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WELL-POSEDNESS OF A PSEUDO-PARABOLIC KWC SYSTEM IN

MATERIALS SCIENCE
\rightarrow 
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Abstract. The original KWC system is widely used in materials science. It was proposed in
[R. Kobayashi, J. A. Warren, and W. C. Carter, Phys. D, 140 (2000), pp. 141–150] and is based on
the phase field model of planar grain boundary motion. This model su!ers from two key challenges.
First, it is di""cult to establish its relation to physics, in particular a variational model. Second, it
lacks uniqueness. The former has been recently studied within the realm of BV theory. The latter
only holds under various simplifications. This article introduces a pseudo-parabolic version of the
KWC system. A direct relationship with variational model (as gradient flow) and uniqueness are
established without making any unrealistic simplifications. Namely, this is the first KWC system
which is both physically and mathematically valid. The proposed model overcomes the well-known
open issues.
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continuous dependence
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1. Introduction. The Kobayashi–Warren–Carter (KWC) system consists of a
set of nonsmooth parabolic PDEs and is widely used in materials science [23, 24]. It is
based on the phase field model of planar grain boundary motion. This model su!ers
from two fundamental challenges: (i) Physics: It is di""cult to establish the KWC
system as the gradient flow of a variational model. (ii) Mathematics: The solutions
to the KWC system are known to be unique only under special cases. Both of these
challenges make it di""cult to rigorously use this model in practice or carry our new
material design via optimization [5, 6].

This article aims to overcome both of these challenges by introducing a pseudo-
parabolic version of the KWC system. Well-posedness (both existence and unique-
ness) of the resulting system (S), which arises from gradient flow based on the KWC
energy,

F : [\omega ,\varepsilon ]\rightarrow [L2(\#)]2 \uparrow \downarrow F(\omega ,\varepsilon )

:=

\Biggr) 
\Biggl[ \Biggl[ \Biggr] 

\Biggl[ \Biggl[ \Biggl\lfloor 

1

2

\Biggr\rfloor 

!
|\updownarrow \omega |

2
dx+

\Biggr\rfloor 

!
G(\omega )dx+

\Biggr\rfloor 

!
\vargamma (\omega )|D\varepsilon |

if [\omega ,\varepsilon ]\rightarrow [H1(\#)\nearrow L
\rightarrow (\#)]\searrow BV (\#),

\simeq otherwise

(1.1)
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WELL-POSEDNESS OF A PSEUDO-PARABOLIC KWC SYSTEM 6423

is established. In this context, \#\Leftarrow RN is a bounded spatial domain of dimension N \rightarrow 

{1,2,3}. |D\varepsilon | denotes the total variation of the variational measure D\varepsilon of \varepsilon \rightarrow BV (\#)
(cf. [4, section 3.1]), and

\Biggl\lceil 
!\vargamma (\omega )|D\varepsilon | denotes the total variation of \varepsilon \rightarrow BV (\#) with

the weight \vargamma (\omega )\rightarrow H
1(\#)\nearrow L

\rightarrow (\#) given as follows (cf. [29, section 2.1]):
\Biggr\rfloor 

!
\vargamma (\omega )|D\varepsilon |

:= inf

\Biggr\rceil 
lim
n\uparrow \rightarrow 

\Biggr\rfloor 

!
\vargamma (\omega )|\updownarrow \varpi n|dx

{\varpi n}
\rightarrow 
n=1 \Leftarrow W

1,1(\#) such that
\varpi n \downarrow \varepsilon in L

1(\#) as n\downarrow \simeq 

\Biggl\{ 

for [\omega ,\varepsilon ]\rightarrow [H1(\#)\nearrow L
\rightarrow (\#)]\searrow BV (\#).

Namely, this article addresses open issues from previous works that deal with the KWC
system (cf. [26, 29, 30, 31, 32, 35]) and its regularized versions (cf. [5, 6, 7, 22, 25, 38]).

Next, we describe the system (S). Let 0 < T < \simeq be a fixed final time, and
let \$ := \varrho \# be the boundary of \#. Especially when N > 1, \$ is assumed to be
su""ciently smooth, with the unit outer normal n"". Besides, we let Q := (0, T )\searrow \#
and \% := (0, T ) \searrow \$. Then the pseudo-parabolic system denoted by (S), with two
constants µ> 0 and \varsigma > 0, is given by

(S)
\Biggr) 
\Biggl[ \Biggr] 

\Biggl[ \Biggl\lfloor 

\varrho t\omega \Rightarrow !
\Biggr\} 
\omega + µ

2
\varrho t\omega 

\Biggl\langle 
+ g(\omega ) + \vargamma 

\downarrow (\omega (t))|\updownarrow \varepsilon |= u(t, x) for (t, x)\rightarrow Q,

\updownarrow 
\Biggr\} 
\omega + µ

2
\varrho t\omega 

\Biggl\langle 
· n"" = 0 on \%,

\omega (0, x) = \omega 0(x) for x\rightarrow \#,
\Biggr) 
\Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggr] 

\Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl\lfloor 

\vargamma 0(\omega )\varrho t\varepsilon \Rightarrow div

\Biggr\rangle 
\vargamma (\omega )

D\varepsilon 

|D\varepsilon |
+ \varsigma 

2
\updownarrow \varrho t\varepsilon 

\Bigg/ 
= v(t, x) for (t, x)\rightarrow Q,

\Biggr\rangle 
\vargamma (\omega )

D\varepsilon 

|D\varepsilon |
+ \varsigma 

2
\updownarrow \varrho t\varepsilon 

\Bigg/ 
· n"" = 0 on \%,

\varepsilon (0, x) = \varepsilon 0(x) for x\rightarrow \#.

Here, the unknowns \omega = \omega (t, x) and \varepsilon = \varepsilon (t, x) are order parameters that indicate the
orientation order and orientation angle of the polycrystal body, respectively. Besides,
\omega 0 = \omega 0(x) and \varepsilon 0 = \varepsilon 0(x) is the initial data. Moreover, u= u(t, x) and v= v(t, x) are
the forcing terms. Additionally, \vargamma 0 = \vargamma 0(\omega ) and \vargamma = \vargamma (\omega ) are fixed positive-valued
functions to reproduce the mobilities of grain boundary motions. Finally, g = g(\omega ) is
a perturbation for the orientation order \omega , having a nonnegative potential G=G(\omega ),
i.e., d

d\omega 
G(\omega ) = g(\omega ).

A generic form of the “KWC system” is given by the evolution equation (cf.
[23, 24])

\Rightarrow A0

\Biggr\} 
\omega (t)

\Biggl\langle d

dt

\Bigg\backslash 
\omega (t)
\varepsilon (t)

\Big/ 
=

\varphi 

\varphi [\omega ,\varepsilon ]
F(\omega (t),\varepsilon (t)) +

\Bigg\backslash 
u(t)
v(t)

\Big/ 
(1.2)

in [L2(\#)]2 for t\rightarrow (0, T ),

which is motivated by the gradient flow of the free energy, namely the KWC energy
(1.1), with a functional derivative \varepsilon 

\varepsilon [\omega ,\vargamma ]F , and an unknown-dependent monotone op-

erator A0(\omega )\Leftarrow [L2(\#)]2. Here, the evolution equation (1.2) can be considered as the
common root of the original KWC system (cf. [23, 24]) and our system (S). Indeed,
our system (S) is derived from the evolution equation (1.2) in the case when

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

06
/0

5/
25

 to
 1

29
.1

74
.2

40
.2

13
 . 

R
ed

is
tri

bu
tio

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.si

am
.o

rg
/te

rm
s-

pr
iv

ac
y



6424 HARBIR ANTIL, DAIKI MIZUNO, AND KEN SHIRAKAWA

A0(\omega ) :

\Bigg\backslash 
\Big\backslash \omega 
\Big\backslash \varepsilon 

\Big/ 
\rightarrow [H2(\#)]2 \uparrow \downarrow A0(\omega )

\Bigg\backslash 
\Big\backslash \omega 
\Big\backslash \varepsilon 

\Big/ 
:=

\Bigg\backslash 
\Big\backslash \omega \Rightarrow µ

2!\Big\backslash \omega 
\vargamma 0(\omega )\Big\backslash \varepsilon \Rightarrow \varsigma 

2!\Big\backslash \varepsilon 

\Big/ 
\rightarrow [L2(\#)]2,(1.3)

for each \omega \rightarrow L
2(\#), subject to the zero-Neumann boundary condition,

while the original KWC system corresponds to the case when µ= \varsigma = 0.
In recent years, the principal issue has been to clarify the variational structure

(representation) of the functional derivative \varepsilon 

\varepsilon [\omega ,\vargamma ]F of the nonsmooth and nonconvex
energy F in (1.1). The positive answer to the issue was obtained in [29, 30, 35] by
means of BV theory (cf. [2, 3, 4, 8, 13, 19]), and this work has provided a basis of
the study of the KWC system, e.g., the existence and large-time behavior [29, 30],
the observations under other boundary conditions [31, 32], the time-periodic solution
[26], and so on.

However, the uniqueness of solutions has been a significant challenge, due to
the velocity term \vargamma 0(\omega )\varrho t\varepsilon and the singular di!usion flux \vargamma (\omega ) D\vargamma 

|D\vargamma | , both of which
depend on the unknown-dependent mobilities. Therefore, previous researchers have
implemented the following modifications to the modeling framework (1.1) and (1.3):

• resetting \vargamma 0 to be a function which is independent of \omega (e!ectively a constant);
• modifying the free-energy functional to a more relaxed form:

F\varpi : [\omega ,\varepsilon ]\rightarrow [L2(\#)]2 \uparrow \downarrow F\varpi (\omega ,\varepsilon ) =

\Biggr) 
\Biggr] 

\Biggl\lfloor 
F(\omega ,\varepsilon ) +

\leftharpoonup 
2

2

\Biggr\rfloor 

!
|\updownarrow \varepsilon |

2
dx if \varepsilon \rightarrow H

1(\#),

\simeq otherwise

with a small constant \leftharpoonup > 0.

These modifications have been pivotal in addressing the uniqueness challenges
(cf. [22, 38]) and several advanced issues, such as the optimal control problems (see
[5, 6, 7, 25]).

In light of this, we can expect that the pseudo-parabolic nature of our system will
e!ectively address the uniqueness challenge. This is due to the positive constants µ

and \varsigma in (1.3), which are expected to bring a smoothing e!ect for the regularity of
solution.

In fluid dynamics, the pseudo-parabolic regularization is known as Voigt regu-
larization, which is a regularization method proposed by Voigt [37]. Indeed, some
pseudo-parabolic models are named after Voigt, such as the Euler–Voigt equation
(cf. [20, 21]) and the Navier–Stokes–Voigt equation (cf. [33, 34]). A number of pre-
vious works have succeeded in obtaining the well-posedness, including the existence,
uniqueness, and continuous dependence of solution, with stronger regularity than
that in the standard variational framework (cf. [9, 11, 27, 28, 33, 34]). This provides
a strong motivation to try such regularizations for the KWC model. On the other
hand, from the singular di!usion flux \vargamma (\omega ) D\vargamma 

|D\vargamma | , it can be expected that the results
of this paper will contribute to the development of research on Bingham-type fluids
(cf. [14, 15]).

Consequently, we set the goal to clarify the similarities and di!erences between
our pseudo-parabolic system and the original parabolic KWC system. To this end,
we prove the following two Main Theorems, concerned with the well-posedness of our
pseudo-parabolic system (S), i.e., the evolution equation (1.2) under (1.1) and (1.3).

Main Theorem 1. Existence and regularity of solution to (S).
Main Theorem 2. Uniqueness of solution to (S) and continuous dependence with

respect to the initial data and forcings.
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WELL-POSEDNESS OF A PSEUDO-PARABOLIC KWC SYSTEM 6425

These Main Theorems will provide the positive answer to our earlier expectation
regarding the e!ectiveness of the pseudo-parabolic nature of our system in resolving
the uniqueness issue. Also, the Main Theorems will focus on two conflicting properties:
the singularity in the di!usion flux \vargamma (\omega ) D\vargamma 

|D\vargamma | , and the smoothing e!ect encouraged by
the Laplacian in (1.3). This conflicting situation will be clarified by the di!erences in
regularity between components: \omega \rightarrow W

1,2(0, T ;H2(\#)) and \varepsilon \rightarrow W
1,2(0, T ;H1(\#)) \nearrow 

L
\rightarrow (0, T ;H2(\#)) in Main Theorem 1. Moreover, the results of this paper will form a

fundamental part of the optimization problem in grain boundary motion, which will
be explored in a forthcoming paper.

