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A B S T R A C T

Blood coagulation is a network of biochemical reactions wherein dozens of proteins act collectively to initiate
a rapid clotting response. Coagulation reactions are lipid-surface dependent, and this dependence is thought
to help localize coagulation to the site of injury and enhance the association between reactants. Current
mathematical models of coagulation either do not consider lipid as a variable or do not agree with experiments
where lipid concentrations were varied. Since there is no analytic rate law that depends on lipid, only apparent
rate constants can be derived from enzyme kinetic experiments. We developed a new mathematical framework
for modeling enzymes reactions in the presence of lipid vesicles. Here the concentrations are such that only a
fraction of the vesicles harbor bound enzymes and the rest remain empty. We call the lipid vesicles with and
without enzyme TF:VIIa+ and TF:VIIaε lipid, respectively. Since substrate binds to both TF:VIIa+ and TF:VIIaε
lipid, our model shows that excess empty lipid acts as a strong sink for substrate. We used our framework
to derive an analytic rate equation and performed constrained optimization to estimate a single, global set
of intrinsic rates for the enzyme–substrate pair. Results agree with experiments and reveal a critical lipid
concentration where the conversion rate of the substrate is maximized, a phenomenon known as the template
effect. Next, we included product inhibition of the enzyme and derived the corresponding rate equations,
which enables kinetic studies of more complex reactions. Our combined experimental and mathematical study
provides a general framework for uncovering the mechanisms by which lipid mediated reactions impact
coagulation processes.

1. Introduction

Blood coagulation is a necessary part of hemostasis whereby dozens
of proteins act collectively to initiate a rapid clotting response. Coag-
ulation involves a series of proteolytic reactions, in which an inactive
zymogen (enzyme precursor) is converted to an active enzyme. Many of
these reactions require a phospholipid (lipid) surface on which to occur.
In coagulation, one such surface is provided by activated platelets.

Anionic, or negatively charged, lipids localize clotting reactions
to the site of the injury by providing a surface on which enzyme
complexes can form [1]. The binding of clotting factors to the lipid
surface increases their local concentrations as they become confined to
a two-dimensional space. This leads to a notable improvement of the
reaction rate by which zymogens are activated [2,3]. While it has been
long established that the presence of lipid vesicles modifies reaction
rates, the mechanism by which this occurs is not fully understood.
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Lipid binding sites are absent on normally circulating platelets but
emerge on activated platelets via a change in the platelet surface [4,5].
Upon platelet activation, anionic lipids flip from the cytoplasmic to the
extracytoplasmic surface of the platelet plasma membrane, i.e. from the
inside to the outside of the cytoplasm of a cell, exposing anionic lipid
phosphatidylserine on the lipid surface [6].

Studies have shown that increases in lipid concentration increase
the apparent 𝜔𝜀𝜗𝜛 and 𝜚𝜍 of substrate activation on the surface [7,
8]. It has been proposed that this effect is due to increases in local
concentration of substrate [8,9]. However, reactions rates decrease
with high concentrations of lipid binding sites [10–12], suggesting
that surface-bound coagulation factors are physically separated, which
impedes the formation of complexes. This is known as the template
effect, sometimes described as a dilution effect [9] or sink [13]. It is
traditionally described as an effect from a template (e.g. lipid, heparin,
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etc.) that organizes components of a system, allowing for product for-
mation [13,14]. In the context of lipid dependent reactions, lipid itself
acts the template, creating a sink for zymogen at high concentrations.
In a 1983 study by Nesheim et al. the template effect was observed
with non-saturable concentrations of lipid and the apparent inhibition
by excess lipid was attributed to the dilution of bound substrate [9].
The template effect was also studied by Griffith (1981) in the context of
heparin-enhanced antithrombin/thrombin reaction. The effect of hep-
arin concentration on the rate of thrombin inhibition by antithrombin
had similar behavior to that of lipid in which the maximum rate of the
reaction was observed at intermediate concentrations of heparin, de-
creasing as heparin concentration was increased. The results suggested
that the reaction rate is dependent on the concentration of thrombin
binding sites for heparin [15]. Although the template effect has been
observed experimentally, few studies have used mathematical models
to determine its effects on reaction velocity. Additionally, mathematical
models of coagulation often overlook both the template effect and the
overall effect of lipid surfaces.

Here we give a brief overview of coagulation models that explicitly
study the effect of lipid surfaces. One of the first studies showed that
without lipid, activation rates of clotting factor X (FX) by clotting
factor VIIa (FVIIa) were greatly reduced compared to the case with
lipid, showing that lipid is necessary for the reaction to proceed [16].
Since that study, numerous experimental observations have shown the
influence of lipids on coagulation reactions, including their impact on
rate constants. Importantly, binding rates of coagulation factors to lipid
surfaces have been measured, but with different techniques, which has
led to significantly different values in the literature [10].

Kirshnaswamy et al. used a combination of experiments and sim-
ulations to study how lipid affected activation of FX by FVIIa bound
to tissue factor (the complex, TF:VIIa) [7]. Classic Michaelis–Menten
(MM) rate law could not describe the experimentally determined re-
action velocity; a more complex formulation was needed to account
for the lipid dependence. They derived a rate law that depended on
lipid-bound substrate (FX), which confirmed their hypothesis that lipid-
bound substrate is the functional substrate, not the solution-phase
substrate. Further, they found that as they increased lipid concentra-
tions, there were significant changes in the estimated kinetic rates, most
notably increases in the catalytic rate. This study has a few limitations
but was an important foundation and impetus for our work. First,
the authors assumed that all lipid-bound FX was equally accessible to
TF:VIIa, which supports the idea that increased lipid increases reaction
rates; this cannot then account for the template effect. Product inhibi-
tion, where activated FX (FXa) rebinds to TF:VIIa, was not considered
but this has since been studied by Hathcock et al. and shown to be
influential during the activation process [10,11].

Hathcock et al. added lipid vesicles to a fixed amount of relipidated
TF and showed that lipid both enhanced and attenuated the rate
of FX activation. They showed that FXa strongly inhibited TF:VIIa
activation of FX at low lipid concentrations and attributed that to
high local surface densities of FXa. They suggest that this inhibited
FX activation by physically limiting the amount of X that can bind
lipid near the TF:VIIa and thus favors enzyme–inhibitor complexes
instead of enzyme–substrate complexes. The addition of ‘naked’ lipid
vesicles (without TF) relieved the FXa-induced inhibition as the lipid
provided alternate binding sites away from the enzyme complex, acting
as a sink. The reaction rate was limited by the dissociation of FXa
from lipid and was maximal for an intermediate concentration of lipid.
Additionally, the apparent catalytic rate for TF:VIIa activation of FX,
𝜔𝜀𝜗𝜛, increased with intermediate lipid and then decreased as lipid was
further increased. They estimated the true 𝜔𝜀𝜗𝜛 to be approximately
25ϑs. In summary, they suggest that FXa binds more strongly to lipid
that FX, which leads to a physical blockage of FX to TF:VIIa for
activation.

In a follow up paper, Hathcock and colleagues investigated the
interaction of FXa with lipid through experiments and diffusion sim-
ulations [11]. They found that increasing the lipid vesicle diameter

increased the apparent catalytic rate of TF:VIIa activation of FX, and
that increasing lipid with but not without TF molecules led to a
significant enhancement of reaction velocity. Their two-dimensional
simulations of the lipid vesicle surfaces suggested that larger diameter
vesicles offered more space for the newly generated FXa to diffuse
away (while in the membrane) before dissociating, thus opening up
space for the FX molecules to locate and bind to the TF:VIIa. The lipid
surface provides a platform for FX to be generated and also weakens
product inhibition. Essentially, the lipid surface was shown to be a
strong regulator of the reactions. The authors conclude that TF:VIIa
activation of FX on lipid vesicles does not follow Michaelis–Menten
kinetics and warned that assuming such may lead to misleading results
and kinetic rate estimates.

Hathcock and colleagues continued by investigating product inhibi-
tion of TF:VIIa by FXa through the use of soybean trypsin inhibitor (STI)
beads, which specifically bind product without altering the substrate
pool [17]. They concluded that product inhibition is present during
the initial minutes of the reaction and thus, all initial rate measure-
ments designed to infer the kinetic rates of the complex must consider
product inhibition. However, the authors note that as FXa is surface-
generated, newly generated molecules are not spatially equivalent to
solution-phase FXa and thus, the inhibition may be more complex that
previously thought. These findings confirm the hypothesis that FXa
removal accelerates TF:VIIa-mediated FX activation.

