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Equations of state for all partial waves

Xin-Yuan Gao®,' D. Blume ®,>3 and Yanggian Yan

1,4,%

'Department of Physics, The Chinese University of Hong Kong, Shatin, New Territories, Hong Kong, China
2Homer L. Dodge Department of Physics and Astronomy, The University of Oklahoma, Norman, Oklahoma 73019, USA
3Center for Quantum Research and Technology, The University of Oklahoma, Norman, Oklahoma 73019, USA
4The Chinese University of Hong Kong Shenzhen Research Institute, 518057 Shenzhen, China

@™ (Received 22 January 2024; accepted 5 July 2024; published 14 August 2024)

While the thermodynamics for bosonic systems with weak s-wave interactions has been known for decades,
a general and systematic extension to higher partial waves has not yet been reported. We provide closed-form
expressions for the equations of state for weakly interacting systems with arbitrary partial waves in the normal
phase. Thermodynamics, including contact, loss rate, and compressibility, are derived over the entire temperature
regime. Our results offer an improved thermometer for ultracold atoms and molecules with weak high-partial

wave interactions.
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I. INTRODUCTION

The equations of state (EOS) for ideal noninteracting Bose
and Fermi gases are standard textbook results [1] that are of
immense importance to cold atom experiments. For exam-
ple, temperatures of weakly interacting quantum gases are
frequently extracted by fitting experimental data to noninter-
acting density profiles. While weak interactions modify the
noninteracting density profile only slightly, recent molecular
quantum gas experiments [2—11] suggest that the chemical
reaction rate is comparatively sensitive to the interactions even
in the weak-interaction limit. The reason is that the contact
[12-28], which is the thermodynamic variable that governs
the chemical rate in the weakly interacting regime [29-33],
changes from zero for noninteracting systems to a finite value
for interacting systems.

This article is devoted to the EOS of single-component
Bose and Fermi gases with weak interactions in the nor-
mal phase. The EOS is well understood and available in an
analytical form for single-species bosons with weak s-wave
interactions [34]. In contrast, for single-component Fermi
gases with weak p-wave interactions, the contacts and EOS
have only been studied in the low- and high-temperature
regimes [32,33,35], even though higher partial-wave physics
has attracted increased attention recently [36—39]. Analytical
expressions for the EOS of single-component gases beyond
the s-wave case (i.e., for p-wave Fermi gases, d-wave Bose
gases, and f-wave Fermi gases, etc.)—applicable over the
entire temperature regime—do not exist.
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Within the Hartree-Fock framework, we derive analytical
closed-form expressions for the EOS, applicable to all tem-
peratures, of single-component atomic or molecular quantum
gases with weak [-wave interactions in the normal phase.
We calculate the contact, which determines the chemical re-
action rate of ultracold gases. Using the virial expansion,
we find that, while the contact of weakly interacting s-wave
Bose gases in the normal phase is a pure two-body quan-
tity, that of weakly interacting p-wave Fermi gases displays
pronounced three-body effects even at temperatures as high
as the degeneracy temperature. This effect is shown to arise
from many-body dressing, i.e., the emergence of quasipar-
ticles at leading order in the interaction strength. We also
discuss the relation between the resulting reaction rate and
that obtained through a simple thermal average over the
inelastic cross-section. Applying the local-density approxima-
tion (LDA), we calculate the contacts of the harmonically
trapped systems. Our results show that the trapped system
needs to be cooled to rather low temperatures to probe the
“low-temperature” portion of the EOS of the homogeneous
system.

The article is arranged as follows: Sec. II introduces the
l-wave low-energy two-body interaction potential employed
in Sec. III to derive the normal-phase /-wave EOS in the
weak-interaction limit. Section I'V applies the EOS of the ho-
mogeneous system to deduce explicit, yet general, expressions
for the two-body contact and two-body loss rate coefficient,
which are interpreted using the virial expansion (see Sec. V).
Section VI focuses on the homogeneous [ = 0 and [ = 1 sys-
tems. The loss rate coefficients derived in this work are com-
pared with heuristic thermal averages in Sec. VII. Section VIII
applies the homogeneous EOS to harmonically trapped
systems using the LDA. Finally, Sec. IX discusses the applica-
bility regime of the theory results derived in this work, while
Sec. X concludes. Technical details are relegated to several
Appendices.
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II. INTERACTION MODEL

The low-energy two-body potential for arbitrary partial-
wave channel / reads

l
Ui(q.q) = 4729 (d) Y Yi@Y(@). (D
m=—1
where Y,,(q) is the spherical harmonic, and q and q  are
the incoming and outgoing relative momenta [40]. The two-
body phase shifts § are given by k**!cot(8;) = —1/a; +
O(k?), where a; is the scattering length in the [th partial-
wave channel. To describe the binding energy of shallow
two-body bound states, the leading-order effective-range cor-
rection needs to be included, and §; needs to be expanded up
to order k* [41]. However, effective-range corrections can be
excluded since we work in a weakly interacting regime where
bound states do not contribute. A standard renormalization
procedure gives (see Appendix A)
1 M M °
g Anha 27 Jo
Noticing that since we are using first-order perturbation theory
where ultraviolet divergencies are absent, renormalization is
not required, implying that the bare coupling g; and scattering
length a; are related by g; = 47 /i*a;/M, where M denotes
the mass of the gas constituents (atoms or molecules). For
[ = 0, the interaction Uj is, as expected, equal to gy [42]. The
next section uses the interaction potential U;(q, ') to derive
perturbative results for the normal-phase EOS.

daq”. )

III. EQUATIONS OF STATE IN NORMAL PHASE

To include the two-body interactions in the EOS, we ac-
count for the mean-field corrections to the Bose-Einstein
distribution function (I even) and Fermi-Dirac distribution
function (/ odd) in momentum space [42],
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where e,(co) = %’k /2M denotes the single-particle kinetic en-
ergy, h¥;(k) the self-energy, and 7k the momentum. In
Eq. (3) and in what follows, the upper sign is for even
! (single-component bosons) and the lower sign for odd [
(single-component fermions). The self-energy reads

2 _ , (k=K k-K
(k) = (27~ / ’K'U; <T 5 )nkf, “)
from which we can obtain the normal-phase grand potential €2
by the “generalized Hellman-Feynman theorem” [42]
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where ng(A) and X(k, A) are defined through Egs. (3) and (4)
with the two-body potential U;(q, q') scaled by A'. Here
Lis/p(£z)
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is the noninteracting grand potential, where
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is the thermal wavelength and z is the fugacity. At the leading
order in the scattering length, we find
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where the indices i, j, and n start from 0, and
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Here Li; and I' are the polylogarithm and gamma functions,
respectively. To construct the full EOS, the mean particle den-
sity n needs to be expressed in terms of z. We achieve this by
treating the self-energy as a small parameter and integrating
Eq. (3) in momentum space:
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One can check that Egs. (7) and (9) fulfill the thermody-
namic relation n = —%% = w, where u denotes
the chemical potential. Equations (7) and (9) are the first main
result of this article. From Egs. (7) and (9), one can—at least
formally—calculate all thermodynamic quantities. Fully ana-
lytical expressions for the isothermal compressibility, entropy,

and isochoric heat capacity are given in Appendix B.

