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Abstract

We introduce a mathematical framework for symmetry-resolved entanglement entropy
with a non-Abelian symmetry group. To obtain a reduced density matrix that is block-
diagonal in the non-Abelian charges, we define subsystems operationally in terms of
subalgebras of invariant observables. We derive exact formulas for the average and the
variance of the typical entanglement entropy for the ensemble of random pure states
with fixed non-Abelian charges. We focus on compact, semisimple Lie groups. We show
that, compared to the Abelian case, new phenomena arise from the interplay of locality
and non-Abelian symmetry, such as the asymmetry of the entanglement entropy under
subsystem exchange, which we show in detail by computing the Page curve of a many-
body system with SU(2) symmetry.
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1 Introduction

Symmetries play a fundamental role in isolated quantum systems as they result in conservation
laws and constraints for physical quantities, including the entanglement entropy. In this pa-
per, we study the interplay between locality, symmetries and entanglement. In particular, we
show that the Page curve for the typical entanglement entropy [1,2] captures new phenomena
proper of systems with a non-Abelian symmetry group [3].

For Abelian symmetries, such as number conservation or charge conservation, the notion
of typical entanglement entropy [4-12] and its relation to symmetry-resolved entanglement
[13-15] is well studied. The main ingredients are immediate to define. For instance, consider
a system composed of two parts A and B, which carry a representation of an Abelian group
with charge Q = Q4 + Q. A symmetry-resolved state is an eigenstate of the total charge,
Qll,bq) =q |1,bq), and the Hilbert space at fixed total charge q decomposes as a direct sum of
tensor products

H@D = D, (HXZA) ® /Héq—qA)) ‘ 1
The direct sum over subsystem charges g, is a consequence of the constraint ¢ = g4 + g im-
posed by charge conservation. To evaluate the entanglement entropy S, = —trs(p410804)

of the pure state [v,), we first compute the density matrix p, of the restricted state, which
is defined by the partial trace over B as usual [16], py = trglypq)(3pq|. Note that, as

[|¢q><¢q|,Q] = 0, we have that the reduced density matrix commutes with the charge in

A, ie., [pa,Qu] = 0, and therefore it takes the block-diagonal form p, = &,, p(qA) pIE\qA) with

each block of definite charge q, having probability pl4)_ The generalization to a non-Abelian
symmetry group is not immediate and requires new tools, which we introduce in this paper.
To illustrate the new aspects that arise in the presence of a non-Abelian symmetry, con-
sider, for instance, a composite system that is invariant under the non-Abelian symmetry group
SU(2), with generators J = J, + Jz. How do we define a symmetry-resolved state? Clearly,
it cannot be a simultaneous eigenstate of the components J*, J”, J* as these observables do
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Figure 1: Energy spectrum of the SU(2)-invariant random Heisenberg Hamilto-
nian (2) with N = 6. On increasing the parameter u, the spectrum splits in

symmetry-resolved blocks 7-[](\{) of fixed spin j, (4), with each block consisting of

(2j+1) xdim H(Gj) states as shown in the table. We show also the transitions induced
by the local observable STS; and by the G-invariant local observable $;-S,.

not commute. The only simultaneous eigenstates have J2 = 0. Even if we were to diagonalize
only a set of commuting observables such as J2 and J?, we still face the issue that the non-
Abelian charges are not additive over subsystems as, for instance, J 2 # J Az +J Bz. In the Abelian
case, the proof that p, is block diagonal uses the additivity of the charges Q = Q4+ Qp. Is
p4 block diagonal in the non-Abelian case? This question is related to how we define a sub-
system. Do we measure only the group-invariant degrees of freedom or also the rotational
degrees of freedom? We address these questions in detail, developing a mathematical frame-
work for symmetry-resolved entanglement that applies to a general non-Abelian symmetry
group G. We introduce the notions of (i) symmetry-resolved states and observables, (ii) lo-
cality and symmetry-resolved subsystems, and (iii) symmetry-resolved entanglement entropy
and its statistics over random symmetry-resolved states.

As a concrete example of the interplay of locality, non-Abelian symmetry, and entangle-
ment, let us consider a system of N spin-1/2 particles with SU(2) invariant Hamiltonian. Our
mathematical analysis only requires the symmetry group G, and the Hamiltonian is used here
simply to provide a physical motivation. For instance, we can consider the random Heisenberg
Hamiltonian [17, 18]

N N
1 s o - - -
H=— ComSn Sy + nJ2,  with J:§ S., 2)
VN n,m=1 n=1
n<m

where the coupling constants c,,, are assumed to be normally distributed with zero average
and unit variance, S, are the individual spin operators, and u is a coupling constant. The
system is invariant under global SU(2) rotations generated by J,

[H,J']=0. (3)
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This example allows us to illustrate the three notions that play a central role in this paper:

(i) Symmetry-resolved states and observables. Due to the presence of symmetry, the spec-
trum of the Hamiltonian splits into symmetry-resolved sectors corresponding to the eigenval-
ues of the conserved charge J 2. Mathematically, the Hilbert space H, of the system decom-
poses as a direct sum over sectors of spins j,

Hy = D;HY = B;(HI), o HY). ©)

sym

As shown in Fig. 1, each sector ”Hg) of spin j consists of (2j 4+ 1) x dim H(Gj) orthogonal states,

where the (2j + 1)-multiplets describe the rotational degrees of freedom |j,m) € Hgﬁn of

the system. The internal degrees of freedom are rotational invariant states |j, yq) € H(GJ). A
symmetry-resolved state [1);) is defined as a state of the factorized form,

Vi) =158 li,xe),  with  [j,&)=>,&nli,m). 5)

States of this form have been considered also in [19-21]. We define symmetry-resolved observ-
ables Og, i.e., rotationally invariant observables that commute with the symmetry generators,
[Og,J'] = 0. Note that the symmetry-resolved states defined by (5) are not generic states
in the sector of spin j, as they have no entanglement between the rotational state |j, m) and
the internal state |j, y;). This definition is justified by the notion of symmetry-resolved ob-
servables O, which cannot entangle rotational and internal degrees of freedom. Moreover,
if the state can only be prepared and measured with the observables O, then the rotational
states |j, m) serve only as an ancilla, and the states of interest are the ones described above.
In the following, we denote by Ay the algebra of observables of the system and by A; C Ag
the subalgebra of G-invariant observables. While Ay is defined at the kinematical level, the
algebra A; knows about the symmetries of the dynamics.

To illustrate these definitions, let us suppose a large energy gap exists between the different
sectors of spin j because the parameter u in the Hamiltonian is large. Then, the observables O
can induce only low-energy transitions because they have vanishing matrix elements between
different sectors in the energy spectrum. Furthermore, they satisfy the selection rule Am =0
because they are rotationally invariant. States prepared and measured with these accessible
observables O take the form (5).

(ii) Locality and symmetry-resolved subsystems. A spin system like the one described by the
Hamiltonian (2) has a built-in notion of locality associated with the single spins §n that com-
pose the system. These local subsystems come with a notion of tensor product decomposition
H = H,®Hp for spins in the subsystems A and B. The observables O, that act only on the sub-
system A form the subalgebra Ax, C Ay of K-local observables in A: They are kinematically
local, but they do not preserve the symmetries of the dynamics. To define symmetry-resolved
subsystems that are local in A, we consider observables O, that are both G-invariant and act
only on the degrees of freedom in A. They form the subalgebra of G-local observables in A,
given by the intersection:

AGA = -AKA n AG . (6)

As an example, the observable Sy SJ € Ay, and the observable S:-S, € Agy act locally on the
first two spins only, but the first induces transitions between multiplets in the energy spectrum
while the second does not as it is G-invariant.

A subsystem can be defined operationally in terms of a subalgebra of observables we can
access. Here, we are interested in G-local observables in A. The restriction of a symmetry-
resolved state [y;) to the subalgebra Ag, is given by the density matrix pgs. As G-local
observables in A commute with the generator of rotations in A, we have that [pg,, Jj‘] =0 and
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therefore the reduced density matrix takes the block-diagonal form

Pea= @P(JA) P(G]f\) : (7)
Ja

Note that the choice of a G-local subalgebra is crucial here as it is associated with a decompo-
sition of the Hilbert space 7—[](\;) as a direct sum over jy,

WY =90, 0 DO onGY). ®
Ja

Note also that this structure differs from the one found in the Abelian case: the Hilbert space of

rotational degrees of freedom ’Hﬁﬁn is non-trivial in the non-Abelian case, and the complement

’Hgé]*‘) is not labeled by a difference of the charges j and j, as in ’Héq_q") in Eq. (1). Further-
more, if instead we had considered the usual reduced density matrix pgs = trg|y;){(y;l, a
different structure would arise. The kinematical density matrix pg, is defined as a trace over
the kinematical degrees of freedom in B and represents the restriction of the state to the sub-
algebra of K-local observables .Ax,. We note that in the non-Abelian case the K-local reduced
density matrix py, is not of a block-diagonal form, as J2 # J Az +J BZ and K-local observables
induce transitions between sectors with different spins j, in the subsystem A. In Fig. 2, we
also show that considering instead a microcanonical truncation of local observables [22] by
introducing projectors PY), we can forbid transitions between sectors at the expense of local-
ity. The operational definition of a subsystem in terms of the subalgebra of G-local observables
guarantees that the subsystem is both local and G-invariant.

S7 S5 >, Py ST S5 P Si -5

()] = i ()R [T - (o)l

53)16)

z
1

Local Basis |s

Energy Basis | Ej;jm)

Figure 2: Matrix elements of the K-local observable S7S3 (1a)-(2a), of its SU(2)-
projected version Zj P;S7S3P; (1b)-(2b), and of the G-local observable S,-8, (1c)-
(2¢). Block-diagonal matrix elements in the spin-lattice basis (1a) highlight the local
or non-local nature of the observable, while the off-diagonal matrix elements in the
energy basis (2a) determine the possible transitions between energy levels. While the
SU(2)-projected observable allows only SU(2)-invariant transitions (€ .A;) (2b), it
is not a local observable (¢ Ag,) (1b). Hence, the SU(2)-projected observable is not
G-local, (6). On the other hand, the observable S; - S, € Ag, is both local (1c) and
induces only SU(2)-invariant transitions (2c).
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(iii) Symmetry-resolved entanglement entropy and typicality. If we have access only to
symmetry-resolved observables in the subsystem A, i.e., to the subalgebra .4,, then the acces-
sible entanglement entropy is defined by the restriction of the state to this subalgebra. For a
symmetry-resolved state [1);), the accessible entropy is the symmetry-resolved entanglement
entropy S, defined as the von Neumann entropy of the density matrix p;4, which in turn can
be expressed as the sum of two terms:

Seallip)) =—tr(pcalogpea) = — " tr(pd 10gp$y) =" i logp™.  (9)

Ja Ja

The symmetry-resolved entanglement entropy Sg4(|v;)) can be understood as the sum of two
ng‘mf) and Sgl:m). One first defines the symmetry-resolved entanglement entropy at
fixed system and subsystem charges SY») a5 the von Neumann entropy of the density matrix

GA
p(GJ/’;) in each sector j,. Then the configurational entropy S(Gc/;mf) is given by its average over

terms,

the probability pU4) of finding the state in the sector j,, and the number entropy S(Gl};m) is

the Shannon entropy of the probability pUs). The table below summarizes the definitions
commonly used in the literature:

Total symmetry-resolved entanglement entropy  Sga(|v;))

Symmetry-resolved entanglement entropy (i)

(ja) (ja)
Soa =—tr(p gy log pga

at fixed system & subsystem charges (10)
Configurational entropy S(GCXHQ = Z].A p(fA) Sgﬁ)
Number entropy (Shannon) Sg;}lm) =-2 pU) log pU)

Now, given a random state |v);) that is symmetry resolved, we can ask what is the proba-
bility of finding entanglement entropy S;,. It turns out that the exact formulas for the average
(Sga) and the variance (ASg,)? derived for a general subalgebra of observables in [2] apply
here unmodified, once one uses the dimensions of the Hilbert spaces appearing in the decom-
position (8). For a system composed of N > 1 spins, there is a typical value (S;,) of the
entropy that characterizes completely the Page curve of subsystems [1,2] as the variance of
the probability distribution P(Sg,) is exponentially small in N.

It is important to note that the G-invariant notion of entanglement entropy S;, introduced
here is distinct from the wusual notion of kinematical entanglement entropy
Sxa = —tr(pgalog pxa) which probes also the rotational degrees of freedom |j,m) that are
not G-invariant. In Fig. 3, we illustrate the difference with an example. We consider the case
of N = 6 spin-1/2 particles in a random state with j = 1 and m = +1, and a subsystem
consisting of N, = 3 spins. For the same sample of random states, we report the histograms
for the probability distributions P(S;4) and P(Sg,4), which are shown to be distinct, Fig. 3(a).
The statistical average ug4 and variance aé . match numerically the exact formulas (S;4) and
(AS;4)? that we derive in this paper for the G-local entanglement entropy. The K-local entan-
glement entropy with SU(2) symmetry is studied in [21] where asymptotic formulas at large N
are derived for (Sy,) and (ASg4)? using a combination of analytical and numerical methods.
To date, there is no analytical result for the average K-local entanglement entropy (Sg,) at
finite N. We note that, because of the contribution of the rotational degrees of freedom |j, m),
we have that typically, the kinematical entanglement entropy Sg, is larger than the symmetry-
resolved entanglement entropy S;,4 of a random state. However, the relation between the two
is non-trivial as shown in Fig. 3(b) where we consider a specific (non-random) family of states
for which S, is instead larger than Sk,. We consider the two orthogonal states |¢;) and |v5)
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Figure 3: For a system of N = 6 spins with total spin j = 1, magnetization m = +1
and subsystem size N, = 3, we show: (a) the probability distribution of the G-local
(purple) and the K-local (yellow) entanglement entropies S;4 and Sg,4 of a sample of
random symmetry-resolved states, including a comparison of the numerical values
(Uga> 0¢a) and the exact values ({Sga), AS¢a) of the average and variance of P(S¢,);
(b) the entanglement entropy of a superposition of the two states (11), which high-
lights the non-trivial relation between S;4 and Sgs; at p = 0: Sgq = Sga = 0, at
P =13: Sga> Sk, and at p = 1: Sg, >S4 = 0.

with j = 1, m = +1 obtained from the coupling of the angular momentum of six spin-1/2
particles as described by the diagrams below [23]:

+1 +1

|Qp1> = 0 1/2 1/2 0 ) |1/)2> = 1 3/2 1/2 0 . (1D

miy mo ms my ms me my ma ms my ms me

These two states are simultaneous eigenstates of the observables (5; +5,)? and (S; +5,+55).
As a result, when restricted to G-invariant observables of the first three spins, they have van-
ishing G-local entropy Sgs(|Y1)) = 0 and Sgu(|3p5)) = 0. On the other hand, because of
the entanglement in the rotational degrees of freedom, we have that the K-local entropies are
Ska(lYy1)) = 0 and non-vanishing Sgs(|y)5)) # 0. Moreover, in the superposition
(lp1) + [15))/v/2 we have that S, is larger than Sy, which shows that the relation between
the two is non-trivial.