Finally, we conclude this section by mentioning that there are several works on
the singular limit of the sequence of KWC-type energies {E\varepsilon }\varepsilon >0, given as

E\varepsilon (\omega ,\varepsilon ) :=
\varphi 

2

\Biggr\rfloor 

!
|\updownarrow \omega |

2
dx+

1

2\varphi 

\Biggr\rfloor 

!
(\omega \Rightarrow 1)2 dx+

\Biggr\rfloor 

!
\vargamma (\omega )|D\varepsilon |

for [\omega ,\varepsilon ]\rightarrow [H1(\#)\nearrow L
\rightarrow (\#)]\searrow BV (\#) and \varphi > 0

as \varphi \Uparrow 0. In [18], the one-dimensional problem is discussed, while in [17] the multidi-
mensional case is discussed. The singular limit of flow has recently been studied in
[16].
Outline. Preliminaries are given in section 2, and on this basis, the Main Theorems
are stated in section 3. For the proofs of the Main Theorems, we prepare section 4 to
set up an approximation method for (S). Based on these, Main Theorems 1 and 2 are
proved in sections 5 and 6, respectively, by means of the auxiliary results obtained in
section 4.

2. Preliminaries. We begin by prescribing the notations used throughout this
paper.
Notations in real analysis. We define

r \Downarrow s :=max{r, s} and r \leftrightarrow s :=min{r, s} for all r, s\rightarrow [\Rightarrow \simeq ,\simeq ],

and especially we write

[r]+ := r \Downarrow 0 and [r]\updownarrow :=\Rightarrow (r \leftrightarrow 0) for all r \rightarrow [\Rightarrow \simeq ,\simeq ].

Additionally, for any M > 0, let TM : R \Rightarrow \downarrow [\Rightarrow M,M ] be the truncation operator,
defined as

TM : r \rightarrow R \uparrow \downarrow (r \Downarrow (\Rightarrow M))\leftrightarrow M \rightarrow [\Rightarrow M,M ].

Let d\rightarrow N be a fixed dimension. We denote by |y| and y · z the Euclidean norm of
y \rightarrow Rd and the scalar product of y, z \rightarrow Rd, respectively, i.e.,

|y| :=
\left( 
y
2
1 + · · ·+ y

2
d

and y · z := y1z1 + · · ·+ ydzd

for all y= [y1, . . . , yd], z = [z1, . . . , zd]\rightarrow Rd.

Besides, we let

Bd :=
\right) 
y \rightarrow Rd

|y|< 1
\left[ 

and Sd\updownarrow 1 :=
\right) 
y \rightarrow Rd

|y|= 1
\left[ 
.

We denote by L
d the d-dimensional Lebesgue measure, and we denote by H

d the d-
dimensional Hausdor! measure. In particular, the measure theoretical phrases, such
as “a.e.”, “dt”, and “dx”, and so on, are all with respect to the Lebesgue measure

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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6426 HARBIR ANTIL, DAIKI MIZUNO, AND KEN SHIRAKAWA

in each corresponding dimension. Also on a Lipschitz-surface S, the phrase “a.e.” is
with respect to the Hausdor! measure in each corresponding Hausdor! dimension. In
particular, if S is C

1-surface, then we simply denote by dS the area element of the
integration on S.

For a Borel set E \Leftarrow Rd, we denote by \leftharpoondown E :Rd
\Rightarrow \downarrow {0,1} the characteristic function

of E. Additionally, for a distribution \rightharpoonup on an open set in Rd and any i \rightarrow {1, . . . , d},
let \varrho i\rightharpoonup be the distributional di!erential with respect to the ith variable of \rightharpoonup . We also
consider the di!erential operators, such as \updownarrow , div, \updownarrow 2, and so on, in the distributional
sense.
Abstract notations (cf. [10, Chapter II]). For an abstract Banach space X, we
denote by | · |X the norm of X and denote by \nwarrow ·, ·\swarrow X the duality pairing between X

and its dual X\nearrow . In particular, when X is a Hilbert space, we denote by (·, ·)X the
inner product of X.

For two Banach spaces X and Y , let L (X;Y ) be the Banach space of bounded
linear operators from X into Y .

For Banach spaces X1, . . . ,Xd with 1 < d \rightarrow N, let X1 \searrow · · ·\searrow Xd be the product
Banach space endowed with the norm | · |X1\searrow ···\searrow Xd := | · |X1

+ · · ·+ | · |Xd . However,
when all X1, . . . ,Xd are Hilbert spaces, X1 \searrow · · · \searrow Xd denotes the product Hilbert
space endowed with the inner product (·, ·)X1\searrow ···\searrow Xd := (·, ·)X1

+ · · ·+ (·, ·)Xd and the

norm | · |X1\searrow ···\searrow Xd :=
\Biggr\} 
| · |

2
X1

+ · · ·+ | · |
2
Xd

\Biggl\langle 1

2 . In particular, when all X1, . . . ,Xd coincide
with a Banach space Y , the product space X1 \searrow · · ·\searrow Xd is simply denoted by [Y ]d.
Basic notations. Let 0 < T < \simeq be a fixed constant of time, and let N \rightarrow {1,2,3}
be a fixed dimension. Let \# \Leftarrow RN be a bounded domain with a boundary \$ := \varrho \#,
and when N > 1, \$ has C\rightarrow -regularity, with the unit outer normal n"". Additionally,
as notations of base spaces, we let

H :=L
2(\#), V :=H

1(\#), H :=L
2(0, T ;H), and V :=L

2(0, T ;V ).

Let W0 \Leftarrow H
2(\#) be the closed linear subspace of H, given by

W0 := {z \rightarrow H
2(\#) |\updownarrow z · n"" = 0 on \$}.

Let AN be a di!erential operator, defined as

AN : z \rightarrow W0 \Leftarrow H \uparrow \downarrow ANz :=\Rightarrow !z \rightarrow H.

It is well known that AN \Leftarrow H\searrow H is linear, positive, and self-adjoint, and the domain
W0 is a Hilbert space, endowed with the inner product

(z1, z2)W0
:= (z1, z2)H + (ANz1, z2)H

\Biggr\} 
= (z1, z2)V

\Biggl\langle 
for zk \rightarrow W0, k= 1,2.

Moreover, there exists a positive constant C0 such that

|z|
2
H2(!) \propto C0

\Biggr\} 
|ANz|

2
H
+ |z|

2
H

\Biggl\langle 
for all z \rightarrow W0.(2.1)

Notations for the time discretization. Let \rightharpoondown > 0 be a constant of the time step-
size, and let {ti}\rightarrow i=0 \Leftarrow [0,\simeq ) be the time sequence, defined as

ti := i\rightharpoondown , i= 0,1,2, . . . .

Let X be a Banach space. Then, for any sequence {[ti, zi]}\rightarrow i=0 \Leftarrow [0,\simeq )\searrow X, we define
the forward time-interpolation [z]\varrho \rightarrow L

\rightarrow 
loc([0,\simeq );X), the backward time-interpolation

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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WELL-POSEDNESS OF A PSEUDO-PARABOLIC KWC SYSTEM 6427

[z]\varrho \rightarrow L
\rightarrow 
loc([0,\simeq );X), and the linear time-interpolation [z]\varrho \rightarrow W

1,2
loc ([0,\simeq );X) by

letting
\Biggr) 
\Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggr] 

\Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl\lfloor 

[z]\varrho (t) := \leftharpoondown (\updownarrow \rightarrow ,0]z0 +
\rightarrow \right] 

i=1

\leftharpoondown (ti\rightarrow 1,ti](t)zi,

[z]\varrho (t) :=
\rightarrow \right] 

i=0

\leftharpoondown (ti,ti+1](t)zi

[z]\varrho (t) :=
\rightarrow \right] 

i=1

\leftharpoondown [ti\rightarrow 1,ti)(t)

\Biggr\rangle 
t\Rightarrow ti\updownarrow 1

\rightharpoondown 
zi +

ti \Rightarrow t

\rightharpoondown 
zi\updownarrow 1

\Bigg/ 
,

inX for t\prime 0,

respectively.
In the meantime, for any q \rightarrow [1,\simeq ) and any \rightharpoonup \rightarrow L

q

loc([0,\simeq );X), we denote by
{\rightharpoonup i}

\rightarrow 
i=0 \Leftarrow X the sequence of time-discretization data of \rightharpoonup , defined as

\rightharpoonup 0 := 0 in X and \rightharpoonup i :=
1

\rightharpoondown 

\Biggr\rfloor 
ti

ti\rightarrow 1

\rightharpoonup (\lhook )d\lhook in X for i= 1,2,3, . . . .(2.2a)

As is easily checked, the time-interpolations [\rightharpoonup ]\varrho , [\rightharpoonup ]\varrho \rightarrow L
q

loc([0,\simeq );X) for the above
{\rightharpoonup i}

\rightarrow 
i=0 fulfill

[\rightharpoonup ]\varrho \downarrow \rightharpoonup and [\rightharpoonup ]\varrho \downarrow \rightharpoonup in L
q

loc([0,\simeq );X) as \rightharpoondown \Uparrow 0.(2.2b)

3. Main results. In this paper, the main assertions are discussed under the
following assumptions:

(A1) µ> 0 and \varsigma > 0 are fixed constants.
(A2) g : R \Rightarrow \downarrow R is a locally Lipschitz continuous function with a nonnegative

primitive G\rightarrow C
1(R). Moreover, g satisfies the following condition:

lim inf
\varsigma \simeq \updownarrow \rightarrow 

g(\rhook ) =\Rightarrow \simeq , limsup
\varsigma \Leftarrow \rightarrow 

g(\rhook ) =\simeq .

(A3) \vargamma 0 : R \Rightarrow \downarrow (0,\simeq ) is a locally Lipschitz continuous function, and \vargamma : R \Rightarrow \downarrow 

[0,\simeq ) is a C
1-class convex function, such that

\vargamma 
\downarrow (0) = 0 and \varphi \varphi := inf \vargamma 0(R)> 0.

(A4) u, v \rightarrow L
2
loc([0,\simeq );H), and u\rightarrow L

\rightarrow (Q).
(A5) The initial data [\omega 0,\varepsilon 0] belong to the class [W0]2 \Leftarrow [H2(\#)]2.

Now, the main results are stated as follows.

Main Theorem 1 (existence and regularity). Under assumptions (A1)–(A5),
the system (S) admits a solution [\omega ,\varepsilon ]\rightarrow [H ]2 in the following sense:

(S0) [\omega ,\varepsilon ]\rightarrow 
 
W

1,2(0, T ;W0)\nearrow L
\rightarrow (Q)

 
\searrow 
 
W

1,2(0, T ;V )\searrow L
\rightarrow (0, T ;W0)

 
.

(S1) \omega solves the following variational identity:

(\varrho t\omega (t),\varpi )H + (\updownarrow (\omega + µ
2
\varrho t\omega )(t),\updownarrow \varpi )[H]N + (g(\omega (t)),\varpi )H

+(\vargamma \downarrow (\omega (t))|\updownarrow \varepsilon (t)|,\varpi )H = (u(t),\varpi )H

for any \varpi \rightarrow V and a.e. t\rightarrow (0, T ).

(S2) \varepsilon solves the following variational inequality:
\Biggr\} 
(\vargamma 0(\omega )\varrho t\varepsilon )(t),\varepsilon (t)\Rightarrow  \triangleleft 

\Biggl\langle 
H
+ \varsigma 

2(\updownarrow \varrho t\varepsilon (t),\updownarrow (\varepsilon (t)\Rightarrow  \triangleleft ))[H]N

+

\Biggr\rfloor 

!
\vargamma (\omega (t))|\updownarrow \varepsilon (t)|dx\propto 

\Biggr\rfloor 

!
\vargamma (\omega (t))|\updownarrow  \triangleleft |dx+ (v(t),\varepsilon (t)\Rightarrow  \triangleleft )H

for any  \triangleleft \rightarrow V and a.e. t\rightarrow (0, T ).

(S3) [\omega (0),\varepsilon (0)] = [\omega 0,\varepsilon 0] in [H]2.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

06
/0

5/
25

 to
 1

29
.1

74
.2

40
.2

13
 . 

R
ed

is
tri

bu
tio

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.si

am
.o

rg
/te

rm
s-

pr
iv

ac
y



6428 HARBIR ANTIL, DAIKI MIZUNO, AND KEN SHIRAKAWA

Main Theorem 2 (uniqueness and continuous dependence). Under assumptions
(A1)–(A5), let [\omega k,\varepsilon k], k= 1,2, be two solutions to (S) with two initial values [\omega k0 ,\varepsilon 

k

0 ]
and two forcings [uk

, v
k], k = 1,2. Then, there exists a constant C1 = C1(\varsigma ) > 0,

depending on \varsigma , such that

J(t)\propto C1(\varsigma )
\Biggr\} 
J(0) + |u

1
\Rightarrow u

2
|
2
H + |v

1
\Rightarrow v

2
|
2
H

\Biggl\langle 

for any t\rightarrow [0, T ] and any T > 0,

where

J(t) :=|(\omega 1 \Rightarrow \omega 
2)(t)|2

H
+ µ

2
|\updownarrow (\omega 1 \Rightarrow \omega 

2)(t)|2[H]N + |

\left( 
\vargamma 0(\omega 1)(\varepsilon 

1
\Rightarrow \varepsilon 

2)(t)|2
H

+ \varsigma 
2
|\updownarrow (\varepsilon 1 \Rightarrow \varepsilon 

2)(t)|2[H]N for any t\prime 0.

