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MODIFIED SCATTERING OF CUBIC NONLINEAR SCHRODINGER EQUATION ON
RESCALED WAVEGUIDE MANIFOLDS

BOBBY WILSON AND XUEYING YU

AsstrACT. We use modified scattering theory to demonstrate that small-data solutions to the cubic nonlinear
Schrodinger equation on rescaled waveguide manifolds, IR X T for d > 2, demonstrate boundedness of Sobolev
norms as well as weak instability.
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In this paper, we consider the following cubic nonlinear Schrédinger (NLS) equation posed on the

“irrational” rescaling of the waveguide manifolds R x T4:

(1.1) (0 + Ager) U = pUP U, (x,y) € RX TS,

where u = 1, TY is an irrational torus, and U is a complex-valued function on the spatial domain
(x,y) € Rx T%. Here 0 = (04, ..., 04) € R% and the d-dimensional torus re-scaled by the vector 0 is defined

by

i=1
where T := IR/(2nZ). We will say that 0 is “irrational” if the equation
d

Znief =0

i=1

does not have any nontrivial solutions, (11, ..., 1) € Z%. More accurately, the squares of the components

of O are irrational.

The NLS (1.1) conserves the Hamiltonian defined as follows

HU®) = f LU x, ) + LU, 2, ) dxdy.
]R><"Jrg
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For simplicity, the body of this paper is presented using the defocusing version (1 = 1) of the NLS
system, (1.1).

1.1. Motivation and Background. The waveguide manifold R” x T" is a product of the Euclidean space
and the tori, and of particular interest in nonlinear optics of telecommunications, see for example [4]. Due
to the nature of such product spaces, we see NLS posed on the waveguide manifold mixed inheriting
properties from those on classical Euclidean spaces and tori.

The goal of this work is to study the asymptotic behavior of (1.1). In fact, this project is inspired by
Hani, Pausader, Tzvetkov, and Visciglia [15], where the authors investigated the asymptotic behavior of
the cubic NLS posted on “rational” waveguide R x T¢, where T is a rational torus, and showed modified
scattering for solutions to such equation with small initial data.

Before continuing on to our motivation, let us spend a moment to explain different long time behaviors
that one would expect on Euclidean spaces and tori, such as scattering phenomenon, growth of high
Sobolev norms and modified scattering. In general terms, scattering is the behavior by which nonlinear
solutions converge to linear solutions as time approaches infinity. Such scattering effect is expected to hold
on most noncompact Riemannian manifolds (see, for example, [2, 7, 10, 18]), while on bounded domains,
especially on the torus, one anticipates that the high Sobolev norms of solution will grow over time. Such
growth is very much related to the phenomenon of weak turbulence which is described as the transference
of energy from low frequencies of a solution to high frequencies of a solution, causing high Sobolev norms
to grow while the energy of the solution remains bounded. The first of such constructions appears in
Colliander, Keel, Staffilani, Takaoka, and Tao [8]. As for the “modified scattering”, one attempts to relate
the solution to the full equation to an effective or resonant system whose behavior may be much different
than the behavior of the linear flow. In fact, the effective system used in [15] is shown to exhibit behavior
much different than that of the linear system. A class of noncompact manifolds in which different elements
exhibit both weak turbulence and scattering are the waveguide manifolds. For example, on RIXT,d>1,
Tzvetkov and Visciglia, [23], prove that the cubic NLS system exhibits scattering regardless of the size
of the initial data. On the other hand, in [15], cubic NLS on R x T%, 1 < d < 4, is shown not to exhibit
scattering.

The second important source of motivation for this project is the study of the dynamics of cubic NLS
defined on irrational tori:

(1.2) (i + Aqg) u = uPu, xeTl

In recent works [22] and [17], the authors studied the growth of high Sobolev norms on irrational tori
and compared the long time behavior of such norms with those in the rational torus setting. The works
suggest that there exists stronger stability of the cubic NLS in the irrational case than what one expects
in the square case. Particularly in light of the work on instability by the I-team for the square torus case,
[8]. One could also consult the work of Deng, Germain, and Guth [9] on improved long-time Strichartz
estimates to gain the same intuition. However, the picture is not so simple. In the paper of Giuliani and
Guardia, [12], they show that the type of quantitative instability results given by [14] hold (to a lesser
extent) in the case of most irrational rescalings of the torus.

Motivated by works [22] and [17] by the first author of this paper and collaborators, we would like to
consider the analogue of [15] in the “irrational” waveguide setting .
1.2. Main Result and Discussion. Now let us present the main result in this paper:

Theorem 1.1. Let d > 2. There exists @, C ©; C RY such that the following hold:

(1) If O € ©4, one can define Ng > 0 such that for each N > 10d + Ng there exists e(N, d) > 0 with the following
property: If Uy € S and ||Uolls+ < (N, d), there exists a solution to (1.1), U(t), such that U(0) = Uy and

sup sup [U(H)]|g < oo.
s<N t
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(2) If 6 € Oy and C > 0, there exists a solution to (1.1), V(t), and T, > Ty > 0 such that
V(T = CIV (Tl

and Ty — T < exp(cn exp(CP)/e2) where B = B(N) and N > 10d + Nj.
(3)

LYR{\©) =0,
dimg(R? \ ©) = 0.

Here dimgy(E) represents the Hausdorff dimension of the set E. The form of this statement is inspired
by the work of Gérard and Grellier [11] in which it is shown that two seemingly incompatible types
of dynamic behavior are exhibited in the cubic Szegd equation: (1) complete integrability, and (2) the
existence of arbitrarily large (in the H® sense) trajectories.

Remark 1.2. In the course of proving Theorem 1.1, one may observe that the lower bound on the regularity,
N, can be improved and better understood by the fact that for 6 belonging to a full measure subset of ©;,
Np can be replaced with d. Moreover, on that same subset of ®, with a more careful analysis in Lemma
A.11, N can be set to be arbitrarily close to %d. We refer to Remark A.12, for more discussion.

Let us mention two modify scattering works that are related to this manuscript, [13, 21]. It is useful to
compare the work presented in this manuscript to that which is contained in the paper of Grebert, Patural,
and Thomann [13]. In their manuscript, they consider a cubic NLS system on the waveguide manifold,
R x T for d = 1, ...,4, where the Laplacian is perturbed by a convolution potential. The perturbations of
the frequencies are of the form A, = lIpll> + O(llpll~™) whereas the perturbations presented here are of the
form A, = lipll> + O(llpll?). Both settings present their own difficulties, but the O(||p||™) condition leads a
greater ability to control loss of regularity (see Assumption 1.1 from [13]).

The last work on modified scattering in the waveguide setting that we would like to emphasize is the
work of Liu, [21], in which the author establishes a modified scattering property of solutions to cubic NLS
on the waveguide, R x T? for d = 1, ..., 4, with respect to a different class of asymptotic trajectories than
those used in [15] and in this manuscript.

1.3. Outline of the Proof of Theorem 1.1. The three parts of Theorem 1.1 are found throughout this paper
as various theorems and remarks. Part (1) of the theorem follows directly from the statement of Theorem
5.3 and Remark 5.5. Part (2) follows from Theorem 5.6. Finally, Part (3) follows from the definition of ®,,
the definition of ®,, and Remark 4.4.

The proof of Theorem 5.3 makes the bulk of the complexity of the functional setting necessary. The main
parts of the proof consists of a small-data wellposedness result (Proposition 5.2) as well as an asymptotic
stability estimate (Lemma 5.1). The strategy of the arguments that justify the main parts of Theorem 5.3 are
the same as what appears in [15]. However, the proofs are made more complicated by two factors: (1) the
appearance arbitrarily small “small divisors” in proving Proposition 3.2 and (2) the use of a quasi-resonant
effective equation as opposed to a fully resonant effective equation. The small divisor problem forces us
to lose some control over the estimates of the nonresonant parts of the cubic nonlinearity (See estimate of
8;,M in Proposition 3.2). This issue requires one to treat the proof of Proposition 5.2 much more delicately.
The quasi-resonant effective equations are limited in their effectiveness over arbitrarily long time scales.
This requires one to periodically change the effective equation as time approaches infinity. This also affects
the way in which one approximates the solution to the full equation by solutions to the effective equation:
An arbitrarily small level of additional regularity is necessary to characterize the behavior of solutions to
the full equation using uniform approximations of the full equation. We note that this loss of regularity
is not completely out of step with the previous work of [15] and [13] in which additional regularity is
needed. However the additional regularity in the previous works (which is also required in this work)
is needed only for the R-variable. Finally, the most fundamental difference in this work is the aspect of
the dimension of the d-dimensional torus. The quasi-resonant structure of the effective system prevents a
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direct application of the Strichartz estimates used in [15] (Lemma 7.1) and most importantly [13] (Lemma
3.2). This means that our base norm (the Z;-norm, see Definition 2.5) must consist of an ¢? Sobolev norm
with more than d/2 derivatives. This is overcome by the symmetry that the quasi-resonant system displays
at low modes.

The proof of Theorem 5.6, consists of properly reformulating the result of Giuliani and Guardia, [12],
to construct a growing solution to a resonant waveguide system (Corollary 4.8), then using the stability
estimate referenced in the previous paragraph (Lemma 5.1) to construct a solution to the full equation.

