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We test the BUQEYE model of correlated e!ective field theory (EFT) truncation errors on Rein-
ert, Krebs, and Epelbaum’s semi-local momentum-space implementation of the chiral EFT (ωEFT)
expansion of the nucleon-nucleon (NN) potential. This Bayesian model hypothesizes that dimen-
sionless coe"cient functions extracted from the order-by-order corrections to NN observables can be
treated as draws from a Gaussian process (GP). We combine a variety of graphical and statistical
diagnostics to assess when predicted observables have a ωEFT convergence pattern consistent with
the hypothesized GP statistical model. Our conclusions are: First, the BUQEYE model is generally
applicable to the potential investigated here, which enables statistically principled estimates of the
impact of higher EFT orders on observables. Second, parameters defining the extracted coe"cients
such as the expansion parameter Q must be well chosen for the coe"cients to exhibit a regular
convergence pattern—a property we exploit to obtain posterior distributions for such quantities.
Third, the assumption of GP stationarity across lab energy and scattering angle is not generally
met; this necessitates adjustments in future work. We provide a workflow and interpretive guide
for our analysis framework, and show what can be inferred about probability distributions for Q,
the EFT breakdown scale !b, the scale associated with soft physics in the ωEFT potential me! ,
and the GP hyperparameters. All our results can be reproduced using a publicly available Jupyter
notebook, which can be straightforwardly modified to analyze other ωEFT NN potentials.

I. INTRODUCTION

Nucleon-nucleon (NN) potentials based on a chiral ef-
fective field theory (EFT) expansion, suitably augmented
by three-nucleon forces, have found fruitful application in
computations of finite nuclei and of nuclear and neutron
matter [1–5]. However, given that these nuclear forces
are derived from an EFT at finite order, we need to know
about the error induced by the truncation of that expan-
sion. This is essential for robust uncertainty quantifica-
tion (UQ) because such errors are expected to be at least
comparable to uncertainties induced by fitting the rather
accurate data in the NN sector and precisely known bind-
ing energies of particular nuclides. Failure to account
for these truncation errors—including their correlations
in energy and angle—could lead to bias and prevent us
from properly propagating uncertainties to predictions.
In this paper, we test the BUQEYE model of correlated
EFT truncation errors.

Various chiral NN potentials have been developed re-
cently [6–13]. These potentials di!er in the way they are
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regulated (local, non-local, or a mix of the two called
semi-local), the value of the associated regulator param-
eter, the order to which the EFT expansion is carried
out (labeled N

2
LO, N3

LO, N4
LO, and even beyond; see

below), and the data to which the parameters in the po-
tentials are fit. In some cases the potentials include ex-
plicit !(1232) degrees of freedom. However, all claim to
be an implementation of the idea—originally proposed
by Weinberg over thirty years ago—that the NN poten-
tial can be organized as an expansion in powers of the
parameter Q → f(prel, mω)/”b, where prel is the rela-
tive momentum of the two nucleons, mω is the rest mass
of the pion, and ”b is the breakdown scale of the the-
ory) [14, 15]. The benefit of such an organization is that
systematically smaller e!ects occur at higher order in
the expansion, and so calculations of observables should
become progressively more accurate when potentials of
higher order are employed.

In Refs. [16, 17] we proposed a pointwise Bayesian sta-
tistical model (building on Refs. [6, 18]) to estimate EFT
truncation errors for predicted observables y. “Point-
wise” in this context means that the error model is ap-
plied independently at each energy or angle in the in-
put space (generically denoted x). The model incorpo-
rates expert knowledge [19] on the convergence pattern
(inherited from the EFT power counting) into prior dis-
tributions, and subsequently updates these beliefs given
order-by-order predictions of observables {yn}, thereby
formalizing the notion of EFT convergence for y.
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Subsequently, we extended this pointwise model to
a curvewise treatment of dimensionless coe"cient func-
tions cn(x) extracted from the order-by-order predictions
{yn(x)} [20]. The BUQEYE model postulates that the
cn(x) can be modeled as random draws from a Gaus-
sian process (GP). GPs are powerful tools for both re-
gression and classification, and have become popular in
statistics, physics, applied mathematics, machine learn-
ing, and geostatistics [21–23]. The BUQEYE model uses
them in an atypical way by learning the GP parameters
characterizing the distribution of the known coe"cient
functions and, by induction, using this same GP to pre-
dict error bands for unknown higher-order contributions.
This correlated truncation error model has been applied
to infinite nuclear matter [24, 25], nucleon-nucleus elas-
tic scattering [26], np ↑ dω reactions [27], muon capture
by deuterium [28], experimental design for proton Comp-
ton scattering [29], and parameter estimation of NN low-
energy constants (LECs) [30] (see also [31–34]).

In this paper, we exemplify a workflow for using the
BUQEYE correlated error model. We apply it to exam-
ine in detail whether the model can accurately describe
order-by-order convergence of the observables predicted
by modern NN potentials. However, in order to achieve
this the input space and hyperparameters of the GP
that encodes our error model must be carefully chosen.
We limit ourselves to the neutron-proton (np) scattering
observables predicted using the semi-local momentum-
space (SMS) potential of Reinert, Krebs, and Epelbaum
with cuto! 500 MeV [11]. (Other potentials and proton-
proton scattering will be examined in future work.) We
emphasize that we do not refit the LECs of this potential
to data here; instead, the LECs for the NkLO poten-
tial are taken from the NkLO fit as given by the original
publication [11]. However, because our truncation-error
model can be embedded within a Bayesian parameter
estimation framework (see Ref. [31]), we are setting the
stage for a full Bayesian treatment of such potentials with
correlated errors.

In Sec. II we review the GP model of EFT trunca-
tion errors [20], starting with the extraction of the co-
e"cient functions from order-by-order predictions of the
total cross section based on a chosen εEFT potential.
With appropriate choices of input parameters, visual in-
spection of these functions suggests they are consistent
with statistical draws from a common GP. The tools for a
more complete analysis that uses complementary statis-
tical diagnostics and outputs of our GP analysis are sum-
marized in Sec. III, which includes a schematic workflow
for model-checking. We then extract posteriors for the
expansion parameter Q in Sec. IV and thereby expose the
inadequacy of a GP model that is stationary in an input
space defined by the scattering angle and energy. This
flaw is mitigated by the requirement of statistical consis-
tency for the EFT’s error bands, which implies Bayesian
credibility intervals for both the EFT breakdown momen-
tum ”b and the e!ective soft scale me! (typically identi-
fied with the pion mass for εEFT). We show that consis-

tent choices for these EFT scales produce approximate
stationarity provided we employ a suitable input space
and consider only observables corresponding to relative
momenta above the pion mass. In Sec. V we demonstrate
how this informed choice of input parameters leads to co-
e"cient functions consistent with the BUQEYE model
across observables. Two representative applications are
given in Sec. VI before Sec. VII provides a summary and
highlights outstanding problems and future work.

II. A MODEL OF EFT CORRELATED
TRUNCATION ERRORS

We recapitulate briefly in Sec. II A the details of the
BUQEYE model for correlated truncation errors [20].
For our analysis we need to convert a potential’s order-
by-order predictions to dimensionless coe"cients, which
requires choosing a set of parametrizations. These are
introduced and their rationales and functional forms ex-
plained in Sec. II B. Then, in Sec. II C we give a simple
example of the impact that these parametrization choices
can have and discuss how the convergence pattern ex-
plained in Sec. II A can be enhanced for a given set of
parametrization choices.

A. Recap of BUQEYE model

We follow Refs. [16, 20] and formalize the power count-
ing of the EFT by writing an observable y as

yk(x) = yref(x)

k∑

n=0

cn(x)Q
n
(x), (1)

where k is the highest computed order of the EFT, Q

is the dimensionless expansion parameter, and x is the
input space(s). In the case of angular NN scattering ob-
servables x = (Elab, ϑ), the lab-frame energy and center-
of-mass scattering angle, respectively, whereas x = Elab

for the total cross section ϖtot. The dimensionful refer-
ence scale yref is taken to be yref(x) → yk(x) for the total
and di!erential cross sections and yref(x) → 1 for spin
observables, except in Sec. VD where an example of a
mischosen yref is provided. The theoretical uncertainty,
ϱyk, is then written as:

ϱyk(x) = yref(x)

↑∑

n=k+1

cn(x)Q
n
(x). (2)

Given choices of yref , the expansion parameter Q and
the input space x, the observable coe"cients cn for n =

0, . . . , k are completely determined by the order-by-order
predictions yn.

The formulation of Eqs. (1) and (2) allows us to es-
timate the size and correlations of the truncation error
ϱyk if we can relate the properties of these low-order cns
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to the properties of the higher-order cns. An underly-
ing assumption of the BUQEYE model is that the cn,
if properly extracted, should share common properties
due to the regularity with which a well-constructed EFT
should converge. For most NN observables the εEFT
expansion does not converge monotonically from above
or below. The coe"cients thus show no preference for
positive or negative values and their mean is about zero.
The smoothness of the EFT corrections as functions of
x is also inherited by the coe"cients. But the particular
choices made for Q, x, and yref can a!ect whether the
cn have similar properties across the domain; this is the
property of stationarity.

If we can show that the known cn are e!ectively ran-
dom and embody similar properties, we can learn these
properties to inform ourselves of what higher-order cn

should look like. To this end, we hypothesize that the cn

are independent and identically distributed (iid) draws
from a Gaussian process1

cn(x) |ω
iid↓ GP[µ = 0, c̄

2
r(x, x

↓
;L)], (3)

which is a collection of random variables, any finite num-
ber of which have a joint Gaussian distribution [35]. We
take the mean function µ to be identically zero. The
a priori unknown GP parameters are ω = {c̄2

, L},2 where
c̄, the marginal standard deviation, controls the average
magnitude of the curves, and L, the correlation length
scale matrix, controls the approximate frequencies with
which the curves oscillate. The correlation function r

governs the smoothness properties of the curves.
Our approach to modeling truncation errors is then

based on the idea that from the knowledge of a few co-
e"cients, we can create a statistically meaningful dis-
tribution for the truncation error ϱyk(x). In particular,
Ref. [20] showed that, given (3),

ϱyk(x) |ω, Q ↓ GP[0, c̄
2
Rεk(x, x

↓
;L)], (4)

where

Rεk(x, x
↓
;L) → yref(x)yref(x

↓
)
[Q(x)Q(x

↓
)]
k+1

1↔ Q(x)Q(x↓)
r(x, x

↓
;L).

