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The spin of intermediate-mass black holes (IMBHs) growing through repeated black hole mergers in
stellar clusters statistically asymptotes to zero. Putative observations of IMBHs with dimensionless spin
parameter y 2 0.6 would require a phase of coherent gas accretion to spin up the black hole. We estimate
the amount of gas necessary to produce a given IMBH spin. If the observed IMBH mass and spin are
M Z 1000M and y % 0.6, respectively, the IMBH must have coherently accreted at least ~100M g, of gas.
In this scenario, as long as the spin is not maximal, the IMBH can only accrete at most half of its mass. Our
estimates can constrain the relative contribution of accretion and mergers to the growth of IMBHs in dense

stellar environments.
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I. INTRODUCTION

Intermediate-mass black holes (IMBHs) with masses
in the range 10°~10°M, are hypothesized to bridge the
gap between stellar-mass and supermassive black holes
(BHs) [1-3]. Despite the large number of IMBH candi-
dates, conclusively confirming their nature and measuring
their spin remains challenging, and the mass estimates are
also quite uncertain.

In the supermassive BH regime, spin measurements via
x-ray reflection spectroscopy point toward a population of
objects with dimensionless spin magnitude y = ¢J/(GM?)
(where M and J are the BH mass and angular momentum,
respectively) close to the extremal limit y ~ 1. However,
systematic effects and selection biases for this technique
still pose an issue [4]. Gravitational wave (GW) observa-
tions provide an alternative method for measuring the
spins of merging BHs and extracting their properties.
Current observations of merging stellar-mass BHs by
LIGO-Virgo-KAGRA hint at a population of slowly spin-
ning BHs [5] (but see, e.g., Refs. [6,7] for caveats).

Dense star clusters are ideal systems for producing
IMBHs, and a few candidates have already been observed
[8-10]. The proposed formation channels for IMBHs in
these environments include runaway stellar collisions
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eventually leading to the direct collapse of a single star
[11-14], repeated tidal disruption events [15,16], and
hierarchical BH mergers [17-21]. While the spin of a
BH formed from direct collapse of a star with mass
2260M is highly uncertain [22], the evolution of the
spin from the other two channels (i.e., growth via accretion
of stars or BHs) can be more easily predicted [23-26].

The dimensionless spin y of a BH growing by episodic
accretion or hierarchical mergers decreases with time and
asymptotes to zero as long as the accreted mass is much
smaller than the primary mass (i.e., in the so-called test-
mass limit) [23,27]. This well-known result stems from the
fact that the innermost stable circular orbit (ISCO) radius
for retrograde orbits in the symmetry plane of a spinning
BH is larger than for prograde orbits. If the accretion
direction is random, the angular momentum subtracted by
mass elements accreted on retrograde orbits is statistically
larger than the angular momentum added by mass elements
on prograde orbits, and therefore y decreases with time. On
the other hand, if the BH merges with another BH of similar
mass, the remnant spin magnitude jumps to y ~ 0.7, with
some scatter around that value depending on the progenitor
binary mass ratio and spins [24,28-30].

Reference [25] identifies an exclusion region beyond
M = 50Mg and y < 0.2, which successive BH mergers
cannot efficiently contaminate. Alternative mechanisms are
needed to explain BHs found in this exclusion region. This
work mainly focuses on another region avoided by hier-
archical mergers, namely, the high-mass, high-spin regime
described in Sec. 1. We propose that a single phase of
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coherent gas accretion may spin up BHs growing via
hierarchical mergers, and in Sec. III, we estimate the
distribution of the accreted gas mass. Our method assumes
knowledge of the IMBH’s mass and spin, and it is agnostic
to the technique used to measure these parameters. In
Sec. IV we present our conclusions and the astrophysical
implications of our results.

II. BLACK HOLE MASS AND SPIN EVOLUTION

In this section, we describe our methodology to evolve
the mass and spin of growing BHs through repeated mer-
gers (Sec. II A) and coherent gas accretion (Sec. 11 B). In
Sec. I1 C we apply these methods to compute the minimum
amount of gas that must be accreted to explain hypothetical
observations of highly spinning IMBHs.