1.4. Outline of the Rest of This Paper. The organization of the rest of this paper is: in Section 2, we
present the preliminaries and define the norms that will be used in later sections; in Section 3, we
decompose the nonlinearity in the gauge transformed NLS and study the properties of each component
in this decomposition; in Section 4 we discuss the dynamic of the quasi-resonant equations; in Section 5
we prove the asymptotic behavior of (1.1). Also in Appendix A and Appendix B, we include the proofs of
two propositions used in the main theorem.

Acknowledgement. Part of this work was done while the second author was in residence at the Institute
for Computational and Experimental Research in Mathematics (ICERM) in Providence, RI, during the
Hamiltonian Methods in Dispersive and Wave Evolution Equations program. The authors would like to
thank Benoit Pausader whose mini-course on Semilinear Dispersive Equations at ICERM in 2021 inspired
the direction of this project. B. W. is supported by NSF grant DMS 1856124. X.Y. is partially supported by
an AMS-Simons travel grant.

2. PRELIMINARIES

In this section, we present the harmonic tools, discuss resonance level sets, and define the norms that
will be used in the rest of this paper.

2.1. Notations. We use the usual notation that A < B or B 2 A to denote an estimate of the form A < CB,
for some constant 0 < C < co depending only on the a priori fixed constants of the problem. We also use
a+ and a— to denote expressions of the forma + canda — ¢, forany 0 < ¢ < 1.

2.2. Fourier Transforms and Littlewood—Paley Projections. We will consider functions f : R — C and
functions F : Rx T4 — C. To distinguish between them, we use the convention that lower-case letters de-

note functions defined on R, upper-case letters denote functions defined on Rx T%, and calligraphic letters
denote operators, except for the Littlewood—Paley operators and dyadic numbers, which are capitalized
most of the time.

2.2.1. Fourier Transforms. We define the Fourier transform on R by

ga:ﬁﬁ L o) d.

If F(x, y) depends on (x,y) € R X T‘é, f(é, y) denotes the partial Fourier transform in x. We also consider
the Fourier transform of f : TZ - C,

fo= ) f fe v dy, pezf,
and this extends to F(x,y). Here (p,y), = Yo, Oipiyi. Finally, we also have the full spatial Fourier
transform

(FE)E p) = |fﬂmwwwya@

g
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2.2.2. Littlewood—Paley Projections. Letus know define Littlewood—Paley projections. For the full frequency
space, these are defined as follows:

(FP0FE D) = o) o EHTBIE p),
where ¢ € C°(R), ¢p(x) = 1 when |x| < 1 and ¢(x) = 0 when |x| > 2. We define
PN = PSN_PS%; PzN :=1—P§%.

We also define Littlewood-Paley projections concentrating on the frequency in x only,

(FONPIE D) = GENTIIED),
with
Qv = Qv —Qey, Qv =1-Quy;

and Littlewood-Paley projections concentrating on the frequency in y only,

(FLavP)Ep) = 650 - o EDTRIE ),
with
LN = LSN_LS¥/ LZN :=1_LS¥'

2.3. Resonance Level Sets. We start by establishing notation for the norms of the frequency modes. In
the square case, the eigenvalue of —Ay. associated to the mode p € Z¢ is simply the Euclidean norm of
p, which we will denote [|p||. In the case that the torus is re-scaled by a vector, 0, the eigenvalue of —A

associated to the mode p € Z* is a re-scaled version of the Euclidean. We suppress the dependence on 0
and denote this eigenvalue by
A=) 072,

We define the following sets corresponding to momentum and resonance level sets:

M:={(p,q,1,8) €@ :p—qg+r-s=0},
(2.1) Lo ={(p,grs)e M: Ay = A+ A = As = w},
Q:={welR:T, #0}.

Note that Q) is countable.

2.4. Functional Setting. Fix6 < 107%. N will be specified later. It will depend on 6 and d. The requirements
that will be given to N will not be designed to be sharp (see the proof of Lemma A.11 for detailed discussion
on the sharpness of the requirement on N).

Definition 2.1 (#*-norm).
2
e, = |30
pezd | i=1
Definition 2.2 (k-norm). Define an auxiliary norm:

d
2= 1+ piP)F+ @+ &P 2,
|zl j;e]R E E T+ 1pil)" + (1 +] I)llze,pl

pezd | i=1
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Remark 2.3. We note that since

d
G+ IE PP < Y (A + [P+ (1 + 1€ < Cu(1 + 1€, Y™,
i=1
we can conclude that the norms are equivalent:

11,12 2 2
Ck ”Z”Hk‘ﬂ/ < |Z|k < Ck”Z”H’Q.,V'

X,

Remark 2.4. We need a norm that plays the same role as the Z-norm in the paper of [15] but controls a
higher regularity (depending on the dimension) than the #! norm that the Z-norm controls. We note that
this then requires and argument that allows one to bound the higher regularity norm in the same fashion
that [15] controls the i! norm. It is very important to point out that the Z;-norm is defined to exploit the

d
fact that h§+ is an algebra.

Definition 2.5 (Z;-norm). Define a new Z; norm

IFIE, = sup(1 +1¢P)2 [Fy©)

EeR

2
hp

Definition 2.6 (S- and S*-norms).
IFlls = Flly, + IxFll2
IFlls+ = IIFlls +[|(1 = x)*F]| + l1xFlls -

Then, since N > 10d, we have
(2.2) IFllk, < IIFllz, < IFlls < lIFlls+ -
Definition 2.7 (Z; ;-norm).
IFllz,, = IIFllz, + (1 + [t~ [[Flls
Remark 2.8. The following two space-time norms are necessary for the well-posedness and stability results
of Section 5. We use the same framework as [15] for the establishment of the results found in Section 5.
Definition 2.9 (X7- and Xj-norms).

IFllx, := sup {IF(®llz, + (1 + ) IF@lls + 1+ 16 9 FD)lls),
0<t<T

IFllx; == IIFllx, + sup {(1+[E)~> IF@)lls- + (1 + 6D 9:F ()l }-
0<t<T

Definition 2.10 (Y-norm). Define

Il ==l £

i I
Then
(2.3) 2 NEI < nEts.

pezd

Remark 2.11. Furthermore, note that the following two basic inequalities hold:
1

1 1
1T < A1 g e
and
1 1
“f”Hk(]RXTd) < ”f”LZZ(]RXjrd)“f”[zizk(]RXjrd)‘

These two inequalities allow us to use a similar argument to that which appears in [15] to conclude that
1 3
Fllz, < IFI, -

It is important to observe that this inequality requires that N > d in order to hold.
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Remark 2.12. Let us present the last elementary inequality in this section, which will be used frequently
when summing the frequencies in later sections.

1) .(2) (3) : 1) a(2) a(3)
(2.4) (q,r,s):(p,Zq,r,s)EMcq ¢ °Cs ; grgrg:”c” H(}, ”CT ”(}, HCT H(},'

We will close this section with the following definition of a cutoff function

Definition 2.13 (A cutoff function). For T 2 1a positive number, weletgr : R — Rbe an arbitrary function
satisfying

0<gr(s) <1,

gr(s) =0 if |s <I gorls|>T,

s < 10.

Particular examples are the characteristic functions g7(s) = 1[511 (s), with the natural interpolation of the

3. ANALYSIS OF THE NONLINEARITY

In this section, we provide a decomposition of the nonlinearity in the gauge transformed equation (3.1),
and prove its decay properties in Proposition 3.2.

3.1. Duhamel’s Formula and Gauge Transformation. Define the standard gauge transformation by

Ut x,y) = o oF(t) = Z €i<p’y>9€_im”(Eita'“Fp(t))(x)-

pezd

Then we see that U solves (1.1) if and only if F solves

(3.1) () = ¢ R (R Ry o R ER - R E() =2 NTLE(), E(), B
Denote the nonlinearity in (3.1) by N'[F(t), F(t), F(t)], where the trilinear form is defined as follows
N [P, G, H] = _itAIRng (eitA]Rx'[r‘éP X e_itAIRngE . eitAIRng H)

Remark 3.1 (Properties of N'). We list some properties of N that will be needed in later sections.

(1) Fourier transforms of N':
The Fourier transform of N’ is given by

FN'IEGHIEp) = Y, e (TE, G, H)(€)
(p.g,1.5)eEM

= Z Z eita)(ft[Fq/ Gr/ HSDA(é)
weQ (p,q,1,5)EM

where
It[fl < h] = e—itaﬂ (eitanf . e—itamg . eitanh).
(2) Re-writing N':
Let U(t) = ¢'P=. We can write

T'[f, & hl = UCDHU®) f - Ubg - UBh),
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also the Fourier transform of 7" is given by

62) T g€ = [ e - 0= e -

Using (3.2), we can also write

FN'EGHIEP) =Y, Y, fR EPIEL(E = 1)GE = L(E ~ ) dcdn

w€Q (p,q,1,5)eEM

(3) Leibniz rules for 7t and N*:
A Leibniz rule for I'[f, g, h]

ZI'f, g hl = I'(Zf, g, W) + I'[f, Zg,h] + I'[f, g, Zh), Z € {ix, d,}.

A similar property holds for the whole nonlinearity N'[F, G, H], where Z can also be a derivative
in the transverse direction Z = d,,,.

