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It has been proposed recently that the breaking of magnetohydrodynamics (MHD) waves in the inner
magnetosphere of strongly magnetized neutron stars can power different types of high-energy transients.
Motivated by these considerations, we study the steepening and dissipation of a strongly magnetized fast
magnetosonic wave propagating in a declining background magnetic field, by means of particle-in-cell
simulations that encompass MHD scales. Our analysis confirms the formation of a monster shock as
B? — E? — 0, that dissipates about half of the fast magnetosonic wave energy. It also reveals, for the first
time, the generation of a high-frequency precursor wave by the monster shock, carrying a fraction of ~1073
of the total energy dissipated at the shock. The spectrum of the precursor wave exhibits several sharp
harmonic peaks, with frequencies in the gigahertz band under conditions anticipated in magnetars. Such

signals may appear as fast radio bursts.
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The propagation and dissipation of large-amplitude
waves in strongly magnetized plasma is an issue of
considerable interest in high-energy astrophysics. Such
waves have long been suspected to be responsible for
immense cosmic eruptions, including magnetar flares [1—
6], fast radio bursts (FRBs) [7-12], delayed gamma-ray
emission from a collapsing magnetar [13], x-ray precursors
in binary neutron star mergers [5], and conceivably gamma-
ray flares from blazars and other sources.

Disturbance of a neutron star magnetosphere, e.g.,
by star quakes, collapse, or collision with a compact
companion, generates magnetohydrodynamics (MHD)
waves that propagate in the magnetosphere. In general,
both Alfvén and magnetosonic modes are expected to be
produced during abrupt magnetospheric perturbations, with
millisecond periods—a fraction of the stellar radius [5].
The amplitude of such a wave is usually small near the
stellar surface but gradually grows as the wave propagates
down the decreasing background dipole field. As the wave
enters the nonlinear regime, it is strongly distorted. A
periodic fast magnetosonic (FMS) wave, in particular,
steepens and eventually forms a shock (termed monster
shock) when the wave fields reach a value at which B —
E? ~0 [3,5]. Half of the energy carried by the wave is
dissipated in the shock and radiated away, producing a
bright x-ray burst. The other half can escape the inner
magnetosphere without being significantly distorted. This
is also true in the case of FMS pulses in which the electric
field does not reverse sign. The escaping wave (or pulse)
can generate a FRB, either by compressing the magnetar
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current sheet [6,14] or through a maser shock produced far
out via collision of the FMS pulse with surrounding matter
[7,9,10,15,16]. As will be shown below, gigahertz waves
are also produced at the precursor of monster shocks and
may provide another production mechanism for FRBs.

Steepening and breakdown of FMS waves may also be a
viable production mechanism of rapid gamma-ray flares in
blazars. In this picture, episodic magnetic reconnection in
the inner magnetosphere, at the base of magnetically
dominated jet (e.g., [17]), can excite large-amplitude
MHD waves that will propagate along the jet, forming
radiative shocks close to the source, that can, conceivably,
give rise to large-amplitude, short-duration flares. Whether
detailed calculations support this picture remains to be
investigated. But if this mechanism operates effectively in
black hole jets, it can alleviate the issue of dissipation of
relativistic force-free jets. Striped jets can also produce
rapid flares, but the mean power of such jets is likely to be
considerably smaller than that of jets produced by ordered
fields in magnetically arrested disc states [18,19].
Dissipation of ordered fields must rely on instabilities,
like the current driven kink instability, which are expected
to be too slow to account for the rapid variability seen in
many blazars, if generated at all.

In this Letter, we study the steepening and breaking of a
FMS wave by means of first principles plasma simulations.
The novelty of our Letter is the disclosure of a high-
frequency precursor wave, generated by the monster shock,
that we propose might explain some of the enigmatic fast
radio bursts and perhaps other radio transients. Previous
simulations [3] already demonstrated the steepening of a
nonlinear FMS wave; however, due to the small scale
separation used, it was not possible to properly follow the
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wave evolution and resolve the shock. In contrast, our
simulations can follow the wave evolution in the MHD
regime and resolve the shock structure, owing to the large-
scale separation applied.