The three ingredients (i)—(ii)—(iii) outlined above are related to a substantial body of lit-
erature. The notion of Page curve for random states without constraints was first introduced
in [1] motivated by the information puzzle in black hole evaporation [24-26]. In the case of
Abelian constraints such as number conservation [2], the notions of K-local and G-local sub-
systems coincide, and the Page curve with Abelian constraints is studied in [4-12]. In the case
of non-Abelian symmetry SU(2), the Page curve of K-local subsystems is studied in [21,27].
The operational notion of entanglement entropy associated with a subalgebra of observables
is discussed in [28-31]. In particular, the geometric entanglement entropy in quantum field
theory [32-34] is best understood in terms of local subalgebras of observables [35-39]. The
notion of G-local subalgebras of observables invariant under a group of non-Abelian transfor-
mations appears in lattice gauge theory [40-43] and in loop quantum gravity [44-46]. The
accessible entanglement entropy in the presence of symmetries and superselections rules is dis-
cussed in [47-53]. The notion of symmetry-resolved entanglement was introduced in [13-15]
and studied for Abelian symmetry in [54-70] and [71-83], (see [84] for a review). To date, the
study of symmetry-resolved entanglement entropy for non-Abelian groups has remained re-
stricted to vacuum states that are assumed to be invariant under the action of the group, such as
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the j = 0 sector in the decomposition (8) for the group SU(2) [14,85-87], or the |0, 0) vacuum
that is invariant under Virasoro symmetry in a conformal field theory [88]. On the other hand,
the case of excited states with symmetry group SU(2) has been studied recently in [19-21]
where non-commuting conserved charges are shown to lead to new phenomena [27,89-91]
in the context of eigenstate thermalization [92-94] and quantum many-body scars [95,96].

The paper is organized as follows: In Sec. 2 we describe how to define a subsystem op-
erationally in terms of a subalgebra of observables, and we determine the main expression
for the typical entanglement entropy in complete generality. Then, in Sec. 3, we introduce a
non-Abelian symmetry group, and we derive the decomposition (7)-(8) for general group G,
without any requirement of locality. In Sec. 4, we discuss locality and introduce the notion of
G-local observables in many-body systems using the definition (6). The application to many-
body spin systems with SU(2) symmetry is discussed in Sec. 5, where we derive the exact
formulas used in Fig. 3 (see also App. A). In Sec. 6, we derive the large system asymptotics
of the SU(2) symmetry-resolved typical entropy (see also App. B). To conclude, in Sec. 7, we
summarize our results and illustrate applications.

2 Subsystems from subalgebras and typical entropy

We consider an isolated quantum system with Hilbert space H of finite dimension
D = dim?H < oo. Pure states of the system, |} € H, can be understood as vectors in C?
and observables O as D x D hermitian matrices. The algebra of observables of the system,

is the set £(#) of linear operators on # or equivalently the algebra My, (C) of matrices on CP.

In general, a von Neumann algebra on CP is an algebra of matrices that is closed under
(i) hermitian conjugation, (ii) addition, (iii) multiplication, and (iv) contains all C multiples
of the identity operator. In particular, the algebra A of observables of the system is a von
Neumann algebra [29,97].! Here we are interested in von Neumann subalgebras of 4. We
say that a subalgebra is generated by the set of hermitian matrices K; (withi =1,...,n) if it
can be obtained by their closure under (i)-(iv), which we denote by

CIK]1= {M eMp(C)|M = al+ Y bK;+ Y cKK;+...}, (13)
i ij

with coefficients a, b;,¢;;j ... in C. The notion of commutant will play a central role. The
commutant of a set of matrices is defined as

{Ki,...,K,} ={M € Mp(C)|MK; —K;M =0, i=1,...,n}. (14)

There are two useful results that we will use multiple times: the first relates the the double
commutant of a set of matrices to the algebra they generate, {K,...,K,}” = C[Ky,...,K,];
the second result relates the intersection of commutants to the union of the sets of generators:

C[K;)' nC[H;) =C[K;,H;] . (15)

Note that the commutant of a von Neumann algebra Ag C A is also a von Neumann algebra
(As)’ c A, and the double commutant coincides with the algebra itself, (As)” = As.

!While observables of the system are represented by hermitian matrices, linear combinations are assumed to
be over C and therefore the von Neumann algebra of observables contains also anti-hermitian matrices and, more
importantly, unitary transformations. We note also that here we have assumed that the Hilbert space of the system
is finite-dimensional, and therefore in the definition of a von Neumann algebra reduces to the one of a matrix
algebra [97], with no additional requirement about topological closure. For a discussion of the infinite-dimensional
case and the classification of von Neumann algebras of observables in quantum field theory, we refer to [35-37,98].

8


https://scipost.org
https://scipost.org/SciPostPhys.17.5.127

e SciPost Phys. 17, 127 (2024)

2.1 Hilbert space decomposition adapted to a subalgebra of observables

Given our physical system, we define a subsystem S operationally, in terms of a set of observ-
ables {0, 0,, ...} that we have access to or that we can probe with measuring devices available
to us. These observables generate a von Neumann algebra A5 on H,

As =C[04,0,,...], (16)

that is a subalgebra of the algebra of observables A of the system, Ag € .A. The two notions
of commutant and center allow us to decompose the Hilbert space H in sectors adapted to the
subalgebra of observables 4.2

We start with the notion of commutant. We denote by S the complement of the subsystem
S and define it in terms of the subalgebra of observables that commute with Ag, i.e., the
commutant of Ag in A,

As=(As) ={M e A|[M,N]=0, YN € Ag}. 17)

Next, we consider the center Z5 of the subalgebra. Note that in general there are observables
Ry,R,, ... that can be measured both from S and from S, i.e. the subalgebra Ag can have a
non-trivial center Zg,

Zs=AsNAs = C[Ry,R,...]. (18)

These structures allow us to decompose the Hilbert space H as a direct sum of tensor products.
The construction can be understood concretely in terms of an orthonormal basis of H adapted
to the subsystem S. We first consider the observables Ry, R,,... in the center Z5. By defini-
tion, the center Zg is an Abelian algebra and, therefore, we can diagonalize these observables
simultaneously. We denote by r the eigenvalues of the observables in the center Z5. Then,
we can select a maximal commuting set of observables in A5 with simultaneous eigenvalues
a, and a maximal commuting set of observables in Az with simultaneous eigenvalues . As a
result, we obtain an orthonormal basis of H,

Ira, B) = Ir, ), B), (19)

that is adapted to the subalgebra .Ag. This basis gives a concrete meaning to the direct sum
decomposition

H= @ (Hg) ® H(g)) (20)

where |r, a) is an orthonormal basis of H(r), and |r, ) an orthonormal basis of Hg). Note that
when the center is trivial, i.e., Z5 = {1}, this decomposition reduces to the familiar tensor
product structure H = H, ® Hy of a composite system.

We call d, and b, the dimensions of the sectors appearing in the direct-sum decomposition
associated with a subalgebra Ag,

d, = dim M, br:dimHg), D=dimH = 3 d.b,. (21)

These dimensions play a central role in the expression of the typical entropy of a subsystem.

2We refer to Ch. 11.8 in [29] for a pedagogical introduction, to [41-43] for applications to lattice systems,
to [99] for applications to information transport, and to [100,101] for applications to Hilbert space fragmentation.
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2.2 Pure states restricted to a subalgebra and entanglement entropy

Using the decomposition (20), observables of the subsystem S take the direct-sum form

OedscA = o=P Y e1?). (22)

It is useful to introduce a notion of Hilbert space Hg of the subsystem, defined as the direct
sum of the subsystem sectors:

Hs=PHL. (23)
r
The restriction of an operator O € Ag to the Hilbert space of the subsystem is given by

OcAsCA = 0s=PoY e L(Hs). 24)

We can write this map from O to Og concretely as
Tr(-Tg): L(H) — L(Hg), (25)
0O OS =TI'(0H5),

where Tr is the trace over H and Trg is the trace over Hg.> In the adapted basis |, a, B) € H
and |r, a) € Hg, the map Il takes the form

Mg=> > (> Inap)nd,pl)elra)ral. (26)
B

rooaa’

With these definitions, we can now write the restriction of a pure state |v) € H to the subsys-
tem S as a density matrix pg,

p=1P)pl = ps=Ti(pIs), (27)

so that the expectation value of an observable on the subsystem S is given by
0€AsCA = (Ploly)=Trs(0sps)- (28)

We note that the map p — ps is completely positive and trace preserving (CPTP) [16], as can
be seen by writing it in the operator sum form Tr(p IIg) = >, B Yrrﬁ pY, 5 with Kraus operators
Yop =D I a, B)(ral.

We are now ready to define the entanglement entropy S of the pure state |v) € H restricted
to a subalgebra of observables Ag C A= L(H): the entropy of the triple (|}), 4, As) equals
the von Neumann entropy S,n(ps) of the restricted state, i.e.,

S(ly), A, As) = —Trs(pslogps),  with  pg= ([slp). (29)

3Traces over the Hilbert spaces H, Hg and Hg) are defined as

Tr(-) = > (raBl-Ina,p),  Trs()=> > (ral-lna), TL()=D(ral-Ina).

raf

Similarly, one can define traces for 7—[,%) and for Hz =P, ”H%) in term of the basis |, 3).
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It is useful to express the entanglement entropy in the basis (19) adapted to a subalgebra Ag.
We introduce first the projector P = Doa 8 |r,a, B)(r, a, B| to the sector r of the Hilbert space
decomposition. Using this projector, we can define the probability p, that the pure state is
found to be in the sector r, together with the (normalized) projected state |)():

(WIPOlyp) =

P (30)

(r)
[t) ¢|P(r)|1,b ;ﬁ:w [r,a)|r, B) . (31)

Any pure state |3p) € H can then be expressed in the basis adapted to the subalgebra of ob-
servables Ag as

) = ZrZw“Hr a)lr, B). (32)
The definition (27) of reduced density matrix takes then the direct sum form

ps=Pr.pd, (33)
!

-C.,

with pg) simply defined as the partial trace over ”Hg), ie

P =Ty ) = Z(Z“IJ( qp(r)*) Ir, ') (r,al. (34)
p

aa’

Using the decomposition (33) and expanding Trs(pslogps) = X.. Trg)(pr pg) log(p, pg))),
we can write the entanglement entropy as the sum of two terms,

S(lp), A, As) = Zprtr(pfgr) logpy)) —> p,logp,, (35)

where the first term is the average over sectors of the entanglement entropy in each sector,
and the second piece is the Shannon entropy of the distribution over sectors.

We summarize some useful properties of the entanglement entropy of a subsystem defined
in terms of a subalgebra:

Minimum — The entanglement entropy is non-negative and vanishes if and only if the re-
striction of the state to the subalgebra is pure. For this to happen, the state has to belong to a
definite sector r and have a product form, i.e.,

S(l), A, As)=0 = 3Ir: W)= InEslnx)s, (36)

with |r,&)s =2, &4l @) and |, 13 Zﬁ xplr; B). As a special case, if we don’t restrict the
state to any subalgebra, then the entanglement entropy of a pure state vanishes,

S(ly), A, A)=0.

Maximum — We can determine the maximum entanglement entropy by varying the La-

grangian L = —> p, >, (A.logA,) — X prlogp, + po(1— 25 pr)+ 20, e (1= 25 Ar9),
with probabilities p, and A,;, and Lagrange multipliers yy and u,. At the stationary point, we
obtain the maximum entropy

Smax = log( >, min(d,, b,)). (37)
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The maximally-entangled state can be written as

min(d,,b,) 1

min(d,, b,) . .
1) = —— ————Ini)sIni)s.
Zr: Y.»min(d., b)) < /min(d,,b,) ss

Commutant symmetry — Note that the entanglement entropy of a subsystem is symmetric
under the exchange of the subsystem with its commutant, i.e.,

(38)

S(I), A, Az) =S(1y), A, As) .- (39)

This notion of commutant symmetry generalizes the familiar subsystem symmetry S, = Sg of
the entanglement entropy of pure states in a tensor product H, ® Hj.

2.3 Typical entanglement entropy: Average and variance

Consider the ensemble of random pure states |y)) € H. Given a function of the state, f(|v))),
we can define the average over the ensemble as

(f o = f du(y) f(ly)) = f dU f(Ulo)), (40)
H

where du(v)) is the uniform measure over the unit sphere in C? or, equivalently, dU is the Haar
measure over the unitary group U(D) that allows us to write a random state |¢)) = U|y,) in
terms of a reference state |v),) and a random unitary U. The function f can be a linear function
of [¢) (1|, such as the expectation value of a subsystem observable in Ag, or a non-linear
function as the entanglement entropy S(|), A, Ag) of the state restricted to a subalgebra of
observables. We note that the result of this average can be expressed purely in terms of the
dimensions (21) of the sectors of the Hilbert space decomposition (20). For instance, the
average density matrix of a pure state and of its restriction to a subsystem S is

d,b
p=)pl = (p)H=%ll, (ps)H=Trs((p)HHs)=EB% dlllg), (41)

which results in the von Neumann entropy of the average state

Son((ps)r) = —Trs({ps)n loglps)s) = 3, Lo 108(1%)- (42)

While in general, the average ( f > alone does not characterize the typical value of a function

H
f(|y)) for a random state, computing its moments ( fr )H allows us to characterize the prob-

ability distribution. We are interested in the probability P(S)dS that a random pure state |v))
has entropy S when restricted to the subalgebra .Ag. When the dispersion around the average
is small, AS < (S), we can simply use the average entropy (S) to characterize the entropy. In
this case, we say that the typical entanglement entropy of a random pure state is (S).

