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MODIFIED SCATTERING OF CUBIC NONLINEAR SCHRÖDINGER EQUATION ON

RESCALED WAVEGUIDE MANIFOLDS

BOBBY WILSON AND XUEYING YU

Abstract. We use modified scattering theory to demonstrate that small-data solutions to the cubic nonlinear

Schrödinger equation on rescaled waveguide manifolds,R×Td for d ≥ 2, demonstrate boundedness of Sobolev
norms as well as weak instability.
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1. Introduction

In this paper, we consider the following cubic nonlinear Schrödinger (NLS) equation posed on the
“irrational” rescaling of the waveguide manifolds R × Td

θ:

(i∂t + ∆R×Td
θ
) U = µ |U|2 U, (x, y) ∈ R × Td

θ,(1.1)

where µ = ±1, Td
θ is an irrational torus, and U is a complex-valued function on the spatial domain

(x, y) ∈ R × Td
θ. Here θ = (θ1, ..., θd) ∈ Rd

+ and the d-dimensional torus re-scaled by the vector θ is defined
by

T
d
θ :=

d∏

i=1

1
θi
T,

where T := R/(2πZ). We will say that θ is “irrational” if the equation

d∑

i=1

niθ
2
i = 0

does not have any nontrivial solutions, (n1, ..., nd) ∈ Zd. More accurately, the squares of the components
of θ are irrational.

The NLS (1.1) conserves the Hamiltonian defined as follows

H(U(t)) =

∫

R×Td
θ

1
2 |∇U(t, x, y)|2 + µ

4 |U(t, x, y)|4 dxdy.
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2 WILSON AND YU

For simplicity, the body of this paper is presented using the defocusing version (µ = 1) of the NLS
system, (1.1).

1.1. Motivation and Background. The waveguide manifold Rm ×Tn is a product of the Euclidean space
and the tori, and of particular interest in nonlinear optics of telecommunications, see for example [4]. Due
to the nature of such product spaces, we see NLS posed on the waveguide manifold mixed inheriting
properties from those on classical Euclidean spaces and tori.

The goal of this work is to study the asymptotic behavior of (1.1). In fact, this project is inspired by
Hani, Pausader, Tzvetkov, and Visciglia [15], where the authors investigated the asymptotic behavior of
the cubic NLS posted on “rational” waveguideR×Td, whereTd is a rational torus, and showed modified
scattering for solutions to such equation with small initial data.

Before continuing on to our motivation, let us spend a moment to explain different long time behaviors
that one would expect on Euclidean spaces and tori, such as scattering phenomenon, growth of high
Sobolev norms and modified scattering. In general terms, scattering is the behavior by which nonlinear
solutions converge to linear solutions as time approaches infinity. Such scattering effect is expected to hold
on most noncompact Riemannian manifolds (see, for example, [2, 7, 10, 18]), while on bounded domains,
especially on the torus, one anticipates that the high Sobolev norms of solution will grow over time. Such
growth is very much related to the phenomenon of weak turbulence which is described as the transference
of energy from low frequencies of a solution to high frequencies of a solution, causing high Sobolev norms
to grow while the energy of the solution remains bounded. The first of such constructions appears in
Colliander, Keel, Staffilani, Takaoka, and Tao [8]. As for the “modified scattering”, one attempts to relate
the solution to the full equation to an effective or resonant system whose behavior may be much different
than the behavior of the linear flow. In fact, the effective system used in [15] is shown to exhibit behavior
much different than that of the linear system. A class of noncompact manifolds in which different elements

exhibit both weak turbulence and scattering are the waveguide manifolds. For example, on Rd ×T, d ≥ 1,
Tzvetkov and Visciglia, [23], prove that the cubic NLS system exhibits scattering regardless of the size
of the initial data. On the other hand, in [15], cubic NLS on R × Td, 1 ≤ d ≤ 4, is shown not to exhibit
scattering.

The second important source of motivation for this project is the study of the dynamics of cubic NLS
defined on irrational tori:

(i∂t + ∆Td
θ
) u = |u|2 u, x ∈ Td

θ.(1.2)

In recent works [22] and [17], the authors studied the growth of high Sobolev norms on irrational tori
and compared the long time behavior of such norms with those in the rational torus setting. The works
suggest that there exists stronger stability of the cubic NLS in the irrational case than what one expects
in the square case. Particularly in light of the work on instability by the I-team for the square torus case,
[8]. One could also consult the work of Deng, Germain, and Guth [9] on improved long-time Strichartz
estimates to gain the same intuition. However, the picture is not so simple. In the paper of Giuliani and
Guardia, [12], they show that the type of quantitative instability results given by [14] hold (to a lesser
extent) in the case of most irrational rescalings of the torus.

Motivated by works [22] and [17] by the first author of this paper and collaborators, we would like to
consider the analogue of [15] in the “irrational” waveguide setting .

1.2. Main Result and Discussion. Now let us present the main result in this paper:

Theorem 1.1. Let d ≥ 2. There exists Θ2 ⊂ Θ1 ⊂ Rd
+ such that the following hold:

(1) If θ ∈ Θ1, one can define Nθ ≥ 0 such that for each N ≥ 10d+Nθ there exists ε(N, d) > 0 with the following
property: If U0 ∈ S+ and ‖U0‖S+ < ε(N, d), there exists a solution to (1.1), U(t), such that U(0) = U0 and

sup
s<N

sup
t

‖U(t)‖Hs < ∞.
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(2) If θ ∈ Θ2 and C > 0, there exists a solution to (1.1), V(t), and T2 > T1 > 0 such that

‖V(T2)‖HN ≥ C‖V(T1)‖HN .

and T2 − T1 ≤ exp(cN exp(Cβ)/ε2) where β = β(N) and N ≥ 10d +Nθ.
(3)

Ld(Rd
+ \Θ2) = 0,

dimH (Rd
+ \Θ1) = 0.

Here dimH (E) represents the Hausdorff dimension of the set E. The form of this statement is inspired
by the work of Gérard and Grellier [11] in which it is shown that two seemingly incompatible types
of dynamic behavior are exhibited in the cubic Szegő equation: (1) complete integrability, and (2) the
existence of arbitrarily large (in the Hs sense) trajectories.

Remark 1.2. In the course of proving Theorem 1.1, one may observe that the lower bound on the regularity,
N, can be improved and better understood by the fact that for θ belonging to a full measure subset of Θ1,
Nθ can be replaced with d. Moreover, on that same subset of Θ1, with a more careful analysis in Lemma
A.11, N can be set to be arbitrarily close to 5

2 d. We refer to Remark A.12, for more discussion.

Let us mention two modify scattering works that are related to this manuscript, [13, 21]. It is useful to
compare the work presented in this manuscript to that which is contained in the paper of Grebert, Patural,
and Thomann [13]. In their manuscript, they consider a cubic NLS system on the waveguide manifold,
R × Td for d = 1, ..., 4, where the Laplacian is perturbed by a convolution potential. The perturbations of
the frequencies are of the form λp = ‖p‖2 + O(‖p‖−m) whereas the perturbations presented here are of the

form λp = ‖p‖2 + O(‖p‖2). Both settings present their own difficulties, but the O(‖p‖−m) condition leads a
greater ability to control loss of regularity (see Assumption 1.1 from [13]).

The last work on modified scattering in the waveguide setting that we would like to emphasize is the
work of Liu, [21], in which the author establishes a modified scattering property of solutions to cubic NLS
on the waveguide, R × Td for d = 1, ..., 4, with respect to a different class of asymptotic trajectories than
those used in [15] and in this manuscript.

1.3. Outline of the Proof of Theorem 1.1. The three parts of Theorem 1.1 are found throughout this paper
as various theorems and remarks. Part (1) of the theorem follows directly from the statement of Theorem
5.3 and Remark 5.5. Part (2) follows from Theorem 5.6. Finally, Part (3) follows from the definition of Θ1,
the definition of Θ2, and Remark 4.4.

The proof of Theorem 5.3 makes the bulk of the complexity of the functional setting necessary. The main
parts of the proof consists of a small-data wellposedness result (Proposition 5.2) as well as an asymptotic
stability estimate (Lemma 5.1). The strategy of the arguments that justify the main parts of Theorem 5.3 are
the same as what appears in [15]. However, the proofs are made more complicated by two factors: (1) the
appearance arbitrarily small “small divisors” in proving Proposition 3.2 and (2) the use of a quasi-resonant
effective equation as opposed to a fully resonant effective equation. The small divisor problem forces us
to lose some control over the estimates of the nonresonant parts of the cubic nonlinearity (See estimate of
Et

3,M in Proposition 3.2). This issue requires one to treat the proof of Proposition 5.2 much more delicately.

The quasi-resonant effective equations are limited in their effectiveness over arbitrarily long time scales.
This requires one to periodically change the effective equation as time approaches infinity. This also affects
the way in which one approximates the solution to the full equation by solutions to the effective equation:
An arbitrarily small level of additional regularity is necessary to characterize the behavior of solutions to
the full equation using uniform approximations of the full equation. We note that this loss of regularity
is not completely out of step with the previous work of [15] and [13] in which additional regularity is
needed. However the additional regularity in the previous works (which is also required in this work)
is needed only for the R-variable. Finally, the most fundamental difference in this work is the aspect of
the dimension of the d-dimensional torus. The quasi-resonant structure of the effective system prevents a
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direct application of the Strichartz estimates used in [15] (Lemma 7.1) and most importantly [13] (Lemma
3.2). This means that our base norm (the Zd-norm, see Definition 2.5) must consist of an ℓ2 Sobolev norm
with more than d/2 derivatives. This is overcome by the symmetry that the quasi-resonant system displays
at low modes.

The proof of Theorem 5.6, consists of properly reformulating the result of Giuliani and Guardia, [12],
to construct a growing solution to a resonant waveguide system (Corollary 4.8), then using the stability
estimate referenced in the previous paragraph (Lemma 5.1) to construct a solution to the full equation.

1.4. Outline of the Rest of This Paper. The organization of the rest of this paper is: in Section 2, we
present the preliminaries and define the norms that will be used in later sections; in Section 3, we
decompose the nonlinearity in the gauge transformed NLS and study the properties of each component
in this decomposition; in Section 4 we discuss the dynamic of the quasi-resonant equations; in Section 5
we prove the asymptotic behavior of (1.1). Also in Appendix A and Appendix B, we include the proofs of
two propositions used in the main theorem.

Acknowledgement. Part of this work was done while the second author was in residence at the Institute
for Computational and Experimental Research in Mathematics (ICERM) in Providence, RI, during the
Hamiltonian Methods in Dispersive and Wave Evolution Equations program. The authors would like to
thank Benoit Pausader whose mini-course on Semilinear Dispersive Equations at ICERM in 2021 inspired
the direction of this project. B. W. is supported by NSF grant DMS 1856124. X.Y. is partially supported by
an AMS-Simons travel grant.

2. Preliminaries

In this section, we present the harmonic tools, discuss resonance level sets, and define the norms that
will be used in the rest of this paper.

2.1. Notations. We use the usual notation that A . B or B & A to denote an estimate of the form A ≤ CB,
for some constant 0 < C < ∞ depending only on the a priori fixed constants of the problem. We also use
a+ and a− to denote expressions of the form a + ε and a − ε, for any 0 < ε≪ 1.

2.2. Fourier Transforms and Littlewood–Paley Projections. We will consider functions f : R → C and
functions F : R×Td

θ → C. To distinguish between them, we use the convention that lower-case letters de-

note functions defined onR, upper-case letters denote functions defined onR×Td
θ, and calligraphic letters

denote operators, except for the Littlewood–Paley operators and dyadic numbers, which are capitalized
most of the time.

2.2.1. Fourier Transforms. We define the Fourier transform on R by

ĝ(ξ) := 1
2π

∫

R

e−ix·ξg(x) dx.

If F(x, y) depends on (x, y) ∈ R × Td
θ, F̂(ξ, y) denotes the partial Fourier transform in x. We also consider

the Fourier transform of f : Td
θ → C,

fp :=
1

|Td
θ
|

∫

Td
θ

f (y)e−i〈p,y〉θ dy, p ∈ Zd,

and this extends to F(x, y). Here
〈
p, y

〉
θ :=

∑d
i=1 θipiyi. Finally, we also have the full spatial Fourier

transform

(F F)(ξ, p) :=
1

|Td
θ
|

∫

Td
θ

F̂(ξ, y)e−i〈p,y〉θ dy = F̂p(ξ).
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2.2.2. Littlewood–Paley Projections. Let us know define Littlewood–Paley projections. For the full frequency
space, these are defined as follows:

(F P≤N)F(ξ, p) = φ(
ξ

N
)φ(

p1

N
) · · ·φ(

pd

N
)(F F)(ξ, p),

where φ ∈ C∞c (R), φ(x) = 1 when |x| ≤ 1 and φ(x) = 0 when |x| ≥ 2. We define

PN := P≤N − P≤N
2
, P≥N := 1 − P≤ N

2
.

We also define Littlewood–Paley projections concentrating on the frequency in x only,

(FQ≤NF)(ξ, p) = φ(
ξ

N
)(F F)(ξ, p),

with

QN := Q≤N −Q≤N
2
, Q≥N := 1 −Q≤ N

2
;

and Littlewood–Paley projections concentrating on the frequency in y only,

(F L≤NF)(ξ, p) = φ(
p1

N
) · · ·φ(

pd

N
)(F F)(ξ, p),

with

LN := L≤N − L≤ N
2
, L≥N := 1 − L≤ N

2
.

2.3. Resonance Level Sets. We start by establishing notation for the norms of the frequency modes. In
the square case, the eigenvalue of −∆Td associated to the mode p ∈ Zd is simply the Euclidean norm of
p, which we will denote ‖p‖. In the case that the torus is re-scaled by a vector, θ, the eigenvalue of −∆

Td
θ

associated to the mode p ∈ Zd is a re-scaled version of the Euclidean. We suppress the dependence on θ
and denote this eigenvalue by

λp :=
∑

θ2
i p2

i .