3.2. Decomposition of the Nonlinearity. We decompose the nonlinearity in equation (3.1) in the following
way:
i,F = N'(F) = Nes(F) + E'(F),

where E/(F) is integrable in time. One hopes to prove that the asymptotic dynamics converge to that of
the effective system

i0:G = Nogf(G).

Let M > 0. We begin by decomposing N' in the following way with respect to M:
N'[F,G,H] = I, [F, G, H] + N, [F, G, H].
Here we define IT,, and N 1 by
FILIEGHIE )= ), Y, (', G, H)'E)

lwl< 3 ®a78)€ e

(3.3) =), 2 e fR 2 e (& = m)G(E = 1= KHL(E - 1) did

lwl<#; Pa75)e

FNWEGHIEp) = ), Y ¢“'F, Gy H)\©).

lwl>% Pa15)ly

Here IT}, := N' and K/é = 0. Our goal is to show that as time approaches infinity, IT), “resembles” IR},
defined by

FRUEGHIED = Y, ¢ Y F OGO

lwl< (pars8)ely

FRYEGHIEp) = Y e Y F(OG(OHE).
weQ) (p.q,1,5)€l,
Specifically, we want to show that (see the precise estimates in Lemma A.6)
I, = %wa +O(™2).
The effective system which one would hope to prove that the asymptotic dynamics converge to is given

by
i0:G(t) = R, [G(1), G(), G(t)].
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In order to accomplish this, one then needs to show that the affects of the the nonlinearity, N ]f/[, on the

dynamics diminish over time. To deal with N!, we further decompose N 1, along the nonresonant level
sets

FNUEGHIEP) =Y, ), ¢OIF, G, HIE +O4lF, G, Hi(©),

lwl> 4% Pa78)ely

where
OlLf, g )= [ ™1 = gtetpNle = migte = 1 = (e = ),

oD OUf,h1®) = [ #™ (i m(E = migte = n = i = ),

(I'[f, & W)\ (&) = O1[f, & hl(&) + OL[f, &, hl(E).
We further define Stl,M and 85,1\4
\7:8;,M[P/ G/ H](é/ p) = Z Z eitwoi [PL]/ GT’/ HS](S)
>3 Pars)ely

FEMEGHIEP) =Y, Y, €“OLF, G, HI(©).

lwl> 57 PAr8)ETw
Note that
Nt = st t
Ny =8 m+Eum
Finally we define an auxiliary nonlinearity, 83 v Py

FEM(EP) Z Z

lwl> % (Pars)Ely

é itw

Ot Fq/ GT’/H ](é)

The following estimate pertaining to the relationship between &, and &, is addressed in Remark A.3:
Em(t) = dEsm(t) + O )

in the Z; norm for t > 1. The error between &; p(f) and 9;E3 m(f) will be denoted, 82w v and defined in
(A.2).

Now we have the following full decomposition for N*

(3.5) FN =TI, + &, + 8Ly = (T, - —Rf ) +EL L, +E
N— e

Ny

TC
mt QtSQ,M + ?ij.

err,.

3.3. Main Proposition. After decomposing the nonlinearity in (3.1), we state the following main propo-
sition that is an adapted version of Proposition 3.1 in [15]. It is worth pointing out that a major difference
is in (3.7), where the upper bound depends on M (while in [15] it is not).

Proposition 3.2. For T > 1, assume that F,G,H : R — S satisfy
(3.6) IFllx, + lIGllx, + [1H]lx, <1.
Then, for t € [%, T, if we let
N' = 2Ry, = N'TE(), G(8), H()] = TR L, G(B), H)L,
then the following bounds hold uniformly in T > 1, M > O:
f gr() - (N' = TRL) dt
R t s

T <1,
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1+6 t t
T Tsup ||81M + aerr,M”Zd sl
T<t<T
i<

(3.7) T sup ||E;lls <M,

IN

where the function qr(t) is defined in Definition 2.13.
Assuming in addition that
(3.8) IFllx: +11Gllx: + [Hllx: <1,

we also have that

+T%
S+

T—5b

fmwwh§%wt fmwwtgﬂwtsl
R R S

The proof of Proposition 3.2 can be found in Appendix A. Since the techniques and lemmas used in this
proof are very similar to what appears in the work of Hani, Pausader, Tzvetkov, and Visciglia [15], those
details are relegated to the Appendix A. There are important technicalities to verify in this new setting
as well as some small changes to the proof strategy and functional setting. However, these changes do
not present difficulties significant enough to include in the main body of this manuscript. We include the
work in the appendix for completeness. Finally, we remark that if one replaces the [|||lx, < 1 condition
with [|-|[x, < & (or ||~||X; <1by ||-||X% < ¢), then since the operators are trilinear, the bounds gain a factor of

&3,

4. Dynamics oF THE QUASI-RESONANT EQUATIONS

In the following section, we begin the study of the effects of resonance and quasi-resonance on the
dynamics of the full nonlinear Schrodinger system.

4.1. Irrationality. The finer arithmetic properties of the irrational vector 6 = (64, ..., 84) will play a crucial
role in dynamics of the quasi-resonant equations associated to the cubic NLS. We will define a full measure
subset of IR’_{, 0O, to which we will restrict our re-scalings of the d-dimensional torus. The definition of the
set constructed will be informed by the works of [12] and [22].

We begin with a proposition on the size of the set of Diophantine vectors in IR%.

Proposition 4.1. The subset of R%,
d

Z 91-21’[1'

{9 e RY : ACy > 0 such that
i=1

> Coll(n1, .., na)lI™ for all (n1, ..., ng) € Z%\ {0}}
is of full measure.

See [6] and [9] for more information. Moreover, we have another set of full measure to consider
Proposition 4.2. The subset of RY,
{6 eR? :

O3y + O3na| < |l(m, n)||™ for all (my, ) € 2\ (0}

is of full measure.

Proposition 4.2 is a corollary to the theorem of Khintchine, [19], that appears in [12] as Theorem 2.5. It
is important to observe that the set of vectors in Proposition 4.2 only imposes conditions on the first two
components of the vectors 6. In the paper of Giuliani and Guardia [12], solutions for a two-dimensional
torus system are constructed. There is a simple method to extend those solutions to arbitrarily high-
dimensional solutions. This is the method that we will employ, so it suffices to first construct solutions on
the first two components of the d-dimensional irrational torus.
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One may observe that a direct application of the theorems pertaining to the measures of the subsets
described above would yield a description of vectors defined with the squares of the components (62, ..., 63)
instead of the vectors O since the conditions are defined with respect to the squares of the components.
This is overcome by observing that the map, 6 ~ (62,...,6?), is locally bi-Lipschitz and thus preserves
Lebesgue nullity of measures of sets and Hausdorff dimension.

Finally, we define the generic set of irrational vectors that we are interested in considering:
Definition 4.3. Let ®, c ®; C IR’i be defined by

i 6?1’1{

i=1

O = U {6 € IR‘i : ACg > 0 such that
y=d

> Coll(n1, ..., ng)l|™” for all (my, ..., ng) € Z \ {0}},

© =01 N{0 e RL : |03m + O3na| < (Il(m, m)ll log l|(n, ma)l))™" for all (1, n2) € Z2\ {0}}.

Remark 4.4. Finally, the following theorem of Jarnik and Besicovitch, [1], implies that the complement of
®; has Hausdorff dimension zero.

Theorem 4.5. The set
m 1 o . m
E,:= {x €ER : |x— ;I < %for infinitely many rationals ;}

has Hausdorff dimension 2/q.

4.2. Irrational Resonances and Quasi-Resonances in Z¢. We consider the Hamiltonian, ?Z, associated to
the cubic NLS on the d-dimensional torus (1.2):

h(iz,) = ho + N

1 2,1 ==
EZAplZpl + 3 Z 2ZsZiZp-

pez? p+r=q+s

We recall that
M=) € (@) :p—q+r-s=0},
To:={(p,grs) e M: A, —Ag+ A, — A =0},
where I'g will denote the set of resonances whose definition appears in (2.1).

For K > 0, let T§ will denote the set of resonances below a fixed frequency level

]"g ={(p,q,1rs) €To : Ipllql 17l 1sl < K}.

For any vector, 0 = (04, ..., 04), the resonance condition A, + A, = A; + A is equivalent to

d
2[2.,2_2_2]_
Zei [Pi T4 _Si] =0.
i=1
If 0 is an irrational vector, then the above identity is equivalent to the following set of independent
one-dimensional resonance equations
pi+1i =g +s fori=1,...d.

By the definition of vector addition, the conservation of momentum condition also decomposes into
one-dimensional conservation of momentum equations. Thus Iy = N Iy;, where

To;i:= {(p,q, 1,8) € (Z"l)4 tpitti=qi+ s,-} ﬂ {(p, q,1,s) € (Z”’)4 : piz + 1'12 = qiz + slz}

The nice feature about the dimensional decomposition of Iy is that the one-dimensional resonances are
rather simple. In fact, we can state a simpler characterization with a basic arithmetic lemma:
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Lemma4.6. Fori=1{1,...,d},
NS {(p, q,1,8) € (Zd)4 tpi=giandr; = si} U {(p, q,1,5) € (Zd)4 s pi=siandr; = qi}.

The proof is fairly straightforward and well-known. We refer to [22] for the very short proof.