IV. CONTACT AND TWO-BODY LOSS

In addition to the observables considered in Appendix B,
we consider the contact C;, which is conjugate to the inverse
scattering length. The contact has been discussed extensively
for the two-component Fermi gas at unitary [15-21]. Working
in the grand-canonical ensemble, where the fugacity z is a
thermodynamic variable, C; is defined in terms of the grand
potential €2 by the adiabatic relation

QL+ DRC, IR
2M - Bal_l'

(10)

This definition of C; generalizes the definition of the p-
wave contact C; [24]. For s-wave interacting Bose gases, the
most commonly employed definition of the contact Cy differs
from Eq. (10) by a factor of 2z [12-14]. The description
of higher-partial wave systems typically requires a second
contact, namely the conjugate to the effective range [23-27].
Since we find that it affects the thermodynamics of weakly
interacting systems at sub-leading order, we exclude it from
our discussion.
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The contact of weakly interacting systems is a fascinating
thermodynamic quantity since it determines the loss rate due
to chemical reactions between two particles. Examples of
reactions in molecular NaRb and KRb gases are as follows:

NaRb + NaRb — Na; + Rb, (s-wave Bose gas)
KRb 4+ KRb — K; + Rb; (p-wave Fermi gas)

When the two incoming reactants are “scattered” into final
products, the (typically large) binding energy is converted to
the kinetic energy of the products. Consequently, the prod-
ucts have so much energy that they are not held in place
by the comparatively shallow trapping potential. Since the
reaction time is short compared to the typical time scale of
experimental observations, a non-Hermitian Hamiltonian with
a complex interaction potential can effectively describe the
process. For the single-component p-wave gas, it was shown
that the change of the number N of constituents is related to
the imaginary part of the scattering length [33],

dN 4 4 0Q

P h(lm(H)> = 7 9, Im(al) (11
where H is the effective Hamiltonian with complex interac-
tion and (-) denotes the thermal average. Since the derivation
in Ref. [33] was done in real space, without making any
assumptions about the form of the interaction, the result
can be straightforwardly generalized to arbitrary partial-wave
channels:

dN 4 9Q Im(a)). (12)
=——|Im
dr " hoa
From Eq. (11) and the definition of the contact, Eq. (10), one
obtains

dn _ FlC[ Im(al)
ar = 2D g Y Retar

where n denotes the particle density; the loss-rate coefficient
B can be measured experimentally [43—45]. The loss-rate co-
efficient characterizes—due to the n> term—Ilosses that arise
from two-body processes. In general, though, the loss-rate
coefficient may be n-dependent, implying that dn/df may
effectively scale with n° or n to some other power.

Combining the EOS and the definition of the contact, we
find the contact in the canonical ensemble:

Ci(2) 4 [Re(a))?
VT Q1+ 1) 2 Clivjn.)
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2
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where the fugacity z(® of the noninteracting system is implic-
itly determined by Lis»(£z?) = £nA3.. Equation (14) and
its interpretation and implications (see below) are the second
main result of this paper.

V. VIRIAL EXPANSION ANALYSIS

To unravel how the many-body thermodynamics emerges
from the two-body scattering length and few-body corre-
lations, we employ the virial expansion, which provides a
systematic expansion in terms of one-, two-, three-, and

higher-body clusters [1]. Formally, we expand €2 in terms of
the fugacity z,

[0¢]
Q=—ksTZ Y b7, (15)
j=1

where Z; = V/)\.% is the canonical partition function for a
single constituent in a box with volume V. The determination
of the virial coefficient b; requires information up to the
canonical partition function Z; for j constituents [46], i.e
b; contains one-, two-, - --, j-body physics; Z; with j > 1
accounts for interactions as well as exchange statistics. Since
we have an analytical expression for €2, the virial coefficients
b; can be calculated analytically up to arbitrarily large j by
Taylor expanding Eq. (7) around z = 0. We provide expres-
sions for Ab; = b; ijgz up to j = 4:

Aby =0,
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The expressions for Ab; will be interpreted below. The
following section applies the /-wave result for C; to two
commonly investigated systems, namely s-wave Bose (in this
case, our virial coefficients agree with the literature [47]) and
p-wave Fermi gases.

VI. HOMOGENEOUS SYSTEMS

A. Single-component s-wave Bose gas

The contact C, for the weakly interacting single-
component Bose gas, applicable to any temperature 7' above
the transition temperature T¢, is directly proportional to n?:

Co _ 8m[Re(ap))’

{Li: [z291) = 8n[Re(ap))Pn®.  (17)
v 25 : °

Since the quantity n* can be interpreted as the semiclassical
pair density, the thermodynamic variable Cy is a two-body
quantity in the weak-interaction limit; in other words, many-
body dressing is absent. As a consequence, the corresponding
loss-rate coefficient f is independent of n,

167 illm(ag)

Po=——7— (18)

Even above degeneracy, two-body chemical reactions of the
weakly interacting single-component s-wave gas do not ex-
hibit three- or higher-body correlations. This behavior can be
traced back to how the self-energy modifies the momentum
distribution Eq. (3). At the mean-field level, the s-wave inter-
actions lead to a self-energy X that is independent of k, i.e.,
Yo(k) = Xy (see Appendix B 1). According to Eq. (3), the
interactions can thus be interpreted as modifying the chemical
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potential without modifying the character of the constituents,
i.e., the constituents remain free particles, and each two-
body collision involves exactly two “physical” constituents.
The virial expansion formalism can further confirm the in-
terpretation. By self-consistently calculating the contact with
truncated virial expansion at j, we find that j = 2 is enough
to produce the exact results and that choosing a higher j does
not introduce new terms (see Appendix C).