(5)

Given a prior pr(ω), the ω needed to define Eq. (4)
can be estimated—and subsequently integrated over, if
desired—by using the low-order cn (see Ref. [20]).

To match the observed smoothness of calculated coe"-
cient functions, we choose the squared exponential (a.k.a.
radial basis function or Gaussian) for r (see Table I). But

1 The z → · · · notation is a common shorthand in statistical lit-
erature for “z is distributed as.” We use “pr(z) = · · · ” as well.
Also, “z | I” is read as “z given I.”

2 We follow statistical convention and use ω to denote the vector of
these parameters but also use ω for the center-of-mass scattering
angle.

this choice also assumes stationarity, which will prove to
be questionable for the energy/momentum dependence of
many of the coe"cients. The length scale prior is taken
to be uninformative: a uniform distribution over all pos-
itive values (an improper prior, but one that nonetheless
expresses the wide range of values that the length scale
can take). In addition, we use a weakly informative con-
jugate prior for the cn variance that accurately reflects
our prior beliefs: If the cn are naturally sized, we ex-
pect that c̄ ↗ 1, but allow it to vary if the data support
other values. We have tested prior dependence in previ-
ous works [16, 17] and found it to be slight.3

Our statistical model can also incorporate symmetry
constraints on the values of scattering observables [20]. In
particular, some spin observables are constrained to take
the value of zero at particular angles when time-reversal
invariance is imposed as a necessary symmetry. Specif-
ically, time-reversal symmetry fixes A(Elab, ϑ = 0

↔
) = 0

and Ay(Elab, ϑ = {0↔, 180↔}) = 0 for all Elab [36], where
we follow the nomenclature of Ref. [17]. These symmetry
constraints shrink the uncertainty band in the immedi-
ate vicinity of the constraint point(s); for how this can
impact statistical diagnostics, see Sec. VC.

B. Options for parametrization

Inverting Eq. (1) enables the extraction from NN ob-
servable data of coe"cient functions given some choice
of yref and Q parametrization, and these functions can
be plotted against an input space x. Then, we assess
those coe"cients visually and statistically to see if our
choices of Q, yref , and x yield coe"cients that are sta-
tionary across the domain of interest and manifest ex-
pected power counting by exhibiting common properties
across orders. Here we focus on choices for Q and x.

The conventional form of Q(p, me!) [6] is

Qmax(p, me!) =
max(p, me!)

”b
, (6)

with p = prel and me! = mω = 138MeV. This choice of
Q prescription was made in previous work (e.g., in [17,
31]). Qmax can pose issues for GP fitting due to the cusp
at prel = me! , so we introduce a di!erentiable smooth-
maximum (“smoothmax” or “smax”) version given by [17]

Qsmax(p, me!) =
1

”b

p
i
+ m

i
e!

pi↗1 + m
i↗1
e!

, (7)

where we choose i = 8 (see Fig. 2 for a comparison).

3 The insensitivity to the precise form of the prior motivates the
use of conjugate priors, for which updating from prior to poste-
rior as we accumulate data on low-order coe!cients is analytic.
The posterior for µ, c̄2 has the same functional form as the prior
(see Ref. [20] for additional discussion). There are no conjugate
priors for L or Q.
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In Figs. 1(a) and 1(b), we compare coe"cient functions
for the np total cross section (ϖtot) for Qsmax and two
choices of the input space, x = Elab and x = prel. Here,

Elab =
p
2
rel ↔ m1m2 +

√
(p2

rel + m2
1)(p

2
rel + m2

2)

m2
, (8)

where m1 is the mass of the beam particle and m2 the
mass of the target particle in MeV, which simplifies to

Elab =
2p

2
rel

M
(9)

in the case where m1 = m2 = M . This choice of indepen-
dent variable x can cause the cn to have a shorter local
wavelength at low Elab compared to high Elab.

As seen in Figs. 1(a) and 1(b), choosing to parametrize
Q with Qsmax (or Qmax) can lead to the cn growing sys-
tematically with n for prel ↭ mω. This behavior would
violate the BUQEYE model’s assumption that the coef-
ficients share common properties across orders. A third
prescription,

Qsum(p, me!) =
p + me!

”b + me!
, (10)

was originally devised to ameliorate this issue as seen in
Figs. 1(c) and 1(d); a more direct motivation for Eq. (10)
will be given in Sec. IV.

Both Qsmax and Qsum are defined so that the break-
down scale ”b is defined by Q(p = ”b, me!) = 1. How-
ever, their di!ering functional forms should be borne in
mind when comparing values of ”b and me! between the
two prescriptions; more details are given in Sec. IV. We
note that none of these three forms for Q are based on an-
alytical arguments regarding the combinations of p and
mω that appear in εEFT Feynman diagrams.

Additionally, we must choose a functional form for the
characteristic momentum p. We consider three options
for the momentum scale that appears in the expansion
parameter: p = prel; p = qCM, where

q
2
CM = (ςp ↔ ςp

↓
)
2 ↘ qCM = prel

√
2(1↔ cos ϑ) (11)

when p = p
↓
= prel; and a combination of the two, p =

psmax(prel, qCM), where

psmax(x, y) =
1

N
log1.01(1.01

Nx
+ 1.01

Ny
) (12)

with N = 5, which is a smooth maximum interpolation
function borrowed from deep-learning applications [37].

Besides parametrizations of Q and p, we have also
tested parametrizations of the input space x = (xE , xϑ),
where xE is the energy-dependent input space and xϑ the
angle-dependent one. Which options for x are available
depends upon which physical quantities the observables
depend upon. The observables considered in this pa-
per are the total cross section ϖtot; the di!erential cross
section; and the spin observables D, Axx, Ayy, A, and
Ay, the latter of which is elsewhere referred to as P or

(a) (b)

(c) (d)

FIG. 1. Observable coe"cients for the total neutron-proton
cross section (εtot), under various assumptions for Q(p) and
the input space x. Predictions are generated with the 500
MeV SMS potential from Ref. [11] and assume a fixed value
of me! = 138 MeV (i.e., the approximate pion rest mass) and
!b = 600 MeV. The top row uses a smoothed maximum Qsmax

[Eq. (7))] while the bottom row uses Qsum [Eq. (10)]. The left
column uses Elab as the x-variable while the right column uses
prel. (The relationship between the two is given by Eq. (9).)
Choosing x = prel and Q = Qsum results in coe"cients that
look the most stationary, i.e., similarly sized and with similar
length scale across the domain and across coe"cients.

PB [10, 17, 36, 38]. All are functions of scattering angle
and lab energy except for the total cross section, which
is a function of lab energy alone. When the observable
depends on both quantities, it is of course also possible
to plot that observable (or the dimensionless coe"cients
derived therefrom) at some fixed lab energy or scatter-
ing angle against the remaining other quantity, which
is allowed to vary. In the fixed-angle case, the two op-
tions for xE are those discussed already, namely Elab and
prel. In the fixed-energy case, there are four options for
parametrizing xϑ: ϑ, ↔ cos(ϑ), qCM, and q

2
CM.

After exploring many parametrizations for use with
the assumed stationary GPs (case studies for Q(p), and
(xE , xϑ) can be found in Secs. V A and V B), we have
collected our preferred choices for NN observable-specific
and GP quantities in Table I. These are the same phys-
ically grounded choices we use to generate many of the
figures in Secs. IV and V, where we show that—with addi-
tional restriction on the input space—they lead in many
(but not all) cases to coe"cient functions manifesting
the model assumptions adopted here: naturalness and
stationarity. A more complete implementation of the cor-
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FIG. 2. Plot of the three parametrizations of the dimension-
less expansion parameter Q that are tested in this paper —
Qmax, Qsmax, and Qsum — versus relative momentum prel.
In plotting all three prescriptions here, it is assumed that
!b = 600 MeV and me! = mω = 138 MeV, but that is not
the case elsewhere in this work.

related error model will require future generalizations to
nonstationary GPs that can provide the additional flexi-
bility needed to accommodate the structure observed in
NN data.

C. Varying the breakdown scale and e!ective mass

As we have discussed, Fig. 1 shows cn(x) extracted
with two choices of Q (namely Qsmax and Qsum), plotted
against two choices of independent variables x (namely
Elab and prel) for the np ϖtot calculated with the 500MeV
cuto! potential from Ref. [11]. In order to comport with
our model, the coe"cients should exhibit naturalness,
the tendency to have variances not too much di!erent
than unity across orders. Additionally, they should ex-
hibit stationarity, the tendency to have roughly the same
length scale and variance (or magnitude, in this case)
across the input space. When these qualities of the co-
e"cients are not in evidence, an informed change in the
parametrization of Q(p), yref , and/or x can sometimes
turn a failure of our model into a success.