Remark 3.1 (cf. [1]). In Main Theorem 1, we note that the variational inequality
in (S2) has an equivalent form as an evolution equation. Indeed, referring to [1, Main
Theorem 2], this variational inequality can be reformulated as follows:

 
\vargamma 0(\omega (t))\varrho t\varepsilon (t)\Rightarrow div

\Biggr\} 
\vargamma (\omega (t)\bfitomega \rightarrow (t)) + \varsigma 

2
\updownarrow \varrho t\varepsilon (t)

\Biggl\langle 
= v(t) in H,\Biggr\} 

\vargamma (\omega (t)\bfitomega \rightarrow (t)) + \varsigma 
2
\updownarrow \varrho t\varepsilon (t)

\Biggl\langle 
· n"" = 0 in H

\updownarrow 1

2 (\$),
(3.1)

with a vectorial function \bfitomega \rightarrow 
\rightarrow L

2(0, T ; [H]N ) satisfying

\bfitomega \rightarrow (t)\rightarrow Sgn(\updownarrow \varepsilon (t)) a.e. in \#,(3.2)

where Sgn \Leftarrow RN
\searrow RN denotes the subdi!erential of the Euclidean norm of RN . In

mathematics, the condition (S2) would be more useful for the e""cient proofs of the
Main Theorems than (3.1) with (3.2).

Remark 3.2. In the proof of Main Theorem 1, the restriction of spatial dimension
N \rightarrow {1,2,3} will be important to guarantee the embedding H

2(\#) \Leftarrow L
\rightarrow (\#), and

it will be essential to obtain the regularity as in (S1) (see Remark 5.1 in section 5).
Additionally, the positivity of the both constants µ and \varsigma associated with the pseudo-
parabolicity of the system (S) will play a key role, too.

Meanwhile, in the proof of Main Theorem 2, it can be said that the assumptions
N \rightarrow {1,2,3}, µ > 0, and \varsigma > 0 are just su""cient conditions. For instance, it is
possible to prove Main Theorem 2 by using only the embedding H

1(\#)\Leftarrow L
4(\#) that

immediately follows from N \rightarrow {1,2,3}. Furthermore, for the pseudo-parabolicity, we
note that the constant C1(\varsigma ) for the estimate will actually be obtained independently
of the constant µ > 0, i.e., the pseudo-parabolicity of \omega . Hence, in our proof of the
uniqueness, it can be expected that the essence would be only the pseudo-parabolicity
of \varepsilon , and our method could be extended to the case of µ = 0 under the standard
parabolic regularity of \omega .

4. Approximating method. In the Main Theorems, the solution to (S) will
be obtained by means of the time-discretization method. In this light, let \rightharpoondown \rightarrow (0,1) be
a constant of the time-step size, and let \leftharpoonup \rightarrow (0,1) be a relaxation constant. Based on
this, we adopt the following time-discretization scheme (AP)\varpi 

\varrho 
as our approximating

problem of (S):
(AP)\varpi 

\varrho 
: To find {[\omega i,\varepsilon i]}\rightarrow i=0 \Leftarrow [W0]2 satisfying

\omega 
\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1

\rightharpoondown 
+AN

\Biggr\rangle 
\omega 
\varpi 

i
+

µ
2

\rightharpoondown 
(\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)

\Bigg/ 
+ g(TM\omega 

\varpi 

i
)(4.1)

+ \vargamma 
\downarrow (TM\omega 

\varpi 

i
) \triangleright \varpi (\updownarrow \varepsilon 

\varpi 

i
) = ui in H,
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WELL-POSEDNESS OF A PSEUDO-PARABOLIC KWC SYSTEM 6429

\vargamma 0(TM\omega 
\varpi 

i\updownarrow 1)

\rightharpoondown 
(\varepsilon \varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1)\Rightarrow div
\Biggr\} 
 \vargamma M (\omega \varpi 

i\updownarrow 1)\updownarrow  \triangleright \varpi (\updownarrow \varepsilon 
\varpi 

i
)
\Biggl\langle 

(4.2)

+
\varsigma 
2

\rightharpoondown 
AN (\varepsilon \varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1) = vi in H

for i= 1,2,3, . . . , subject to [\omega \varpi 0,\varepsilon 
\varpi 

0] = [\omega 0,\varepsilon 0] in [H]2.

In this context,  \triangleright \varpi \rightarrow C
0,1(RN )\nearrow C

\rightarrow (RN ) is a smooth approximation of the Euclidean
norm | · |\rightarrow C

0,1(RN ), defined as

 \triangleright \varpi : y \rightarrow RN
\uparrow \downarrow  \triangleright \varpi (y) :=

\left( 
\leftharpoonup 2 + |y|2 \rightarrow [0,\simeq ).

Also, we define an approximating free-energy \Big\backslash F\varpi on [H]2 by setting

\Big\backslash F\varpi : [\omega ,\varepsilon ]\rightarrow [H]2 \uparrow \downarrow \Big\backslash F\varpi (\omega ,\varepsilon )

:=

\Biggr) 
\Biggl[ \Biggl[ \Biggr] 

\Biggl[ \Biggl[ \Biggl\lfloor 

1

2

\Biggr\rfloor 

!
|\updownarrow \omega |

2
dx+

\Biggr\rfloor 

!

\Big\backslash GM (\omega ) +

\Biggr\rfloor 

!
\Big\backslash \vargamma M (\omega ) \triangleright \varpi (D\varepsilon )

if [\omega ,\varepsilon ]\rightarrow H
1(\#)\searrow BV (\#),

\simeq otherwise

(4.3)

for any 0< \leftharpoonup < 1,

where \Big\backslash \vargamma M \rightarrow C
1,1(R) and \Big\backslash GM \rightarrow C

1,1(R) are nonnegative primitives of \vargamma 
\downarrow 
\infty TM \rightarrow 

W
1,\rightarrow (R) and g \infty TM \rightarrow W

1,\rightarrow (R), respectively, and
\Biggr\rfloor 

!
\Big\backslash \vargamma M (\omega ) \triangleright \varpi (D\varepsilon )

:= inf

\Biggr) 
\Biggr] 

\Biggl\lfloor lim
n\uparrow \rightarrow 

\Biggr\rfloor 

!
\Big\backslash \vargamma M (\omega ) \triangleright \varpi (\updownarrow \varpi n)dx

{\varpi n}
\rightarrow 
n=1 \Leftarrow W

1,1(\#)
such that \varpi n \downarrow \varepsilon in
L
1(\#) as n\downarrow \simeq 

\left\{ 
\right\} 

 

for [\omega ,\varepsilon ]\rightarrow H
1(\#)\searrow BV (\#), and 0< \leftharpoonup < 1.

Finally, ui, vi are given as in (2.2).
The solution to (AP)\varpi 

\varrho 
is given as follows.

Definition 4.1. The sequence of functions {[\omega \varpi 
i
,\varepsilon 

\varpi 

i
]}\rightarrow 

i=0 is called a solution to
(AP)\varpi 

\varrho 
i"" {[\omega \varpi 

i
,\varepsilon 

\varpi 

i
]}\rightarrow 

i=0 \Leftarrow [W0]2, and [\omega \varpi 
i
,\varepsilon 

\varpi 

i
] fulfills (4.1) and (4.2) for any i= 1,2,3, . . . .

In this paper, the following theorem will play an important role for the proof of
the Main Theorems.

Theorem 4.2 (solvability of the approximating problem). There exists a su\#-
ciently small constant \rightharpoondown 0 \rightarrow (0,1) such that for any \rightharpoondown \rightarrow (0, \rightharpoondown 0) and \leftharpoonup \rightarrow (0,1), (AP)\varpi 

\varrho 

admits a unique solution {[\omega \varpi 
i
,\varepsilon 

\varpi 

i
]}\rightarrow 

i=0. Additionally, the following energy inequality
holds:

1

4\rightharpoondown 
|\omega 

\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1|
2
H
+

µ
2

\rightharpoondown 
|\updownarrow (\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)|
2
[H]N +

\varphi \varphi 

2\rightharpoondown 
|\varepsilon 

\varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1|
2
H

(4.4)

+
\varsigma 
2

\rightharpoondown 
|\updownarrow (\varepsilon \varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1)|
2
[H]N + \Big\backslash F\varpi (\omega 

\varpi 

i
,\varepsilon 

\varpi 

i
)

\propto \Big\backslash F\varpi (\omega 
\varpi 

i\updownarrow 1,\varepsilon 
\varpi 

i\updownarrow 1) +
\rightharpoondown 

2
|ui|

2
H
+

\rightharpoondown 

2\varphi \varphi 
|vi|

2
H

for any i= 1,2,3, . . . .

Theorem 4.2 is proved through several lemmas.
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6430 HARBIR ANTIL, DAIKI MIZUNO, AND KEN SHIRAKAWA

Lemma 4.3. For arbitrary \Big\backslash \varepsilon \rightarrow V , \Big\backslash \omega 0 \rightarrow W0, and \Big\backslash u \rightarrow H, we consider the following
elliptic problem:

1

\rightharpoondown 
(\omega \Rightarrow \Big\backslash \omega 0) +AN

\Biggr\rangle 
\omega +

µ
2

\rightharpoondown 
(\omega \Rightarrow \Big\backslash \omega 0)

\Bigg/ 
+ g(TM\omega ) + \vargamma 

\downarrow (TM\omega ) \triangleright \varpi (\updownarrow \Big\backslash \varepsilon ) = \Big\backslash u in H.(4.5)

Then, there exists a small constant \rightharpoondown 1 \rightarrow (0,1), depending only on |g
\downarrow 
|L\uparrow (\updownarrow M,M), and

for any 0< \rightharpoondown < \rightharpoondown 1, the elliptic problem (4.5) admits a unique solution \omega \rightarrow W0.

Proof. First, for any \omega 
†
\rightarrow V , we define a functional \& :H \Rightarrow \downarrow (\Rightarrow \simeq ,\simeq ] as follows:

\& : z \rightarrow H \uparrow \downarrow \&(z) :=

\Biggr) 
\Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggr] 

\Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl\lfloor 

1

2\rightharpoondown 

\Biggr\rfloor 

!
|z \Rightarrow \omega 0|

2
dx+

1

2

\Biggr\rfloor 

!
|\updownarrow z|

2
dx+

µ
2

2\rightharpoondown 

\Biggr\rfloor 

!
|\updownarrow (z \Rightarrow \Big\backslash \omega 0)|2 dx

+

\Biggr\rfloor 

!
g(TM\omega 

†)z dx+

\Biggr\rfloor 

!
\Big\backslash \vargamma M (z) \triangleright \varpi (\updownarrow \Big\backslash \varepsilon )dx

\Rightarrow 

\Biggr\rfloor 

!
\Big\backslash uz dx if z \rightarrow V,

\simeq otherwise.

As is easily checked, \& is proper, l.s.c., strictly convex, and coercive, and its unique
minimizer solves the following elliptic equation:

1

\rightharpoondown 
(\omega \Rightarrow \Big\backslash \omega 0) +AN

\Biggr\rangle 
\omega +

µ
2

\rightharpoondown 
(\omega \Rightarrow \Big\backslash \omega 0)

\Bigg/ 
+ g(TM\omega 

†) + \vargamma 
\downarrow (TM\omega ) \triangleright \varpi (\updownarrow \Big\backslash \varepsilon ) = \Big\backslash u in H.(4.6)

Now, we define an operator S\varrho : V \Rightarrow \downarrow H
2(\#) which maps any \omega 

†
\rightarrow V to the unique

solution to (4.6) and consider the smallness condition of \rightharpoondown for S to be contractive.
Here, let \omega k := S\varrho \omega 

†
k
\rightarrow H

2(\#), k = 1,2. By taking di!erences of (4.6), multiplying
both sides by \omega 1 \Rightarrow \omega 2, and applying Young’s inequality, we see from (A1) and (A2)
that

1\leftrightarrow µ
2

2\rightharpoondown 
|\omega 1 \Rightarrow \omega 2|

2
V
\propto 

\rightharpoondown |g
\downarrow 
|
2
L\uparrow (\updownarrow M,M)

2
|\omega 

†
1 \Rightarrow \omega 

†
2|

2
H
.

Therefore, if we assume that

0< \rightharpoondown < \rightharpoondown 1 :=

 
1\leftrightarrow µ

2

|g|
2
L\uparrow (\updownarrow M,M)

 1

2

,(4.7)

then the mapping S\varrho becomes a contraction mapping from V into itself. Therefore,
applying Banach’s fixed point theorem, we find a unique fixed point \Big\backslash \omega \rightarrow V of S\varrho 

under the condition (4.7). The identity S\varrho \Big\backslash \omega = \Big\backslash \omega implies that \Big\backslash \omega is the unique solution
to (4.5).

Lemma 4.4. For arbitrary \Big\backslash \omega \rightarrow H
2(\#), \Big\backslash \varepsilon 0 \rightarrow W0, and \Big\backslash v \rightarrow H, we consider the

following elliptic equation:
\Biggr) 
\Biggl[ \Biggr] 

\Biggl[ \Biggl\lfloor 
\vargamma 0(TM \Big\backslash \omega )\varepsilon \Rightarrow 

\Big\backslash \varepsilon 0
\rightharpoondown 

\Rightarrow div

\Biggr\rangle 
\Big\backslash \vargamma M (\Big\backslash \omega )\updownarrow  \triangleright \varpi (\updownarrow \varepsilon ) +

\varsigma 
2

\rightharpoondown 
\updownarrow (\varepsilon \Rightarrow \Big\backslash \varepsilon 0)

\Bigg/ 
= \Big\backslash v a.e. in \#,

\updownarrow \varepsilon · n"" = 0 a.e. on \$.