B. Single-component p-wave Fermi gas
Setting [ = 1 in Eq. (14), we find

2.2

9 — _Mn]_jé [_Z(O)]. (19)
1% Ay 2

Since the polylogarithm on the right-hand side of Eq. (19) has
the index 5/2 as opposed to 3/2, the polylogarithm cannot,
contrary to the s-wave case, be directly converted to n. Con-
sequently, C; features a nontrivial dependence on n and 7. At
high temperatures (z©) — 0), Eq. (19) becomes

Ci—1(n) 75 _ 24[Re(a; )]2772 n2. (20)

1% 22

In this regime, the contact C; has—similarly to the contact
Co—a two-body nature. However, unlike in the s-wave case,
the high-temperature p-wave contact has an explicit temper-
ature dependence. Since A;z is directly proportional to T,
C increases linearly with temperature, i.e., reactions become
slower as the gas is getting colder. The corresponding B; at
high temperatures is independent of n and linearly dependent
onT,

T— 00 727‘[kBTIm(a1)

B - 2y
In the zero temperature limit, Eq. (19) approaches
C= -0 12
’—‘; (m) 70 ?62/3717/3 [Re(a;)]2n®>. 22)

Appendix D discusses how to evaluate the zero-temperature
limits of some of the functions that enter into the / = 1 EOS.
Since the n dependence deviates from n2, B is n dependent,

T—0 1447’[ kBTF
5 h

where Ty = % (672n)%/3 denotes the Fermi temperature. The
black solid line in Fig. 1 shows Eq. (19) as a function of T'/T.
The T'! and T scalings in the high- and low-temperature
regimes fully agree with previous works [32,33].

To interpret the change of the dependence of C; from being
proportional to n*/3 at low temperatures to being proportional
to n” at high temperatures, we first note that p-wave interact-
ing gases may exist in the normal phase approximately all the
way down to zero temperature since the superfluid transition
temperature is exponentially small [40]. It is then natural to
assume that many-body effects will modify the reaction rate
in the low-temperature limit as the incoming and outgoing
momenta are expected to be constrained due to the fermionic
exchange statistics, i.e., intuitively, one expects some dress-
ing of the constituents due to many-body effects. A careful
analysis of the self-energy confirms this picture. Substituting

B Im(ay), (23)

I
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FIG. 1. Contact (or two-body loss-rate coefficient), both in
scaled dimensionless form, for single-component p-wave gas as a
function of scaled temperature. The solid line shows Eq. (19); dotted,
dashed, and dash-dotted lines show the second-, third-, and fourth-
virial expansions. Inset (i): Extension to larger 7' /T, illustrating that
the second-order virial expansion converges to the exact result at
relatively high temperatures. Inset (ii): Contact for—from bottom to
top at T = T¢/r—p-wave (black), d-wave (cyan), s-wave (yellow),
and f-wave (magenta).

¥1(k) = A + Bik* (see Appendix B 1) into Eq. (3), the con-
stant A; can be shown to modify, just as in the s-wave case,
the chemical potential. The B k? term, in contrast, modifies
the single-particle energies e,(co), thereby effectively renormal-
izing the mass of the physical constituents. When a chemical
reaction happens at low temperatures, two quasiparticles with
effective mass interact instead of two physical constituents.
Since the renormalization of the mass is due to many-body
dressing, the chemical reaction involves more than two phys-
ical constituents.

The above analysis is complemented by the virial ex-
pansion up to the fourth order in z. Figure 1 compares the
contact C;, calculated up to second, third, and fourth or-
der, with the exact result, Eq. (19). Figure 1 shows that the
second-order expansion agrees with the exact expression at
T > Tr [see inset (i)]. Importantly, the second-order virial
expansion deviates notably from the exact result for temper-
atures as high as T /Tr = 2. The third-order virial expansion
provides an excellent description down to 7/7r =~ 0.25. In-
terestingly, the fourth-order virial expansion does not yield
much improvement over the third-order expansion, indicating
that three-body processes are essential in chemical reactions
of weakly interacting p-wave gases for T/Tp ~ 0.25-2. At
higher temperatures, three-body processes contribute very lit-
tle. At lower temperatures, the chemical reactions acquire
many-body characteristics.

Extending the analysis to higher partial waves, we find that
the C; for [ > 1 also have non-negligible three-body contri-
butions in the vicinity of the degeneracy temperature (7¢ for
even /[ and Tr for odd /). In the high-7" limit, C; is directly
proportional to T'; this scaling is consistent with the two-
particle Bethe-Wigner threshold law [50-52]. The inset (ii)
of Fig. 1 plots our analytical expressions for C; for/ =0 —3
as a function of temperature.
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TABLE I. Comparison between results from Eqs. (30) and (29) up to / = 3.

Heuristic thermal average [Eq. (30)]

Thermodynamics [Eq. (29)]

s — 167 Ailm(ag)/M
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VII. STATISTICAL AVERAGE OF INELASTIC
CROSS SECTION

In the literature, the loss-rate coefficients B; have been
calculated by thermally averaging the two-body inelastic cross
sections oy, ;(E). In what follows, we review the steps taken
within this approach to derive f; [53-55]. According to the
definition of the scattering length a; for the /th partial-wave
channel, namely k**! cot(8;) = —1/a,, the scattering matrix
element S; in the low-energy threshold limit reads

S; = ¥ ~ [1 4 2Im(a))k* 1] — 2Re(a)k* i, (24)
The inelastic partial-wave cross section oj, ; is related to the
scattering matrix element through [56-59]

1 —|8;(k)|?
ns = @1 + D - 2HOT, 25)
) kz
where the factor 2/ + 1 originates from the fact that the /th
partial-wave channel has a (2/ + 1)-fold degeneracy. Assum-
ing |Im(a;)|k**! <« 1 and |Re(q))|k**! « 1, we find
11> 2 [1 + 2Im(a)k* 1 ~ 1 + 4Im(a)k* . (26)
Utilizing the definition of the scattering energy E = A%k /2,
where © = M/2 is the two-body reduced mass, one obtains
oin(E) = —4m (21 + DIm(a))(ME)' Y2 /2= (27)
The loss-rate coefficient f; is then found by thermally aver-
aging the two-body inelastic cross section oy, ;(E) over the
Boltzmann distribution function [53-55]:

/0 dEVEe £kt oy, |(E)AE]M
fo dE~/EeE/ksT

25+l 1/2+1F(3/2+l)

B =

Im(a;)
T

(28)

where the factor 2 reflects that one inelastic collision process
eliminates two particles. Since Eq. (28) employs the Boltz-
mann distribution function, it is instructive to compare it with
the high-temperature limit of the expression for g; derived
in this work within the thermodynamic formalism. Our exact

result and its high-temperature limit read

87rh
AZZ Z Ca,j,nl)
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i+j+n=l
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Im(a;),
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It can be checked that Eq. (29) agrees with Eq. (28) for each
partial wave channel. This can be understood because the
two particles’ center-of-mass and relative momenta obey the
Boltzmann distribution separately.

