|C7r(0) | - |CTr('U+1) |

€ <
MAX;, efo41) [9i g1 | + MAXy e [m)— o1 |93+ o |

if {j € [m)|gi~; # 0} # 0 (and no constraint for €
otherwise) because then V j; € [v + 1) and j; € [m) —
[v+1), |C;—(j1 |- |C761—(j2)| = |C‘rr(j1)+€gi*,ﬂ(j1)‘_ |C7T(j2)+
€Ji+ m(ia) | 2 fcw(j1>|—€|9i*m<j1>|—\Cfr<j2>|—6|9i*m<j2>| =
(lexo | —lex(in) D —€|9i i) [H19i% 2 (j2)]) = (lex(o)]—
lexwrn)]) = €(gi x| + |9ix 7 (i) |) > 0.

Let us consider € € [0, €] in the following. Let a* be the

integer in {m(0),7(1),--- ,m(v)} such that

SEN(Cu* )Gi*x o+ = 1Ma SgN(Cr (4 % (7).
gn(Car)ginar = mAX SEN(Cr(;))Gi x()
Let
X" ={n(0),w(1), - ,7(m —1)} — {a*}.
Let 21,22, ,x;,—1 denote the m — 1 integers in X* such

that x1 < 29 < - < xzp,_1. Let
50 = sgn(cq-), and s; = sgn(cy;) for j =1,2,--- ,m —1

and let
w*:(so,sh...

We shall prove the following claim:

>5m—1)-

ct e Ca*,b*,X*,w* for all € € [0760].

To prove the above claim, first, V j € [v + 1), we have
|t = sgn(cs.) - ¢&. = sgn(cq+) - ¢ (by Condition 2)
Sgn(ca*) ) (Ca* + Egi*,a*) = Sgn<ca*)ca* +e- Sgn(ca*)gi*,a*
|cax |+ €-sgn(cr(j))9i= x(j) = lcr(i)| + € 5gn(ca(s))Gix = (5)
SgN(Cr(j) Jen(j) + € - 88(Cn (7)) Gim m(j) = s8M(Cn())(Cm() +
€ Girx()) = sgnlcry) - C;—(]‘) = Sgn(cfr(j)) ‘
¢ ;) (by Condition 2) = |cjr( j)|. Combining the above prop-
erty with Condition 3, we see that V j € [m), |cg-| = [cg ;|-
Further combining it with Condition 1, we see that V j; €

vl
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{1,2,--- ,m—1}and jo € {m,m+1,--- ,n—1}—{x~1(b*)},
we get the property

> e

[on wGn| > el = eqinl-

Second, by Condition 2, we get the property sgn(ct.) =
sgn(ce«) = sp and for j = 1,2,--- m — 1, sgn(c;j) =
sgn(cy,) = s;. By combining the above two properties,
we prove the above claim.

Now consider € € (0, €] in the following, and let
1

)& - ct.

€Gix b
Since d¢ is just a scaled version of c and dj. =
che/(€gi=pe) = (oo + €girpe)/(€gipe) = (0 +
€gi= b+ )/ (€gi= p+) = 1, with the same analysis as before, we get
Cl€ € Za*,b*,X*,’tb* if gi*,b* > O, and ClE S Za*,b*7X*,7’¢)* if
gix o+ < 0.

Letu® = ﬁ -u€ be the vector such that d® = G°G. Then
€ is a feasible solution to the linear program L P« p x+ 5+
if g;= 4+ > 0, and is a feasible solution to the linear program
LPa*,b*,X*,—l/)* if Gi* px < 0.

Consider the limit lim_,g Ay, (d€). It equals lime_q |d5+| =
lime_o|c5-1/|€gix p+| = limeo |Cax + €Gi= ax|/|€Gi b+
oo. So when e approaches 0, the objective value of
LPy« p« x= = OF LPg« p= x= _y~ that corresponds to the

€ __ € € €
d —( 00 %1y" 7" s Up—1

—

solution G approaches co. So either zg« p» x= ¢+ = 00 or
Zg* b+, x*,—y+ = 00. Since here m = d(C), we have h,,,(C) =
00 = MaX(q,b, X )€l Za,b,X - O

The above theorem naturally leads to an algorithm that
computes all the m-height of a code C, form = 0,1,--- ,n—1,
and also discovers the minimum distance d(C):

1) ho(C) =1.

2) Fo m = 1,2,3.---, compute h,(C) =
maxg p, X, el 2a,b, X,y Dy solving the linear programs
LP, x,y for all (a,b, X,4¢) € T'. Stop as soon as we
meet the first value m* such that h,,«(C) = co. We get
d(C) = m*.

3) Form=m*+1,m*+2,--- ,n—1, hy(C) = .

The above algorithm solves n(n — 1)(™~%)2™ linear pro-
grams of k variables to compute an h,, (C). That is much more
efficient than the baseline algorithm, which needs to solve
n! - 2" linear-fractional programs of k variables. The number
of (linear or linear-fractional) programs to solve is reduced by
a factor of

nl.2" _ ( 1)| ( 1)' gn—m

C. Finding Exact m-Heights of Analog ECCs

The efficient m-height algorithm presented above can be
used to find the exact m-heights of Analog ECCs. For some
of the known codes reviewed in Section II, only upper bounds
to their m-heights are known, where m is 1 or 2. For example,
for the third code surveyed in Section II, which is a one-
error-detecting code, it has an upper bound to its 1-height:
hi(C) < [n/r] — 1, where r = n — k is the redundancy
of the [n, k] code. By using the m-height algorithm, we find
that for all n < 50 and k£ < n, codes built following the

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 70, NO. 11, NOVEMBER 2024

TABLE I
m-HEIGHTS OF [n, k = n — 4] ONE-ERROR-CORRECTING
CODES
[n, K] Known Bound ho(C),h1(C), -+ ,hn—1(C)
ha(C) < [2n/r]—1 of built [n, k] code
5,1 ha(C) < 2 1,2,2,2,2
6,2 h2(C) < 2 1,2, 2,3, 00, 00
7,3 h2(C) < 3 1,2, 2, 3, o0, 00, 0O
8,4 h2(C) < 3 1,2,3,3, 00, -, 00
9,5 ha(C) <4 1,4,4,00, -, 0
10,6 ha(C) <4 1,4,4,00, -+, 0
11,7 ha(C) < 5 1,44, 00, -+, 00
12,8 ha(C) < 5 1.4,5, oo, -+, 00
TABLE I
m-HEIGHTS OF [n, k = n — 2] ONE-ERROR-CORRECTING
CODES
[n, K] Known h3(C) = ho(C),h1(C), -+ ,hn—1(C)
1 3 .
T @) 1 of built [n, k] code
3,1 ha(C) =1 11,1
4,2 ha(C) = 2.41 1, 141, 241, 0o
5,3 ha(C) = 4.24 1, 2.24, 424, co, 0o
6,4 h2(C) = 6.46 1, 2.73, 6.46, 00, 00, 00
7.5 h2(C) = 9.10 1,349, 9.10, 0o, - - -, 00
3,6 ha(C) = 12.14 1, 4.03, 12.14, 0o, ---, 00
9,7 h2(C) = 15.58 1, 4.76, 15.58, co, - - -, 00
10,8 h2(C) = 19.43 1,531, 19.43, co, - - -, 00
11,9 2(C) = 23.69 1, 6.03, 23.69, co, - - -, 00
[12,10] h2(C) = 28.35 1, 6.60, 28.35, co, - - -, 00

code construction have h;(C) = [n/r]| — 1, namely, the upper
bound is tight. Furthermore, we find that h,,(C) = co when
m > 1 for those codes.