More recently, Kovalenko et al. developed three models to study the
lipid-dependence of TF:VIIa activation of FX, with each model varying
in complexity [12]. They considered (1) a homogeneous and well-
mixed ordinary differential equation (ODE) model encompassing all
species, (2) an ODE model with two subsets: surface-bound and non-
surface-bound species, and (3) a partial differential equation model
incorporating diffusion between a well-mixed pool of surface-bound
species and the solution. Numerical estimations of reaction velocities
as a function of lipid concentration were generated with each model.
Results differed only at high concentrations of lipid, where model 1
predicted monotonically increasing velocities, and models 2 and 3, the
ones that considered surface densities, resembled a bell-shaped curve,
as with a template effect. Model 3 was able to better simulate scenarios
in which ‘naked’ lipid was added experimentally. They also investigated
the mode of delivery of FX to the TF:VIIa, i.e., directly from solution
or from FX bound to the lipid surface. This notion follows the study
by Krishnaswamy [18] but further characterizes the TF density and
lipid concentrations when the preferred substrate is lipid-bound versus
solution phase. They suggest that solution-phase FX is only preferred
at high TF densities; this is in line with results from Krishnaswamy
et al. where they suggested lipid-bound substrate to be preferred at a
TF on the low end of what was used in this study. Kovalenko et al.
additionally investigated the effects of competitive binding and found
that other lipid-bound species with high affinity for lipid could decrease
the reaction rate. While this study provided some insight into various
effects of lipid and TF density on TF:VIIa activity, it did not provide an
analytic expression for the lipid-dependent velocity or an explanation
of how their work applied to estimation of lipid-dependent reaction
rate constants. It was also unclear which model parameters were fixed
and which ones were estimated, since some figures showed changes in
kinetic rate constants where tables reported them as fixed.

The kinetics of enzymes in the presence of lipids has also been
studied outside the context of coagulation. A few studies have demon-
strated that membrane composition, vesicle size, and curvature can
alter the enzyme kinetics [19–21]. The stochastic effects imposed by
lipid surfaces has also been established by Lee at al., finding that the
reaction size-dependent reaction velocity is a result stochastic effects
in enzyme copy number on the membrane surface. However, reaction
size dependency of an enzyme only emerges when two conditions are
met: (1) the enzyme exhibits feedback, and (2) the intermediate binding
interaction between enzyme and membrane (lipid) is not well equilib-
riated with changing membrane composition. These two conditions are
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not met by the system we study and we also kept the lipid composition
constant in all experiments. Finally, the delay time between individual
binding events follows a Poisson interval distribution [22]. Due to the
preincubation of enzyme and lipid in our experiments, the enzyme
and membrane are well equilibriated and we can therefore use a
deterministic approach when modeling the system. We do however use
a Poisson distribution to determine the partitioning of enzyme (TF:VIIa)
onto lipid vesicles.

We also considered TF:VIIa activation of FX, but offer several novel
contributions over previous studies. We derived an analytic, lipid-
dependent reaction velocity and provided a modeling framework for
future studies of lipid-dependent reactions. Our new framework con-
siders two classes of lipid vesicles, those with TF:VIIa bound (TF:VIIa+)
and those without (TF:VIIaε). We showed that both TF:VIIa+ and
TF:VIIaε lipid are necessary to capture our experimental observations.
We assumed that lipid-bound substrate was preferred, based on the
low TF density in our model, which enabled mathematical assumptions
for deriving an analytic reaction velocity dependent on lipid-bound
substrate. We extended the model to include product inhibition, which
captured surface crowding at low lipid concentrations. To provide a
precise quantitative comparison between model outputs and experi-
mental data, we included chromogenic substrates in our model reaction
scheme, as done previously [23]. With the expanded model and con-
strained optimization, using both velocity and full progress curve data,
we inferred a global set of kinetic rate constants for TF:VIIa activation
of FX. Our two-compartment model of TF:VIIa+ and TF:VIIaε lipid
emulates the template effect, provides a more realistic estimate of the
kinetic rate constants since we include product inhibition, and is a
foundation on which to build more complex models of coagulation.

2. Results

2.1. Classical biochemistry analysis of TF:VIIa activity

A first step to characterizing the activity of an enzyme on a substrate
is performing biochemical enzyme assays. The assays enable estimation
of the maximal reaction velocities of the enzyme with its substrate,
𝜑𝛻𝜗𝜕, and their affinity, 𝜚𝜍 . To determine the effect of lipid concen-
tration on the enzyme TF:VIIa and its substrate FX, we performed a
coupled enzyme assay in which we held FVIIa and TF constant and
varied FX and lipid concentration. This assay is called ‘coupled’ because
it involves two coupled reactions: TF:VIIa cleavage of FX to FXa, and
then FXa cleavage of a chromogenic substrate to chromophore (C).
Cleavage of C leads to a visible color change in the assay, which is
the actual measurement used to quantify TF:VIIa activation of FX.

We tested seven different concentrations of lipid and, for each of
these, we used six different concentrations of zymogen (FX) to capture
a broad range of experimental conditions. We varied FX and then
measured the rate of FX activation using the chromogenic substrate
cleaved by FXa. The timecourses for the concentration of C, for two of
the seven lipid concentrations, is presented in Fig. 1A,D. These two lipid
concentrations were chosen to highlight differences in the reactions
relative to lipid concentrations, but all of the data, including duplicates,
are shown in the supplemental information.

To calculate the velocity of each reaction, we estimated the slope
of ℵℶ

ℵ𝜛 using the time to the inflection point shown as red dots in
Fig. 1B,E. This ensured that the initial velocity condition was satisfied.
The resulting slopes led to single-point velocity estimates for each
lipid and zymogen concentration, plotted as function of zymogen in
Fig. 1C,F. The velocities differed both qualitatively and quantitatively
between the two lipid concentrations. Over the range of zymogen
used, the velocities at the lower lipid concentration were maximized
at 0.032 nM/s, while at the higher lipid concentration, they were
monotonically increasing (0.05 nM/s for 1000 nM zymogen). For each
lipid concentration, after the data were fit to a MM rate law, we have
apparent values for the kinetic rate constants 𝜑 𝜗ℷℷ

𝛻𝜗𝜕 and 𝜚𝜗ℷℷ
𝜍 . Inherent

Table 1
Two compartment lipid model.
Reaction no. Reaction 𝜔ℸ⊳ 𝜔ℸ⊲⊲ 𝜔𝜀𝜗𝜛

1 0 + 1+  02+ 𝜔ℸ⊳3 𝜔ℸ⊲⊲3 –
2 4 + 1+  4 2+ 𝜔ℸ⊳ℷ,1+ 𝜔ℸ⊲⊲ℷ,1+ –
3 02+ + 52+  02+ ϖ52+  4 2+ + 52+ 𝜔+1 𝜔ε1 𝜔𝜀𝜗𝜛

5 0 + 1ε  02ε 𝜔ℸ⊳3 𝜔ℸ⊲⊲3 –
6 4 + 1ε  4 2ε 𝜔ℸ⊳ℷ,1ε 𝜔ℸ⊲⊲ℷ,1ε –

in this analysis was the assumption that solution phase zymogen can
access TF:VIIa equally well regardless of the lipid concentration. Thus,
this assumption must be challenged by the obvious effect of lipid on
velocity as seen by comparing Fig. 1C,F. Next, we introduce a new
modeling framework for capturing the observed lipid dependence.

2.2. Two-compartment mathematical model: TF:VIIa+ and TF:VIIaε lipid

We developed a model that distinguishes between lipid vesicles
with TF:VIIa, on which FX can bind and become activated, and lipid
vesicles without TF:VIIa, on which FX can bind but remain in zymogen
form. We denote these two classifications of lipid vesicles as TF:VIIa+
(with TF:VIIa) and TF:VIIaε (without TF:VIIa), with the concentration
of lipid binding sites on these vesicles being L+and Lε, respectively.
Fig. 2 is a conceptual schematic of this two-compartment system and
the reactions that occur within each compartment. The biochemical
reactions we consider are listed in Table 1 and the corresponding
ordinary differential equations that track the concentrations of model
species in time are presented in Materials and Methods. The enzyme
(52+, TF:VIIa) is initially bound to TF:VIIa+ lipid and there is no
enzyme on TF:VIIaε lipid. To initiate reactions, we assume zymogen
(0) can bind/unbind from TF:VIIa+ and TF:VIIaε lipid. We denote
bound species with the superscript 2, with + and ε denoting TF:VIIa+
and TF:VIIaε bound, respectively. If bound to TF:VIIa+ lipid, zymogen
may form a complex with enzyme and be converted to product (4 2+) on
the TF:VIIa+ lipid surface. Product generated on TF:VIIa+ lipid can un-
bind/rebind and also bind/unbind to TF:VIIaε lipid. A full description
of the model can be found in methods.