We define the following sets corresponding to momentum and resonance level sets:

M := {(p, q, r, s) ∈ (Zd)4 : p − q + r − s = 0},
Γω := {(p, q, r, s) ∈ M : λp − λq + λr − λs = ω},
Ω := {ω ∈ R : Γω , ∅}.

(2.1)

Note that Ω is countable.

2.4. Functional Setting. Fix δ < 10−3. N will be specified later. It will depend onθ and d. The requirements
that will be given to N will not be designed to be sharp (see the proof of Lemma A.11 for detailed discussion
on the sharpness of the requirement on N).

Definition 2.1 (hk-norm).

∥∥∥{zp}
∥∥∥2

hk
p

:=
∑

p∈Zd




d∑

i=1

(1 + |pi|2)k



∣∣∣zp

∣∣∣2 .

Definition 2.2 (k-norm). Define an auxiliary norm:

|z|2k :=

∫

ξ∈R

∑

p∈Zd




d∑

i=1

(1 + |pi|2)k + (1 + |ξ|2)k


 |zξ,p|

2.
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Remark 2.3. We note that since

C−1
k (1 + |(ξ, p)|)2k ≤

d∑

i=1

(1 + |pi|2)k + (1 + |ξ|2)k] ≤ Ck(1 + |(ξ, p)|)2k,

we can conclude that the norms are equivalent:

C−1
k ‖z‖

2
Hk

x,y
≤ |z|2k ≤ Ck‖z‖2Hk

x,y
.

Remark 2.4. We need a norm that plays the same role as the Z-norm in the paper of [15] but controls a
higher regularity (depending on the dimension) than the h1 norm that the Z-norm controls. We note that
this then requires and argument that allows one to bound the higher regularity norm in the same fashion
that [15] controls the h1 norm. It is very important to point out that the Zd-norm is defined to exploit the

fact that h
d
2+

p is an algebra.

Definition 2.5 (Zd-norm). Define a new Zd norm

‖F‖2Zd
:= sup

ξ∈R
(1 + |ξ|2)2

∥∥∥∥F̂p(ξ)
∥∥∥∥

2

h
d
2 +

p

.

Definition 2.6 (S- and S+-norms).

‖F‖S := ‖F‖HN
x,y
+ ‖xF‖L2

x
,

‖F‖S+ := ‖F‖S +
∥∥∥(1 − ∂xx)4F

∥∥∥
S
+ ‖xF‖S .

Then, since N ≥ 10d, we have

‖F‖H1
x,y
. ‖F‖Zd

. ‖F‖S . ‖F‖S+ .(2.2)

Definition 2.7 (Zt,d-norm).

‖F‖Zt,d
:= ‖F‖Zd

+ (1 + |t|)− 1
20 ‖F‖S .

Remark 2.8. The following two space-time norms are necessary for the well-posedness and stability results
of Section 5. We use the same framework as [15] for the establishment of the results found in Section 5.

Definition 2.9 (XT- and X+T -norms).

‖F‖XT
:= sup

0≤t≤T

{‖F(t)‖Zd
+ (1 + |t|)−δ ‖F(t)‖S + (1 + |t|)1−3δ ‖∂tF(t)‖S},

‖F‖X+
T

:= ‖F‖XT
+ sup

0≤t≤T

{(1 + |t|)−5δ ‖F(t)‖S+ + (1 + |t|)1−7δ ‖∂tF(t)‖S+}.

Definition 2.10 (Y-norm). Define
∥∥∥ f

∥∥∥
Y

:=
∥∥∥∥〈x〉

9
10 f

∥∥∥∥
L2

x

+
∥∥∥ f

∥∥∥
H

3N
4

x

.

Then ∑

p∈Zd

∥∥∥Fp

∥∥∥
Y
. ‖F‖S .(2.3)

Remark 2.11. Furthermore, note that the following two basic inequalities hold:

‖ f ‖L1(R) . ‖ f ‖
1
2

L2(R)
‖x f ‖

1
2

L2(R)
,

and

‖ f ‖Hk(R×Td) . ‖ f ‖
1
2

L2(R×Td)
‖ f ‖

1
2

H2k(R×Td)
.

These two inequalities allow us to use a similar argument to that which appears in [15] to conclude that

‖F‖Zd
. ‖F‖

1
4

L2
x,y
‖F‖

3
4

S
.

It is important to observe that this inequality requires that N > d in order to hold.
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Remark 2.12. Let us present the last elementary inequality in this section, which will be used frequently
when summing the frequencies in later sections.

∥∥∥∥∥∥∥∥

∑

(q,r,s):(p,q,r,s)∈M
c(1)

q c(2)
r c(3)

s

∥∥∥∥∥∥∥∥
ℓ2

p

. min
σ∈S3

∥∥∥cσ(1)
∥∥∥
ℓ2

p

∥∥∥cσ(2)
∥∥∥
ℓ1

p

∥∥∥cσ(3)
∥∥∥
ℓ1

p
.(2.4)

We will close this section with the following definition of a cutoff function

Definition 2.13 (A cutoff function). For T & 1 a positive number, we let qT : R→ R be an arbitrary function
satisfying

0 ≤ qT(s) ≤ 1,

qT(s) = 0 if |s| ≤ T
4 or |s| ≥ T,

∫

R

∣∣∣q′T(s)
∣∣∣ ds ≤ 10.

Particular examples are the characteristic functions qT(s) = 1[ T
2 ,T](s), with the natural interpolation of the

integral on R of
∣∣∣q′

T

∣∣∣.

3. Analysis of the Nonlinearity

In this section, we provide a decomposition of the nonlinearity in the gauge transformed equation (3.1),
and prove its decay properties in Proposition 3.2.

3.1. Duhamel’s Formula and Gauge Transformation. Define the standard gauge transformation by

U(t, x, y) = e
it∆
R×Td

θ F(t) =
∑

p∈Zd

ei〈p,y〉θe−itλp (eit∂xx Fp(t))(x).

Then we see that U solves (1.1) if and only if F solves

i∂tF(t) = e
−it∆

R×Td
θ (e

it∆
R×Td

θ F(t) · e−it∆
R×Td

θ F(t) · eit∆
R×Td

θ F(t)) =: N t[F(t), F(t), F(t)].(3.1)

Denote the nonlinearity in (3.1) byN t[F(t), F(t), F(t)], where the trilinear form is defined as follows

N t[F,G,H] := e
−it∆

R×Td
θ (e

it∆
R×Td

θF · e−it∆
R×Td

θ G · eit∆
R×Td

θ H).

Remark 3.1 (Properties ofN t). We list some properties ofN t that will be needed in later sections.

(1) Fourier transforms ofN t:
The Fourier transform ofN t is given by

FN t[F,G,H](ξ, p) =
∑

(p,q,r,s)∈M
eit(λp−λq+λr−λs)(It[Fq,Gr,Hs])

∧(ξ)

=
∑

ω∈Ω

∑

(p,q,r,s)∈M
eitω(It[Fq,Gr,Hs])

∧(ξ)

where

It[ f , g, h] := e−it∂xx (eit∂xx f · e−it∂xx g · eit∂xx h).

(2) Re-writingN t:

LetU(t) = eit∂xx . We can write

It[ f , g, h] :=U(−t)(U(t) f · U(t)g · U(t)h),
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also the Fourier transform of It is given by

(It[ f , g, h])∧(ξ) =

∫

R2

e2itηκ f̂ (ξ − η)ĝ(ξ − η − κ)̂h(ξ − κ) dκdη.(3.2)

Using (3.2), we can also write

FN t[F,G,H](ξ, p) =
∑

ω∈Ω

∑

(p,q,r,s)∈M
eitω

∫

R2

eit2ηκF̂q(ξ − η)Ĝr(ξ − η − κ)Ĥs(ξ − κ) dκdη.

(3) Leibniz rules for It andN t:
A Leibniz rule for It[ f , g, h]

ZIt[ f , g, h] = It[Z f , g, h]+ It[ f ,Zg, h]+ It[ f , g,Zh], Z ∈ {ix, ∂x}.

A similar property holds for the whole nonlinearity N t[F,G,H], where Z can also be a derivative
in the transverse direction Z = ∂y j

.

3.2. Decomposition of the Nonlinearity. We decompose the nonlinearity in equation (3.1) in the following
way:

i∂tF = N t(F) = Ne f f (F) + Et(F),

where Et(F) is integrable in time. One hopes to prove that the asymptotic dynamics converge to that of
the effective system

i∂tG = Ne f f (G).

Let M ≥ 0. We begin by decomposing N t in the following way with respect to M:

N t[F,G,H] = Πt
M[F,G,H]+ Ñ t

M[F,G,H].

Here we define Πt
M

and Ñ t
M

by

FΠt
M[F,G,H](ξ, p) :=

∑

|ω|< 1
M

∑

(p,q,r,s)∈Γω
eitω(It[Fq,Gr,Hs])

∧(ξ)

=
∑

|ω|< 1
M

∑

(p,q,r,s)∈Γω
eitω

∫

R2

eit2ηκF̂q(ξ − η)Ĝr(ξ − η − κ)Ĥs(ξ − κ) dκdη

F Ñ t
M[F,G,H](ξ, p) :=

∑

|ω|≥ 1
M

∑

(p,q,r,s)∈Γω
eitω(It[Fq,Gr,Hs])

∧(ξ).

(3.3)

Here Πt
0

:= N t and Ñ t
0
= 0. Our goal is to show that as time approaches infinity, Πt

M
“resembles” π

t Rt
M

defined by

FRt
M[F,G,H](ξ, p) :=

∑

|ω|< 1
M

eitω
∑

(p,q,r,s)∈Γω
F̂q(ξ)Ĝr(ξ)Ĥs(ξ)

FRt
0[F,G,H](ξ, p) :=

∑

ω∈Ω
eitω

∑

(p,q,r,s)∈Γω
F̂q(ξ)Ĝr(ξ)Ĥs(ξ).

Specifically, we want to show that (see the precise estimates in Lemma A.6)

Πt
M =

π

t
Rt

M +O(|t|−1−2δ).

The effective system which one would hope to prove that the asymptotic dynamics converge to is given
by

i∂tG(t) = Rt
M[G(t),G(t),G(t)].
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In order to accomplish this, one then needs to show that the affects of the the nonlinearity, Ñ t
M, on the

dynamics diminish over time. To deal with Ñ t
M, we further decompose Ñ t

M along the nonresonant level
sets

F Ñ t
M[F,G,H](ξ, p) =

∑

|ω|≥ 1
M

∑

(p,q,r,s)∈Γω
eitω(Ot

1[Fq,Gr,Hs](ξ) + Ot
2[Fq,Gr,Hs](ξ)),

where

Ot
1[ f , g, h](ξ) :=

∫

R2

e2itηκ(1 − φ(t
1
4 ηκ)) f̂ (ξ − η)ĝ(ξ − η − κ)̂h(ξ − κ) dηdκ,

Ot
2[ f , g, h](ξ) :=

∫

R2

e2itηκφ(t
1
4 ηκ) f̂ (ξ − η)ĝ(ξ − η − κ)̂h(ξ − κ) dηdκ,

(It[ f , g, h])∧(ξ) = Ot
1[ f , g, h](ξ)+ Ot

2[ f , g, h](ξ).

(3.4)

We further define Et
1,M and Et

2,M:

FEt
1,M[F,G,H](ξ, p) =

∑

|ω|≥ 1
M

∑

(p,q,r,s)∈Γω
eitωOt

1[Fq,Gr,Hs](ξ)

FEt
2,M[F,G,H](ξ, p) =

∑

|ω|≥ 1
M

∑

(p,q,r,s)∈Γω
eitωOt

2[Fq,Gr,Hs](ξ).

Note that

Ñ t
M = Et

1,M + Et
2,M.

Finally we define an auxiliary nonlinearity, Et
3,M, by

FEt
3,M(ξ, p) :=

∑

|ω|≥ 1
M

∑

(p,q,r,s)∈Γω

eitω

iω
Ot

2[Fq,Gr,Hs](ξ).

The following estimate pertaining to the relationship between Et
3,M and Et

2,M is addressed in Remark A.3:

E2,M(t) = ∂tE3,M(t) +O(t−(1+δ))

in the Zd norm for t ≥ 1. The error between E2,M(t) and ∂tE3,M(t) will be denoted, Et
err,M, and defined in

(A.2).

Now we have the following full decomposition forN t

FNt = Πt
M + Et

1,M + Et
2,M︸        ︷︷        ︸

Ñ t
M

= (Πt
M −

π

t
Rt

M) + Et
1,M + Et

err,M + ∂tEt
3,M +

π

t
Rt

M.(3.5)

3.3. Main Proposition. After decomposing the nonlinearity in (3.1), we state the following main propo-
sition that is an adapted version of Proposition 3.1 in [15]. It is worth pointing out that a major difference
is in (3.7), where the upper bound depends on M (while in [15] it is not).

Proposition 3.2. For T ≥ 1, assume that F,G,H : R→ S satisfy

‖F‖XT
+ ‖G‖XT

+ ‖H‖XT
≤ 1.(3.6)

Then, for t ∈ [ T
4 ,T], if we let

N t − π
t
Rt

M = N t[F(t),G(t),H(t)]− π
t
Rt

M[F(t),G(t),H(t)],

then the following bounds hold uniformly in T ≥ 1, M ≥ 0:

T−δ
∥∥∥∥∥
∫

R

qT(t) · (N t − π
t
Rt

M) dt

∥∥∥∥∥
S

. 1,
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T1+δ sup
T
4 ≤t≤T

∥∥∥Et
1,M + Et

err,M

∥∥∥
Zd
. 1,

T
1

10 sup
T
4 ≤t≤T

∥∥∥Et
3,M

∥∥∥
S
.M,(3.7)

where the function qT(t) is defined in Definition 2.13.