For the fourth code surveyed in Section II, which is a one-
error-correcting code, it has an upper bound to its 2-height:
ha(C) < [2n/r]—1. By using the m-height algorithm, we can
find its specific m-height values. Some sample results are
shown in Table I, based on codes built following the code
construction. (Note that the code construction in [1] is not
explicit. So the codes built here may not be the only ones.) It
can be seen that the upper bound for 2-height is often tight,
but sometimes the actual 2-height can be lower (as for the
[7,3] code and the [11, 7] code). The m-height algorithm also
discovers the m-heights of the codes for m # 2 as well.

For the sixth code surveyed in Section II, which is a one-
error-correcting code, it has a known formula for its 2-height:
ha(C) = Wl/(%)) — 1. Using the m-height algorithm,
we can find its m-heights for m # 2 as well. Some sample
results are shown in Table II.

IV. ANALOG PERMUTATION CODE

The design of Analog ECCs is still a largely open problem.
As can be seen from the survey in Section II, existing codes
are mainly limited to detecting or correcting one UME (except
for repetition codes). So it is important to explore various
approaches for designing new codes. One fundamental method
of code design is through computer search, where good codes
are identified from many randomly sampled codes (possibly
with guidance on their code constructions). To analyze the
error-correction capabilities of the codes, their m-heights
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need to be computed. It is therefore important to make the
computing of m-heights as efficient as possible, so that more
codes can be sampled and analyzed. One way to reduce the
complexity of the m-height algorithm is to construct codes
with special structures. In this section, we explore one such
code structure, where the columns of the generator matrix are
distinct permutations of the same set of real numbers. Let us
call such codes Analog Permutation Codes. The complexity of
the m-height algorithm for [n, k] Analog Permutation Codes
can be reduced by a factor of n.

A. Construction and m-Height of Analog Permutation Code

Consider linear [n, k] Analog ECCs over R, where n = k!.
Let m : [k) — [k) denote a permutation on [k). Let II
denote the set of all k! such permutations. Let us label those
k! permutations by mg, 7y, -, mE—1, namely, II = {m;|i €
[k1)}. For convenience, let 7y be the identity permutation,
namely, 7o (i) = ¢ for all i € [k).

Similarly, let A : [n) — [n) denote a permutation on [n).
(Note that n = k!.) Let A denote the set of all n! such permuta-
tions. Let us label those n! permutations by Ag, A1, -+, Ani—1,
namely, A = {\;|i € [n!)}. For convenience, let \y be the
identity permutation, namely, \o(¢) = ¢ for all ¢ € [n).

Let g = (90,91, ,grk-1)" € R* be a column vector of
length k. Given a permutation m € II, let
T cRk

A
gr = (97(0)> 9r(1)» " > Gm(k—1))

be a column vector that permutes the entries in g by the
permutation 7. Define a k x n matrix G as

G = (gﬂ'(ﬁgﬂ'm"' agTrn,,l)-

An Analog ECC with G as its generator matrix is called an
Analog Permutation Code.

vV e IL let us use (7(0), (1), -+ ,w(k—1)) to denote the
value of the permutation 7. (For example, 7 = (2,0, 1) repre-
sents a permutation 7 where m(0) = 2, (1) = 0 and 7(2) =
1. Note that this notation is different from the cyclic form of
permutations.) Similarly, we use (A(0), A(1),--- ,A(n—1)) to
denote the value of a permutation A € A.

Example I: Let k = 3 and n = k! = 6. Let m9 = (0, 1,2),
m = (0,2,1), m = (1,0,2), 73 = (1,2,0), m4 = (2,0,1),
75 = (2,1,0). Then the k x n generator matrix G is

go Go 91 g1 G2 G2
G=|9 92 9 92 9 ¢
92 91 92 Jo 91 YGo

([l

In this section, we shall prove the following result on the
m-height algorithm for Analog Permutation Codes.

Theorem 3: Let C be a linear [n,k] Analog Permutation
Code over R. Let G be its generator matrix where no column
is 0. Let d(C) be the minimum distance of C, and let m €
{1,2,--- ,min{d(C),n — 1}}. Let 24 x4 be as defined in
Theorem 2. Then

hm(C) =

max

20,b,X,
(0,6,X )T v

7749

Compared to Theorem 2, the theorem above improves
the time complexity of the m-height algorithm by a factor
of n. Instead of solving linear programs for all the tuples
(a,b,X,9) € T, here we fix a to 0, and consider only
those tuples (0,b, X,1). To prove the theorem, let us start
by analyzing properties of Analog Permutation Codes.

B. Properties of Analog Permutation Code

Given an information vector u = (ug,uy,- -+ ,up_1) € R¥
and the generator matrix G, let ¢ = (cg,¢1,+* ,Cn1) =
uG = (ugr,, ugs,, -+ , Uy, _,) be the corresponding code-
word. Given any ¢ € [k!), define u,, as

Ur, £ (u‘n'i(O)a Um,(1)s "7 um(kfl))a

which permutes the £ numbers of the vector u by the permu-
tation m; € II. Given any j € [n!), define G, as

A
G)\j - (gﬂ-%j(o)’ gﬂ-)\j(l)7 T ngAj(n—l))7

which permutes the n columns of the generator matrix G' by
the permutation \; € A. Given any j € [n!), define cy; as

A
cx; = (G000 € 7 Exym-1)s

which permutes the n numbers of the codeword c by the
permutation \; € A. We have ¢y, = uG), for j € [n!).

Vi€ k), j€n!)and p € [n), let f;;(p) be the integer
in [n) such that

Umi8rx, ) = U8, ) (1)

Since Zze[k> Um(z)gmj(p)(.z) :
Zze[k) UeGr, oy (r (2)) WE S€€ that f; ;(p) is the integer in
[n) such that

Ui 87 (p)

Tfis() = Tas(p) O T - )

[TPNL]

where “o” is the “composite” operation between two functions
(namely, for any two functions h; and hs, their composite
hy o hy is a function such that (hy o he)(z) = hy(ha(x)) for
all ), and 7, Lis the inverse function of ;.

Lemma 2: ¥ i € [k!) and j € [n!), the function f; ;, which
maps p to f; j(p) for all p € [n), is a permutation on [n).