At lower temperatures, however, the thermal average
needs to be generally performed over the product of two
Bose-Einstein or two Fermi-Dirac distribution functions (the
three-body analog is discussed in Ref. [60]). Since the product
of two such distribution functions does not, unlike in the case
of the Boltzmann distribution function, separate in relative
and center-of-mass coordinates, the thermal-average approach
does not straightforwardly extend to the low-temperature
regime. By naively replacing the classical Boltzmann distribu-
tion with the quantum version (Bose-Einstein or Fermi-Dirac
distribution), Eq. (28) becomes

Jo dEVE(eF/MT 771 £ 1)~ amz<E>¢4E/

Z2x
p IS dEVE(eE/T 71 5 1)1

(30)
The question mark over the equal sign indicates that the ex-
pression is not rigorous but instead, deduced heuristically. The
integral in Eq. (30) can be evaluated analytically, and the re-
sults for [ = 0-3 are reported in the second column of Table I.
Curiously, a comparison of the thermal-average approach and
our exact results (third column of Table I) shows that the
heuristic thermal-average approach does yield the same ex-
pressions for / = 0 and / = 1 as the rigorous thermodynamic
framework developed in this work. For the higher partial wave
channels (I = 2 and [ = 3), however, the heuristic approach
yields a different temperature dependence. The correction of
the heuristic expressions of the loss rate coefficient constitutes
the third main result of this paper.
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FIG. 2. Normal-phase contacts, in scaled dimensionless units,
for harmonically trapped (a) s-wave Bose and (b) p-wave Fermi
gas. The gray-shaded region in (a) denotes the Bose-Einstein con-
densate (BEC) phase where our calculation does not apply. The
exact results (solid lines) are compared with the virial expansions
up to fourth order (see legend). Here T = [N/¢(3)]'*hw/kp [48]
(T, = (6N)hw/ky [49]) is the transition (Fermi) temperature
of the noninteracting trapped Bose [Fermi] gas; ¢(s) denotes the
Riemann Zeta function, and k™ and k3™ denote the momentum
scales of the corresponding energy scales.

VIII. HARMONICALLY TRAPPED SYSTEMS

We now apply our results to harmonically trapped N-
particle systems, which are being studied extensively exper-
imentally. To account for the trap-induced inhomogeneity
of the density, we convert our homogeneous EOS, namely
Egs. (7) and (9), to those for the trapped system via the LDA
[61]. Within this framework, the local density at position r
determines the EOS of the homogeneous system to be used
at that point: Q" = f d*rQ[n(r)]/V. To obtain the contact

C,™" of the trapped system, Eq. (10) is evaluated numeri-

cally. The black solid lines in Fig. 2 show the result for a
spherically symmetric harmonic trap with angular frequency
w. To gain physical insight, the EOS of the inhomogeneous
system can be described through the virial expansion. In an
isotropic harmonically trapped system, the relation between
the virial coefficients btrap of the trapped system and those of
the homogeneous system is btjmp = b;/j** [46]. The explicit
description of the thermodynamics of harmonically trapped
single-component gases with weak interactions and the inter-
pretation thereof (see below) constitute the fourth main result
of this paper.

7) -

phose — 4f +2‘/_6Xp(
2

where a, is equal to azke and T is equal to T'/T¢, and

i 2
bfzerml = —— + 3\/§€Xp <W> 6\/—eXp (

where ¥, is equal to v,,k;’- and T is equal to T /Ty erf, erfc, and
pF; denote the error, complementary error, and generalized
hypergeometric functions, respectively. Equations (31) and

75 T V2exp (537) + V2exp (5

Figures 2(a) and 2(b) compare the contacts of the harmon-
ically trapped s-wave Bose and p-wave Fermi gas, obtained
from the virial expansion up to fourth order, with the full
numerical results. We make two observations: (i) For the s-
wave Bose gas, the contact of the trapped system does not
coincide with the second-order virial expansion, indicating
that the contact of the trapped system is not, unlike that of the
homogeneous system, a two-body quantity. This is because
each position in the trap has a distinct local self-energy. Corre-
spondingly, the fugacity of the trapped system cannot be inter-
preted as a globally shifted fugacity of the noninteracting gas.
(i1) The second-order viral expansion for the p-wave system
works quite well at T ~ T,*"; apparently, three-body correc-
tions play a rather small role near the degeneracy temperature.
The two-body (high-temperature) approximation works better
for the inhomogeneous system than the homogeneous system
since the former is much hotter than the latter for the same
scaled temperature (e.g., T/T;™® =1 and T/Tr = 1 corre-
spond to z ~ 0.17 and z = 0. 98 respectively). This validates
previous works on loss processes of harmonically trapped p-
wave systems [32,33]. Finally, we note that while the adiabatic
relation, Eq. (10), holds for the trapped system, the relation
between the loss rate and the contact differs from that for
the homogeneous system since the loss-rate coefficient of the
trapped system is not only governed by particles being lost
from the trap but also by a so-called deformation effect [33].

IX. VALIDITY REGIME OF THE THEORY BASED ON b,

The results presented in this paper employ the mean-field
framework and expansions applicable to the weakly interact-
ing regime. It is thus natural to ask what the validity regime
of the theory is and whether the theory covers the operating
regime of typical state-of-the-art experiments.