(4.8)

Then, for any 0< \rightharpoondown < 1, (4.8) admits a unique solution \varepsilon \rightarrow W0.
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WELL-POSEDNESS OF A PSEUDO-PARABOLIC KWC SYSTEM 6431

Proof. Let us consider a proper, l.s.c., strictly convex, and coercive function \&\nearrow ,
defined as follows:

\&\nearrow : z \rightarrow H \uparrow \downarrow \&\nearrow (z) :=

\Biggr) 
\Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggr] 

\Biggl[ \Biggl[ \Biggl[ \Biggl[ \Biggl\lfloor 

1

2\rightharpoondown 

\Biggr\rfloor 

!
\vargamma 0(TM \Big\backslash \omega )|z \Rightarrow \Big\backslash \varepsilon 0|2 dx+

\Biggr\rfloor 

!
\Big\backslash \vargamma M (\Big\backslash \omega ) \triangleright \varpi (\updownarrow z)dx

+
\varsigma 
2

2\rightharpoondown 

\Biggr\rfloor 

!
|\updownarrow (z \Rightarrow \Big\backslash \varepsilon 0)|2 dx\Rightarrow 

\Biggr\rfloor 

!
\Big\backslash vz dx if z \rightarrow V,

\simeq otherwise.

As is discussed in [1, Theorem 1], the unique minimizer \Big\backslash \varepsilon of \&\nearrow solves (4.8), and \Big\backslash \varepsilon 
belongs to W0.

Proof of Theorem 4.2. Let us fix any \rightharpoondown \rightarrow (0, \rightharpoondown 1) and any \leftharpoonup \rightarrow (0,1). Then, for any
i\rightarrow N, we can obtain \varepsilon 

\varpi 

i
\rightarrow W0 by applying Lemma 4.4 in the case that

\Big\backslash \omega = \omega 
\varpi 

i\updownarrow 1,
\Big\backslash \varepsilon 0 = \varepsilon 

\varpi 

i\updownarrow 1, and \Big\backslash v= vi in H.

Moreover, for any i\rightarrow N, the component \omega \varpi 
i
\rightarrow W0 can be obtained by applying Lemma

4.3 in the case that

\Big\backslash \varepsilon = \varepsilon 
\varpi 

i
, \Big\backslash \omega 0 := \omega 

\varpi 

i\updownarrow 1, and \Big\backslash u= ui in H.

Thus, we can find the unique solution {[\omega \varpi 
i
,\varepsilon 

\varpi 

i
]}\rightarrow 

i=0 \Leftarrow [W0]2 to (AP)\varpi 
\varrho 
.

Next, we verify the inequality (4.4). Multiplying both sides of (4.1) with \omega 
\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1,
we see that

1

2\rightharpoondown 
|\omega 

\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1|
2
H
+

µ
2

\rightharpoondown 
|\updownarrow (\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)|
2
[H]N +

1

2
|\updownarrow \omega 

\varpi 

i
|
2
[H]N \Rightarrow 

1

2
|\updownarrow \omega 

\varpi 

i\updownarrow 1|
2
[H]N(4.9)

+
\Biggr\} 
g(TM\omega 

\varpi 

i
),\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1

\Biggl\langle 
H
+
\Biggr\} 
\vargamma 
\downarrow (TM\omega 

\varpi 

i
) \triangleright \varpi (\updownarrow \varepsilon 

\varpi 

i
),\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1

\Biggl\langle 
H
\propto 

\rightharpoondown 

2
|ui|

2
H

for i= 1,2,3, . . .

via the following computations:

(\updownarrow \omega 
\varpi 

i
,\updownarrow (\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1))[H]N \prime 
1

2

\Biggr\} 
|\updownarrow \omega 

\varpi 

i
|
2
[H]N \Rightarrow |\updownarrow \omega 

\varpi 

i\updownarrow 1|
2
[H]N

\Biggl\langle 
,

µ
2

\rightharpoondown 
(\updownarrow (\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1),\updownarrow (\omega \varpi 
i
\Rightarrow \omega 

\varpi 

i\updownarrow 1))[H]N =
µ
2

\rightharpoondown 
|\updownarrow (\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)|
2
[H]N ,

and

(ui,\omega 
\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)H \propto 
1

2\rightharpoondown 
|\omega 

\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1|
2
H
+

\rightharpoondown 

2
|ui|

2
H
.

In addition, by using (A2), it is obtained that

\Biggr\} 
g(TM\omega 

\varpi 

i
),\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1

\Biggl\langle 
H
\prime 

\Biggr\rfloor 

!

\Big\backslash GM (\omega \varpi 
i
)dx\Rightarrow 

\Biggr\rfloor 

!

\Big\backslash GM (\omega \varpi 
i\updownarrow 1)dx(4.10)

+
\Biggr\} 
g(TM\omega 

\varpi 

i
)\Rightarrow g(TM\omega 

\varpi 

i\updownarrow 1),\omega 
\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1

\Biggl\langle 
H
\Rightarrow 

1

2
|g

\downarrow 
|L\uparrow (\updownarrow M,M)|\omega 

\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1|
2
H

\prime 

\Biggr\rfloor 

!

\Big\backslash GM (\omega \varpi 
i
)dx\Rightarrow 

\Biggr\rfloor 

!

\Big\backslash GM (\omega \varpi 
i\updownarrow 1)dx\Rightarrow 

3

2
|g

\downarrow 
|L\uparrow (\updownarrow M,M)|\omega 

\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1|
2
H

for i= 1,2,3, . . . ,

and by the convexity of \Big\backslash \vargamma M ,

\Biggr\} 
\vargamma 
\downarrow (TM\omega 

\varpi 

i
) \triangleright \varpi (\updownarrow \varepsilon 

\varpi 

i
),\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1

\Biggl\langle 
H
\prime 

\Biggr\rfloor 

!
\Big\backslash \vargamma M (\omega \varpi 

i
) \triangleright \varpi (\updownarrow \varepsilon 

\varpi 

i
)dx(4.11)

\Rightarrow 

\Biggr\rfloor 

!
\Big\backslash \vargamma M (\omega \varpi 

i\updownarrow 1) \triangleright \varpi (\updownarrow \varepsilon 
\varpi 

i
)dx for i= 1,2,3, . . . .
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6432 HARBIR ANTIL, DAIKI MIZUNO, AND KEN SHIRAKAWA

On account of (4.9)–(4.11), it is inferred that

\Biggr\rangle 
1

2
\Rightarrow 

3\rightharpoondown 

2
|g

\downarrow 
|L\uparrow (\updownarrow M,M)

\Bigg/ 
1

\rightharpoondown 
|\omega 

\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1|
2
H
+

µ
2

\rightharpoondown 
|\updownarrow (\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)|
2
[H]N(4.12)

+
1

2
|\updownarrow \omega 

\varpi 

i
|
2
[H]N +

\Biggr\rfloor 

!

\Big\backslash GM (\omega \varpi 
i
)dx+

\Biggr\rfloor 

!
\Big\backslash \vargamma M (\omega \varpi 

i
) \triangleright \varpi (\updownarrow \varepsilon 

\varpi 

i
)dx

\propto 
1

2
|\updownarrow \omega 

\varpi 

i\updownarrow 1|
2
[H]N +

\Biggr\rfloor 

!

\Big\backslash GM (\omega \varpi 
i\updownarrow 1)dx+

\Biggr\rfloor 

!
\Big\backslash \vargamma M (\omega \varpi 

i\updownarrow 1) \triangleright \varpi (\updownarrow \varepsilon 
\varpi 

i
)dx+

\rightharpoondown 

2
|ui|

2
H

for i= 1,2,3, . . . .

On the other hand, by multiplying both sides of (4.2) by \varepsilon 
\varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1, and using
(A3) and the convexity of  \triangleright \varpi , we have

\varphi \varphi 

2\rightharpoondown 
|\varepsilon 

\varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1|
2
H
+

\varsigma 
2

\rightharpoondown 
|\updownarrow (\varepsilon \varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1)|
2
[H]N +

\Biggr\rfloor 

!
\Big\backslash \vargamma M (\omega \varpi 

i\updownarrow 1) \triangleright \varpi (\updownarrow \varepsilon 
\varpi 

i
)dx(4.13)

\propto 

\Biggr\rfloor 

!
\Big\backslash \vargamma M (\omega \varpi 

i\updownarrow 1) \triangleright \varpi (\updownarrow \varepsilon 
\varpi 

i\updownarrow 1)dx+
\rightharpoondown 

2\varphi \varphi 
|vi|

2
H

for i= 1,2,3, . . .

via the following computation:

1

\rightharpoondown 
(\vargamma 0(TM\omega i\updownarrow 1)(\varepsilon 

\varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1),\varepsilon 
\varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1)H \prime 
\varphi \varphi 

\rightharpoondown 
|\varepsilon 

\varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1|
2
H
,

(\Big\backslash \vargamma M (\omega \varpi 
i\updownarrow 1)\updownarrow  \triangleright \varpi (\updownarrow \varepsilon 

\varpi 

i
),\updownarrow (\varepsilon \varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1))[H]N

\prime 

\Biggr\rfloor 

!
\Big\backslash \vargamma M (\omega \varpi 

i\updownarrow 1) \triangleright \varpi (\updownarrow \varepsilon 
\varpi 

i
)dx\Rightarrow 

\Biggr\rfloor 

!
\Big\backslash \vargamma M (\omega \varpi 

i\updownarrow 1) \triangleright \varpi (\updownarrow \varepsilon 
\varpi 

i\updownarrow 1)dx,

and

(ui,\varepsilon 
\varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1)H \propto 
\varphi \varphi 

2\rightharpoondown 
|\varepsilon 

\varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1|
2
H
+

\rightharpoondown 

2\varphi \varphi 
|ui|

2
H
.

Now, let us set \rightharpoondown 0 as

\rightharpoondown 0 :=min

\Biggr\rceil 
\rightharpoondown 1,

1

6|g\downarrow |L\uparrow (\updownarrow M,M)

\Biggl\{ 
, with the constant \rightharpoondown 1 as in Lemma 4.3.

Then, from (4.12) and (4.13), we obtain that

1

4\rightharpoondown 
|\omega 

\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1|
2
H
+

µ
2

\rightharpoondown 
|\updownarrow (\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)|
2
[H]N +

\varphi \varphi 

2\rightharpoondown 
|\varepsilon 

\varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1|
2
H

+
\varsigma 
2

\rightharpoondown 
|\updownarrow (\varepsilon \varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1)|
2
[H]N + \Big\backslash F\varpi (\omega 

\varpi 

i
,\varepsilon 

\varpi 

i
)

\propto \Big\backslash F\varpi (\omega 
\varpi 

i\updownarrow 1,\varepsilon 
\varpi 

i\updownarrow 1) +
\rightharpoondown 

2
|ui|

2
H
+

\rightharpoondown 

2\varphi \varphi 
|vi|

2
H

for i= 1,2,3, . . . .

Thus, we conclude the proof of Theorem 4.2.

5. Proof of Main Theorem 1. Main Theorem 1 is proved by verifying several
claims, which are divided in the following subsections.

Subsection 5.1. Boundedness of {[\omega \varpi ]\varrho } in W
1,2(0, T ;W0).

Subsection 5.2. Boundedness of {[\varepsilon \varpi ]\varrho } in L
\rightarrow (0, T ;W0).
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WELL-POSEDNESS OF A PSEUDO-PARABOLIC KWC SYSTEM 6433

Subsection 5.3. Existence of a limit [\omega ,\varepsilon ] for a subsequence of
\right)  
[\omega \varpi ]\varrho , [\varepsilon \varpi ]\varrho 

 \left[ 
.

Subsection 5.4. Verification of (S0)–(S3) for [\omega ,\varepsilon ].

Remark 5.1. We note that the assumptions N \rightarrow {1,2,3}, µ > 0, and \varsigma > 0,
mentioned in Remark 3.2, will be essential to deriving the boundedness of {[\varepsilon \varpi ]\varrho }.

To prepare the proof, we set

n\varrho :=min{n\rightarrow N |n\rightharpoondown \prime T}.(5.1)

Additionally, under the notations as in Theorem 4.2, we invoke (2.2a) and (2.2b), and
take a small constant \rightharpoondown \nearrow \rightarrow (0, \rightharpoondown 0), such that

\rightharpoondown 

n\omega \right] 

i=1

\Biggr\} 
|ui|

2
H
+ |vi|

2
H

\Biggl\langle 
\propto |u|

2
H + |v|

2
H + 1 whenever \rightharpoondown \rightarrow (0, \rightharpoondown \nearrow ).

Also, with (A1), (A3), (A4), and (A5) in mind, we set the constant M > 0 of trunca-
tion, so large to satisfy that

M \prime |\omega 0|L\uparrow (!), g(M)\prime |u|L\uparrow (Q), and g(\Rightarrow M)\propto \Rightarrow |u|L\uparrow (Q).(5.2)

Then, it immediately follows that

\Big\backslash GM (\omega 0) =G(\omega 0), and \Big\backslash \vargamma M (\omega 0) = \vargamma (\omega 0).(5.3)

Additionally, we prepare the following lemmas.