In [2], the exact formulas for the average entanglement entropy (S) and its variance (AS)?
for a pure random state restricted to a subalgebra of observables corresponding to the Hilbert
space decomposition (20) were found to be:

(8) = (S(I), A As))y, = D erers (43)

(AS)? = (S2)—(5)? = %H(Zgr(tpfwr) - (Zerwr)z), (44)

12
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with the quantities p,, ¢,, ¥, expressed in terms of the dimensions d,., b, D (21) given by

d, b,
- r-r 5
or =57 (45)
d,—1
W(D+1)— (b, +1)— , d <b,,
0, = 2b, (46)
b, «— d,, d.>b,,
d, —1)(d, +2b, —1
(d +b ) (b +1)—(D+1) (D +1)— L= Al ) 4 <b,
iy, = 4 b (47)
b, «— d,, d.>b,,

where I'(x) is the gamma function, ¥(x) = I'"(x)/T'(x) is the digamma function and ¥’(x)
its derivative. This formula in terms of the dimensions (21) generalizes a seminal result of
Page [1] that applies to the special case of an a priori factorization of the Hilbert space into
subsystems.

It is useful to determine bounds on the average entropy and its variance that do not rely on
any special choice of system and subsystem or on any asymptotic limit. We use the following
inequalities for the digamma function and its derivative:

log(x) + ﬁ < ¥(x+1) < log(x)+ % , (48)
T < V(x+1) < 1—55. (49)

We start with the average (S). For any choice of non-trivial subsystem and for all r we
have b, <D =), ,d.b,.. Using (48) we can then put a tight bound on ¢,

. (D DY_1__. rd b . (D D
logmm(b—r,d—r —imm(b—:,d—: < ¢ < logmm(b—r,a). (50)

It follows that the average entropy is bounded from above and from below by

Z%(logmin(b%,d%)—%min(g—;,s—:)) < (S) < Zerbr logmin(b%,d%). (51)
r r

. (d. b . .
We note that, as mm(b—r, d—r) < 1, we have also the exact inequality

[(5)- %, L= togmin(2,2) | < 1, 52)

which is useful for extracting the asymptotics of the average entropy in the limit of large
dimension D, up to terms of order one. We note also that, because of the min, the up-
per bound is tighter than the entropy of the average (42), consistently with the inequality
(Syn(ps)) < Sun({ps)). Clearly, the average entropy is also smaller than the maximum en-
tropy (37).*

We consider then the variance (AS)?. Here we use two (rather loose, but useful) inequal-
ities for the functions ¢, and y,,

0<yp,<logD, 0<y,<2. (53)

“In fact ), dr;" logmin( 2, 2) <log (>}, min(d,, b,)) because log is concave and (log-) < log(-).

T r
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It is immediate then to show that the variance of the entanglement entropy is bounded from
above by a decreasing function of the dimension D,

(logD)? +2
— 5

This bound shows that, independently of the details of the system and of the subsystem, the
variance of the entropy vanishes in the large dimension of the Hilbert space limit, i.e., AS — 0
as D — oo. Therefore, if the average (S) is finite and non-vanishing in this limit, then its
value represents the typical entanglement entropy of a random pure state restricted to the
subsystem.

(AS)? < (54)

3 Non-Abelian symmetry-resolved states and entropy

We consider a physical system with a symmetry group G that leaves the Hamiltonian of the
system invariant. Then the Hilbert space H of the system carries a (reducible) representation
U of the group that is unitary, and G-invariant observables O of the system—including the
Hamiltonian—satisfy

geEG = U(g)ou(g)! = 0. (55)

Symmetry-resolved states of the system are defined as pure states |¢) € H that remain pure
when restricted to the subalgebra of G-invariant observables. In this section, we discuss
the definition of symmetry-resolved states and the computation of their typical entropy for
symmetry-resolved subsystems. Compared to the Abelian case, we show that new features
arise for non-Abelian symmetry groups. For concreteness, we focus on semisimple Lie groups
such as G = SU(2), i.e., continuous groups that do not have any Abelian invariant sub-
group [3,102,103]. We then proceed to comment on the general case.

3.1 Symmetry-resolved decomposition of the Hilbert space

A compact Lie group G is defined by the Lie algebra of its generators T¢ with real structure
constants f°_,

[T¢, T°]1=if, T°. (56)
We say that the finite-dimensional Hilbert space H carries a unitary representation of the group
G if the generators T are realized as D x D Hermitian matrices that satisfy the commutation
relations (56), with D = dim . A group element with real parameters a, acts on the Hilbert
space as the unitary transformation U given by

U=el®%!™, (57)

This representation of the group is, in general, reducible. It is useful to introduce the Cartan-
Killing metric % = tr(t%t?) where 1% are the generators in the adjoint representation,
[19]P. = —i fb_. Here we restrict attention to the case of real compact semisimple Lie groups,
for which the metric n?? is positive definite.> We use this metric and its inverse 1, with
n*n., = 0%, to raise and lower indices.
The symmetry generators T“ generate a subalgebra Ay, of the algebra of observables
A = L(H) of the system,
Agm =C[T“]. (58)

SNote that in this case, by rescaling the generators, the metric n°® can be brought to the Euclidean form 5.
Here, we use the standard tensorial notation, where we keep track of upper and lower indices, and repeated indices
are contracted. As usual, the symbols () and ") stand for complete symmetrization or anti-symmetrization of the
tensor.
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The commutant of this subalgebra defines the algebra of G-invariant observables,

A = (Agm) = {M € A|[M,T*]=0}. (59)

Observables in .4; commute with the generators T¢ and therefore satisfy the G-invariance
condition (55).

The rank of a semisimple Lie group G is the dimension rank(G) of any one of the Cartan
subalgebras of its Lie algebra. The number of linearly independent Casimir operators Qy is
exactly given by rank(G) [104, 105]. The Casimir operators are obtained by listing all the
completely-symmetric G-invariant tensors Nay-a, of order p, and then contracting them with
the generators:

Qk = May-ayg T ... TS® k=1,...,rank(G). (60)

These operators generalize the familiar quadratic Casimir operator Q; = 1,, T°T? defined
in terms of the Cartan-Killing metric. They belong to the G-invariant subalgebra .4 as they
are invariants, and they belong to the algebra Ay, as they are expressed in terms of the
generators. Therefore, they belong to the center Z, ., of the algebra. In fact, for semisimple
Lie groups (that is, Lie groups that have no Abelian subgroup), a much stronger result holds
[104,105]: these R linearly independent Casimir operators generate the center,

Zsym = Asym NAg =C[Qx], (61)

and characterize completely the irreducible representations of the group.
Using the results of Sec. 2.1, and denoting collectively g the eigenvalues of the Casimir
operators, we obtain a symmetry-resolved decomposition of the Hilbert space:

sym

H=PHD o 1?), (62)
q

where Hgggm carries the irreducible representation (q) of the symmetry generarators, and ’H(Gq)
is the space of G-invariant degrees of freedom of the system defined as

@ @1y), (63)

sym

H(g) =Invg(H

where Inv; denotes the G-invariant subspace in the tensor product and (q) is the conjugate
representation [102,103].

The symmetry-resolved decomposition (62) is a decomposition of the Hilbert space H into
a direct sum of irreducible representations labeled by the quantum numbers g that label the
eigenvalues of the Casimir operators. Furthermore, each irreducible representation is a ten-
sor product of the sym factor Hggr)n that transforms under an irreducible representation of the

group, and the G-invariant Hilbert space H(Gq) of internal degrees of freedom defined by (63).

A generic state |¢) in H can be expanded on the orthonormal basis adapted to this decompo-

sition:
) =D y/Pg D, 2 g, m)ym I, ). (64)
q mo

where m in the basis |q, m),,, denotes collectively the eigenvalues of the Cartan generators of
the group G, and i in the basis |q, i) labels the internal G-invariant degrees of freedom of the
system.

We give three examples of the symmetry-resolved Hilbert space for semisimple Lie groups:

G = SU(2) — This is the simplest non-trivial case illustrated in Sec. 1. The generators are
the spin operators J = (J') with i = 1,2, 3, the structure constants are €/, the Cartan-Killing
metric 6;;. The rank of the group is one, and therefore, the decomposition is in terms of a
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single Casimir operator, the quadratic Casimir Q = &, J'J* = J2. As usual, the eigenvalues of
the Casimir operator are written as j(j+1) with j =0, %, 1,... half-integer, and the eigenvalues

of the Cartan subalgebra operator J Farem = —j,...,+ j. The Hilbert space decomposes as
H =D (”Hg,zn ® Hg)), with ngzn of dimension dim?—lg,zn = 2j 4+ 1 and orthonormal basis

|7, m)sym. In Sec. 5 we discuss a concrete example of symmetry-resolved spin system where the

G-invariant Hilbert space of internal degrees of freedom H(Gj) is the space of SU(2) intertwiners
of a spin system, which can also be interpreted geometrically as quantum polyhedra [106,107].

G = SU(3) — Starting from the 3 x 3 Gell-Mann matrices A* (with a =1,...,8) and using the
textbook normalization A?/2 of the generators in the fundamental representation [102,103],
we can express the Cartan-Killing metric as n? = %tr(kakb) = %5 b the structure constants as
fabe = _}1 tr(AL2APAc]) (which is completely antisymmetric when all indices are raised), and
the completely symmetric tensor d°¢ = %tr()t(a)\blc)). The rank of the group is 2, and there-
fore, there are two linearly independent Casimir operators Q; and Q,. The quadratic Casimir
operator Q; = %nab T2T? has eigenvalues %(q2 +p?+qp+3q+3p). The cubic Casimir operator
Q, = %dabC TTPT¢ has eigenvalues %(q —p)(qg + 2p + 3)(p + 2q + 3) sometimes called the
anomaly coefficient. The quantum numbers q,p = 0,1, 2,... label the irreducible representa-

: s : ; — (a.p) (a.p)
tions and the decomposition as a direct sum over the center is H = P , (’Hsym OH; ) The

dimension of the sym factor is dim H9P) = %(q +1D)(p+1)(g+p+2).

sym

G = SO(4) — The algebra of the group is the same as the algebra of SU(2); x SU(2) with
generators given by the spin operators J; and Jy [3]. The group has rank 2, and the two
linearly independent Casimir operators can be taken as Q, = J L2 and Qg =J, RZ. The half-integer
quantum numbers j; and jp label the irreducible representations, and the symmetry-resolved

decomposition of the Hilbert space is H = P, ;, (’HU L2Je) ®HgL’jR)). The dimension of the sym

sym
factor is dim’}-tgjyin’]R) =(2j;, + D(2jr +1).

In general, for the classical compact matrix groups A, = SU(n + 1), B, = SO(2n + 1) and
C,, = Sp(2n) of rank n, the list of the n linearly independent Casimir operators is given by
Qi = MNay..q, T™ -+~ T with the invariant tensor ng, o, = tr(7(@ ... 7%)) defined using where
7% in the fundamental representation [105]. If one took 7¢ in the adjoint representation in-
stead, one could not distinguish the representation (g, p) from its conjugate (p,q) in SU(3),
for instance. In the case D, = SO(2n), one can construct the invariant tensors from the spinor
representation or, equivalently, one can take the (n — 1) Casimir operators of even order, Qo
withk =1,...,n—1, together with the order-n Casimir invariant Q = €ty vy vy I T,
where J*” are the generators. The Casimir operator Q allows us to distinguish the two mirror
representations of SO(2n). In the case of SO(4), this construction reduces to the two quadratic
invariants Q = J,,J"” = 4(L7L2 +fRz) and Q = Euvpad TP = 8(sz —j}?). A similar construc-
tion applies to the exceptional Lie groups Gy, F4, Es, E, Eg, with the invariant tensors 1g, _q,
built from the generators in an irreducible representation that is non-degenerate.

Finally, let us comment on the Abelian case using the compact Lie group U(1) or many
copies of it:

G =U(1) x --+- x U(1) — We note that the symmetry-resolved decomposition (62) becomes
trivial. In fact, in this case the structure constants f *°, vanish because the generators T com-
mute, and therefore their algebra coincides with the center, Ay, = Zm, = C[T?]. As aresult,

we have a decomposition of the form H = €, ’Hgn) where the eigenvalues of the commuting
generators T (sometimes called charges or particle numbers) are collectively denoted as m.

The sym factor in the decomposition is trivial, dim Hg’ynn)l = 1, and can be reabsorbed into a

: (m)
phase in each sector H .
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3.2 Symmetry-resolved states and subsystems

The symmetry-resolved decomposition of the Hilbert space (62) allows us to write G-invariant
observables as
oA, = 0=P(Y e0). (65)
q

Given a pure state |1)) € H, we can write the restriction of the state to the G-invariant observ-
ables as p; = (Y |Il;|1p), where the map Il is defined concretely by (26). A symmetry-resolved
state is defined as a pure state that remains pure when restricted to the G-invariant subalgebra
of observables A;. As shown in Sec. 2, Eq. (36), this implies that it belongs to an irreducible
representation g and has the product form:

lv)  symmetry-resolved statein H <<= 3q: [Y)=1q,E)sm |0 ¥)c- (66)

In other words, symmetry-resolved states have no entanglement between internal G-invariant
degrees of freedom and sym degrees of freedom that change under transformations of the
group G.