Proof: Since Ty (p) om; ! is a permutation on [k), T, i (p)

is a permutation on [k). So f; j(p) € [k!) = [n). Vp #q €
[n), Aj(p) # Aj(q) as \; is a permutation, so Ty () 7# T, (q)
and therefore 7y () om; L # T, (q) om; . So whenever p # q,
g . (p) 7 T, ,(q) and therefore f; ;(p) # fij(q). So fi;is a
permutation on [n). O

YV j € [n!), let S; be a set of n = k! permutations on [n):

S; = {fij liek)}.

Example 2: Let us continue with Example 1. Let j = 0.
Since Ao is the identity permutation, 7y, ) = 7p. Now let us
find f; o for i = 0,1,--- k! —1 = 5. Let us show how to
compute f; o for i = 3. The other f; ;s can be computed in
a similar way.

When ¢ = 3, we have w3 =

1

(1,2,0), therefore
w3 = (2,0,1). When p = =

0, since ug, 8mx, (n)
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Ur,8rg = (Uwg(o),um(mum@)) : (gwo(o),gwou),gwo(g))T =
(u1,uz,up) - (90791792)T = (uo,u1,uz) - (92790791)T =
ug,,, we get f; i(p) = f3,0(0) = 4. (Another way to compute
f3,0(0) is that since 7y, () = Ta,(p) O T; » WE get Tr, (o) =
T X0 (0) OW§1 = WOOW:; = (07 13 2)0(27 Oa ]-) = (27 07 1) = T4,
therefore f30(0) = 4.) In the same way, we get f5(1) = 2,
f370(2> =5, f3)0(3) =0, f370(4> =3, fg)o(f)) = 1. So the
permutation f3 o = (4,2,5,0,3,1).

In the same way, we get foo = (0,1,2,3,4,5), fio0 =
(1,0,3,2,5,4), fo0 = (2,4,0,5,1,3), fa0 = (3,5,1,4,0,2),
f50 =1(5,3,4,1,2,0). And So = {fo,0, f1,0.- -, fs0}. O

Lemma 3: The n permutations in the set Sy are all different.
Thatis, Vi # j € [n), fio # fio-

Proof:  Consider f;0(0) and f;0(0). Since 7y, ;o) =
Tx0(0) ;b =mo-m; =7, ! and similarly Tf0(0) = 1,
we get 7y, (0) # Tf,0(0) and therefore fio(0 ) * fj()( ).
Since two functions are equal only if they have the same value
for every input, we get fio # fj.0. O

It is worthwhile to note that f; ;, as a permutation on [n):

o= < 0 1 n—1 )
W\ fig(0) fig(1) fij(n—1)

can be equivalently seen as a permutation on
{7'[‘0,7717 e 77Tn71}:
_ o N TTn—1
fig = .
Tfi,500)  Tfiz(1) Tfi,j(n—1)

We shall call the above the equivalent view of f; ;. Since
Tf () = T (p) © 7r;1 by Equation 2, the equivalent view
of f; ; can also be expressed as:
Tin—1 )
TAj(n—1) © W;1 .

Lemma 4: (Sy, o) is a permutation group.

Proof: The “composite” operation o is known to be
associative. Let us now show that Sy is closed under the
operation o. Consider any two permutations f;o € Sy and
fio € So and their equivalent views. ¥ p € [n), since
Tfio®) = Tholp) © 7r = mp om; ~, the permutation f;o
maps 7, t0 mp 0 T, !, Similarly, since Tfiolq) = Tqg O T, !
for all ¢ € [n), the permutation f; o maps 7, to m, o m; |
for all 7, € II. So the permutation f;o o f;o maps m, to
(mp 0 7rj_1) o 7ri_1 =T 0 (7rj_1 o 7ri_1) = mpo (mom) L
Define Meo(i) £ m;om; € II. Then f; oo fjo maps 7, to
Tp © Ww( for all p € [n). So fioo fio = fo@.j).0 € So
Therefore S is closed under the operation o.

Let us show that fy o € Sp is an identity element, namely,
for any fio € So, fio o foo = foo©o fio = fio- By the
analysis above, foo maps 7, to m,om; " = m, for all p € [n).
So fo,0 is the identity permutation (0,1,---.n —1). So fo0
is clearly an identity element in .Sp.

Let us now show that every permutation f; o € Sy has an
inverse. For all 7 € [n), let (i) € [n) be the integer such that
(i) = 71';1. By the above analysis, ¥ p € [n), fi0© fo@)0
maps 7, to T, o (ﬂ;(li) om; Yy =m,o(monm;t) = m,, and
Fo(i),00 fi,o maps m, to m,o (m; " ow(p(l)) =myo(m;tom) =
Tp- SO fi.00 fio(i),0 = fotiy00 fio = (0,1,--- ,n—1) = foo.

( o T
-1 -1
TX;(0) O T Tx;(1) © T
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So fio € So has an inverse f,(;),0 € So. Therefore (Sp,0) is
a permutation group. |
The group Sy is a subgroup of the symmetric group of [n),
Sym([n)), which contains all the n! permutations on [n). There
are (n — 1)! distinct right cosets of Sy in Sym([n)).
Lemma 5: Vi € [k'> andj S [n'), fivj = fi,O o fO,j~ Also,
V j € [n!), S; is a right coset of Sy, and S; = Sy o fo ;.
Proof: Yi € [k!), fioisin Sy, and by its equivalent view,
the permutation f; o maps 7, to 7, om; ' for all p € [n). fo;
is in Sym([n)), and since Ty, ;(q) = Tr;() © To = M, (q)>
it maps m, to my,(, for all ¢ € [n). So for all p € [n), the
permutation fi o o fo; maps m, t0 Ty, (p) O T, = Tf o (p)-
So fio o fo,; = fi;, and that leads to the conclusion. O
Let C be a linear [n, k] Analog Permutation Code, whose
generator matrix is G. Given a permutation A € A on [n),
we define Cy as the following subset of codewords:

Cx ={(co,c1, -
lexoy | = lexqyl = -+

,Cn—1) €C :

> leaxm-n)l}-

As before, the m-height of C, is defined as
him(Cy) = max hm(c)

celx

if Cy # 0, and h,,,(Cy) = 0 otherwise.
Lemma 6: ¥ j € [nl), p € [k!), ¢ € [k!) and m € [n),

hm(cquj) = hm(ch,j )

Proof: Let us first assume that C foi = (). In this case,

let ¢ = (co,c1,--+ ,cn1) be a codeword in Cy, ; such that
hm(c) = hm(Cy, ). Let u = (ug,u1, - ,u;) € RF be the
vector such that ¢ = uG, where G = (80, &> " s Erpy)
is the generator matrix.