4.3. Rational Quasi-Resonances. In this subsection , we consider the two-dimensional case because that
is the setting in which Giuliani and Guardia [12] work. Let m = (my, my) € Zi be positive integers. We
define the 7i- resonances, I ; C (Z%)*, by the following condition: (p, g,1,5) € Iy ;; if both of the following
identities hold

p+r=q+s,
m [p% + r%] +my [p% + r%] =m [q% + sﬂ +my [q% + s%] )

As described above, elements in Iy ; can form parallelograms that are not axis-parallel. On the other

hand, if (m,mjy) is close to (6%, 9%), then elements of Iy ; contain quartets that are quasi-resonant with

respect to (01, 6,). We refer the reader to [12] for further discussion.

4.4. Growth. Consider the following resonant (resonant only in the non-compact variable) Hamiltonian
associated to equation (1.1):

@1 H'(¢) = Ho(¢) + N'(¢)
1 2 A - 2.1 — — = = .
2 I GR;;zd(la + A)IY(E PIF + 5 j; ERP+;+Sw(é,q)yb(é,s)¢(5,r)¢(g,p)

The heuristics of the growth argument are as follows. Given a fixed time interval [0, T], we determine a
suitable 7 resonant system,

Hw=4 [

In the the exact same fashion as in Giuliani and Guardia [12], a solution to the equation determined by
H’, is constructed to grow over time. More importantly, the flow determined by H, is conditioned to be
a perturbation of the Hamiltonian flow determined by H* which allows one to construct a solution to the
equation determined by H* that grows on the time interval [0, T].

Y (EP + AIG(E PP + 1 f Y G DPE DE D p).

pEZd £eR p+rfq+5
(pars)ely;

The fact that the approximation of the dynamics depend on the time interval affects the potential to
replicate the argument of [15] in order to construct solutions whose regularity grows to infinity as time
approaches infinity. In their work, a solution to the completely resonant equation is constructed whose
k-Sobolev norm grows to infinity as time approaches infinity. Modified scattering allows them to relate
that solution to a solution to the original cubic NLS system. As will be demonstrated later and which
is apparent in the proof of the main theorem of Giuliani and Guardia [12], initial data that is frequency
localized will not grow for all H’, systems. In particular, the size of the Fourier support at time zero for a
solution to H', whose h¥ norms grow to infinity as time approaches infinity must grow as (my, my) better

approximates (62, 63).
Specifically, the authors in Giuliani and Guardia [12] prove the following theorem

Theorem 4.7. There exists a set of irrational numbers S C [1, 00), which has full measure and Hausdorff dimension
1, such that for all w € S the following holds.

Letk >0,k #1,and fix C > 1. Then the cubic NLS on the irrational torus "If(zl «) Possesses a solution u(t) such
that

(Dl = ClluO)lle,
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where
T < exp(CF)
for some constant § = (k) > 0. Moreover, there exists a constant 1 = n(k) > 0 such that
lu®llzr ) < €1
forall t € [0, T].

The authors further demonstrate the existence of a family of fractal sets for which the rate of growth
solutions is increased as the dimension of the set of w decreases. For our purposes, we will consider only
the generic case. We note that the definition of § is of full measure by Proposition 4.2. Moreover one
can see that the set {(1,w) : w € S} encapsulates our notion (up to rescalings) of good approximation by
rationals:

|62n1 + 03na| < (|1, m2)l| Log l|(n1, n2)l))~" for all (n1, n2) € Z2\ {0}.
Thus if 6 € ©,, then (1,0,/61) € S.
The following simple corollary to Theorem 4.7, given by freezing the noncompact variable and d — 2
torus variables, then follows:

Corollary 4.8 (Corollary to Theorem 4.7). Let 6 € ©,. Let k > 0, k # 1, and fix C > 1. Then the Hamiltonian
system associated to (4.1) possesses a solution v(t) such that

(Tl = Clio(0)lg,
where
T < exp(CF)
for some constant B = B(k) > 0. Moreover, there exists a constant 1 = n(k) > 0 such that
lo@®lz, <C™
forall t € [0, T].

Proof of Corollary 4.8. We first observe that with as(p) := v(¢&, p), if v is a solution to the Hamiltonian system
associated to (4.1), then a satisfies the following equation:

idiac(p) = (EF + Aacp) = ) as(@as(s)ac(r).
p=q+s—r
The gauge transformation, bs(p) := e**as(p), reduces the above equation to

i0ibe(p) = Apbe(p) = Y be(@be(s)be(r).

p=q+s—r

Let u(:) : [0,00) — H"(?l"(zﬁ1 92)) be a solution to the two-dimensional cubic NLS equation on the torus,

T%HI,GZ)’ given by Theorem 4.7 such that
-1
””(t)”LZ(Tfol,oz)) <C™
Then w(t, x1, ..., x4) = u(t, x1, x2) solves the cubic NLS equation on T‘é (1.2) and ||wnhk(']r2) = ”U”hk(T(ZO o) for
12

all k > 0. Let ¢ € CZ(R) be a nonnegative, smooth bump satisfying ¢(&) = 1 for |£] < 1 and ¢(&) = 0 for
|&] > 2. Now let

b£(0, p) := w(0, P)p(&).
Then the following identity holds:'
be(t, p) = W(p(£)*, P)(E)-

IThis is the same computation discussed in Remark 4.2 of [15].
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Finally, [lo(t)llgx ~ lw ()l = llu(t)ll« for all t € [0, T] and k € [0, c0) and the result follows from the estimates
of Theorem 4.7. O

4.5. Boundedness. Let O € ©; as in Definition 4.3.

For M > 0 consider the following Hamiltonian related to the height-1/M quasi-resonant nonlinearity.

(4.2) Hm(y) = Ho(y) + Nm(y)
f Y (P + AIPCE p)P + f Yo ), UEUEUENPE, ).

pEZd |w|< L (pgrs)Ele

Since 6 € Oy, there exists y > d such that the following Diophantine condition on 6 holds:

d
2
Y.
i=1

implies that there exists a constant C; such that if 6 € ®; and ﬁ > |Ap = Ay + Ay = Ag| # 0, then

> Coll(n1, ..., na)lI™”

1
max(|[pll, lI7ll, llgll, lisll) = Cq,eM? .

Moreover, if max(||pll, lI7ll, ligll, lIsI|) < Cd,gMZLV and ﬁ > |Ap — Ay + A — Agl, then
Ap=Ag+ A=A =0.

Let v, := ¥(&, p). The system of equations associated to Hy is then

(43) zdtvé p= (|CS| + /\ ng + Z Ug,£0¢, 505 rt Z Z Ué,qvé,saﬁ,r-
K
(pas)eTy OI<E itk
where
1
(4.4) K = CygM?.

A gauge transformation allows us to reduce this system to

d - _
(4.5) dt —Usp = Z Ug g sug rt Z Z e’t“’ug,qug,sug,.

01,5 ErK W Pars)Elw
(}717 ) lol< M max({lpllllglllirlLllsl)>K

We will first show that a solution to (4.5) is analytic as a function from [0, T] to H* for k > d/2, where T
is only required to be positive.

Analyticity will essentially follow from the fact that we are assuming enough regularity to imply that
Kk is an algebra. The full proof (for the d = 2 case) appears in [22] and [5].

Lemma 4.9. Let k > d/2 and u(0) = {usp(0)}¢ pyerxze € H*(R X Z%). There exists T > 0 and a unique analytic

in time solution {ug,} : [0, T] — H* to (4.5). Moreover, there exist constants C and R such that for all n € N and
T<T,

< CR"n!.

(dt)" U/

Moreover, T can be taken to be T = Cg|u(0) |k , for some absolute constant Cyy > 0.

Define the K-box in Z“ by
Bx = {p cez4 . max(|p1l, ..., [pal) < K}

We state the following lemma that appears in [22]. This lemma provides a description of the stability of the
Fourier support of frequency-localized solutions to the resonant equation associated to the Hamiltonian,
Hy, defined in (4.2).



MODIFIED SCATTERING OF CUBIC NONLINEAR SCHRODINGER EQUATION ON RESCALED WAVEGUIDE MANIFOLDS 15

Lemma 4.10. Let K > 0 and assume u¢,(0) = 0 for p ¢ Bxjs and let {ug,} : [0, T] — H* be a solution to (4.5). If
p € Z% \ Byys then for any n € Z.,,
d”ug,p
(dtyr

(0) = 0.

The proof of this lemma (in the two-dimensional case) appears in [22].

Lemma 4.10 leads directly to the following corollary by Taylor expansion.

Corollary 4.11. Let K > 0 and assume u,(0) = 0 for p ¢ By and let {u ) : [0, T] = H* be an analytic solution
to (4.5). Ifp € Z% \ By, then

ug,p(t) =0
forte[0,T]

Lemma 4.10 and Corollary 4.11 are proven in [22], so the proofs of these results are not included here.
The next step of the process is the following symmetry result:

Proposition 4.12. Let K > 0 and assume vg,p =0 for p & Bxys. Let {vg) : [0, T1 > H* be an analytic solution to

(4.3) with vep(0) = vg,p such that for all t € [0, T]

d
% |U|i = 0/

where the k-norm is defined in Definition 2.2, and it is equivalent to the Sobolev H*-norm.

