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Abstract: The intergalactic helium became fully ionized by the end of cosmic noon (z � 2).
Similarly to the reionization of hydrogen, helium reionization is expected to be patchy, driven
by luminous quasars that ionize the intergalactic gas in their surrounding environment.
Probing the morphology of ionized electrons during this epoch can provide crucial information
about early structure formation, including the clustering and lumi nosities of quasars, the
accretion rates, variability, and lifetimes of active galactic nuclei, as well as the growth
and evolution of supermassive black holes. In this study, we presenthow measurements
of the cosmic microwave background (CMB) can be used to reconstruct the optical-depth
�uctuations resulting from patchy helium reionization. As helium re ionization occurred at
lower redshifts, upcoming probes of large-scale structure surveys will present a signi�cant
opportunity to enhance the prospects of probing this epoch by theircombined analysis with
the CMB. Using a joint information-matrix analysis of hydrogen and helium reionization, we
show that near-future galaxy and CMB surveys will have enough statistical power to detect
optical-depth �uctuations due to doubly-ionized helium, providi ng a way of measuring the
redshift and duration of helium reionization to high signi�cance. We also show that modeling
uncertainties in helium reionization can impact the measurement precision of parameters
characterizing hydrogen reionization.
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1 Introduction

Throughout the cosmic history of structure formation, the intergalactic medium undergoes
two signi�cant transitions: the reionization epochs of hydrogen and helium.1 While the epoch
of hydrogen reionization has attracted much attention from the cosmology and astrophysics
communities [see, e.g.,1, 2, for reviews], the focus on the reionization of helium has been more
limited [see, however,3� 32] despite its observational accessibility. Since the second electron
in helium has an ionization energy of� 54eV, photons expected to be produced by stars do
not doubly ionize the intergalactic helium e�ciently at cosmological scal es. Di�use helium
remains singly ionized until populations of active galactic nuclei and quasars start emitting
su�ciently energetic photons. Consequently, the epoch of heliumreionization is expected to
take place at lower redshifts (z � 3), a time which is accessible through observations of the
ionizing sources. The morphology of this epoch is closely linked to quasar number counts,
clustering and luminosities [33� 37], the formation of active galactic nuclei, their variability
and lifetimes [38� 40], as well as early formation of supermassive black holes [41]. There is now

1 In this work we refer to the reionization of the second electron of helium as � helium reionization�.
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also growing evidence that this epoch will be observationally accessible from joint analyses
of the CMB with other cosmological surveys [e.g.,31, 32].

Here, we study the prospects of detecting and characterizing helium reionization by
extracting the inhomogeneous reionization signal from joint analyses of upcoming cosmic
microwave background (CMB) maps and galaxy surveys. Similar to the epoch of hydrogen
reionization, the reionization of helium is anticipated to be anisotropic (or `patchy') due to
the formation and growth of ionized bubbles around luminous sources. Unlike the reionization
of hydrogen, which is sourced by abundant hot stars, the reionization of helium follows more
dispersed sources such as quasars. This suggests that the morphology of helium reionization
(in addition to its redshift) should be di�erent than that of the hyd rogen, holding valuable
information about the distribution and abundance of quasars (see, for example, ref. [7]). The
patchiness from both epochs would lead to varying optical depth to reionization across the
sky, altering the statistics of the observed CMB maps in multiple ways. These include the
screening of the surface of the last scattering, generation of new polarization via Thomson
scattering from reionization bubbles, and the kinetic Sunyaev Zel'dovich e�ect [ 42].

In this work, we use the statistical technique developed in refs.[43� 47], which was
previously applied to extract the hydrogen reionization signal from the CMB, together
with a novel application of cross-correlating the patchy optical depth with other surveys of
large-scale structure (LSS), such as galaxies. Given the increasing precision of the upcoming
CMB experiments, we fold in the epoch of helium reionization and calculate new detection
probabilities, forecasting the future ability to characterize each of the independent epochs.
We construct a quadratic estimator for the modes of the patchy optical-depth �eld, which
separates the patchy reionization signal from CMB in the form of a noisy optical-depth map.
In our forecasts, we cross-correlate this estimator with tomographic measurements of the
galaxy over-density �eld while also considering its use as a standalone probe.