A. Repeated black hole mergers

In the cores of dense stellar clusters, IMBHs can be
assembled through successive BH mergers. The heaviest
stars of the cluster collapse into first-generation BHs,
rapidly forming a BH subsystem in the cluster’s core [31].
For a given stellar evolution model, the mass spectrum of
first-generation BHs can be estimated depending on the
initial mass function. Detailed simulations are necessary to
generate the time evolution of the cluster and the assembly
of the IMBH using a star cluster evolution code [32-36].
The time information encoded in these simulations is
unnecessary for our present purposes because we only
care about the mass-spin evolution. The only nontrivial
effect would be the time evolution of the BH mass function:
for example, due to mass segregation effects in the cluster,
the heaviest BHs interact first and eject each other, leading
to a depletion of the heaviest tail in the BH mass spectrum.

We model the BH mass spectrum as a power law
distribution p(m|myin, Mpax, @) « m* in the range m e
[Mmin> Mmax]. This simple assumption is motivated by the
fact that the relation between the initial stellar mass and the
final BH mass is uncertain. Detailed features in the spectrum
itself have little effect on the growth of the IMBH, except for
broad characteristics which are captured by the three
parameters 7, Myax, and a of our simplified model [36].

We also assume that the environment required to
assemble the observed IMBH mass through repeated BH
mergers and a single subsequent phase of coherent gas
accretion can be realized in nature. In particular, when we
simulate the growth of the BH through mergers, we do
not compare the GW recoil velocity of the merger remnant
with the escape velocity of the cluster: if the merger
product were ejected, then it could not have produced
the properties of the observed IMBH [37]. Simulations
suggest that IMBHs of up to 103M, can be formed through
this channel in systems with an escape velocity exceeding
~300 kms™! [18,38], and thus, in our analysis, we do not
consider IMBHs heavier than this value.

We choose a = —2 as a fiducial value, corresponding to
equal BH mass per logarithmic mass bin [39], but we will
also explore the effect of assuming @ = —1. We consider a
minimum BH mass m;, = 5M following Ref. [5] (but
see, e.g., Ref. [40] for uncertainties on this parameter) and a
maximum mass My, = 50My, which is motivated by
models of initial BH mass spectra with pair-instability
physics in metal-poor environments (see, e.g., Ref. [41]).
Stellar evolution considerations and GW observations have
been used to suggest that BHs may form with spin
magnitudes as low as ~1072 [42]. We assume all BHs to
form with zero natal spin in our fiducial model (y, = 0),
but this assumption does not affect the IMBH mass-spin
relation, because the memory of the initial spin is quickly
erased within a few merger generations. We compute the
final mass and final spin using the expressions of Ref. [43],
which are based on an interpolation between numerical
relativity fits and the test-particle limit. Furthermore, the
spin direction of the growing BH is isotropically sampled,
modeling the stochasticity in the evolution of the BH spin
as its mass grows through successive mergers in a roughly
spherically symmetric environment like a cluster (the
picture would be quite different in, e.g., an axisymmetric
environment like a disk [44,45]).

Figure 1 shows the mass-spin evolution of IMBHs as
they grow through repeated mergers. We denote by M and y
the mass and spin of the growing BH, respectively. We
illustrate the fiducial model described above, and then we
vary each of the parameters (a, mp,,, ) one at a time
while keeping the other parameters fixed. As expected,
the seed BH spin does not affect the mass-spin relation in
the IMBH regime (M > 100M,), as seen by comparing the
extreme cases where all seed BHs are nonspinning (black)

and maximally spinning (red). The model with a = —1
Eml fiducial Xo=1 Mpax = 20Mg
a=-1 Mpax = 00
1.0
0.8
0.6
>
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0.0 . . n
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M/M,
FIG. 1. Areas encompassing 99% of the realizations for the

mass-spin evolution of BHs through successive mergers assum-
ing a seed mass of SM. The fiducial model for the BH mass
spectrum (black filled region) assumes (M, Myax, &, Yo) =
(5M 4, 50M o, —2,0). Variations from this model consider y, = 1
(red), o = —1 (green), my,, = 20My (blue), and my,, = o
(yellow), while keeping all other parameters fixed to their fiducial
value.
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(green) represents a shallower mass spectrum, which
produces more heavy BHs (with mass close to m,,,,) than
the fiducial model. In this scenario, at a fixed mass M, the
spin has a higher value and takes longer to drop to zero. By
a similar argument, when we choose m,,,, = 20M, (blue),
the BH spin magnitude decreases faster. In the scenario
where m,,, = oo, the spin evolves the slowest because
there is always a chance for the IMBH to pair up with a BH
of similar mass, in which case the remnant spin will be
around y ~ 0.7.