The proof is very similar to that which appears in [17], so the details are relegated to Appendix B.
Theorem 4.13. Let K > 0, assume vgp = 0 for p & Bys, and let T > 0. There exists {vg,} : [0, T] — H* which is
an unique solution to (4.3) with vep(0) = vgp such that for all t € [0, T]

lo(t)lz = [0(O)[,
forall t € [0, T].

Remark 4.14 (Proof of Theorem 4.13). Theorem 4.13 follow from first observing that, by Lemma 4.9, the
time of analyticity, depends on the k-norm of the initial data. Then Proposition 4.12 implies that on the
analytic times of existence the k-norm is constant. Therefore at the end of each interval of analyticity, one
can start a new interval of the same length. Therefore, over any fixed time interval, [0, T], the constancy
of the k-norm given by the conclusion of Proposition 4.12 holds.

5. Asymrroric BEHAVIOR

In this section, we will use the theory of modified scattering to relate the behavior, demonstrated in
Section 4, of solutions to the effective systems to solutions of the full cubic NLS system (1.1) on Rx T%. We
begin with the main lemma which provides asymptotic stability between solutions of NLS and solutions
to the effective equation.

Lemma 5.1. Let M >0, 0 < &5 < &1 < 1 and let U(t) be a solution to (1.1) on the time interval [2",2"*1) and let
G : [2",2™1) — HN be a solution to the equation

G.1) i0G = TRY[Gn, Gy Gl

IflUllx; < e for T2 2" and [l AUQR") = Gu(2")lv < €2, then for t € [2,2"*)
lle™™ M U(t) = Gu(Dlly S €2 + €527 + ](e2 + £72727)27.

The above inequality holds uniformly in M > 0.
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The proof of Lemma 5.1 follows the same strategy as the equivalent stability argument in the proof of
Theorem 6.1 in [15].

Proof of Lemma 5.1. Since the H* norms of G, are bounded and ¢, < ¢, triangle inequality implies that
Gl x; S €1 This proof consists of two Duhamel formula steps. First, observe that

iat(e—itA u) — Nt [e—itA U, e—itA U, e—itA U] .
Then we have the following Duhamel Formula

t
e—itA U(t) - e—itA u(zn) —i Nr[e—iTAU, e—iTALL e—iTA u] dT,
2"

t
Gu(t) = Gu(2") — i f %R}VI[G",G,,,Gn]dT.

2"
From here we aim to establish an application of Gronwall’s Lemma.

t
et - Gutol, <l @) - @, + | [ Al U1~ TR G 1ar

Zy

t
[ ,—iT T ot 1 -iT
N NT[e ™ U] - ;RM[E AUldr

+
Zg

where we used the convention N*[F] = N*[F, F, F] and R} ,[F] = R},[F, F, F].

<&+

t
f ZRe e u) - 2R (G, dr
o T T

Zg

We can bound the second term using the last estimate in the statement of Proposition 3.2. The third
term is bounded using a simple trilinear argument along with the smallness condition assumed for the
X7-norm of U and a smallness condition on the norm of G,,. The smallness of the norm of G, follows from
the fact that |G, ()|l < CallGn(2")|lx S € (for t > 2") which follows from Theorem 4.13 and the triangle
inequality. Therefore,

t
et - G0, 5 e2 v 2+ [ Eeeu-cil,, <
2}1

Gronwall’s lemma then implies that

)(e‘itAU(t) _ G"(t)”zd < (62 + 8:152—2n6)eeflog(t/2n) <+ 8?2_2”6
since £/2" < 2.

Similarly,

t
et - G, < e u@h - Gu@]ls + fz NI U = TRy (G d

S

t
<er+ + f gR}A[e‘”AU]—gR}VI[Gn]dT
2}1

7

t
T[ ,—iT ot 1 -iT
N NT[e ™A U] - ;RM[E AUldt

S S

and

e U(t) - Gt

+ t
<oy + 327204 f2 ei(IUls + G ls) |7 U = G , % + fz iU -Gl df

¢
) dt

S &+ 3270 4 e2(ep + £5272M0)2 + f €] “e_lmu - G”Hs o
2’1 T
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In the last step of the previous inequality, we are using that (1 + [t|)°(||U]ls + [|Gl|s) < ¢ by the definition
of the X7-norm. Again Gronwall implies

”e—imu(t) — Gu(b) Hs < (e + 812 -2n8 82(82 + 812 2nb)2n(‘))25210g(t/2n)

S e+ 2770 4 el ey + 3277102,

Proposition 5.2. There exists € > 0 such that any data Uy € S* satisfying
IUolls+ < &

generates a global solution U(t) of (1.1). Moreover, for any T > 0, it holds that
IFlx; < 2e,

where F(t) = e_imﬂwg U(t).

Proof of Proposition 5.2. Let F Nf[fp(é, )] = F NT[E,(CE, T),fp(é, T),fp(é, 7)]. Then a basic computation
yields

ld”

(5.2) Fy (&, T)

- d—~ — -

From here on, in this computation, M(7) is a piecewise constant function of 7. In particular,
M(t) =2", n=[In(x")],

where | x] is the integer part of x. Furthermore, let K(7) = Cd,gM(T)Z_ly be defined as in Equation (4.4). For
the moment, we will suppress the dependence of M on .

(5.2) = (F(&, ), ?Nf[Pp(g,T)m g = (LokaFol& 0 + LagsFy (& 0, FNTE(E DD) 4,

2
4

(LokisFy (&, 0, FNIENE D) 4. g+ (LersFp(&, 0, FNE(E DI 4. s

7+
I 4

(5.3) =:A+B,
where we recall that L3 and L<k/3 are Littlewood-Paley projections on the frequency in T¢ only.

We bound the first term, A, in (5.3) via Cauchy-Schwarz and Bernstein’s inequality

(LokiaFy (&, 1), FNIF(E, D)), fo i S s NI
P 4

<[,

N |

||f || 1+ %
Plls

dy
2t
7

By Definition 2.9,

<[,

o), < @+ e HPp(e,

Therefore, if N — ‘%— > 4y, then

(LosFyte 0 PN IEE DN, o oo 5 B - [l @+t

For the B term in (5.3), we recall the decomposition in (3.5)
FNT = I + 6]y + 5y = (LT = ZRE) + &y + €L+ 5y + =Ry
Therefore,

B =(LksFy, FNIE,(E D) 4.
lp X
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<LsK/3Er (I, = _RIT\/I)> gt (LexssFp, (€] + aerrM)> &

P

d

5+
2
><hp

— = T i
+ <L5K/3Fp/ 878§'M>hg+xh%+ + <L§K/3pr ?R;A[Fp(é/ T)]>} 4+
4 4 lp

I+ 1T+ 111+ 1V.

=
= o

(5.4)
Consider expression I in (5.4), by Lemma A.6 and Definition 2.9

- T
I:<L P,HT——RT> _|
<k/3Fp, (T . M) Wl

4
IT,, - =R || 4
M M| 4

s[F

— 13

-1-178
4 (1D 5.
We now use Proposition 3.2 for expression II from (5.4),

11 = (LexssFy, (€L, + &7, M)) £ S

2
p

1M + SerrMH %

s[F

-1-0
4 (1D A

Again, by Proposition 3.2 and Definition 2.9, we estimate expression Il in (5.4) by estimating three terms
associated to the integration-by-parts calculation,

<L<1</3& F,, & M> £l

[

2
h}’

F)

4 M(T)(l +|z])" 10 .
T

— 113
oll M(D)(1 + )7
Te[o 1 X7

2
F
Plix

) = L
<L§K/3Fp, 82'M>h%+><h%+ < ||Fp h%+ M)A+ |t])" 1
p XMy P

e

Expression IV in (5.4) requires a different argument that is not unlike that used for the second term, but
with an additional identity from Appendix B. We first decompose in the following way

== <L<K/3P,Z Z ”“’FFP>

—_ TC T —_
1V = (L, TRUFE D).

%
h
4 1 d
lwl< Pars)Ely ge 4+
hy Xy
= X (LkssF, “F,F,F.
=7 <K/3Lp, e gbrks
(p.q,1,5)€rs h§+><h%+
14
2 (LexssF, i, F,F.
+ T <K/3Lps e qtrEs
s (p,75)eT o
lol<s max([plL gLl sl)>K h§+xh§+

We will use Bernstein’s inequality and basic trilinear estimates to bound the second term in IV. The first
term in IV needs to be decomposed further:

TT — L~ =~ T — L~ =~
= <L< o Y e’m’FqF,Fs> -z <L< sy Y e”“’FqF,Fs>
T T
(p.9,1,5)eTX h;% "% hp% * (p.g.1,9)ery” hp% e 5 +
T( 0T T T
o <L<K/3P D PqFrPs>

Parserk p

dy dy
max({|pll|lgllIIrll Isl)>K/3 hpZ xh2
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By Claim B.1,

TC — L~ =~
- <LSK/3F CY elTquPrFs> =0.
(P.ars)eTy? hp%er}u:% '

Furthermore, as described above

? <L§K/3F 7 Z enquFrFs> < ;||L>K/3P”h%+”P”3%+
(ParSeTy i 4 4 by
max(lplL gL IED>K/3 B xh?
and
T — L ~=~ 1 — —~
- <L<K/3Fp, Y e’“’FqP,FS> S ILkFl o JIFIP,
1 (p4,15)El w P h;
lol< max(H;H/Tuqu,ugru,usw|>>1< h;%*xhp%* !
We finally have that
T Tt (7 ~LN-{|[= =P
1V = (LasFp, =RYEHE D) 4. 4, s M@ TV ONE] (@ +12) |F| 4.
T h? " xh? hy hy
1-6 |7 = 1P
s+ B,
R R

This completes the estimate for term B from equation (5.3). Combining the previous estimates, we have
shown that

1d |F 2 -1-0 |7 =1
(6.2) = 1L [F& 0| 4. < A +1aD) ||Fp(£,r) LB
h h? Xt
Using the fundamental theorem of calculus, we have
—~ — P — |3
ol el <[ e, ] <[,

Finally, Proposition 3.2 and Remark A.7 provide the necessary bound for the S-norm:

t t
Tt Tt
NT— 2R dr f ZR:, dr
jl. T M 1 T M S

These estimates suffice to construct a contraction mapping existence and uniqueness argument as long
as the X7 norm and the time-zero S* norm are small enough.