A symmetry-resolved subsystem is defined by a set O;, O,, ... of G-invariant observables that
we have access to. The algebra A;g that they generate is

Acs=C[0;] CA;, with 0,€Ad;, 1=1,...,L. (67)

We are interested in the restriction of a state [1) to this subalgebra, pgs = (Y|lgsly). To
build the map Il;g, we follow the steps discussed in Sec. 2. First, we define the rest of the
system using the commutant algebra,

Ags =(Ags) = {M € A|[M,0,]1=0, VO, € Ags}. (68)

Note that Az also contains observables that are not G-invariant. The center of the subalgebra
is generated by a set of commuting G-invariant observables R; in the intersection of the two,

Zs=AggNAzs = CIR,]. (69)

By diagonalizing first the commuting observables R; and calling collectively their eigenvalues
r, we obtain the direct sum decomposition

H=PH oHT). (70)

This decomposition allows us to define the map II;5. As we are interested in the restriction
of a symmetry-resolved state to a symmetry-resolved subsystem, it is useful to have a decom-
position of the Hilbert space and an orthonormal basis that is adapted to both decompositions
(62) and (70). We show that this is possible in general with a concrete construction.

We introduce a decomposition adapted to symmetry-resolved states and symmetry-
resolved subsystems. Let us consider the algebra A ;s generated by the symmetry gen-
erators T¢ and by the G-invariant observables O; that generate the subsystem,

AsyrnGS =C[T%0]. (71)

The commutant of this algebra is®

Ass = (Agmes) = CIT4 01 = CITY NCLO] = (Agym) N (Ags) = AgNAgz. (72)

®In the first line we used the relation (15) that applies to any set of observables H; and K i
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Note that, because of the presence of the symmetry generators T in A5, the algebra A 5
contains only the G-invariant observables in Azz. We can now define the center

ZsymGS = ‘AsymGS N Acg = C[Qk,Ri] . (73)

Note that the center of the algebra Ay, is generated by the elements of the center R; of the
symmetry-resolved subsystem and by the Casimir operators Qy of the group G. The fact that
the two commutes, [R;,Q;] = 0, follows immediately from the fact that R; are G-invariant
observables, i.e., [R;, T*] = 0, and the Casimir operators (60) are functions of the symme-
try generator. By diagonalizing simultaneously the commuting set {Qy,R;} with eigenvalues
denoted collectively by g and r, we obtain the decomposition

H= @ (H(;)n ® @ (1 @ 1)), (74)

The decomposition comes with an orthonormal basis adapted simultaneously to symmetry-
resolved states and to the symmetry-resolved subsystems,

|q: T, a}ﬂ) = |q)m>sym |T', a)GS |q5 r:ﬂ)(;g' (75)

Note that the basis elements |r, &) ;5 of the symmetry-resolved system depend on the eigenval-
ues r of R; but not on the eigenvalues q of the Casimirs Q;.. This feature can also be understood

by considering the two decompositions Hg) = &, (H(r) ® ”H(q r)) and
r _ (@) (q,r)
’H3 = @q (’Hsym ® ’HGg ), that relate the formulas (62), (70) and (74).

3.3 Symmetry-resolved entanglement entropy

The entanglement entropy of a symmetry-resolved state |1 restricted to a symmetry-resolved
subsystem can be defined and computed using the tools introduced above. The symmetry-
resolved state can be first written in the basis adapted to the subsystem:

(Zémlq, sm)(ZmZx I, a)gs 197, 8)65) (76)

with p,, the probability of finding the state in the sector is r. The state belongs to a definite
sector g, it does not have entanglement between internal G-invariant degrees of freedom and
sym degrees of freedom, and, in general, can have entanglement between the G-invariant
degrees of freedom in the subsystem and its complement. The restriction to the subsystem can
be written as

pas = (Plgslp) = DprpGd,  with  (PgN)yy = ngrgx(t;* 77)
r

The entanglement entropy S(|1)), A, Ags) can then be computed using (29), (35). Bounds on
the entanglement entropy can be written in terms of the dimensions of the sectors:

d, =dimH7}, by =dimH?, D =dimHT = 3, d,b,,. (78)

In particular a symmetry-resolved state |4)(?) in the sector q has entanglement entropy
bounded from above by

0 < S(1p@), A, Ags) < log( D> min(d,,b,,)). (79)
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Note that here, the sector Hggr)n is simply an ancilla, and the entropy is independent of £,,,.
A random symmetry-resolved state with fixed q can be defined starting from a reference
state of the symmetry-resolved form |q, &)sm 9, ¥ ), and acting on it with a random unitary

of the form @Q(Us(}?r)n ® Uéq)), where US(;I]Q1 and Ué.q) are Haar-measure distributed on ’Hggl)n and

H(C?) respectively. The average entanglement entropy and its variance are then given by the
expressions (43) and (44), with the dimensions d, and bqr given above.

4 Locality, many-body systems and G-local entanglement

In a lattice many-body system, there is a built-in notion of locality associated with the N bodies,
or particles, at the sites of the lattice. We assume that the Hilbert space at each site n is a copy
of a finite-dimensional Hilbert space {4 ~ C¢ that carries a unitary (reducible) representation
of a compact Lie group G. Therefore, the kinematical Hilbert space #, of the system is the
tensor product of the Hilbert spaces at sites [18,108]:

HN:Hd®"'®Hd. (80)
| —
N
Calling T; the d-dimensional (reducible) representation of the generators of the group G at

each site n, we have that the generator of global transformation for the group G acting on Hy

is simply given by the sum
N

T¢=>"T¢. 81)

n=1
We can then use the results of Sec. 3, and in particular (62)-(63), to decompose the Hilbert
space in symmetry-resolved sectors

Hy =B HY = By (HL2 o 1Y), (82)

where the quantum number q labels the irreducible representations of the group G, i.e., the
eigenvalues of the Casimir operators for a semisimple Lie group. The representation space
’Hggl)n is the one already described in Sec. 3.1 and the invariant space is

HD =Invg(HD @ H @ 0 Hy), (83)
~————
N

where g is the conjugate representation. In this section, we discuss how the new ingredient
of locality associated with the many-body system allows us to define the distinct notions of
K-local and G-local observables illustrated in the introduction in Fig. (1),(2),(3).

4.1 K-local decomposition of the Hilbert space

Let us consider a subset n € A of the nodes of the many-body lattice, for instance, the ones
defining a local region A of the lattice and excluding its complement B [108]. This subsystem
corresponds to the standard tensor-product decomposition

Hy =Ha®Hp, with  Ho=QHs, Hpz=QHq. (84)
neA

neB

This decomposition is associated with a K-local subalgebra of observables. Let us define first
the kinematical algebra of observables Ay = L(Hy ). The K-local subalgebra in A is

AKA: {OGAK | O:OA®]]-B with OAEE(HA)} (85)
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Clearly we have that the K-local subalgebra in B coincides with the commutant of A, i.e.,
Awg = (Ag4)’, and that the center is trivial Ay, N Agp = 1.

We note that the operator (81) that generates global unitary transformations for the group
G takes the form

T =T,;®1, +1,®Tg, (86)

which is additive over the subsystems A and B. The operator T, given by

TE®l, = > T8 € A, (87)
neA
and generates unitary transformations for the group G in A.”

4.2 G-local decomposition and symmetry-resolution

G-invariant observables O of the many-body system belong to the algebra A defined in (59).
G-local observables in the subsystem A are observables that are both G-invariant and belong
to the subsystem A. They are, therefore, elements of the intersection of the two algebras,

AGA = AKA N AG . (88)
We can similarly define G-local observables in B,
-AGB = Agg N AG . (89)

Note that in general, for a non-Abelian group, the two subalgebras are not the commutant of
each other, Agp # (Aga)’. In fact, using Ag = (Agym)’ and the intersection formula (15), we
find

(AGA)/ = ('AKA N AG)/ = ((AKB)/ N (Asym)/)/ = (C[]lA ® OB’ TX ® ]lB] . (90)

We can now determine the center of the subalgebra,
Zea=AcaN (Aga) =C[Q,..., Q] (o1
which is generated by the Casimir operators in the subsystem A,
ng) = Na;ayg TAa1 ---TAap(k) , k=1,...,rank(G), (92)

with the symmetric tensors Nay -y defined in (60). Denoting collectively q4 the eigenval-
ues of the subsystem Casimir operators in A, and using the results of Sec. 3.2, we obtain a

decomposition of the Hilbert space sector ’HE\?) in G-local subsystems:

M = Higm ® D (M) @ ™), 93)
qda
where the factors are defined as
HW =vgH D o),  HEW =Inve(HE, e HE @ Hy). 94)

This decomposition provides us with an orthonormal basis of H](\?) adapted to the subalgebra

Aga. It is then immediate to compute the entanglement entropy Sg4 of a state |¢) restricted
to the G-local subalgebra in A,
SGA:S(|¢>’ A:AGA)' (95)

"Note that we are using the same notation for the generator acting on the Hilbert space of a sin-
gle site T! € L(H,) and for the generator acting on a single site of the many-body Hilbert space,
Ti=1;® - ®Ti®@ @1, € L(H;® - ®H,).
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It is interesting to compare the properties of the G-local entanglement entropy S, to the ones
of the familiar K-local entanglement entropy Sk,

Sxa=S(|Y), A, Aga) . (96)

In general, the two entropies do not coincide because the G-local subalgebra can be understood
as a coarse-graining of the K-local one [29], i.e., Ag4 C Aga. They both probe local properties
of the many-body system and can be understood as functions of the number of bodies N,
in the subsystem A. However, there is a crucial difference between the two. Commutant

symmetry (39) implies that Sx4(|Y))) = Skg(|y)), but in general S;4(|y)) # Sgp(|Yy)) because
Agp # (Aga)’-

Bringing together the results of Sec. 2, Sec. 3, and the decomposition (93), we obtain the
exact formulas for the typical G-local symmetry-resolved entanglement entropy that apply to
a compact Lie group G. For a random symmetry-resolved state |1)(@) with total charge g, the
total symmetry-resolved entanglement entropy has average value

d, b d, —1
(Scadq = Z %(\p(pﬂ)—\p(bq%ﬂ)— Z‘ZAb ) (97)
qal dg, <bgq, 944
d, b by, —1
da ~49a q4qa
U(D+1)—¥(d, +1)—
DI~ ((+) (dg, + 1) = =~ ) (98)
ququ>bqqA qa

where the dimensions of the sectors are defined as

) . , . (
dy, =HE, by, =dimHEGW, D=dimH = 3 dy b, 99)

Note that the formula takes into account the fact that, in the sum over subsystem charges g,,
the dimensions of the subsystem sectors can satisfy either d;, < bgy, or dg, > by, .

Following the definitions in table 10, we can also decompose the total symmetry-resolved
entanglement entropy into different components. The average symmetry-resolved entangle-
ment entropy at fixed subsystem charge, (S(qu))q, i.e., the entanglement entropy of a random
symmetry-resolved state |¢)(?)) projected to the sector with subsystem charge da, is given by

the standard Page formula [1,2]
—1

W(d, b, +1)—(b , ,
T 2bgq, (100)

+1)—

aq
(S(G%))q = ’

b

«— d

494 qa°

The average over the subsystem sectors g,, weighted with the probability,

d, b
0= —5, (101)
of the state |1)(?) being found in each sector, is given by the configurational entropy
S(Conf) ZQqA S(qA) (102)

The average Shannon entropy of the probability distribution (101) defines the number entropy

(soumy = Z 04, (W(D+1)—W(dy,byg, +1)). (103)

Finally, the total symmetry-resolved entanglement entropy can be written as the sum

(Saa)q = (SEmD) + (L) (104)

q-*
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4.3 U(1) symmetry-resolved entanglement

In the case of an Abelian symmetry group there are significant simplifications that we illustrate
here with the example of G = U(1) and charge conservation [4-12].

We consider a lattice many-body system with nodes carrying a copy of the two-dimensional
Hilbert space H, = C2 of a spin-1/2 particle, and transforming under a reducible representa-
tion of the group U(1), i.e.,

Hy=Ho® - ®Hy, with Hy= @ H™ =span(|1/2,£1/2)).  (105)
—_—

/—
N m/'=+1/2

The generator of the U(1) symmetry at each site is the spin operator S7 = 0*/2, and the
generator of global U(1) transformations is

N
JE="s, (106)
n=1

which generates global rotations that preserve the direction of the axis z. The Hilbert space
of the system decomposes as a direct sum over irreducible representations of the group U(1)
labeled by the quantum number m, the eigenvalue of J* or the total charge,

+N/2 +N/2
Hy = B (Hmoen”)= D H. (107)
m=—N/2 m=—N/2

We note that, as the group is Abelian, the sym factor Hg;nrzl is trivial, it has dimension

0

dimH™ = 1 and the pure phase ™Y associated to each irreducible representation m can

sym
be reabsorbed in the U(1)-invariant part of the state in Hg"). Moreover, as for U(1) the con-
jugate representation is simply m = —m, the invariant Hilbert space is given by

To define a G-local subsystem with N, bodies, we define the generator of U(1) transformations

inA,
Ji=>"s, (109)
neA
with eigenvalues my. The decomposition in G-local subsystems is then given by
W -@Uens™) = B (Eensy),  aw
my my,mp
my+mp=m

where we used the relation Hgymrfl) ® Hg;:ﬁ) = Hg;n£+m3) that holds only in the Abelian case,

together with the definitions

How = Invg (MG @ Hy), (111)
(mmu) (=m) (ma) _ (—m+my,) _ qy(m—my)
HGB = IHVG(Hsym ® ,Hsym ® HB) = IHVG(%Sym ® HB) = HGB . (1 12)

Note that, in the Abelian case, for a symmetry-resolved state |)(™) ”H(Gm), the G-local and
the K-local entropy coincide,

G=U®1) = Seallp™))=Sgallp™)), (113)
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and the commutant symmetry (39) implies the subsystem symmetry

G=U1) = Sgp(|p™))=Ssa(lp™)). (114)

Applying the general formulas (97)—(104) to the Abelian Lie group G = U(1), we see that
the total symmetry-resolved entanglement entropy in the sector of charge m has the average
value

A, bim dn,—1
(Soah =, — *‘(xp(D+1)—\I’(bmmA+1)— o ) (115)
mAldmASbmmA D 2 mimg
dm bmm b m,— 1
+ #(\I}D+1 —v(dy, +1 —#), 116
> o e+ 1) - ) - (116)
mAld >brnmA
where the dimensions of the sectors are given by
N
D,, = di H(m):( ) 117
miig %+m (117)
N,
. (my) A
d, =dimH.* ( ), (118)
N—N,
T (m,m) A
bim, =dimH " NNy mA). (119)

