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Fig. 8: A solution 𝐩𝐩 of the Euler-Lagrange equation associated with the energy functional in Eq. 

(7) in the rectangle (−0.3,0.3) × (−0.5,0.5) subject to periodic boundary conditions on 

{−0.3,0.3} × (−0.5,0.5) and assuming that 𝐩𝐩(𝑥𝑥, ±0.5) = (±1,0). Here 𝜇𝜇 = 1 and 𝜀𝜀 =

0.005. Both 𝐩𝐩 and |𝐩𝐩| are shown. 

 

Fig. 9: Level curves for the divergence of 𝐩𝐩 (a) and the angle 𝜃𝜃 (b), where 𝐩𝐩 = (cos𝜃𝜃, sin𝜃𝜃) 

is depicted in Fig. 7. 

(a) (b)
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This configuration was obtained numerically in (50) using the finite elements package 

COMSOL (52) by solving the full system of partial differential equations that describe the critical 

points of Eq. (7). In this case, the walls have a simple shape of a cross, but the morphology of the 

polarization field is fairly complex. Nonetheless, the same solution can be constructed analytically 

by using the method of characteristics described above. The corresponding plots are shown in 

Fig. 10 for the top right quarter of the rectangle and they clearly have the same behavior as the 

numerically derived result in Fig. 9.  

 

Fig. 10: Level curves for the divergence of 𝐩𝐩 (a) and the angle 𝜃𝜃 (b), where 𝐩𝐩 = (cos𝜃𝜃, sin𝜃𝜃) 

is a solution obtained using characteristics. 

   

4. Numerics 

In this section, we demonstrate that the minimizers of the two-dimensional energy in Eq. 

(7) correctly describe behavior of polarization in real ferroelectric nematic films. The observed 

domain wall structures are triggered by the boundary conditions, presence of impurities and 

inclusions. 

To benchmark our model, we will begin by looking for an optimal configuration of Eq. (7) 

in a rectangular domain with boundary conditions corresponding to a circular polarization on the 

(a) (b)
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bottom edge of the rectangle and the constant state 𝐩𝐩 = (1,0) on the other three sides.  

  

Fig. 11: A parabolic wall in a ferroelectric nematic film induced by the boundary conditions. The 

arrows represent the two-dimensional polarization vector 𝐩𝐩 and the color corresponds to |𝐩𝐩|. 

Here 𝜀𝜀 = 0.03, 𝜇𝜇 = 10 (a) and 𝜀𝜀 = 0.03, 𝜇𝜇 = 1000 (b). 

 

It is well known that the energy minimizer in this case is characterized by the presence of 

a parabolic wall, Fig. 11 that indeed forms in the domain during the gradient descent for Eq. (7). 

This outcome also corresponds to the analysis in the previous section, cf. Eq. (11). 

Next, we will consider inclusions that have sizes comparable to the thickness of the film. 

To this end, consider the situation shown in Fig. 12.  

 

Fig. 12. A meniscus forming around an inclusion orients the polarization field 𝐏𝐏. 

 

(a) (b)
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Here, a spherical inclusion penetrates the top and the bottom of the film at the interfaces 

with air and glycerol and therefore a meniscus forms on each boundary. As alluded to previously, 

because the polarization vector 𝐏𝐏  wants to remain parallel to these interfaces, in order to 

minimize the elastic energy in three dimensions 𝐏𝐏 orients along the normal to the thickness 

gradient.  

Fig. 13. The component 𝑃𝑃(3) of the polarization vector (a); the projection 𝐩𝐩 of polarization 𝐏𝐏 

onto the plane of the film. The color corresponds to |𝐏𝐏| (b). Here 𝜇𝜇 = 6, 𝜀𝜀 = 0.002, Γ = 1, 

and 𝛿𝛿 = 0.12. 

 

Therefore, we expect that the polarization should be pinned in a circular pattern around 

the inclusion on both surfaces of the film, cf. Fig. 12. In order to model a polarization field in a 

ferroelectric nematic film with inclusions within the 2𝐷𝐷-framework, we can then excise a disk 

corresponding to the inclusion along with the meniscus and impose tangential anchoring on the 

boundary of the disk. 

Now we consider a rectangular domain with a hole representing an excised disk around 

an inclusion. We impose constant boundary conditions 𝐏𝐏 = (1,0,0)  on the boundary of the 

rectangle and tangential boundary conditons, 𝐏𝐏 = (−sin𝜃𝜃, cos𝜃𝜃, 0) on the boundary of the disk 

for a polar angle 𝜃𝜃 with respect to the center of the disk. We then find the energy-minimizing 

configuration of polarization by using steepest descent for the energy Eq. (8), as shown in Fig. 13. 

(a) (b)
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We observe a parabolic downward-pointing wall with a faint upward parabolic "ghost" wall. 