We begin by analyzing the general properties of non-
linear wave propagation and the onset of wave breaking
[20]. We consider a FMS wave propagating in a medium
having a background magnetic field By, = By, Z and proper
density py,, where By, and p,, may depend on x. The
magnetization of the background medium is defined as

2
Bi,

B 47prg '

(1)

O-bg

with op, > 1 for the force-free magnetospheres under
consideration here. The wave is injected at time t =0
from some source located at x;, and propagates in the
positive x direction. The electric and magnetic field
components are given, respectively, by E = E(x, )y and
B, =B - By, = B (x,t)z. For radial propagation in the
equatorial plane of a dipole field, (%, 9,2) = (7, ¢.0). In the
limit of ideal MHD, F,, u* = 0, where F,, is the electro-
magnetic tensor and u* = (y,yv,0,0) the plasma 4-veloc-
ity; the plasma 3-velocity equals the drift velocity:
v = E x B/B> = E/Bx%. The corresponding Lorentz factor

is y = B/VB? — E*>. The simple wave considered here
moves along the characteristic C, defined by

d
axy _~_vta (2)

dt _v+_1+av’

where a is the fast magnetosonic speed measured in the
fluid rest frame. In Supplemental Material [21], it is shown
that for a cold plasma a(4) = tanh(4/2 + ¢) and v, (1) =
tanh(34/2 + c), where ¢ = In (,/Gpg + /0pg + 1) and

ﬂzélnclfz). (3)

For a uniform background field, dB,/dx = 0, 1 is con-
served along the characteristic C, (a Riemann invariant).
However, in general, 4 varies along C with a dependence
on the profile of By,.

For a cold plasma, the wave magnetization relates to a
through ¢ = a?/(1 — a*) = sinh?(4/2 + ¢). In the regime
ope > 1, this approximates to

1+
1—v

0-(/1) ~ Gbg(/l)e/1 = Ubg (’1) (4)
Since, for ideal MHD, the continuity equation implies
that B'/p is conserved, with B’ = B/y being the mag-
netic field measured in the fluid rest frame, one finds
a compression factor of B'/By, = p/pp, = e*, and

B/By, = yB'/By, = (1 —v)~'. The relations E/B=v
and B,, = B — By, then yield

I 10
E=B, = meg. (5)

Note that E can vary between E = —By,/2 at v = -1
(A—> —0)and E - o at v => 1 (A = o0). Note also that
(B>~ E?)/Bj, = ¢*. Thus, B>~ E* -0 as 12— —o
or E = —B,/2.

In cases where the background field declines along the
characteristic C,, viz., dB,,/dx < 0, energy conservation
implies that |E|/|B,| increases. For instance, for a wave
propagating in the inner magnetosphere of a neutron star,
which to a good approximation is a dipole, |E|/|By,| o« r*.
This means that 1 and, hence, B> — E? decrease along C.,,
ultimately approaching B> — E? = 0. From the expression
for the wave velocity given below Eq. (2), it is seen that
v, =0 at 2= -2¢/3, or, equivalently, (B> — E*)/B}, =
(40pg) 3, yv = sinh A~ —(40y,,)"/3. At even smaller 1
values, v, changes sign and the characteristic turns back
toward the injection point. Consequently, wave breaking is
anticipated around this location. The exact value of 1 at the
moment of shock birth, A, depends on the details. For
example, in case of a periodic planar wave with electric
field E(x(,t) = Eysin(wt) at the boundary x, propa-
gating in a background magnetic field By, = By(x/x),
we find A, = In(w?xj/16ac,)"/*, where a = E,/By—see
Ref. [21] for details. As the wave propagates, the plasma
upstream of the shock continues to accelerate backward
(yv = sinh 4 < 0), the magnetization declines [Eq. (4)],
and the shock strengthens. Only wave phases that satisfy
E > —By,/2 survive. The other parts are erased through
shock dissipation.