Note that the formula takes into account the fact that, in the sum over subsystem charges q,,
the dimensions of the subsystem sectors can satisfy either d,,, < by, OF diy, > by, -

Following the definitions in table 10, we can also decompose the total symmetry-resolved
entanglement entropy into different components. The average symmetry-resolved entangle-
ment entropy at fixed subsystem charge, (S(G";A))m, i.e., the entanglement entropy of a random
symmetry-resolved state |4)(™) projected to the sector with subsystem charge m,, is given by
the standard Page formula [1,2]

dp,
+1)— 4 d, <b

b > my — “mmg >

mmg (120)

W(dm, bym, +1)—¥(b

mmy

(Sex"hm =
b

«— d

mimgy my > dmA > bmmA'

The average over the subsystem sectors m,, weighted with the probability,

dpn, b
Om, = — (121)
of the state |1)(™) being found in each sector, is given by the configurational entropy
(skeondy Z Om, (ST, . (122)

The average Shannon entropy of the probability distribution (101) defines the number entropy

(ST™ ) = > 0, (¥(D +1) = ¥(dyy, by, + 1)), (123)

my

Finally, the total symmetry-resolved entanglement entropy can be written as the sum

(Soa)m = (S0, 4 (sLumy (124)
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To compare to the literature on the thermodynamic limit [4-8] and on equipartition of
entanglement [15], we introduce intensive quantities and study the behavior of subsystem
entropy in the limit N — oo at fixed intensive properties. Specifically, we define the subsystem
fraction f, the system U(1) charge density s, and the subsystem charge density t as follows:

N 2m 2m
f==2, s==, ==, (125)
N N N,

and we restrict here to f < 1/2. At the leading order in N, the symmetry-resolved entangle-
ment entropy at fixed system and subsystem charge reduces to

(STy,, =logd,,, +0(1) = fNﬁ(t)—%logN+O(1), (126)

where we used the property (48) that allows us to write the digamma function ¥(x) as a
logarithm at the leading order, and we have defined the function (t) as:

ﬂ(t)Z—l_tlog(lgt)—1+tlog(1+t). 127)

2 2 2

This result corresponds exactly to the one found in [6].> We then compute the configurational
entropy, number entropy, and total symmetry-resolved entropy in the thermodynamic limit. In
this limit, the probability p,,, (121) is approximated by a discrete Gaussian probability with
mean m, = N f 5 and variance af‘ =N @. In terms of intensive quantities, this translates
into a continuous probability density function p(t) with mean ¢ = s and variance af = %
We evaluate the configurational entropy at leading order in N using saddle-point techniques.
This is equivalent to computing the symmetry-resolved entanglement entropy at fixed system
and subsystem charge (126) at the mean t =t =s:

(S5 = FNB(s)— 5 logN +0(1). (129)

The computation of the number entropy is straightforward. The Shannon entropy of a discrete
Gaussian probability is simply given by %log(Znai) + % where o, is the variance. Hence, the
number entropy is:

2 2

We note that when we sum the configurational entropy and the number entropy to obtain the
total symmetry-resolved entanglement entropy, the logarithmic contributions cancel, resulting
in the formula

(S(Grglm)>m — %log(NM) + 1 +0(1) = %logN +0(1). (129)

(Sgadm = fNB(s)+0(1), (130)

with no logarithmic corrections.
Finally, we comment on the equipartition (or lack of equipartition) of entanglement en-
tropy in the thermodynamic limit, as discussed in [15] and [6]. By equipartition of entangle-
ment, one means that the entropy (S(Gn:‘))m is independent of m, in some limit. As we found

that (SérZA))m ~ fNB(t) with t = 2m,/N,, we conclude that there is no equipartition of entan-
glement entropy, as the leading order in N depends explicitly on the subsystem charge m,, as
already found in [6]. Furthermore, following the argument in [6], we emphasize the impor-
tance of the order of limits. If m, is fixed before taking the limit N — oo, using the expansion
p(t) =log2— %tz + 0(t*), we obtain instead (S(GrZA))m ~ fNlog2. This result matches that
of [15], where the leading order is independent of m, and the equipartition of entanglement
entropy is restored.

8A note about conventions. In [6], the U(1) charges are defined as positive quantities. To compare the formulas,
one can use the relations M =m+ N/2 and Q = my + N, /2.
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5 SU(2) symmetry-resolved entanglement in a spin system

We consider a system consisting of N spin-% particles. Each particle has Hilbert space
H1/2) ~ €2, and the Hilbert space of the system comes with a built-in tensor product structure,

’HN — ’H(l/z) ®...®’H(1/2) . (131)

N

The spin operators S, = (Sx,Sy,S.) generate SU(2) rotations of each particle, satisfy the
algebra o -
[SL,8)1=i6,w€eY Sk, nn'=1,...N, (132)

and can be represented in terms of Pauli matrices & as S, =1, ®...® 5 ®...®1, We also
introduce the total spin operator J,

N
7=>3,, (133)
n=1

which generates SU(2) rotations of the full system, i.e., [J', S,{] =iel, S,’;. As usual, we write
the eigenvalues of J2 as j(j + 1). There is a minimum and a maximum spin of the system,
which depends on the number N of particles:

N even = j,in=0, Jmax = j integer, (134)

N
2
N odd = j,,= %, %, j half-integer. (135)

]max

Following the logic discussed in Sec. 3, we can decompose the Hilbert space H, of the system
into a direct sum of SU(2) symmetry-resolved sectors. This decomposition allows us to define
symmetry-resolved states. Moreover, using the techniques of Sec. 4, we can introduce a notion
of G-local subsystem for the non-Abelian group G = SU(2).

5.1 Symmetry-resolved decomposition of the Hilbert space

We start with the algebra of observables of the system, which we call the kinematical algebra
Ag to distinguish it from the group-invariant algebra A; discussed later. The kinematical
algebra of observables of the system is generated by the spin operators S/,

Ax =L(Hy)=C[S!], with n=1,...,N, (136)

where L(Hy) =~ Myn(C) is the set of linear operators on Hy, and (C[Sfl] denotes the alge-
bra generated by S as defined in (13). The subalgebra generated by the SU(2) symmetry
generators J' is

Agym =C[J']. (137)

We can introduce then the commutant (Ayy,)’, which defines the algebra Ag of group-
invariant observables,

Ag = (Agym) ={M € A | [M,J']1=0} = C[S,-5,]. (138)

This is the algebra of observables that commute with the symmetry generators J' or, equiva-
lently, that are invariant under rotations:

OcA, < UOU'=0, with U=e®, (139)
The center of the subalgebra is generated by the Casimir operator J 2,

Zom=AgmNAg = C[J?]. (140)
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The symmetry-resolved decomposition of the Hilbert space is then given by a direct sum over
the eigenvalues of the elements in the center,

Jmax i )
Hy = D HD, enY), (141)

j :j min

that is a sum over the irreducible representations j, with each j-sector consisting of a tensor
product of the Hilbert spaces for rotational symmetry degrees of freedom and for internal (ro-
tationally invariant) degrees of freedom. The rotational-symmetry degrees of freedom span a
Hilbert space of dimension dim Hg{,zn = 2j + 1, with an orthonormal basis given by the spin-j
states

j,m) € HY)

sym (142)
where m = —j,...,+j are the eigenvalues of J*. The internal degrees of freedom can be
understood as the SU(2)-invariant tensors in the tensor product of N spin-% representations

and one spin-j representation, which form the intertwiner space

HY =Inv (HD @ H YD .- @ HI/?). (143)

-~

N

Note that we have used Eq. (83) with the conjugate representation j = j for the group SU(2).
An orthonormal basis of this space is given by the recoupling basis [23],

k 1 ko

kg ky_g) = m 777777777 e HY. (144)

N spin 1/2

The quantum numbers ky, ..., ky_, label the eigenvalues k,(k, + 1) of the recoupling opera-
tors f(rz These operators form a maximal set of commuting observables defined in terms of
the operators

.
R.=>8,, r=1..N-2 (145)
n=1

which are the generator of SU(2) rotations of the first r spins.

The dimension of the Hilbert space H(Gj) of the internal degrees of freedom can be com-
puted using the general formula for the dimension of SU(2) intertwiner space between the
representations ji,...,j;, (see App. A for a detailed derivation):

i 2j+1 N
py=dimud =2 (), (146)
jts+1\7+]

where (Z) = ﬁlk), is the binomial coefficient. The sum of the dimensions of symmetry-

resolved sectors matches the dimension 2V of the Hilbert space of N spin-% particles, i.e.,
. _ . _ N
dimHy = 23;(2j +1)D; =2".
Symmetry-resolved states are states of N spin-% particles that transform in a spin-j repre-
sentation of the total spin and have no entanglement between its rotational and its internal
degrees of freedom, i.e., states of the form:

V) =1j,&)sym 1> X)6 € Hn > (147)
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with
> E)oym = D, Emlism) € HY),, (148)
m
|j: X>G = Z Ckl ..... kn_2 |]: kl"-'3kN—2> EH(Gj)’ (149)
Kpyeeky—s
ie.,
W)= D &y 11om) i kr k). (150)

5.2 Symmetry-resolved subsystems: K-local vs G-local observables

A system of N-particles often comes with a built-in notion of locality. For instance, the particles
might be distributed at the nodes of a lattice, therefore inducing a notion of first-neighbors and
regions. Local observables of the system can then be expressed in terms of the spin operators
S, of a subset of spins belonging to the region. The kinematical algebra of observables Ay is
generated by the complete set of spin operators (136), while the subalgebra of observables in
a region A is generated by the N4 spin operators in the region,

Aga=C[St],  with a=1,...,N,. (151)

We call Ag, the K-local subalgebra of observables for the region A. Note that this subalgebra
induces the standard decomposition of the Hilbert space as a tensor product Hy = H, ® Hp
over the region A and its complement B. In fact one finds that the commutant of Ay, is
generated by the observables in the complementary region B, with Ny + Ny = N and

Axp =(Aga) =C[SL],  with  b=Ny;+1,...,Ny+Nj. (152)

Moreover, note that the center of the subalgebra is trivial, Agx,N.Agg = 1, which results in the
familiar tensor product structure with no direct sum.

Observables that are invariant under the group G = SU(2) form the algebra A, (138). To
identify a local subalgebra of G-invariant observables we take the intersection with Ag,,

AGAEAGOAKA = (C[ga'ga’]a with a,a/:].,...,NA. (153)

We call A, the G-local subalgebra of observables for the region A. Note that this subalgebra
is generated by the scalar products §a .S, of spins in A. The commutant of Ag, in Ay is

Agz = (Aga) = (A N Aka)’ = ((Agym) N (Aks)' )’ (154)
=(c'Ync[siY) =clJ, st ]=clJ, L, st ], (155)

where we have used the intersection formula (15). Note that Az is not a subalgebra of Agp
as it contains also the total symmetry generator J'. Note also that Az is not the same as Agp.
As we have highlighted in the last equality above, it is useful also to introduce the operator L'
that measures the total spin of the particles in A,

Ny
L=>3,, (156)
a=1

and generates rotations of the spins in A. Note that [L.2,J'] = 0 because J' generates global
rotations and L2 is rotationally invariant. Therefore, the center of the subalgebra is non-trivial

Zea=Aga N Agz = C[L?], (157)
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and is generated by the Casimir operator L2 of A. We denote its eigenvalues £({ + 1) with

Ny even — {,,=0, oo = %, { integer, (158)
Ny odd = fpn=12, floex=-2, { halfinteger. (159)

Using the results of Sec. 3 on subsystems from subalgebras, we find the decomposition

-
Hy = SD (H(ij‘ ® H(GLD (160)

This decomposition is useful for computing the reduction of a generic pure state of the system
to the G—local subalgebra. We are interested in the reduction of a special class of states—
symmetry-resolved states—and it is useful to introduce a decomposition adapted to them.