Lemma 5.2. Let us fix \leftharpoonup > 0, w \rightarrow W0, and \vargamma 
\Rightarrow 
\rightarrow L

\rightarrow (\#) \nearrow V . Then, for any
L \prime |\vargamma 

\Rightarrow 
|L\uparrow (!), there exists a constant C4(L) > 0, depending only on L, and being

independent of \leftharpoonup and w, such that

\Biggr\} 
div(\vargamma \Rightarrow 

\updownarrow  \triangleright \varpi (\updownarrow w)),!w
\Biggl\langle 
H
\prime \Rightarrow |\updownarrow 

2
w|

2
[H]N\downarrow N \Rightarrow C4(L)(|\vargamma 

\Rightarrow 
|
2
V
+ 1)(|w|2

V
+ 1).

Proof. This lemma is immediately obtained as a straightforward consequence of
[1, Lemma 3.2].

Lemma 5.3 (comparison principle). We assume that \omega 
1
,\omega 

2
\rightarrow W

1,2(0, T ;W0),
\omega 
1
0 ,\omega 

2
0 \rightarrow W0, \Big\backslash \varepsilon \rightarrow V , \Big\backslash u\rightarrow H , and

\Biggr) 
\Biggl[ \Biggl[ \Biggr] 

\Biggl[ \Biggl[ \Biggl\lfloor 

(\Rightarrow 1)i\updownarrow 1
 
\varrho t\omega 

i
\Rightarrow !(\omega i + µ

2
\varrho t\omega 

i) + g(TM\omega 
i) + \vargamma 

\downarrow (TM\omega 
i)|\updownarrow \Big\backslash \varepsilon |

 

\propto (\Rightarrow 1)i\updownarrow 1\Big\backslash u a.e. in Q,

\omega 
i(0) = \omega 

i

0 a.e. in \#.

(5.4)

Then, there exists a constant C9 > 0 such that

  [\omega 1 \Rightarrow \omega 
2]+(t)

  2
V
\propto C9

  [\omega 10 \Rightarrow \omega 
2
0 ]

+
  2
V

for any t\rightarrow [0, T ].

Proof. Taking the di!erence of two inequality (5.4) for \omega i, i= 1,2, and multiplying
both sides by [\omega 1 \Rightarrow \omega 

2]+(t), we see that

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

06
/0

5/
25

 to
 1

29
.1

74
.2

40
.2

13
 . 

R
ed

is
tri

bu
tio

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.si

am
.o

rg
/te

rm
s-

pr
iv

ac
y



6434 HARBIR ANTIL, DAIKI MIZUNO, AND KEN SHIRAKAWA

1

2

d

dt

  [\omega 1 \Rightarrow \omega 
2]+(t)

  2
H
+

µ
2

2

d

dt

  \updownarrow [\omega 1 \Rightarrow \omega 
2]+(t)

  2
[H]N

(5.5)

+
  \updownarrow [\omega 1 \Rightarrow \omega 

2]+(t)
  2
[H]N

+ (g(TM\omega 
1(t))\Rightarrow g(TM\omega 

2(t)), [\omega 1 \Rightarrow \omega 
2]+(t))H

+

\Biggr\rfloor 

!

\Biggr\} 
\vargamma 
\downarrow (TM\omega 

1(t))\Rightarrow \vargamma 
\downarrow (TM\omega 

2(t))
\Biggl\langle 
|\updownarrow \varepsilon (t)|, [\omega 1 \Rightarrow \omega 

2]+(t)dx

\propto 0 for a.e. t\rightarrow (0, T ).

Here, from assumption (A1), it is deduced that

(g(TM\omega 
1(t))\Rightarrow g(TM\omega 

2(t)), [\omega 1 \Rightarrow \omega 
2]+(t))H

\prime \Rightarrow |g
\downarrow 
|L\uparrow (\updownarrow M,M)

  [\omega 1 \Rightarrow \omega 
2]+(t)

  2
H

for a.e. t\rightarrow (0, T ).(5.6)

Also, by the monotonicity of \vargamma \downarrow 
\infty TM , we can say that

\Biggr\} 
\vargamma 
\downarrow (TM\omega 

1)\Rightarrow \vargamma 
\downarrow (TM\omega 

2)
\Biggl\langle 
[\omega 1 \Rightarrow \omega 

2]+ \prime 0 a.e. in Q.

Hence one can see that
\Biggr\rfloor 

!

\Biggr\} 
\vargamma 
\downarrow (TM\omega 

1(t))\Rightarrow \vargamma 
\downarrow (TM\omega 

2(t))
\Biggl\langle 
|\updownarrow \varepsilon (t)|, [\omega 1 \Rightarrow \omega 

2]+(t)dx

\prime 0 for a.e. t\rightarrow (0, T ).(5.7)

Now, in light of (5.5)–(5.7), it is deduced that

d

dt

   [\omega 1 \Rightarrow \omega 
2]+(t)

  2
H
+ µ

2
  \updownarrow [\omega 1 \Rightarrow \omega 

2]+(t)
  2
[H]N

 

\propto 2|g\downarrow |L\uparrow (\updownarrow M,M)

  [\omega 1 \Rightarrow \omega 
2]+(t)

  2
H

for a.e. t\rightarrow (0, T ).

Applying Gronwall’s inequality, we arrive at

  [\omega 1 \Rightarrow \omega 
2]+(t)

  2
H
+ µ

2
  \updownarrow [\omega 1 \Rightarrow \omega 

2]+(t)
  2
[H]N

(5.8)

\propto e
2T |g\updownarrow |L\uparrow (\rightarrow M,M)

   [\omega 10 \Rightarrow \omega 
2
0 ]

+
  2
H
+ µ

2
  \updownarrow [\omega 10 \Rightarrow \omega 

2
0 ]

+
  2
[H]N

 

for any t\rightarrow [0, T ].

Inequality (5.8) finishes the proof of Lemma 5.3 with the constant

C9 :=
1 + µ

2

1\leftrightarrow µ2
e
2T |g\updownarrow |L\uparrow (\rightarrow M,M) .

Now, the claims of subsections 5.1–5.4 are verified as follows.

Subsection 5.1. Boundedness of {[\bfitvarepsilon \bfitomega 
]\bfitvarepsilon } in W 1,2

(0, T ;W0). In this sub-
section, we prove the following lemma, which provides the uniform estimate of {[\omega \varpi ]\varrho }
in W

1,2(0, T ;W0).

Lemma 5.4. Let \rightharpoondown \rightarrow (0, \rightharpoondown \nearrow ). Then, there exists a constant C2 > 0, independent of
\leftharpoonup and \rightharpoondown , such that

1

\rightharpoondown 

n\omega \right] 

i=1

|\omega 
\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1|
2
H2(!) \propto C2

\Biggr\} 
|\omega 0|

2
H2(!) + |\varepsilon 0|

2
V
+ |u|

2
H + |v|

2
H + 1

\Biggl\langle 
.(5.9)
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WELL-POSEDNESS OF A PSEUDO-PARABOLIC KWC SYSTEM 6435

Proof. First, from the definition of \Big\backslash F\varpi (4.3), (5.3), and the embedding W0 \Leftarrow 

L
\rightarrow (\#) under N \propto 3, it is seen that

\Big\backslash F\varpi (\omega 0,\varepsilon 0) =
1

2

\Biggr\rfloor 

!
|\updownarrow \omega 0|

2
dx+

\Biggr\rfloor 

!

\Big\backslash GM (\omega 0)dx+

\Biggr\rfloor 

!
\Big\backslash \vargamma M (\omega 0) \triangleright \varpi (\updownarrow \varepsilon 0)dx

=
1

2

\Biggr\rfloor 

!
|\updownarrow \omega 0|

2
dx+

\Biggr\rfloor 

!
G(\omega 0)dx+

\Biggr\rfloor 

!
\vargamma (\omega 0) \triangleright \varpi (\updownarrow \varepsilon 0)dx

\propto 
1

2
|\omega 0|

2
V
+ |G(\omega 0)|L1(!) + |\vargamma (\omega 0)|

2
L2(!) +L

N (\#) + |\varepsilon 0|
2
V
.

Hence,

CF := sup
\varpi \Uparrow (0,1)

\Big\backslash F\varpi (\omega 0,\varepsilon 0)<\simeq .

Also, from (4.4), (5.1), Theorem 4.2, and Hölder’s inequality, it is observed that

|\varepsilon 
\varpi 

i
|
2
V
\propto 2|\varepsilon 0|

2
V
+ 2

 
n\omega \right] 

i=1

|\varepsilon 
\varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1|V

 2

(5.10)

\propto 2|\varepsilon 0|
2
V
+ 2(T + 1)

n\omega \right] 

i=1

1

\rightharpoondown 
|\varepsilon 

\varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1|
2
V

\propto 2|\varepsilon 0|
2
V
+

4(T + 1)

\varphi \varphi \leftrightarrow \varsigma 2

\Biggr\rangle 
\Big\backslash F\varpi (\omega 0,\varepsilon 0) +

1

2(1\leftrightarrow \varphi \varphi )

\Biggr\} 
|u|

2
H + |v|

2
H + 1

\Biggl\langle \Bigg/ 

\propto 
4(CF + 1)(T + 1)

1\leftrightarrow \varphi 2
\varphi 
\leftrightarrow \varsigma 4

\Biggr\} 
|\varepsilon 0|

2
V
+ |u|

2
H + |v|

2
H + 1

\Biggl\langle 
for any i= 1,2,3, . . . , n\varrho .

Next, we verify the estimate (5.9). Multiplying both sides of (4.1) by \Rightarrow !(\omega \varpi 
i
\Rightarrow 

\omega 
\varpi 

i\updownarrow 1) and applying Young’s inequality, it can be seen that

3µ2

4\rightharpoondown 
|!(\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)|
2
H
\propto 

1

2

\Biggr\} 
|!\omega 

\varpi 

i\updownarrow 1|
2
H
\Rightarrow |!\omega 

\varpi 

i
|
2
H

\Biggl\langle 
(5.11)

+ (g(TM\omega 
\varpi 

i
),!(\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1))H + (\vargamma \downarrow (TM\omega 
\varpi 

i
) \triangleright \varpi (\updownarrow \varepsilon 

\varpi 

i
),!(\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1))H

+
\rightharpoondown 

µ2
|ui|

2
H

for i= 1,2,3, . . . , n\varrho 

via the following calculations:

(\Rightarrow !\omega 
\varpi 

i
,\Rightarrow !(\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1))H \prime 
1

2

\Biggr\} 
|!\omega 

\varpi 

i
|
2
H
\Rightarrow |!\omega 

\varpi 

i\updownarrow 1|
2
H

\Biggl\langle 

and

(ui,\Rightarrow !(\omega \varpi 
i
\Rightarrow \omega 

\varpi 

i\updownarrow 1))H \propto 
µ
2

4\rightharpoondown 
|!(\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)|
2
H
+

\rightharpoondown 

µ2
|ui|

2
H
.

In addition, we compute that

(g(TM\omega 
\varpi 

i
),!(\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1))H(5.12)

\propto 
\rightharpoondown 

µ2
|g|

2
L\uparrow (\updownarrow M,M)L

N (\#) +
µ
2

4\rightharpoondown 
|!(\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)|
2
H
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6436 HARBIR ANTIL, DAIKI MIZUNO, AND KEN SHIRAKAWA

and

(\vargamma \downarrow (TM\omega 
\varpi 

i
) \triangleright \varpi (\updownarrow \varepsilon ),!(\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1))H(5.13)

\propto 
\rightharpoondown 

µ2
|\vargamma 

\downarrow 
|
2
L\uparrow (\updownarrow M,M)

\Biggr\rfloor 

!

\Biggr\} 
\leftharpoonup 
2 + |\updownarrow \varepsilon 

\varpi 

i
|
2
\Biggl\langle 
dx+

µ
2

4\rightharpoondown 
|!(\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)|
2
H

\propto 
\rightharpoondown 

µ2
|\vargamma 

\downarrow 
|
2
L\uparrow (\updownarrow M,M)

\Biggr\} 
L
N (\#) + |\varepsilon 

\varpi 

i
|
2
V

\Biggl\langle 
+

µ
2

4\rightharpoondown 
|!(\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)|
2
H

for i= 1,2,3, . . . , n\varrho .