These features have also been observed in experiments, Fig.4. Note that in this case the elastic 

deformation at the tip of the wall is dominated by twist around the axis in the 𝑥𝑥𝑥𝑥-plane. As 

already discussed, such a twist under the condition of 𝑧𝑧 -independent polarization might be 

prevented by electrostatics at most interfaces. Experiments suggest that the details of the fine 

structure of domain walls involve all three types of deformations, including variations along the 

𝑧𝑧-axis, which reconcile the twist in the bulk with tangential anchoring at the boundaries (19). 

However, we do not exclude a possibility that in the future a homeotropic or strongly titled 

anchoring might be achieved at some NF-substrate interfaces, in which case such a twist across 

the entire thickness of an NF slab could be observed.   

Figures 14 and 15 confirm that our modeling approach also produces the correct behavior 

in the system consisting of two particles imbedded in a ferroelectric nematic film. Figures 1(d-g) 

show the corresponding experimental image. The plot in the Figs. 14 and 15 are, respectively, 

minimizers of the energy (8) and (7) in the region exterior to these disks. It is apparent that, while 

the wall morphologies in the two figures match experimental observations, there are some subtle 

differences, e.g., the secondary walls are present only in Fig. 15. 

Fig. 14: Morphology of a ferroelectric nematic film with two inclusions: an energy minimizing 

configuration for the energy Eq. (8). Here 𝜇𝜇 = 8, 𝜀𝜀 = 0.004, Γ = 1, and 𝛿𝛿 = 0.004. The color 
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indicates the value of 𝑃𝑃(3), while the arrows represent the projection 𝐩𝐩 of polarization onto 

the plane of the film. 

 

Fig. 15. Morphology of a ferroelectric nematic film with two inclusions: an energy minimizing 

configuration for the energy Eq. (7). Here 𝜇𝜇 = 8 and 𝜀𝜀 = 0.004. The color indicates the value 

of |𝐏𝐏|, while the arrows represent the polarization 𝐏𝐏 = �𝑃𝑃(1),𝑃𝑃(2), 0�. Note that here 𝐏𝐏 = 𝐩𝐩. 

 

The model Eq. (7) is based on a two-component polarization vector and therefore the 

walls in Fig. 15 are of the bend-splay type. On the other hand, because the model Eq. (8) involves 

three components, the corresponding wall structure is allowed to exhibit twist and indeed, this 

is what occurs in Fig. 14 as can be discerned from the deviations of the third component of 𝐏𝐏 

away from zero in the interior of the wall. In Fig. 16 we show a similar configuration for four 

inclusions.  
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Fig. 16. The component 𝑃𝑃(3) of the polarization vector (a); the projection 𝒫𝒫�  of polarization 𝐏𝐏 

onto the plane of the film. The color corresponds to |𝐏𝐏| (b). Here 𝜇𝜇 = 6, 𝜀𝜀 = 0.002, Γ = 1, 

and 𝛿𝛿 = 0.12. 

 

The plot on the right in Fig. 17 is obtained by using steepest descent of the energy Eq. (8) 

starting from initial data with regions of both clockwise and counterclockwise twist of the 

polarization. This plot shows a single inclusion with an associated parabolic wall. However there 

is a difference with Fig. 13 in that the left half of the wall has positive twist, while its right half has 

negative twist.  

These halves are separated by a point defect at the tip of the parabola. Similar structures 

can be observed in experimental images in Fig. 1(d). The same phenomenon can be induced by 

considering a strip (−1,1) × (−1/2,1/2)  with antipodal boundary conditions on horizontal 

components of the strip, i.e., 𝐏𝐏(𝑥𝑥,−1/2) = −𝐏𝐏(𝑥𝑥, 1/2) = (1,0,0).  

(a) (b)
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Fig. 17. The component 𝑃𝑃(3) of the polarization vector (a); the projection 𝐩𝐩 of polarization 𝐏𝐏 

onto the plane of the film. The color corresponds to |𝐏𝐏| (b). Here 𝜇𝜇 = 6, 𝜀𝜀 = 0.002, Γ = 1, 

and 𝛿𝛿 = 0.12. 

Fig. 18: An energy minimizing configuration in a periodic strip with antipodal orientation of the 

polarization vector on the top and the bottom. The color represents the value of 𝑃𝑃(3). Here 

𝜇𝜇 = 0.2, 𝜀𝜀 = 0.008, Γ = 1, and 𝛿𝛿 = 0.2. 
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Suppose that the polarization field satisfies periodic boundary conditions on the vertical 

sides of the strip. Starting from initial data containing twist of both signs and using gradient 

descent leads to a local minimum of the energy in Eq. (8) with a wall along the axis 𝑦𝑦 = 0 such 

that the twist alternates as one moves along the wall, Fig. 18. Once again, the intervals of 

opposite twist are separated by point defects. 