We prepare a symmetry-resolved state ) = |}, &) sym|j, ¥ ) and we are interested in mea-
surements of G-local observables in A. In order to build a basis adapted to both the decompo-
sition associated with Ay, = C[J 1] and Agy = C[S, - S,/], we consider the algebra generated
by the union of the generating sets,

Agmea=CLJ', S, - Sar]. (161)

Note that, using (15), this algebra can also be written in terms of the intersection of commu-
tants,

Agymoa = ((Asym) N (Aga)')' - (162)

To build the decomposition, we need its commutant and center. The commutant of A4 in
AK is

(AsyrnGA)/ = (.Asym)/ n (-AGA)/ = 'AG n .Aa = (C[gn . §n/:| n (C[Ji, Ll,Sé] = C[jz, fz,gb . '§b/] . (163)

The center of Agymgya is then non-trivial,

ZsymGA = AsymGA n (AsymGA)/ = C[jz, ZZ] . (164)

Note that the observables J 2 and L? commute,’ which is always the case for the center as it
is an Abelian algebra by definition. Simultaneously diagonalizing the observables J2 and L2,
we find the decomposition of the Hilbert space as a sum over j and /¢

]max lmax
j j 0
=B D (H enu{lendy), (165)
J=Jmin =L min
which can be reorganized as
jmax A . . emﬁx 0
Hy= D HY, wih #HY=nuD o B (HenI)). (166)
J=Jmin 0=l nin

which provides a derivation of the expression (8) in the introduction. The Hilbert spaces
appearing in (166) are defined by

HO) =Inv (HO e P e - @ H1/2), (167)
Ny
HID =, (HD e 1O @ P © - @ H/?) ). (168)
Np

9The fact that the commutator [J2,12] = 0 vanishes can be quickly shown by noticing that [J,L2] = 0 as J'
generates rotations of the full system and L ? is a scalar.
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Their dimensions can be computed using the general formula for the dimension of SU(2)
intertwiner space (see App. A for a detailed derivation):

20+1 (N
d; = dim#H$) = N£—+(N N ) (169)
S HL+1\F +{
N—N,
N-N 2 N-N
b e_dlme““_(N_N ’ )—N_NZ (N_N ’ ) (170)
—t+j—L A+ jHl+ 1IN+ ]+

If we compare the decomposition (141) with (166), we obtain the decomposition of the Hilbert
space of G-invariant degrees of freedom at fixed total angular momentum,

) a7
e emm

with the adapted orthonormal basis [23]

kn,—2
wamans= AT

Ny spin 1/2 Np spin 1/2

(172)
which coincides with (144), |j, k,) with k, equal to k, for r = 1,...,N, — 2, equal to £ for
r = Ny—1, and equal to hy, for r = N,,...,Ny+ Nz — 2. From this decomposition, we also
derive the relation between the dimensions dy, bj, and Dj,

D; = >, dgbj. (173)

We can now compute the density matrix pg, of a symmetry-resolved state |v)) reduced to Ag,.
Following the general construction described in Sec. 3, the generic symmetry-resolved state in
this basis is:

=13, ) ZFZ 2y, 10k ). (174)

ko .y

The density matrix of the symmetry-resolved state reduced to A, is

Pca= @Pe Pe> (175)
¢

where
pe=. Z K T 1K) (K (176)
kK.
This is the expression used in the next section to compute the G-local entanglement entropy
Sca-
We conclude this section with a few observations. By direct comparison of the decompo-
sition (160) and (165), we see that the decomposition of the complement of the GA-Hilbert
space is not the GB-Hilbert space as

HY = (1Y @ 1T, (177)

sym

Moreover, differently from what happens in the Abelian case discussed in Sec. 4.3, we note

that here states in H(GJ’Z) are eigenstates of the total angular momentum J 2 and of the angular
momentum of A, i.e., L2, but they are not in an eigenstate of the angular momentum of B, i.e.,
JZ = (2, Sp)?, unless J? = 0 in which case J2 = L2.
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5.3 G-local entanglement entropy of symmetry-resolved states

Given a symmetry-resolved state, i.e., a state of the form (174), we can compute its density ma-
trix reduced to the G-local subalgebra of observables A4 using the techniques of the previous
section. The G-local entanglement entropy is then given by the general formula (29),

Sea = S(1¥), Ags Aca) = —tr(pgalog pea) (178)

= = petr(pelogpy) — > pelogpy, (179)
14 14

where p, is the reduced density matrix in the sector £ and p, the probability of the sector, as
defined in (175). We give a few examples to illustrate how S, is computed and its differences
from Sg,:

N =2, j =0 — This is the singled state |s) of two spin-1/2 particles,

_ 1T =1
/2

As K-local subsystem with Ny, = 1, we can take the first particle with the algebra of observables
Aga = C[S;]. As usual [16], the associated entanglement entropy is Sg(Js)) = log2. On the
other hand, if we consider the algebra of G-local observables of the first particle we find that it
is trivial as there is no rotational invariant observable besides §12 = %(% + 1)1, i.e., Agy = {1}
and Sgu(Js)) =0.

N =2, j =1 — This is the Hilbert space of the triplet state |t,,),

Is) . (180)

T1), m=+1,
) = 4 LD - m =, (181)
i), m=-—1.
The K-local subsystem with N, = 1 has entanglement entropy Sga(|t+)) = 0 and

Ska(|to)) =1og2. On the other hand, the G-local entanglement entropy S;4(|t,,,)) = O vanishes
again as the subalgebra A;, = {1} is trivial.

N = 4, j = 0 — The recoupling of N = 4 spin-1/2 particles into a scalar (j = 0) defines a
two-dimensional Hilbert space spanned by the two orthogonal states

o) = Is)als)s (182)
Y1) = Z (_%_m |timalt_m)s, (183)
m=0,%1

where we have denoted A = (1, 2) and B = (3, 4) the coupling of the four particles. The K-local
and the G-local entanglement entropies of the subsystem A are

Skalpo)) =0, Sca(lyo)) =0,
Ska(l1)) =1log3, Seally1))=0.

Note that the K-local entropy measures the entanglement in the magnetic degrees of freedom
m, which results in the log3 above. On the other hand, the G-local entanglement entropy
for each of the two states vanishes as they are eigenstates of (S; + S,)?, which is the only
non-trivial observable in Ag, = C[S; - S,]. In fact, using the basis (172), we see that |¢);) is
factorized. To show a non-trivial G-local entropy, we consider the superposition

) =v1=plo) + vPe? 1), (185)

(184)
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for which we can easily compute the reduced density matrices

pra==p)Is)sl+p D Ftatnl, (186)
m=0,£1
Pea=(1—p)|0){0] + p|1)(1], (187)

where the states |0) and |1) are the eigenstates with £ = 0,1 of the G-local observable
L2 = (8; + 5,)%. It follows that the entanglement entropies for the K-local and the G-local
subalgebras are

Ska(ly)) =—(1—p)log(1—p)—plog(p/3), (188)
Sea(ly)) =—(1—p)log(1—p)—plogp. (189)

In this simple case, the G-local entanglement entropy is purely due to the Shannon entropy
of the sector, i.e., the last term in (179), because the subalgebra coincides with the center,
AGA = AGB = Z.

N =4,j =1, m =41 — The recoupling of N = 4 spin-1/2 particles into a vector (j = 1)
defines the Hilbert space 7-[21) = ’Hg;gn ® H(Gl) of dimension 3 x 3. We consider a (m = +1)
symmetry-resolved state

W) =+/1—pln) + v/De?ny), (190)

given by the superposition of the two orthogonal basis states with m = +1

In1) =Is)alti)s, [n2) = % (|t+)A|t0>B — |t0)A|t+)B), (191)

where [s) and |t,,) are the singlet state and the triplet state (with the magnetic number
m = 0,=%1) obtained by coupling two spin-1/2 particles. The K-local density matrix for the
two spins in A, defined as usual as pgs = Trg|y) (Y], is

pra=(1—pls) (s + B (It ) el + 1to) (tol) — v EEE2 (e Is) (to] + "9 eo)(s1).  (192)

The non-vanishing eigenvalues of py, are {%, 1—%}. Therefore, K-local entanglement entropy
is

Ska(ly)) =—5log5 —(1—5)log(1—-3). (193)
On the other hand, if we have only access to the rotational invariant observable of the particles

in subsystem A = (1, 2), that is only the observable 3, - S,, then the accessible entropy is given
by the probability of outcomes {p, 1 — p},

Sea(lY)) = —plogp —(1—p)log(1—p). (194)

We note that, for % < p £ 1, we have that the G-local entropy is smaller than the K-local en-
tropy, Sga(|Y)) < Sga(lY))), while for 0 < p < % the G-local entropy is larger
Seally)) = Sgal(lyp)). We note also another difference compared to the Abelian case (1) where
the reduced density matrix is shown to be black diagonal. From (192), we see that the density
matrix pg,4 is not block diagonal as it has non-vanishing matrix elements |s)(t,| that connect
blocks with different £. This is a generic feature of SU(2)-symmetry-resolved states.

N =6,j =1, m = +1 — As a last example, we illustrate the case considered in the intro-
duction in Fig. 3. The Hilbert space Hél) = Hg;r)n ® 7—[8) has dimension 3 x 9. We consider
the subsystem of the first Ny = 3 particles. The G-local entanglement entropy is associated to
the restriction of the state to the subalgebra Ag, = C[S; - S5, S; - S3, S, - S3] which now is a
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non-commutative algebra and therefore allows intertwiner entanglement, i.e., the first term
in (179). The associated Hilbert space decomposition is

HP = @(ng #3:9). (195)
(=

NI'—‘
le

We consider the symmetry-resolved state with m = +1 described in Fig. 3(b),

) = L (a) + ), (196)

given by the superposition of the two orthonormal |v;) and |¢),) introduced in (11). As shown
in Fig. 3(b) for p = 1/2, the G-local entropy of this state is Sg4(|vy)) = log 2 while the K-local
entropy is Sga([Y)) = —% log% —% log g. This example allows us to comment on the symmetry
under the exchange of A with B. Clearly Sga(|Y)) = Skg(|Y)). On the other hand, we note
that the restriction to the subalgebra Agp = C[S4-Ss, S4- S, Ss - S¢ ] is associated with Hilbert
space decomposition

M= @ (o) asm

NI»—A
le

and Sgp(|1)) = 0 because |1)) is an eigenstate of (S5 +S¢)? = 0 and (S4+5S5 +56)> = 5(3 +1).
This example shows concretely that, in the non-Abelian case, the commutant symmetry (39) al-
lows an asymmetry under subsystem exchange in the G-local entanglement entropy,

Sea(1¥)) # Scallyh)).

5.4 Typical G-local entanglement entropy: Exact formulas

We combine the results of Sec. 2.3 on the typical entanglement entropy of a subsystem defined
in terms of a subalgebra of observables, together with the results of Sec. 3.3 on symmetry-
resolved entanglement entropy, to derive the exact formulas for the typical G-local entangle-
ment entropy for the group G = SU(2).

The average entanglement entropy for a random symmetry-resolved state in
’H(J ) = 7—[0 ) ’H(Gj), restricted to a G-local subsystem of N, spin-1/2 particles is given by
the formula (43), specialized to the SU(2) case:

emax

(Sga)j = Z [TA'TR (198)
{=Linin

where o, and ¢, are given in terms of the dimensions d, bj;, D; defined in (146), (169),
(170). The first quantity is

dybj
_ , 199
Q¢ D, (199)
and the second is
. —1 by—1
¢r = U(D;+1)—¥(max(d,, bje)+1)—mm(‘§g—ﬂ1, =) (200)
The variance (ASga)? = (SZ,); — (Sga)? can be written as
1 emax max
(ASga)* = —( Z oc (pi+1e) ( Z Q¢ w) ) (201)
b+1 =L imin =L min
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Figure 4: (a) Page curve for the SU(2) symmetry-resolved entanglement entropy in a
system consisting of N = 10 spins. The average entanglement entropy (Sg,); and its
dispersion (ASg;,4) ; are computed using the exact formulas (198)—(201) and reported
as a function of the number of spins N, in the subsystem. The Page curve with j =1
has the largest peak entropy. The curves with j =2, j =0, j = 3 and j = 4 follow.
The maximum spin j = 5 has S;4 = 0. The ordering of the curves reflects the dimen-
sion of the Hilbert spaces D;. For Ny =1, the G-local subsystem is trivial, d, = 1, and
the entropy S;4 = 0 vanishes. The Page curve is generally not symmetric under the
exchange Ny <= N — N,, except in the special case j = O where this exchange sym-
metry is present. (b) Leading order of the symmetry-resolved entanglement entropy
in the thermodynamic limit. At this order, the entanglement entropy is symmetric
under exchange f «— 1— f. We plot the Page curve for spin densities s =0, s = 0.4,
s=0.6,5s=0.8,s=0.9,5s =0.95,s =0.99, and s = 1, which corresponds to curves
from the top to the bottom.

where p, and p, are given above and y, is defined as
X = (dg + bﬂ)\If/(maX(d@, bjg) + 1) — (D] + 1)‘11/(]_)] + 1)

B (min(d,, bj[)— 1)(d, + bjg + max(d,, bj[)— 1)
4 max(d?, b?l) ’

(202)

The formulas for average (198) and the variance (201) of the symmetry-resolved entangle-
ment entropy of a random state are exact and can be computed from the expressions of the
dimensions of the Hilbert spaces dy, bj;, and D;.

In Fig. 3(a), we show the average and variance compared to the statistical distribution of
a sample of symmetry-resolved random states with N = 6, j = 1, m = +1 restricted to Ny = 3.

In Fig. 4(a), we show the exact average and variance for N = 10 and different values of
j as a function of the subsystem size Ny, i.e., the Page curve [1,2] for a symmetry-resolved
system. Note the asymmetry under exchange N, — N — N,, due to the asymmetry in the
dimensions dy and bj, in (169)-(170), which is a generic feature of non-Abelian symmetry-
resolved entanglement (see Sec. 4.2).

As discussed in (100)—(104), one can also decompose the total symmetry-resolved entan-
glement entropy (Sg,); in a configurational (S(GCXHQ) ; and a number contribution (Sg;;lm)) i

6 Large N asymptotics of the SU(2) typical entropy

In a lattice many-body system, it is useful to introduce intensive quantities that allow us to
take a thermodynamic limit N — oo and study the behavior of the subsystem entropy as a
function of the fraction of the lattice. In this section we study the SU(2) symmetry-resolved
entanglement entropy in this limit.
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6.1 Fixed spin density

The symmetry-resolved entanglement entropy (198) depends on the system size N, the total
spin j, and the subsystem size N,. Moreover, the expression contains a sum over the subsystem
spin £. We introduce intensive quantities representing the subsystem fraction f, the system
spin density s, and the subsystem spin density t:

f=%, s=2—], (=2 (203)
N N N,
The thermodynamic limit is defined as the limit N — oo while keeping the intensive quantities
f and s fixed. We compute the average entropy (198) and its variance (201) in this limit up
to terms of order one, O(1).
First, we derive the asymptotic expressions of the dimensions d;, bj;, and D; in the ther-

modynamic limit. We use the asymptotic expansion of the binomial coefficients for n — oo

with A fixed,
n 2|/3”(k)| B 1 3422 _2
( (1+A)) W" 1_ﬁl_lz+o(n )| (204)

where the function B(s) is defined by

1—s 1—s 1+s 1+s
=— | — 1 205
O e et - (205)
and its derivatives are
_ 1+s Moy 1
B(s) = ——lo (=) PO=—75 (206)

The approximation (204) holds for A = O(1) and is useful for deriving the large-N asymptotics
of the dimensions at fixed 0 < s < 1. This approximation is invalid in the extremal cases
J = Jjmin and j = jp.x defined in (134), and we will deal with them separately in the next
section. The asymptotic form of the dimensions in terms of intensive quantities are

2 21B7(s)| Nﬁ(s)( 1 12—s5(9—s5)(3—5) _2)
b;= 1+s\ TN ¢ 1+ 12N s(1—s2) O ), (207)
. 2(B7(t)| fNﬁ(t)( 1 12—t(9—t)(3—1t) D) )
df_1+t\ nfN ¢ 1+12fN t(1—t2) TONT ), (208)
21B"CED o ppwpy 1 3+(E) )
NN © f(l 12(1—FIN 1 — (2L) How ))' 209