Here, the behavior of the coe"cients in
Figs. 1(a) and 1(b) at low energies/momenta suggests
that the coe"cients behave unusually there. Specifically,
compared to elsewhere in the input space, the length scale
appears shorter and the variance larger. But with the
choice of Q = Qsum(p = prel, me! = mω,”b = 600MeV)

and x = prel (see Fig. 1(d)), then all cn appear more
regular, except possibly at very small prel and for rather
high-order coe"cients. (The putative failure there is
perhaps because specifics of the fitting procedure used
in Ref. [11] get amplified by the smallness of O(Q

5
)

and O(Q
6
) contributions, or because the operative

NN Observable-Specific Quantities

Quantity εtot ε(ϑ) Spin

yref yk yk 1

(xE , xε) (prel) (prel, → cos(ϑ)) (prel, → cos(ϑ))

L ϖE diag(ϖE , ϖε) diag(ϖE , ϖε)

Generic Gaussian Process Quantities for NN

Characteristic Momentum p = prel

Expansion Parameter Q = (p + m)/(!b + m)

Correlation Function
r(x, x↑

; L) =

e↓
1
2 (x↓x→)↭L↑1(x↓x→)

Variance Prior c̄2 ↑ ω↓2
(ϱ0 = 1, ς2

0 = 1
2
)

Length Scale Prior pr(ϖi) ↓ 1, ϖi > 0

TABLE I. Preferred assumptions about the model
parametrization choices for each NN observable, under
the constraint of stationary GPs. (See Sec. III of Ref. [20]
for further details.) The correlation function is the squared
exponential, which assumes that the cn are very smooth and
stationary. The GP variance prior is a weakly informative
inverse chi-squared distribution, while the length scales
priors are (positive) uninformative and uniform. The angular
observables live in a two-dimensional (2D) space, so the
matrix of correlation lengths, L, is a 2D diagonal matrix
with ϖE and ϖε on the diagonal.

power-counting scheme for that low-momentum regime
is that of pionless EFT.) Even in Fig. 1(d), however,
we notice discrepancies between the exhibited and ideal
order-by-order convergence in the coe"cients. The
question is, then: Can we do better?

In Ref. [39], an e!ective value of 200–225MeV for the
soft scale me! , which di!ers from the heretofore assumed
value of 138 MeV, was extracted from credible-interval
(“weather”) plots (see Sec. III C) based upon ϖtot. When
we make this change, we observe (see Fig. 3) in the coe"-
cients much stronger evidence of the features we hope to
see — namely, naturalness and stationarity in the length
scale. Nevertheless, the region of prel < mω remains
problematic.

The visible improvements between Fig. 1 and Fig. 3
suggest the possibility that the values of me! and ”b can
be chosen to optimize the convergence pattern of a po-
tential under a given parametrization (such as the choices
of Q(p) and x). By means of a Bayesian-statistical ap-
proach to parameter estimation (outlined in Sec. III E),
we can extract a maximum a posteriori (MAP) value
for these parameters and re-plot the coe"cients mutatis
mutandis. A further discussion of this possibility, with
accompanying figures, is given in Sec. IV.

One final note: There may be a region in the input
space that is resistant to our e!orts to obtain stationar-
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(a) (b)

(c) (d)

FIG. 3. Observable coe"cients for the total neutron-proton
cross section (εtot), under various assumptions for Q(p) and
the input space x. The coe"cients presented here are ex-
tracted the same way as those in Fig. 1, with !b = 600 MeV

and me! = 200 MeV.

ity and naturalness through reparametrization because
of physics reasons. In this case, it remains an option
to simply exclude that region from training and test-
ing the GP (or use a nonstationary GP; see Sec. VII).
For examples, see Figs. 17 and 18 (when the EFT is ill-
suited to a particular domain), and Figs. 19–21 and 29–31
(where constraints distort the GP fitting process in re-
gions where data may not be measured). The particular
regime that bears mentioning is that of momenta below
the pion rest mass of approximately 138 MeV, where pi-
onless EFT is expected to describe the power counting
more accurately than εEFT. Imposing the assumption of
stationarity across all momenta may lead to inconsisten-
cies and ill-fitting due to an underlying nonstationarity.
Specifically, we note just such dependence of the length
scale on the momentum—i.e., manifest nonstationarity
in the GP—and its implications in Sec. IV.

III. DIAGNOSTICS AND OUTPUTS

An important part of a complete Bayesian analysis is
model checking [40]. Here this means assessing whether
the assumptions of the BUQEYE model of εEFT con-
vergence are validated or violated in practice. The first
step is a visual examination of the order-by-order EFT
coe"cient curves as we saw in Sec. II: It often permits
preliminary identification of flaws in the GP model for
those coe"cients. If one (or more than one) curve fluc-

tuates markedly farther away from zero and/or fluctuates
at a di!erent rate than the others, that may signal a prob-
lem. Such behavior contradicts our hypothesis that all
nc of the cns are drawn from a GP with a common length
scale and variance. And, if the fluctuations in an EFT
coe"cient change significantly in size or length scale over
the kinematic domain being considered, this violates the
assumption of a stationary GP; i.e., that c̄

2 and φ do not
depend on the NN kinematics at which cn is evaluated.
We note that GP stationarity is not a necessary assump-
tion of the BUQEYE model (see Sec. IV), but it is taken
for granted throughout the work presented in this paper
because of our choice of GP kernel.

But detecting these patterns is non-trivial; humans
may see patterns where there are none. Thus we con-
sider the general statistical diagnostics for GPs that were
carefully explained and tested in Ref. [41]. In Ref. [20]
we adapted Ref. [41] to the particular case of EFTs. Out
of the several diagnostics considered in Ref. [41] we em-
phasize three that we have found most illuminating in
our analysis of the EFT expansion coe"cients for NN
potentials. These diagnostics are presented in this sec-
tion, and their use is demonstrated in a publicly available
Python package [42]. Our claims regarding what the dif-
ferent diagnostics show can be verified in that notebook.
A general summary of the diagnostic workflow is given
in Table II.

The default diagnostic for determining the “quality of
fit” in the nuclear physics literature has usually been the
reduced chi squared ε

2
red (a.k.a. the chi squared per de-

gree of freedom) [43]. It is often wielded as “proof” of a
model’s success or failure, but the theory behind its use
and hence the interpretation of its value is too frequently
omitted from discussion. The structure of our discus-
sion is designed to build upon the intuition of ε

2
red and

extend it to the case of correlated errors. Some impor-
tant theoretical properties of the chi squared per degree
of freedom and its extensions are also provided without
proof (see [41]).

Assume, as we do throughout this paper, that the EFT
LECs have already been fit to data or are otherwise fixed
quantities. Moreover, assume that we have computed
order-by-order predictions of some observable yn at two
sets of points, the N training points xtrain and the M

validation points xval. The quality of the generated sta-
tistical diagnostics depends not only on the choices made
in Sec. II (see Table I) but also upon this so-called “train-
test split.” This partitioning can be revisited every time
a workflow cycle completes. One sign that the user may
wish to revisit the train-test split is that the coe"cient
curves by eye look well-suited to a GP, but the diagnos-
tics say otherwise. In that case, the user may change
the partitioning and see whether the diagnostics change
(e.g., perform cross-validation). A model that proves ro-
bust under reasonable variation of the train-test split is
one whose results can be taken as more credible than
those of a model whose results are highly variable.

Using too few or too many training and testing points
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may lead to unwarranted conclusions about robustness.
First, too few training or testing points can lead to
a model that is undertrained and overtested or over-
trained and undertested. Second, and somewhat counter-
intuitively, the user cannot guard against these pitfalls
by using many training and testing points. Too many
of either within a correlation length will lead to matrix
ill-conditioning, which renders matrix inversion problem-
atic. The diagnostics then become very sensitive to the
“nugget” used to regularize the matrix inversion. Re-
sults that are sensitive to the choice of regularization of
the (nearly) degenerate covariance matrix do not repre-
sent true tests of the statistical model that the cns are
all drawn from a stationary GP. To strike a safe path
between these two perils we used one or two training
points and three or four testing points within a correla-
tion length.

At the training points we have tuned our GP parame-
ters ω to its convergence pattern. At the validation points
we wish to assess whether we have accurately character-
ized our understanding of two cases, to which we apply
the workflow and diagnostics in Table II. These are:

1. The known low-order convergence pattern, by con-
trasting the cns with their tuned distribution. In
this case, the validation data is fval → cn for some
n ≃ k and it is to be compared to the multivari-
ate Gaussian with mean m = 0 and covariance
K = c̄

2
R. This analysis helps answer the question

of whether the EFT converges as we expect. The
“visualize the function” diagnostic asks: “Do coe"-
cient curves look like they are all drawn from the
same GP?” (In)consistency can be tricky to cleanly
assess at this stage; for example, all curves may
look to have similar length scale and variance (ap-
parently consistent), or one (or more) curves can
be seen to have a distinct variance or length scale
(apparently inconsistent). But beware that fluctu-
ations happen, so what looks dissimilar to humans
may be the randomness.

2. The unknown truncation error, by contrasting yk

with experimental data yexp, including all sources
of uncertainty. In this case, the validation data is
fval → yexp and it is to be compared to the mul-
tivariate Gaussian with mean m = yk and covari-
ance K = #th + #exp. This analysis helps answer
the question of whether the EFT predictions are
consistent with experiment when all errors are ac-
counted for.

With the notation for these cases defined, we can now
step through the other diagnostics in Table II.

A. Mahalanobis distance

The chi-squared statistic is an intuitive diagnostic to
consider first, and can help introduce the idea of a refer-

ence distribution. It is defined by

ε
2
=

M∑

i=1

(fval,i ↔ mi)
2

ϖ2
i

. (13)

If the fval were really drawn from a Gaussian with mean
m and uncorrelated noise ϖi, then this aptly named quan-
tity would follow a ε

2
ϖ distribution with ↼ → M degrees

of freedom. It is important to stress that Eq. (13) has a
distribution; that is, even if we had correctly estimated
fval, it could be above or below the “gold standard” value,
but it should not be too far away. The mean of the ε

2
ϖ

distribution is ↼. To naïve ε
2
red apologists it then fol-

lows, as night follows day, that ε
2
red = ε

2
/↼ should be

1. This claim should be regarded with skepticism unless
error bands are provided (and with extreme skepticism
if one is using the ε

2
red as a goodness-of-fit criterion for

a non-linear model, see [43]). That is, the reference dis-
tribution ε

2
ϖ , both its mean and its uncertainties, can

inform us what reasonable ε
2 diagnostic sizes look like.