We illustrate the analytical model and study the kinetic
evolution of the wave after shock formation with 1D
particle-in-cell simulations performed with the relativistic
electromagnetic code TRISTAN-MPV2 [22]. At w,t = 0, we
launch a periodic FMS wave from x =0, letting it
propagate along +X in a cold pair plasma with a declining
static and external background magnetic field, By, (x) =
By(1 + x/Ry)~'2, constant density, and initial background
magnetization oy = 1600, so that oy, (x) =0 (1+x/Ro) 2.
To capture MHD scales, the ratio of the wavelength, 4,,, to

skin depth, ¢/w, = y/mec?/4nnye*, was taken to be

Aw@p/c = 2w, /@ = 1.06 X 10* with 60 cells per skin
depth, cAr = %Ax, and 50 particles per cell. The amplitude
of the wave is set to 0.4B,,. The gradient length scale of the
background magnetic field, Ry, is Ry = 104,, =~ 1.06x
10°¢/ @,. For further details on the derivation and
numerics, see Supplemental Material [21].
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FIG. 1. Three snapshots from the evolution of the FMS wave, taken before wave breaking at t = 0.23R,/c (left), during shock

formation at t = 0.30R/c (middle), and well after shock formation at t = 0.57R /¢ (right). (a) displays B, (black line), —E, (red line),
and By, (black dot-dashed line), (b) shows the density, and the lower (c) shows the distribution of the longitudinal plasma 4-velocity in
the laboratory frame w4, With the black dot-dashed line indicating the flow velocity upstream of the wave. Shock formation is first
observed at x = 0.224R,, in (c.2). A second shock subsequently forms and is seen at x = 0.377R in (c.3).

Figure 1 illustrates the propagation in the laminar (left),
steepening (middle), and shock wave (right) regimes along
the gradient. We observe the onset of strong steepening
around x = 0.211R,,. In the steepening region where B, =
—E, [Fig. 1(a.2)], the flow accelerates up to relativistic
speeds [Fig. 1(c.2)]. The wave then breaks, forming a
shock, at x; = 0.225R,, corresponding to about 2.25
wavelengths from the injection point. A second shock
subsequently forms [Figs. 1(a)-1(b.3)]. The shock forms
near the wave trough, as expected from the analytic deri-
vation in Supplemental Material [21]. Figures 1(a)-1(b.3)
also reveal a soliton structure, further detailed below,
characterized by a sharp peak in density and electromag-
netic field at the shock and associated with significant bulk
flow heating. A careful examination indicates that the value
of the compression factor at wave breaking is 4, = In(0.1),
corresponding to a plasma 4-velocity of u, = —5. The
corresponding value of the invariant at this location is
(B*> - E?)/B}, = 1072, These values are in good agree-
ment with the analytic results derived in Supplemental
Material [21] but note that the density profile adopted there
differs from the one employed in the simulations.
Following shock formation, the wave develops a plateau
at phases where E = —B,,/2. This is clearly seen in
Fig. 1(a.3). This plateau extends in size over time until
complete eradication of the lower part of the wave. The
corresponding wave energy is dissipated at the shock. The
plasma in the plateau accelerates toward the shock be-
fore crossing it, while the magnetization decreases [see
Fig. 1(c.3)]. The Lorentz factor just upstream of the shock
increases as the wave evolves, reaching a maximum toward
the end of the simulations, and then starts declining.

Figure 1 also reveals the generation of high-frequency
precursor waves, identified earlier in planar shocks under
somewhat different conditions [23-29]. Its emission
mechanism is yet unresolved [30]. This wave is seen only
as high-frequency modulation in the leading shock, at x 2
0.475R, in Fig. 1(a.3). The reason why the trailing shock
does not generate a precursor wave is the high temperature
of the upstream plasma caused by the passage of the
leading shock [see Fig. 1(c.3)], consistent with earlier
findings [31]. We emphasize that, under realistic condi-
tions, fast cooling of the shocked plasma, which can change
the conditions at the trailing shock, is anticipated [5] but
ignored in the present analysis. We further note that, even if
the background plasma is preheated, the strong decom-
pression of the accelerated plasma ahead of the leading
shock will likely lead to rapid adiabatic cooling that will
enable generation of the precursor wave. To elucidate the
basic features of the shock structure and the precursor
wave, we present in Fig. 2 an enlarged view of the
immediate shock vicinity, around x~0.475R, in
Fig. 1(a). We identify a (double) solitonlike structure
[32], where the particle distribution forms a semicoherent
cold ring in momentum space [see (c.3) in the bottom panel
in Fig. 2]. A similar structure has been reported earlier for
infinite planar shocks [29]. The precursor wave is domi-
nated by a linearly polarized X mode that propagates
against the upstream plasma.