Assuming in addition that

‖F‖X+
T
+ ‖G‖X+

T
+ ‖H‖X+

T
≤ 1,(3.8)

we also have that

T−5δ

∥∥∥∥∥
∫

R

qT(t) · (N t − π
t
Rt

M) dt

∥∥∥∥∥
S+
+ T2δ

∥∥∥∥∥
∫

R

qT(t) · (N t − π
t
Rt

M) dt

∥∥∥∥∥
S

. 1.

The proof of Proposition 3.2 can be found in Appendix A. Since the techniques and lemmas used in this
proof are very similar to what appears in the work of Hani, Pausader, Tzvetkov, and Visciglia [15], those
details are relegated to the Appendix A. There are important technicalities to verify in this new setting
as well as some small changes to the proof strategy and functional setting. However, these changes do
not present difficulties significant enough to include in the main body of this manuscript. We include the
work in the appendix for completeness. Finally, we remark that if one replaces the ‖·‖XT

≤ 1 condition
with ‖·‖XT

≤ ε (or ‖·‖X+
T
≤ 1 by ‖·‖X+

T
≤ ε), then since the operators are trilinear, the bounds gain a factor of

ε3.

4. Dynamics of the Quasi-Resonant Equations

In the following section, we begin the study of the effects of resonance and quasi-resonance on the
dynamics of the full nonlinear Schrödinger system.

4.1. Irrationality. The finer arithmetic properties of the irrational vector θ = (θ1, ..., θd) will play a crucial
role in dynamics of the quasi-resonant equations associated to the cubic NLS. We will define a full measure

subset of Rd
+,Θ1, to which we will restrict our re-scalings of the d-dimensional torus. The definition of the

set constructed will be informed by the works of [12] and [22].

We begin with a proposition on the size of the set of Diophantine vectors in Rd
+.

Proposition 4.1. The subset of Rd
+,

θ ∈ R
d
+ : ∃Cθ > 0 such that

∣∣∣∣∣∣∣

d∑

i=1

θ2
i ni

∣∣∣∣∣∣∣
≥ Cθ‖(n1, ..., nd)‖−d for all (n1, ..., nd) ∈ Zd \ {0}


is of full measure.

See [6] and [9] for more information. Moreover, we have another set of full measure to consider

Proposition 4.2. The subset of Rd
+,

{
θ ∈ Rd

+ :
∣∣∣θ2

1n1 + θ
2
2n2

∣∣∣ ≤ ‖(n1, n2)‖−1 for all (n1, n2) ∈ Z2 \ {0}
}

is of full measure.

Proposition 4.2 is a corollary to the theorem of Khintchine, [19], that appears in [12] as Theorem 2.5. It
is important to observe that the set of vectors in Proposition 4.2 only imposes conditions on the first two
components of the vectors θ. In the paper of Giuliani and Guardia [12], solutions for a two-dimensional
torus system are constructed. There is a simple method to extend those solutions to arbitrarily high-
dimensional solutions. This is the method that we will employ, so it suffices to first construct solutions on
the first two components of the d-dimensional irrational torus.
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One may observe that a direct application of the theorems pertaining to the measures of the subsets
described above would yield a description of vectors defined with the squares of the components (θ2

1
, ..., θ2

d
)

instead of the vectors θ since the conditions are defined with respect to the squares of the components.
This is overcome by observing that the map, θ 7→ (θ2

1
, ..., θ2

d
), is locally bi-Lipschitz and thus preserves

Lebesgue nullity of measures of sets and Hausdorff dimension.

Finally, we define the generic set of irrational vectors that we are interested in considering:

Definition 4.3. Let Θ2 ⊂ Θ1 ⊂ Rd
+ be defined by

Θ1 :=
⋃

γ≥d

θ ∈ R
d
+ : ∃Cθ > 0 such that

∣∣∣∣∣∣∣

d∑

i=1

θ2
i ni

∣∣∣∣∣∣∣
≥ Cθ‖(n1, ..., nd)‖−γ for all (n1, ..., nd) ∈ Zd \ {0}

 ,

Θ2 := Θ1 ∩
{
θ ∈ Rd

+ :
∣∣∣θ2

1n1 + θ
2
2n2

∣∣∣ ≤ (‖(n1, n2)‖ log ‖(n1, n2)‖)−1
for all (n1, n2) ∈ Z2 \ {0}

}
.

Remark 4.4. Finally, the following theorem of Jarnik and Besicovitch, [1], implies that the complement of
Θ1 has Hausdorff dimension zero.

Theorem 4.5. The set

Eq :=
{
x ∈ R : |x − m

n
| ≤ 1

nq
for infinitely many rationals

m

n

}

has Hausdorff dimension 2/q.

4.2. Irrational Resonances and Quasi-Resonances in Zd. We consider the Hamiltonian, h̃, associated to
the cubic NLS on the d-dimensional torus (1.2):

h̃({zp}) = h0 +N

= 1
2

∑

p∈Zd

λp|zp|2 + 1
4

∑

p+r=q+s

zqzszrzp.

We recall that

M := {(p, q, r, s) ∈ (Zd)4 : p − q + r − s = 0},
Γ0 := {(p, q, r, s) ∈ M : λp − λq + λr − λs = 0},

where Γ0 will denote the set of resonances whose definition appears in (2.1).

For K > 0, let ΓK
0

will denote the set of resonances below a fixed frequency level

ΓK
0 :=

{
(p, q, r, s) ∈ Γ0 : |p|, |q|, |r|, |s| ≤ K

}
.

For any vector, θ = (θ1, ..., θd), the resonance condition λp + λr = λq + λs is equivalent to

d∑

i=1

θ2
i

[
p2

i + r2
i − q2

i − s2
i

]
= 0.

If θ is an irrational vector, then the above identity is equivalent to the following set of independent
one-dimensional resonance equations

p2
i + r2

i = q2
i + s2

i for i = 1, ..., d.

By the definition of vector addition, the conservation of momentum condition also decomposes into
one-dimensional conservation of momentum equations. Thus Γ0 = ∩d

i=1
Γ0,i, where

Γ0,i :=
{
(p, q, r, s) ∈ (Zd)4 : pi + ri = qi + si

}⋂{
(p, q, r, s) ∈ (Zd)4 : p2

i + r2
i = q2

i + s2
i

}
.

The nice feature about the dimensional decomposition of Γ0 is that the one-dimensional resonances are
rather simple. In fact, we can state a simpler characterization with a basic arithmetic lemma:
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Lemma 4.6. For i = {1, ..., d},
Γ0,i =

{
(p, q, r, s) ∈ (Zd)4 : pi = qi and ri = si

}⋃{
(p, q, r, s) ∈ (Zd)4 : pi = si and ri = qi

}
.

The proof is fairly straightforward and well-known. We refer to [22] for the very short proof.

4.3. Rational Quasi-Resonances. In this subsection , we consider the two-dimensional case because that
is the setting in which Giuliani and Guardia [12] work. Let ~m = (m1,m2) ∈ Z2

+ be positive integers. We

define the ~m- resonances, Γ0, ~m ⊂ (Zd)4, by the following condition: (p, q, r, s) ∈ Γ0, ~m if both of the following
identities hold

p + r = q + s,

m1

[
p2

1 + r2
1

]
+m2

[
p2

2 + r2
2

]
= m1

[
q2

1 + s2
1

]
+m2

[
q2

2 + s2
2

]
.

As described above, elements in Γ0, ~m can form parallelograms that are not axis-parallel. On the other

hand, if (m1,m2) is close to (θ2
1
, θ2

2
), then elements of Γ0, ~m contain quartets that are quasi-resonant with

respect to (θ1, θ2). We refer the reader to [12] for further discussion.

4.4. Growth. Consider the following resonant (resonant only in the non-compact variable) Hamiltonian
associated to equation (1.1):

H∗(ψ) = H0(ψ) +N∗(ψ)(4.1)

= 1
2

∫

ξ∈R

∑

p∈Zd

(|ξ|2 + λp)|ψ̂(ξ, p)|2 + 1
4

∫

ξ∈R

∑

p+r=q+s

ψ̂(ξ, q)ψ̂(ξ, s)ψ̂(ξ, r)ψ̂(ξ, p).

The heuristics of the growth argument are as follows. Given a fixed time interval [0,T], we determine a
suitable ~m resonant system,

H∗~m(ψ) = 1
2

∫

ξ∈R

∑

p∈Zd

(|ξ|2 + λp)|ψ̂(ξ, p)|2 + 1
4

∫

ξ∈R

∑

p+r=q+s
(p,q,r,s)∈Γ~m

ψ̂(ξ, q)ψ̂(ξ, s)ψ̂(ξ, r)ψ̂(ξ, p).

In the the exact same fashion as in Giuliani and Guardia [12], a solution to the equation determined by
H∗
~m

is constructed to grow over time. More importantly, the flow determined by H∗
~m

is conditioned to be

a perturbation of the Hamiltonian flow determined by H∗ which allows one to construct a solution to the
equation determined by H∗ that grows on the time interval [0,T].

The fact that the approximation of the dynamics depend on the time interval affects the potential to
replicate the argument of [15] in order to construct solutions whose regularity grows to infinity as time
approaches infinity. In their work, a solution to the completely resonant equation is constructed whose
k-Sobolev norm grows to infinity as time approaches infinity. Modified scattering allows them to relate
that solution to a solution to the original cubic NLS system. As will be demonstrated later and which
is apparent in the proof of the main theorem of Giuliani and Guardia [12], initial data that is frequency
localized will not grow for all H∗

~m
systems. In particular, the size of the Fourier support at time zero for a

solution to H∗
~m

whose hk norms grow to infinity as time approaches infinity must grow as (m1,m2) better

approximates (θ2
1
, θ2

2
).

Specifically, the authors in Giuliani and Guardia [12] prove the following theorem

Theorem 4.7. There exists a set of irrational numbers S ⊂ [1,∞), which has full measure and Hausdorff dimension
1, such that for all ω ∈ S the following holds.

Let k > 0, k , 1, and fix C ≫ 1. Then the cubic NLS on the irrational torus T2
(1,ω)

possesses a solution u(t) such

that

‖u(T)‖hk ≥ C‖u(0)‖hk ,
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where

T ≤ exp(Cβ)
for some constant β = β(k) > 0. Moreover, there exists a constant η = η(k) > 0 such that

‖u(t)‖L2(T2
(1,ω)

) ≤ C−η

for all t ∈ [0,T].

The authors further demonstrate the existence of a family of fractal sets for which the rate of growth
solutions is increased as the dimension of the set of ω decreases. For our purposes, we will consider only
the generic case. We note that the definition of S is of full measure by Proposition 4.2. Moreover one
can see that the set {(1, ω) : ω ∈ S} encapsulates our notion (up to rescalings) of good approximation by
rationals: ∣∣∣θ2

1n1 + θ
2
2n2

∣∣∣ ≤ (‖(n1, n2)‖ log ‖(n1, n2)‖)−1 for all (n1, n2) ∈ Z2 \ {0}.
Thus if θ ∈ Θ2, then (1, θ2/θ1) ∈ S.

The following simple corollary to Theorem 4.7, given by freezing the noncompact variable and d − 2
torus variables, then follows:

Corollary 4.8 (Corollary to Theorem 4.7). Let θ ∈ Θ2. Let k > 0, k , 1, and fix C ≫ 1. Then the Hamiltonian
system associated to (4.1) possesses a solution v(t) such that

‖v(T)‖Hk ≥ C‖v(0)‖Hk ,

where

T ≤ exp(Cβ)
for some constant β = β(k) > 0. Moreover, there exists a constant η = η(k) > 0 such that

‖v(t)‖L2
ξ,p
≤ C−η

for all t ∈ [0,T].

Proof of Corollary 4.8. We first observe that with aξ(p) := v̂(ξ, p), if v is a solution to the Hamiltonian system
associated to (4.1), then a satisfies the following equation:

i∂taξ(p) = (|ξ|2 + λp)aξ(p) −
∑

p=q+s−r

aξ(q)aξ(s)aξ(r).

The gauge transformation, bξ(p) := ei|ξ|2taξ(p), reduces the above equation to

i∂tbξ(p) = λpbξ(p) −
∑

p=q+s−r

bξ(q)bξ(s)bξ(r).

Let u(·) : [0,∞) → Hk(T2
(θ1,θ2)

) be a solution to the two-dimensional cubic NLS equation on the torus,

T2
(θ1,θ2)

, given by Theorem 4.7 such that

‖u(t)‖L2(T2
(θ1 ,θ2)

) ≤ C−η.

Then w(t, x1, ..., xd) := u(t, x1, x2) solves the cubic NLS equation on Td
θ (1.2) and ‖w‖hk(Td

θ) = ‖v‖hk(T2
(θ1 ,θ2)

) for

all k ≥ 0. Let ϕ ∈ C∞c (R) be a nonnegative, smooth bump satisfying ϕ(ξ) = 1 for |ξ| ≤ 1 and ϕ(ξ) = 0 for
|ξ| > 2. Now let

bξ(0, p) := ŵ(0, p)ϕ(ξ).

Then the following identity holds:1

bξ(t, p) = ŵ(ϕ(ξ)2t, p)ϕ(ξ).

1This is the same computation discussed in Remark 4.2 of [15].
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Finally, ‖v(t)‖Hk ∼ ‖w(t)‖hk = ‖u(t)‖hk for all t ∈ [0,T] and k ∈ [0,∞) and the result follows from the estimates
of Theorem 4.7. �

4.5. Boundedness. Let θ ∈ Θ1 as in Definition 4.3.

For M > 0 consider the following Hamiltonian related to the height-1/M quasi-resonant nonlinearity.

HM(ψ) = H0(ψ) +NM(ψ)(4.2)

= 1
2

∫

ξ∈R

∑

p∈Zd

(|ξ|2 + λp)|ψ̂(ξ, p)|2 + 1
4

∫

ξ∈R

∑

|ω|< 1
M

∑

(p,q,r,s)∈Γω
ψ̂(ξ, q)ψ̂(ξ, s)ψ̂(ξ, r)ψ̂(ξ, p).