Define v = (vo,v1,-- ,vn—1) @ V = ur G);, where
G, = (8x,(0):8ma, 1)) " +8mx (n_y)) PeTmutes the columns
of G by );. (Note that v may not be a codeword.) Then

Vi e
Uy, iy
(Cfmowfm(l)

[n), v; = Ur, 8y (- By Equation 1, v; =
Since ¢; = ugr, vi = c¢p, (). SOV =
,Cf, (n—1)), Which permutes the num-

bers in ¢ by the permutation f, ;. Since ¢ € Cy, . [cy, ;o) >
ler, )l = = e, sm-n)l- S0 Jvo| = [v1] = -+ > |vp-al.
So hy,(c) = |v0|/|vm\ if vy, #0, hip(c) = 001fvm:0and
vg # 0, and h,,(c) = 0 otherwise (as in this case ¢ = 0).
Define a = (ag,a1, - ,a5—1) € RF asa = u__ 1.
Define a codeword b = (bg, by, -+ ,b,—1) as b = aG. "Since

Ur,(n—1)) and a; = U or (i) for
= Un, (i) and tfherefore
So a, Gy, =

= a8y Ly

Ar, = (aﬂ'q(o)7aﬂ'q(1)7 Ty
all 4, we get ar ;) = Up omom, (i)
Ar, = (uwp(0)7u7rp(1)7"' y Uz, (n—1)) = Uny,-
u, Gy, =v.SoVice [n), v; = ar,&r, (i)
Therefore v = (agﬁfw(wagﬂfqyj(l), e ,agﬂfqyj(nfl)). Since
b = aG = (agr,, a8, " ,a88s,_,)» V permutes the
n numbers in the codeword b by the permutation f, J
Since |vg| > |v1| > .. we get |ag7rf

<0)| =
EY gwf“m| |ag,rf L 1)\ therefore [by, (0)|

by, )l = - |bfq (n— 1)| which means b € Cy, ;-
Furthermore, hm(b) ="h m(c) because both b and c are
permutations of v. So hp,(Cy, ;) = hm(c) = hp(b) <

maxpec;, m(b’) = hm(Cy, ;). In the same way, we can
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<

prove h,,(Cy, ;)
when Cy, , # 0.
When Cy, . = (), by the above analysis, it is easy to see
Cy,, = 0, too. In this case, h,,(Cy, ;) = hm(Cy, ;) =0. [
Lemma 7: ¥ j € [n!), f,(0),;(0) = 0.
Proof: By its equivalent view, the permutation fy (o),
maps 7 to Tfr, 0.0 = Ta(0) © 7r;j1(0) = mo. (The first
equality is due to Equation 2.) So fy,(0),; maps 0 to 0 by its

hm(cfp,j)' So hm(cfp,j) = hm(ch,j)

original definition, namely, f)(o),;(0) = 0. O
Theorem 4: Let jo, ji, *--, jn—1y1—1 be any (n — 1)!
integers in [n!) such that S, Sj,, -+, S, _,,_, are (n—1)!
distinct right cosets of Sy. Then V m € [n),
hon(C) = ie[r(lrlza—)i)w hm(cf*n ©.5:)°
Proof: Since C = UxeaCr,  we  get
hm(C) = maxyea hm(Cy). Since S, Sj,, ,
Sjtu_1y_, form a partition of A we get hp,(C) =
maX;e((n—1)!) MaXres;, hm(C)\). Since Sji = {fp,jip S
(kD) }, we get hpn(C) = max;eq(r—1)1y MaXpep) hm(cfp,j,i)'

By Lemma 6, h,,(Cy, ;) B, (Cfx,-im),u ), so we get
him(€) = maxie(m—1)) hm(Crs, (0,)- O
The result below connects the properties of Analog Permu-
tations Codes shown above with the concepts used to compute
the m-heights of analog codes in Section III.
Corollary 1: Let C be a linear [n = k!, k] Analog Permu-
tation Code. Then

hm(C) = o (C )
©) 0% (Cob.x.0)

Proof: Consider any codeword ¢ = (cg,c1,+* ,Cn—1) €
CfAJ(D).j — {0} for any j € [n!). By definition, CfA,(o),j(O)‘ >

|Cij<0),j(1)\ >0 > |Cij(0>,j(n—1)\~ Since fAj(o),j 0) =0 by
Lemma 7, we get |co| > |Cfx~<o),j(1)‘ >0 > |Cf>\j(0),j(n_1)|'
So there exists a tuple (0, b, X, ) such that ¢ € Co 5 x 4.
hm(C) = MaX;g[(n—1)!) hm(Ciji(o)’ji) by Theorem 4.
So  hn(C) MaXie((n—1)1) WaXeeCy, P
By the above,  Cp, o, — " {0}
U0, x.w)er Cobx,y for every ji. 'So hm(C — {0})
m(U(O,b,X,w)eF Cob,x,p). Since hy,(0) 0, we get
hin(C) < max(gp, x,p)er hm(Cop,x,p). Since Cop x4 C C,
we get hm(c) = Max(,p,X,yp)er hTrL(CO,b,X,w)~ O

c).
analysis -
<

C. m-Height Algorithm for Analog Permutation Code

We now prove Theorem 3, which reduces the complexity
of computing the m-height of an [n, k] Analog Permutation
Code by a factor of n compared to Theorem 2.

Proof of Theorem 3: There are two cases to consider: m <
d(C) and m = d(C). In the case of m < d(C), the proof is
essentially the same as that of Theorem 3. (We just need to
replace (a, b, X, ) by (0,b, X, ) in the proof. Recall that by
Corollary 1, h,,(C) = max g, x,p)er hm(Cop,x,¢) instead of
max(q,b, x,4)er Pm (Ca,p,x,4).) SO we skip the details here.

Let us now consider the case m = d(C). In this case, the
proof of Theorem 2 shows that there exists a vector u
(ug,us, - ,ux—1) € R¥, an integer i* € [k), and a positive
constant €y such that:

7751

Algorithm 1 A Genetic Programming Algorithm for Con-
structing Analog ECCs

Input : Integers k, n, m, N, N, Np, Ny in Z* with
n>k 1<m<n-—k N < N, asmall
number § € R
Output: A set of N generator matrices of Analog
ECCs
Initialization: let S be a set of /N, randomly generated
k x n generator matrices, where for each generator
matrix, its independent numbers follow the A(0,1)
Gaussian distribution. (If the generator matrix is for a
permutation code or a punctured permutation code, only
the k£ numbers in a column are independent; otherwise,
all the nk numbers in the matrix are independent.);
Compute the m-height of each code whose generator
matrix is in S;
S < the N generator matrices in .S whose m-heights are
the smallest;