Note that, in the asymptotic formula for b;,, the second term in the exact expression (170)
is exponentially small, and therefore it does not contribute to the asymptotics for 0 <s < 1
and large N. On the other hand, this approximation is invalid for s = 0, that is, when j = j_;,
which is not compatible with the scaling assumed in (203), and will be treated separately in
the next section. In the thermodynamic limit, the sum over the spin £ becomes an integral over
the spin density )., — f 01 f %dt and the probability distribution (199) is given by a continuous
probability distribution

01(t)

! _2)) N(sperra-np(sZ)- ﬁ(s))dt, (210)

debjy N
d = —d =
o(t)dt D, fodt Qo(t)(
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where
N 2 s+ | 1B7ONB" ()
(=17 \J f(1—FIN s(t+1) J O @D
1 12-9-06-0 1 3+(ER) 1 12-50-56-9
)= 1= RO-H1_(Sdy 12 s0-s) (212)

The limit of function ¢, (200) is given by the lower bound (50),
. (d;, bj
p(t)= logmln(b[, n ) mm(b—é, dLj , (213)

and the average entanglement entropy at fixed s is given by the integral

1
(Sga)s = f e(t)p(t)dt. (214)
0

We evaluate the integral over t using the Laplace approximation for large N (see App. B). The
integral is concentrated at the critical point t = s defined as the maximum of the exponent
of (210). If f < %, at the critical point the dimension b;, is exponentially larger than d;.
Therefore, we can ignore the second term in (213) as it is exponentially small. Similarly, at
the critical point, the min in the logarithm in (213) selects the ratio Dj/ b it which allows us
to write

o()=N(B(s)—(1—f)B(: _ft))+llog(ﬁ (:(sf)t))+log(‘1/Ts_)+O(N ). (215)

At half-system size, f = 1/2, extra care is necessary because of a discontinuity in the integral.
The dimensions satisfy the inequalities b;, > d, for t <'s, but bj, < d, for t > 5. The loga-
rithm in (213) is discontinuous at the critical point t = s, and we have to resort to a Laplace
approximation that allows for discontinuities (see App. B). There are additional contributions
at order O(+/N) and at order O(1). Note that, at f = 1/2, the second term in (213) is not ex-
ponentially small, but detailed analysis shows that it is of order O(1/+/N) and therefore does
not contribute to the thermodynamic limit. Summarizing, the average entanglement entropy
for f <1/2is:

‘(s v 1
(Seals = PN = z|/i|§3f)f|(s)| N5f,%+f+og(1 ++(1-35, 1)108(1+s)
(216)

-(1- 1) ‘log(3)+oW7),  for f<3,
and for f > 1/2
(Soa)s = B(s)(1— FIN + U=Moal | _ pylsjog(128) L o(N—2),  for f>1. (217)

Note that the leading order O(N) and the subleading order O(+/N) are symmetric under ex-
change of the subsystem with its complement. However, the order O(1) term is not symmetric,
f </ (1—f). The leading order and its dependence on the spin density s via the function
B(s) (205) is displayed in Fig. 4(b).

Using the same technique, we find that the variance is:

(ASea)? = VE(F(1—f)— 25, )M(ogg)zN%e—Nﬁ(s)(l+o(N—1)). (218)

We note that the variance is exponentially small in N. Moreover, at the order considered, the
variance is invariant under the symmetry f <« (1 —f).
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6.2 Extremal cases: j,., and jin

In the extremal case of maximum spin, j = j.x = N /2, the Hilbert space ’H(GJ‘““) contains only
one state and the dimension (146) is D; = 1. Moreover, the composition of angular momenta
constrains the spin of the subsystem A to be maximal, i.e., £ = (., and the dimensions (169)
and (170) of the factorsared, =1, b; , = 1. Therefore, the unique symmetry-resolved
state with j = j., is factorized, as the exact formula of the average and variance of the
entanglement entropy confirm:

(Soa)jpm =0, (ASga); =0. (219)

The other extremal case, j = ju;,, iS non trivial. Let us assume that N is even so that
Jmin = 0. In this case, the relevant asymptotic formula for the binomial coefficient is

( " ):\ 2 enlos2 =3 (14 0(nY)), (220)
54X nm

that is valid for x = O(4/n) and n — 00.1° In the sum (198), we first assume ¢ = O(+/N),
motivated by the fact that it corresponds to the subsystem with the largest dimension. We then
check this hypothesis a posteriori. In this limit, the dimensions of the Hilbert spaces are

— 8 1 Nlog2 -1
Dy =\ —s (1+o(Nh), (221)
2
24 filog2 e‘zf_N(1 +o(Nh). (222)

TN TNy

Note that, for j = 0, the dimensions by, and d, are mapped into each other by sending
f <= 1—f. This is an exact property of (169) and (170) which in the asymptotic limit results
into the expression

2 44 9
— 2" (=fINlog2 ;277w (q N~ D). 29
bor =\ (IR e (1+o(v ™) (223)

It is useful to introduce the rescaled variable

_ 2
u=y s b (229)

which simplifies the calculation of the integral. The probability distribution (199) in the ther-
modynamic limit becomes the continuous distribution

%uz e v (1 +O(N_1)) du. (225)
The sum over the spin £ becomes an integral over the positive real line in the thermodynamic
limit. It is worth noticing that (225) is independent of the system’s parameters N and f at
the leading order and is normalized at all orders. The calculation of the average entropy is
straightforward. If f < %, the dimension by, is exponentially larger than d,, therefore (213)
is just given by the logarithmic term. If f = %, then by, = d;, and the second term in (213)
contributes a —% correction. Therefore,

po(w)du=

1 1 1
e(u) =leog2—£logN—§logf—Elog2+log(1—f)+u2f—logu—%5f l+O(N_1). (226)
2

ONote that here we cannot use (204) where A = O(1).
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We obtain the average entanglement entropy by performing the integral

(Sgalo = J oWy (u)du, (227)
0

keeping all terms up to O(1). Summarizing, the average entanglement entropy for f < % is

(Sca)o = leogZ—%logN —%logf +1log(1—f)

(228)
+(3—f)log2+3f — —%‘—%5f1 +O(N7h).

)
The average entropy for f > 1/2 can be obtained via the exact symmetry f <« (1 — f) that
applies to the case of j = 0. The calculation for the variance (201) is similar, and we find

3
(86> = YE(FGf D+ 5 —1+36,1)N2eNoe2(1+0(N D)), (229)

for f < 1/2, and the formula for f > 1/2 can again be obtained via the exact symmetry
f <> (1 —f) that applies to the case of j = 0.

Furthermore, we comment on the equipartition (or lack of equipartition) of entanglement
entropy in the thermodynamic limit for the non-Abelian symmetry SU(2), generalizing the
discussion in [15] and [6] for the U(1) case. By equipartition of entanglement, one means
that the entropy (Sgii) j is independent of £ in some limit. For generic spin j (Sec. 6.1), we
found in (215) that at the leading order at fixed subsystem charge £, the entanglement entropy
is (ng)j ~N (/3(5)— (1 —f)/j(sl__fft)) with s = 2j/N and t = 2 /N,. Therefore, we conclude
that there is no equipartition of entanglement entropy, as the leading order in N depends
explicitly on the subsystem charge . This result extends the observation of [6] of lack of
equipartition in the thermodynamic limit to the non-Abelian case. Furthermore, following the
argument in [6], we emphasize the importance of the order of limits. If £ is fixed before taking
the limit N — oo, using the expansion ﬁ(sli—f;) = /3(%) — ﬂ’(ﬁ)lff} + 0(t?), we obtain
instead (ng) j~N (ﬁ s)—(@1-1) ﬁ(ﬁ)) This result matches the behavior found [15] for
the U(1) case, with the leading order independent of £ and the equipartition of entanglement
entropy restored.

Interestingly, in the j = O case, using (224) and (226), we find that at the leading order
the entanglement entropy at fixed subsystem charge ¢ is (Sgbo ~ f N log2. As this quantity is
independent of the subsystem charge, we conclude that in this case, there is equipartition of
entanglement for all £.

6.3 Comparison of G-local and K-local asymptotics

The asymptotics of the average K-local entanglement entropy was studied in [21]. The system

considered is the same as the one described here in Sec. 5.1, with the additional assumption of

vanishing magnetization, m = 0, to select symmetry-resolved states. Using a combination of

analytical and numerical methods, asymptotic formulas for the thermodynamic limit N — oo

at fixed f and s were studied. We compare these results for the ones obtained here in Sec. 6.1-

6.2 for the G-local entanglement entropy of the same symmetry-resolved states.

For maximal spin j.x = N/2, i.e., for the case s = 1, the Hilbert space takes the form

7_[](\.[7max) — 7¢Una) g %g:ax) ® H(G,’gax:emax) , (230)

sym

i.e., in the decomposition (166) there is a single allowed value of £, and the dimensions are
dimHgXaX) =1, dim?—[g]';a"’ema") =1, and dim’}-lg,“r‘;") = N + 1. As a result, the average G-
local entropy necessarily vanishes (219) because any symmetry-resolved state in this sector
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has zero entanglement between G-local degrees of freedom. On the other hand, the K-local

entanglement entropy also measures the entanglement in magnetic degrees of freedom m, at
%(]max)

fixed m = my + mg in which are not G-local. This K-local entanglement results in an

average entropy that scales as 5 1logN. The comparison of the two different scalings found
in [21] and in Sec. 6.2 is shown in the table:

J = Jmax N 1/N5f’% logN 1 5f,%
<SGA>jmax 0 O O O O (23 1)
(Ska)j m=o | O 0 1 [1eg=f0D |

For minimum spin, j = 0 (assuming N even), i.e., for the case s = 0, the leading order
O(N) of the K-local and G-local average entropies coincide. There is again a difference at order
O(logN) and at order O(1) (first computed in [27] for the K-local entropy). A comparison of
the contributions found in [21] and in Sec. 6.2 is shown in the table:

j=0 N \/N5f’% logN 1 5f,%
(Searo || flog2| O —3 | @) | —3 (232)
<SKA>0 flog2 0 0 aga(f) —%
where
3f+3log1—f), f<1/2,
aga(f) = (233)
fe—m(1-1), f>1/2,
3f +log(1—f)—Slogf + (3 —flog2)—1-%, f<1/2,
aga(f) = (234)
fe—= 0=, f>1/2.

We note the symmetry f < (1 — f), which is an exact symmetry for j =0

For spin j of order O(N), i.e., fixed spin density s = 2j/N with 0 < s < 1, the asymptotics
of the K-local average entropy studied in [21] and the G-local average entropy derived in
Sec. 6.1 agree at order O(N) and O(+/N). A difference again arises at order O(logN) and
0(1), as summarized in the table:

0<s<1 N m5f’% logN 1 5f’%
ol || BO |~ | O | baalf9) | caals) (235)

(Skads,m=0 | BG)f —\/% 3 bga(f,s) 0

where f(s), B'(s), B”(s) are given by (205)-(206), and

f+log(1—f)  1-2f(1-s) log( Lt nef(l f)
s g +log =+ 3 log f<1/2,
bralf,s) = { 2 2 (E2) +1os 3= (236)
fe—mQ0-f), f>1/2,
b (.9 [4log=1) _ (1 f)l_s log(1£)+log(&), f=<1/2, 237)
ca(frs) = 237
caalf,5) = 375 log(1%) — 5 log( 5 - (238)
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We note that the asymmetry of the G-local average entropy under subsystem exchange,
f </ (1—f), discussed in Sec. 5.4 and Sec. 6.1 arises only at order O(1), as shown explicitly
in (237).

Additionally, we observe that in all the cases considered here, we find that the average
K-local entropy studied in [21] and the average G-local entropy derived here satisfy:

(Ska) — (Sga) = %logN +0(1). (239)

The difference can be attributed to the entanglement in the magnetic degrees of freedom
probed by K-local observables, as discussed in (231).

7 Discussion

This paper introduces a mathematical framework for symmetry-resolved entanglement with a
non-Abelian symmetry group G. The framework relies on the notion of subsystem defined op-
erationally in terms of a subalgebra of observables (Sec. 2). In the presence of a non-Abelian
symmetry, symmetry-resolved observables that are G-invariant determine symmetry-resolved
states that can be prepared and measured by these observables, together with a decomposition
of the Hilbert space that generalizes the familiar notions of direct sum over Abelian charges
and of tensor product over independent subsystems (Sec. 3). The framework is general and
does not require a built-in notion of locality or the choice of a Hamiltonian. Once we introduce
a notion of locality, a distinction between K-local and G-local observables arises: kinematical
observables in a many-body system are naturally local but, in general, are not invariant un-
der transformations of the group G. On the other hand, invariant observables are generally
non-local. G-local observables are both local and G-invariant. In various physical settings,
they are the only accessible observables defining a symmetry-resolved subsystem. Symmetry-
resolved entanglement entropy is defined here as the entropy S, of symmetry-resolved states
restricted to a symmetry-resolved subsystem (Sec. 4). To illustrate this general framework, we
considered the example of a system invariant under the group G = SU(2), computed the exact
average entanglement entropy and its variance for random symmetry-resolved states (Sec. 5)
and studied its Page curve in the thermodynamic limit (Sec. 6).

In the case of an Abelian symmetry, such as the group G = U(1), the construction pre-
sented here reduces to known results [4-8] because the relation (110) significantly simplifies
the symmetry-resolved decomposition. In particular, in the analysis of symmetry-resolved en-
tanglement [13-15], the block-diagonal form of the reduced density matrix with U(1) sym-
metry plays a key role. In fact, the notion of entanglement asymmetry associated with a
projected density matrix has been proposed as a measure of symmetry breaking [64]. In the
non-Abelian case, the block-diagonal form (77) arises once one identifies the generalization
(74) of symmetry-resolved subsystems. The relevant expressions for the SU(2) case are (175)
and (166), which are non-trivial for excited states with j # 0. It would be interesting to use this
formulation to extend the analysis of entanglement asymmetry as a probe of SU(2) symmetry
breaking [64].