The applicability regime can be estimated using the virial
EOS of the homogeneous system that accounts for the second-
order virial coefficient. At this level, the virial EOS can be
analytically tackled for an arbitrary interaction strength. The
virial EOS up to b, allows us to obtain exact reference results
that can be used to assess the accuracy of Eq. (7). To facilitate
the comparison, we compare the second-order virial coeffi-
cient b, obtained within the mean-field framework, directly
with its exact counterpart.

We consider the s-wave Bose and p-wave Fermi gases as
examples. Their exact b, are

\/_exp(a )erfc(\/%al) a;, >0
, (31)

)erf(\/; ) a, <0
1 3 4171530 5 3w “
7o, |2/3) C\To,Pe ) VT30, -

(

(32) are obtained from the Beth-Uhlenbeck formula [46]. The
expressions are expected to apply to relatively large |a,| or
|D,]. In writing Eq. (32), we ignored the contribution from the
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FIG. 3. Validity regime determined by comparing the mean-field » and the exact b,. Left panel: s-wave Bose gas. Right panel: p-wave
Fermi gas. The heatmaps show the value of the exact b, [Egs. (31) and (32)]; the color scheme is defined in the bars that are shown to the right
of the main panels. The gray-shaded areas denote the parameter regime for which |b, — b¥f|/|b,| < 0.05. A normalized difference below 5%
is interpreted as an indicator that the theory framework developed in this work is applicable.

shallow bound state, i.e., we assumed that the effective range
is infinitely large. Using Eq. (16), the second-order mean-field
level virial coefficients, extracted from the EOS for [ = 0 and
| = 1 derived in this work, read

1 a,T
bose,mf s
= — = , 33
2 NN 33)
. 1 9T
bgerml,mf — UP (3 4)

42 4T

Figure 3 shows the virial coefficients h3*¢ (left panel)
and b¥™ (right panel) as functions of the reduced inter-
action strength and reduced temperature. If the normalized
difference |b, — bg‘fl/ |b,| between the mean-field coefficient
and the exact virial coefficient is small, then the mean-field
treatment is expected to provide a faithful description. The
gray-shaded area in Fig. 3 demarcates the parameter combi-
nations for which the normalized difference |b, — b‘2“f|/|b2|
between the mean-field virial coefficient and the exact virial
coefficient is smaller than 0.05. A difference below 5% is in-
terpreted as indicating that the mean-field description provides
an accurate description of the system. At T ~ 2, which is typ-
ical for experiments, the normalized difference is smaller than
5% for |as| $0.15 and |,| < 0.1 for the s-wave Bose gas
and p-wave Fermi gas, respectively. For lower values of T, the
validity regime of the mean-field treatment extends, according
to our criteria, to larger reduced interaction strengths. We cau-
tion that—even though the validity regime, as determined by
|by — b’2“f| /|b2|—is quite large for temperatures that are much
lower than the degeneracy temperature, Fig. 3 may not accu-
rately reflect the validity regime of the full EOS. The reason
is that the virial expansion fails at these low temperatures for

which the fugacity is large (in this regime, virial coefficients
other than b, come into play). We expect the “true” validity
range for the mean-field EOS to be comparable to that at
temperatures notably above the transition temperature.

Ultracold molecular gas experiments typically work with
samples that are characterized by extremely weak interac-
tions, which are thus expected to be well described by the
theory developed in this work. Table II shows three exam-
ples: one for a s-wave Bose gas and two for p-wave Fermi
gases. The molecular gas is loaded into an approximately
harmonic trap in the experiments. We use the typical densities
reported in the experimental works [11,45,62] to calculate the
reduced interaction strength and subsequently calculate the
transition temperature 7¢ and Fermi temperature 7 assuming
that the systems are homogeneous. Table II shows that the re-
duced interaction strength is well within the parameter regime
where the mean-field-based theory developed in this work is
applicable.

X. CONCLUSION

In summary, we theoretically derived the EOS for single-
component normal-phase quantum gases, which can be used
to obtain all thermodynamic quantities. We focused on the
behavior of the contact of two commonly produced systems—
s-wave Bose and p-wave Fermi gases. We showed that the
contact is purely a two-body quantity in the former system and
exhibits many-body characteristics in the latter. We analyzed
the behavior of the p-wave contact in the near-degenerate
regime and found that the three-body contribution plays a vital
role. The discussion was extended to harmonically trapped
systems, where we analyzed the contacts under the LDA.

TABLE II. Species used in molecular gas experiments, their statistics, their interaction strength, and their reduced interaction strength.

Molecule Statistics Interaction strength Reduced interaction strength
87Rb 13Cs [62] Boson a, ~ 233a, [62] a, ~ 0.02

40K ¥Rb [45] Fermion v, & (118ao)® [63] b, ~ 1.44 x 1073
BNa®K [11] Fermion v, & (88a9)* [11] v, ~2.39 x 1077
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Our study provides critically needed guidance for recent
ultracold molecular gas experiments, i.e., for weakly inter-
acting molecules in the deeply degenerate regime where the
virial expansion fails. Specifically, our results can be used to
calibrate loss rate and temperature measurements. Moreover,
our results also apply to single-component Fermi gases such
as SLi and 4°K [64,65], and provide a reference for studying
crossover from weakly to strongly interacting systems.
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APPENDIX A: BARE COUPLING
AND SCATTERING LENGTH

To obtain the relation between the bare couplings g; and the
scattering lengths a; for each partial wave channel /, we follow
the standard renormalization procedure, i.e., we compare the
T-matrix element 7;(k, k') and the partial wave scattering
amplitude f; [61]:

MV
——Ti(k,K) = 21 + D fi(k)Pi(cos 0),

4ni? (Al

where

Jitk) = (A2)

kcot8;(k) — ik’
In Eq. (A1), M, V, and k denote the mass of the constituent,
volume, and relative wave vector, respectively. P, is the Legen-
dre polynomial of degree [. The T-matrix elements are defined
by the Schwinger-Dyson equation [66]

Ti(ki, ko) =U(k;, ko) +V / d*qU(ki, q)

1

X T}(qa k2)a
rk2 12q2 .
W e

(A3)

where € has an infinitesimally small positive real value that
ensures retarded propagation. Making use of the form of inter-
action in the main text, Eq. (A3) can be worked out explicitly:

1
4 g P
Tk ko) = ——> > kiKY, (k)Y (k)
m=—I
2042
81 q
a2 dq—+..}.
2 B _ R
[ 2 S tie

(A4)