4 for i — 1 to N, do
5 Let Syc be an empty set;
6 for j — 1 to N; do
7 Mutation step: Uniformly randomly select a
generator matrix G from S
8 Let P be a randomly generated k£ X n matrix
whose nk numbers follow the N (0, 1) Gaussian
distribution;
9 o« 0;
10 Gpew — G+ 0oP;
11 while m-height of Gy < m-height of G do
12 Shew + Snew U {Gnew};
13 G — Grews
14 o «— 20;
15 Gpew — G+ 0oP;
16 Crossover step: Uniformly randomly select two
generator matrices G; and G2 from S
17 Let (G3 be a k x n matrix half of whose columns
are randomly chosen from G and the other half
from Go;
18 if m-height of G35 is less than the m-heights of
both G1 and G5 then
19 L Snew — Onew ) {GS};
20 | S SUSnew;
21 S « the N generator matrices in S whose m-heights
are the smallest;
22 return S
o Property: Let u® = (u§,uf,---,ul ) =
(wo, -+ yUr—1, Ui + € Uprq1, -+ ,Ug—1), and let
ct = (c, ¢, ,c5_1) = uG. When ¢ € [0, €], there

exists a tuple (a*,b*, X*,¢*) with | X*| = m — 1 such
that

c® € Cor pr x+ 4+ for all € € (0, €]
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Let @ € [n) be the integer such that 7; = m,.'. Now
consider the vector g = (us_ (o), Uy, (1) " Us, (x—1)) and
its corresponding codeword ¢¢ = (¢§, ¢, - ,¢,_1) = uS, G.
Note that since Ag is the identity permutation, G = Gy,.
So ¢ = u;an\o = u;a (gﬂ',\o(ow 8mro(1)
So V p € [n), we have

o gﬂ'/\o(nfl))'

—€ __ __€ L€ €
Cp = Un, Brygpy — U g”fa,ou:) = Cfaolp)

(The second equality is due to Equation 1.) Since fz¢ is a

permutation on [n), the n numbers in the codeword ¢ form

a permutation of the » numbers in the codeword c°.

Since 7y, 1(p) = Tro(p) om; !t = 7rp07r¢—;1 due to Equation 2,
by letting p = 0, we get 7y, ;o) = 7o © mot = 77t (The
second equality is because 7 is the identity permutation.)
Since w5 = 7rai1, we get Ty, (o) = Ta+. SO fa0(0) = a*.
Since ¢}, = ¢} for all p € [n), we get = ¢, o(0) = Car-

£ a,0(p) ,0
Let b € [n) be the integer such that fs o(b) = b*. Then
G =¢5 5 = Ch Let X £ {p € n)| faolp) € X*}.

Since c° is a permutation of the n numbers in ¢ — where
¢ is mapped to cG., ¢; is mapped to cj., and {C;|p € X}
are mapped to {c5|p € X*} — and since c© € Co= p x+ 4+
with | X*| = m — 1, it is not hard to see (by the definition of

Ca,b,x,) that there exists a vector 1/; € {—1,1}"™ such that
c® € Cyp x,p forall e € (0, €.

The rest of the proof is similar to that of Theorem 2. We just
need to define d€ as EQi’:‘l.b* - ¢€ instead of Egii.b* - ¢€, define
uc as egi"]“,b* ~ufra instead of Egii,b - u, and then replace
(a*,b*, X*,¢*) by (0,b, X,). In the end, we see that either
205X = OO OF 255 % 5 = 0o. Since here m = d(C),

we have h,,(C) = 00 = max (g, x,p)er 20,b,X,¢- O

V. ANALOG ECCS FOR ONE OR MORE ERRORS

The algorithms for computing the m-heights of Analog
ECCs enable us to construct new codes through computer
search and optimization. We search for new codes based
on Genetic Programming [49]: first, a number of codes are
randomly generated (e.g., using Gaussian distributions to ran-
domly generate the generator matrices), their m-heights are
computed, and the set of codes with the smallest m-heights are
used as the initial population of genetic programming; then,
evolutionary operations including mutations (e.g., small per-
turbations to generator matrices) and crossover (e.g., random
combination of two generator matrices) are used to generate
new codes, their m-heights are computed, and the set of codes
with the smallest m-heights are selected as the new population
for the next round of evolutionary operations.

In the above process, when n = k!, permutation codes
are heavily used for generating the initial population because
their m-heights are much faster to compute, which enables
the search of more codes for a good initial population. When
n < k!, we can still let the columns of a generator matrix be
permutations of the same set of numbers, and call such codes
Punctured Permutation Codes. Although the latter codes need
to use the m-height algorithm for general codes, experimen-
tal results show that they often have good error-correction
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TABLE III
THE m-HEIGHTS OF DIFFERENT LINEAR [n, k] ANALOG ECCs
@ [ A =152 [ WA =162 | A =153
known | new | known [ new | known [ new
m=1 1 1 1
m =2 1.83 1 2.87
m=3 3.25 3 2.28 7
m=4 ] — | — 710 | — | —
known [ new | known | new known [ new
m=1 1 1 2
m =2 1 2 3.15
m=3 1.90 3 12.56
m=4 278 014 | — —
m=5 395 | — — p— —
@) [ A =52 | A =153 [ mA =151
known [ new | known [ new known | new
m=1 T ] ]
m=2 ] 1 249 3
m=3 ] 1 371 3
m=4 2.88 9.01 20.96
m=5 379 2037 | — —
m=6 716 | — — — —
hm(c) [TL, k} = [87 5] [TL, k] = [97 2} [n7 k] = [973}
known [ new known [ new known [ new
m=1 2 1 1
m =2 7.18 1 1
m=3 22.48 1 3.05
m=4 — —_ 1.92 5.76
m=>5 —_— —_ 3.32 12.71
m =06 — — 3.88 29.92
m=7] — f— 1276 | — —
hm (C) [n, k] =19, 4] [n, k] =19, 5] [n, k] =19, 6]
known | new known [ new known [ new
m=1 1 2 2
m=2 338 Z 8.56
m=23 542 12.51 1872
m=4 12.32 7649 | — —
m=5 9990 | — — — —
known [ new known [ new known [ new
m=1 1 1 1
m =2 1 <3
m=3 1 2.12 5.00
m =14 1 4.36 7.22
m=>5 1.92 5.97 21.56
m =26 3.88 17.18 300.92
m="7 3.88 69.44 — —
m =8 28.74 — — — —
hm(C) [n, k] = [10, 5] [n, k] = [10, 6] [n, k] = [10,7]
known [ new known | new known | new
m=1 1 2 3
m =2 423 4 12.86
m=3 8.90 23.06 89.81
m=4 29.80 273.24 — —
m=>5 334.75 — — — —

performance. The details of the code-search algorithm are
presented in Algorithm 1.