Unlike the optical depth reconstruction for hydrogen reionization [e.g., 44, 45], the
potential science returns from probing patchy helium reionization optical depth have not yet
been extensively studied in the context of CMB. In this study, we bridge this gap by focusing
our forecasts on two upcoming CMB experiments, namely, the stage-4 telescope CMB-S4 [48�
50] and its stage-5 counterpart CMB-HD [51� 53]. These upcoming experiments, alongside
galaxy surveys such as Vera Rubin Observatory (LSST) [54, 55] and MegaMapper [56], stand
to transform our understanding of cosmology with an in�ux of high-precision data in the
upcoming years. Among the new windows of opportunity that are being opened by these
experiments, the prospects of using the CMB as a cosmological `back-light' to probe LSS
from signals sourced by interactions between CMB photons and the intervening cosmological
structures particularly motivates this work.

These programs include the reconstruction of the lensing potential [see, e.g.,57, for a
review], radial and transverse velocity [58� 67], and quadrupole �elds [66, 68� 71], as well as
the patchy optical depth, which we focus on in this paper. While previous studies have
explored the prospects of joint analyses between reconstructed optical depth and tracers of
LSS, such as 21-cm intensity mapping and Compton-y maps, in the context of hydrogen
reionization and for probing the circumgalactic medium [72� 75], these methods have not yet
been applied to probing helium reionization. Given that helium reionization takes place at
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lower redshifts � a range well-covered by upcoming galaxy surveys [54, 76], which will detect
high numbers of galaxies � it stands to bene�t signi�cantly from the stat istical power provided
by cross-correlations with the galaxy distribution, in contrast to hyd rogen reionization.

Little is known about the precise characteristics of helium reionization, such as its
morphology, timing, and duration. While surveys measuring helium and hydrogen Lyman-�
forests can, in principle, help characterize this epoch, the analyses are subject to a range of
systematic and astrophysical uncertainties, such as those a�ecting the inferred �ux levels
of the Lyman-� forests [77� 80], for example.

Speci�cally, measurements of hydrogen Lyman-� serve only as an indirect probe of helium
reionization, inferring insights through the thermal history of the i ntergalactic medium in a
model-dependent manner, and are subject to systematic uncertainties. On the other hand,
these measurements are also signi�cantly obscured by interveningLyman-limit systems at
lower redshifts. Although further simulations and analyses will be needed to understand
whether these issues impose a signi�cant limit on the prospects of probing helium reionization
from Lyman-� forests, it is nevertheless suggestive that additional probes will be valuable
for the unambiguous characterization of this epoch.

In addition to enhancing our understanding of the astrophysics of quasars and active
galactic nuclei, probing helium reionization o�ers additional bene�ts for cosmological in-
ference. For example, the determination of the total change in the free-electron fraction
during this epoch serves as an indicator of the primordial helium abundanceYp. In turn,
improved measurements ofYp can signi�cantly enhance our understanding of weak interaction
rates, neutron lifetime, and Big Bang nucleosynthesis, as discussed in refs. [81, 82]. Such
advancements provide valuable insights into the intricate detailsof our cosmological history.
As the e�ective number of degrees of freedom of light relic speciesNe� and Yp a�ect the
small-scale CMB damping tail in similar ways [83], improving the Yp measurement also
improves measurements ofNe� , a driving science goal of the upcoming CMB experiments.2

Finally, here we model electrons in the ionized media as tracers of dark matter. Recent
observations [e.g.,87, 88, and references therein], however, suggest that electrons do not
necessarily follow dark matter on sub-halo scales. This has implications for the detectability
of helium reionization if these uncertainties need to be marginalized over. Nevertheless,
upcoming measurements of Sunyaev Zel'dovich e�ects from joint analyses of CMB and
galaxy surveys stand to provide high-precision measurements of electron density pro�les and
electron-galaxy correlations, likely reducing these uncertainties. Our forecasts are presented
in such a way that the e�ects of these uncertainties on our central results can be inferred.