I = FDls < st |,

+

3
s X

O

For the rest of this section, we are assuming that 6 € ®, (recall Definition 4.3). Recall from Subsection
4.5, since 0 € O, there exists y > d such that the following Diophantine condition holds:

d
2
¥
i=1

Theorem 5.3. Let d > 2 and let N > 10(d + y). There exists e(N,d) > 0 such that if |Uo|ls+ < (N, d) and U(t)
solves (1.1) with initial data Uy, then there exists a sequence {G]-}]i“’:1 such that

> Coll(my, ..., na)lI ™"

Gj:[2/,27*") - HN
such that if G(t) = ¥ 72, Gj(t), then

e S TEL(E) = Gl — 0
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as t — oo. Moreover, there exists Ty, such that
sup [|Ullgv-1 < C1€° + Co sup [[UE)gv-
t€[0,00) [0,Tu]
Proof of Theorem 5.3. Let {M,}> , € R, and {K,};? ; C R, defined by
M, = 220)/()"
1
K, = C402'%" = CgoMy, .
The relationship between K, and M,, is the same as given by equation (4.4) and will serve the same purpose.
Let ||Uolls+ < € where epsilon is given by Proposition 5.2. Let F(t) = e iy o U(t) where U(t) is a global

solution to (1.1) with U(0) = Uy. For each n € Z,, define g,(n) as a Fourier cutoff (in the discrete Fourier
variables) of F(2") at level K, /3:

Ipl > Ka/3

gu(m(In2)n, &, p) = { FQ"&,p) Ipl < Ku/3.

It follows immediately that
llgn(r(In2)m) = F")llpp < K HIFQ") -

Now let g, : [r(In2)n, n(In2)(n + 1)) — HN be a solution to the equation associated to the Hamiltonian,
Hy,, defined in (4.2)

Hwm, () = Ho(¥) + Nm, (1)
=4[ Ywreaiepied [ Y Y, Gl i nien

peZd |w|< 1 (pq 7,8)€l,
By Proposition 4.10, |g,(t)In = |gx(t(In2)n)|y for t € [r(In2)n, n(In2)(n + 1)). Now define
Gult) = ¢ g (- In ).

Then G,(t) satisfies (5.1) on [2",2""!] and |G,(t)In = |Gu(2")|y. For n large enough, K;;}||F(2")||gn < €277 <
£22-218 Therefore, the &1 terms from Lemma 5.1 dominate and thus

IE(t) = Gu(B)llgn-r S 327210 4 5277
for t € [27,2m1).
Now this implies
|G = Gran @) s < [[Gu@) = FQ™ Y|t + [[F™) = G @741 |

where the first term is less than £3272% 4+ ¢527" due to the estimates above and the second term is less than
Gn+1(2n+1)” < nd.

HN-1 ~

Claim 5.4. If
[Ga@"*Y) = Graa @Y ps €727,
then
1Gu(0) = 1 (O)llpes < 52707

The claim follows from Lemma 4.3 in [15].

This implies that {G,(0)}}”, is Cauchy. Then there exists Ge such that G,(0) — oo and sup,, [|G(0)||gv- <
&5,
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Then

sup sup [|Gu(®)llgn < €.

n o te[0,2n+1]

Finally, for T large enough,

sup [|Ullyv-1 < sup ||U|lgy + sup  sup (||e—ifAU(t) = Gu () ypvs + IGu(B)llg-1) < 0.
te[0,00) te[0,T] n>log T te[2n,2n+1]
This completes the proof of Theorem 5.3.

O

Remark 5.5. For 17 > 0, the HY"!-norm in the statement of Theorem 5.3 can be replaced by H¥"-norm and
the proof follows by a redefinition of M,, adapted to . In particular, one would let

M, = 2@0yon/n

and the proof would follow without introducing a constant depending on 7. This does not necessarily
imply a uniform in 17 bound on the HN"-norms of {G} 1.

Theorem 5.6. Let d > 2, let O € O, (recall Definition 4.3), let N > 10(d + y), and let C > 1. There exists a
solution to (1.1), U(t), and two times 0 < T1(C) < T»(C) such that

IU(T)lv = CIUT)I v,

where T, — Ty < exp((“;—’zV exp(CP)) for some g = B(N) > 0.

Proof of Theorem 5.6. Let t; = exp(CP) and t, = 2t;. Consider the solution to (4.1) given by Corollary 4.8,
v(0), defined so that [[o(7)||gy > 2C||[v(0)||g~ for some time T < #;. After a change of the time variable, we
have a solution, G : [0, T»] — HY, to (5.1) (for M = 0), such that
IG(T)llgy =€ <1
IGllx;, < 2¢
IG(exp(tlo(O)l[F/€%) + T1)llgx = 2Ce

where T; := exp(tlllv(O)IIf{N/ %) and ¢ is the the same ¢ from the statement of Proposition 5.2. Setting
e"MAU(Ty) := G(T1), Lemma 5.1 implies that

IU(exp(tllo(O)IF/e?) + T1)llan = 2Ce = T;° = Ce.

ArpPeENDIX A. ProOOF oF ProPOSITION 3.2

In this appendix we follow the argument of [15] to prove Proposition 3.2. We begin as the reference
does with the high-frequency estimates.

The different norms used in this section in comparison with the norms used in [15] does not change
essence of the following proofs because the regularity of all norms in this appendix depend on 4 in such
a way as to preserve the relationships that exist in [15] between the various norms. See, for example,
equation (2.2).
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A.l. The High-frequency Estimates. The proof of the following lemma can be found as the proof of
Lemma 3.2 in [15] with the Z-norm replaced by the Z;-norm.

Throughout the appendix we will refer to the symmetric group S;, which represents the set of all
permutations of a set of three elements.

Lemma A.1. Assume that T > 1. The following estimates hold uniformly in T:

_Z
Y NIQiEQsG,QcHI| s T FIFIsIGsIHls, t21,
A,B,C
max(A,B,C)ZT% Za

fQT(t)Nt[QAP(t) QsG(t), QcH()dt|| < T ||Fllx, |IGllx, IHlx, ,
ABC
max(A,B,C)ZTé S

Z qu(t)Nt[QAF(t)r QsG(1), QcH(O]dt|| <T Fllx: [1Gllxc [1H Il -
AB,C R
max(A,B,C)ZT% St

A.2. The Fast Oscillations.
Lemma A.2. For T > 1, assume that F,G,H : R — S satisfy (3.6) and
F:Q< F, G=Q< G, H= Q 1H

1 1
Té 3 Té

Then, for t € [%, T], we can write
Nt[F(t) G(t),H(H)] = 8; mt 82 .
where it holds that, uniformly in T > 1 and M > 0,

(A1) T+ sup. 1€ mlls <1
T
b sup 5l <
—<t<T
TH2 gup ||8tWM||
—<t<T
where &), = &}, — &, Assuming in addition that (3.8) holds, we have
T2 sup H81M oS
—<t<T
T sup H‘SEM & SM,
Tt
1% sup €l <1
<<t

The proof of Lemma A.2 follows the statement of Lemma A.5. We begin with the following remark.

Remark A.3. Let M > 0. Recall first we defined Oy and O, in (3.4). Then recall that we also defined SQ/M
by

itw
EmEpn)= Y. Y, “=OF, G, HiE®)

ol Pars)Ely
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: ¢
and we defined &, , by
t — it t
\7:82,1\/1(5’ P) T Z Z ¢ sz[Fq/ Gy, Hs](é)

lwl>% Pa15)ely

By product rule of differentiation we have

1t(u0t f g’
=0y (—Ot [f 8 h]) — " (OIS, g, h] — e O4[0:f, g, h] — €' Oh[f, dig, h] — " D5 f, g, ih],

which implies

IFE =Y, Y. [OiF, G, H]
‘w|2ﬁ (p.gr9)€le
+ ¢"(905)[F,, Gy, Hs] + €™ OL[0iF,, Gy, H + €' O4[F,, 9:G,, H] + €' O4[F,, Gy, 8tHS]}
= FE u+ T E
where we define

Fyi= ), 3, (C“@OYIF, G, Hl+ O, G, i)
lwl> % Pa.r8)€lw
* Z Z {eztthz [Pq’ at(-;i’l HS] + eltwOé[Pq/ Gl’/ atHs]} .
lwl> % P.a.19)€lw

(A.2)

We remark that the term 8 1 behaves nicer than 82 v Since diF,, 3G, and d;H have better decay than
F, G and H which ultlmately comes from our choice of unknowns as pullbacks of nonlinear solutions by
the linear flow.