We find that the infinite sum inside the square brackets forms
a geometric sequence of the form 1 + ¢ + ¢ + - - -, where ¢
is equal to the second term in square brackets in the last line

of Eq. (A4). Hence, we can write
3 e kY ()Y (Ro)

11 Dod gi+2

Tk, k) =

(AS5)

Because of energy conservation, the magnitudes of k; and
k, should be the same. Setting |k;| = |Kk;| = k, denoting the
angle between k; and k; by 6, and using the addition theorem

I

LA 4 X~ N

Pk -ky) = E Y (k)Y (ko) (A6)
m=—I1

Q2I+1) )
of spherical harmonics, we obtain

Ti(k;, ky) = (21 4 1)P(cos 6)

(A7)

v v ) g +2
wg ~ e Jo d4mrtes
M M

+ie
Combining Eq. (Al) and the definition of the partial-wave
phase shifts §;(k), we get

1 1 ood q2]+2 _ M iMk2l+1
a 27t )y q% — "12‘4_‘72 Lie AnhiPa;  AmR?
(A8)

The integral on the left-hand side of Eq. (A8) diverges. It
can be reexpressed using the well-known low-energy relation
[66]:

L oodq q21+2
2 R2K2 a2 .
27 Jo L e
M 00 2042
M [ap £
212k Jo k2 — g2
intM [
_ d 2I+28 kZ_ 2
2 o qq ( q’)
k—0 Mo iMEHT
— — d + , A9
2n2h2/o A (A9)

where P denotes the Cauchy principal value. Using Eq. (A9)
in Eq. (A8), we finally obtain the renormalization condition
Eq. (2). It is known that the derived renormalization condition
cannot eliminate all diverging terms that may arise in the
many-body treatment of the single-species bosonic system,
especially when the interaction is strong [67]. For example, in
single-component bosonic systems, Efimov physics requires
one to introduce an additional parameter for renormalization
[68]. However, since the lowest-order mean-field interactions
dominate the many-body physics for the weakly interacting
systems of interest in this work, the renormalization condition
is not needed to eliminate divergencies, i.e., we can use the
nonintegral part of the bare coupling constant.

APPENDIX B: DETAILS OF CALCULATION
ON THERMODYNAMICS
1. Self-energy and grand potential
Substituting Eq. (1) into Eq. (4), the self-energy is found
explicitly to be
2121 4+ 1) FPay [

(k) = i
0

dk'mg (k')

x/ 61k — K'? sin(6), B1)
0

033173-8



EXACT THERMODYNAMICS FOR WEAKLY INTERACTING ...

PHYSICAL REVIEW RESEARCH 6, 033173 (2024)

where 6 denotes the angle between k and k’. To proceed, we
work in the weakly interacting limit and assume that ny is
equal to the noninteracting distribution functions nl((o),

(0) G/(c()) 1 -
nm’ =1lexp| =z Fl1; ,
k kgT

Inserting Eq. (B2) into Eq. (B1), we note that the 6 depen-
dence only appears in the term |k —k/|?. To evaluate the
integral over 6, the usual binomial theorem for scalars cannot
be applied to |k — k/|*. Instead, we first take the square and
then construct a series expansion using the trinomial theorem
[69]:

|k _ k/|2]

(B2)

= [k + (k') — 2k - K]’

1! : A
D s (SRR cos™ 6,
' iljlnl

i+j+n=l

(B3)

where the indices i, j, and n each go from O to /. Letting, as
before, the angle between k and kK’ be 6 and using

b g 1 _1 n
/ cos(0)" sin(0)do = L, n=0,1,2,3,...,
0 1 + n
(B4)
we have
a1 217220 4+ 1) B2
A% (k) larky T |« Ql+1) g
T M
Al 1 -1 ..
X _ on +( ) k21+n
~ iljln! 14+n
i+j’in=1

x / dk'nl (k'Y 2, (B5)

Using the integral expression of the polylogarithm function,

Jj+1
: i1 (MkgT \ 2 41
/dqnilo)qf = :E:Z/ZI( hf > F(%)Li/;n(j:z),

(B6)
the self-energy becomes
20+ 1 Ra; >
RS k) A & o Ay
T M
~ jljlnl 1+n
=t
) 3 MkeT 2j4+n+3
 +n+ R
X F( J 2n )( th ) L12j+2n+3 (£2).
(B7)

Equation (B7) reveals the structure of the self-energy for the
Ith partial-wave channel clearly: ¥;(k) = ¥;(k) is a poly-
nomial of even degree in k (see the factor of k**" in the
summand) since 2i is always even and the summand is zero
when 7 is odd. For example, ¥y = A for the s-wave channel,
>, = A; + Bk? for the p-wave channel, ¥, = A, + Bok* +
Cyk* for the d-wave channel, etc., where A;, B;, and C; are
constants that depend on the temperature 7.

Since X;(k, A) is directly proportional to A and a; [see
Eq. (B7)] and since nk(A) has no dependence on A at leading

order [n(A) ~ nl((o)], the leading-order modification of the

grand potential based on Eq. (5) is given by
Vv
Q-QO0~ — / dkk*rE; (k)nl. (B8)
472
Using Egs. (BS) and (B6), we arrive at Eq. (7) in the main text.

For convenience, we list the explicit expressions of Eq. (7)
from the main text for/ =0to/ = 3:

Qo Lis;2(z)  2ao[Liz2(2)]?
= — 3 7 (s-wave, Bose gas),
ksTV A3 A4
(B9)
Q1 Lisp(—2) | 18wajLizn(—z)Lisp(—2)
ksTV A3 A8
(p-wave, Fermi gas), (B10)

Q _ Lispk) 757 %as[Lis 2 (2)]?
ksTV 23 A8
n 757‘[2612Li3/2(Z)Li7/2(Z)
Ay

(d-wave, Bose gas),

(B11)

Q3 Lisp(—z) | 22057°asLis;(—z)Liyn(—z)
kg TV PE) 257
7357T3613Li3/2(—Z)Li9/2(_z)
+ 2)\10
T

(f-wave, Fermi gas). (B12)

2. Isothermal compressibility

This section considers the isothermal compressibility,
which is defined through

z on (B13)
Kp = —— —.
"7 kT 3z
In terms of the grand potential €2, we find
- 0(Q/kgT 2 9X(Q/ksT
P (R/kgT) 2z (/ksT) (B14)
NkgT 0z NkgT 922

Using Eq. (7), we find the isothermal compressibility in terms
of the fugacity:

Lijp#z) 2 a !