We considered two scenarios with this model, one in which all
lipid was assumed to be TF:VIIa+ (one compartment) and another
in which lipid was divided into TF:VIIa+ and TF:VIIaε compartments
(two compartments). Assuming all lipid is TF:VIIa+ implies that all
lipid-bound zymogen is accessible to the enzyme, as assumed in most
previous modeling approaches. In our two-compartment case only some
of the zymogen is accessible to the enzyme, similar to the study by
Kovalenko et al. [12]. The two scenarios are captured by the initial
conditions. In the one compartmentcase 1+

0 = 10 and 1ε
0 = 0, where

10,1+
0 ,1

ε
0 are the initial concentrations of 1 (total lipid), 1+, and 1ε,

respectively. In the two-compartment case the initial conditions for
1+
0 and 1ε

0 are both nonzero. The prescribed initial concentrations of
binding sites were converted from experimental vesicle concentration
and partitioned into L+and Lεusing a probabilistic approach. Details are
described in Materials and Methods and values are listed in Table 8.

2.3. Experimental reaction velocity data supports two-compartment model

Our experimental data shows clear differences in reaction velocities
as lipid concentrations change. Currently, no analytic reaction velocity
(rate law) exists that can capture this lipid dependence. We therefore
used a quasi-steady-state reduction to derive a reaction velocity from
our two-compartment model. Unlike the classic MM rate law where the
velocity depends on solution phase zymogen (or some homogeneous
mixture of all zymogen), our velocity relies solely on the L+-bound
zymogen (lipid bound substrate is preferred):

𝜑 (02+
677) =

𝜑𝛻𝜗𝜕02+
677

𝜚1
𝜍 +02+

677
. (1)
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Fig. 1. Coupled Enzyme Assay and Analysis. Experimental data for total lipid = 500 ϱM (top row, A–C) and total lipid = 5 ϱM (bottom row, D–F): full progress data of chromophore
C (A,D), derivative of chromophore with respect to time with inflection point marked in red (B,E), reaction velocity estimates (C,F).

Fig. 2. Schematic of two compartment lipid modelwith TF:VIIa+ vesicle reactions (top) and TF:VIIaε vesicles reactions (bottom). TF:VIIa+ reactions: zymogen (FX) can bind/unbind
lipid, zymogen can bind and be cleaved by enzyme (TF:VIIa), cleaved product (FXa) can unbind/bind lipid. TF:VIIaε reactions: zymogen and product can bind/unbind lipid.

Here, 𝜑max = 𝜔𝜀𝜗𝜛50, is dependent on only initial enzyme concen-
tration, 𝜚1

𝜍 = 𝜔ε1 +𝜔
𝜀𝜗𝜛

𝜔+1
is the MM constant for the lipid-surface-bound

enzyme reaction. The quasi-steady-state (QSS) L+-bound zymogen is:

02+
677(00,10)

=
1+
0
2 + 1+

0
⌋

1ε
0 +𝜚ℵ

3 +00
⌈

ε
⌉

1+
0
2
{

ε41000 +
⌋

𝜚ℵ
3 + 10 +00

⌈2}

210
,

(2)

where 00 is the initial zymogen concentration, 10 is the initial to-
tal lipid concentration. Bound zymogen as a function of initial lipid
concentration for the one- and two-compartment scenarios with 1000
nM initial zymogen are shown in Fig. 3. The L+-bound zymogen is
maximized in the one-compartment scenario with all zymogen bound
at the highest lipid concentration. Conversely, nearly all zymogen is
bound to Lεin the two-compartment scenario at the highest lipid con-
centration, with less than 50 nM zymogen (< 5% of total) bound to L+.
These results show where the major difference in the one- versus two-
compartment model. In the two-compartment model, TF is accessible
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Fig. 3. Quasi-steady state concentrations for TF:VIIa+ and TF:VIIaε lipid-bound zymogen (00 = 1000 nM) as a function of total initial lipid concentration for the two scenarios:
one compartment (dashed line) and two compartment (solid lines).

to only a small fraction of the total zymogen when lipid and zymogen
concentrations are high, which limits the reaction velocity in a distinct
way that cannot be captured by the one-compartment model.

Next, we compared our analytic velocities for the one- and two-
compartment scenarios to the experimental data. Fig. 4 shows these
comparisons as a function of both zymogen concentration (top row) and
lipid binding site concentration (bottom row). The one-compartment
case has a monotonically increasing velocity as a function of both zymo-
gen (B) and lipid binding site concentration (E). The two-compartment
case, however, is non-monotonic as a function of lipid binding sites,
which more closely resembles experimental behavior wherein the max-
imal velocity across all zymogen concentrations results at an interme-
diate lipid concentration. These results show that the presence of two
classes of lipid are necessary to qualitatively capture the experimental
velocity observations.

2.4. Improved biological accuracy with the addition of product inhibition

Product inhibition significantly affects TF:VIIa activation of FX, as
shown previously [10,11,17]. As suggested in those studies, product
inhibition has the largest effects at low lipid concentrations, which
is precisely where our reaction velocity failed to match experimental
data (compare Fig. 4 A,C). To address this, we extended our two-
compartment model to include product inhibition. The reactions that
govern this model are listed in Table 2. In the absence of product
inhibition, the enzyme releases product immediately onto the TF:VIIa+
lipid surface, where it remains and occupies binding sites until it is
released from the surface. When product inhibition is present, the en-
zyme cleaves the zymogen into product but remains in a complex with
product for some period of time. This blocks zymogen from binding
enzyme, i.e., there is competitive inhibition by the product.

We used a combination of a quasi-steady-state reduction and nu-
merical parameter estimation to derive a new analytic reaction velocity
for this extended model, see details in Materials & Methods. The new
velocity still depends on the QSS L+-bound zymogen, but now also
depends on the concentration of L+-bound product:

𝜑 (02+
677,4

2+) =
𝜑𝛻𝜗𝜕02+

677

𝜚𝜍

⦃

1 + 4 2+

𝜚ℵ
2

⦄

+02+
677

, (3)

Table 2
Two compartment lipid model with product inhibition.
Reaction no. Reaction 𝜔ℸ⊳ 𝜔ℸ⊲⊲ 𝜔𝜀𝜗𝜛

1 0 + 1+  02+ 𝜔ℸ⊳3 𝜔ℸ⊲⊲3 –
2 4 + 1+  4 2+ 𝜔ℸ⊳ℷ,1+ 𝜔ℸ⊲⊲ℷ,1+ –
3 02+ + 52+  02+ ϖ52+  4 2+ ϖ52+ 𝜔+1 𝜔ε1 𝜔𝜀𝜗𝜛

4 4 2+ + 52+  4 2+ ϖ52+ 𝜔+2 𝜔ε2 –
5 0 + 1ε  02ε 𝜔ℸ⊳3 𝜔ℸ⊲⊲3 –
6 4 + 1ε  4 2ε 𝜔ℸ⊳ℷ,1ε 𝜔ℸ⊲⊲ℷ,1ε –

where 𝜑max and 𝜚𝜍 are defined to be

𝜑𝛻𝜗𝜕 =
⟨

𝜔ε2
𝜔ε2 + 𝜔𝜀𝜗𝜛

⟩

𝜔𝜀𝜗𝜛50,

𝜚𝜍 =
⟨

𝜔ε2
𝜔ε2 + 𝜔𝜀𝜗𝜛

⟩

𝜚1
𝜍 ,

and 𝜚ℵ
2 = 𝜔ε2 ϑ𝜔

+
2 . The maximum velocity (𝜑𝛻𝜗𝜕) and what we now

call the true MM constant (𝜚𝜍 ) both depend on the strength of the
product inhibition reaction. In both terms, there is a new multiplicative
factor: 𝜔ε2 ϑ(𝜔

ε
2 + 𝜔𝜀𝜗𝜛), where 𝜔ε2 is the dissociation rate for product

with enzyme. If the dissociation rate for the product with enzyme is
small compared to the catalytic rate, i.e., 𝜔ε2 8 𝜔𝜀𝜗𝜛, then it controls
the maximum reaction velocity: the enzyme can only work as fast as
it is freed up from product being bound. Additionally, the 𝜚𝜍 would
decrease by approximately the ratio of the two. On the other hand, if
𝜔ε2 9 𝜔𝜀𝜗𝜛, then the maximum velocity is controlled by 𝜔𝜀𝜗𝜛 and 𝜚𝜍 ς
𝜚1

𝜍 . The final term to explain is (1 + 4 2+ϑ𝜚ℵ
2 ), the one that multiplies

the 𝜚𝜍 . This term is the typical multiplier in competitive inhibition
(product inhibition) and reveals the impact of the inhibitor (bound
product) on the 𝜚𝜍 ; here if lipid-bound product is small compared to
its dissociation constant with enzyme, then the inhibition minimally
affects 𝜚𝜍 , but when there is a large concentration of lipid-bound
product, this can significantly increase the 𝜚𝜍 . Thus, our analytic
velocity nicely comprises the two behaviors suggested by previous
work, product taking up space on the lipid surface, decreasing the
effective binding affinity of the enzyme with zymogen and also the
effects of product staying bound to the enzyme, which affects the
catalytic efficiency.
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Fig. 4. Experimental reaction velocity data as a function of total zymogen(A) and total lipid (D). Reaction velocity calculated with Eq. (1) of the one-compartment model (B and
E) and two-compartment model (C and F) scenarios of the lipid model. Parameters: FX/Lipid binding [24]; FXa/Lipid binding [25]; FX activation by TF:VIIa [26].