The spectrum of the precursor wave (Fig. 3), as mea-
sured in the lab frame, exhibits several sharp harmonic
peaks around ® ~ 10w}, where o}, denotes the proper
plasma frequency, measured in the local rest frame of
the fluid in the immediate upstream of the double soliton
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FIG. 2. Close-up on the shock structure in the steepening zone.
The shock is centered on the leading solitonlike structure.
(a) Profile of B, (black line), —E, (red line), and B, (black
dot-dashed line). Vertical lines indicate the positions of the two
leading solitons. (b) Distribution of the longitudinal 4-velocity
along the shock profile. The vertical lines delineate the corre-
sponding space over which the phase-space profiles of lower
panels (c.1)—(c.3) are taken. (c) Phase-space profile of the
electrons. The total u, — u, electron distributions corresponding

to the three subsections are, respectively, displayed in insets (c.1),
(c.2), and (c.3).

structure. These peaks correspond to the lowest harmonics
of the resonant cavity defined by the double soliton
structure seen in Fig. 2. In good agreement with [29],
the wavelength of the highest peak and the width of the
cavity are proportional, A, ~ Lg/3, with a weak depend-
ence of Ly, on the upstream magnetization o,. This implies
that the peak frequency, as measured in the lab frame,
should scale as the shock Lorentz factor with respect to the
lab frame, g ap ~ /0y (see Supplemental Material [21]).
From our simulations, we estimate ey ~ 1.6 auw; for
the highest peak. Above the peak, the spectrum extends up
to about 70wy, Below the peak, it cuts off at a frequency
below which the wave is trapped by the shock (that is, the
group velocity is smaller than the shock velocity). The
latter can be estimated most easily in the rest frame of the
upstream plasma. In this frame, the dispersion relation can
be written as [33]

k/2 a)/z

2 2 ’ 2o (6)
@ " — o

where w; = o,wj, is the cyclotron frequency. Upon trans-
forming to the lab frame, the dispersion relation reduces to
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FIG. 3. (a) k spectra of the X mode (colored solid lines), and @
spectrum of the X mode (red dot-dashed line), computed in the
source frame just upstream of the shock. The k-space spectra cover
the domain (x —xg) = [10,210]c/w, in the time interval
c(t = tyeep)/Ro = [0.04,0.28]. The colors of the solid k-spectra
lines correspond to the time of measurement, as indicated in (b). The
thick, solid black line delineates the converged k spectrum, and the
red dot-dashed line is the space-averaged @ spectrum. (b) Com-
parison between the highest peak wavelength (colored circles) and
Lg,/3 (small black circles), at different times, where Ly, is the
approximate distance between the two leading solitons (Fig. 2, top
panel). (c) Black: total averaged dissipation rate é,, of the FMS wave
energy at the shock averaged over one wavelength and normalized
by €yc/ R, Where ¢, is the initial FMS wave energy stored over half
a wavelength; red: energy pumping rate into precursor wave
dominated by X modes, averaging around éx /ey = 1073 ¢/R,.

P
Supplemental Material [21]); here, yg, is the shock
Lorentz factor measured in the upstream frame. The cutoff
frequency and k vector are obtained by equating the group
velocity, v, = dw/dk, with the shock velocity with respect
to the lab frame, vy pap:

2 _ 2 2 . 2
k* =w*—w; in the limit Yo > 00> 1 (see

Weur = wi)ysh\Labﬂ kew = wi)ush\Lab' (7)
From the analysis of the data presented in Fig. 2, we
estimate o, = 25 and o,/ }/fhlu =6 x 1073, from which we
obtain w4, = 4.3 upon transforming to the lab frame.
The cutoft frequency and k vector given in Eq. (7) are in
good agreement with those seen in Fig. 3.

Regarding the efficiency of the precursor wave, we find
that the X mode carries a fraction of about ey = 1073 of the
total energy dissipated in the shock (the bottom half wave;
see Fig. 3). As found in [29], the fraction of incoming
kinetic energy converted into precursor waves in the
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postshock frame is independent of the magnetization in the
limit of o > 1. The increase in efficiency by a factor of
unity (<3) is consistent with the increase in downstream
frame incoming particle kinetic energy across the simu-
lation. We, thus, anticipate ex to be weakly sensitive to the
conditions prevailing in the medium in which the FMS
wave propagates.