This paper is organized as follows. In section2, we introduce our model of patchy
reionization characterizing the redshift evolution of the ionized regions during both helium
and hydrogen reionization. We introduce the primary model of the integrated, auto-correlation
signal C � �

` , accounting for optical-depth �uctuations sourced by both epochs. Furthermore, we
also present the central model for the cross-correlation of the patchy-reionization optical-depth
�eld with large-scale, tomographic galaxy survey data. We conclude this modeling section by
deriving the modi�cations to CMB spectra arising from patchy reion ization. We present the
estimator for the patchy optical-depth reconstruction in section 3. With the signal and noise

2This improvement is achieved, for instance, by breaking the degeneracy between Yp and Ne� [84� 86].
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established, we �nally show our results from the forecasts in section 4. We introduce the
assumed experiment speci�cations and the resulting measurementnoise for near-future CMB
experiments and galaxy surveys. We then forecast the ability of thesefuture surveys to probe
optical-depth �uctuations sourced by helium reionization via comput ation of the measurement
SNR. We also forecast the measurability of the morphology of this epoch by presenting results
from our information-matrix campaign. These results include the anticipated fractional errors
on the model parameters and an exploration of how our chosen �ducial parameters impact
the measurability of both helium and hydrogen reionization. We concludewith a discussion
in section 5. Appendix A contains more details on the derivation of the binned auto-power
spectrum of the optical-depth �eld, as well as its cross-correlation with the galaxy density
�eld. Appendix B contains supplementary information on the derivation of the noise in the
CMB-reconstructed optical-depth �eld. Finally, appendix C contains selected forecast results
for experiment con�gurations assuming a more optimistic foreground cleaning methodology.

2 Helium reionization

In this section, we detail the modeling of the inhomogeneous optical depth, calculate the
pertinent angular power spectra, and examine the observable impacts ofpatchy reionization
on the CMB. Section 2.1 starts with a de�nition of the optical depth of photons scattering
o� free electrons originating from hydrogen and helium reionization. We then model the
mean ionization fraction and describe the assumed size distribution ofionized regions.
Section 2.2 explores the in�uence of varying helium reionization parameters. Insection 2.3,
we compute the angular power spectrum of the average optical depth for both hydrogen
and helium, incorporating the cross-power term between the two. Section 2.4 is dedicated
to deriving the angular cross-power between galaxy and ionized electron �uctuations and
presents a comparative analysis of all the binned power spectra. The section concludes with
a comprehensive discussion of the e�ects of patchy reionization on theCMB in section 2.5.

2.1 Modeling the inhomogeneous optical depth

The optical depth of photons scattering o� of free electrons sourced by reionization, out
to redshift z, is

� � (n̂; z) = � T n�; 0

Z z

0

dz0(1 + z0)2

H (z0)
x �

e(n̂; z0) ; (2.1)

where we use the symbol� 2 f H; Heg to distinguish between the contributions from reioniza-
tion of hydrogen and helium, respectively. Here,� T is the Thomson scattering cross section,
H (z) is the Hubble parameter at z, xe(n̂; z) is the ionization fraction at redshift z in the
line-of-sight direction n̂. We take n�; 0 = f np;0; f Henp;0g, where np;0 is the number density of
protons today, and f He is the fraction of helium to hydrogen atoms satisfyingf He ' 0:08.

For each of the epochs, we model the mean ionization fraction with a hyperbolic tangent

�x �
e(z) =

1
2

"

1 � tanh

 
y(z) � y�

re

� �
y

!#

; (2.2)
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where y(z) = (1 + z)3=2, and yre and � y are free parameters of the reionization model which
roughly specify the time and duration of the reionization process. Although simple, this
functional form has been used by various studies focusing on patchy reionization [e.g., 89� 91]
and enables us to explore the impact of various reionization times and durations (i.e., when
the epoch at which the reionization starts and how fast the media transitions from nonionized
to fully reionized) on the detection signal-to-noise ratio (SNR) and parameter estimation,
as we explain in later sections.