On account of (5.10)–(5.13), we infer that

µ
2

4\rightharpoondown 
|!(\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)|
2
H

(5.14)

\propto 
1

2

\Biggr\} 
|!\omega 

\varpi 

i\updownarrow 1|
2
H
\Rightarrow |!\omega 

\varpi 

i
|
2
H

\Biggl\langle 
+

\rightharpoondown L
N (\#)

µ2

\Biggr\} 
|g|

2
L\uparrow (\updownarrow M,M) + |\vargamma 

\downarrow 
|L\uparrow (\updownarrow M,M)

\Biggl\langle 

+
4\rightharpoondown (CF + 1)(T + 1)|\vargamma \downarrow 

|
2
L\uparrow (\updownarrow M,M)

µ2(1\leftrightarrow \varphi 2
\varphi 
\leftrightarrow \varsigma 4)

\Biggr\} 
|\varepsilon 0|

2
V
+ |u|

2
H + |v|

2
H + 1

\Biggl\langle 

\propto 
1

2

\Biggr\} 
|!\omega 

\varpi 

i\updownarrow 1|
2
H
\Rightarrow |!\omega 

\varpi 

i
|
2
H

\Biggl\langle 
+ \rightharpoondown \Big\backslash C3

\Biggr\} 
|\varepsilon 0|

2
V
+ |u|

2
H + |v|

2
H + 1

\Biggl\langle 

for i= 1,2,3, . . . , n\varrho ,

with

\Big\backslash C3 :=
4(CF +L

N (\#) + 1)(T + 1)
\Biggr\} 
|g|

2
L\uparrow (\updownarrow M,M) + |\vargamma 

\downarrow 
|
2
L\uparrow (\updownarrow M,M) + 1

\Biggl\langle 

µ2(1\leftrightarrow \varphi 2
\varphi 
\leftrightarrow \varsigma 4)

.

Hence, taking the sum of (5.14) with respect to i= 1,2,3, . . . , n\varrho , one can deduce from
(2.1), (4.4), and (5.14) that

1

\rightharpoondown 

n\omega \right] 

i=1

|\omega 
\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1|
2
H2(!) \propto 

C0

\rightharpoondown 

n\omega \right] 

i=1

\Biggr\} 
|AN (\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)|
2
H
+ |\omega 

\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1|
2
H

\Biggl\langle 

=
C0

\rightharpoondown 

n\omega \right] 

i=1

\Biggr\} 
|!(\omega \varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1)|
2
H
+ |\omega 

\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1|
2
H

\Biggl\langle 

\propto 
2C0

µ2
|!\omega 0|

2
H
+

4C0
\Big\backslash C3(T + 1)

µ2

\Biggr\} 
|\varepsilon 0|

2
V
+ |u|

2
H + |v|

2
H + 1

\Biggl\langle 

+ 4C0

\Biggr\rangle 
\Big\backslash F\varpi (\omega 0,\varepsilon 0) +

1

2(1\leftrightarrow \varphi \varphi )

\Biggr\} 
|u|

2
H + |v|

2
H + 1

\Biggl\langle \Bigg/ 

\propto 
2NC0

µ2
|\omega 0|

2
H2(!) +

4C0
\Big\backslash C3(T + 1)

µ2

\Biggr\} 
|\varepsilon 0|

2
V
+ |u|

2
H + |v|

2
H + 1

\Biggl\langle 

+
4C0(CF + 1)

1\leftrightarrow \varphi \varphi 

\Biggr\} 
|u|

2
H + |v|

2
H + 1

\Biggl\langle 

\propto C2

\Biggr\} 
|\omega 0|

2
H2(!) + |\varepsilon 0|

2
V
+ |u|

2
H + |v|

2
H + 1

\Biggl\langle 
,

where

C2 :=
4NC0(T + 1)( \Big\backslash C3 +CF + 1)

1\leftrightarrow µ2 \leftrightarrow \varphi \varphi 
.

Thus, we conclude the proof of Lemma 5.4.

Subsection 5.2. Boundedness of {[\bfitvargamma \bfitomega 
]\bfitvarepsilon } in L\uparrow 

(0, T ;W0). The objective
of this subsection is formalized as establishing the following lemma.
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WELL-POSEDNESS OF A PSEUDO-PARABOLIC KWC SYSTEM 6437

Lemma 5.5. There exist a small time-step size \rightharpoondown \nearrow \nearrow \rightarrow (0, \rightharpoondown \nearrow ) and a constant C5 > 0
such that for any \rightharpoondown \rightarrow (0, \rightharpoondown \nearrow \nearrow ), the following estimate holds:

|\varepsilon 
\varpi 

i
|
2
H2(!) \propto C5

\Biggr\} 
|\omega 0|

2
H2(!) + |\varepsilon 0|

2
H2(!) + |u|

2
H + |v|

2
H + 1

\Biggl\langle 2
(5.15)

for i= 1,2,3, . . . , n\varrho .

Proof. First, we note that Lemma 5.4 leads to the boundedness of {\omega \varpi 
i
}
n\omega 
i=0 in

H
2(\#), with the following estimate:

|\omega 
\varpi 

i
|
2
H2(!) \propto 2|\omega 0|

2
H2(!) + 2

 
n\omega \right] 

i=1

|\omega 
\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1|H2(!)

 2

(5.16)

\propto 2|\omega 0|
2
H2(!) + 2(T + 1)

n\omega \right] 

i=1

1

\rightharpoondown 
|\omega 

\varpi 

i
\Rightarrow \omega 

\varpi 

i\updownarrow 1|
2
H2(!)

\propto 2(T + 1)(C2 + 1)
\Biggr\} 
|\omega 0|

2
H2(!) + |\varepsilon 0|

2
V
+ |u|

2
H + |v|

2
H + 1

\Biggl\langle 

for i= 1,2,3, . . . , n\varrho .

Moreover, by (5.16) and continuous embedding from H
2(\#) to L

\rightarrow (\#) under N \propto 3,
we see that \Big\backslash \vargamma M (\omega \varpi 

i
)\rightarrow L

\rightarrow (\#)\nearrow V for any i= 1,2,3, . . . , n\varrho , with the following estimates
holding:

|\Big\backslash \vargamma M (\omega \varpi 
i
)|2
L\uparrow (!) \propto 2\vargamma (0)2 + 2|\vargamma \downarrow 

|
2
L\uparrow (\updownarrow M,M)|\omega 

\varpi 

i
|
2
L\uparrow (!)(5.17)

\propto 2\vargamma (0)2 + 2(CL
\uparrow 

H2 )2|\vargamma \downarrow 
|
2
L\uparrow (\updownarrow M,M)|\omega 

\varpi 

i
|
2
H2(!)

and

|\Big\backslash \vargamma M (\omega \varpi 
i
)|2
V
\propto L

N (\#)|\Big\backslash \vargamma M (\omega \varpi 
i
)|2
L\uparrow (!) + |\vargamma 

\downarrow 
|
2
L\uparrow (\updownarrow M,M)|\updownarrow \omega 

\varpi 

i
|
2
[H]N(5.18)

\propto 2LN (\#)
\Biggr\} 
\vargamma (0)2 + (CL

\uparrow 

H2 )2|\vargamma \downarrow 
|
2
L\uparrow (\updownarrow M,M)|\omega 

\varpi 

i
|
2
H2(!)

\Biggl\langle 
+ |\vargamma 

\downarrow 
|
2
L\uparrow (\updownarrow M,M)|\omega 

\varpi 

i
|
2
H2(!)

\propto \Big\backslash C6

\Biggr\} 
|\omega 

\varpi 

i
|
2
H2(!) + 1

\Biggl\langle 
for i= 1,2,3, . . . , n\varrho ,

where C
L

\uparrow 

H2 is a constant of the embedding from H
2(\#) to L

\rightarrow (\#), and

\Big\backslash C6 := 2
\Biggr\} 
L
N (\#)\vargamma (0)2 +L

N (\#)(CL
\uparrow 

H2 )2 + 1
\Biggl\langle \Biggr\} 
|\vargamma 

\downarrow 
|
2
L\uparrow (\updownarrow M,M) + 1

\Biggl\langle 
.

Next, we verify the inequality (5.15). Let us consider multiplying both sides of
(4.2) by \Rightarrow !\varepsilon 

\varpi 

i
.

By applying Young’s inequality, we have

\varsigma 
2

\rightharpoondown 

\Biggr\} 
\Rightarrow !(\varepsilon \varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1),\Rightarrow !\varepsilon 
\varpi 

i

\Biggl\langle 
H
\prime 

\varsigma 
2

2\rightharpoondown 

\Biggr\} 
|!\varepsilon 

\varpi 

i
|
2
H
\Rightarrow |!\varepsilon 

\varpi 

i\updownarrow 1|
2
H

\Biggl\langle 
(5.19)

and

(vi,\Rightarrow !\varepsilon 
\varpi 

i
)H \propto 

1

2
|!\varepsilon 

\varpi 

i
|
2
H
+

1

2
|vi|

2
H

for i= 1,2,3, . . . , n\varrho .(5.20)
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6438 HARBIR ANTIL, DAIKI MIZUNO, AND KEN SHIRAKAWA

Moreover, from (4.4) and (A3), we see that

1

\rightharpoondown 

\Biggr\} 
\vargamma 0(TM\omega 

\varpi 

i\updownarrow 1)(\varepsilon 
\varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1),\Rightarrow !\varepsilon 
\varpi 

i

\Biggl\langle 
H

(5.21)

\prime \Rightarrow 
1

2\rightharpoondown 2
|\vargamma 0|

2
L\uparrow (\updownarrow M,M)|\varepsilon 

\varpi 

i
\Rightarrow \varepsilon 

\varpi 

i\updownarrow 1|
2
H
\Rightarrow 

1

2
|!\varepsilon 

\varpi 

i
|
2
H

\prime \Rightarrow 

|\vargamma 0|
2
L\uparrow (\updownarrow M,M)

\varphi \varphi 
·
1

\rightharpoondown 
( \Big\backslash F\varpi (\omega 

\varpi 

i
,\varepsilon 

\varpi 

i
)\Rightarrow \Big\backslash F\varpi (\omega 

\varpi 

i\updownarrow 1,\varepsilon 
\varpi 

i\updownarrow 1))

\Rightarrow 
|\vargamma 0|L\uparrow (0,M,M)

2\varphi \varphi 

 
|ui|

2
H
+

1

\varphi \varphi 
|vi|

2
H

 
\Rightarrow 

1

2
|!\varepsilon 

\varpi 

i
|
2
H

for i= 1,2,3, . . . , n\varrho .

Using (2.1), (5.16)–(5.18), and applying Lemma 5.2 to the case that

\vargamma 
\Rightarrow = \Big\backslash \vargamma M (\omega \varpi 

i\updownarrow 1) and w= \varepsilon 
\varpi 

i
for each i\rightarrow {1,2, . . . , n\varrho }

and

L= 2\vargamma (0)2 + 2(CL
\uparrow 

H2 )2|\vargamma \downarrow 
|
2
L\uparrow (\updownarrow M,M)

· 2(T + 1)(C2 + 1)
\Biggr\} 
|\omega 0|

2
H2(!) + |\varepsilon 0|

2
V
+ |u|

2
H + |v|

2
H + 1

\Biggl\langle 
,

it is observed that
\Biggr\} 
div(\Big\backslash \vargamma M (\omega \varpi 

i\updownarrow 1)\updownarrow  \triangleright \varpi (\updownarrow \varepsilon 
\varpi 

i
)),!\varepsilon 

\varpi 

i

\Biggl\langle 
H

(5.22)

\prime \Rightarrow |\updownarrow 
2
\varepsilon 
\varpi 

i
|
2
[H]N\downarrow N \Rightarrow C4(L)(|\Big\backslash \vargamma M (\omega \varpi 

i\updownarrow 1)|
2
V
+ 1)(|\varepsilon \varpi 

i
|
2
V
+ 1)

\prime \Rightarrow C0

\Biggr\} 
|AN\varepsilon 

\varpi 

i
|
2
H
+ |\varepsilon 

\varpi 

i
|
2
H

\Biggl\langle 

\Rightarrow C4(L)
\Biggr\} \Big\backslash C6

\Biggr\} 
|\omega 

\varpi 

i\updownarrow 1|
2
H2(!) + 1

\Biggl\langle 
+ 1

\Biggl\langle \Biggr\} 
|\varepsilon 

\varpi 

i
|
2
V
+ 1

\Biggl\langle 

\prime \Rightarrow C0|!\varepsilon 
\varpi 

i
|
2
H
\Rightarrow (C4(L) +C0)( \Big\backslash C6 + 1)

\Biggr\} 
|\varepsilon 

\varpi 

i
|
2
V
+ 1

\Biggl\langle \Biggr\} 
|\omega 

\varpi 

i\updownarrow 1|
2
H2(!) + 1

\Biggl\langle 

for i= 1,2,3, . . . , n\varrho .

Now, by using (5.19)–(5.22), we will obtain that

1

\rightharpoondown 
(Xi \Rightarrow Xi\updownarrow 1)\propto \Big\backslash C7(Xi + Fi) for i= 1,2,3, . . . , n\varrho ,(5.23)

with
\Biggr) 
\Biggr] 

\Biggl\lfloor 
Xi := \varsigma 

2
|!\varepsilon 

\varpi 

i
|
2
H
+

|\vargamma 0|
2
L\uparrow (\updownarrow M,M)

\varphi \varphi 

\Big\backslash F\varpi (\omega 
\varpi 

i
,\varepsilon 

\varpi 

i
)

Fi :=
\Biggr\} 
|\varepsilon 

\varpi 

i
|
2
V
+ |ui|

2
H
+ |vi|

2
H
+ 1

\Biggl\langle \Biggr\} 
|\omega 

\varpi 

i\updownarrow 1|
2
H2(!) + 1

\Biggl\langle for i= 1,2,3, . . . , n\varrho ,

and

\Big\backslash C7 :=
2(C4(L) +C0 + 1)( \Big\backslash C6 + 1)(|\vargamma 0|

2
L\uparrow (\updownarrow M,M) + 1)

1\leftrightarrow \varphi 2
\varphi 
\leftrightarrow \varsigma 2

\prime 2.