Since θ ∈ Θ1, there exists γ > d such that the following Diophantine condition on θ holds:
∣∣∣∣∣∣∣

d∑

i=1

θ2
i ni

∣∣∣∣∣∣∣
≥ Cθ‖(n1, ..., nd)‖−γ

implies that there exists a constant Cd such that if θ ∈ Θ1 and 1
M > |λp − λq + λr − λs| , 0, then

max(‖p‖, ‖r‖, ‖q‖, ‖s‖) ≥ Cd,θM
1

2γ .

Moreover, if max(‖p‖, ‖r‖, ‖q‖, ‖s‖) ≤ Cd,θM
1

2γ and 1
M > |λp − λq + λr − λs|, then

λp − λq + λr − λs = 0.

Let vp,ξ := ψ̂(ξ, p). The system of equations associated to HM is then

i d
dt vξ,p = (|ξ|2 + λp)vξ,p +

∑

(p,q,r,s)∈ΓK
0

vq,ξvξ,svξ,r +
∑

|ω|< 1
M

∑

(p,q,r,s)∈Γω
max(‖p‖,‖q‖,‖r‖,‖s‖)>K

vξ,qvξ,svξ,r.(4.3)

where

K = Cd,θM
1

2γ .(4.4)

A gauge transformation allows us to reduce this system to

i
d

dt
uξ,p =

∑

(p,q,r,s)∈ΓK
0

uξ,quξ,suξ,r +
∑

|ω|< 1
M

∑

(p,q,r,s)∈Γω
max(‖p‖,‖q‖,‖r‖,‖s‖)>K

eitωuξ,quξ,suξ,r.(4.5)

We will first show that a solution to (4.5) is analytic as a function from [0,T] to Hk for k > d/2, where T
is only required to be positive.

Analyticity will essentially follow from the fact that we are assuming enough regularity to imply that
hk is an algebra. The full proof (for the d = 2 case) appears in [22] and [5].

Lemma 4.9. Let k > d/2 and u(0) = {uξ,p(0)}(ξ,p)∈R×Zd ∈ Hk(R ×Zd). There exists T > 0 and a unique analytic

in time solution {uξ,p} : [0,T]→ Hk to (4.5). Moreover, there exist constants C and R such that for all n ∈ N and
τ ≤ T, ∣∣∣∣∣∣

dnuξ,p

(dt)n
(τ)

∣∣∣∣∣∣ ≤ CRnn!.

Moreover, T can be taken to be T = Cd,k|u(0)|−2
k

, for some absolute constant Cd,k > 0.

Define the K-box in Zd by

BK =
{
p ∈ Zd : max(|p1|, ..., |pd|) ≤ K

}
.

We state the following lemma that appears in [22]. This lemma provides a description of the stability of the
Fourier support of frequency-localized solutions to the resonant equation associated to the Hamiltonian,
HM, defined in (4.2).
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Lemma 4.10. Let K > 0 and assume uξ,p(0) = 0 for p < BK/3 and let {uξ,p} : [0,T]→ Hk be a solution to (4.5). If

p ∈ Zd \ BK/3 then for any n ∈ Z+,

dnuξ,p

(dt)n
(0) = 0.

The proof of this lemma (in the two-dimensional case) appears in [22].

Lemma 4.10 leads directly to the following corollary by Taylor expansion.

Corollary 4.11. Let K > 0 and assume uξ,p(0) = 0 for p < BK/3 and let {uξ,p} : [0,T]→ Hk be an analytic solution

to (4.5). If p ∈ Zd \ BK/3, then

uξ,p(t) = 0

for t ∈ [0,T].

Lemma 4.10 and Corollary 4.11 are proven in [22], so the proofs of these results are not included here.
The next step of the process is the following symmetry result:

Proposition 4.12. Let K > 0 and assume v0
ξ,p = 0 for p < BK/3. Let {vξ,p} : [0,T]→ Hk be an analytic solution to

(4.3) with vξ,p(0) = v0
ξ,p such that for all t ∈ [0,T]

d

dt
|v|2k = 0,

where the k-norm is defined in Definition 2.2, and it is equivalent to the Sobolev Hk-norm.

The proof is very similar to that which appears in [17], so the details are relegated to Appendix B.

Theorem 4.13. Let K > 0, assume v0
ξ,p
= 0 for p < BK/3, and let T > 0. There exists {vξ,p} : [0,T]→ Hk which is

an unique solution to (4.3) with vξ,p(0) = v0
ξ,p such that for all t ∈ [0,T]

|v(t)|2k = |v(0)|2k,
for all t ∈ [0,T].

Remark 4.14 (Proof of Theorem 4.13). Theorem 4.13 follow from first observing that, by Lemma 4.9, the
time of analyticity, depends on the k-norm of the initial data. Then Proposition 4.12 implies that on the
analytic times of existence the k-norm is constant. Therefore at the end of each interval of analyticity, one
can start a new interval of the same length. Therefore, over any fixed time interval, [0,T], the constancy
of the k-norm given by the conclusion of Proposition 4.12 holds.

5. Asymptotic Behavior

In this section, we will use the theory of modified scattering to relate the behavior, demonstrated in

Section 4, of solutions to the effective systems to solutions of the full cubic NLS system (1.1) onR×Td
θ. We

begin with the main lemma which provides asymptotic stability between solutions of NLS and solutions
to the effective equation.

Lemma 5.1. Let M ≥ 0, 0 < ε2 < ε1 < 1 and let U(t) be a solution to (1.1) on the time interval [2n, 2n+1) and let
Gn : [2n, 2n+1)→ HN be a solution to the equation

i∂tGn =
π

t
Rt

M[Gn,Gn,Gn].(5.1)

If ‖U‖X+
T
≤ ε1 for T ≥ 2n+1 and ‖e−i2n∆U(2n) − Gn(2n)‖HN ≤ ε2, then for t ∈ [2n, 2n+1)

‖e−it∆U(t) − Gn(t)‖HN . ε2 + ε
3
12−2nδ + ε2

1(ε2 + ε
3
12−2nδ)2nδ.

The above inequality holds uniformly in M ≥ 0.
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The proof of Lemma 5.1 follows the same strategy as the equivalent stability argument in the proof of
Theorem 6.1 in [15].

Proof of Lemma 5.1. Since the Hk norms of Gn are bounded and ε2 < ε1, triangle inequality implies that
‖Gn‖X+

T
. ε1. This proof consists of two Duhamel formula steps. First, observe that

i∂t(e
−it∆U) = N t[e−it∆U, e−it∆U, e−it∆U].

Then we have the following Duhamel Formula

e−it∆U(t) = e−it∆U(2n) − i

∫ t

2n

Nτ[e−iτ∆U, e−iτ∆U, e−iτ∆U] dτ,

Gn(t) = Gn(2n) − i

∫ t

2n

π

τ
RτM[Gn,Gn,Gn] dτ.

From here we aim to establish an application of Gronwall’s Lemma.

∥∥∥e−it∆U(t) − Gn(t)
∥∥∥

Zd
≤

∥∥∥e−it∆U(2n) − Gn(2n)
∥∥∥

Zd
+

∥∥∥∥∥∥

∫ t

2n

Nτ[e−iτ∆U] − π
τ
RτM[Gn] dτ

∥∥∥∥∥∥
Zd

≤ ε2 +

∥∥∥∥∥∥

∫ t

2n

Nτ[e−iτ∆U] − π
τ
RτM[e−iτ∆U] dτ

∥∥∥∥∥∥
Zd

+

∥∥∥∥∥∥

∫ t

2n

π

τ
RτM[e−iτ∆U] − π

τ
RτM[Gn] dτ

∥∥∥∥∥∥
Zd

.

where we used the convention Nτ[F] = Nτ[F, F, F] and Rτ
M

[F] = Rτ
M

[F, F, F].

We can bound the second term using the last estimate in the statement of Proposition 3.2. The third
term is bounded using a simple trilinear argument along with the smallness condition assumed for the
X+

T
-norm of U and a smallness condition on the norm of Gn. The smallness of the norm of Gn follows from

the fact that ‖Gn(t)‖hk ≤ Cd‖Gn(2n)‖hk . ε (for t ≥ 2n) which follows from Theorem 4.13 and the triangle
inequality. Therefore,

∥∥∥e−it∆U(t) − Gn(t)
∥∥∥

Zd
. ε2 + ε

3
12−2nδ +

∫ t

2n

ε2
1

∥∥∥e−iτ∆U − Gn

∥∥∥
Zd

dτ

τ
.

Gronwall’s lemma then implies that

∥∥∥e−it∆U(t) − Gn(t)
∥∥∥

Zd
. (ε2 + ε

3
12−2nδ)eε

2
1

log(t/2n)
. ε2 + ε

3
12−2nδ

since t/2n ≤ 2.

Similarly,

∥∥∥e−it∆U(t) − Gn(t)
∥∥∥

S
≤

∥∥∥e−it∆U(2n) − Gn(2n)
∥∥∥

S
+

∥∥∥∥∥∥

∫ t

2n

Nτ[e−iτ∆U] − π
τ
RτM[Gn] dτ

∥∥∥∥∥∥
S

≤ ε2 +

∥∥∥∥∥∥

∫ t

2n

Nτ[e−iτ∆U] − π
τ
RτM[e−iτ∆U] dτ

∥∥∥∥∥∥
S

+

∥∥∥∥∥∥

∫ t

2n

π

τ
RτM[e−iτ∆U] − π

τ
RτM[Gn] dτ

∥∥∥∥∥∥
S

,

and
∥∥∥e−it∆U(t)− Gn(t)

∥∥∥
S

. ε2 + ε
3
12−2nδ +

∫ t

2n

ε1(‖U‖S + ‖Gn‖S)
∥∥∥e−iτ∆U − Gn

∥∥∥
Zd

dτ

τ
+

∫ t

2n

ε2
1

∥∥∥e−iτ∆U − Gn

∥∥∥
S

dτ

τ

. ε2 + ε
3
12−2nδ + ε2

1(ε2 + ε
3
12−2nδ)2nδ +

∫ t

2n

ε2
1

∥∥∥e−iτ∆U − Gn

∥∥∥
S

dτ

τ
.
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In the last step of the previous inequality, we are using that (1 + |t|)−δ(‖U‖S + ‖G‖S) ≤ ε by the definition
of the X+T -norm. Again Gronwall implies

∥∥∥e−it∆U(t) − Gn(t)
∥∥∥

S
. (ε2 + ε

3
12−2nδ + ε2

1(ε2 + ε
3
12−2nδ)2nδ)2ε

2
2

log(t/2n)

. ε2 + ε
3
12−2nδ + ε2

1(ε2 + ε
3
12−2nδ)2nδ.

�

Proposition 5.2. There exists ε > 0 such that any data U0 ∈ S+ satisfying

‖U0‖S+ ≤ ε
generates a global solution U(t) of (1.1). Moreover, for any T > 0, it holds that

‖F‖X+
T
≤ 2ε,

where F(t) = e
−it∆

R×Td
θ U(t).

Proof of Proposition 5.2. Let FNτ[F̂p(ξ, τ)] = FNτ[F̂p(ξ, τ), F̂p(ξ, τ), F̂p(ξ, τ)]. Then a basic computation
yields

1

2

d

dτ

∥∥∥∥F̂p(ξ, τ)
∥∥∥∥

2

h
d
2
+

p

=

〈
F̂p(ξ, τ),

d

dτ
F̂p(ξ, τ)

〉

h
d
2 +

p ×h
d
2 +

p

=
〈
F̂p(ξ, τ),FNτ[F̂p(ξ, τ)]

〉
h

d
2
+

p ×h
d
2
+

p

.(5.2)

From here on, in this computation, M(τ) is a piecewise constant function of τ. In particular,

M(τ) = 2n, n = ⌊ln(τδ)⌋,

where ⌊x⌋ is the integer part of x. Furthermore, let K(τ) = Cd,θM(τ)
1

2γ be defined as in Equation (4.4). For
the moment, we will suppress the dependence of M on τ.

(5.2) =
〈
F̂p(ξ, τ),FNτ[F̂p(ξ, τ)]

〉
h

d
2
+

p ×h
d
2
+

p

=
〈
L>K/3F̂p(ξ, τ) + L≤K/3F̂p(ξ, τ),FNτ[F̂p(ξ, τ)])

〉
h

d
2
+

p ×h
d
2
+

p

=
〈
L>K/3F̂p(ξ, τ),FNτ[F̂p(ξ, τ)]

〉
h

d
2
+

p ×h
d
2
+

p

+
〈
L≤K/3F̂p(ξ, τ),FNτ[F̂p(ξ, τ)]

〉
h

d
2
+

p ×h
d
2
+

p

=: A + B,(5.3)

where we recall that L>K/3 and L≤K/3 are Littlewood-Paley projections on the frequency in Td
θ only.

We bound the first term, A, in (5.3) via Cauchy-Schwarz and Bernstein’s inequality
〈
L>K/3F̂p(ξ, τ),FNτ[F̂p(ξ, τ)]

〉
h

d
2
+

p ×h
d
2
+

p

≤
∥∥∥∥L>K/3F̂p

∥∥∥∥
h

d
2
+

p

‖Nτ‖
h

d
2
+

p

.M(τ)−
1

2γ (N− d
2−)

∥∥∥∥F̂p

∥∥∥∥
hN

p

(1 + |τ|)−1
∥∥∥∥F̂p

∥∥∥∥
3

h
d
2
+

p

.

∥∥∥∥F̂p

∥∥∥∥
S

(1 + |τ|)−1− 1
2γ δ(N− d

2−)
∥∥∥∥F̂p

∥∥∥∥
3

h
d
2
+

p

.

By Definition 2.9,
∥∥∥∥F̂p(ξ, τ)

∥∥∥∥
S
≤ (1 + |τ|)δ

∥∥∥∥F̂p(ξ, τ)
∥∥∥∥

X+
T

and
∥∥∥∥F̂p

∥∥∥∥
h

d
2
+
≤

∥∥∥∥F̂p

∥∥∥∥
X+

T

.