Remark A.4. If for t > T/4, let
f= Q<T6fa fh:QST%fb’ fC:QsT%fC’

then we have the following estimates from [15] that exploit the dispersion in the R direction
[0S0, £, £l 5 1+ 1775 min [0
|05 £ £+ O £, £ 5 0+ 1) min || 2 Ol el

which then implies

HOtl[fa,fh’fc]HLz <A +H)” 1+ 45 min Hfa(a)

0€S;

s Ol el -

The proof of the following lemma follows from the preceding remark using the same argument for the
equivalent estimate (Lemma 3.6) in [15].

Lemma A.5. Assume that f*, f°, f¢ satisfy for t > T/4

f=Quaf", f'=Qsf’ f=Qcf, max(4,B,C)<Ts.
Then

201

ot Lr, £, fC]HL% < T min || @],

0€S3

Proof of Lemma A.2. One first addresses the term SQ/M

Y, ), eolr,FLE]

lwl>% Pa15)ly

_201

iz, Els IFlls -

0€S3

2
L o



24 WILSON AND YU

By Plancherel, Lemma A.5,

T sup ||&] < T max
1 M|l

T, (<T Xy 0'653

I<t<

Y, Y bl e ot E e,

lwl> % Pars)Ely

DI 1 L M

(p.g,1,8)eEM

2
ZP

< TZé—%

G
< T2 [Py, || IFF s

201

S T8 1P, [Py, IFlx,
< 1.

When distributing derivatives, we could assume that )q) > |r| > |s|, hence we only consider the case when
derivatives hit F‘;.

11+26 sup H"eiM”LZ ]H% sup Hj ('A{Sth)“L2
T ’ Xy T , &p
7 <t<T 7 <t<T

< T1+26 sup

T
7 <t<T

Y, O, P F

lwl> 4 Pars)ely

2
L o

<t B Y (el I IEl,
(p.g,1.8)eEM )

2
[,p
201

< T3 |IxFllz, ||l IFlls
ST Pl |, IFx,
<1
The two inequalities above imply the bound on the S-norm of 8§,M found in (A.1).

The estimate on &} ,, follows by first demonstrating an estimate on 0. Define

O, JEGHIEp) = Y. OiF, Gy HI().

(p.g,r.5)€l,

. . . 2 d
Proceeding with a duality argument, let K € L é,p(lR x Z°),

<K/ Otz/(u [P/ GI H]>L2 ><L2 S Z <Kpl Otz[Fq/ GT’/ HS])LZXLZ
EpTTEp (p,q,r,s)erw &TE

@+ Y IR (1Bl NGy I
(0,4,7,5)€ e N ’

Hence

(K, 04, [F,G, H])

12 x12
Ep” D

<@+ Y Kol min{IE s 1GH Il
(p.q,1,5)€l,, ¢ ’

Fyll, G122 [1Hlly

7l NG I .
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Summing over w and using Cauchy-Schwarz in the p variable with (2.4), we get

<T 1K, 8§,M>L§,ny§'y = <K, Z eit“’Otzrw[F“,Pb, F“]>

1
lwl= 31 12 xI2
EpTTEp

1
2
caew | SI6k) mo) T b1,

pez? (pq.7,5)EM e

: | DI e | D e
| (B g

rez? sez4

<1+ )" |IK|l;> mi @
S (U4 )™ Kl min| ) [F;
gez¢

S (L+ ) IKllz min [[F7©@
P 0€Ss

iz, IE s Pl -

where the last step follows from inequality (2.3). Hence

Z eitwatzrw [Fa’ Fh, FC]

@

< (1 + [t~ min ||F7®@
0€S3
LZ
&p

[l I

2
Ly

We want to show that

Again, we proceed with the same duality argument. For K € Lép(]R x 7%,

-1 ¢ _ ¢
<¢ K'83'M>L2 x[2, <K’ 7:83'M>L2 xL2
xyomxy EpTTEp
eit(u
<X (o ¥ o)
|(U‘Z% (Prﬁr7/5)€rru

<Y, Y wilKe0liE, G, H)

lwl>4 Pars)Ely

S MA+ )7 7K, 1Pz, G 1Hs -

Hence

<7:_1 K 82,1\4 >L§,y xL2

X,

< M+ )7 K|, min {IFlz, IGls IHll , I1Fls IGlzz, I1Fls, IFlls IGlls [1Fllz, )

X,

This completes the bound for &}, .

We refer to remark A.3 for the conclusion of the estimate for 8; M
similarly.

A.3. The Resonant Level Set. We now want to show that the resonant part of the N' nonlinearity, I

converges to the nonlinearity associated to the effective equation, ¥R}, as time approaches infinity.

FILEGHIEp) = Y ). (', G, H)E).

lwl< 3 Pa.78)€ e

25

The S*-norm estimates follow

O

t
M/
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We recall the Z; ;-norm defined by Definition 2.7 in the following lemma

Lemma A.6. Let t > 1. Uniformly in M > 0, it holds that

(A3) I e, 2l < v 1™ ) IF@lL, IE O, I
UES';
et [F, F . s (1 18 ZS, 1, 171,
0€S3
(A4) A+ Y [, [0 HF”‘”IIS :
0€S3 '
In addition,

[ratE G, 1= FRUE G B, < (v 7 N UG s
[rtute, G, H1- ZRUIE G, H| 5 @+ 1602 1l Gl -
Remark A.7. (1) The goal of Lemma A.6 is to show
- ?7% + O,
(2) Itis clear from the proof of Lemma A.6 that (A.3) and (A.4) also hold if one replaces IT} [F*, F?, Fe
by ZR! [F7, FY, F].

We recall Lemma 3.10 from [15] in the exact same presentation.

Lemma A.8. Assume that

f) = ¢TI0f(R),  g(x) = PpsTingR), h(x) = P Nh(x),
and that s > 1. It holds that

jl;z ezisqkﬂé _ n)’g‘(g -n- 7/)’]1\(5 - x) dT]dK - gﬁé)g_;(é)’h\(é)
In fact, for 6 € N,

<7l gl

|£1°

fR g = HE - = FE - 0 dnd - PO PEOFO)

a(b)

2.
Ss 8m1n||f
0€S3

The following lemma will act as the analogue of the Strichartz estimate lemma, Lemma 7.1 from [15]:

Lemma A.9 (Weaker version). Consider the function, R}, : [h/**(2)]* — (*(Z"), defined by
Rila,b,cl(p):= Y e Y a@b(r)ce).

lwl< (pg.1,5)€le

Ifa® € h¥'?* fori=1,2,3, then

10,2, i . .
00,2, 1. ol o .

Uniformly in M > 0.

Remark A.10 (The significance of Lemma A.9). This follows from basic Young’s inequality and Sobolev
embedding.

We note that this estimate is worse than the analogous estimate of [15] derived from sophisticated
Strichartz estimates. It is well-known that when the torus is re-scaled by an irrational vector, Strichartz
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estimates are not as easily attainable. Even though the sharp Strichartz estimates hold in the case that we
are considering (see Bourgain and Demeter [3], Kilip and Visan [20] and Herr, Tataru and Tzvetkov [16]),
the argument used in [15] is not easily reconstituted in this setting since frequency localized solutions to
the linear Schrédinger equation are not necessarily time-periodic. One can achieve less derivative loss on
the right-hand sides of the inequalities that appear in Lemma A.9, but we have no use in our argument
for the best possible bound. In [15], they used the better version of Lemma A.9 in two ways:

(1) Itis used to bound IT: ;

(2) Most importantly, the h' norm can be shown to be a constant of motion with respect to the
resonant equation. This means that an h! upper bound is particularly important to the description
of asymptotic behavior of solutions. We do not need this because for our effective equation, all #°
norms are bounded (for special solutions). This further allows the dimension of are torus to be
arbitrarily high.

Lemma A.11. Assume that N > 10d. Then

2.d : 2 _ _1
sup Y (1+[p])** e« F,(f < (0 1(||F||§L,+<t> 1 <||xF||§zy+||F||§{Ny))
xeR X, X,
pEZd

where the Z; norm is defined in Definition 2.5.

Proof of Lemma A.11. Without loss of generality, suppose t > 1.

We recall the following asymptotic approximation of ¢?= f in [15]:

2
el = «x
—f(—z)

(A5) e f(x) - c 7

<t Al
X

Now using (A.5) and triangle inequality, we write

e Y aspPrrlernof s YasphrReD st Y arbi sl

pezst pez |p|<ti

Y asppr e+t Y

pezd

pez |p|<t3i

2
xpp”Lg

peZd,|p|st51?

2 =, X\ 11
< Y+ [Fo-gp| + IR,
pez¢ '

— 2
Fy(-%)| < ||F||§d. This inequality

— 2 2
Observe that sup, Fp(—%)' < sup; |Fp(&)| , thus Zpezd(l + |p|2)§+
dictates the form of the Z; norm. Furthermore

¢ Z (1 + |p)2)%+ )eitaxxpp(x))z < t]-%i Z(l + |p|2)5d+%+ ||P;7H12ql < t_l ”F”%{N )

Ipl=t%

This final estimate establishes the strongest lower bound for any feasible choice of N in terms of d.