4 ..
Ca, j,n,1)
nkgT)3 — nkgT 23 32+1 Z
i+j+n=I

ICT::|:

X |:L1 2itn+1 (:l:Z)Ll 2,'+2n+| (:l:Z)

2

+ Lizsg (£2)Lizisges (:I:z)i|. (B15)

This expression is not yet in the “standard form” of the com-
pressibility, as it depends on the fugacity (a thermodynamic
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variable in the grand-canonical potential) rather than the den-
sity (a thermodynamic variable in the canonical ensemble). To
convert z to n, we use the Gibbs-Duhem relation
0(Q2/kgTV
o Q8 ksTV) (B16)
0z

We know that 7 is equal to £Li3/»(£z?)/A3. at leading order.
If we write z in terms of z@, z = z© 4 8z, then we find to
first order,

8z(|a,|/k21+1 — 0)

= iZO 21+1 Z CG. j.n. D)

ijn
i+j+n=l

X Lizsps [£2 O Lissnes [£291/Lis o[£V (B17)
2
Substituting z = z(®) + 8z into Eq. (B15), we have
Lijp[£z91 24
nkgTkr = =+ /)\3 )\2[+4 Z C(@, j,nl)
T ij.n
i+j+n=l
X {Li 2/'+2n+] [ﬂ:Z(O)]Li 2j4n+1 [ﬂ:z(o)]
2
+ Lizieat [£2 P Li 2snss [£2 ]
2 2
— Li_%[iz(m]Li% [:EZ(O)]
X Lizsnss [£29] /Liy [0} (B18)
2
The explicit expressions for / = 0 and / = 1 read
Li ©0) 4anfLi On2
nkaTrcr — 11/z£z 1 Aaof ll/j[z 1} forl = 0,
A A
T T
Lijo[—2z®@] = S4maynLijo[—z@
nks Ty = — 1/2[3 ] an 31/2[ ]
At Ar
18w an’Li_y jp[—z©
amLiipl=2 7l B19)

Lijjp[—2©]

The divergence of the compressibility of the bosonic s-wave
system indicates the Bose-Einstein condensate (BEC) transi-
tion. The first equation of Eqs. (B19) diverges at z® =1 or
T =T¢, i.e., the BEC transition temperature of the nonin-
teracting system. The argument extends to Bose gases with
higher partial-wave interactions because Lis(x) diverges at
x =1 for all 5, s < 1. It is worthwhile pointing out that T¢
does, in fact, have a correction of order n'/3ay, which arises
from higher-order fluctuations that are not captured by the
mean-field approach considered here [34].

3. Entropy and isochoric heat capacity

This section determines the isochoric heat capacity. We
start with the entropy, which is defined through
V’)

B <asz
. oT |,

o zIn(z) 02
oT |, T 0z|p

a2
aT

N 1]
0z

a9z
r 0T

(B20)

To obtain the entropy in the canonical ensemble in terms of n
and T, we change z to z(¥ and keep terms up to first order in
a /)\2Tl+1 .

kgV
S=o 573 1E5Lis 2[££ V] F 2 Iz ]Lis o[ £2 V]

k Va; .o .
a2 CG J L m{3Lisale?]
T i.jn
i+j+n=l

+

x Lizpe: [z Ol 2snss [£2P] /Liy [+
2

— +3)Liz;+27n+3[:i:z(0)]Li2j+;+3 (1} (®B21)

It can be noted that the entropy for / = 0 is quite special since
it is independent of ay. After simplification, we find that the
entropy of the weakly interacting s-wave Bose gas is identical
to that of the noninteracting Bose gas:

Si—0 =

= 2)9 {5L15/2[Z(0)]

2In[zPLi5 [z 7]}, (B22)

The independence of ay is a consequence of the fact that
the s-wave mean-field interaction simply shifts the chemical
potential, making the interacting system resemble a noninter-
acting gas. The p-wave interactions, in contrast, modify the
entropy of the noninteracting system:

kgV
2}\3 {

kgV 27ma; {Li% [—z @)}
ey ML =20

Si—1 = —5Lis/o[—2 V1 + 2 In[z @ ILiz o [—2 1}

kgV 45maLis [—Z(O)]Li% [—7©]

A3 A3

(B23)

We can now calculate the isochoric heat capacity directly from
the entropy,
n}

}. (B24)

9z
. Ohr

38
970

Cy=T—| =T —
aT|, 0T | oAz |.0

Ar | 0S
2 a)\,T 70
Explicitly, the expression is
kav [ 15Lis[£z9] 026
Cv =B—3 +— F—
Ay 4 4L1l [£z0)]
kgVa; C(, Jj.n 1)
- )»21+4 Z {L1| [:I:Z(O)]}3

ijon
i+ jn=1

x [24% + 51+ 6){Lis [+1)
X Lizegss [z Ol s [£20] + 9n2)f}Li% [+z9]
2

3S axT[ s

3nazz @ as
Li; [£2] 9],
3 T

X {Lizps (2O L 2 [£2P]
2
+ iz [z O 23 [£2 07}
2

— (97*A3Li_y [£2]
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F 34 + Tmad{Liy [+01)
(B25)

x Lizsger [£2 Lizpes [£2V]].
2

Consistent with the discussion above, one can check that the
weakly interacting s-wave system has the same Cy as the cor-
responding noninteracting system. In contrast, the isochoric
heat capacity of the weakly interacting p-wave gas contains a
correction due to the interactions.

APPENDIX C: CALCULATION OF CONTACTS VIA
TRUNCATED VIRIAL SERIES

This work uses the virial expansion, truncated at order j,
to analyze the j-body contribution to the contact and other
thermodynamic quantities. A crucial point of the derivations is
to consistently account for terms that contribute to the j-body
physics. In particular, this implies that higher-order terms that
go beyond j-body physics need to be excluded.