We identify an exclusion region in the high-mass
(M Z 500M ), high-spin (y Z 0.6) region of the M-y plane
where the cumulative probability of an IMBH to be found
with those parameters is < 0.5%. We conclude that
hierarchical mergers cannot efficiently cover this region,
and alternative mechanisms would be required to spin up
the BH. For extreme scenarios where m,, — o0 and
Yo =1, the region can be contaminated by hierarchical
mergers. However, these scenarios are not likely to be
physical, because the extreme assumptions that either the
BH mass spectrum extends to all masses or that all BHs
have maximal spin are not supported by observations.

B. Coherent gas accretion

Past their hierarchical growth, IMBHs can still increase
their masses and spins through coherent gas accretion
phases. We assume that accretion occurs in the symmetry
plane of the BH. While this is a simplification, the BH spin
and the angular momentum of the disk tend to align
because of the Lense-Thirring effect [46]. Even if the disk
and BH spin do not align efficiently, the required gas mass
inferred under the assumption of alignment is a lower limit
because, in the case of inclined accretion, a larger mass
must be accreted to induce the same angular momentum
variation projected onto the BH spin axis.

Let us assume that the forming IMBH grows up to some
transition values (My,y7) via hierarchical mergers, and
then to some final values (M, y,) via coherent accretion.
For the latter part of the evolution, we use standard
prescriptions to compute the change in the IMBH’s energy
and angular momentum when it accretes a mass element
orbiting at the ISCO [47]. The relevant differential equation
for the joint evolution of M and y is

dy 2 s1+2y3R(y.s)-2 2 ()
RN TERTE
3\6 |:1 _SRé(,s):|

where R(y,s) is the ISCO radius normalized to the
gravitational radius, and s =1 (s = —1) for prograde
(retrograde) accretion. Equation (1) can easily be solved
by numerical integration. Notice that it does not involve the
elapsed time during the IMBH growth; thus, we do not
need to make assumptions about the gas density or the
accretion rate.

The direction of y; and y, may differ if the IMBH
undergoes an initial phase of retrograde accretion that flips
the spin followed by a subsequent prograde accretion
phase, in which the spin grows again. In principle, it is
impossible to know whether the spin of the IMBH flipped
in the past just by measuring the spin magnitude y ;. Thus,
the two scenarios are degenerate, and in our fiducial
forward modeling of BH growth, we give equal probability
to both cases once the IMBH reaches the transition point.
We also consider a case where we give more weight to the
prograde scenario with probability pp,, = 0.8 (while
illustrative, this specific choice is arbitrary; we are not
aware of a reference or simulation that attempts to estimate
the value of pp,). In practice, this parameter can be
inferred from measuring the mass, spin, and relative
direction of spin and disk angular momentum for a popu-
lation of accreting IMBHs. Naively, pyoe = Nprog/N.s
where N, is the number of IMBHs observed in their
prograde accretion phase, and N is the size of the popu-
lation. However, depending on the accretion rate, IMBHs
may be more likely to be observed during their prograde
phase, hence selection effects need to be taken into account
when measuring p,, from a population.

Figure 2 shows an example of IMBH growth through
repeated mergers (red curve) followed by a single gas
accretion episode (blue curve), indicating both the pro-
grade (solid) and retrograde (dashed) cases. For retrograde
accretion, the transition from repeated mergers to gas
accretion needs to begin earlier (at the empty circle) and
a larger amount of gas must be accreted compared to the
prograde case (at the filled circle). The IMBH’s final mass
M ; thus results from the seed value M; with contributions
from the repeated merger (AM,.) and gas accretion
(AM,.) phases, respectively. These parameters must
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/
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FIG. 2. Mass-spin evolutionary history example for an IMBH
growing by repeated BH mergers (red line, mass gained AM ;)
followed by a phase of coherent gas accretion (blue line, mass
accreted AM,..). The blue dashed branch corresponds to the case
of a retrograde accretion phase that flips the spin direction. The
solid red-filled region corresponds to the area that encompasses
99% of realizations of the fiducial hierarchical-merger model.
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FIG. 3. Lower bound AMM" on the gas mass that must be
accreted by an IMBH with observed mass M and spin y;. The
black solid (dashed) line corresponds to the upper boundary of
the area that encompasses the 99% (90%) of forward hierarchical-
merger histories.

satisfy the constraint

Mf :Mi+AMmer+AMacc- (2)