2.5. New reaction velocity provides global fit across lipid concentrations

The analytic velocities we derived offered insight into the mecha-
nism that alters reaction velocities as a function of lipid concentration.
But, another major goal of our modeling was to determine a single
set of kinetic rate constants inherent to enzyme–substrate reaction,
rather than apparent constants that vary with lipid. We therefore fit
the reaction velocity with product inhibition (Eq. (3)) to the experi-
mental velocity estimates for varying lipid binding site concentrations
as a function of zymogen concentration, see Fig. 5. We fit a sin-
gle 𝜑max and 𝜚𝜍 across all lipid concentrations. To achieve this, we
estimated L+-bound product across lipid concentrations, assuming it
was linearly dependent on QSS L+-bound zymogen. Allowing only this
variation across lipid, our reaction velocity accurately captures the lipid
dependence while relying on a single 𝜑max and 𝜚𝜍 .

2.6. Model expansion to directly compare to experimental data

It is extremely difficult if not impossible to experimentally measure
the rates of enzymatic reactions that occur on a surface. To accurately
estimate a single set of kinetic rate constants, beyond the 𝜚𝜍 and
𝜑𝛻𝜗𝜕, we need to use the full progress curves from the chromophore
through time. We therefore expanded the two-compartment model
with product inhibition to include the chromogenic substrate (S:C)
present in experiments; here S is the substrate part that binds FXa
and C is the chromophore part that is actually measured. Our previous
work showed that choromogenic substrates cause additional ‘product’
inhibition (S rebinds FXa, C is free) and interfered with the enzyme
reactions they monitored and we estimated the strength of that inhibi-
tion [23]. Reactions 7–12 in Table 3 represent product (FXa) interaction
with the chromogenic substrate (S and S:C) in which the parameter
. is the constant of proportionality that controls the strength of the
product inhibition on FXa by S. The color released from C is measured
experimentally through time via photospectrometry. By adding these
species into the model, we were positioned to directly compare model
outputs (C) to the experimental measurements for accurate parameter
estimation.

Table 3
Two compartment lipid modelwith chromogenic substrate reactions.
Reaction no. Reaction 𝜔ℸ⊳ 𝜔ℸ⊲⊲ 𝜔𝜀𝜗𝜛

1 0 + 1+  02+ 𝜔ℸ⊳3 𝜔ℸ⊲⊲3 –
2 4 + 1+  4 2+ 𝜔ℸ⊳ℷ,1+ 𝜔ℸ⊲⊲ℷ,1+ –
3 02+ + 52+  02+ ϖ52+  4 2+ ϖ52+ 𝜔+1 𝜔ε1 𝜔𝜀𝜗𝜛

4 4 2+ + 52+  4 2+ ϖ52+ 𝜔+2 𝜔ε2 –
5 0 + 1ε  02ε 𝜔ℸ⊳3 𝜔ℸ⊲⊲3 –
6 4 + 1ε  4 2ε 𝜔ℸ⊳ℷ,1ε 𝜔ℸ⊲⊲ℷ,1ε –
7 4 + , ϖℶ  4 ϖ, ϖℶ  4 ϖ, + ℶ 𝜔1 𝜔2 𝜔3
8 4 + ,  4 ϖ, 𝜔1 . ⋛ 𝜔2 –
9 4 2+ + , ϖℶ  4 2+ ϖ, ϖℶ  4 2+ ϖ, + ℶ 𝜔1 𝜔2 𝜔3
10 4 2+ + ,  4 2+ ϖ, 𝜔1 . ⋛ 𝜔2 –
11 4 2ε + , ϖℶ  4 2ε ϖ, ϖℶ  4 2ε ϖ, + ℶ 𝜔1 𝜔2 𝜔3
12 4 2ε + ,  4 2ε ϖ, 𝜔1 . ⋛ 𝜔2 –

2.7. A single set of kinetic rate constants capture experimental lipid depen-
dence

We estimated a single set of intrinsic rates for the enzyme–zymogen
pair TF:VIIa and FX, constrained by the 𝜑max and 𝜚𝜍 estimated with
our analytic velocity in Eq. (3). Details of the parameter estimation
procedure are in Materials & Methods. We utilized all 42 progress
curves (7 lipid and 6 zymogen concentrations) for the parameter es-
timation. Fig. 4 shows both the experimental progress curves and the
curves generated from the model with the final estimated kinetic rates
(Table 4). The top left panel is the highest initial lipid binding site
concentration considered (see inset for value) and the curves represent
the 6 different zymogen concentrations. The bottom left panel is the
lowest initial lipid concentration considered.

Although some of the model curves deviated slightly from the data
at intermediate times for high and low lipid (see Fig. 6), the initial
behavior up to at least 10 min or so, fit very well for all cases. This
is due to the constraints using the 𝜑𝛻𝜗𝜕 and 𝜚𝜍 from the analytic
velocity that captures the initial behavior. To verify the model and
the estimated kinetic parameters, we computed the reaction velocity
numerically, by estimating the initial slope of the derivative of the
model’s chromophore (C) output and compared it to the experimental
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Fig. 5. Global fit of Eq. (3) to velocity data for varying concentrations of lipid binding sites. 𝜑max = 0.2846 nM/s; 𝜚𝜍 = 1.9680 nM.

Fig. 6. Global fit to the full progress curves. Each plot shows the experimental progress curves of chromophore concentration (C, converted from optical density using Beer’s law,
see Methods) versus time for varying zymogen concentration (open circles). The model generated chromophore concentrations, using the estimated parameters, are shown as well,
as the solid curves. 10 is the total concentration of lipid binding sites (nM).
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Table 4
Estimated model parameters.
Parameter Value Source

𝜔+1 (nMε1 sε1) 4.8570 Inferred
𝜔ε1 (sε1) 15.5645 Estimated
𝜔𝜀𝜗𝜛 (sε1) 22.5645 Estimated
𝜔+2 (nMε1 sε1) 92.4064 Estimated
𝜔ε2 (sε1) 7.5738 Inferred
𝜔ℸ⊳3 (nMε1 sε1) 0.01 van de Waart et al.
𝜔ℸ⊲⊲3 (sε1) 1.9 van de Waart et al.
𝜔ℸ⊳ℷ,1ε (nMε1 sε1) 0.8825 Estimated

𝜔ℸ⊲⊲ℷ,1ε (sε1) 3.3 Krishnaswamy et al.

𝜔ℸ⊳ℷ,1+ (nMε1 sε1) 0.9452 Estimated

𝜔ℸ⊲⊲ℷ,1+ (sε1) 3.3 Krishnaswamy et al.

𝜔1 (nMε1 sε1) 0.01 Stobb et al.
𝜔2 (sε1) 1025.3 Stobb et al.
𝜔3 (sε1) 78.7 Stobb et al.
. 2.5 Stobb et al.

velocity data. The numerical reaction velocity estimated with the model
compared well with the experimental data and resulted in similar veloc-
ity estimates (see supplement). In summary, these results show that our
proposed model captures the experimentally observed lipid dependence
with a single set of intrinsic kinetic rates for TF:VIIa activation of FX.

3. Discussion

This mathematical model was motivated by experimental observa-
tions and model assumptions were made based on experimental design.
To the best of our knowledge, the current study is the first to estimate
a single set of intrinsic rates for TF:VIIa activation of FX that captures
variation with regard to lipid concentration. We first developed novel
models, with and without product inhibition, and without chromogenic
substrate. The newly formulated models captured the spatial limitations
of physical separation between vesicles through a simple reaction
scheme. We expanded the model to include chromogenic substrate for
direct comparison with the full progress curve data.

We assumed that the enzyme was initially bound to the surface and
did not unbind. We considered a model in which FVIIa was allowed
to unbind from the lipid surface, but it did not compare well with the
experimental data. The two-compartment lipid model assumed a well-
mixed solution system with lipid. We did not consider solution-phase
activation of FX because surface activation is the dominate activation
mechanism [7].

The two compartment lipid model without product inhibition
demonstrated that two classes of lipid are necessary to consider and
that L+-bound zymogen, not total zymogen, is the functional sub-
strate. The concept of two classes of lipid inherently includes enzyme–
zymogen proximity. The presence of TF:VIIaε lipid is what enabled the
scenario where zymogen is too far from the enzyme to bind and react.
Additionally, The TF:VIIaε lipid causes the template effect at high lipid
concentrations by sequestering the zymogen away from the enzyme.
The newly formulated model also accounted for competition between
02 and 4 2 on both the TF:VIIa+ and TF:VIIaε lipid surfaces. At low
lipid concentrations, this competition revealed behavior similar to what
is described as surface crowding in previous studies. Surface crowding
was highlighted by Hathcock et al. where high local surface densities
of FXa inhibited FX activation [11].