For hydrogen reionization, we choose the �ducial valuesf yH
re; � H

y g = f 27:0; 7:0g, corre-
sponding to a central redshift of z � 8 and a duration spanning 11& z & 5. This �ducial
choice is not only physically motivated by the approximate redshifts of star-formation and
measurements of the Lyman-� forests [1, 2], but is also consistent with recent CMB mea-
surements of the optical depth to recombination setting �� � 0:060 [92, 93]. Similarly, for the
helium counterpart, we choosef yHe

re ; � He
y g = f 8:0; 3:1g, corresponding to a central redshift of

z � 3 and a duration spanning 5& z & 1. This choice is primarily motivated by the expected
redshifts of galaxy and quasar formation and its impact on helium reionization[94]. Note
that the relatively low abundance of helium allows more freedom in thecharacterization of
�xHe

e , with minimal impact on the average optical depth to reionization.

Consistent with existing analysis and modeling of hydrogen reionization [e.g., 45, 95� 99],
we represent ionized regions as spherical `bubble'-like volumes centered at the ionizing source.
To allow for bubbles of various sizes, we assume that the bubbles haveradius R, distributed
according to a log-normal distribution as follows:

P(R) =
1
R

1
q

2�� 2
ln R

e� [ln(R= �R)]2=(2� 2
ln R ) ; (2.3)

where �R is the characteristic size of the bubbles, and� ln R is the width of the distribution.
In addition to this, we assume that the number density of reionization bubbles is a biased
tracer of matter �uctuations on large scales, and thus we model the spatialdistribution
of bubbles with a bubble biasb� . Following ref. [45], we set f �RH ; � H

ln Rg = f 5 Mpc; ln(2)g
for hydrogen reionization. On the other hand, since helium reionizationis sourced by
luminous quasars and active galactic nuclei emitting hard photons, the typical size of bubbles
during the reionization of helium is anticipated to be larger than bubbles forming during
the reionization of hydrogen [e.g.,7]. Therefore, we choosef �RHe; � He

ln Rg = f 15 Mpc; ln(2)g
for the helium reionization.

The upper panel of �gure 1 shows the mean ionization fraction as a function of the
redshift z for hydrogen (helium) based on these �ducial parameters in solid black (dashed
red) line, while the lower panel represents the spherical bubble radius distribution RP (R) as
a function of radius R. As seen, helium reionization starts much later (z � 5) compared to
that of hydrogen and goes through a period of maximal patchiness aroundz � 3. As the
lower panel indicates, there is a lower probability for helium bubbles to be small (R . 5 Mpc).
Although most bubbles are with R � 15 Mpc, the helium bubbles can be much larger than
hydrogen bubbles (up to R . 100 Mpc).
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Parameter Fiducial Value Range of Values

Hydrogen Helium Hydrogen Helium

y�
re 27:0 8:0 Fixed 3:0 � yHe

re � 10:0

� �
y 7:0 3:1 Fixed 1:0 � � He

y � 6:0

�R� 5 Mpc 15 Mpc Fixed 5:0 Mpc � �RHe � 20:0 Mpc

� �
ln R ln 2:0 ln 2:0 Fixed ln 1:5 � � He

ln R � ln 4:0

Bubble bias b� 6.0 6.0 Fixed Fixed

Galaxy bias factor bg;0 0.95 Fixed

Table 1. The set of reionization model parameters for hydrogen and helium and the galaxy bias
factor. The middle columns present the set of �ducial values while the right-side columns show the
range of values used in the forecasts described in section4.

where a is the cosmic scale factor,� � is the comoving distance to recombination,k is the
Fourier wave number, P(�; k ) is the nonlinear matter power spectrum, and we use the Limber
approximation [100], setting k = `=� . Here PH

� e � e
and PHe

� e � e
are the power spectra of

hydrogen and helium ionization �uctuations, respectively, which we de�ne next. Note that
we arrive at this model by categorizing the free-electrons sourced by helium reionization
separately from those sourced by hydrogen, with the third term in the above equation
accounting for correlations in the distributions of the two separate `populations.' Therefore,
the helium-fraction factor appropriately weights each of the helium-dependent terms, in order
to account for its relatively low abundance.