We present some constructed codes below. The codes can
correct one or more errors (i.e., UMEs), and to the best of
our knowledge, their error-correction performance (measured

by their m-heights) is the best known performance by now.
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& [ 0911 003 1481 -0.756 1.249 1.087 —0.085 —0.087 1.134 05 0.19
527 | —0.049 0975 1511 -1303 0.74 G§’3 =1-0.037 0977 -0.033 -0.323 -0.315 0.635
o _[ 0909 0014 Ls3 —0738 1_235] -0.109 0035 1039 0527 -1093 0751
27 1-0039 0967 1519 -1299 0.719 [—0.822 —1211 -1211 —0816 -0.816 —0.405
G - [0.859 —0.103  0.746 —0.35  0.892 —0.95] G —|~0816 -0822 -0405 -1211 -0.405 -03816
62710025 1.063 -1591 -0721 -1.115 0.679 7 -1211 -0405 -0816 -0.822 -0.822 -1211
G - [0922 0121 0746 -0368 0896 —1.002] | -0405 -0816 -0822 -0405 -1211 -0.822
2710022 1069 -1.593 -0702 -1.089  0.676 0976 —0.055  0.059 —0.001  0.842 —0.996
[1.0 00 0.0 0.7 -0.791 0.043 G = 0.001 1.047 -0.035 -0.057 -0.632 0.481
G2,=100 10 00 -0.647 0833 L1162 74 0.015 —0.014 0954 0015 -0.686 1.743
|00 00 1.0 0311 1.284 1.028 | —0.042 —0.111 -0076 1.016 -0.172 -0.524
. 0236 -1136 -045 -1136 0236 045 ot [ 0962 0051 0765 -0947 0629 0254 1113
Ggs =|-1.136  -045 0236 0236 -045 -1.136 827 [-0.003 1.05 0291 -0938 0.878 0286 0.79
| 045 0236 -1.136 -045 -1.136  0.236
1.0 00 0534 058 -0.709 -0.053  0.543
.- [10 00 -074 -1.09 0463 0584 0719 Gy, = 00 10 0611 —1211 0233 —0784 —0.659
27100 10 1106 079 0713 0706 -0.531 R : : ) :
Gt _ [1189 0182 0503 1479 0919 1385 1.155] ngz[ 0967 0.0490.789  ~0.956  0.619  =0.206  1.107
125 (0016 1092 —1447 —0772 1194 —0551 —1.169 —-0.004 1.001 0273 -0.935 0.859 0.308 0.79
G5 - [1167 0206 0483 149 0939 1344 1.162] . = (1)‘8 ?‘8 g‘g '(1’?;2 g';é '8'?‘7‘3 '103;;
72 = _ _ _ _ 83 = | U . i £ =0 - .
0.028 1.129 -1412 —-0.753 1.173 —-0.565 -1.198 00 00 10 —0624 0705 L0l 0943
Fig. 2. Generator matrices of some new Analog ECCs in Table IIl, fromn =5, k=2, m=2ton=8, k=3, m=2.
o | R0 00 00 LIST 0017161353 1353 Gt [1.0 00 00 0476 0476 0994 0994 0819
Gi;=[00 10 00 -0076 —-0741 -0.888 —1.495 —1.495 2100 1.0 10 —0896 —0896 —0744 —0744 0.335
|00 00 1.0 1075 —-0702 0876 -0.266 -0.266
[ 1.049 0026 0.021 0893 0809 027 —1.151 1.402] G;2=[1'° 00 0865 0111 -1464 1522 0364 0.1l
Gi,=|-0008 1112 0022 052 -1689 -22 0285 0.3% 00 1.0 0.168 0916 0509 -0935 0776 —0.863
| -0.076 0.101 0996 -0529 -1262 1039 —-0979 0.582] o8 [1,0 00 00 158 158 —0.655 -0.655 1.193
92 =
[ 1042 006 0036 0887 0807 0269 —1.179 1.419] 00 10 10 1555 1555 -1244 -1244 0684
Giy=| 0006 1086 0036 0506 -1.693 -2209 0303 0.394| 1004 0017 —155 0789 -0357 122 0243  0.637
[-0.076 0092 0987 -0541 =-1271 1042 -099 0574] ™27 [-0.002 0948 —0.258 0.601 0525 -0636 -0957 —0.182
[ 0998 0.137 0.088 0.02 1.116 0578 0.909 —0.369] 10 00 00 -0298 —-0.954 1.01 —-0.104 -—0.145
G = 0.005 1.104 0.088 -0.048 -0.461 1.039 -1.613 1.124 G33= 00 10 00 0.004 0784 —1.751 —-0882 —0.802
| 0021 0115 0032 0993 —1284 1769 0214 —0.831
- 1.003 0003 -0011 -0073 -0461 0.676 0485  0.631
10 00 00 00 00 0756 -1.029 -0.854 Giy=[0021 0999 0018 0269 —-0.649 0202 —0858 =—0.421
00 10 00 00 00 1077 0788 -1.196 0013 0003 1.009 —0764 1.034 1532 —0.095 -—0.384
Gl;=[00 00 10 00 00 081 -1261 0.173 0002 002 0005 —1579 0204 —0952 o131 0510
00 00 00 1.0 00 -0629 -0715 149 s ' - ‘ o e e ‘ ’
00 00 00 00 10 066 1036 0018 Gy, =|-0014 0989 0005 1215 -1.134 -0922 -0475 -0331
ST R R : : ’ —0.004 0005 098 0052 1081 —0457 069 -0476
09 -0235 0.009 -0.051 -0.187 1.141 1.339 -1.486
0308 0975 003 -0087 0167 0.5 —036 0938 0992 -0026 -0019 -008 -0487 0.645 0473 0598
Gls=|-0068 —-0067 087 0273 022 -2267 -0.768 -0079| G§,=| 0002 0969 0032 0291 -0.671 0208 -0.837 —0.398
-0001 -0047 009 0539 015 -138 -0706 0862 -0.006 -0013 1014 -0.805 1011 1518 —0.114 -0.347
-0.052 -0222 -0.211 -0.031 1.266 1.024 -1.253 0.901
Fig. 3. Generator matrices of some new Analog ECCs in Table III, fromn =8, k=3, m=3ton=9, k=3, m =6.

A summary of the codes is shown in Table III. The table lists
the m-heights of different linear [n, k] Analog ECCs. Here the
columns labelled by “known” refer to known codes from [1],
and the columns labelled by “new” refer to the new codes
presented here. 3 Notice that when m > 4, codes with finite

30nly m-heights of finite values are shown in the table. And for those cells
in the table where m > n—k, we cross them out by a horizontal line because
by the Singleton bound, the minimum distance of the code d(C) < n—k+1,

$0 hm (C) = co when m > n — k for any code C.

7753

0.955 ]
0.394
0.159 |

—0.816]
-0.822
—0.405
—1211 |

0.804 ]