Through our modeling, we derived an equation for the reaction
velocity that uniquely captures the lipid dependence of the reaction
(see Eqs. (1), (3) and Table 5). The overall behavior of the reaction
velocity is governed by the zymogen available to the enzyme on the
surface; this is inline with the idea that lipid-bound FX is the preferred
substrate for TF:VIIa [11,17,18]. It is interesting to compare the forms
of the velocities for the typical MM and our lipid-dependent ones with

Table 5
Comparison of velocity equations.
MM rate law Velocity with lipid Velocity with lipid & Product inhibition

𝜑 =
𝜑𝛻𝜗𝜕0

𝜚𝜗ℷℷ
𝜍 +0

𝜑 (02+
677) =

𝜑𝛻𝜗𝜕02+
677

𝜚1
𝜍+02+

677
𝜑 (02+

677 ,4
2+) = 𝜑𝛻𝜗𝜕02+

677

𝜚𝜍

⦃

1+ 42+
𝜚ℵ
2

⦄

+02+
677

𝜑 𝜗ℷℷ
𝛻𝜗𝜕 = 𝜔𝜀𝜗𝜛𝜗ℷℷ50 𝜑𝛻𝜗𝜕 = 𝜔𝜀𝜗𝜛50 𝜑𝛻𝜗𝜕 =

{

𝜔ε2
𝜔ε2 +𝜔𝜀𝜗𝜛

}

𝜔𝜀𝜗𝜛50

𝜚𝜗ℷℷ
𝜍 = 𝜔ε𝜗ℷℷ+𝜔𝜀𝜗𝜛𝜗ℷℷ

𝜔+𝜗ℷℷ
𝜚1

𝜍 = 𝜔ε1 +𝜔
𝜀𝜗𝜛

𝜔+1
𝜚𝜍 =

{

𝜔ε2
𝜔ε2 +𝜔𝜀𝜗𝜛

}

𝜚1
𝜍

and without product inhibition, see Table 5. They all have the same
hyperbolic form that depends on zymogen concentration. In comparing
MM and the lipid model, the key difference is the available zymogen.
The form of the MM rate law assumes that all zymogen is available
to the enzyme for activation, which actually is the case for solution
phase reactions only. Conversely, our newly derived reaction velocity
revealed that only the L+-bound zymogen was available for activation,
which depended on the initial zymogen and lipid concentrations. We
note that the 𝜚𝜗ℷℷ

𝜍 in the reaction velocity in the first column must
be interpreted differently than the other 𝜚𝜍 s in the second and third
columns. The 𝜚𝜗ℷℷ

𝜍 in the MM rate law represents the concentration of
a homogenized pool of zymogen in solution and on lipid at which the
velocity is half maximal. On the other hand, 𝜚1

𝜍 and 𝜚𝜍 represent
the surface reactions, in which the affinity of zymogen for enzyme is
much higher. Thus, one must carefully interpret kinetic constants that
do and do not explicitly incorporate lipid surfaces. The newly derived
reaction velocity confirms previous hypothesis by Krishnaswamy et al.
that lipid-bound zymogen is the preferred substrate but emphasizes that
it is necessary for lipid-bound zymogen to be in close proximity to the
lipid-bound enzyme.

While the behavior of the reaction velocity is enough to prove that
two classes of lipid are necessary to capture experimental observations,
the absence of product inhibition results in an over-estimation of the
velocity at lower concentrations of lipid as compared to the data.
We therefore found it necessary to expand the first iteration of the
model to include product inhibition. Product inhibition had the largest
effects at low lipid concentrations, where there was more competition
for lipid binding sites. At those concentrations, TF:VIIaε lipid relieved
product inhibition by providing a sink for FXa. Thus, TF:VIIaε lipid
both attenuated and enhanced reactions, with the different outcome
dependent on the total lipid concentration. The two compartment lipid
model with product inhibition enhanced the effects of surface crowding
since product was less readily released from the surface. Thus, two
forms of inhibition were induced by surface generated product: surface
crowding and enzyme binding. While one could argue that there would
not be significant levels of product accumulation under the conditions
of initial velocity, it has been shown experimentally that product
inhibition is at play during the initial minutes of the reaction [17].
In Table 5 we compare the two reaction velocity equations, with and
without product inhibition. Both equations are dependent on the QSS
L+-bound zymogen, 02+

677, with a product-inhibition induced depen-
dence on product bound to L+, 4 2+. The two reaction velocities differ in
their 𝜑𝛻𝜗𝜕 and 𝜚𝜍 ’s. When product inhibition is present, the maximum
velocity is scaled by a term relating how fast zymogen is converted to
product and how fast product dissociates from enzyme, which relieves
product inhibition. The same scaling is applied to the 𝜚𝜍 , which is also
scaled by the term that accounts for product in the reaction area. The
derived velocities connect ideas set forth by Kirshnaswamy et al. and
Hathcock et al. in which lipid-bound zymogen and surface crowding
by product regulates the reaction velocity. The inclusion of product
inhibition allowed for global estimation of 𝜑max and 𝜚𝜍 kinetic rates
across all lipid concentrations for TF:VIIa activation of FX.

Experimental velocity data is obtained via a transformation of full
progress curve data, which may introduce uncertainty. However, to
prevent over fitting of the model, we used velocity data to restrict
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the parameter estimation of the full progress curves. We considered
data for seven different lipid concentrations and six different zymogen
concentrations, testing the model on a broad range of experimental
conditions. In this study the lipid composition and vesicle size remained
constant, with only the total concentration varied. While classical
approaches suggest different kinetic rates for different concentrations
of lipid, we are able to capture the behavior of all 42 curves with
a single set of rates (Table 4) via the two compartment lipid model.
This finding validated our hypothesis that variation in lipid concen-
trations does not change kinetic rate constants of enzymes. The model
was further verified through numerical velocity estimates, resulting in
agreement between the model and experimentally observed behavior
(see supplement).

The estimated catalytic rate 𝜔𝜀𝜗𝜛 is in agreement with that found
by Hathcock et al. under similar experimental conditions [10]. The
estimated binding rates for FXa to lipid imply that surface generated
FXa has a greater affinity to lipid compared to FX, also in line with
the previous suggestions from Hathcock and colleagues. The same is
true for interaction with the enzyme TF:VIIa. Once bound, enzyme and
product are likely to stay in a complex rather than dissociate, meaning
that product inhibition with the enzyme plays a large role in slowing
down reactions. In fact, our estimated 𝜔ε2 is about one third of the 𝜔

𝜀𝜗𝜛,
which when following our previous arguments leads to the conclusion
that the product inhibition decreases the maximum velocity to about
25% (𝜔ε2 ϑ(𝜔

ε
2 +𝜔

𝜀𝜗𝜛) ς 1ϑ4) of what it would be in the absence of product
inhibition. The dissociation constant for enzyme to zymogen compared
to product is two orders of magnitude greater implying that enzyme is
less likely to stay in a complex with zymogen as compared to product.
However, as long as the enzyme is active, the 𝜔𝜀𝜗𝜛 pushes the zymogen
through the catalytic process more rapidly than it can dissociate from
zymogen alone.

In conclusion, we presented a novel framework for understanding
the effect of lipid surfaces in static coagulation assays. We proposed a
new mathematical model in which both TF:VIIa+ and TF:VIIaε lipid are
present. We derived an analytic reaction velocity that we believe is the
first to explicitly capture the effect of lipid on zymogen and on product
inhibition. We captured variation of progress curves due to lipid with
a single set of intrinsic rates for TF:VIIa and FX. Our findings suggest
that variation in lipid concentration does not change kinetic rates of
TF:VIIa activation of FX.

4. Materials and methods

4.1. Experimental procedures

Factor Xa substrate (methoxycarbonyl-D-cyclohexylalanyl-glycyl-
arginine para-nitroanilide) was purchased from PentaPharm (Basel,
Switzerland). Factor X and factor VIIa were purchased from Pro-
lytix (Essex Junction, VT, USA). Recombinant apo-TF was purchased
from Millipore-Sigma (Burlington, MS, USA). Phospholipids were pur-
chased from Avanti Polar Lipids (Alabaster, AL, USA) and prepared as
large unilamellar vesicles as previously described [27]. Briefly, lipids
were dried from chloroform under nitrogen, taken up in cyclohexane,
lyophilized overnight, taken up in 20 mM HEPES (pH 7.4), 150 mM
NaCl, put through 3 freeze/thaw cycles, sonicated 5 times for one
minute each time in an ice water bath, and extruded through an
0.22 ϱm filter. The vesicles consisted of 15 percent phosphatidylserine,
44 percent phosphatidylethanolamine and 41 percent phosphatidyl-
choline. Apo-tissue factor was incorporated by incubation into vesicles
as previously described by Krishnaswamy [18].