Therefore, if N − d
2− ≥ 4γ, then

〈
L>K/3F̂p(ξ, τ),FNτ[F̂p(ξ, τ)]

〉
h

d
2
+

p ×h
d
2
+

p

.

∥∥∥∥F̂p

∥∥∥∥
h

d
2
+

p

∥∥∥∥F̂p

∥∥∥∥
3

X+
T

(1 + |τ|)−1−δ.

For the B term in (5.3), we recall the decomposition in (3.5)

FNτ = ΠτM + Eτ1,M + Eτ2,M = (ΠτM −
π

τ
RτM) + Eτ1,M + Eτerr,M + ∂τEτ3,M +

π

τ
RτM.

Therefore,

B =
〈
L≤K/3F̂p,FNτ[F̂p(ξ, τ)]

〉
h

d
2
+

p ×h
d
2
+

p
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=

〈
L≤K/3F̂p, (Π

τ
M −

π

τ
RτM)

〉

h
d
2
+

p ×h
d
2
+

p

+
〈
L≤K/3F̂p, (Eτ1,M + Eτerr,M)

〉
h

d
2
+

p ×h
d
2
+

p

+
〈
L≤K/3F̂p, ∂τEτ3,M

〉
h

d
2
+

p ×h
d
2
+

p

+

〈
L≤K/3F̂p,

π

τ
RτM[F̂p(ξ, τ)]

〉

h
d
2
+

p ×h
d
2
+

p

=: I + II + III + IV.(5.4)

Consider expression I in (5.4), by Lemma A.6 and Definition 2.9

I =
〈
L≤K/3F̂p, (Π

τ
M −

π

τ
RτM)

〉

h
d
2
+

p ×h
d
2
+

p

≤
∥∥∥∥L≤K/3F̂p

∥∥∥∥
h

d
2
+

p

∥∥∥∥ΠτM −
π

τ
RτM

∥∥∥∥
h

d
2
+

p

.

∥∥∥∥F̂p

∥∥∥∥
h

d
2
+

p

(1 + |τ|)−1−17δ
∥∥∥∥F̂p

∥∥∥∥
3

X+
T

.

We now use Proposition 3.2 for expression II from (5.4),

II =
〈
L≤K/3F̂p, (Eτ1,M + Eτerr,M)

〉
h

d
2
+

p ×h
d
2
+

p

≤
∥∥∥∥L≤K/3F̂p

∥∥∥∥
h

d
2
+

p

∥∥∥Eτ1,M + Eτerr,M

∥∥∥
h

d
2
+

p

.

∥∥∥∥F̂p

∥∥∥∥
h

d
2
+

p

(1 + |τ|)−1−δ
∥∥∥∥F̂p

∥∥∥∥
3

X+
T

.

Again, by Proposition 3.2 and Definition 2.9, we estimate expression III in (5.4) by estimating three terms
associated to the integration-by-parts calculation,

〈
L≤K/3∂τF̂p,Eτ3,M

〉
h

d
2
+

p ×h
d
2
+

p

.

∥∥∥∥∂τF̂p

∥∥∥∥
h

d
2
+

p

M(τ)(1 + |τ|)− 1
10

∥∥∥∥F̂p

∥∥∥∥
2

X+
T

∥∥∥∥F̂p

∥∥∥∥
h

d
2
+

p

. sup
τ∈[0,t]

∥∥∥∥F̂p

∥∥∥∥
h

d
2
+

p

∥∥∥∥F̂p

∥∥∥∥
3

X+
T

M(τ)(1 + |τ|)−1− 1
10+7δ.

〈
L≤K/3F̂p,Et

3,M

〉
h

d
2
+

p ×h
d
2
+

p

.

∥∥∥∥F̂p

∥∥∥∥
h

d
2
+

p

M(t)(1 + |t|)− 1
10

∥∥∥∥F̂p

∥∥∥∥
2

X+
T

∥∥∥∥F̂p

∥∥∥∥
h

d
2
+

p

.

〈
L≤K/3F̂p,E0

3,M

〉
h

d
2
+

p ×h
d
2
+

p

.M(0)
∥∥∥∥F̂p(ξ, 0)

∥∥∥∥
4

h
d
2
+

p

.

Expression IV in (5.4) requires a different argument that is not unlike that used for the second term, but
with an additional identity from Appendix B. We first decompose in the following way

IV =
〈
L≤K/3F̂p,

π

τ
RτM[F̂p(ξ, τ)]

〉

h
d
2
+

p ×h
d
2
+

p

=
π

τ

〈
L≤K/3F̂p,

∑

|ω|< 1
M

∑

(p,q,r,s)∈Γω
eiτωF̂qF̂rF̂s

〉

h
d
2
+

p ×h
d
2
+

p

=
π

τ

〈
L≤K/3F̂p,

∑

(p,q,r,s)∈ΓK
0

eiτωF̂qF̂rF̂s

〉

h
d
2 +

p ×h
d
2 +

p

+
π

τ

〈
L≤K/3F̂p,

∑

|ω|< 1
M

∑

(p,q,r,s)∈Γω
max(‖p‖,‖q‖,‖r‖,‖s‖)>K

eiτωF̂qF̂rF̂s

〉

h
d
2
+

p ×h
d
2
+

p

.

We will use Bernstein’s inequality and basic trilinear estimates to bound the second term in IV. The first
term in IV needs to be decomposed further:

π

τ

〈
L≤K/3F̂p,

∑

(p,q,r,s)∈ΓK
0

eiτωF̂qF̂rF̂s

〉

h
d
2
+

p ×h
d
2
+

p

=
π

τ

〈
L≤K/3F̂p,

∑

(p,q,r,s)∈ΓK/3
0

eiτωF̂qF̂rF̂s

〉

h
d
2 +

p ×h
d
2 +

p

+
π

τ

〈
L≤K/3F̂p,

∑

(p,q,r,s)∈ΓK
0

max(‖p‖,‖q‖,‖r‖,‖s‖)>K/3

eiτωF̂qF̂rF̂s

〉

h
d
2
+

p ×h
d
2
+

p

.



MODIFIED SCATTERING OF CUBIC NONLINEAR SCHRÖDINGER EQUATION ON RESCALED WAVEGUIDE MANIFOLDS 19

By Claim B.1,

π

τ

〈
L≤K/3F̂p,

∑

(p,q,r,s)∈ΓK/3
0

eiτωF̂qF̂rF̂s

〉

h
d
2
+

p ×h
d
2
+

p

= 0.

Furthermore, as described above∣∣∣∣∣∣∣∣∣∣∣∣

π

τ

〈
L≤K/3F̂p,

∑

(p,q,r,s)∈ΓK
0

max(‖p‖,‖q‖,‖r‖,‖s‖)>K/3

eiτωF̂qF̂rF̂s

〉

h
d
2
+

p ×h
d
2
+

p

∣∣∣∣∣∣∣∣∣∣∣∣
.

1

τ
‖L>K/3F̂‖

h
d
2
+

p

‖F̂‖3
h

d
2
+

p

and ∣∣∣∣∣∣∣∣∣∣∣

π

τ

〈
L≤K/3F̂p,

∑

|ω|< 1
M

∑

(p,q,r,s)∈Γω
max(‖p‖,‖q‖,‖r‖,‖s‖)>K

eiτωF̂qF̂rF̂s

〉

h
d
2
+

p ×h
d
2
+

p

∣∣∣∣∣∣∣∣∣∣∣
.

1

τ
‖L>KF̂‖

h
d
2
+

p

‖F̂‖3
h

d
2
+

p

.

We finally have that

IV =
〈
L≤K/3F̂p,

π

τ
RτM[F̂p(ξ, τ)]

〉

h
d
2
+

p ×h
d
2
+

p

.M(τ)−
1

2γ (N− d
2−)

∥∥∥∥F̂p

∥∥∥∥
hN

p

(1 + |τ|)−1
∥∥∥∥F̂p

∥∥∥∥
3

h
d
2
+

p

. (1 + |τ|)−1−δ
∥∥∥∥F̂p

∥∥∥∥
h

d
2
+

p

∥∥∥∥F̂p

∥∥∥∥
3

X+
T

.

This completes the estimate for term B from equation (5.3). Combining the previous estimates, we have
shown that

(5.2) = 1
2

d
dτ

∥∥∥∥F̂p(ξ, τ)
∥∥∥∥

2

h
d
2
+

p

. (1 + |τ|)−1−δ
∥∥∥∥F̂p(ξ, τ)

∥∥∥∥
h

d
2
+

p

∥∥∥∥F̂p

∥∥∥∥
3

X+
T

.

Using the fundamental theorem of calculus, we have
∣∣∣∣∣
∥∥∥∥F̂p(ξ, t)

∥∥∥∥
Zd

−
∥∥∥∥F̂p(ξ, 0)

∥∥∥∥
Zd

∣∣∣∣∣ =
∣∣∣∣∣∣

∫ t

0

d
dτ

∥∥∥∥F̂p(ξ, τ)
∥∥∥∥

Zd

dτ

∣∣∣∣∣∣ .
∥∥∥∥F̂p

∥∥∥∥
3

X+
T

.

Finally, Proposition 3.2 and Remark A.7 provide the necessary bound for the S-norm:

‖F(t) − F(1)‖S .
∥∥∥∥∥∥

∫ t

1

Nτ − π
τ
RτM dτ

∥∥∥∥∥∥
S

+

∥∥∥∥∥∥

∫ t

1

π

τ
RτM dτ

∥∥∥∥∥∥
S

. |t|δ
∥∥∥∥F̂p

∥∥∥∥
3

X+
T

.

These estimates suffice to construct a contraction mapping existence and uniqueness argument as long
as the X+

T
norm and the time-zero S+ norm are small enough.

�

For the rest of this section, we are assuming that θ ∈ Θ1 (recall Definition 4.3). Recall from Subsection
4.5, since θ ∈ Θ1, there exists γ > d such that the following Diophantine condition holds:

∣∣∣∣∣∣∣

d∑

i=1

θ2
i ni

∣∣∣∣∣∣∣
≥ Cθ‖(n1, ..., nd)‖−γ.

Theorem 5.3. Let d ≥ 2 and let N > 10(d + γ). There exists ε(N, d) > 0 such that if ‖U0‖S+ < ε(N, d) and U(t)
solves (1.1) with initial data U0, then there exists a sequence {G j}∞j=1

such that

G j : [2 j, 2 j+1)→ HN

such that if G(t) =
∑∞

j=1 G j(t), then

‖e−it∆
R×Td

θU(t) − G(t)‖HN−1 → 0
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as t→∞. Moreover, there exists TU, such that

sup
t∈[0,∞)

‖U‖HN−1 ≤ C1ε
5 + C2 sup

[0,TU]

‖U(t)‖HN .

Proof of Theorem 5.3. Let {Mn}∞n=1
⊂ R+ and {Kn}∞n=1

⊂ R+ defined by

Mn := 220γδn,

Kn := Cd,θ210δn = Cd,θM
1

2γ

N
.

The relationship between Kn and Mn is the same as given by equation (4.4) and will serve the same purpose.

Let ‖U0‖S+ < ε where epsilon is given by Proposition 5.2. Let F(t) = e
−it∆

R×Td
θ U(t) where U(t) is a global

solution to (1.1) with U(0) = U0. For each n ∈ Z+, define gn(n) as a Fourier cutoff (in the discrete Fourier
variables) of F(2n) at level Kn/3:

ĝn(π(ln 2)n, ξ, p) :=

{
0 |p| > Kn/3

F̂(2n, ξ, p) |p| ≤ Kn/3.

It follows immediately that

‖gn(π(ln 2)n) − F(2n)‖HN−1 . K−1
n ‖F(2n)‖HN .

Now let gn : [π(ln 2)n, π(ln 2)(n + 1)) → HN be a solution to the equation associated to the Hamiltonian,
HMn

, defined in (4.2)

HMn
(ψ) = H0(ψ) +NMn

(ψ)

= 1
2

∫

ξ∈R

∑

p∈Zd

(|ξ|2 + λp)|ψ̂(ξ, p)|2 + 1
4

∫

ξ∈R

∑

|ω|< 1
Mn

∑

(p,q,r,s)∈Γω
ψ̂(ξ, q)ψ̂(ξ, s)ψ̂(ξ, r)ψ̂(ξ, p).

By Proposition 4.10, |gn(t)|N = |gn(π(ln 2)n)|N for t ∈ [π(ln 2)n, π(ln 2)(n + 1)). Now define

Gn(t) := e
−it∆

R×Td
θ gn(π · ln t).

Then Gn(t) satisfies (5.1) on [2n, 2n+1] and |Gn(t)|N = |Gn(2n)|N. For n large enough, K−1
n ‖F(2n)‖HN ≤ ε2−9nδ ≤

ε22−2nδ. Therefore, the ε1 terms from Lemma 5.1 dominate and thus

‖F(t) − Gn(t)‖HN−1 . ε32−2nδ + ε52−nδ

for t ∈ [2n, 2n+1).

Now this implies
∥∥∥Gn(2n+1) − Gn+1(2n+1)

∥∥∥
HN−1 ≤

∥∥∥Gn(2n+1) − F(2n+1)
∥∥∥

HN−1 +
∥∥∥F(2n+1) − Gn+1(2n+1)

∥∥∥
HN−1

where the first term is less than ε32−2nδ+ ε52−nδ due to the estimates above and the second term is less than
ε2−8nδ by the definition. Thus for n large enough,

∥∥∥Gn(2n+1) − Gn+1(2n+1)
∥∥∥

HN−1 . 2−nδ.

Claim 5.4. If
∥∥∥Gn(2n+1) − Gn+1(2n+1)

∥∥∥
HN−1 . ε

52−nδ,

then

‖Gn(0) − Gn+1(0)‖HN−1 . ε52−nδ/2.

The claim follows from Lemma 4.3 in [15].

This implies that {Gn(0)}∞
n=1

is Cauchy. Then there exists G∞ such that Gn(0)→∞ and supn ‖Gn(0)‖HN−1 .

ε5.
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Then

sup
n

sup
t∈[0,2n+1]

‖Gn(t)‖HN−1 . ε5.