For the truncation error model described in Sec. II,
it is clear that the theoretical errors become correlated.
Thus, the vanilla chi-squared statistic no longer applies.
However, one can compute the (squared) Mahalanobis
distance

D2
MD(fval) = (fval ↔m)

↭
K

↗1
(fval ↔m), (14)

of which the chi-squared is merely a special case when
the errors are uncorrelated. In calculating this distance,
the covariance matrix of the GP at the validation points,
K, plays the role of a metric tensor. Interestingly, if
fval were really drawn from a multivariate Gaussian with
mean m and covariance K, then D2

MD still follows a ε
2
ϖ

distribution with ↼ = M degrees of freedom.
The D2

MD combined with its reference distribution can
quantitatively tell us whether, for example, our observ-
able coe"cients cn follow a GP as we hypothesize. We
evaluate D2

MD(fval) separately at each order (i.e., for each
cn curve) for which we have a εEFT calculation of NN
scattering; that is, we use the εEFT coe"cients at the
kinematics defined by the validation points to compute
the Mahalanobis distance of those coe"cients from the
mean curve—–which is taken to be zero in our model of
EFT coe"cients. This allows us to see if all nc of the
D2

MD(cn) values lie within a reasonable range (68% or
95%) of the reference distribution (which shows that the
curves are consistent with our model) or whether there
are outliers (which shows the opposite). If one or more of
the EFT coe"cients correspond to a GP fit that is statis-
tically too good then D2

MD for those cns will be markedly
less than the number of degrees of freedom because er-
rors in the GP are overestimated. In contrast, a D2

MD
that is large compared to the number of degrees of free-
dom means the errors in the GP do not encompass the
validation points in a statistically correct way.
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B. Pivoted Cholesky decomposition

Instead of relying on a one-number summary, such as
the chi squared statistic, one could instead consider the
weighted residual (fval,i ↔mi)

2
/ϖ

2
i at each point. Such a

residual vector contains much more information than its
sum, and permits one to inquire where exactly the theory
is failing. If m and ϖ are correct, then there should be no
pattern across the indices of the residual vector, and the
reference distribution for each index is itself a standard
Gaussian N (0, 1).

The correlated analog requires a standard deviation
matrix K = GG

↭ from which one can compute

DG = G
↗1

(fval ↔m). (15)

The G matrix is not unique, but we choose it to be the
pivoted Cholesky decomposition [41], and call DPC the
pivoted Cholesky (PC) diagnostic. Each index of this
vector still corresponds to one particular validation point,
but the indices have been pivoted such that the first in-
dex has the largest variance, the second has the largest
variance after one has conditioned on the first validation
point, and so on [41]. Again, the reference distribution
at each index is a standard Gaussian, but this diagnostic
can fail in illuminating ways. In essence, misestimates of
the variance c̄

2 appear at all indices, and misestimates of
the correlation structure show up at large index.

Table II lists five possible patterns for this diagnostic,
which are illustrated in Fig. 4. Interpretations of the
corresponding plots of the cn and PC diagnostics include
(with length scale φ, standard deviation ϖ, GP-estimated
quantities “est,” and actual underlying quantities “true”):

1. Correct: At a given index, coe"cient values at
di!erent orders are Gaussian-distributed, with the
same variance exhibited at all indices (see subplot
(a) in Fig. 4).

2. φest > φtrue: EFT coe"cients associated with dif-
ferent orders are correctly distributed at small in-
dex but their variance gets noticeably larger as the
index increases (see subplot (b) in Fig. 4), a phe-
nomenon known as “trumpeting.”

3. φest < φtrue: EFT coe"cients associated with di!er-
ent orders are correctly distributed at small index
but their variance gets noticeably smaller as the
index increases (see subplot (c) in Fig. 4), a phe-
nomenon known as “funneling.”

4. ϖest > ϖtrue: EFT coe"cients at di!erent orders ex-
hibit scatter that is smaller than the estimated vari-
ance, and this happens across all validation points
(see subplot (d) in Fig. 4).

5. ϖest < ϖtrue: EFT coe"cients at di!erent orders
exhibit scatter that is larger than the estimated
variance, and this happens for all validation points
(see subplot (e) in Fig. 4).

In our EFT application we examine DPC for each order
in the EFT for which we have coe"cient data—as we did
with D2

MD—since it may be that the variance or length-
scale problems we are trying to diagnose show up at some
orders but not others.

C. Credible interval diagnostic

We seek credible intervals that are accurate representa-
tions of our uncertainty. For a given set of cns, the GP is
trained on all the coe"cients at their training points, the
underlying distribution is calculated from the fitted GP.
We assess the accuracy of our credible intervals by com-
paring the coe"cients’ distributions at their validation
(testing) points to this underlying distribution. If our
model for the uncertainty is accurate and we construct
a 100P% credible interval for P ⇐ [0, 1], it should ap-
proximately contain 100P% of the validation data. Our
final diagnostic implements this idea, and is known as the
credible interval diagnostic DCI, the empirical coverage
probability plot, or, more colloquially, the weather plot 4.
One can check this at a single value of P or all values be-
tween [0, 1]. We plot DCI for all P , denoted DCI(P ), and
create its reference distribution via sampling: This de-
termines how far away DCI(P ) can be from P before the
diagnostic signals statistical inconsistency [20].

Examination of a plot of DCI(P ) vs. P will there-
fore quickly reveal whether the estimated GP variance
is too large (entailing too-large error bands), in which
case DCI(P ) grows faster than P , or too small, leading
to DCI(P ) consistently smaller than P . An example of
the former case is shown in Fig. 5a, in which too small a
value of me! leads to too large a GP variance, a situation
that is visibly rectified in Fig. 5b when the value of me!

is increased.
The DCI diagnostic is an internal check on the self-

consistency of our model; it does not depend on experi-
mental data. We can, however, also compare EFT pre-
dictions with full uncertainty quantification to data [17,
39, 45]. Such a comparison is made in the next section.

D. Output: Statistically rigorous EFT error bands
for observables

If the GP model passes all the other diagnostic tests,
then we can use Eq. (4) to form statistically consistent
EFT truncation uncertainty bands for the observable(s)
from which the cns were extracted. We typically do this
using the MAP values of ”b and me! . The resulting error
bands then include not only the EFT truncation uncer-
tainty, but also the GP uncertainties from interpolating

4 The term “weather plot” is inspired by Ref. [44], which explains
in more detail the origin of this nickname.
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(a) (b)

FIG. 5. Plots of the credible intervals (“weather plots”) corresponding to the coe"cients of the total cross section in Fig. 1d
(a) and Fig. 3d (b). The concentration of curves above and to the left of the black midline in the lefthand figure implies that
the GP variance is being overestimated so the credible intervals are too large. The curves on the righthand side track the
midline better: The empirical coverage falls within the shaded region, so the error bands better capture the shift at the next
EFT order.

(a) (b)

FIG. 6. Plots of the residuals and truncation error corresponding to the coe"cients of the total cross section in Fig. 1d (a)
and Fig. 3d (b). Here, the di!erences between the experimental and predicted value of the total cross section at each order (the
solid colored lines) with their associated same-color 68% error bands, are plotted against zero (the dashed black line). This is
useful for assessing whether the error model is converging properly (e.g., falling within the predicted 68% error bands 68% of the
time) and where in the input space the predictions agree most and least with experiment. Here, one can observe improvement
in agreement between the experimental and theoretical values for the observable as the value of me! is changed from left to
right, but at higher orders one sees degraded performance at low momentum, which accords with our visual assessment of the
corresponding coe"cient plots.

between the training points. They do not include the un-
certainties in the GP hyperparameters since we use point

estimates for the length scales and c̄
2.

For an example of truncation-error plots that builds
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on the last section’s comparison of Figs. 1d and 3d, see
Fig. 6. This shows the residuals between the true and
predicted values for ϖtot at each of the orders under test.
The di!erence between the two sets of plots arises from
choosing me! = 138MeV (6a) versus me! = 200MeV

(6b), which results in di!erent error bands. The improve-
ment occasioned by the change in me! ’s value is visible
in the superior agreement between the true and predicted
values in the right-hand plot. That the low-momentum
region is where the greatest discrepancy can be found
flags that regime as an area where our statistical model
may be less well-suited.

E. Output: Posterior probability distributions of
!b and me!

One circumstance in which the statistical diagnostics
immediately reveal a problem is if the EFT expansion pa-
rameter has been misestimated. In that case the variance
of the coe"cients cn will either grow or shrink with EFT
order n: grow if the expansion parameter has been cho-
sen too small, and shrink if it has been chosen too large.
In either case the DCI plot shows a failure to correctly
estimate Bayesian credible intervals, with that failure in-
creasing in severity at higher EFT orders. Of course, this
kind of systematic trend in the cns can sometimes be seen
when they are plotted together on the same scale. This
indication of trouble from the cn curves can be quanti-
fied, in this case via a formula that estimates the best
value of ”b [17, 20]. The method employed in Refs. [17]
was pointwise — that is, it treated the estimate of the
uncertainty at each testing point as independent of that
at other testing points — whereas the newer methods
showcased in this paper are curvewise — that is, they
account for correlations among testing points at a given
order by means of a length scale that characterizes a GP.

The best values of ”b and me! are the ones that “right-
size” the coe"cients, i.e., ensure that the coe"cients ap-
pear to be drawn from the same distribution. The re-
quirement that they do not show a systematic size trend
thus translates into a probability distribution function
(pdf) for the EFT breakdown momentum and e!ective
soft scale (see the Appendices of Ref. [20]).