Buffer was 20 mM HEPES (pH 7.4), 150 mM NaCl, 0.2 percent
polyethylene glycol 8000, and 5 mM CaCl2. In a Falcon 96 well U-
bottom microtiter plate, 25 ϱL of factor VIIa was added to 25 ϱL of
TF/lipid and incubated for 5 min. Fifty ϱL of factor X/substrate was
added and substrate cleavage was monitored at 405 nm in a Molecular
Devices ThermoMax microplate reader.

Table 6
Initial conditions.
Species Concentration

TF 7 (nM)
FVIIa 0.05 (nM)
Substrate (S:C) 400 (ϱM)
Lipid 2–500 (ϱM)
FX 4–1000 (nM)

Table 7
Lipid conversions.
Concentration
of lipid

Concentration of
vesicles

Number of
vesicles

Concentration of
binding sites

1 (ϱM) 0.0145 (nM) 8.73 φ 108 20 (nM)

Coupled Assay. TF is an integral membrane protein and was in-
corporated from the detergent solubilized apo-protein separately into
each concentration of lipid to insure equal distribution onto available
lipid. As we previously knew lipid sizes impact effective catalytic
rates [11,18,22], we worked to ensure a consistent size distribution of
lipid vesicles across all experimental conditions to eliminate this as a
source of variation. We used large unilamellar vesicles and kept the
composition constant throughout all experiments.

TF, FVIIa, and lipid were preincubated. FX was added and the chro-
mophore (C) output was due to product (FXa) cleavage of the tripeptide
para-nitroanilide that was measured at absorbance of 405 nm. The
absorbance was converted to a concentration of para-nitroaniline. Prior
to these studies, it was shown that the system follows Beer’s Law with
the instrument used and under these conditions [23]. This reaction is
second order for the initial reaction.

4.2. Model formulation

4.2.1. Assumptions based on experiments
To capture experimental observations, we made model assumptions

based on the conditions of the experiment and observations made in
previous studies, namely the interaction between TF and FVIIa. As TF
is embedded in the lipid vesicles in experiments, we assume that the
complex TF:VIIa is initially bound and does not unbind from lipid vesi-
cles. This assumption is supported by work of Nermerson and Gentry
(1986) in which the authors hypothesize a ’conformational cage’ which
prevents the dissociation of FVIIa from TF while significant concentra-
tions of zymogen (FX) are present. This is an efficient mechanism in a
physiological sense as FVIIa would remain associated with TF until the
local concentration of zymogen is reduced. Then, and only then, would
FVIIa diffuse away from its membrane-bound activator, TF, upon which
catalysis would cease. It was found that in the absence of either TF or
FVIIa the velocity of the reaction was zero and that TF is an essential
activator in the reaction. Through model selection, Nermerson and
Gentry found that the assembly of the TF:VIIa:X complex is ordered,
i.e. FVIIa first binds to TF and then the complex TF:VIIa combines
with FX, forming the central, product-forming species, TF:VIIa:X. They
assume the most likely scenario in which upon binding to TF, binding
sites are created on the enzyme FVIIa, allowing catalytically productive
interaction with the zymogen FX. They also suggest that the zymogen
induces a change in the enzyme, resulting in a much tighter binding
to the activator. The dissociation constant of TF and VIIa was found
to be 0.04–0.09 nM, much lower than previously found (4.5 nM) [28].
We therefore assume that the enzymatic complex of TF:VIIa is bound
to lipid binding sites and does not unbind.

4.2.2. Distribution of lipid surfaces
As stated above, at higher concentrations of lipid, the template

effect is observed where reaction rates decrease. To model this phe-
nomenon we assume two classes of lipid: TF:VIIa+ and TF:VIIaε, de-
noted 1+ and 1ε, respectively. TF:VIIa+ lipid is classified as lipid
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Table 8
Calculated concentrations of TF:VIIa+ and TF:VIIaε Lipid. The concentration of TF:VIIa+
and TF:VIIaε lipid were calculated according to the assumption that TF:VIIa is
independently and uniformly distributed amongst lipid vesicles.
Concentration
of lipid (ϱM)

Total
concentration of
lipid binding
sites (nM): 10

Concentration of
TF:VIIa+ lipid
binding sites
(nM): 1+

0

Concentration of
inactive lipid
binding sites
(nM): 1ε

0

500 10000 68.73 9931.27
200 4000 68.37 3931.63
80 1600 67.50 1532.50
30 600 65.15 534.85
10 200 58.33 141.67
5 100 49.83 50.17
2 40 32.87 7.13

vesicles containing the complex TF:VIIa, i.e. vesicles that have the
potential to activate FX to FXa. TF:VIIaε lipid are lipid vesicles that
are devoid of enzyme and thus have no potential for product formation.
As TF has been embedded in the lipid vesicles and it is know that TF,
FVIIa binding is tight, we can set the initial distribution of enzyme on
the lipid surface using a multinomial procedure.

Assume we have the standard balls and bins model where we have
𝛻 balls and ⊳ bins. Each ball is independently thrown into randomly
chosen bin with equally probability. The 𝛻 balls correspond to the
molecules of TF:VIIa and the ⊳ bins are the lipid vesicles. For each lipid
concentration, the number of balls (TF:VIIa molecules) are the same
while the number of bins (vesicles) changes according to Table 7. Let
<ℏ be an indicator random variable for bin ℏ being empty. That is,

<ℏ =
⟪

1 if bin ℏ is empty
0 otherwise.

For a given bin ℏ, the probability that a ball did not land in ℏ is (1ε 1
⊳ ).

If a bin is empty then every ball independently landed in a different
bin. Thus, 4 (<ℏ = 1) = (1 ε 1

⊳ )
𝛻.

We can then calculate the expected number of empty bins as fol-
lows:

5[# of empty bins] = 5

⟫ ⊳
❲

ℏ=1
<ℏ

❳

=
⊳
❲

ℏ=1
5
/

<ℏ
\

=
⊳
❲

ℏ=1

⌋

0 φ 4 (<ℏ = 0) + 1 φ 4 (<ℏ = 1)
⌈

=
⊳
❲

ℏ=1
4 (<ℏ = 1) =

⊳
❲

ℏ=1

{

1 ε 1
⊳

}𝛻
= ⊳

{

1 ε 1
⊳

}𝛻
.

The expected number of occupied bins is then 5[# of occupied bins] =
⊳ε5[# of empty bins] and thus the fraction of total bins (lipid vesicles)
that are occupied is as follows:

Fraction Occupied = 10

⦃

5[# of occupied bins]
⊳

⦄

.

We can then convert from number of vesicles to concentration of lipid
binding sites.

The result is higher proportions of TF:VIIaε vesicles as total lipid is
increased (Table 8). As lipid increases from 40 to 10 000 nM binding
sites, the concentration of TF:VIIaε lipid increases from 7 to 9931
nM, an over 1000 fold increase. The higher proportion of TF:VIIaε
vesicles at higher concentrations of lipid provide a sink for zymogen,
which effectively slows reaction rates. Although we might assume that
when the number of TF:VIIa molecules exceeds the number of lipid
vesicles all vesicles are TF:VIIa+, it is likely that some vesicles contain
more than one TF:VIIa molecule. This can be verified by evaluating
the expected amount of TF:VIIa per TF:VIIa+ vesicle (not shown). The
presence of TF:VIIaε lipid at low total lipid concentrations serves to
relive product inhibition and allows for more reactions to occur.

4.2.3. Mathematical model formulation
We hypothesize that two classifications are necessary to capture

experimental observations, specifically the template effect where reac-
tion velocity decreases with increasing lipid concentrations. To test our
hypothesis, we first formulated a model in which product inhibition
and chromogenic substrate reactions are not included. Through this
model we present two scenarios: the one compartment case and the
two compartment case. The one compartment case assumes that all
lipid is TF:VIIa+, implying that all lipid-bound zymogen is accessible
to the enzyme complex, as assumed in previous approaches. The two
compartment case assumes that some lipid is TF:VIIaε and has no
potential for product formation. The TF:VIIaε lipid provides a sink
for zymogen which explicitly captures the case where the zymogen is
too far from the enzyme on the surface to bind and react. The two
scenarios are captured by a difference in initial conditions. In the one
compartment case, 1+

0 = 10 and 1ε
0 = 0 and in the two compartment

case the initial conditions are set according to Table 8.
The enzyme 52+ represents TF:VIIa on TF:VIIa+ lipid. As stated,

the presence of TF:VIIa is what defines lipid binding sites as TF:VIIa+

and thus is only present on TF:VIIa+ lipid. The zymogen 0 represents
FX and 02+,02ε are zymogen bound to TF:VIIa+ and TF:VIIaε lipid,
respectively. It is assumed that the binding and unbinding rates of
zymogen to TF:VIIa+ and TF:VIIaε lipid are the same. Product 4 is
FXa with 4 2+,4 2ε being product bound to TF:VIIa+ and TF:VIIaε lipid,
respectively. We assume different binding and unbinding rates of prod-
uct to TF:VIIa+ and TF:VIIaε lipid. Since product is generated on the
TF:VIIa+ lipid surface, there will be much higher local surface densities
on TF:VIIa+ lipid compared to TF:VIIaε and therefore the interactions
between product and lipid may behave differently than expected. As
previous studies have shown [10], there may be a difference in the way
FX and FXa interact with lipid, which is captured by this model. En-
zyme, zymogen, and lipid have nonzero initial concentrations, denoted
50,00,1+

0 ,1
ε
0 .