C. Minimum mass accreted

Implementing the methodology above, we calculate the
lower bound of the gas mass AM™ that must be accreted
by a putative IMBH observed in the forbidden region of the
fiducial model. Essentially, we integrate Eq. (1) backward
with a negative mass step (dM < 0) from (M, y) until
(M, y) reaches the upper boundary of the area encompass-
ing 99% (90%) of hierarchical-merger realizations
(cf. Fig. 2). If My is the mass value of that boundary
point, then AM = |M; — M|, and we compute this on a
fine grid of final conditions in the M-y plane. We show the
results in Fig. 3. Most notably, we find that if M, >
1000M  and y; 2 0.6, the IMBH must coherently accrete
at least ~100M, of gas, while an IMBH with (M, ;) ~
(5000M 4, 0.9) must have accreted at least ~1500M ¢, of
gas. Combined with precise measurements of IMBH
properties, these estimates can be used to constrain the
amount of gas in the environment of highly spinning
IMBHs. In the next section, we infer the accreted gas
mass, including, in particular, its most likely value and the
upper bound on AM,..

II1. DISTRIBUTION OF ACCRETED GAS MASS

In this section, we infer the distribution of mass AM .. of
accreted gas required to spin up the IMBH to its observed
spin value, as well as the mass assembled by repeated
mergers, AM ;... We assume that the mass M and spin y,
are measured with uncertainties M ; and &y, respectively,
and that the IMBH lies in the “forbidden” (high-mass,
high-spin) region, which cannot be easily populated by
hierarchical mergers. We do not consider IMBHs whose

parameters can be produced by repeated mergers because,
in those cases, gas accretion is not required, and the simpler
hierarchical scenario cannot be excluded.

To infer AM,,., and AM,.., we use the Markov chain
Monte Carlo (MCMC) technique to explore different
forward evolutionary histories that are consistent with
the final observed IMBH parameters (M, y;) accounting
for some measurement errors (6M s, 5y ). We describe the
computation of our likelihood function in Sec. III A below,
and in Sec. III B we present our inference results.

A. Likelihood function

Our forward model is a stochastic map of the form
F: X= (AMmenAMacc) -Y= (Mf’)(f)‘ (3)

The stochasticity in this map arises from three latent
random processes:

(1) The seed value M; is drawn from the initial BH mass
spectrum.

(i) Spin directions are sampled isotropically, which
induces randomness in the spin evolution during
the hierarchical growth phase.

(iii) The orbiting gas can be either prograde or retro-
grade; we assume probabilities of either pp,, = 0.5
O Pprog = 0.8 in favor of the former.

We assume a Gaussian likelihood function

InL(Y|X) = —%[Y ~ F(XOTEYY — F(X)]
- %111(47;2 detx), ()

where det denotes the determinant. We assume a diagonal
covariance matrix ¥ = diag[6M7, 6x7], ignoring correla-
tions. This is a simplification: measurements of IMBH
masses and spins may be correlated or anticorrelated as
predicted, for example, by the so-called orbital hang-up
effect in BH binary dynamics [48]. Our fiducial choice for
the relative errors is 6M /M = 6y ¢/ = 1%, but we also
consider a more conservative value of 10%. We choose a
flat prior z(X) in the range [0, M, + 10 x 5M ] for both
AM ., and AM .. Finally, we sample the natural logarithm
of the posterior In p(X|Y) x InL(Y|X) + Inz(X) and we
explore the parameter space with the EMCEE package [49].
In Appendix A we report some MCMC diagnostics of
our runs.

B. MCMC results

In Fig. 4 we show the posterior distribution for a putative
IMBH detection with M, = 5000M, and either y, = 0.9
(left column panels) or y, = 0.6 (right column panels)
assuming the fiducial hyperparameters. The top (bottom)
row assumes a relative measurement error of 1% (10%) on
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FIG. 4. Posterior distribution inferred for My = 5000M, and y; = 0.9 (left), 0.6 (right), assuming fiducial hyperparameters. The
relative measurement error on both M ; and y ; is fixed to 1% (top) and 10% (bottom). The 1-¢ (39%) and 2-6 (86%) contours are shown.
The probability for a purely prograde accretion phase ppo, is set to 0.5; in the top left, we compare this against the case with p ., = 0.8

(gray curves).