To calculate this pdf, we first set meshes for each of
the nr hyperparameters. In our case, nr = 4: ”b, me! ,
the length scale in the lab-energy input space φE , and
the length scale in the scattering-angle input space φϑ.
Then, we form a nr-dimensional mesh from the Carte-
sian product of these one-dimensional meshes. We have
not listed the marginal variance c̄

2 as one of the ran-
dom variables that forms the mesh, because Gaussian
processes can be marginalized over their variance ana-
lytically. This yields a statistical object formed out of
the Student t-distribution instead of one formed out of a
Gaussian (normal) distribution—a TP rather than a GP.
So, at each point in this nr-dimensional mesh we calcu-
late the log-likelihood that the εEFT coe"cients cn for a

given observable are described by a TP corresponding to
the hyperparameters associated with that location in the
mesh. We add the log-priors to the log-likelihood to find
the log-posterior, and exponentiate & normalize it to find
the posterior pdf on the mesh. (When we learn from more
than one observable at once we assume they are indepen-
dent, by summing the log-likelihoods before combining
the overall log-likelihood with the log-priors.) Lastly, we
marginalize over the length scales, since ”b and me! are
physical parameters across observables and length scales
are observable-specific. From the joint ”b-me! posterior,
we can extract MAP values for each of these two random
variables, calculate their correlation coe"cient, and also
marginalize to find their one-dimensional posterior pdfs,
including the respective means and variances of ”b and
me! .

A key question is then whether the ”b and me! val-
ues initially used to form the cns from the observable
coe"cients are consistent with this posterior. If not, the
analysis has to be repeated with values that are — this
would typically be the MAP value of the two-dimensional
pdf pr(”b, me! |yk, I).

The results of these calculations are discussed in detail
in the next section, Sec. IV. Note that we only use TPs
for computing the posterior pdfs of ”b and me! , since for
those physical parameters we want to marginalize over
c̄
2. The coe"cients cn of the εEFT expansion are still fit

with a GP whenever we generate the diagnostics that tell
us whether the EFT coe"cients conform to the BUQEYE
statistical model or not.

IV. GP STATIONARITY AND !b AND me!

Previous work placed strong (even delta-function) pri-
ors on the values of ”b and me! , treating them as point
values. Continuing to treat them this way would be ac-
ceptable as long as we had ironclad intuition on a range
in which those values were likely to fall and the results of
our analysis were not sensitive to them, but our intuition
is not strong enough and our outcomes not insensitive
enough to justify that approach. Indeed, we have already
seen in Fig. 5 the improvement made in the stationarity
and naturalness of the ϖtot coe"cients when the value
of me! is changed from 138 to 200 MeV from Fig. 1 to
Fig. 3. Thus, more care is needed in specifying the val-
ues of those parameters for the purposes of generating
graphical and statistical diagnostics.

We begin with an extraction of the expansion pa-
rameter Q that uses separate and independent one-
dimensional TPs to model the EFT coe"cients at several
di!erent energies. In the terminology deployed above,
this approach is pointwise in xE and curvewise in xϑ. We
considered the EFT coe"cients of the di!erential cross
section and the five spin observables D, Axx, Ayy, A, and
Ay at di!erent fixed values of prel from 25 to 400 MeV in
increments of 25 MeV and employed the procedure dis-
cussed in Sec. III E (mutatis mutandis since we only have
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FIG. 7. The MAP values of the dimensionless expansion pa-
rameter Q extracted using the procedure outlined in Sec. III E
and corresponding 2ε error bars are shown in purple as a
function of the relative momentum prel. The corresponding
linear fit, which is used to extract !

ϑ
b and mϑ

e! in Eq. (16),
is also shown in purple. Also shown are: the orange line
Q = Qsum(p = prel, !b, me!), with !b and me! MAP values
extracted from posterior pdfs generated from εtot (see the
ninth row of Table III), and the green line Q = Qsum(p =

prel, !
↑
b, m

↑
e!), with !b and me! values obtained as per the

first row of Table III [see Eq. (17)]. All information shown in
this figure comes from observable predictions up to and in-
cluding the highest order under consideration, N

4
LO+.

the angular length scale) to extract a posterior pdf for
Q at each prel. Figure 7 shows the 2ϖ confidence inter-
vals for Q(prel) that result from these 16 one-dimensional
analyses. There is a clear linear dependence on prel that
strongly supports the Qsum parametrization of the EFT
expansion parameter. The straight-line fit to the Q data
is shown in purple in the figure and yields:5

”
ϱ
b = 780± 20MeV and m

ϱ
e! = 240± 10MeV. (16)

How do these values relate to those we get from the
total cross section, which was not part of the set of ob-
servables used to extract Q(prel)? The intervals for ”b

and me! obtained when a TP is used to analyze the EFT
convergence of only ϖtot are given in the ninth and tenth
rows of Table III, where the ninth (tenth) row uses the
Qsum (Qmax) parametrization of the expansion parame-
ter. Other rows show those intervals (also extracted via

5 Unless otherwise noted, these intervals and others discussed in
this section are 68% credibility intervals, which corresponds to
1ε.

(a) (b)

(c) (d)

FIG. 8. Observable coe"cients for the total neutron-proton
cross section (εtot), under various assumptions for Q(p) and
the input space x. The coe"cients presented here are ex-
tracted the same way as those in Fig. 3 except that the values
of !b and me! are the MAP values extracted from the cor-
responding joint posterior probability distributions (see Ta-
ble III). Specifically, subplots (a) and (b) are plotted using
!b and me! values from the tenth row of Table III and sub-
plots (c) and (d) using values from the ninth row.

TP) for di!erent analysis choices and are discussed be-
low. The intervals from the ϖtot analysis are not consis-
tent with the numbers in Eq. (16), but the resulting plot
of Q that the ϖtot values yield (plotted as an orange line
in Fig. 7) is somewhat similar (within 2ϖ error bands) to
those yielded by the numbers in Eq. (16).

Furthermore, these extracted values for the breakdown
and soft scales correspond to curves that meet our criteria
for stationarity and naturalness. In Fig. 8 we replot the
ϖtot coe"cients from Figs. 1 and 3 using the MAP values
for ”b and me! for both Q parametrizations. Figures 8a
and 8b show the coe"cients using the values in the Qsum

ϖtot (ninth) row of Table III and Figs. 8c and 8d those
obtained with the values in the Qsmax ϖtot (tenth) row.
The result is coe"cient functions that are stationary and
natural to the unaided eye across momenta.

However, the values extracted from ϖtot data alone
are not consistent with Epelbaum’s suggestion of ”b ↗
650–700MeV and me! ↗ 200–225MeV. These break-
down and soft scale ranges were obtained from empirical
coverage plots that optimize me! for the highest-order
predictions of ϖtot alone [46].

What does a full two-dimensional analysis of the
EFT coe"cient curves reveal? The posterior pdfs for
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Extracted Values of !b and me! in MeV for Di!erent Parametrizations

Q p xE xε !b me! Observable(s) Comments

Qsum prel prel → cos(ϑ) 570 ± 10 138 ± 3 All 2D obs.
Figs. 7, 11–13, 15,
17–20, 22–24, 26b,
27b, 29–30, 32–33.

Qsmax prel prel → cos(ϑ) 378 ± 5 106 ± 0 All 2D obs. Fig. 10.

Qsum prel Elab → cos(ϑ) 610 ± 10 186 ± 4 All 2D obs. Fig. 16, 27a.

Qsmax prel Elab → cos(ϑ) 459 ± 6 155 ± 1 All 2D obs.

Qsum psmax(prel, qCM) prel → cos(ϑ) 660 ± 10 172 ± 4 All 2D obs. Figs. 26a, 28.

Qsum prel prel qCM 650 ± 10 184 ± 5 All 2D obs. Fig. 14.

Qsum prel prel ϑ 590 ± 10 144 ± 2 All 2D obs. Figs. 21, 31.

Qsum prel prel → cos(ϑ) 530 ± 10 120. ± 3 All 2D obs. c6 omitted.
Fig. 25.

Qsum prel prel 990 ± 90 350 ± 40 εtot Figs. 7, 8c–8d.

Qsmax prel prel 670 ± 70 250 ± 40 εtot Figs. 8a–8b.

TABLE III. This table includes information on the posteriors (as calculated with a TP per Sec. III E) of the breakdown scale
!b and soft scale me! under di!erent analysis choices. The first through fourth columns list the choices of parametrization for
Q, p, the lab-energy input space xE , and the scattering-angle input space xε; the fifth and sixth columns list the mean values
and standard deviations for the fully marginalized !b and me! posterior pdfs; the seventh column shows the observable(s) from
which the values are derived; and the eighth column lists the figures in this paper in which these MAP values are used. For
all calculations involving the 2D observables, the !b mesh ranges from 200 to 900 MeV, the me! mesh from 1 to 350 MeV, the
ϖE mesh from 1 to 150 MeV, and the ϖε mesh from 0.01 to 2 times the total length of the scattering-angle input space. For
all calculations involving εtot, the length scale meshes are the same as for calculations involving the 2D observables but the !b

mesh is evenly spaced from 450 to 1150 MeV and the me! mesh evenly spaced from 100 to 450 MeV for the calculations done
in the ninth row. Training points are located at {1, 12, 33, 65, 108, 161, 225, 300} MeV lab energy and {41, 60, 76, 90, 104,
120, 139}↔ scattering angle. Uniform log-priors are placed on the length scales over all positive values, a uniform log-prior is
placed on !b from 200 to 900 MeV, and a uniform log-prior is placed on me! from 1 to 350 MeV.

the breakdown scale ”b and soft scale me! obtained
from data across the full two-dimensional input spaces
(xE , xϑ) = (prel,↔ cos(ϑ)) (the total cross section ϖtot,
for which we have only one-dimensional data, is omitted
from the set of considered observables) are summarized
in the first row of Table III. The intervals are:

”
↓
b = 570± 10MeV and m

↓
e! = 138± 3MeV. (17)

In this first row we have used Qsum, as well as making
several other analysis choices that the next section will
show improve the statistical consistency of our GP de-
scription. Other analysis choices are represented in the
second to eighth rows of the table. All but one have in
common that, when we learn from all the 2D observables
at once, ”b’s 68% interval lies between 450 and 670 MeV
and me! ’s between 115 and 190 MeV.