0.336
-0.433
—0.939 |

—0.283
—0.753

0.927]
—0.947 |

-0.276
—-0.736

—0.73]
1.339
0.943 |

0.819
0.335

—1.228
1.517

1.193
0.684

0.533
-0.414

0.893 ]
~1.202
~0.594 |

-0.72]
1.135
-0.392 |

~1.571]
0.192
~0.885 |

—0.732]
1.118
—0.408 |

m-heights can correct two or more UMEs; and the smaller
the m-height is, the smaller the ratio A/§ (where A and 0 are
the two threshold values for UMEs and LMEs as described
earlier) needs to be. Many of the new codes here can correct
two or more errors. Some of them have finite m-heights for m

as large as 8 (e.g., the [10, 2] code in the table), which means

they can correct up to 4 UMEs.
Some codes in Table III have m-height equal to 1 for some

m values. They are either the Repetition Code or the Cartesian
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1386 —0.623 —0.658 —0.658 —0.623 —0.623 1772 1.386 —0.658] [-0.553 -0.817 0.513 -0.784 -0215 -0.784 -0.784 -0.215 0.513 ]
G2 | 0623 1386 0623 1772 1772 0658 1386 -0623 138 —0215 -0215 -0553 -0553 0513 0513 -0215 -0553 -0215
47| 0658 -0658 138 138 -0658 1772 0658 L1772 172| @, = ‘g-’:; ‘g';’; gﬁj ‘g-gg —32‘; —g;?; g;i g;g g'flzz
1772 1772 1772 -0623 138 1386 —0.623 -0.658 —0.623 - i : - : : i - :
- —0.784 0513 -0.215 -0.817 -0.784 0.293 0.293 —0.784 —0.553
[-1.838 1765 -1.838 0.145 0145 1765 1765 —1.838 —0.641 | 0293 0293 —0784 0293 -0553 —0817 —-0.553 —0.817 —0.817
Gl = —0.641 0145 1765 —0.641 —1838 0.145 —-1.838 0.145 -1.838 Coalr 097 038 18 _0sss 047 _lsis —043s 137
, 0.145 0641 0145 —1838 —0641 —-1838 0145 1765 1.765 - : - : - - : - -
1765 —1838 —0641 1765 1765 -0641 —0641 —-0641  0.145 ~0409 1821071 0431 033 -1863 - -0.5 0179 ~0.532
i ) G -| 0553 0238 0402 1345 1727 127 0328 1335 0334
0.099 0099 -1.054 0099 -1054 -1549 -1054 -0514  0.099 o6 119 -0525 131 -058 006 042 1296 0333 —184
G | 014 -1549 0514 0514 -1549 1054 0514 0099 -1054 -1.836 1296 -1.833 0.85 1388 -0616 -0523 —1.823 0206
% 7| Z1.054 -1.054 -1549 —1549 0099 0099 0099 —1549 0514 [ 0319 —-0433 —0571 0319 —0437 0251 024 —0428 —0.531 ]
—1549 -0514 0099 —1054 -0514 -0514 -1549 —1054 -1.549
N 6= [1.0 1.0 00 00 0476 0476 0994 0994 0.819 0.819]
0.994 -0014 0006 0024 =032 0427 -0414 -0.897 0429 27100 00 10 10 -0896 -0.896 -0744 —0.744 0335 0335
G =| —002 1022 -0006 002 0649 -059 0469 0595 0.16
%71 20006 -0.035 1.017 0.019 -0233 —1258 0611 0422 0.094 Gl = [140 10 00 00 158 1586 =0.655 =0.655 1.193 1.193
| 0023 0013 0011 1028 045 082 -1787 —1.595 0.438 | 027100 00 1.0 1.0 1555 1555 —1244 =-1.244 0.684 0.684

[1.0 00 00 00 00 =076l 046 -0.524 0.79 G .| 1009 0034 -1678 0319 -009 0407 0235 077 -1429 1751
00 1.0 00 00 00 0487 -0.86 1421 =-0.091 02710036 0956 —062 -0721 1066 —-1.115 1612 —-0.616 -0221 —0.402

0
0
3 = - - —
Gos =100 o.g 100000 -0789 0552 ~1035 ~0933 1.0 1.0 00 00 00 00 -1228 -1.228 -0.087 -0.087
0

000000 1.0 00 ~0.353  ~0.764  0.075  ~0781 Glo;=/00 00 1.0 1.0 00 00 -0787 -0787 1041  1.041

00 00 00 00 10 -0.147 -1116 0873 -0328 00 00 00 00 1.0 10 0442 0442 -0991 —0.991

[ 0999 0559 2218 —0.129 0551 057 0989 1411 0987

2207 145 -0161 1379 1476 2237 0562 —0152 1419 10 00 00 1773 —1133 1017 —155 0195 101 —-0374
Gis=| 1449 0994 0983 2181 0167 0971 1462 0545 2232 Gloy=[00 10 00 1303 0257 0401 —0526 —-1155 0397 079

P e Tt S Su——|

=0.209  2.273 1.478 0489 223 =0.173 2241 0.984  0.569 00 00 1.0 0305 0283 =0125 =0.715 =0.971 =-0426 -0.885
L 0.551 —0.145 0.545 1.015 0988 1458 -0.112 2236 -0.132

Fig. 4. Generator matrices of some new Analog ECCs in Table III, fromn =9, k=4, m =2ton =10, k =3, m = 4.

10 1.0 00 00 00 00 -0.761 -0.761 ~1.85 ~1.85 1.016 -0.021 -0.006 -0.008 122 0.271 006 -0.756 -1.301 -1.257

s _ N ~ _|-0008 1.001 -0001 0021 -1.037 0024 -0321 1061 0412 -0362
Giop =[00 00 1.0 10 00 00 -0665 -0.665 0715 0715 Gloa = —0.006 0013 0988 -0015 0452 —0.168 -0.781 0677 -0.189 -0.171
00 00 00 00 10 1.0 -0748 -0.748 -0.609 —0.609

-0.03 0022 -0008 098  0.007 2065 =2.632 0.765 0.137 0.908

1.0 00 00 1773 -1.133 1017 -1559 0.195 -1.01 -0.374] 0.005 0992 0005 -1276 0.005 1974 1974 -1276 -1276 -0.033
G%,=[00 1.0 00 1303 0257 0401 -0526 -1.155 0397 0.79 1974 1974 -0033 0005 -0.033 -0.033 -1276 0992 0992 -1276
00 00 1.0 0305 028 -0.125 —0.715 -0971 -0.426 —0.885| Chs=|-0033 -1276 1974 0992 1974 0992 0992 1974 0005 1974
. 0992 0005 0992 -0033 -1276 -1276 -0033 -0033 1974 0.992
1004 —0001 —0003 0893 1511 —0375 0208 —117 —-1427 00571 -1.276 -0.033 -1276 1974 0992 0005 0005 0005 -0033 0.005
Gl =]0005 1002 0005 -0218 -0053 0616 0583 -0312 -0901 -1.056 10 00 00 00 00 =-0.027 1437 1213 -0215 -0.605
00 0007 1023 0239 2255 0317 0838 0109 2005 —0.284 ] 00 1.0 00 00 00 -0498 0603 —0.112 1005 -0.565
Gls=[00 00 1.0 00 00 1341 -172 -0216 -1118 -0.757
099 -0.656 0982 -0.242 1.936 0.974 0907 -0.394 —1.116 -0.405] 00 0.0 00 1.0 00 0.828 0354 —1.654 0634 —0.592
G —| -1 -101L 1886 0909 0981 -0382 -0.507 -1.077 -0.525 0967 00 00 00 00 1.0 1928 —1.663 0434 0421 —0812
047120292 1128 -0489 =-1.18¢ =1206 =-1.137 2037 2001 1072 1879
2062 1953 —1.101 2014 —0506 1968 —1.178 0.858 1994 —1.033 | 1.0 00 00 00 00 0481 -0917 -1054 -192 0.053
00 1.0 00 00 00 -0131 1088 1252 0611 1.447
-0513 043 -1.828 -1828 -0513 -1254 -1.828 -1254 —0513  043] Glos=[00 00 10 00 00 -0664 0214 06 -1374 0.31
G | 043 -1828 —0513 043 1828 1828 0513 -1.828 1828 -05I3 00 00 00 10 00 -L139  -18 1008 -1216 0.782
10471 _1254 -1254 -1254 -0513 —-1254 -0513 0.43 0.43 0.43 -1.828 00 00 00 00 10 -0693 0812 0957 0895 1457
-1.828 -0513 043 -1254 043 043 -1254 —0513 -1254 —1254 |
1019 -0005  0.004 00 0011 -0284 -0257 1023 1625 ~—134
1.0 00 00 00 0026 -061 1582 -0327 -091 -0.927 —0.002 1007 -0.005 —0.012 0002 0542 -1.197 0834 0799 —-0.305
G —|00 10 00 00 2279 0053 1797 0435 -0994 0822 Gys=| 0002 0017 1016 -0.019 0009 -0.13 0339 1248 -0916 -0.063
047100 00 1.0 00 0342 -0774 0264 -0.07 -0617 -0.853 —-0.001 -0.008 0015 1001 0008 0975 -1226 -0.841 0916 026
00 00 00 10 -135 -1203 1312 -1275 -0.132 -0.236 0005 0007 0012 0004 1005 2346 -1.832 —0.194 —1.172  0.64