In the first iteration of the model, it is assumed that upon activation,
product is immediately released onto the TF:VIIa+ lipid surface and
cannot rebind enzyme. The model was expanded to include product
inhibition known to be present in the reaction. In this model formula-
tion, its is assumed that upon activation, enzyme and product remain
in a complex for some period of time before dissociating and that
TF:VIIa+ lipid-bound product can rebind enzyme, resulting in product
inhibition. At low lipid concentrations, there is more competition for
lipid binding sites and product inhibition is maximized. While the
concentration of TF:VIIa+ lipid is greater than TF:VIIaε lipid, the
presence of TF:VIIaε lipid serves to relieve product inhibition. At high
lipid concentrations, lipid is not limiting and product inhibition is less
prominent. In this case, the concentration of TF:VIIa+ lipid is much
less than TF:VIIaε lipid which effectively slows the reactions to match
experimental observations.

The two compartment lipid model, both with and without product
inhibition, was constructed using a system of ordinary differential
equations (ODEs) which was solved numerically. We apply the law of
mass action to derive a system of ODEs for all species’ concentrations
(nM). Each equation depicts the rate of change of a species’ concentra-
tion from any reactions the species is involved with. As an example,
we show the equation below for TF:VIIa+ lipid 1+ from Eq. (4) and
annotate each term in the equation with corresponding reactions:

ℵ1+

ℵ𝜛
= ε𝜔ℸ⊳3 01+

>⋆⋆≨⋆⋆𝐴
0 binding to 1+

+ 𝜔ℸ⊲⊲3 02+

>⋆≨⋆𝐴
0 unbinding from 1+

ε 𝜔ℸ⊳ℷ,1+41+

>⋆⋆≨⋆⋆𝐴
4 binding to 1+

+ 𝜔ℸ⊲⊲ℷ,1+4 2+

>⋆⋆≨⋆⋆𝐴
4 unbinding from 1+

. (4)



Mathematical Biosciences 374 (2024) 109229

11

J. Madrigal et al.

4.2.4. Model expansion: chromogenic substrates
Although coagulation occurs under flow, much of our knowledge

about coagulation and clotting comes from laboratory studies con-
ducted in test tubes. In this study, chromogenic assays are used to
monitor the activation of FX. These assays measure product generation
through a synthetic reporter whereby product cleavage of a choro-
mogenic substrate is monitored. Chromogenic substrates are comprised
of a peptide attached to a chemical group, p-nitroaniline, which is
released after cleavage by a target enzyme and gives rise to color. The
enzyme activity in the reaction mixture is then measured via photo-
spectrometry. Synthetic substrates bind directly to the target enzyme
and are known to exhibit product inhibition, i.e. product from the
cleaved substrate rebinds to the enzyme, interfering with the reactions
they monitor. This effect is amplified when experiments are run over
long time courses. It is therefore important to consider the effect of
chromogenic substrates in mathematical modeling of coagulation.

It is known that using data from full progress curves, rather than the
initial rates (velocity) alone, yields more accurate estimates of kinetic
rate constants. With this method, instead of performing a transforma-
tion to the absorbance data, we can integrate a mathematical model
that tracks the concentrations of the species and explicitly incorporates
the chromogenic substrate. As the output of our model is in concen-
tration, we converted the raw absorbance data to concentration. This
conversion involves an initial subtraction of background absorbance
and an application of Beer’s Law [23].

The two compartment lipid modelwith product inhibition is ex-
panded to include interactions between product and the chromogenic
substrate. The full ODE system is captured by:

ℵ0
ℵ𝜛

= ε𝜔ℸ⊳3 01+ + 𝜔ℸ⊲⊲3 02+ ε 𝜔ℸ⊳3 01ε + 𝜔ℸ⊲⊲3 02ε

ℵ1+

ℵ𝜛
= ε𝜔ℸ⊳3 01+ + 𝜔ℸ⊲⊲3 02+ ε 𝜔ℸ⊳ℷ,1+41+ + 𝜔ℸ⊲⊲ℷ,1+4 2+

ℵ02+

ℵ𝜛
= 𝜔ℸ⊳3 01+ ε 𝜔ℸ⊲⊲3 02+ ε 𝜔+10

2+52+ + 𝜔ε10
2+ ϖ52+

ℵ4
ℵ𝜛

= ε𝜔ℸ⊳ℷ,1+41+ + 𝜔ℸ⊲⊲ℷ,1+4 2+ ε 𝜔ℸ⊳ℷ,1ε41ε

+ 𝜔ℸ⊲⊲ℷ,1ε4 2ε ε 𝜔14, ϖℶ + 𝜔24 ϖ, ϖℶ ε 𝜔14ℶ + .𝜔24 ϖℶ
ℵ4 2+

ℵ𝜛
= 𝜔ℸ⊳ℷ,1+41+ ε 𝜔ℸ⊲⊲ℷ,1+4 2+ ε 𝜔+2 4

2+52+ + 𝜔ε2 4
2+ ϖ52+

ε 𝜔14 2+, ϖℶ + 𝜔24 2+ ϖ, ϖℶ ε 𝜔14 2+ℶ + .𝜔24 2+ ϖℶ
ℵ52+

ℵ𝜛
= ε𝜔+10

2+52+ + 𝜔ε10
2+ ϖ52+ + 𝜔ε2 4

2+ ϖ52+ ε 𝜔+2 4
2+52+

ℵ02+ ϖ52+

ℵ𝜛
= 𝜔+10

2+52+ ε 𝜔ε10
2+ ϖ52+ ε 𝜔𝜀𝜗𝜛02+ ϖ52+

ℵ4 2+ ϖ52+

ℵ𝜛
= 𝜔+2 4

2+52+ ε 𝜔ε2 4
2+ ϖ52+ + 𝜔𝜀𝜗𝜛02+ ϖ52+

ℵ1ε

ℵ𝜛
= ε𝜔ℸ⊳3 01ε + 𝜔ℸ⊲⊲3 02ε ε 𝜔ℸ⊳ℷ 41ε + 𝜔ℸ⊲⊲ℷ 4 2ε

ℵ02ε

ℵ𝜛
= 𝜔ℸ⊳3 01ε ε 𝜔ℸ⊲⊲3 02ε

ℵ4 2ε

ℵ𝜛
= 𝜔ℸ⊳ℷ,1ε41ε ε 𝜔ℸ⊲⊲ℷ,1ε4 2ε ε 𝜔14 2ε, ϖℶ + 𝜔24 2ε ϖ, ϖℶ

ε 𝜔14 2ε, + .𝜔24 2ε ϖ,
ℵℶ
ℵ𝜛

= 𝜔34 ϖ, ϖℶ + 𝜔34 2+ ϖ, ϖℶ + 𝜔34 2ε ϖ, ϖℶ
ℵ,
ℵ𝜛

= ε𝜔14, + .𝜔24 ϖ, ε 𝜔14 2+, + .𝜔24 2+ ϖ,

ε 𝜔14 2ε, + .𝜔24 2ε ϖ,
ℵ, ϖℶ
ℵ𝜛

= ε𝜔14, ϖℶ + 𝜔24 ϖ, ϖℶ ε 𝜔14 2+, ϖℶ

+ 𝜔24 2+ ϖ, ϖℶ ε 𝜔14 2ε, ϖℶ + 𝜔24 2ε ϖ, ϖℶ
ℵ4 ϖ, ϖℶ

ℵ𝜛
= 𝜔14, ϖℶ ε 𝜔24 ϖ, ϖℶ ε 𝜔34 ϖ, ϖℶ

ℵ4 ϖ,
ℵ𝜛

= 𝜔34 ϖ, ϖℶ + 𝜔14, ε .𝜔24 ϖ,

ℵ4 2+ ϖ, ϖℶ
ℵ𝜛

= 𝜔14 2+, ϖℶ ε 𝜔24 2+ ϖ, ϖℶ ε 𝜔34 2+ ϖ, ϖℶ

ℵ4 2+ ϖ,
ℵ𝜛

= 𝜔34 2+ ϖ, ϖℶ + 𝜔14 2+, ε .𝜔24 2+ ϖ,

ℵ4 2ε ϖ, ϖℶ
ℵ𝜛

= 𝜔14 2ε, ϖℶ ε 𝜔24 2ε ϖ, ϖℶ ε 𝜔34 2ε ϖ, ϖℶ

ℵ4 2ε ϖ,
ℵ𝜛

= 𝜔34 2ε ϖ, ϖℶ + 𝜔14 2ε, ε .𝜔24 2ε ϖ,

4.3. Reaction velocity

Through simulations of the model, using rate constants from the
literature, we observed a separation of timescales in which the binding
of zymogen to lipid happens very quickly — within the first second.
This observation motivated us to study the lipid and zymogen dynamics
via a subset of our model. We consider the reaction system in which
zymogen can bind and unbind to TF:VIIa+ or TF:VIIaε lipid, with the
one compartment scenario having a zero concentration for TF:VIIaε
lipid.