The stark di!erences between (”
ϱ
b , m

ϱ
e!) and (”

↓
b, m

↓
e!)

immediately prompt the question: “Why is there so great
an inconsistency?” The di!erence arises from the imposi-
tion of a stationary TP on what turns out to be a nonsta-
tionary set of coe"cient curves. In Fig. 7, the Q posterior
pdfs (from which ”

ϱ
b and m

ϱ
e! are extracted) are calcu-

lated using data at di!erent fixed momenta, with the re-

sulting coe"cients from which the Q distributions are ex-
tracted depending on xϑ alone. Thus, while the TP used
to extract the Q posterior distribution at each fixed prel

“knows” about correlations in length scale and variance
across xϑ, it doesn’t “know” about correlations across xE

(i.e., between fixed prel). Only the TP used to calculate
”b and me! posteriors from the two-dimensional data
on EFT coe"cients takes into account their correlations
across xE and xϑ.

In principle, such a two-dimensional analysis is supe-
rior, since it leverages information across energies in a
way that accounts for correlations. But it is only supe-
rior if those correlations are well modeled. Recall that
we assumed a stationary GP, in which the correlations
between coe"cients across angles persist to the same ex-
tent irrespective of the value of the momentum. However,
in the lower-energy regions of xE = prel, coe"cients in
xϑ are best fit by GPs with longer length scales, while
in higher-energy regions coe"cients in xϑ are best fit by
GPs with shorter length scales. An explanation for φϑ’s
dependence on xE is that, semiclassically, the highest
partial-wave contribution Lmax accessible by a state de-
pends upon the energy of that state; thus, at low energy,
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FIG. 9. Plot of the ratio of the greatest to lowest value
of c̄2 of the coe"cients at each of the fixed prel from Fig. 7.
Red markers correspond to those generated with the values
in Eq. (16) and green to those generated with the values from
Eq. (17), while circle markers correspond to those generated
taking into account all fixed prel and square to those generated
taking into account only fixed prel ↘ 125 MeV. They are
shown for the combination of all 2D observables, namely the
di!erential cross section and the spin observables D, Axx,
Ayy, A, and Ay. The clear conclusion is that the results in
green are more conducive to an assumption of naturalness
than those in red, since the former are generally closer to 1
than the latter.

Lmax too is low. The lower the quantum number L of the
partial wave, the less structure it has and the more slowly
it changes, which renders it better characterized by a GP
with a long length scale. Thus, the length scale in the
angle-dependent input space xϑ should depend on the en-
ergy at which the observable is fixed and specifically be
long when that energy is low. These observations and
this physics argument imply that correlations in angle
are not, in fact, independent of energy and a nonstation-
ary model for GP coe"cients would be a better choice
for our 2D analysis.

A gauge of rough stationarity in c̄
2, which is the GP

variance and thus the characteristic size of the coe"-
cients, can be found by taking the ratio between the
greatest and least c̄

2 values of a fitted GP at di!erent
training points across x = (xE , xϑ). A sign that the coef-
ficients are right-sized across x—i.e., stationary in c̄

2—is
that the values of that ratio hover around 1, with values
much greater signaling nonstationarity in coe"cient size.
To assess nonstationarity in xE , we compare c̄

2 at each
of the fixed prel from the analysis that produced Fig. 7.
Specifically, we run this analysis for the di!erential cross
section and the five spin observables. For each, we take
the ratio, across the GPs fitted at each fixed momentum,

of the greatest variance to the least.
We plot these values in Fig. 9, where the red circles

correspond to values of this ratio extracted using ”
ϱ
b and

m
ϱ
e! from Eq. (16). These exhibit a high degree of non-

stationarity. One might think that, since the nonsta-
tionarity in φϑ is most notable for relatively low prel,
we can reevaluate the ratio but with the results from
prel ≃ 100MeV omitted from the assessment (this is
also the momentum region where pionless EFT applies
to NN scattering). But even then, the ratio between
the maximum and minimum is still too high. However,
if we perform the reevaluation using ”

↓
b and m

↓
e! from

Eq. (17), which were determined in an analysis that took
into account correlations in c̄

2 across x and we omit
prel ≃ 100MeV when computing the ratio, then the re-
sults correspond to the green square markers in Fig. 9.
These coe"cients are reasonably stationary.

This test is important for developing a preference of
values for ”b and me! and determining the physical
regime in which our model is most reliable, but the true
test is the one undertaken in the next section, where
coe"cients are extracted using di!erent values of the
breakdown and soft scales as well as di!erent choices of
parametrization and their consistency with the BUQEYE
model assessed with the aid of graphical and statistical
diagnostics. In that section, we will show that the choices
of parametrization from the first row of Table III [namely,
Q(p) = Qsum(prel) and (xE , xϑ) = (prel,↔ cos(ϑ))] that
give rise to ”

↓
b and m

↓
e! of Eq. (17) are generally supe-

rior. When comparing this with other analysis choices in
each case we adopt the corresponding MAP values of ”b

and me! , since those values right-size coe"cients across
momenta and angle. We also decline to look at coef-
ficients at fixed prel ≃ 100MeV due to the strength of
nonstationarity’s e!ects there. We will investigate this
nonstationarity further in future work that will also ad-
dress other potentials.

V. ASSESSING THE BUQEYE MODEL FOR
CHIRAL EFT

Now we can use the diagnostics from Sec. III to make
a wide-ranging assessment of the choices of parametriza-
tion in Sec. II B, which lead to the favored choices sum-
marized in Table I. Our goal here is to answer the ques-
tion, “Are the dimensionless coe"cients extracted accord-
ing to Eq. (2) consistent with the hypothesis that they
are random draws from the same GP?” If they are, that
implies a pattern for the coe"cients that can be induc-
tively generalized to obtain a (correlated) truncation er-
ror for the EFT series. As we have stressed, we advo-
cate a combination of graphical and statistical diagnos-
tics that quantify and standardize the assessment.

In Secs. V A-V D, we present a series of case studies
applying the workflow of Table II. Starting from unin-
formed choices for input parametrizations, we iterate dif-
ferent choices of yref , Q(p), and x, looking for general
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FIG. 10. Diagnostics for the di!erential cross section at ϑ = 60
↔. Here, the coe"cients are plotted with xE = prel and

Q = Qsmax(p = prel, me! = 106 MeV, !b = 378 MeV) (optimal values of me! and !b from Table III). The statistical diagnostics
are calculated with 6 training points and 10 testing points. Note the coe"cients’ generally higher variance and shorter length
scale in the left half of the input space by comparison to the right half (especially for c6), and c3’s low D2

MD value and tendency
to have DPC values close to 0 in the diagnostics.

FIG. 11. Figures here are generated with the same choices as those in Fig. 10, but with Q = Qsum(p = prel, me! =

138 MeV, !b = 570 MeV) (optimal values of me! and !b from Table III). The change in Q parametrization from Fig. 10
remediates nonstationarity (except at the lowest momenta) in the coe"cients, as seen in the improved diagnostics.

FIG. 12. Diagnostics for the di!erential cross section at Elab = 150 MeV. Here, the coe"cients are plotted with xε = → cos(ϑ)
and Q = Qsum(p = prel, me! = 138 MeV, !b = 570 MeV) (optimal values of me! and !b from Table III). The statistical
diagnostics are calculated with 6 training points and 10 testing points.
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consistency with our model from the coe"cients and di-
agnostics (especially the D2

MD and DPC plots) across the
kinematic range and observables of interest. To show
the BUQEYE model’s broader applicability, additional
examples of consistency are given in Appendix A. We
stress that although only one potential with one regula-
tor scheme and scale is tested here, any εEFT potential
is amenable to such an analysis, which is facilitated by
an accompanying Jupyter notebook.

A. Parametrizing the expansion parameter

Our first case study examines how the choice of di-
mensionless expansion parameter Q impacts the coef-
ficients; we examine the di!erential cross section at a
fixed ϑ = 60

↔ in Figs. 10 and 11 as a representative ex-
ample. Here and throughout this section we show the
coe"cients, extracted as described in the captions, plot-
ted as solid lines in the left panel. A GP is fit at training
points located at the major x-axis ticks (denoted as cir-
cles on each curve), with testing points located at the
minor ticks. The GP mean for each curve is shown as
a dashed line and the 2ϖ (95% confidence interval) GP
bands are shown as colored regions. The width of the
“bubbles” will vary depending on how the GP length scale
compares to the test point spacing. In the middle and
right panels of each figure are the D2

MD and DPC diag-
nostics for this GP fit.

At first sight, coe"cients in both Fig. 10 and Fig. 11
appear generally natural and the diagnostics show none
of the extreme pathologies in Fig. 4, which implies that
the BUQEYE model is applicable under di!erent choices
of Q parametrization. However, inspection of the coe"-
cients in Fig. 10, which uses Q = Qsmax [see Eq. (7)], indi-
cates nonstationarity, namely that the variance is larger
and the length scale shorter at low momentum than at
high momentum. This is confirmed by the D2

MD and DPC
plots, which show evidence of nonstationarity: The val-
ues for c3 are very low (D2

MD plot) and cluster very close
to zero (DPC plot). Figure 11 shows improvement upon
switching from parametrizing Q with Qsmax [Eq. (7)] to
Qsum [Eq. (10)]. This is correlated with the increase in
the fit variance and length scale.

As detailed in Sec. II B, we find that, once optimal val-
ues for ”b and me! are determined, Qsmax and Qsum are
generally on a par in generating sets of coe"cients con-
sistent with the BUQEYE model across many di!erent
choices of observable and other parametrizations of p and
x. However, given the compelling evidence from Sec. IV
for an underlying Qsum-like structure in the dependence
of Q on prel, we will use Qsum in subsequent figures.

Next we examined three parametrizations of the char-
acteristic momentum p in Q(p, me!): p = prel, p = qCM,
and p = psmax(prel, qCM). Overall, p = prel performs
the best; an exemplary case is shown in Fig. 12, where
the apparent stationarity of the coe"cients is backed up
by the statistical diagnostics. In contrast, p = qCM =

prel

√
1↔ cos(ϑ) is not a good choice: It has a value of

roughly zero at forward angles and roughly prel at back-
ward angles, which heavily exaggerates the size of coe"-
cients at forward angles compared to at backward angles,
with predictably deleterious e!ects on the statistical di-
agnostics. Finally, p = psmax(prel, qCM) does not o!er im-
proved behavior and can even degrade the performance
(see Fig. 28 in Appendix A).