Finally, for T large enough,

sup
t∈[0,∞)

‖U‖HN−1 ≤ sup
t∈[0,T]

‖U‖HN + sup
n>log T

sup
t∈[2n ,2n+1]

(∥∥∥e−it∆U(t)− Gn(t)
∥∥∥

HN−1 + ‖Gn(t)‖HN−1

)
< ∞.

This completes the proof of Theorem 5.3.

�

Remark 5.5. For η > 0, the HN−1-norm in the statement of Theorem 5.3 can be replaced by HN−η-norm and
the proof follows by a redefinition of Mn adapted to η. In particular, one would let

Mn = 2(20γδn)/η

and the proof would follow without introducing a constant depending on η. This does not necessarily
imply a uniform in η bound on the HN−η-norms of {G j} j=1.

Theorem 5.6. Let d ≥ 2, let θ ∈ Θ2 (recall Definition 4.3), let N > 10(d + γ), and let C ≫ 1. There exists a
solution to (1.1), U(t), and two times 0 < T1(C) < T2(C) such that

‖U(T2)‖HN ≥ C‖U(T1)‖HN ,

where T2 − T1 ≤ exp( CN

ε2 exp(Cβ)) for some β = β(N) > 0.

Proof of Theorem 5.6. Let t1 = exp(Cβ) and t2 = 2t1. Consider the solution to (4.1) given by Corollary 4.8,
v(0), defined so that ‖v(τ)‖HN ≥ 2C‖v(0)‖HN for some time τ ≤ t1. After a change of the time variable, we
have a solution, G : [0,T2]→ HN, to (5.1) (for M = 0), such that

‖G(T1)‖HN = ε < 1

‖G‖X+
T2
≤ 2ε

‖G(exp(τ‖v(0)‖2
HN/ε

2) + T1)‖HN ≥ 2Cε

where T1 := exp(t1‖v(0)‖2
HN/ε

2) and ε is the the same ε from the statement of Proposition 5.2. Setting

e−iT1∆U(T1) := G(T1), Lemma 5.1 implies that

‖U(exp(τ‖v(0)‖2
HN/ε

2) + T1)‖HN ≥ 2Cε − ε3T−δ1 ≥ Cε.

�

Appendix A. Proof of Proposition 3.2

In this appendix we follow the argument of [15] to prove Proposition 3.2. We begin as the reference
does with the high-frequency estimates.

The different norms used in this section in comparison with the norms used in [15] does not change
essence of the following proofs because the regularity of all norms in this appendix depend on d in such
a way as to preserve the relationships that exist in [15] between the various norms. See, for example,
equation (2.2).
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A.1. The High-frequency Estimates. The proof of the following lemma can be found as the proof of
Lemma 3.2 in [15] with the Z-norm replaced by the Zd-norm.

Throughout the appendix we will refer to the symmetric group S3, which represents the set of all
permutations of a set of three elements.

Lemma A.1. Assume that T ≥ 1. The following estimates hold uniformly in T:∥∥∥∥∥∥∥∥∥∥∥∥

∑

A,B,C

max(A,B,C)≥T
1
6

N t[QAF,QBG,QCH]

∥∥∥∥∥∥∥∥∥∥∥∥
Zd

. T−
7
6 ‖F‖S ‖G‖S ‖H‖S , t ≥ T

4 ,

∥∥∥∥∥∥∥∥∥∥∥∥

∑

A,B,C

max(A,B,C)≥T
1
6

∫

R

qT(t)N t[QAF(t),QBG(t),QCH(t)] dt

∥∥∥∥∥∥∥∥∥∥∥∥
S

. T−
1

50 ‖F‖XT
‖G‖XT

‖H‖XT
,

∥∥∥∥∥∥∥∥∥∥∥∥

∑

A,B,C

max(A,B,C)≥T
1
6

∫

R

qT(t)N t[QAF(t),QBG(t),QCH(t)] dt

∥∥∥∥∥∥∥∥∥∥∥∥
S+

. T−
1

50 ‖F‖X+
T
‖G‖X+

T
‖H‖X+

T
.

A.2. The Fast Oscillations.

Lemma A.2. For T ≥ 1, assume that F,G,H : R→ S satisfy (3.6) and

F = Q
≤T

1
6
F, G = Q

≤T
1
6
G, H = Q

≤T
1
6
H.

Then, for t ∈ [ T
4 ,T], we can write

Ñ t[F(t),G(t),H(t)] = Et
1,M + Et

2,M,

where it holds that, uniformly in T ≥ 1 and M > 0,

T1+2δ sup
T
4 ≤t≤T

∥∥∥Et
1,M

∥∥∥
S
. 1,(A.1)

T
1

10 sup
T
4
≤t≤T

∥∥∥Et
3,M

∥∥∥
S
.M,

T1+2δ sup
T
4 ≤t≤T

∥∥∥Et
err,M

∥∥∥
S
. 1.

where Et
2,M = ∂tEt

3,M − Et
err. Assuming in addition that (3.8) holds, we have

T1+2δ sup
T
4 ≤t≤T

∥∥∥Et
1,M

∥∥∥
S+
. 1,

T
1
10 sup

T
4 ≤t≤T

∥∥∥Et
3,M

∥∥∥
S+
.M,

T1+2δ sup
T
4 ≤t≤T

∥∥∥Et
err,M

∥∥∥
S+
. 1.

The proof of Lemma A.2 follows the statement of Lemma A.5. We begin with the following remark.

Remark A.3. Let M > 0. Recall first we defined O1 and O2 in (3.4). Then recall that we also defined Et
3,M

by

FEt
3,M(ξ, p) :=

∑

|ω|≥ 1
M

∑

(p,q,r,s)∈Γω

eitω

iω
Ot

2[Fq,Gr,Hs](ξ)



MODIFIED SCATTERING OF CUBIC NONLINEAR SCHRÖDINGER EQUATION ON RESCALED WAVEGUIDE MANIFOLDS 23

and we defined Et
2,M by

FEt
2,M(ξ, p) :=

∑

|ω|≥ 1
M

∑

(p,q,r,s)∈Γω
eitωOt

2[Fq,Gr,Hs](ξ).

By product rule of differentiation we have

eitωOt
2[ f , g, h]

= ∂t

(
eitω

iω
Ot

2[ f , g, h]

)
− eitω(∂tOt

2)[ f , g, h]− eitωOt
2[∂t f , g, h] − eitωOt

2[ f , ∂tg, h] − eitωOt
2[ f , g, ∂th],

which implies

∂tFEt
3,M =

∑

|ω|≥ 1
M

∑

(p,q,r,s)∈Γω

{
eitωOt

2[Fq,Gr,Hs]

+ eitω(∂tOt
2)[Fq,Gr,Hs] + eitωOt

2[∂tFq,Gr,Hs] + eitωOt
2[Fq, ∂tGr,Hs] + eitωOt

2[Fq,Gr, ∂tHs]
}

=: FEt
2,M + FEt

err,M,

where we define

FEt
err,M :=

∑

|ω|≥ 1
M

∑

(p,q,r,s)∈Γω

{
eitω(∂tOt

2)[Fq,Gr,Hs] + eitωOt
2[∂tFq,Gr,Hs]

}

+
∑

|ω|≥ 1
M

∑

(p,q,r,s)∈Γω

{
eitωOt

2[Fq, ∂tGr,Hs] + eitωOt
2[Fq,Gr, ∂tHs]

}
.

(A.2)

We remark that the term Et
err,M behaves nicer than Et

2,M, since ∂tFq, ∂tGr and ∂sH have better decay than

F, G and H which ultimately comes from our choice of unknowns as pullbacks of nonlinear solutions by
the linear flow.

Remark A.4. If for t ≥ T/4, let

f a = Q
≤T

1
6

f a, f b = Q
≤T

1
6

f b, f c = Q
≤T

1
6

f c,

then we have the following estimates from [15] that exploit the dispersion in the R direction
∥∥∥Ot

2[ f a, f b, f c]
∥∥∥

L2
ξ

. (1 + |t|)−1+ δ
100 min

σ∈S3

∥∥∥ f σ(a)
∥∥∥

L2
x

∥∥∥ f σ(b)
∥∥∥

Y

∥∥∥ f σ(c)
∥∥∥

Y
,

∥∥∥Ot
1[ f a, f b, f c] + Ot

2[ f a, f b, f c]
∥∥∥

L2
ξ

. (1 + |t|)−1 min
σ∈S3

∥∥∥ f σ(a)
∥∥∥

L2
x

∥∥∥ f σ(b)
∥∥∥

Y

∥∥∥ f σ(c)
∥∥∥

Y
,

which then implies
∥∥∥Ot

1[ f a, f b, f c]
∥∥∥

L2
ξ

. (1 + |t|)−1+ δ
100 min

σ∈S3

∥∥∥ f σ(a)
∥∥∥

L2
x

∥∥∥ f σ(b)
∥∥∥

Y

∥∥∥ f σ(c)
∥∥∥

Y
.

The proof of the following lemma follows from the preceding remark using the same argument for the
equivalent estimate (Lemma 3.6) in [15].

Lemma A.5. Assume that f a, f b, f c satisfy for t ≥ T/4

f a = QA f a, f b = QB f b, f c = QC f c, max(A,B,C) ≤ T
1
6 .

Then ∥∥∥Ot
1[ f a, f b, f c]

∥∥∥
L2
ξ

. T−
201
200 min

σ∈S3

∥∥∥ f σ(a)
∥∥∥

L2
x

∥∥∥ f σ(b)
∥∥∥

Y

∥∥∥ f σ(c)
∥∥∥

Y
.

Proof of Lemma A.2. One first addresses the term Et
1,M∥∥∥∥∥∥∥∥

∑

|ω|≥ 1
M

∑

(p,q,r,s)∈Γω
eitωOt

1[Fa
q, F

b
r , F

c
s]

∥∥∥∥∥∥∥∥
L2
ξ,p

≤ T−
201
200 min

σ∈S3

∥∥∥Fσ(a)
∥∥∥

L2
x,y

∥∥∥Fσ(b)
∥∥∥

S

∥∥∥Fσ(c)
∥∥∥

S
.
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By Plancherel, Lemma A.5,

T1+2δ sup
T
4 ≤t≤T

∥∥∥Et
1,M

∥∥∥
HN

x,y
. T1+2δ max

σ∈S3

∥∥∥∥∥∥∥∥

∑

|ω|≥ 1
M

∑

(p,q,r,s)∈Γω

∣∣∣p
∣∣∣N

∥∥∥eitωOt
1[F

σ(a)
q , Fσ(b)

r , Fσ(c)
s ]

∥∥∥
HN
ξ

∥∥∥∥∥∥∥∥
ℓ2

p

. T2δ− 201
200

∥∥∥∥∥∥∥∥

∑

(p,q,r,s)∈M

∣∣∣p
∣∣∣N

∥∥∥Fa
q

∥∥∥
HN

x

∥∥∥Fb
r

∥∥∥
Y

∥∥∥Fc
s

∥∥∥
Y

∥∥∥∥∥∥∥∥
ℓ2

p

. T2δ− 201
200 ‖Fa‖HN

x,y

∥∥∥Fb
∥∥∥

S
‖Fc‖S

. T−δ−
201
200 ‖Fa‖XT

∥∥∥Fb
∥∥∥

XT
‖Fc‖XT

. 1.

When distributing derivatives, we could assume that
∣∣∣q
∣∣∣ ≥ |r| ≥ |s|, hence we only consider the case when

derivatives hit Fa
q.

T1+2δ sup
T
4 ≤t≤T

∥∥∥xEt
1,M

∥∥∥
L2

x,y
= T1+2δ sup

T
4 ≤t≤T

∥∥∥F (xEt
1,M)

∥∥∥
L2
ξ,p

. T1+2δ sup
T
4 ≤t≤T

∥∥∥∥∥∥∥∥

∑

|ω|≥ 1
M

∑

(p,q,r,s)∈Γω
eitωOt

1[∂ξF
a
q, F

b
r , F

c
s]

∥∥∥∥∥∥∥∥
L2
ξ,p

. T2δ− 201
200

∥∥∥∥∥∥∥∥

∑

(p,q,r,s)∈M

∥∥∥∂ξFa
q

∥∥∥
L2
ξ

∥∥∥Fb
r

∥∥∥
Y

∥∥∥Fc
s

∥∥∥
Y

∥∥∥∥∥∥∥∥
ℓ2

p

. T2δ− 201
200 ‖xFa‖L2

x,y

∥∥∥Fb
∥∥∥

S
‖Fc‖S

. T−δ−
201
200 ‖Fa‖XT

∥∥∥Fb
∥∥∥

XT
‖Fc‖XT

. 1.

The two inequalities above imply the bound on the S-norm of Et
1,M found in (A.1).

The estimate on Et
3,M follows by first demonstrating an estimate on Ot

2
. Define

Õt
2,ω[F,G,H](ξ, p) :=

∑

(p,q,r,s)∈Γω
Ot

2[Fq,Gr,Hs](ξ).

Proceeding with a duality argument, let K ∈ L2
ξ,p(R ×Zd),

〈
K, Õt

2,ω[F,G,H]
〉

L2
ξ,p×L2

ξ,p

≤
∑

(p,q,r,s)∈Γω

∣∣∣∣∣
〈
Kp,Ot

2[Fq,Gr,Hs]
〉

L2
ξ×L2

ξ

∣∣∣∣∣

. (1 + |t|)−1+δ
∑

(p,q,r,s)∈Γω

∥∥∥Kp

∥∥∥
L2
ξ

∥∥∥Fq

∥∥∥
L2

x
‖Gr‖Y ‖Hs‖Y .