the IMBH parameters. Furthermore, in the top left panel,
we compare py, = 0.5 (red) with pp, = 0.8 (cyan). In
Appendix B we discuss the case where M = 500M,.
The anticorrelation between AM .. and AM, . arises
because of the constraint condition of Eq. (2): if M is well
measured (as in the examples with error of 1%) and
M; < My, then the sum AM o, + AM, is roughly con-
stant. In addition, the distributions are clearly bimodal
when the error is 1%. This is related to the degeneracy
between the purely prograde case and the case where an

initially retrograde spin changes direction under accretion.
The purely prograde scenario corresponds to the lower-
mass (higher-mass) peak in the AM,.. (AM.) margin-
alized distribution, because a larger amount of gas must be
accreted to flip the direction of the spin. In comparison,
when we give more weight to the purely prograde scenario
(the ppre = 0.8 case), the low-mass peak becomes more
prominent. The bimodality is less evident when the error is
10% because the width of the peaks extends beyond their
separation, so they blend together.
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Near the peak of all posteriors, we have AM,. . <
AM .. Generally, if a BH coherently accretes an amount
of gas comparable to its mass, it spins up close to the
extreme Kerr limit in a finite time [47]. Thus, a putative
IMBH candidate should have coherently accreted an
amount of gas <M,/2; otherwise, its spin should be
maximal, while we have assumed that the marginalized
posterior on y, has vanishing support near unity when
0x¢/xy = 1%. Therefore, in most of these examples, the
majority of the BH’s mass is assembled through hierar-
chical mergers whenever y; is not maximal. An exception
is shown in the lower left panel of Fig. 4, where the
posterior tail has to do with the fact that the distribution of
(M, xr) rails against the maximal spin boundary. A seed
resulting in an IMBH with y, = 1 may have gained all of
its mass through coherent gas accretion with no need for
a contribution from BH mergers. In this case, the spin
quickly approaches 1 from below, and the BH remains
maximal until all of the available gas is accreted. Therefore,
in this scenario, the posterior shows some support at the
AM .. = 0 boundary, although most of the density is
at (AM per, AM ) = (3000, 2000) M .

Figure 5 shows marginalized distributions of AM,..
assuming M, = 5000M and the different model varia-
tions illustrated in Fig. 1. An IMBH with y, = 0.9 accretes
more gas than an IMBH with y, = 0.6 by a factor of ~2.
Additionally, the distance between the two peaks in each
distribution is controlled by the width of the exclusion
region around y ~ 0 [25]: this width determines the length
of the dashed blue line in Fig. 2, where the IMBH might
undergo a phase of retrograde accretion. In contrast, the
width of the two modes and of the overall distribution is
caused by the variance in y from stochasticity in the
forward hierarchical-merger model at fixed mass M.
Therefore, as my,, increases, the distributions become
broader, and since the low-density region of forward
hierarchical-merger histories widens, the peaks get further
apart. The same happens when we set @ = —1, mimicking

Ly =09, 1%, fiducial
— x;=0.6, 1%, fiducial
u st Xy = 0.6, 10%, fiducial

x5 =09, 1%, a=-1
X5 = 0.9, 1%, Mupax = 00
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FIG.5. Marginalized posteriors on the accreted gas mass AM ..

assuming different model parameters (cf. Fig. 1). The parameter
M is set to 5000M .

the choice of a larger m,,,, although the effect is small.
Finally, as expected, the distribution broadens when the
relative measurement error is raised to 10%, and the two
peaks blend.

IV. CONCLUSIONS

Hierarchical mergers occurring in dense stellar clusters
cannot efficiently produce IMBHs with both large masses
(M z 500M ) and large spins (y = 0.6). However, IMBHs
may be later spun up in this forbidden region via coherent
gas accretion. This implies a map (AM e, AM,..) —
(Mg, xr). We inverted this map to constrain the required
amount of gas, which depends on the measured IMBH
parameters. For example, we found that if an IMBH is
observed with M, = 5000My and y; =0.9 (v, =0.6),
then a mass of gas AM,. = 1800My or =2000M
(R900M or ~1100M ) must be accreted in a purely
prograde or with an initially retrograde phase, respectively.
Thus, in order of magnitude, highly spinning IMBHs
require roughly AM,.. < M;/2 to be accreted.