We now consider a wave with luminosity L =
cE?r?/2 = 108 L,; erg/s [34], generated near the surface
of a magnetar, and assume for simplicity that the wave
propagates in the equatorial plane of the dipole background
field, where By,(r) = 10"B;s(R/r)* G, R =10°cm
being the stellar radius. The background density depends
on the pair multiplicity M in the magnetosphere, which is
uncertain but expected to be large [35]; we henceforth
adopt M = 10° M, [36]. With this normalization, the
background number density 71y, = pye/m. can be
expressed as ny, = Mngy ~ 10 MBsQ(R/r)* em™,
where Q is the angular velocity of the star, measured in
rad/s, and ng; = QB,,,/2mec is the Goldreich-Julian den-
sity. The corresponding plasma frequency of the back-
ground pair plasma is w, = 104 M*BI2(R/r)3/? Hz.

The wave propagates nearly undisturbed in the mag-
netosphere until reaching a radius ry at which the wave
breaks. This happens when |E| = By,/2, or ry~2x

108B{*L ;3" cm. As discussed above, a shock forms and
continues evolving with the wave. It can be shown [5] that
the Lorentz factor just upstream of the shock quickly reaches
a maximum value ¥, . ~ COne/@rs and then gradually
declines, roughly as (r/r;)™ up to ~3r,, where the lower
half of the wave is completely erased. The majority of the
dissipated energy will be released in the x-ray and y-ray
bands and a fraction of ~1073 in the form of a precursor
wave. For our choice of parameters and wave frequency
v=w/2r =10* Hz, ¥, max~ 6 X% 10°(B;sQMg)™ L.

The upstream magnetization reaches a minimum, 6, =

Obg/ 2V umax ~ WFs/2¢ ~ 3003%2@2/4, and only slightly

increases thereafter [5]. The proper plasma frequ-

ency in the shock upstream satisfies wj, = a)p/ylll/ oy

108(r/rs)1/2M6Bié4L231/8§21/2 Hz and barely changes in
the wave dissipation zone, r, < r < 3r,. Adopting the
scaling we find from the simulations, @pe, & /6,0, We
anticipate the observed spectrum of the precursor wave to
appear in the gigahertz band, as seen in many fast radio
bursts, assuming Mg ~ 1.

Whether the precursor wave can escape the inner
magnetosphere is unclear at present. It has been argued
that gigahertz waves will be strongly damped in the inner
magnetosphere by nonlinear decay into Alfvén waves [37],
steepening, or kinetic effects [38,39] (but cf. [40]). We note,
however, that for faint FRBs, like the one emitted by the
galactic magnetar SGR 1935 + 2154, the strength param-
eter of the precursor wave, ay = eE/2rzvmec, is of the

order of a few in the dissipation zone, where the precursor
wave is formed, so the wave is likely to escape [39].
Moreover, the peak frequency of the precursor wave is
smaller than the background frequency by a factor

\/Yu/0u ~ a few, so the wave transitions from the MHD
to the kinetic regime, and the damping mechanism con-
sidered in [37] needs to be reassessed. More generally, the
precursor wave is trapped by the kilohertz FMS wave, and
the effect this has on the damping of high-power precursor
waves needs to be studied. To that end, we plan to perform
simulations that follow the evolution of the system long
after the dissipation of the kilohertz wave is completed.
Finally, it has been shown [5] that, under magnetar
conditions, the cooling rate of the upstream plasma entering
the shock is comparable to or even shorter than the Larmor
frequency. How this might affect the efficiency of the
precursor wave has yet to be determined.

In summary, we have demonstrated the self-consistent
steepening, monster shock formation, and precursor wave
emission emerging from a fast magnetosonic wave propa-
gating along a declining background magnetic field. The
analytical properties of wave steepening are found to be in
good agreement with ab initio fully kinetic simulations.
The ensuing shock formation leads to efficient dissipation
of the bottom part of the wave over the dynamical time of
the wave crossing. A fraction of about 1073 of the total
dissipated energy is imparted to X modes. The associated
spectrum propagating upstream shows pronounced peaks
corresponding to harmonics of the cavity forming between
two leading solitons at the shock front. Finally, our results
open promising avenues to study the fate of electromag-
netic pulses propagating in strongly magnetized environ-
ments to address self-consistently their dissipation and, if
any, the escaping signal.
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