Hence
〈
K, Õt

2,ω[F,G,H]
〉

L2
ξ,p
×L2

ξ,p

. (1 + |t|)−1+δ
∑

(p,q,r,s)∈Γω

∥∥∥Kp

∥∥∥
L2
ξ

min
{∥∥∥Fq

∥∥∥
L2

x
‖Gr‖Y ‖Hs‖Y ,

∥∥∥Fq

∥∥∥
Y
‖Gr‖L2

x
‖Hs‖Y ,

∥∥∥Fq

∥∥∥
Y
‖Gr‖Y ‖Hs‖L2

x

}
.
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Summing over ω and using Cauchy-Schwarz in the p variable with (2.4), we get

〈
F −1K,Et

2,M

〉
L2

x,y×L2
x,y

=

〈
K,

∑

|ω|≥ 1
M

eitωÕt
2,ω[Fa, Fb, Fc]

〉

L2
ξ,p×L2

ξ,p

. (1 + |t|)−1+δ



∑

p∈Zd

∥∥∥Kp

∥∥∥2

L2
ξ




1
2

min
σ∈S3

∥∥∥∥∥∥∥∥

∑

(p,q,r,s)∈M

∥∥∥F
σ(a)
q

∥∥∥
L2

x

∥∥∥F
σ(b)
r

∥∥∥
Y

∥∥∥F
σ(c)
s

∥∥∥
Y

∥∥∥∥∥∥∥∥
ℓ2

p

. (1 + |t|)−1+δ ‖K‖L2
ξ,p

min
σ∈S3



∑

q∈Zd

∥∥∥Fσ(a)
q

∥∥∥2

L2
x




1
2


∑

r∈Zd

∥∥∥Fσ(b)
r

∥∥∥
Y






∑

s∈Zd

∥∥∥Fσ(c)
s

∥∥∥
Y




. (1 + |t|)−1+δ ‖K‖L2
ξ,p

min
σ∈S3

∥∥∥Fσ(a)
∥∥∥

L2
x,y

∥∥∥Fσ(b)
∥∥∥

S

∥∥∥Fσ(c)
∥∥∥

S
.

where the last step follows from inequality (2.3). Hence
∥∥∥∥∥∥∥
∑

ω

eitωÕt
2,ω[Fa, Fb, Fc]

∥∥∥∥∥∥∥
L2
ξ,p

. (1 + |t|)−1+δ min
σ∈S3

∥∥∥Fσ(a)
∥∥∥

L2
x,y

∥∥∥Fσ(b)
∥∥∥

S

∥∥∥Fσ(c)
∥∥∥

S
.

We want to show that

T
1
10 sup

T
4 ≤t≤T

∥∥∥Et
3,M

∥∥∥
S
.M.

Again, we proceed with the same duality argument. For K ∈ L2
ξ,p(R ×Zd),

〈
F −1K,Et

3,M

〉
L2

x,y×L2
x,y

=
〈
K,FEt

3,M

〉
L2
ξ,p
×L2

ξ,p

≤
∑

|ω|≥ 1
M

∣∣∣∣∣∣∣∣

〈
Kp,

∑

(p,q,r,s)∈Γω

eitω

iω
Ot

2[Fq,Gr,Hs]

〉∣∣∣∣∣∣∣∣

.

∑

|ω|≥ 1
M

∑

(p,q,r,s)∈Γω

1

|ω|
∣∣∣∣
〈
Kp,Ot

2[Fq,Gr,Hs]
〉∣∣∣∣

.M(1 + |t|)−1+δ
∥∥∥F −1K

∥∥∥
L2

x,y
‖F‖L2

x,y
‖G‖S ‖H‖S .

Hence 〈
F −1K,Et

3,M

〉
L2

x,y×L2
x,y

.M(1 + |t|)−1+δ
∥∥∥F −1K

∥∥∥
L2

x,y
min

{
‖F‖L2

x,y
‖G‖S ‖H‖S , ‖F‖S ‖G‖L2

x,y
‖H‖S , ‖F‖S ‖G‖S ‖H‖L2

x,y

}
.

This completes the bound for Et
3,M.

We refer to remark A.3 for the conclusion of the estimate for Et
err,M. The S+-norm estimates follow

similarly.

�

A.3. The Resonant Level Set. We now want to show that the resonant part of the N t nonlinearity, Πt
M

,

converges to the nonlinearity associated to the effective equation, πt Rt
M

, as time approaches infinity.

FΠt
M[F,G,H](ξ, p) =

∑

|ω|< 1
M

∑

(p,q,r,s)∈Γω
eitω(It[Fq,Gr,Hs])

∧(ξ).
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We recall the Zt,d-norm defined by Definition 2.7 in the following lemma

Lemma A.6. Let t ≥ 1. Uniformly in M ≥ 0, it holds that
∥∥∥Πt

M[Fa, Fb, Fc]
∥∥∥

S
. (1 + |t|)−1

∑

σ∈S3

∥∥∥Fσ(a)
∥∥∥

Zt,d

∥∥∥Fσ(b)
∥∥∥

Zt,d

∥∥∥Fσ(c)
∥∥∥

S
,(A.3)

∥∥∥Πt
M[Fa, Fb, Fc]

∥∥∥
S+
. (1 + |t|)−1

∑

σ∈S3

∥∥∥Fσ(a)
∥∥∥

Zt,d

∥∥∥Fσ(b)
∥∥∥

Zt,d

∥∥∥Fσ(c)
∥∥∥

S+

+ (1 + |t|)−1+2δ
∑

σ∈S3

∥∥∥Fσ(a)
∥∥∥

Zt,d

∥∥∥Fσ(b)
∥∥∥

S

∥∥∥Fσ(c)
∥∥∥

S
.(A.4)

In addition, ∥∥∥∥Πt
M[F,G,H] − π

t
Rt

M[F,G,H]
∥∥∥∥

Zd

. (1 + |t|)−1−20δ ‖F‖S ‖G‖S ‖H‖S ,
∥∥∥∥Πt

M[F,G,H]− π
t
Rt

M[F,G,H]
∥∥∥∥

S
. (1 + |t|)−1−20δ ‖F‖S+ ‖G‖S+ ‖H‖S+ .

Remark A.7. (1) The goal of Lemma A.6 is to show

Πt
M =

π

t
Rt

M +O(|t|−1−2δ).

(2) It is clear from the proof of Lemma A.6 that (A.3) and (A.4) also hold if one replacesΠt
M

[Fa, Fb, Fc]

by π
t Rt

M
[Fa, Fb, Fc].

We recall Lemma 3.10 from [15] in the exact same presentation.

Lemma A.8. Assume that

f (x) = φ(s−
1
4 x) f (x), g(x) = φ(s−

1
4 x)g(x), h(x) = φ(s−

1
4 x)h(x),

and that s ≥ 1. It holds that∣∣∣∣∣
∫

R2

e2isηκ f̂ (ξ − η)ĝ(ξ − η − γ)̂h(ξ − κ) dηdκ − π
s

f̂ (ξ)ĝ(ξ)̂h(ξ)

∣∣∣∣∣ . s−
9
8

∥∥∥ f
∥∥∥

L2
x

∥∥∥g
∥∥∥

L2
x
‖h‖L2

x
.

In fact, for θ ∈N,

|ξ|θ
∣∣∣∣∣
∫

R2

e2isηκ f̂ a(ξ − η) f̂ b(ξ − η − γ) f̂ c(ξ − κ) dηdκ − π
s

f̂ a(ξ) f̂ b(ξ) f̂ c(ξ)

∣∣∣∣∣

. s−
9
8 min
σ∈S3

∥∥∥ f σ(a)
∥∥∥

Hθ
x

∥∥∥ f σ(b)
∥∥∥

L2
x

∥∥∥ f σ(c)
∥∥∥

L2
x
.

The following lemma will act as the analogue of the Strichartz estimate lemma, Lemma 7.1 from [15]:

Lemma A.9 (Weaker version). Consider the function, Rt
M

: [hd/2+(Zd)]3 → ℓ2(Zd), defined by

Rt
M[a, b, c](p) :=

∑

|ω|< 1
M

eitω
∑

(p,q,r,s)∈Γω
a(q)b(r)c(s).

If a(i) ∈ hd/2+ for i = 1, 2, 3, then
∥∥∥Rt

M[a(1), a(2), a(3)]
∥∥∥
ℓ2 .d min

σ∈S3

∥∥∥aσ(1)
∥∥∥
ℓ2

∥∥∥aσ(2)
∥∥∥

h
d
2
+

∥∥∥aσ(3)
∥∥∥

h
d
2
+ ,

∥∥∥Rt
M[a(1), a(2), a(3)]

∥∥∥
hN .d,N max

σ∈S3

∥∥∥aσ(1)
∥∥∥

hN

∥∥∥aσ(2)
∥∥∥

h
d
2
+

∥∥∥aσ(3)
∥∥∥

h
d
2
+ .

Uniformly in M ≥ 0.

Remark A.10 (The significance of Lemma A.9). This follows from basic Young’s inequality and Sobolev
embedding.

We note that this estimate is worse than the analogous estimate of [15] derived from sophisticated
Strichartz estimates. It is well-known that when the torus is re-scaled by an irrational vector, Strichartz



MODIFIED SCATTERING OF CUBIC NONLINEAR SCHRÖDINGER EQUATION ON RESCALED WAVEGUIDE MANIFOLDS 27

estimates are not as easily attainable. Even though the sharp Strichartz estimates hold in the case that we
are considering (see Bourgain and Demeter [3], Kilip and Visan [20] and Herr, Tataru and Tzvetkov [16]),
the argument used in [15] is not easily reconstituted in this setting since frequency localized solutions to
the linear Schrödinger equation are not necessarily time-periodic. One can achieve less derivative loss on
the right-hand sides of the inequalities that appear in Lemma A.9, but we have no use in our argument
for the best possible bound. In [15], they used the better version of Lemma A.9 in two ways:

(1) It is used to bound Πt
M;

(2) Most importantly, the h1 norm can be shown to be a constant of motion with respect to the
resonant equation. This means that an h1 upper bound is particularly important to the description
of asymptotic behavior of solutions. We do not need this because for our effective equation, all hs

norms are bounded (for special solutions). This further allows the dimension of are torus to be
arbitrarily high.

Lemma A.11. Assume that N ≥ 10d. Then

sup
x∈R

∑

p∈Zd

(1 +
∣∣∣p
∣∣∣2)

d
2+

∣∣∣eit∂xx Fp(x)
∣∣∣2 . 〈t〉−1

(
‖F‖2Zd

+ 〈t〉− 1
10 (‖xF‖2

L2
x,y
+ ‖F‖2

HN
x,y

)
)

where the Zd norm is defined in Definition 2.5.

Proof of Lemma A.11. Without loss of generality, suppose t ≥ 1.

We recall the following asymptotic approximation of eit∂xx f in [15]:
∣∣∣∣∣∣∣
eit∂xx f (x) − c

e−i x2

4t

√
t

f̂ (− x

2t
)

∣∣∣∣∣∣∣
. t−

3
4

∥∥∥x f
∥∥∥

L2
x
.(A.5)

Now using (A.5) and triangle inequality, we write

t ·
∑

p∈Zd,|p|≤t
1

5d

(1 +
∣∣∣p
∣∣∣2)

d
2+

∣∣∣eit∂xx Fp(x)
∣∣∣2 .

∑

p∈Zd

(1 +
∣∣∣p
∣∣∣2)

d
2+

∣∣∣∣F̂p(− x

2t
)
∣∣∣∣
2

+ t−
1
2

∑

p∈Zd,|p|≤t
1
5d

(1 +
∣∣∣p
∣∣∣2)

d
2+

∥∥∥xFp

∥∥∥2

L2
x

.

∑

p∈Zd

(1 +
∣∣∣p
∣∣∣2)

d
2+

∣∣∣∣F̂p(− x

2t
)
∣∣∣∣
2

+ t−
1
2

∑

p∈Zd,|p|≤t
1
5d

t
d+
5d

∥∥∥xFp

∥∥∥2

L2
x

≤
∑

p∈Zd

(1 +
∣∣∣p
∣∣∣2)

d
2+

∣∣∣∣F̂p(− x

2t
)
∣∣∣∣
2

+ t−
1
2 t

1
5+ ‖xF‖2

L2
x,y
.

Observe that supx,t

∣∣∣∣̂Fp(− x
2t )

∣∣∣∣
2

≤ supξ

∣∣∣∣F̂p(ξ)
∣∣∣∣
2

, thus
∑

p∈Zd (1 +
∣∣∣p
∣∣∣2)

d
2+

∣∣∣∣̂Fp(− x
2t )

∣∣∣∣
2

≤ ‖F‖2Zd
. This inequality

dictates the form of the Zd norm. Furthermore

t
∑

|p|≥t
1
5d

(1 +
∣∣∣p
∣∣∣2)

d
2+

∣∣∣eit∂xx Fp(x)
∣∣∣2 . t1− 10d

5d

∑
(1 +

∣∣∣p
∣∣∣2)5d+ d

2+
∥∥∥Fp

∥∥∥2

H1 ≤ t−1 ‖F‖2HN .

This final estimate establishes the strongest lower bound for any feasible choice of N in terms of d.

�

Remark A.12. By reducing the decay of 〈t〉−1/10 one can achieve the N condition

N > 5
2 d.

We found no use for this improved bound in this manuscript.
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Proof of Lemma A.6. Using the definition of Πt
M

in (3.3), we have

∥∥∥Πt
M[F1, F2, F3]

∥∥∥
L2

x,y
=

∥∥∥∥∥∥∥∥

∑

|ω|≤ 1
M

∑

(p,q,r,s)∈Γω
eiωtIt[F

(1)
q , F

(2)
r , F

(3)
s ](x)

∥∥∥∥∥∥∥∥
ℓ2

pL2
x

≤

∥∥∥∥∥∥∥∥

∑

|ω|≤ 1
M

∑

(p,q,r,s)∈Γω
eiωte−it∂xx (eit∂xx F

(1)
q (x))(eit∂xxF

(2)
r (x))(eit∂xx F

(3)
s (x))

∥∥∥∥∥∥∥∥
ℓ2

pL2
x

.(A.6)

Let

a
(1)
q (x) := eit∂xx F

(1)
q (x), a

(2)
r (x) := eit∂xx F

(2)
r (x), a

(3)
s (x) := eit∂xx F

(3)
s (x).