Fig. 5. Generator matrices of some new Analog ECCs in Table III, from n =10, k =3, m=5ton =10, k=5, m = 5.

Power of Repetition Code presented in [1], or their simple It is worthwhile to note that extending an [n, k] Analog ECC
extension: for an [n, k] code, repeat each of the k information to an [n + 1, k] code by adding a coordinate does not always
numbers either [n/k] or [n/k| times in the codeword. We call ~ decrease the m-height [1]. (Sometimes it increases it.) That
such codes Generalized Repetition Codes. makes the code design problem different from conventional

The generator matrices of the new codes in Table III are ECCs, where the error-correction capability is determined by
shown in Fig. 2 through Fig. 6, except those of Generalized the minimum distance d(C) (instead of h.,(C)), and therefore
Repetition Codes due to their simplicity. Each G7'; in the extending a code can only increase that capability. We also
figures refers to the generator matrix of the new [n k] code note that some of the new codes in Table IIl are Analog
whose m-height is shown in Table III. (The matrix GlO 5 in  Permutation Codes or Punctured Permutation Codes, including
Flg 4 is the generator matrix of the [10,2] code for both the codes with generator matrices G6 5 and G7 4 in Fig. 2,

=6and m=7.) G5 4» G3 4 G 4 and G§ ¢ in Fig. 4, G104 and GlO 5 in Fig. 5,
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1043 0569 0569 0.023 0023 1196 0569 1043 -0201  1.196
0201 -0201 -0.201 -0.201 1196 -1.141 —1141 1196 1.043 -0.201
G | 1196 -1141 1141 1043 0569 0023 -0201 -1141 119 0023
106 0023 1196 0023 1196 -0201 1043 1196 0.023 0569 -1.141
0.569 1.043 1.043 -1.141 -1.141 -0.201 0.023 0.569  0.023 1.043
|-1.141 0023 1196 0569 1043 0569 1043 -0201 -1.141  0.569
[-0375 0401 -0246 -0.233 -0355 -0385 0472 0401 -0389  0.128
0793 0791 0114 -0378 0407 0.801 -0252 0808 0801 -0256
Gi o| 0418 0262 0783 0482 0.103 0401 0784 049 048 0783
106 048 0111 =-0386 0785 =024 0.114 0403 =0374 =0272 0491
0249 -0356 0408 0.119 0791 0479 0.126 -0257 0.116 -0.363
| 0116 048 0476 0403 0501 -0257 -0385 0123 0414 0381

N
Gip7 =

5 _
Gioz =

7755

[ 0556 0.96 0.556 063 0556 0556 =0.507 =0.507 0.319 0.319
0.63 0.491 -0.58 0.96 0.63 -0.507 0.63 0.319 0.556  0.491
0319 -0.58 0319 -0.507 096  0.491 0.319 0.63 -0.507 0.96
-0.507 -0.507 -0.507 0.491 0.491 0.319 0.491 0.491 0491  -0.507
-0.58 0.556 0.491 0319 0319 0.96 096 -0.58 0.63 0.556
0.96 0.63 096 -058 -0.507 063 -0.58 096 -0.58 -0.58

L 0491 0319 0.63 0556 -0.58 —0.58 0.556  0.556 0.96 0.63
[ 1219 -0.028 1.206 0604 0.055 -2.649 1212 -2.646 -0.373 0.004
0.04 1.183 -2.666 -0.387 -0.033 0.07 -0.863 0.044 0.63 -2.537
0.622 0.039 -0.075 0.123 0.62 0663 -0.06 -0.825 0.112 1.151
=0.815 =0.369 0.065 =0.045 =0.345 =0.831 =2596 =0421 =2.608 =0.106
=0.09 -0813 =038 -0.838 =2.602 1.133 0.053  0.008 1.203  =0.794
—2.583 0672 -0.864 -2654 -0.834 -041 -0.385 1.166 -0.113 0.584
L-0.411 -2.657 0.648 1.183 1.2 -0.084 0.638  0.543 -0.824 -0.364

Fig. 6. Generator matrices of some new Analog ECCs in Table III, fromn =10, k =6, m =3 ton =10, k=7, m = 3.

and G and G, , in Fig. 6. The new codes in Table III,
with their relatively small m-heights for multiple values of m
— and therefore the corresponding error correction capabilities
— that were not known before, can form a basis for the search
and construction of more codes in the future.

VI. CONCLUSION

Analog ECCs consider small ubiquitous noise as tolerable,
and focus on correcting errors of larger magnitudes that
can significantly affect the performance of machine learning
algorithms. One application is the implementation of deep
neural networks in nanoscale analog circuits (a realization
of in-memory computing), where Analog ECCs can make
the widely used vector-matrix multiplication operations more
reliable. In this paper, algorithms are presented for computing
the m-heights of Analog ECCs, which are directly related
to the codes’ error-correction capabilities. Codes with spe-
cial structures that can further reduce the complexity of the
m-height algorithm, namely Analog Permutation Codes, are
also presented. The algorithms are used to find the exact
m-heights of known codes, and for finding more codes that
correct one or more errors. A list of new codes with the best
known performance are summarized.

The study on Analog ECCs can be extended in multiple
ways. One important extension is to consider quantization
errors in analog systems, study their effect on error correction,
and optimize Analog ECCs accordingly. Another important
topic is to design efficient decoding algorithms that are easily
implementable in analog circuits, and adapt the codes to
the specific requirements of the analog system. Those topics
remain as our future research directions.
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