This gas presumably exists in the cluster environment. It
could originate from low-velocity stellar wind mass loss of
giants in globular clusters and be continually replenished.
Deep radio observations have tentatively revealed the
presence of neutral gas in some Milky Way globular
clusters [50], and ionized hydrogen has also been detected
in 47 Tucanae [51,52], albeit in total amounts smaller
than theoretical predictions [50,53]. Thus, the central gas
reservoir cannot supply the thousands of solar masses
required to significantly spin up any putative thousand-
solar-mass IMBH in the core of globular clusters if IMBHs
form through hierarchical mergers. While dynamical sig-
natures hint at the presence of IMBHs in the cores of some
Milky Way globular clusters [3,9,10], the absence of radio
counterparts limits the mass to be < 1000M, in most of
these systems [54].

On the modeling side, the escape velocity of globular
clusters is too low to allow for the hierarchical-merger
products to be retained in the cluster (see, e.g., Ref. [18],
where the escape velocity needs to exceed ~300 kms~! for
an IMBH to be produced by hierarchical mergers).
Therefore, nuclear star clusters with escape velocity in
the hundreds of kms™' are more favorable environments
for producing IMBHs through repeated mergers [20].
Perturbations on galactic scales may induce gas inflows
into the central regions hosting the nuclear star cluster and
the IMBH. This may lead to an episode of coherent gas
accretion that could spin up the IMBH, as modeled here. If
these IMBHs are common in the nuclei of dwarf galaxies,
their associated accretion signatures could be identified as
low-luminosity active galactic nuclei (AGN) [55].

If the gas-expulsion timescale is at least a few ~10 Myr
in extremely dense nuclear star clusters (densities
> 10’Mg, pc™), hierarchical mergers and gas accretion
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processes may act simultaneously for as long as the gas
reservoir is present deep into the BH subsystem [38,56].
Supermassive BHs may actually form in this way, and gas-
rich nuclear star clusters are ideal environments for these
processes, offering a possible formation route for the
objects observed in the center of GN-z11 [57].

Our method is purposefully agnostic of any particular
astrophysical scenario, although we envision the centers of
dwarf galaxies with mini-AGN, such as NGC 4395 [58], as
potential environments where this scenario could be real-
ized. A decoupling of the hierarchical BH merging and gas
accretion processes could occur if gas inflow episodes drive
large amounts of gas in the nuclear star cluster region of the
dwarf galaxy at some later stage in the nuclear star cluster’s
evolution. In this paper, we have not attempted to carry out
detailed simulations of these complex astrophysical proc-
esses. We note that, if the BH accretes at the Eddington
rate, the accretion timescale is set by the Salpeter time
79~ 50 Myr. If the time between successive mergers,
written as the inverse of the merger rate I';!, is larger
than zg at the time of the gas inflow episode, then the two
processes can be decoupled. To compute the merger rate,
we write [, ~ ngyo,,v where ngy, 6,, and v are the
number density of stellar-mass BHs, merger cross section,
and BH three-dimensional velocity dispersion, respec-
tively. If we use the two-body capture cross section in
Eq. (4) of Ref. [59], with m > m, the mass of the growing
IMBH and a fixed m, = 10M, we obtain

-1 —12/7
Il ~ 297 Myr ?BH - Tl
105 pe 10°M,

v -11/7 S
x (10 kms—1> ' )

Thus, the condition ;! > 7 is satisfied for a measured
IMBH mass of ~1000M, in a typical environment with
v~ 10 kms™!, as long as the central BH number density
ngy does not significantly exceed ~10° pc=3.

Channels other than the scenario examined in this work
may also contaminate the high-mass, high-spin region of
the IMBH population. A merger of two IMBHs with
comparable masses will bring the spin to a high value
(¥ ~ 0.7) independent of the spin of the IMBH progenitors.
Reference [60] shows that the remnant spin distribution for
different progenitor spins and mass ratios still displays an
exclusion region above y ~ 0.8, which we also identified in
the m,,,, = oo case in Fig. I.

Successive tidal disruption events may also contribute to
forming IMBHSs. In that case, the spin of the growing IMBH
asymptotes to zero faster because the IMBH chaotically
accretes smaller amounts of mass in each tidal disruption
event compared to an IMBH growing via BH mergers.
Effectively, this mimics much smaller values for m,,,, and
Mmin- Therefore, if tidal disruption events contributed to

building an IMBH’s mass, even larger amounts of gas should
be accreted to reach high spin values.

Moreover, IMBHs can also form purely from gas accre-
tion in gas-rich nuclear star clusters [61]. Depending on
whether the accretion is coherent or chaotic, the spin of the
assembled IMBH evolves toward unity or asymptotes to
zero, respectively. Finally, it is also possible that heavy BH
seeds form with a high natal spin value [62]. However, our
current understanding of direct BH formation at those high
masses is limited.