The Page curve was first introduced in [1] as a measure of the typical entanglement en-
tropy of a random pure state without any constraints. The distribution of the typical entropy
in the presence of an additive constraint (corresponding to an Abelian symmetry) was intro-
duced in [2], where an exact formula for the average and the variance is given. In this paper,
we derived exact formulas for the average and variance of the distribution of the entangle-
ment entropy of random pure states with non-Abelian symmetry group G, (43)-(44)-(78).
When the results of [2] for an Abelian symmetry are applied to the thermodynamic limit of
a many-body system, the average over the distribution reproduces a volume law V ~ N for
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N B =
F R 3R

Figure 5: Quantum polyhedra provide a concrete example of SU(2) symmetry-
resolved states that can be probed only using G-local observables that measure their
intrinsic geometry. Each spin corresponds to a quantum plane of fixed area, and the
SU(2) invariance in the coupling of angular momenta corresponds to the closure of
the faces of the polyhedron [106,107].

the entanglement entropy [4-8]. Moreover, a vV correction arises at half-system size because
of the Abelian constraint. This correction was first identified analytically and observed nu-
merically in [5], then explained in terms of energy conservation in [109] and derived from
number conservation in [4]. A global non-Abelian symmetry, such as SU(2), also results in
a leading-order volume-law entanglement entropy, together with a square-root-volume cor-
rection at half-system size, as first found in [21] and derived in Sec. 6 from the asymptotics
of the exact formulas for the typical entropy (See (235) for a comparison). The coefficient
(205) of the volume-law scaling depends on the spin density j/V, which can be generalized to
the densities q;/V for the non-Abelian charges, i.e., the rank(G) Casimir operators of a gen-
eral compact semisimple Lie group G. Moreover, at order O(1) in the thermodynamic limit, an
asymmetry under subsystem exchange arises, f «/> (1—f), where f = V,/V is the subsystem-
volume fraction. This is a new feature of non-Abelian symmetry-resolved entanglement that
we discuss in Sec. 4.2 for a general group G, and illustrate in (196) for a small system and in
(237) for a many-body system in the thermodynamic limit. While for a global symmetry, this
phenomenon is subleading in the thermodynamic limit, it would be interesting to investigate
its consequences in the case of a local symmetry and its impact on the estimate of the Page
time in black hole evaporation [24-26,110-112].

The results of this paper are general and do not depend on the choice of a specific Hamilto-
nian. They depend only on the structure of the Hilbert space and on the representation of the
symmetry group G. This group can be understood as a symmetry of the dynamics, such as the
Hamiltonian (2) discussed in the introduction as a motivation. Entanglement in eigenstates
of a specific quantum-chaotic Hamiltonian with Abelian symmetry group G = U(1) is studied
in [9,10] for the spin-1/2 XX Z chain and in [11, 12] for the XX Z model and the mixed-field
Ising model with a constrained energy window. Remarkably, they show that the distribution of
the entanglement entropy of mid-spectrum energy eigenstates, computed numerically, agrees
with the analytical distribution found in [2]. We conjecture that the distribution P(Sg,) with
average and variance (43)-(44)-(78) found in this paper (See Fig. 3(a)) matches the distribu-
tion of the entanglement entropy of energy eigenstates of quantum-chaotic Hamiltonians with
non-Abelian symmetry group G, restricted to G-local subsystems. It would be interesting to
test this conjecture numerically, extending the state-of-the-art exact diagonalization of [9-12]
to quantum-chaotic Hamiltonians with a non-Abelian symmetry, such as the random Heisen-
berg model (2) and the Heisenberg model on a lattice with local interactions [18], as done
in [20, 21] for SU(2). This conjecture is of direct relevance to recent developments in non-
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Abelian eigenstate thermalization [19-21], thermodynamics with noncommuting conserved
charges [27,89-91], and quantum many-body scars [95,96]. It would also be interesting
to extend our framework to the analysis of quantum systems near criticality, random systems
where the entanglement entropy behaves effectively as in critical systems [113], the case of
WZW models and SU(2), symmetry [14,85-87] and to the case of Virasoro symmetry in a
conformal field theory [88], going beyond the special case of the vacuum state.

Another new phenomenon that arises in the non-Abelian case is the distinction (88) be-
tween K-local and G-local subsystems. The notion of G-local observables plays an effective
role in systems with a gapped Hamiltonian and selection rules that restrict the accessible ob-
servables to multiplets in the energy spectrum (See Fig. 1). G-local observables also play a
fundamental role in systems with an intrinsic symmetry that constrains the accessible observ-
ables [47-52], as it is the case for quantum reference frames where one adopts an intrinsic
perspective [114-119]. Another example where G-local observables play a central role is the
case of the quantum geometry of a polyhedron [106, 107]. The G-local observables §a -8 b
described in Fig. 1 measure the angle between the faces of the quantum polyhedron, shown
in Fig. 5 for different sectors of spin j.

It would be interesting to derive also the exact formulas for the average and the variance
of the probability distribution P(Sg,4) for K-local observables (See Fig. 3). In [21], the asymp-
totics of the average was computed for a spin system using a combination of analytical and
numerical techniques, and in (239) we observed that the averages of Sg, and S, differ at
order log-volume in the thermodynamic limit.

The framework introduced in this paper applies both to groups G that act globally on the
system—a rigid symmetry—and to groups GV that act locally at the N nodes of a lattice, i.e., a
lattice gauge symmetry [41-43]. In this case, we expect that the new features of non-Abelian
symmetry-resolved entanglement play a central role, and it would be interesting to explore
their effect on the Page curve in lattice gauge theory [120] and spin-network states in loop
quantum gravity [44-46,121-123].

In this paper, we assumed a finite-dimensional Hilbert space, but the results presented ap-
ply directly to each symmetry-resolved sector that is a finite-dimensional subspace of a Hilbert
space that can be infinite-dimensional. It would be interesting to extend the analysis pre-
sented here to quantum field theory [35-39] where, in a finite volume and at fixed energy,
the microcanonical sectors of the Hilbert space have finite dimension and the Page curve has
been argued to reproduce black-body thermodynamics [2]. Finally, the Page curve was ini-
tially introduced as a tool to identify the non-perturbative time scales of black hole evapora-
tion [25,26]. It would be interesting to apply the methods introduced in this paper to compute
the Page curve for the entanglement entropy of the subalgebra of gravitational news [124],
symmetry-resolved with respect to the asymptotic symmetries of a black hole at fixed mass
and spin.
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A Dimension of SU(2) intertwiner spaces

In this section we give a derivation of the dimension of the Hilbert spaces ’ng, ”H(G]BL] ), and "Hg)
based on the calculation of the dimension of the SU(2) invariant spaces

v(jy, ..., j) = dimInvg(HW ® - - - @ HUL) (A.1)

These invariant spaces, also known as intertwiners, are well studied in loop quantum gravity
[44,45], where they are the fundamental building blocks for describing quantum geometries
[106,107]. Using techniques typical of intertwiner calculations [23], we write the projector
to intertwiner space,

P : ’H(h) R ® ’HUL) — IIIVG(H(jl) R Q ’H(Ji))) (AZ)

via group averaging

p= J D(jl)(g) Q- ® D(jL)(g) dg, (A.3)
SU(2)

where DU)(g)™,, are Wigner matrices for the representation with spin j and dg is the Haar
measure for the group SU(2). The dimension of the SU(2)-invariant space can then be com-
puted as the trace of the identity in this space or, equivalently, the trace of the projector TrP,
i.e., v is given by the integral

Y(j1s -5 1) =f x9(g)-- xU(g) dg, (A.4)
SU(2)

where y@(g) = TrDU)(g) is the character of the representation with spin j. We compute

the integral using the class-angle parametrization g = he'®?zh™! of a group element, which
results in the character ¥y (g) = W expressed as a function og the class angle 8. The
Haar measure for class functions y/(g) = f(6) reduces to f dg = % fo "(sin6)2de.

This paper uses the dimension v with N spin-1/2 and one spin-j. After a few manipulations

with elementary trigonometric identities, we find

N 27
v(%,...,%,j)= %f (sin @) (cos B)N (sin(2j+1)6)d6. (A.5)
0

Using the residue theorem, we evaluate the integral (A.5) as a contour integral on the unit
circle of the complex plane. The only contribution to the integral comes from the pole in the
origin

W33, 0) = —3Res,co (1 (2= 2) (e —551) (1 +2)"). (A.6)

We expand the binomial (1 + z)N = lejzo (]Z)ZZk_N and read the residue from the coefficient
of % If N 4+ 2j is odd, the integral vanishes. If N + 2j is even, we find

2j+1 N

1 1 .

W5,eeis5,]) = 7 ( ) (A.7)
2 2 S+j+1 S+
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This is the expression also found, for instance, in [20,21] and derived via combinatorial meth-
ods.

Using the intertwiner methods discussed above, we can now compute the dimension v with
N —N, spin-1/2, one spin-j, and one spin-{ which appears in the formula for the non-Abelian
symmetry-resolved entanglement entropy. We find

oN-Ny+1 (27
v(%,...,%,j,€)=7f (cos )N (sin(2j + 1)0)(sin(2¢ +1)6)d6 (A.8)
0

N—N,

N —N, ) A —j— ( N—N, )
= n_ ) — _ ) . (A.9)
(NZNA+J—€ NNy g +1\ 55 4+

We note that this formula reduces to the expression (A.7) for £ =0 or j = 0.
To summarize, we have

D; = dimHY = »(3,..., L), (A.10)
dy = dim#*Y) =»(1,...,1,0), (A.11)
by = dimHS = »(,...,1,5,0). (A.12)

B Laplace approximation and discontinuities

In this section, we review the asymptotic expansion of integrals using the Laplace method
[125] and extend this method to the presence of discontinuities. We derive an asymptotic
expansion for N > 1 of integrals of the form

I =J h(x)eN8™) dx (B.1)
K

where K € R and h(x) and g(x) are two real-valued functions defined on K such that the
integral is well defined for large enough N. We first assume that the functions h and g are
smooth on K. Then, we present the formula for the case with h continuous but with a discon-
tinuous first derivative at a point. We assume that the function g has a global maximum at x
in K where the gradient vanishes, g’(x,) = 0, and the function also vanishes at the maximum
g(x() = 0. The integral is approximated asymptotically by

I =h(xo) \ —#T(EXO) (1+%+0(%)), (B.2)

1 Rh(xo) +1g””(xo)h(x0) +lg”’(xo)h’(xo)_ig”’(xo)zh(xo)
2h(xg)g”(xo)  8h(xp)g”(x0)?> 2h(xg)g”(x0)?> 24 h(xp)g”(x0)? .

The approximation (B.2) relies on three main observations.

where

C1:

(B.3)

1. Only the immediate neighborhood of x contributes to the integral.

2. We expand the function g(x) around x,, and we approximate the exponential part of the
. . N Zx)? . , , .
integrand with a narrow Gaussian e~ 28 (X0)*=%0)° Thjs confirms the first assumption.

3. We expand the remaining part of the integrand around x; and extend the integral to the
whole real line.
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The integrals of terms of the expansion with the Gaussian (x, is a maximum, so g”’(x,) < 0)
are given by

o) ¢ (x0) ) 0, p Odd,
M@ = J (x —xg)PeN 7 %)y = el (B.4)
V2 (p_1)ll( Ng,,(x )) 5 p even.

—00

If we are interested in the leading order or (B.2), expanding the integrand up to order O(1)
and combining with M, is sufficient

2
h(XO)M(O) = h(XO) _]VgT?x) . (BS)
0

However, to compute the next-to-leading order (B.3), we have to expand the integrand up to

order O(x — x)®. The relevant terms are

1h(x) [—_2n

2 g"(xo) Ng”(xo)
18" (x0) | 18" (x)h' (x0) —_om
oA e e R

i g///(xo)z — o
24 g"(x0)* |  Ng”(xo) *
Collecting them together, we obtain (B.3).

In the derivations in Sec. 6, we need to compute integrals of the form (B.1) with a function
h that is not continuous in x,. For simplicity, we will assume that g(x) is still smooth in x.
We follow the same strategy, expanding the integrand around x, and separating the integrals
in x < xg and x > xg. The split Gaussian integrals are such that

W (xo)M®P = —5
N (538" (xo)h(xo) + 38" (xo)h (o)) M@ = &
1
N

1
N 2Eg”’(Xo)zh(Jm)M ©® =

1" X, xO " X

(x —xo) eNE (20)(x_x0)2dx =(—-1) f (x—xo)P eNE (20)(x_x°)2dx , (B.6)
—00
and
pHl
(e%} M 1 /_ | 2
M(p) _ J (X _Xo)p eNg (Zxo)(x—xo)zdx _ ( ) ( Ng//(xo)) 1l>1 p Odd, (B.7)
11/ (p—l)"( Ng,,(x)) 2 p even.

The leading order of the Laplace approximation is similar to the one found earlier,

_ . h(xg) +h(xg) 2
(h(xg) + ) MO = =275 —Ng,f(TxO). (B.8)

Here, we denote with h(x(f) the right/left limit of the function h in x,. If h is continuous in
X, the formula (B.8) reduces to (B.5). The next-to-leading order term is

h'(xg)—h'(xg -1
T ,
2 Ng”(xo)

(W' (xg)—h' (x))) MWD = (B.9)

which is, in general, non-vanishing if the first derivative of h is discontinuous in x,. The
calculation for the next-to-next-leading order term is similar. To summarize, if the function h
is discontinuous at the maximum x, of g, the Laplace approximation for the integral (B.1) is

. h(xg)+h(xg) 27 Cip G 1
= 5 _Ng//(xo) (1 ‘/_ + — N +O(N) N (B].O)
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where B () — W (x )
Crjp=—— 0|2 (B.11)
Y27 () +h(x) N Nmg“(xo)’ :
and

« _ h(xg)CGi () +hGxg)Cr (xg)

! h(x3) +h(xd) ’ (B.12)

where we denote by Cl(xat) the expression (B.3) computed (as a limit) in xéc. Therefore, a
discontinuity results in a O(1/+/N) correction in the asymptotic expansion.
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