This system can be expressed by reactions 1 and 5 in Table 1 which
can be transformed into a system of 5 ODEs through the law of mass
action. The system has 3 conservation laws which provide analytic
solutions for solution-phase zymogen and both TF:VIIa+ and TF:VIIaε
lipid:

0 = 00 ε02+ ε02ε

1+ = 1+
0 ε02+

1ε = 1ε
0 ε02ε

with 10 = 1+
0 + 1ε

0 . We can assume the bound zymogen are in
QSS, as simulations revealed, and apply the conservation laws to find
solutions that depend on the initial conditions and the binding affinity
of zymogen to lipid:

02ε
677(00,10)

=
1ε
0

⟨

1+
0 (10 +𝜚ℵ

3 +00) ε
⌉

1+
0
2
{

ε41000 +
⌋

𝜚ℵ
3 + 10 +00

⌈2}
⟩

21+
010

02+
677(00,10)

=
1+
0
2 + 1+

0
⌋

1ε
0 +𝜚ℵ

3 +00
⌈

ε
⌉

1+
0
2
{

ε41000 +
⌋

𝜚ℵ
3 + 10 +00

⌈2}

210
.

The QSS solution for TF:VIIa+-lipid-bound zymogen, 02+
677, has the

same behavior as experimental velocity estimates (Eq. (2)), implying
that the reaction velocity is likely governed by initial zymogen and lipid
concentrations, which are captured by 02+

677. This motivated us to find
an equation for the reaction velocity that depends on 02+

677.
We first considered the system without product inhibition present

which results in Eq. (1). The derivation with product inhibition results
in Eq. (3) and follows a similar formulation (not shown).

Consider the system defined by Table 1, reactions 1, 3, and 5. We
want to capture the initial velocity and thus we assume product has not
yet left the reaction area. We assume lipid-bound zymogen are in QSS,
and apply the conservation law for enzyme (50 = 52+ + 02+ ϖ 52+).
This results in the system:

ℵ02+ ϖ 52+

ℵ𝜛
= 𝜔+10

2+
677(50 ε02+ ϖ 52+) ε 𝜔ε10

2+ ϖ 52+ ε 𝜔𝜀𝜗𝜛02+ ϖ 52+

ℵ4 2+

ℵ𝜛
= 𝜔𝜀𝜗𝜛02+ ϖ 52+

Assume the complex 02+ ϖ 52+ is in QSS to obtain:

02+ ϖ 52+
677 =

𝜔+15002+
677

𝜔+10
2+
677 + 𝜔ε1 + 𝜔𝜀𝜗𝜛

.

Knowing that the velocity 𝜑 = 𝜔𝜀𝜗𝜛02+ ϖ52+, we find the velocity to be
the expression defined by Eq. (1).
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4.4. Parameter estimation

4.4.1. Velocity data
To estimate the 𝜑max and 𝜚𝜍 , which we use to restrict individual

parameter estimates, we will use the reaction velocity with product
inhibition fit to experimental velocity data. Since the experiments are
performed with identical enzyme, zymogen, and lipid preparations, the
kinetic rates are assumed common to all experiments and thus a single
𝜑max and 𝜚𝜍 are estimated across all lipid concentrations. We assume
a linear relationship between 4 2+ and 02+

677: 4
2+ ς .ℏ02+

677 + 𝐵ℏ where
each ℏ ∇ [1, 7] spans the different lipid concentrations as the different
concentrations of lipid result in different values of 4 2+. The goal is to
numerically estimate the following sets of parameters: 𝝎1 = {𝜑max,𝜚𝜍}
and 𝜺 ℏ = {.ℏ, 𝐵ℏ} within the velocity formulation

𝜑𝐶,𝜔(𝝎𝛚,𝜺𝜔( 𝐷0𝐶,𝜔) =
𝜑𝛻𝜗𝜕 𝐷0𝐶,𝜔

𝜚𝜗ℷℷ
𝜍 (1 + .𝜔 𝐷0𝐶,𝜔 + 𝐵𝜔) + 𝐷0𝐶,𝜔

(5)

where 𝝎1 is a global set of parameters and 𝜺 ℏ, ℏ ∇ [1, 7], is unique
to each lipid concentration. We use constrained optimization with the
MATLAB function fmincon to estimate 𝝎1. We found that proportional
error provided a better estimate than absolute error and minimized an
objective function (Eq. (6)) that was the sum of squared errors between
the reaction velocity solution and velocity data.

SSE(𝝎1,𝜺) =
❲

𝐶∇ 𝐸00

❲

𝜔∇ 𝐸10

⟨

𝜑𝐶,𝜔(𝝎𝛚,𝜺𝜔( 𝐷0𝐶,𝜔) ε 𝜑𝐹𝜕ℷ(𝐶, 𝜔)

𝜑 𝐹𝜕ℷ(𝜔)

⟩2

(6)

where 𝜑 = 𝜑 (𝝎1(02+
677) is the reaction velocity solution with the esti-

mated parameters (𝝎1) given 02+
677 and 𝜑𝐹𝜕ℷ is the experimental velocity

data we are trying to fit with mean 𝐺𝜑𝐹𝜕ℷ. The parameters were assumed
to be positive and bounded above by physiologically reasonable val-
ues (see supplement). These bounds can also be determined by the
graphical representation of the data, observing the maximal velocity
and apparent MM constant as a function of 02+

677.

4.4.2. Full progress curve data
Experimentally, the activation of the zymogen FX is quantified by a

chromogenic substrate, ℶ, that gives rise to color when cleaved by the
target enzyme FXa. We therefore use the model species ℶ to compare
the model solution to experimental data. Let ℶ(𝝎2(𝝎1, IC, 𝜛) be the model
solution with estimated parameters 𝝎2 =

)

𝜔ε1 , 𝜔
𝜀𝜗𝜛, 𝜔+2 , 𝜔

ℸ⊳
ℷ,1+ , 𝜔ℸ⊳ℷ,1ε

⦅

given initial conditions (IC) listed in Tables 6 and 8 and time course
𝜛. We performed constrained optimizations to estimate parameters that
seek to minimize the error between the model solution and experimen-
tal full progress curve data (Eq. (7)).

SSE(𝝎2(𝝎1) =
❲

𝐶∇ 𝐸00

❲

𝜔∇ 𝐸10

❲

𝜛

⦃ℶ(𝝎2(𝝎1, 𝐶, 𝜔, 𝜛) ε ℶ𝐹𝜕ℷ(𝐶, 𝜔, 𝜛)
ℶ𝐹𝜕ℷ(𝐶, 𝜔, 𝜛)

⦄2
(7)

where ℶ𝐹𝜕ℷ is the experimental data we are trying to fit. We estimate
five parameters (see 𝝎2), with the remaining two being inferred using
the estimated apparent 𝜑max and 𝜚𝜍 such that

𝜔+1 =
(𝜔ε1 + 𝜔𝜀𝜗𝜛) 𝜑𝛻𝜗𝜕50

𝜚𝜍𝜔𝜀𝜗𝜛

𝜔ε2 =
𝜔𝜀𝜗𝜛 𝜑𝛻𝜗𝜕50

𝜔𝜀𝜗𝜛 ε 𝜑𝛻𝜗𝜕
50

.

We assume literature rates for FX interaction with lipid (active and
TF:VIIaε) [24] and FXa interactions with chromogenic substrate [23].
As it has been suggested by previous approaches that the generation
of FXa on the TF:VIIa+ lipid surface may affect that way in which FXa
and lipid interact, we estimate different kinetic rates for the binding
of FXa with TF:VIIa+ and TF:VIIaε lipid and assume literate rates for
unbinding [25]. We assume all parameters to be positive and bounded
about by physiologically reasonable values suggested in the literature
(see supplement).
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