Here, let us take \rightharpoondown \nearrow \nearrow \rightarrow (0, \rightharpoondown \nearrow ) satisfying

\rightharpoondown \nearrow \nearrow <min

\Biggr\rceil 
\rightharpoondown \nearrow ,

1

2 \Big\backslash C7

\Biggl\{ 
, and in particular, 1\Rightarrow \rightharpoondown \nearrow \nearrow \Big\backslash C7 >

1

2
.
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WELL-POSEDNESS OF A PSEUDO-PARABOLIC KWC SYSTEM 6439

Then, applying the discrete version of Gronwall’s lemma (cf. [12, section 3.1]) to
(5.23), one can see from (5.10), (5.16), and (5.23) that

Xi \propto 
\Big\backslash C7e

2 \Biggr) C7(T+1)

 
X0 + \rightharpoondown 

n\omega \right] 

i=1

Fi

 
(5.24)

\propto \Big\backslash C7e
2 \Biggr) C7(T+1)

 
\varsigma 
2
|!\varepsilon 0|

2
H
+

|\vargamma 0|
2
L\uparrow (\updownarrow M,M)CF

\varphi \varphi 

 

+
4 \Big\backslash C7e

2 \Biggr) C7(T+1)(CF + 3)(T + 1)2

1\leftrightarrow \varphi 2
\varphi 
\leftrightarrow \varsigma 4

\Biggr\} 
|\varepsilon 0|

2
V
+ |u|

2
H + |v|

2
H + 1

\Biggl\langle 

· 2(T + 1)(C2 + 2)
\Biggr\} 
|\omega 0|

2
H2(!) + |\varepsilon 0|

2
V
+ |u|

2
H + |v|

2
H + 1

\Biggl\langle 

\propto \Big\backslash C8

\Biggr\} 
|\omega 0|

2
H2(!) + |\varepsilon 0|

2
H2(!) + |u|

2
H + |v|

2
H + 1

\Biggl\langle 2
for i= 1,2,3, . . . , n\varrho ,

where

\Big\backslash C8 :=
8 \Big\backslash C7e

2 \Biggr) C7(T+1)(CF + 3)(T + 1)3(C2 +N\varsigma 
2 + |\vargamma 0|L\uparrow (\updownarrow M,M) + 2)

1\leftrightarrow \varphi 2
\varphi 
\leftrightarrow \varsigma 4

.

In light of (2.1), (5.10), and (5.24), we arrive at

|\varepsilon 
\varpi 

i
|
2
H2(!) \propto C0

\Biggr\} 
|AN\varepsilon 

\varpi 

i
|
2
H
+ |\varepsilon 

\varpi 

i
|
2
H

\Biggl\langle 
=C0

\Biggr\} 
|!\varepsilon 

\varpi 

i
|
2
H
+ |\varepsilon 

\varpi 

i
|
2
H

\Biggl\langle 

\propto 
C0

\varsigma 2
Xi +

4C0(CF + 1)(T + 1)

1\leftrightarrow \varphi 2
\varphi 
\leftrightarrow \varsigma 4

\Biggr\} 
|\varepsilon 0|

2
V
+ |u|

2
H + |v|

2
H + 1

\Biggl\langle 

\propto 
4C0(CF + \Big\backslash C8 + 1)(T + 1)

1\leftrightarrow \varphi 2
\varphi 
\leftrightarrow \varsigma 4

\Biggr\} 
|\omega 0|

2
H2(!) + |\varepsilon 0|

2
H2(!) + |u|

2
H + |v|

2
H + 1

\Biggl\langle 2

for i= 1,2,3, . . . , n\varrho .

Thus, we conclude the proof of Lemma 5.5 with the constant

C5 =
4C0(CF + \Big\backslash C8 + 1)(T + 1)

1\leftrightarrow \varphi 2
\varphi 
\leftrightarrow \varsigma 4

.

Subsection 5.3. Existence of a limit [\bfitvarepsilon ,\bfitvargamma ] for a subsequence of {[[\bfitvarepsilon \bfitomega 
]\bfitvarepsilon ,

[\bfitvargamma \bfitomega 
]\bfitvarepsilon ]}. As a consequence of Lemmas 5.4 and 5.5 and Theorem 4.2, the following

boundednesses are derived:
• {[\omega \varpi ]\varrho |\leftharpoonup \rightarrow (0,1), \rightharpoondown \rightarrow (0, \rightharpoondown \nearrow \nearrow )} is bounded in W

1,2(0, T ;W0);
• {[\omega \varpi ]\varrho |\leftharpoonup \rightarrow (0,1), \rightharpoondown \rightarrow (0, \rightharpoondown \nearrow \nearrow )}, {[\omega \varpi ]\varrho |\leftharpoonup \rightarrow (0,1), \rightharpoondown \rightarrow (0, \rightharpoondown \nearrow \nearrow )} is bounded in

L
\rightarrow (0, T ;W0);

• {[\varepsilon \varpi ]\varrho |\leftharpoonup \rightarrow (0,1), \rightharpoondown \rightarrow (0, \rightharpoondown \nearrow \nearrow )} is bounded in L
\rightarrow (0, T ;W0) and inW

1,2(0, T ;V );
• {[\varepsilon 

\varpi 

]\varrho |\leftharpoonup \rightarrow (0,1), \rightharpoondown \rightarrow (0, \rightharpoondown \nearrow \nearrow )}, {[\varepsilon \varpi ]\varrho |\leftharpoonup \rightarrow (0,1), \rightharpoondown \rightarrow (0, \rightharpoondown \nearrow \nearrow )} is bounded in
L
\rightarrow (0, T ;W0).

Therefore, by applying Aubin’s type compactness theory (cf. [36, Corollary 4]), we can
find sequences {\leftharpoonup n}\rightarrow n=1 \Leftarrow (0,1), {\rightharpoondown n}\rightarrow n=1 \Leftarrow (0, \rightharpoondown \nearrow \nearrow ) and a pair of functions [\omega ,\varepsilon ]\rightarrow [H ]2

such that \leftharpoonup n \in 0 and \rightharpoondown n \in 0 as n\downarrow \simeq , and we obtain the following convergences as
n\downarrow \simeq :

\Biggr) 
\Biggl[ \Biggr] 

\Biggl[ \Biggl\lfloor 

\omega n := [\omega \varpi n ]\varrho n \downarrow \omega in C([0, T ];V ) and weakly in W
1,2(0, T ;W0),

\varepsilon n := [\varepsilon \varpi n ]\varrho n \downarrow \varepsilon in C([0, T ];V ) and weakly in W
1,2(0, T ;V )

and weakly-\ni in L
\rightarrow (0, T ;W0).

(5.25)
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6440 HARBIR ANTIL, DAIKI MIZUNO, AND KEN SHIRAKAWA

Besides, having in mind:
\Biggr) 
\Biggl[ \Biggl[ \Biggr] 

\Biggl[ \Biggl[ \Biggl\lfloor 

max
\right) 
|[\omega \varpi n ]\varrho n \Rightarrow \omega n|V , |[\omega 

\varpi n ]\varrho n \Rightarrow \omega n|V

\left[ 
\propto 

\Biggr\rfloor 

\#i,\omega n

|\varrho t\omega n|V dt <\simeq ,

max
 
|[\varepsilon 

\varpi n
]\varrho n \Rightarrow \varepsilon n|V , |[\varepsilon 

\varpi n ]\varrho n \Rightarrow \varepsilon n|V

 
\propto 

\Biggr\rfloor 

\#i,\omega n

|\varrho t\varepsilon n|V dt <\simeq ,

where 'i,\varrho := [ti\updownarrow 1, ti)\nearrow (0, T ),

we can derive that
\Biggr) 
\Biggl[ \Biggl[ \Biggl[ \Biggr] 

\Biggl[ \Biggl[ \Biggl[ \Biggl\lfloor 

\omega 
n
:= [\omega \varpi n ]\varrho n \downarrow \omega and \omega 

n
:= [\omega \varpi n ]\varrho n \downarrow \omega in L

\rightarrow (0, T ;V ) and

weakly-\ni in L
\rightarrow (0, T ;W0),

\varepsilon n := [\varepsilon 
\varpi n
]\varrho n \downarrow \varepsilon and \varepsilon 

n
:= [\varepsilon \varpi n ]\varrho n \downarrow \varepsilon in L

\rightarrow (0, T ;V ) and

weakly-\ni in L
\rightarrow (0, T ;W0).

(5.26)

Thus, we have verified the claim of subsection 5.3.
Subsection 5.4. Verification of (S0)–(S3) for [\bfitvarepsilon ,\bfitvargamma ]. Now, we verify that

the limiting pair [\omega ,\varepsilon ] satisfies (S0)–(S3). The initial condition (S3) can be easily
confirmed as follows:

\omega (0) = lim
n\uparrow \rightarrow 

\omega n(0) = \omega 0 and \varepsilon (0) = lim
n\uparrow \rightarrow 

\varepsilon n(0) = \varepsilon 0 in H.

Let us take an arbitrary open interval I \Leftarrow (0, T ). Then, in light of (4.1), (4.2), and
the convexity of  \triangleright \varpi , the sequences as in (5.25) and (5.26) should fulfill the following
two variational forms:

\Biggr\rfloor 

I

(\varrho t\omega n(t),\varpi )dt+

\Biggr\rfloor 

I

(\updownarrow (\omega 
n
+ µ

2
\varrho t\omega n)(t),\updownarrow \varpi )[H]N dt(5.27)

+

\Biggr\rfloor 

I

(g(TM \omega 
n
(t)),+\vargamma 

\downarrow (TM \omega 
n
(t)) \triangleright \varpi (\updownarrow \varepsilon n(t)),\varpi )H dt=

\Biggr\rfloor 

I

([u]\varrho n(t),\varpi )H dt

for all \varpi \rightarrow V and n= 1,2,3, . . . , n\varrho 

and
\Biggr\rfloor 

I

\Biggr\} 
(\vargamma 0(TM\omega 

n
)\varrho t\varepsilon n)(t),\varepsilon n(t)\Rightarrow  \triangleleft 

\Biggl\langle 
H
dt+

\Biggr\rfloor 

I

\Biggr\rfloor 

!
\vargamma (\omega 

n
(t)) \triangleright \varpi (\updownarrow \varepsilon n(t))dxdt

+ \varsigma 
2

\Biggr\rfloor 

I

(\updownarrow \varrho t\varepsilon n(t),\updownarrow (\varepsilon n(t)\Rightarrow  \triangleleft ))[H]N dt(5.28)

\propto 

\Biggr\rfloor 

I

\Biggr\rfloor 

!
\vargamma (\omega 

n
(t)) \triangleright \varpi (\updownarrow  \triangleleft )dxdt+

\Biggr\rfloor 

I

([v]\varrho n(t),\varepsilon n(t)\Rightarrow  \triangleleft )H dt

for all  \triangleleft \rightarrow V and n= 1,2,3, . . . , n\varrho .

On this basis, having in mind (5.25), (A1), (A2), and the fact that

 \triangleright \varpi \downarrow | · | uniformly on RN as \leftharpoonup \downarrow 0,

letting n\downarrow \simeq in (5.27) and (5.28) yields that
\Biggr\rfloor 

I

(\varrho t\omega (t),\varpi )dt+

\Biggr\rfloor 

I

(\updownarrow (\omega + µ
2
\varrho t\omega )(t),\updownarrow \varpi )[H]N dt

+

\Biggr\rfloor 

I

(g(TM \omega (t)) + \vargamma 
\downarrow (TM \omega (t))|\updownarrow \varepsilon (t)|,\varpi )H dt=

\Biggr\rfloor 

I

(u(t),\varpi )H dt

for any \varpi \rightarrow V
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WELL-POSEDNESS OF A PSEUDO-PARABOLIC KWC SYSTEM 6441

and

\Biggr\rfloor 

I

\Biggr\} 
(\vargamma 0(TM\omega )\varrho t\varepsilon )(t),\varepsilon (t)\Rightarrow  \triangleleft 

\Biggl\langle 
H
dt+

\Biggr\rfloor 

I

\Biggr\rfloor 

!
\vargamma (\omega (t))|\updownarrow \varepsilon (t)|dxdt

+ \varsigma 
2

\Biggr\rfloor 

I

(\updownarrow \varrho t\varepsilon (t),\updownarrow (\varepsilon (t)\Rightarrow  \triangleleft ))[H]N dt

\propto 

\Biggr\rfloor 

I

\Biggr\rfloor 

!
\vargamma (\omega (t))|\updownarrow  \triangleleft |dxdt+

\Biggr\rfloor 

I

(v(t),\varepsilon (t)\Rightarrow  \triangleleft )H dt for any  \triangleleft \rightarrow V,

respectively. Since I \Leftarrow (0, T ) is arbitrary, [\omega ,\varepsilon ] should satisfy (S1) and (S2) if
|\omega |L\uparrow (Q) \propto M .