Then using Lemma A.9

(A.6) =
∥∥∥RM(a(1), a(2), a(3))(x)

∥∥∥
ℓ2

pL2
x

≤
∥∥∥∥∥
∥∥∥a(1)(x)

∥∥∥
ℓ2

p

∥∥∥∥∥
L2

x

∥∥∥∥∥∥
∥∥∥a(2)(x)

∥∥∥
h

d
2
+

p

∥∥∥∥∥∥
L∞x

∥∥∥∥∥∥
∥∥∥a(3)(x)

∥∥∥
h

d
2
+

p

∥∥∥∥∥∥
L∞x

.

Now we want to use Lemma A.11 to bound

∥∥∥∥∥∥
∥∥∥a( j)(x)

∥∥∥
h

d
2
+

p

∥∥∥∥∥∥
L∞x

, j = 2, 3. By Lemma A.11,

∥∥∥∥∥∥
∥∥∥a( j)(x)

∥∥∥
h

d
2
+

p

∥∥∥∥∥∥
L∞x

≤ 〈t〉− 1
2

(∥∥∥F( j)
∥∥∥

Zd
+ 〈t〉− 1

20 (
∥∥∥xF( j)

∥∥∥
L2

x
+

∥∥∥F( j)
∥∥∥

HN
x

)
)
.

Then
∥∥∥∥∥
∥∥∥a( j)(x)

∥∥∥
h

d
2
+

x

∥∥∥∥∥
L∞x

. 〈t〉− 1
2

∥∥∥F( j)
∥∥∥

Zt,d
,

where the Zt,d norm is defined in Definition 2.7.

Finally,
∥∥∥Πt

M[F(1), F(2), F(3)]
∥∥∥

L2
x,y
. 〈t〉−1 min

σ∈S3

∥∥∥Fσ(1)
∥∥∥

L2
x,y

∥∥∥Fσ(2)
∥∥∥

Zt,d

∥∥∥Fσ(3)
∥∥∥

Zt,d
.

This basically proves the first part of Lemma A.6.

To prove the ‘in addition’ estimates, decompose

F = Fc + F f , G = Gc + G f , H = Hc +H f ,

where

Fc(x, y) := φ(t−
1
4 x)F(x, y),

Gc(x, y) := φ(t−
1
4 x)G(x, y),

Hc(x, y) := φ(t−
1
4 x)H(x, y).

Claim A.13. The following estimates hold uniformly in M ≥ 0.

∥∥∥Πt
M[F,G,H]−Πt

M[Fc,Gc,Hc]
∥∥∥

Zd
+

1

t

∥∥∥Rt
M[F,G,H]− Rt

M[Fc,Gc,Hc]
∥∥∥

Zd
. 〈t〉− 21

20 ‖F‖S ‖G‖S ‖H‖S .

and

∥∥∥Πt
M[F,G,H]−Πt

M[Fc,Gc,Hc]
∥∥∥

S
+

1

t

∥∥∥Rt
M[F,G,H]− Rt

M[Fc,Gc,Hc]
∥∥∥

S
. 〈t〉− 21

20 ‖F‖S+ ‖G‖S+ ‖H‖S+ .
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Proof of Claim A.13. Let G̃ = Gc or G f , and H̃ = Hc or H f . Recall that

∥∥∥∥
π

t
Rt

M[F f , G̃, H̃]
∥∥∥∥

Zd

≤
∥∥∥∥
π

t
Rt

M[F f , G̃, H̃]
∥∥∥∥

1
4

L2
x,y

∥∥∥∥
π

t
Rt

M[F f , G̃, H̃]
∥∥∥∥

3
4

S

and similarly

∥∥∥Πt
M

∥∥∥
Zd
.

∥∥∥Πt
M

∥∥∥
1
4

L2
x,y

∥∥∥Πt
M

∥∥∥
3
4

S
.

By a basic trilinear estimate
∥∥∥∥
π

t
Rt

M[F f , G̃, H̃]
∥∥∥∥

S
. 〈t〉−1 ‖F‖S ‖G‖S ‖H‖S .

By the first estimate in Lemma A.6
∥∥∥∥Πt

M[F f , G̃, H̃]
∥∥∥∥

S
. 〈t〉−1 ‖F‖S ‖G‖S ‖H‖S .

Similarly,
∥∥∥∥
π

t
Rt

M[F f , G̃, H̃]
∥∥∥∥

L2
+

∥∥∥∥Πt
M[F f , G̃, H̃]

∥∥∥∥
L2
. 〈t〉−1

∥∥∥F f

∥∥∥
L2

x,y

∥∥∥∥G̃
∥∥∥∥

S

∥∥∥H̃
∥∥∥

S
.

By Bernstein’s inequality on the F f term,

〈t〉−1
∥∥∥F f

∥∥∥
L2

x,y

∥∥∥∥G̃
∥∥∥∥

S

∥∥∥H̃
∥∥∥

S
. 〈t〉− 5

4 ‖F‖S ‖G‖S ‖H‖S .

Thus
∥∥∥∥
π

t
Rt

M[F f , G̃, H̃]
∥∥∥∥

L2
+

∥∥∥∥Πt
M[F f , G̃, H̃]

∥∥∥∥
L2
. 〈t〉− 5

4 ‖F‖S ‖G‖S ‖H‖S

and
∥∥∥∥
π

t
Rt

M[F f , G̃, H̃]
∥∥∥∥

S
+

∥∥∥∥Πt
M[F f , G̃, H̃]

∥∥∥∥
S
. 〈t〉− 5

4 ‖F‖S+ ‖G‖S+ ‖H‖S+

�

Claim A.13 implies that is suffices to show
∥∥∥∥Πt

M[Fc,Gc,Hc] −
π

t
Rt

M[Fc,Gc,Hc]
∥∥∥∥

Zd

. 〈t〉− 15
14 ‖F‖S ‖G‖S ‖H‖S ,

and
∥∥∥∥Πt

M[Fc,Gc,Hc] −
π

t
Rt

M[Fc,Gc,Hc]
∥∥∥∥

S
. 〈t〉− 15

14 ‖F‖S+ ‖G‖S+ ‖H‖S+ .

This follows from Lemma A.8. Note that although the gauge transformation terms appear in Πt
M

and

Rt
M

in the irrational torus case. However, term-by-term, the nonlinearities have the same unit modulus
coefficients appearing on the same monomials.

The rest of the proof follows exactly as it does in [15] as the proof of Lemma 3.7. �

Proof of Proposition 3.2. The proof follows exactly as in [15] with the estimates given in this section. �

Appendix B. Proof of Proposition 4.12

We include the proof of Proposition 4.12 in this section.
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Proof. First, by Corollary 4.11, vξ,p = 0, for p ∈ Zd \ BK/3. For p ∈ BK/3,

d
dt vξ,p = i(|ξ|2 + λp)vξ,p + i

∑

(p,q,r,s)∈ΓK
0

vξ,qvξ,svξ,r + i
∑

|ω|< 1
M

∑

(p,q,r,s)∈Γω
max(‖p‖,‖q‖,‖r‖,‖s‖)>K

vξ,qvξ,svξ,r

= i(|ξ|2 + λp)vk + i
∑

(p,q,r,s)∈ΓK/3
0

vξ,qvξ,svξ,r.

Using vξ,p = 0 for ‖p‖ > K/3, we can simplify the following expression

d
dt |v(t)|2k = d

dt

∫

ξ∈R

∑

p∈Zd




d∑

i=1

(1 + |pi|2)k + (1 + |ξ|2)k


 |vξ,p|

2

= d
dt

∫

ξ∈R

∑

p∈BK/3




d∑

i=1

(1 + |pi|2)k + (1 + |ξ|2)k


 |vξ,p|

2.

In order to simplify the following computations, let [p]k :=
∑d

i=1(1 + |pi|2)k. We first split into two terms.
The argument for the first term will imply our desired estimate for the second term

∫

ξ∈R
d
dt

∑

p∈BK/3

[
[p]k + (1 + |ξ|2)k

]
|vξ,p|2

=

∫

ξ∈R
d
dt

∑

p∈BK/3

[p]k|vξ,p|2 +
∫

ξ∈R
(1 + |ξ|2)k d

dt

∑

p∈BK/3

|vξ,p|2

= I + II.

For term I, we would like to show the following claim:

Claim B.1.

d
dt

∑

p∈BK/3

[p]k|vξ,p|2 = 0

for any k ≥ 0.

This would imply that both I and II equal zero. To that end, we expand the derivative of the product
|vξ,p|2 and insert the vector field:

∫

ξ∈R
d
dt

∑

p∈BK/3

[p]k|vξ,p|2

=

∫

ξ∈R

∑

p∈BK/3

[p]k(
d
dt vξ,pvξ,p + vξ,p

d
dt yξ,p)

=

∫

ξ∈R

∑

p∈BK/3

[p]k



i(|ξ|2 + λp)vξ,p + i

∑

(p,q,r,s)∈ΓK/3
0

vξ,qvξ,svξ,r




vξ,p

+ [p]kvξ,p



i(|ξ|2 + λp)vξ,p + i

∑

(p,q,r,s)∈ΓK/3
0

vξ,qvξ,svξ,rvξ,p



.

Simplifying, we obtain

∑

p∈BK/3

[p]k



i(|ξ|2 + λp)vξ,p + i

∑

(p,q,r,s)∈ΓK/3
0

vξ,qvξ,svξ,r




vξ,p
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+ [p]kvξ,p



i(|ξ|2 + λp)vξ,p + i

∑

(p,q,r,s)∈ΓK/3
0

vξ,qvξ,svξ,rvξ,p




=
∑

p∈BK/3

i[p]k((|ξ|2 + λp)2|vξ,p|2 − (|ξ|2 + λp)2|vξ,p|2)

+
∑

p∈BK/3

i[p]k

∑

(p,q,r,s)∈ΓK/3
0

vξ,qvξ,svξ,rvξ,p

+
∑

p∈BK/3

−i[p]k

∑

(p,q,r,s)∈ΓK/3
0

vξ,qvξ,svξ,rvξ,p.

Cancelling the real parts of this sum of complex numbers leads to the following identity

∫

ξ∈R
d
dt

∑

p∈BK/3

[p]k|vξ,p|2 = 2 Im




∑

(p,q,r,s)∈ΓK/3
0

[p]kvξ,qvξ,svξ,rvξ,p



.

Now we use the resonance condition to split the sum into d one-dimensional sums. First, we use the
linearity of [p]k to split the sum into d separate components

2 Im




∑

(p,q,r,s)∈ΓK/3
0

[p]kvξ,qvξ,svξ,rvξ,p



=

d∑

i=1

2 Im




∑

(p,q,r,s)∈ΓK/3
0

(1 + |pi|2)kvξ,qvξ,svξ,rvξ,p



.

Consider the ith term:

2 Im




∑

(p,q,r,s)∈ΓK/3
0

(1 + |pi|2)kvξ,qvξ,svξ,rvξ,p



.

By Lemma 4.6, for each j ∈ {1, ..., d}, we know that (p j = q j and r j = s j), or (p j = s j and r j = q j). For

E ⊂ {1, ..., d}, let ΓK/3
0

(E) be the subset of ΓK/3
0

such that

p j = q j, r j = s j j ∈ E,
p j = s j, r j = q j j < E.

Then

2 Im




∑

(p,q,r,s)∈ΓK/3
0

(1 + |pi|2)kvξ,qvξ,svξ,rvξ,p



=

∑

E⊂{1,...,d}
2 Im




∑

(p,q,r,s)∈ΓK/3
0

(E)

(1 + |pi|2)kvξ,qvξ,svξ,rvξ,p



.

Furthermore, if we let pE ∈ Zd be defined by (pE) j = p j for j ∈ E and (pE) j = 0 for j < E, then

2 Im




∑

(p,q,r,s)∈ΓK/3
0

(E)

(1 + |pi|2)kvξ,qvξ,svξ,rvξ,p



= 2 Im




∑

|p j |,|r j |≤K/3

(1 + |pi|2)kvξ,pE+rEc vξ,pEc+rE
vξ,rvξ,p


 .

Without loss of generality, let i ∈ E (otherwise, reverse the definition of E), another decomposition yields

2 Im




∑

|p j |,|r j |≤K/3

(1 + |pi|2)kvξ,pE+rEc vξ,pEc+rE
vξ,rvξ,p




= 2 Im




∑

|pj |,|rj |≤K/3

j∈E

(1 + |pi|2)k
∑

|pj |,|rj |≤K/3

j<E

vξ,pE+rEc vξ,pEc+rE
vξ,rvξ,p






32 WILSON AND YU

= 2 Im




∑

|pj |,|rj |≤K/3

j∈E

(1 + |pi|2)k




∑

|rj |≤K/3

j<E

vξ,pE+rEc vξ,r







∑

|pj |≤K/3

j<E

vξ,pEc+rE
vξ,p







= 2 Im




∑

|pj |,|rj |≤K/3

j∈E

(1 + |pi|2)k




∑

|t j |≤K/3

j<E

vξ,pE+tEc vξ,rE+tEc







∑

|t j |≤K/3

j<E

vξ,rE+tEc vξ,pE+tEc






.

Finally,



∑

|t j |≤K/3

j<E

vξ,pE+tEc vξ,rE+tEc







∑

|t j |≤K/3

j<E

vξ,rE+tEc vξ,pE+tEc



=




∑

|t j |≤K/3

j<E

vξ,pE+tEc vξ,rE+tEc







∑

|t j |≤K/3

j<E

vξ,rE+tEc vξ,pE+tEc



.

Therefore, the expression
(∑

(p,q,r,s)∈ΓK/3
0

(1 + |pi|2)kvξ,qvξ,svξ,rvξ,p

)
is real-valued, and we are finished. �
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[12] F. Giuliani and M. Guardia. Sobolev norms explosion for the cubic NLS on irrational tori. Nonlinear

Anal., 220:Paper No. 112865, 25, 2022.
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