B. Parametrizing the input spaces

We also tested four di!erent input spaces for the
scattering-angle dimension xϑ of the di!erential cross sec-
tion and spin observables. Coe"cients generated with
x = ↔ cos(ϑ) showed consistency with our model broadly
across angles and energies. One such example is shown
in Fig. 13. Because of their similar functional form,
x = ↔ cos(ϑ) and x = q

2
CM = p

2
rel(1↔ cos(ϑ)) gave nearly

identical results in the statistical diagnostics. We also
find that x = ϑ provides a suitable input space in many
cases, including where x = ↔ cos(ϑ) may fail to give
model-consistent coe"cients (see Figs. 21 and 31).

However, the choice of input space x = qCM can lead
to problems; e.g., see Fig. 14. In this case, there is obvi-
ous nonstationarity in the length scale, which manifests
as rapidly varying coe"cients at high momentum and
visible trumpeting in the DPC plot.

Additionally, we tested two input spaces for the total
cross section and for the lab-energy dimension of the dif-
ferential cross section and spin observables: x = Elab and
x = prel. We saw that the total cross section analysis in
Sec. II B favored x = prel as the input space. We also find
cases of other observables where the stretching e!ect of
x = prel is preferred; for example, Ay in Fig. 15 with
x = prel is more stationary than Fig. 16 with x = Elab.
While we can also find examples where x = Elab is pre-
ferred, our general choice is x = prel because, across a
wide range of hyperparameter choices, it tends to per-
form better.

C. Train-test split and constraints

Though not an explicit feature of Eq. (1), the train-
test split features importantly in the workflow in Ta-
ble II. In some cases, the location of training and test-
ing points may be informed by theoretical or empirical
knowledge about the physical regimes where an EFT ex-
pansion fares poorly. For example, we find that the coef-
ficients are often at least somewhat nonstationary at low
energy/momentum (see Figs. 1 and 3). Even for a widely
reliable choice of parametrizations and optimized values
for ”b and me! , when we train and test over all momenta
in Fig. 17, we find the nonstationarity of the coe"cients
(mainly c5) reflected starkly in the diagnostics. But when
the region below 75 MeV relative momentum is omitted
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FIG. 13. Diagnostics for the spin observable D at Elab = 150 MeV. Here, the coe"cients are plotted with xε = → cos(ϑ) and
Q = Qsum(p = prel, me! = 138 MeV, !b = 570 MeV) (optimal values of me! and !b from Table III). The statistical diagnostics
are calculated with 6 training points and 10 testing points.

FIG. 14. Figures here are generated with the same choices as those in Fig. 13, but with xε = qCM and Q = Qsum(p =

prel, me! = 184 MeV, !b = 650 MeV) (optimal values of me! and !b from Table III). Note the nonstationarity in the coe"cient
plots and the trumpeting in the DPC plot (especially when compared to Fig. 13), which are signs that something is amiss with
the length scale.

FIG. 15. Diagnostics for the spin observable Ay at ϑ = 60
↔. Here, the coe"cients are plotted with xE = prel and Q = Qsum(p =

prel, me! = 138 MeV, !b = 570 MeV) (optimal values of me! and !b from Table III). The statistical diagnostics are calculated
with 6 training points and 10 testing points.
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FIG. 16. Figures here are generated with the same choices as those in Fig. 15, but with xε = Elab and Q = Qsum(p =

prel, me! = 186 MeV, !b = 610 MeV) (optimal values of me! and !b from Table III). Note that c3 and c5 seem to present
particular issues in their long length scale, which the D2

MD plot puts in stark relief.

FIG. 17. Diagnostics for the spin observable Axx at ϑ = 90
↔. Here, the coe"cients are plotted with xε = prel and Q = Qsum(p =

prel, me! = 138 MeV, !b = 570 MeV) (optimal values of me! and !b from Table III). The statistical diagnostics are calculated
with 6 training points (starting near 22 MeV) and 10 testing points.

FIG. 18. Figures here are generated with the same choices as those in Fig. 17, but with 4 training points and 9 testing points.
The omission of training and testing points for momenta below 75 MeV removes the trumpeting of c3, c4, and c6 seen in Fig. 17
and so yields a consistent D2

MD distribution.
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FIG. 19. Diagnostics for the spin observable A at Elab = 50 MeV. Here, the coe"cients are plotted with xε = → cos(ϑ) and
Q = Qsum(p = prel, me! = 138 MeV, !b = 570 MeV) (optimal values of me! and !b from Table III). The statistical diagnostics
are calculated with 6 training points and 10 testing points. Constraints lead to bunching of coe"cients at forward angle that
resolves as angle increases, leading to a nonstationary length scale and diagnostics that announce nonstationarity.

FIG. 20. Figures here are generated with the same choices as those in Fig. 19, but with 5 training points and 8 testing
points. With the lack of training and testing points at forward angles, the situation of stationarity, as shown by the diagnostics,
improves compared to Fig. 19 but is not ideal.

FIG. 21. Figures here are generated with the same choices as those in Fig. 19, but with xε = ϑ and Q = Qsum(p = prel, me! =

144 MeV, !b = 590 MeV) (optimal values of me! and !b from Table III). A simple change of input space from Fig. 19 yields
much improvement in the convergence pattern.
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FIG. 22. Diagnostics for the spin observable D at Elab = 100 MeV. Here, the coe"cients are plotted with xε = → cos(ϑ) and
Q = Qsum(p = prel, me! = 138 MeV, !b = 570 MeV) (optimal values of me! and !b from Table III). The statistical diagnostics
are calculated with 6 training points and 10 testing points. The failure arises from the fact that yref is set to the highest order of
data that exists, which crosses zero somewhere in the input space, instead of 1. This mistake leads to extremely nonstationary
and unnatural coe"cients.

FIG. 23. Figures here are generated with the same choices as those in Fig. 22, but with yref = 1.



22

from both the training and testing sets in Fig. 18, a much
stronger pattern of stationarity emerges.

Aside from the exclusion of regimes where the con-
vergence or suitability of an EFT may be in doubt,
more idiosyncratic considerations may bear on the choice
of train-test split. As mentioned in Sec. IIA, two
spin observables have constraints in their values due
to time-reversal symmetry: A(Elab, ϑ = 0

↔
) = 0, and

Ay(Elab, ϑ = {0↔, 180↔}) = 0. This does not a!ect the
visual evidence of (non)stationarity in the coe"cients,
but it can present problems for the statistical diagnos-
tics. Because the constraints eliminate the uncertainty
that the GP can assign at those points, the diagnostics
for these observables paint a very poor picture (Fig. 19)
regardless of how the coe"cients look. There are at least
two options for remediating the situation. One might
simply omit the training and testing points in the region
of the constraints, as shown in Fig. 20, without changing
any choices of parametrization; this approach improves
consistency with our model. Alternatively, a change of
input space, such as the switch from x = cos(ϑ) to x = ϑ

in Fig. 21, may also improve consistency without having
to omit a portion of the input space in the train-test split.
Figures 29–31 (see Appendix A) tell a similar story.

D. Reference scale

Some care is needed in the choice of yref in Eq. (1).
The total cross section and di!erential cross section are
always positive and the total cross section spans many
orders of magnitude in value, so it makes sense to set
yref equal to the values of the highest calculated order,
as we do in all cases in this paper. However, spin observ-
ables (D, Axx, Ayy, A, and Ay) can take positive and
negative values over a given input space, which makes
this approach to yref problematic, as dividing by the set
of data for the highest calculated order when it has a
zero-crossing can lead to divergences. An example of the
deleterious consequences is seen in Fig. 22 for the spin
observable D, where yref is set to the highest order. We
strongly recommend instead setting yref = 1 for spin ob-
servables; see Fig. 23 for the corresponding plot to Fig. 22
but with yref = 1.

VI. PRACTICAL APPLICATIONS

Here we consider two applications of our analysis work-
flow.

A. Treatment of N
4
LO+

The SMS potential includes five complete orders (LO
through N

4
LO) as well as an additional incomplete order

known as N4
LO+, which contains numerically important

corrections to D- and F -wave scattering processes. But

is N
4
LO+ subject to the same power-counting scheme

as the lower, complete orders? We can essay an answer
to that question by consulting coe"cient plots and their
associated statistical diagnostics. Frequent, pronounced
inconsistency with our model across di!erent sets of in-
put parameters would be taken as a sign that this order is
not compliant with our power-counting paradigm (how-
ever much the inclusion of N4

LO+ physics makes observ-
able predictions more accurate), but overall compliance
with our model would indicate that N

4
LO+ should be

treated in the same fashion as a complete order. We ex-
amine what happens when the sixth-order (i.e., N4

LO+)
coe"cient c6 is omitted from the analysis in cases of in-
consistency with our model.

The vast majority of parametrization choices lead to
model-consistency when c6 is included. In those cases
the omission of c6 leaves that consistency intact and
makes little di!erence. There are cases where model-
inconsistency is observed and c6 is the culpable coe"-
cient (e.g., see Fig. 24); there, omitting it from the GP
model of the coe"cients can remediate the situation (e.g.,
see Fig. 25). However, care is required in this exercise:
As the highest-order coe"cient under consideration, c6 is
most susceptible to wrong-sizing by choices of inappropri-
ate values for Q. This sensitivity should caution against
definitive conclusions that c6 is a pathological order per
se. Since N

4
LO+ does not seem significantly more likely

than the other orders to be pathological and its omission
does not decisively a!ect consistency, we conclude that it
ought to be treated, at least provisionally, as a full order
subject to the usual power-counting scheme.