Finally, we verify \omega \rightarrow L
\rightarrow (Q). By (5.2), the following inequalities can be obtained:

 
\varrho tM \Rightarrow !(M + µ

2
\varrho tM) + g(M) + \vargamma 

\downarrow (M)|\updownarrow \varepsilon (t)|\prime u,

\varrho t(\Rightarrow M)\Rightarrow !((\Rightarrow M) + µ
2
\varrho t(\Rightarrow M)) + g(\Rightarrow M) + \vargamma 

\downarrow (\Rightarrow M)|\updownarrow \varepsilon (t)|\propto u

a.e. in Q.

Hence, applying Lemma 5.3 to the case when

[\omega 1,\omega 2, \Big\backslash \varepsilon , \Big\backslash u] = [\omega ,M,\varepsilon , u], [\omega 10 ,\omega 
2
0 ] = [\omega 0,M ]

and

[\omega 1,\omega 2, \Big\backslash \varepsilon , \Big\backslash u] = [\Rightarrow M,\omega ,\varepsilon , u], [\omega 10 ,\omega 
2
0 ] = [\Rightarrow M,\omega 0],

we arrive at

   [\omega \Rightarrow M ]+(t)
  2
V
\propto C9

  [\omega 0 \Rightarrow M ]+
  2
V
= 0

  [\Rightarrow M \Rightarrow \omega ]+(t)
  2
V
\propto C9

  [\Rightarrow M \Rightarrow \omega 0]
+
  2
V
= 0,

for any t\rightarrow [0, T ],(5.29)

respectively. This implies that

|\omega (t)|L\uparrow (!) \propto M for any t\rightarrow [0, T ].

Thus, we complete the verifications of (S0)–(S3) and conclude that [\omega ,\varepsilon ] is a
solution to (S).

6. Proof of Main Theorem 2. Main Theorem 2 will be obtained by means of
a Gronwall-type inequality.

Let [\omega k,\varepsilon k], k= 1,2, be the solutions to (S) corresponding to initial values \omega k0 , \varepsilon 
k

0

and forcings uk
, v

k, k= 1,2. Let us set

M0 := |\omega 
1
|L\uparrow (Q) \Downarrow |\omega 

2
|L\uparrow (Q) and \varphi \nearrow (\varsigma ) := 1\leftrightarrow \varphi \varphi \leftrightarrow \varsigma 

2(6.1)

and take the di!erence between the variational formulas for \omega 
k
, k = 1,2, and put

\varpi := (\omega 1\Rightarrow \omega 
2)(t). Then, by using (A1), the monotonicity of \vargamma \downarrow , and Young’s inequality,

we see that
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1

2

d

dt

\Biggr\} 
|(\omega 1 \Rightarrow \omega 

2)(t)|2
H
+ µ

2
|\updownarrow (\omega 1 \Rightarrow \omega 

2)(t)|2[H]N
\Biggl\langle 

(6.2)

\Rightarrow |g|L\uparrow (\updownarrow M0,M0)|(\omega 
1
\Rightarrow \omega 

2)(t)|2
H

\propto 

\Biggr\rfloor 

!
\vargamma 
\downarrow (\omega 1(t))(\omega 2 \Rightarrow \omega 

1)(t)|\updownarrow \varepsilon 
1(t)|dx

+

\Biggr\rfloor 

!
\vargamma 
\downarrow (\omega 2(t))(\omega 1 \Rightarrow \omega 

2)(t)|\updownarrow \varepsilon 
2(t)|dx

+
\Biggr\} 
(\omega 1 \Rightarrow \omega 

2)(t), (u1
\Rightarrow u

2)(t)
\Biggl\langle 
H

\propto 

\Biggr\rfloor 

!
|\vargamma (\omega 1(t))\Rightarrow \vargamma (\omega 2(t))||\updownarrow (\varepsilon 1 \Rightarrow \varepsilon 

2)(t)|dx

+ |(\omega 1 \Rightarrow \omega 
2)(t)|H |(u1

\Rightarrow u
2)(t)|H

\propto 
|\vargamma 

\downarrow 
|L\uparrow (\updownarrow M0,M0)

2

 
|(\omega 1 \Rightarrow \omega 

2)(t)|2
H
+ |\updownarrow (\varepsilon 1 \Rightarrow \varepsilon 

2)(t)|2[H]N

 

+
1

2
|(\omega 1 \Rightarrow \omega 

2)(t)|2
H
+

1

2
|(u1

\Rightarrow u
2)(t)|2

H
for a.e. t > 0.

On the other hand, by putting  \triangleleft = \varepsilon 
2 in the variational inequality for \varepsilon 1, and  \triangleleft = \varepsilon 

1

in the one for \varepsilon 2, and by taking the sum of two inequalities, we have

\Biggr\} 
\vargamma 0(\omega 

1)\varrho t\varepsilon 
1(t)\Rightarrow \vargamma 0(\omega 

2)\varrho t\varepsilon 
2(t), (\varepsilon 1 \Rightarrow \varepsilon 

2)(t)
\Biggl\langle 
H

(6.3)

+
1

2

d

dt

\Biggr\} 
\varsigma 
2
|\updownarrow (\varepsilon 1 \Rightarrow \varepsilon 

2)(t)|2[H]N
\Biggl\langle 

\propto 

\Biggr\rfloor 

!
\vargamma (\omega 1(t))

\Biggr\} 
|\updownarrow \varepsilon 

2(t)|\Rightarrow |\updownarrow \varepsilon 
1(t)|

\Biggl\langle 
dx

+

\Biggr\rfloor 

!
\vargamma (\omega 2(t))

\Biggr\} 
|\updownarrow \varepsilon 

1(t)|\Rightarrow |\updownarrow \varepsilon 
2(t)|

\Biggl\langle 
dx

+
\Biggr\} 
(\varepsilon 1 \Rightarrow \varepsilon 

2)(t), (v1 \Rightarrow v
2)(t)

\Biggl\langle 
H

\propto 

\Biggr\rfloor 

!
|\vargamma (\omega 1(t))\Rightarrow \vargamma (\omega 2(t))|\updownarrow (\varepsilon 1 \Rightarrow \varepsilon 

2)(t)|dx

+ |(\varepsilon 1 \Rightarrow \varepsilon 
2)(t)|H |(v1 \Rightarrow v

2)(t)|H

\propto 
|\vargamma 

\downarrow 
|L\uparrow (\updownarrow M0,M0)

2

 
|(\omega 1 \Rightarrow \omega 

2)(t)|2
H
+ |\updownarrow (\varepsilon 1 \Rightarrow \varepsilon 

2)(t)|2[H]N

 

+
1

2
|(\varepsilon 1 \Rightarrow \varepsilon 

2)(t)|2
H
+

1

2
|(v1 \Rightarrow v

2)(t)|2
H

a.e. t > 0.

Here, we can compute the first term in (6.3) as follows:

\Biggr\} 
\vargamma 0(\omega 

1(t))\varrho t\varepsilon 
1(t)\Rightarrow \vargamma 0(\omega 

2(t))\varrho t\varepsilon 
2(t), (\varepsilon 1 \Rightarrow \varepsilon 

2)(t)
\Biggl\langle 
H

(6.4)

=
1

2

d

dt
|

\left( 
\vargamma 0(\omega 1(t))(\varepsilon 

1
\Rightarrow \varepsilon 

2)(t)|2
H
\Rightarrow 

1

2

\Biggr\rfloor 

!
\vargamma 
\downarrow 
0(\omega 

1(t))\varrho t\omega 
1(t)|(\varepsilon 1 \Rightarrow \varepsilon 

2)(t)|2 dx

+

\Biggr\rfloor 

!
(\vargamma 0(\omega 

1(t))\Rightarrow \vargamma 0(\omega 
2(t)))\varrho t\varepsilon 

2(t)(\varepsilon 1 \Rightarrow \varepsilon 
2)(t)dx.

Also, by using (6.1), the continuous embedding from H
1(\#) to L

4(\#) under N \propto 3,
and Young’s inequality, one can see that
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\Rightarrow 

\Biggr\rfloor 

!
\vargamma 
\downarrow 
0(\omega 

1(t))\varrho t\omega 
1(t)|(\varepsilon 1 \Rightarrow \varepsilon 

2)(t)|2 dx(6.5)

\prime \Rightarrow |\vargamma 
\downarrow 
0|L\uparrow (\updownarrow M0,M0)|\varrho t\omega 

1(t)|H |(\varepsilon 1 \Rightarrow \varepsilon 
2)(t)|2

L4(!)

\prime \Rightarrow (CL
4

H1)2|\vargamma \downarrow 
0|L\uparrow (\updownarrow M0,M0)|\varrho t\omega 

1(t)|H |(\varepsilon 1 \Rightarrow \varepsilon 
2)(t)|2

V

\prime \Rightarrow 
(CL

4

H1)2|\vargamma \downarrow 
0|L\uparrow (\updownarrow M0,M0)

\varphi \nearrow (\varsigma )
|\varrho t\omega 

1(t)|H

·
\Biggr\} 
|

\left( 
\vargamma 0(\omega 1(t))(\varepsilon 

1
\Rightarrow \varepsilon 

2)(t)|2
H
+ \varsigma 

2
|\updownarrow (\varepsilon 1 \Rightarrow \varepsilon 

2)(t)|2[H]N
\Biggl\langle 

and \Biggr\rfloor 

!
(\vargamma 0(\omega 

1(t))\Rightarrow \vargamma 0(\omega 
2(t)))\varrho t\varepsilon 

2(t)(\varepsilon 1 \Rightarrow \varepsilon 
2)(t)dx(6.6)

\prime \Rightarrow |\vargamma 
\downarrow 
0|L\uparrow (\updownarrow M0,M0)|\varrho t\varepsilon 

2(t)|L4(!)|(\omega 
1
\Rightarrow \omega 

2)(t)|H |(\varepsilon 1 \Rightarrow \varepsilon 
2)(t)|L4(!)

\prime \Rightarrow (CL
4

H1)2|\vargamma \downarrow 
0|L\uparrow (\updownarrow M0,M0)|\varrho t\varepsilon 

2(t)|V |(\omega 
1
\Rightarrow \omega 

2)(t)|H |(\varepsilon 1 \Rightarrow \varepsilon 
2)(t)|V

\prime \Rightarrow 
(CL

4

H1)2|\vargamma \downarrow 
0|L\uparrow (\updownarrow M0,M0)

2
|\varrho t\varepsilon 

2(t)|V
\Biggr\} 
|(\omega 1 \Rightarrow \omega 

2)(t)|2
H
+ |(\varepsilon 1 \Rightarrow \varepsilon 

2)(t)|2
V

\Biggl\langle 

\prime \Rightarrow 
(CL

4

H1)2|\vargamma \downarrow 
0|L\uparrow (\updownarrow M0,M0)

2\varphi \nearrow (\varsigma )
|\varrho t\varepsilon 

2(t)|V

·
\Biggr\} 
|(\omega 1 \Rightarrow \omega 

2)(t)|2
H
+ |

\left( 
\vargamma 0(\omega 1(t))(\varepsilon 

1
\Rightarrow \varepsilon 

2)(t)|2
H
+ \varsigma 

2
|\updownarrow (\varepsilon 1 \Rightarrow \varepsilon 

2)(t)|2[H]N
\Biggl\langle 

for a.e. t > 0,

where C
L

4

H1 is a constant of the continuous embedding from H
1(\#) to L

4(\#).
Therefore, putting

J1(t) := |(u1
\Rightarrow u

2)(t)|2
H
+ |(v1 \Rightarrow v

2)(t)|2
H

for t\prime 0

and

\Big\backslash C10 := 2
\Biggr\} 
|\vargamma 

\downarrow 
|L\uparrow (\updownarrow M0,M0) + |g

\downarrow 
|L\uparrow (\updownarrow M0,M0) + (CL

4

H1)2|\vargamma \downarrow 
0|L\uparrow (\updownarrow M0,M0) + 1

\Biggl\langle 
,

it is deduced from (6.2)–(6.6) that

d

dt
J(t)\propto 

\Big\backslash C10

\varphi \nearrow (\varsigma )

\Biggr\} 
|\varrho t\omega 

1(t)|H + |\varrho t\varepsilon 
2(t)|V + 1

\Biggl\langle 
J(t) + J1(t) a.e. t > 0,(6.7)

Applying Gronwall’s lemma in (6.7), it can be obtained that for any T > 0,

J(t)\propto C1(\varsigma )

 
J(0) +

\Biggr\rfloor 
T

0
J1(s)ds

 
for any t\rightarrow [0, T ],

with

C1(\varsigma ) := exp

 
\Big\backslash C10

\bigtriangleup 
T

\varphi \nearrow (\varsigma )

\Biggr\} 
|\varrho t\omega 

1
|H + |\varrho t\varepsilon 

2
|V +

\bigtriangleup 

T
\Biggl\langle 
 
.

Thus, we finish the proof of Main Theorem 2.
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