We start from the general virial expansion in the
grand—canonical ensemble, truncated at order j, Q=
—kgT Z, i']:l bi7'. Here Z; denotes the one-body partition
function for an as-of-yet unspecified system (could be the
homogeneous or inhomogeneous system). Using the standard

thermodynamics relation N = —z%’;ﬂ), we find

J
N=2) ibj. (C1)
i=1
From the expression for N and the definition of the contact,

it is straightforward to calculate the contact in the grand-
canonical ensemble at order j:

2%ksTM[Re(a))?Zy <~ 3b;
i i

Q21 + DHR? — da

G)=— (C2)

In what follows, we are interested in the contact in the canoni-
cal ensemble. To convert Eq. (C2) from the grand canonical
to the canonical ensemble, we need to express z in terms
of N. This is achieved by applying the Lagrange inversion
theorem (see Sec. 3.6.6 of Ref. [70]) to Eq. (C1). To obtain
the forth-order results presented in the main text, we need to
include terms up to the fourth power of N,

_bIN  2b,N? (855 — 3b3)N°
-z z? z}
(— 4063 + 30byb3 — 4by)N*

C3

Z (C3)
When substituting Eq. (C3) into Eq. (C2) and working at order
j» one needs to truncate all terms at order N/. Even though the
22 term, e.g., generates terms that scale as NZ%, ..., N8, only
the terms proportional to N2, N3, and N* are kept to obtain
consistent forth-order results. The results reported below are
obtained by additionally taking, consistent with the weak in-
teraction regime assumption, the |a;|/ )»%I’Ll — 0 limit.

The above-mentioned strategy is critical for determining
that the homogeneous system’s s-wave contact has a pure
two-body character. If we—incorrectly so—kept all terms in
N when going from the grand canonical to the canonical

ensemble, then we would obtain

R 2
Co =WN2 (exact result)
C l87'r[Re(ao)]2 5 16n5/2h3[Re(a0)]2 5
0Ty (MkgT )3/2V2
407 R°[Re(ag))*  1287*/i°[Re(ao)]® N
(MkgT )3V3 3v3(MkgT )3V3

+ O(N’) (truncated atj=2)

¢, ;SH[R;(ao)]z e

{—8n4h6[Re(a0)]2 B 1287r4h6[Re(a0)]2} .

(MkgT)3V?3 33 (MkgT)3V3
+ O(N°) (truncated at j = 3)
2 8m[Re(ap)]?

Cy = v N? + O(N°) (truncated at j =4).
(o))
Converting the above expressions to expressions that use k¢ =
(5(7;_3//22)%)1/3 and Tc = ;;—ké [implying N = M2—i/gﬁ//,2h)3v 2, it

can be observed that this approach yields inconsistent results
with regards to the order of N:

! = ¢G/2) (exact result)
N[Re(ay )]Zké JT
G B/ tG2r |
N[Re(ap)’k} /7 V2r \ 13
(/2 2
8/ T3

+ Ol(Tc/T)”*] (truncated at j = 2)

G _tB3/2) G2
N[Re(a) ki~ Ja | 8z T
20(3/2 T2
RN S
+ O[(T¢/T)”’*] (truncated at j = 3)
N[Re(Ccfo)]zkg = C(:;—]/TZ) + Ol(Te/T)?]

(truncated at j = 4). (C5)

On the other hand, when following the correct approach that
consistently keeps terms up to order N/, we find:

Co— 87 [Re(ap)]? A2
\%
_ 87 [Re(ap)]? N2
\%
Cy = 87 [Re(ap)]?
\%

8 [R;(ao)]z

(exact result)
Co (truncated at j = 2)
N? (truncated at j = 3)

N?  (truncated at j = 4). (C6)
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Again, in units of k¢ and T¢, we find:

Co _ £(3/2) (exact result)
N[Re(ao)Pk JT

G _¢G/2) -
N[Re(ao)]Zkg = N (truncated at j = 2)

G _Gp -
N[Re(ao)Pk} — 7 (truncated at j = 3)

G G2

= truncated at j = 4). C7
NRe@)PE — o J=HED
The analysis above leads to the following important conclu-
sion: When one includes terms up to j = 2, the s-wave result
is exact; contributions from larger clusters do not lead to any
corrections.

APPENDIX D: ZERO-TEMPERATURE LIMIT
IN FERMIONIC SYSTEMS

The main text characterizes weakly interacting
single-component systems in the normal phase. This
Appendix provides limiting expressions for several quantities
of fermionic systems inthe 7 /7T — Olimit. Inthe 7 /T — 0
limit, it is computationally inefficient to evaluate expressions
that explicitly or implicitly contain polylogarithm functions
numerically. The reason is that the direct use of 7 =0
yields expressions like Lij(—o0) cannot be evaluated
numerically. Instead, it is generally more convenient to
use asymptotic analytic expressions. The large-argument

asymptote of fermionic-type polylogarithm functions
is [71]
x— 1 §
iy 2t T (D1)
C(s+1)
Correspondingly, one finds
- x— [T(1 + s7)x]1/52
—Li,, [Li;, (—x0)] =23 , (D2)

T(1+s1)

where ~! denotes the inverse function. Direct application of
Eq. (D2) to the homogeneous system yields

Ci T—0 i
N[Re(ap)]?k;. 57’
Cs T—o 4
N[Re(a3)]?k;. 457"
One also needs to change the integration limits accordingly for

harmonically trapped systems. To illustrate this, we consider
the p-wave system. The exact integral for the contact is

c o 187*
L - :/ dr PLizp[ — e 727
N[Re(an)P(kz")"  Jo 4

(D3)

2

X Lis/z[ — e_?Z(O)], (D4)
where T =T/T;® and 7=r/Rr. Here Rp=
(48N)/°/Hi/Mw denotes the Thomas-Fermi radius.

Utilizing Eq. (Dl) to mmphfy the integrand, we find

187% PLiypl—e T z( Lisjy[—e 7 z(o)] — 64’2(’—2_1), which
shows that the integrand vanishes at 7 = 1. ThlS is consistent
with the LDA, where the density goes to zero at r = Rp.
Since the density of the cloud is zero for r > Rp, the
upper limit of the integration can be changed from 7 = oo
tor =1,

e 70 /1 d_6472(f2— 1)* 8192
r = .
N[Re(a))]? (k) 0 5m2 1732572
(D5)

We note that our work does not rule out the existence of
other phases in the extremely low-temperature regime. If, e.g.,
a BCS phase existed, then the BCS transition temperature
would be exponentially small in the weakly interacting regime
(|al|k12,l+l « 1) considered in this work. Evaluating the low-
temperature normal-phase behavior would still be justified
by considering the limiting 7 /Tr — 0 expressions discussed
above.
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