Remark A.12. By reducing the decay of (t)"'/1° one can achieve the N condition
5
N > Ed

We found no use for this improved bound in this manuscript.
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Proof of Lemma A.6. Using the definition of IT}, in (3.3), we have

1 2 3 _ oot Tt 1) @) B
[l [P I DD I ol S (€0
lwl< Pars)Ely (I%L%
(A6) < Z Z eiwte—itﬁﬂ (eitanF((Jl) (x))(eitaxngz) (x))(eitaan?)) (X))
|(l"5% (p.a,15)€l J;Z,Lf
Let

1 it (1 2 it (2 3 it (3
aé )(x) = e F,g )(x), ai )(x) = et '“1:5 )(x), ag )(x) = e’*"MPg )(x).
Then using Lemma A.9

(A.6) = |[Ru(@®,a®,a)@)|| .,
E:

< [l el Ha@%x)llg

Ha<3 @]

Now we want to use Lemma A.11 to bound

oo

,j=2,3. By Lemma A.11,
Ly

]| -

< 7 (P, + @ e + [F],,0)

Then

||a(j)(x)||h§+ LS 7 HFU)”ZM /

where the Z; ; norm is defined in Definition 2.7.

Finally,

o)

0 P |

||H§w [FD, F(Z)'F(s)]HL,z,y < (! lgg?npa(l) .

2o
This basically proves the first part of Lemma A.6.
To prove the ‘in addition” estimates, decompose
F=F.+F;, G=G.+Gy, H=H:+Hy
where
Fe(x,y) = ¢ 0)F(x, ),

Ge(x, ) = Pt 0)G(x, y),

He(x, ) = ¢ 0H(E, ).
Claim A.13. The following estimates hold uniformly in M > 0.

1 _a
IALE, G, H] =TT F, Ge, Hol|,, + 7 [IRLE G, HI = Ry [Fe, Ge, H|, < <673 [IFls IGlls 1FEls.

.. -,

and

[T, [F, G, H] - T1},[F., G, Hel|| + % |RLE G, H] = R [Fe, Ge, Hel|l < 875 |Flls- IGlls- IHls- -
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Proof of Claim A.13. Let G= G or Gy, and H= H. or Hy. Recall that

o, ] < i

e
and similarly

1
4

ITllz, = Il

By a basic trilinear estimate
| FRuLEr G HI| = 7" 1Al G Il
By the first estimate in Lemma A.6
[ty G, A, < <7 WFlS IGlls A
Similarly,

H;wa[lff, G, ﬁ]”LZ + Hngd[Ff, G H

LS

By Bernstein’s inequality on the Fy term,

@7 L, 1G], I = 7% 0els 1Ghs EdDs

Thus
|FRulE, G| + [ty G|, < TR TGS IRl

and

|5 RutEs, G, HI|| + |07, G, HI| < 7% Flls: Gl IHlls:

Claim A.13 implies that is suffices to show

_5
<™ |[FlIs1Glis 1Hls ,

TC
e, 6o, - TR IF, G H|
d

and

s
||H§VI[FCI Gc; Hc] - ?RRA[FC; Gc; Hc]

_15
o S B F s NIGHs- NIHls- -

29

This follows from Lemma A.8. Note that although the gauge transformation terms appear in IT,, and
R}A in the irrational torus case. However, term-by-term, the nonlinearities have the same unit modulus

coefficients appearing on the same monomials.

The rest of the proof follows exactly as it does in [15] as the proof of Lemma 3.7.

Proof of Proposition 3.2. The proof follows exactly as in [15] with the estimates given in this section.

ArpeEnDIX B. ProoF or ProrosiTiON 4.12

We include the proof of Proposition 4.12 in this section.

O
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Proof. First, by Corollary 4.11, v¢, = 0, forp € 7\ B k/3- For p € By,

. 2 . —_
(1] + Ap)ve,p +1i Z Vg, qUe,sVer + 1 Z Z Ugq0s,s08r

(pg.1s)erk

SR+ Ao +i Y| 0egvesTes

(p,q,r,s)efg/ 3

S
=]
ast
<=
1

w (pa
ll< M max(jpll HZH HVH H>H)>K

Using vg, = 0 for [|pll > K/3, we can simplify the following expression

Lo = 4 f Y

Z(l + i)+ 1+ 1€ )ﬂ e

peZ“’ i=1
=4 f Y [Z(1+|p,-|2)"+<1+|5|2)"} [l
SER By | i=1

In order to simplify the following computations, let [p]i := Y4, (1 + |p;*)¥. We first split into two terms.
The argument for the first term will imply our desired estimate for the second term

f i 2 [phe+ (18P fog,

pGBK/3
2 2
f 2y hioc,l f A+1EP)E Y oyl
S€R PEBks3 pEBK/3
=1+1I

For term I, we would like to show the following claim:

Claim B.1.
& Z [pllvg,l* =0

pGBK/g,
forany k = 0.

This would imply that both I and II equal zero. To that end, we expand the derivative of the product
[vg pI* and insert the vector field:

j;e]R & Z [plloe

peBy3

= f Z [Ple(G0e p0ep + vé,ﬁﬁyé,p)
EeR

pEBK/g

. 2 . —_— —
= f Z [Pl [i(IEI" + Ap)ve,p +1i Z UVg,qUes0sr |08 p
EeR

peBkss (p.q,1,9)ers"

+ [plkvep [ 1(1E ? + Ap)oep +i Z Ve,qUs,s0r e p |-
(p,q,r,s)erg/ 3

Simplifying, we obtain

. 2 . —_— —_—
Z [Pl | {1 + Ap)ovep +i Z VeqUes0er |Vep

PEBks3 (p,q,r,s)elﬂg/3
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+ [plkve, | IR + Ap)oey +1i Z Vs qUe 50,08 p
(p,q,r,s)el"g/ 3

2= (1P + Ap)loe,l?)

= Y Aph(QEP + Ay locy

pGBK/g,
+ Z iplk Z Vs qVe,s0¢,r Ve p

peBkss (p.q,1,9)ery"?
+ Z —i[plk Z Vg,qVs,sVE,rUE p-
peByss (p.gr8)ery”

Cancelling the real parts of this sum of complex numbers leads to the following identity

d 2 = =
f 4 Y Iploe,P =2Im| Y [plioeqve e Dep |-
EeR

pEBk/3 (p,q,r,s)el“g/ 3

Now we use the resonance condition to split the sum into d one-dimensional sums. First, we use the
linearity of [p]i to split the sum into d separate components

d
2Tm Z [plkve 40 s0e, O p | = ZZIm Z (1 + i) 0g goe e, e p |-
i=1

(p,q,r,s)erg/ 3 (p,q,r,s)el"g/ 3

Consider the ith term:

2Im Z 1+ 1Ipi |2)kvé,qv§,s5§,rié,p .
(p,q,r,s)efg/ 3

By Lemma 4.6, for each j € {1,...,d}, we know that (p; = g; and r; = s;), or (p; = s; and r; = g;). For
E c{1,...d}, let Ty *(E) be the subset of I')* such that

pj =41 =S5j ]:EE,

pi=siri=4q; j¢E.
Then

2Im Z (] + |Pi|2)kvé,qvé,saé,raé,lﬂ = Z 2Im Z (1 + |Pi|2)k05,qva,s5g,r5g,p )
(g rs)<ry’” EC(L,...d) (pareTs(E)

Furthermore, if we let pr € Z* be defined by (pg); = p; for j € E and (pg); = 0 for j ¢ E, then

2\k = = 2\k = =
2Im Z (L +Ipil) e que,s0e 0gp | = 2Im Z (L4 Ipil™) 0 potree O e 41V, 0 p | -
(p.9,1,5)€TR (E) Ipjllrjl<K/3

Without loss of generality, let i € E (otherwise, reverse the definition of E), another decomposition yields

2\k = =
2Im Z L+ Pl 0 prre Ve presrs Ve Ve p
\P;|/\V;|§K/3

_ 2\k = =
=2Im Z 1+ |pil%) Z O& pe+rpe V& ppe+re VE,r0& p
IpjiirI<K/3 IpjilrI<K/3
jeE Jj¢E
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_ 2 ' 20k 2 : _ _
=2Im 1+ |p1| ) UL petree V&, r E V& pee+reV8 p
\Pj\r\'j\SK/3 \Y]‘\SK/3 \I’/\SK/:*
jeE jeE JeE
=21 1+ [piP)k 0 0
- m pl Ué,pg+t5c Ué,rg+t5c er,T’E+tEc Ué,pg+t5c
\Pj\r\'j\SK/3 \f]‘\SK/3 “]\SK/3
jeE J¢E jeE

Finally,
2 Vg pe-tge O e Z Vs rptee Vs petye | = 2 Vg pr-+tge O e Z O rptpe O prtye |
Itjl<K/3 Itj1<K/3 Itj1<K/3 Itj|<K/3
jeE JEE jeE jeE
. i 2 k — — . . .
Therefore, the expression (Z(p/ ) er§/3(1 + |pil?) vg,qvg,svg,vg,p) is real-valued, and we are finished. ]
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