Finally, to model freely suspended films of DIO, we consider the energy (7) over a square 

domain where the direction of the polarization vector on the boundary is parallel to the boundary 

itself. The results are shown in Fig. 19 and demonstrate formation of bend-splay domain walls 

along the diagonals of the square, which one can compare favorably to the experimental findings 

in Fig. 6. 

 

Fig. 19: An energy minimizing configuration in a square domain with the polarization vector 

parallel to the boundary. The arrows represent the polarization 𝐩𝐩 and the color corresponds 

to the contours of |𝐩𝐩|. Here 𝜇𝜇 = 10 and 𝜀𝜀 = 0.03. 
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6. Conclusions 

As compared to their solid counterparts, ferroelectric nematics show a rich variety of polarization 

domain structures not constrained by crystallographic axes. The polarization patterns 𝐏𝐏(𝑥𝑥,𝑦𝑦, 𝑧𝑧) 

are controlled by the avoidance of bound charge associated with the divergence of the 

spontaneous polarization and by surface anchoring; the anchoring shows a strong tendency of 

𝐏𝐏 to be tangential to the NF interfaces. Thin NF films with degenerate in-plane anchoring exhibit 

circular domains of 𝐏𝐏  separated from the domains of a uniform 𝐏𝐏  by DWs in the shapes 

resembling parabolae, which help to reduce the bound charge. The DWs are of finate width, even 

when there is no in-plane (azimuthal) anchoring, which is the case of the films on the glycerol 

surface and in freely suspended films. The finite width of the DWs is stabilized by electrostatics. 

Except near the tip of the DW in azimuthally-degenerate slabs, the eccentricity is close to 

1, hence the name “P-wall”. The P-wall structure is complex, with the bend and splay of 𝐏𝐏 in 

the (𝑥𝑥, 𝑦𝑦) plane of the film and a twist of 𝐏𝐏 along the normal 𝑧𝑧 to the film. Along the P-wall, 

the left- and right-handed twists alternate, being separated by defect lines along the 𝑧𝑧-direction. 

As one approaches the tip of the DW, the realignment trajectory of 𝐏𝐏 starts to resemble a sharp 

U-turn with a high splay-bend energy; the geometry of the P-wall is replaced by the new 

structure, called the T-wall, in which the polarization vectors of the two domains are both 

tangential to it. The T-branch is separated from the P-branches by two -1/2 disclinations. The T-

branch is more narrow than the P-branches, which might be explained by a smaller amount of 

splay in it; the prevailing deformation appears to be the twist along the horizontal and vertical 

axes with some elements of splay-bend near the bounding plates. Since the T-wall embraces the 

circular domain on the inside, its eccentricity is less than 1; the curved T-wall causes bending of 

𝐏𝐏 in the outside domain, which produces a “ghost” parabola. 

 We show that these experimentally observed shapes are well described by a version of 

the Oseen-Frank energy functional in which the splay elastic constant is much larger than the 

twist and bend constants. Whenever the third component of the polarization vector is set to vary, 

the model allows for the presence of both twist- and bend-splay DWs. This approach recovers 

principal features of ferroelectric nematic morphologies, such as the secondary “ghost” domain 

walls and mixed handedness of the twist of the polarization vector along the DW. Within the 
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modeling, the finite width of domain walls is attributable to the large disparity between the 

elastic constants, in that the system accommodates the splay by forming structures with strong 

bend and/or twist. The finite width of domain walls in the model is fully supported by the 

experiments, as evident from the comparison of parabolic walls produced by simulations in Figs. 

11, 13-17 and their experimental textures in Figs. 1,2,4,5. Similar agreement is evident by 

comparing the experimental textures of rectilinear domain walls in films freely suspended in 

square openings, Fig.6, and their simulated structure in Fig.19.  

We also note that model (7) allows for bend and splay within the walls, while (8) 

incorporates all elastic modes, including twists, yet both produce the same DW morphology and 

director distribution outside of the DWs. At the same time, within the walls, the director 

configurations are different and are dominated either by bend or by twist. Further, note that in 

numerical experiments ghost walls seem to appear only in the bend dominated walls, therefore 

conceivably one could try to use the presence of ghost walls in physical experiments as an 

indicator of a bend deformation within DWs. Needless to say, the models described in this work 

are not uniformly applicable in that they fail to capture all the features of ferroelectric nematic 

configurations when the dependence on the 𝑧𝑧-coordinate cannot be ignored. In particular, this 

shortcoming applies to the details of the wall structure that in fact might be three-dimensional. 

The present model also does not capture the expected presence of double layers of bound 

charges of a density −𝜕𝜕𝜕𝜕𝑘𝑘/𝜕𝜕𝜕𝜕 embracing the parabolic DWs, although these are visible around 

straight DWs in Fig. 9a. The full three-dimensional inner structures of DWs will be addressed in a 

future investigation.  
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