B. Do DCI plots work?

In Sec. III C we introduced the DCI (weather) plot to
assess how well the variance of the GP that we fit to our
training data captures the validation data. This purpose
is fundamental to the BUQEYE model’s goal: to obtain
statistically rigorous error bands for εEFT predictions
of physical observables. To do this, we need to check
whether the error band from the fitted GP’s variance
truly encompasses the assumed percentage of the valida-
tion data; i.e., that our model is working as expected.
Furthermore, it is important to verify that the DCI plots
actually concur with the other diagnostics.

Here we o!er two examples from this paper and high-
light the insight that DCI plots can share. Credible in-
terval plots can point out cases in which the EFT er-
ror bands are assessed too conservatively or not conser-
vatively enough. An example of error bands that are
too conservative occurs in the comparison of Fig. 28, in
which the characteristic momentum is parametrized by
p = psmax(prel, qCM), and Fig. 12, where the more proper
choice p = prel is made. Figure 26 shows that when the
change is made, the assessment of the error goes from too
conservative (which corresponds to curves in the upper-
left of the weather plot) to more evenhanded (which cor-
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FIG. 24. Diagnostics for the spin observable Ayy at Elab = 50 MeV. Here, the coe"cients are plotted with xε = → cos(ϑ) and
Q = Qsum(p = prel, me! = 138 MeV, !b = 570 MeV) (optimal values of me! and !b from Table III). The statistical diagnostics
are calculated with 6 training points and 10 testing points. Note that c6’s D2

MD value shows it to be an outlier.

FIG. 25. Diagnostics for the spin observable Ayy at Elab = 50 MeV. Here, the coe"cients are plotted with xε = → cos(ϑ) and
Q = Qsum(p = prel, me! = 120 MeV, !b = 528 MeV) (optimal values of me! and !b from Table III). The statistical diagnostics
are calculated with 6 training points and 10 testing points. The coe"cient function c6 is omitted from all calculations. Note
that this omission results in improvements in consistency shown in the diagnostics.

(a) (b)

FIG. 26. Plots of the credible intervals (“weather plots”) corresponding to the coe"cients of the di!erential cross section at
Elab = 150 MeV in Fig. 28 (a) and Fig. 12 (b). The concentration of curves above and to the left of the black midline in
the lefthand figure is an indication that the truncation error is being overestimated and the error model is too conservative.
Those on the righthand side track the midline better, within the shaded confidence bounds, and thus show a better agreement
between estimated and actual error bars.
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(a) (b)

FIG. 27. Plots of the credible intervals (“weather plots”) corresponding to the coe"cients of the spin observable Ay at
ϑ = 60

↔
MeV in Fig. 16 (a) and Fig. 15 (b). The concentration of curves below and to the right of the black midline in

the lefthand figure is an indication that the truncation error is being underestimated and the error model is not conservative
enough. Those on the righthand side track the midline better, within the shaded confidence bounds, and thus show a better
agreement between estimated and actual error bars.

responds to curves along the midline). For an example of
error bands that are not conservative enough, see Fig. 27,
which is based on Figs. 16 and 15. Here, the curves do the
opposite: They move from the lower right to the midline,
which signals that the uncertainty is more properly quan-
tified with the choice of xE = prel than xE = Elab. The
DCI plots corresponding to the other graphical and statis-
tical figures in Sec. V can be found in a Jupyter notebook
with the other files associated with this paper [42].

VII. SUMMARY AND OUTLOOK

A full Bayesian parameter estimation of the low-energy
constants (LECs) that characterize interactions in chi-
ral e!ective field theory (εEFT) requires rigorous as-
sessment of theoretical errors, which in turn requires as-
sessing whether and when a correlated truncation-error
model is suitable for the data at hand. We have shown
using graphical and statistical diagnostics that the semi-
local momentum-space εEFT nucleon-nucleon (NN) po-
tential of Reinert, Krebs, and Epelbaum with cuto!
500 MeV [11], with appropriate choices of Gaussian pro-
cess (GP) parametrizations, shows order-by-order con-
vergence consistent with the BUQEYE model.

This complements the recent results of Svennson et al.,
who fitted two-dimensional GPs to the N

2
LO coe"cient

c3 in a εEFT treatment of NN scattering that included
an explicit !(1232) isobar degree of freedom. Svennson
et al. did this for 15 di!erent np scattering observables in
the energy range 30 MeV ≃ Tlab ≃ 290 MeV and found
that a stationary-GP description of c3 passed statistical
consistency checks in every case.

Both our findings and those of Ref. [30] imply that
robust statistical estimates of the truncation error can
be made. Indeed Svennson et al. inserted the correlated
εEFT truncation error derived from their GP fit to c3 in
the likelihood they used to estimate the EFT LECs. We

illustrated some more basic applications of a correlated
EFT error model in Sec. VI.

In demonstrating the BUQEYE model’s applicability,
we gave guidance on where to start when choosing GP
parametrizations, the signs of (in)consistency in a GP
description that can be seen in statistical diagnostics,
what those signs point to, and how to iterate through
a workflow to assess the robustness of the parametriza-
tion choices and train-test split. We examined coe"-
cients corresponding to several di!erent EFT orders, and
so were able to employ the requirement that they be de-
scribed by a common GP to infer a εEFT breakdown
scale ”b in the range 500–700 MeV and an EFT soft scale
me! in the range 100–200 MeV. The posteriors for these
scales have 68% intervals narrower than this if specific
GP parametrizations and forms of the EFT expansion
parameter are invoked (see Table III).

These lower values of ”b and me! contrasted with those
extracted from an analysis of the expansion parameter Q

that included correlations in scattering angle, but em-
ployed independent GPs at a number of prel values be-
tween 25 and 400 MeV (see Fig. 7). The range of GP
variances seen across prel in this pointwise-in-prel analy-
sis strongly suggests that modeling the correlations with
stationary GPs is too restrictive.

We have studied only one exemplary potential scheme
and scale in this paper, but similar analyses are in
progress for other potentials. An important part of this
analysis will be to relax the assumption of stationary
length scales and explore how nonstationary GPs might
match the underlying structure in the NN observables.
Additionally, we have left unsettled the question of how
best to treat behavior in regimes corresponding to re-
gions of input space where one model seems to fail, as in
Fig. 17 in Sec. V C where our model fails with energy-
dependent observables in the low-momentum regime. In
our case, we assessed with statistical diagnostics how of-
ten our model was consistent with the data including and
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excluding training and testing points from that region,
presented both, and compared them, but that is not the
only solution.

Future work will build on the insight gleaned from the
present work and Ref. [30] to implement full Bayesian
analyses of εEFT for nuclear observables. This will be
facilitated by recent advances in devising emulators that
drastically reduce calculation times for repeated Monte
Carlo sampling for Bayesian methods (e.g., see [47–51]).
The deficiencies we observed here at relative momenta
well below me! motivates applying the BUQEYE model
to pionless EFT [52], which is tailor-made to reproduce
observables in this momentum regime. It may be feasible
to use Bayesian model mixing to statistically combine
chiral and pionless EFT predictions to better reproduce
observables across a full range of momenta.
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Appendix A: Additional examples

Following the discussion in Sec. V A, we include Fig. 28
to show the lack of improvement when the character-
istic momentum in Q(p, me!) is parametrized by p =

psmax(prel, qCM) instead of p = prel.
Additionally, we provide in Figs. 29–31 an exploration

of handling constrained observables along the same lines
as Figs. 19–21 (see Sec. V C).

To demonstrate further the wide applicability of the
BUQEYE model, we also have included here examples
of when consistency can be observed with the BUQEYE
model in the cases of the spin observable D sliced in
energy (Fig. 32), and the spin observable Axx sliced in
energy (Fig. 33).
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FIG. 28. Diagnostics for the di!erential cross section at Elab = 150 MeV. Here, the coe"cients are plotted with xε = → cos(ϑ)
and Q = Qsum(p = psmax(prel, qCM), me! = 172 MeV, !b = 660 MeV) (optimal values of me! and !b from Table III). The
statistical diagnostics are calculated with 6 training points and 10 testing points. The choice to change p = prel, as in Fig. 28,
to p = psmax(prel, qCM) fails and even backfires by flattening the coe"cients past the second training point and causing the
length scale to be underestimated (see Fig. 4, “Understimated ϖ”), with predictable results that are especially visible in the
cluster of very low values for the D2

MD plot.

FIG. 29. Diagnostics for the spin observable Ay at Elab = 200 MeV. Here, the coe"cients are plotted with xε = → cos(ϑ) and
Q = Qsum(p = prel, me! = 138 MeV, !b = 570 MeV) (optimal values of me! and !b from Table III). The statistical diagnostics
are calculated with 6 training points and 10 testing points. Constraints lead to bunching of coe"cients at forward and backward
angles that resolves for angles between these extremes, leading to a nonstationary length scale and diagnostics that announce
nonstationarity.

FIG. 30. Figures here are generated with the same choices as those in Fig. 29, but with 4 training points and 6 testing points.
With the lack of training and testing points at forward and backward angles, the situation of stationarity, as shown by the
diagnostics, improves but is not ideal.
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FIG. 31. Figures here are generated with the same choices as those in Fig. 29, but with xε = ϑ and Q = Qsum(p = prel, me! =

144 MeV, !b = 590 MeV) (optimal values of me! and !b from Table III). The omission of training and testing points at very
forward and very backward angles is salutary for the convergence pattern, as seen in the statistical diagnostics.

FIG. 32. Diagnostics for the spin observable D at Elab = 50 MeV. Here, the coe"cients are plotted with xε = → cos(ϑ) and
Q = Qsum(p = prel, me! = 138 MeV, !b = 570 MeV) (optimal values of me! and !b from Table III). The statistical diagnostics
are calculated with 6 training points and 10 testing points.

FIG. 33. Diagnostics for the spin observable Axx at Elab = 150 MeV. Here, the coe"cients are plotted with xε = → cos(ϑ) and
Q = Qsum(p = prel, me! = 138 MeV, !b = 570 MeV) (optimal values of me! and !b from Table III). The statistical diagnostics
are calculated with 6 training points and 10 testing points.
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