The symmetry of the environment is arguably our most
crucial modeling assumption [45]. The IMBHs considered
here grow hierarchically from mergers distributed isotropi-
cally, i.e., in spherical symmetry. Assuming spherical
symmetry (axisymmetry) is an optimistic (conservative)
choice to exclude large spin values, as repeated mergers
tend to spin the IMBH down (up) after sufficiently long
merger chains. Our results thus hold if the IMBH grows
in a stellar cluster, where it is unreasonable to think that
hierarchical encounters share a preferential direction.
Assuming a cluster environment, our assumption of coher-
ent disk accretion is then conservative, as it maximizes
the spin gain. In other words, we can only constrain the
minimum accreted mass for IMBHs that grow in stellar
clusters. For the same reason, our reasoning cannot be
applied to IMBHs accreting in, e.g., AGN disks, where
spin-up is expected by mergers alone. Furthermore, in those
environments, the interplay between mass accretion and
mergers is considerably more complex and cannot be easily
split into separate phases, as done here.

Observations of GWs can yield measurements of the
properties of IMBHs that do not depend on the complex
physics of accretion and stellar dynamics. While current
ground-based GW detectors are not sensitive to masses
2200M  [63.,64], future observatories such as the Einstein
Telescope [65], Cosmic Explorer [66], LISA [67], and
lunar experiments [68] will be sensitive to the lower and
upper end of the IMBH range, respectively [69-71]. Precise
measurement of the masses and spins of the merging BHs
could give us insights into their formation history and
constrain the gas content of their nursery environments.
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APPENDIX A: MCMC DIAGNOSTICS

The left panel of Fig. 6 shows the sampled values as a
function of step number (i.e., the trace plot) of AM, for a
single walker for the cases shown in Fig. 4. Our production
runs make use of 10 MCMC walkers, which present
qualitatively similar properties. Based on our physical
expectation that the distributions we are sampling should
be slightly bimodal, we use a combination of the DEMove
and DESnookerMove with weights 0.8 and 0.2, respec-
tively, as suggested in the EMCEE documentation. With this
choice, the sampler explores each peak locally and occa-
sionally jumps to the other peak. A standard heuristic
measure of convergence for an MCMC sampler is the
integrated autocorrelation time, denoted by i, [73]. We
estimate this by fitting an exponential model of the form
exp[—(t — 1)/7jy] to the normalized autocorrelation function
for each walker and then take the mean inferred value from
all fits. We compute the autocorrelation function for AM ..
as in Ref. [49]. The results are shown in the right panel of
Fig. 6 along with the estimated integrated autocorrelation
values. We thin the chains of each walker by z;,, so that our
draws represent quasi-independent samples.

2000 i
1500 1 1 ]
0] ]
S
= 750¢ ) , , ! 1
< 5000F ‘ | ‘ ‘
2000F + + + + !
1000/
0 2000 4000 6000 8000 10000

t

APPENDIX B: M;=500M, x;=0.9

In this appendix, we quantify through an example the
impact of changing the measured IMBH mass Mj;.

In Fig. 7 we repeat the inference assuming (M, y,) =
(500M,0.9) along with the fiducial parameters. In this
case, the IMBH should have accreted ~150M, or ~#210M g,
depending on whether the spin flipped direction during the
accretion phase. The posterior is bimodal because we cannot
distinguish between those two scenarios, as we have set
Pprog = 0.5 in this example.

My = 500Mp
xr =09

6Mfir)'xf71 .
My ™ xp %

.

@
N

09

AMeo/Ms

e S
IS, SR SN

AA/[mer/]\JG AA[H(:(:/]L[GJ

FIG. 7. Same as the top left panel of Fig. 4, assuming
Pprog = 0.5 but with My = 500M .

(AMuee(t' + 7)AMyee ()

FIG. 6. Left: trace plots of a single walker for each run presented in Fig. 4. Each color corresponds to a different case of Fig. 4: red
(cyan) to the top left panel with pp.,, = 0.5 (pyre = 0.8), green to the top right, blue to the bottom left, and yellow to the bottom right.
Right: the autocorrelation function of AM,.. for all walkers. The dashed magenta lines represent the best-fit exponential model with the

integrated autocorrelation time shown in the reported labels.
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