To model the power-spectraP �
� e � e

of ionization �uctuations, we assume that the basic
morphology of reionization remains the same across the two epochs, and therefore, the
functional form for the spectra are identical:

P �
� e � e

(�; k ) = P1b; �
� e � e

(�; k ) + P2b; �
� e � e

(�; k ) ; (2.5)

where, the 2-bubbleP2b; �
� e � e

(�; k ) and 1-bubble P1b; �
� e � e

(�; k ) contributions are

P2b; �
� e � e

(�; k ) = [(1 � �x �
e) ln

�
1 � �x �

e

�
b� I � (k) � �x �

e]2P(�; k ) ;

P1b; �
� e � e

(�; k ) = �x �
e(1 � �x �

e)[F � (k) + G� (k)] :
(2.6)

Here, the average ionization fraction�x �
e(z) varies from zero to unity according to eq. (2.2)

(cf. �gure 1), b� is the bubble bias and is set to 6:0 for both hydrogen and helium as a
simplifying assumption. It is crucial to acknowledge that in reality, the bubble bias for helium
might deviate from that of hydrogen, which could impact the measurability of the model
parameters. Speci�cally, a higher (lower) helium bubble bias value could be expected to yield
enhanced (reduced) results. The terms�x �

e, I � (k), G� (k), F � (k) each depend on the details
of the reionization: the time and duration f y�

re; � �
yg as well as the bubble size distribution

f �R� ; � �
ln Rg. These spectra are modeled following ref. [96]. The set of �ducial parameters

used in modeling the angular power spectrum and the respective range of values used in the
forecasts of section4 can be seen in table1. In combination, there are 11 parameters (5 for
the description of helium reionization, 5 for hydrogen, and the galaxy biasfactor bg;0).

� 8 �
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The left-most panel displays the minimum (orange) and maximum (black) possible
`He-only' contributions considered, holding the bubble parameters�RHe and � He

ln R constant
while varying the ionization fraction parameters. Similarly, the mid dle panel shows the
impact of the assumed He bubble size distribution by displaying the He-only contributions
arising from a P(R) strongly preferring smaller bubbles (orange) and one that more loosely
prefers larger bubbles (black). This is achieved by holding the ionization parameters yHe

re

and � He
y constant while varying the bubble parameters to their extremes. Finally, the third

panel displays the possible contributions from the `H-He Cross' termarising from the widest
variations in yHe

re and � He
y allowed by table 1, similar to the left-most plot. In all three cases,

the solid line in red displays the expectation from the assumed �ducial parameters, and
the parameter variations considered correspond to the di�ering ionization fraction functions
and bubble distributions plotted in �gure 2.

The varied versions of signals displayed in �gure4 can help understand the e�ects of the
reionization model parameters on the optical-depth power spectrum.The left- and right-most
panels indicate that shorter epochs of reionization lead to lower amplitude signals. The
variation in the width of the low- ` peak in the left-most panel can also be attributed to the
duration of reionization � the 1-bubble `shot-noise' term dominates for a larger redshift
range leading to increased signal across a wider range of` values. The middle panel displays
the fact that larger bubbles (on average) correspond to peaks at smaller̀, since the e�ective
scale of patchy-correlations is increased. The dependence of the signal on � He

ln R is more
complicated. The e�ective scale of `patchy' correlations has a non-trivial dependence on
� He

ln R , previously explored in ref. [96]. Ultimately, these extremal signals C � �
` encompass the

variations considered in our forecasts in section4.

2.4 Angular cross-power between the galaxy and ionized electron �uctuat ions

Looking at eq. (2.4) and �gure 3, one might naturally expect the signal from helium reionization
to be washed-out by the (relatively) larger hydrogen counterpart in the � auto-correlation
measurement. However, noting that the ionized helium bubbles are expected to form around
AGN/quasars, which trace the distribution of galaxies on large scales, we canamplify the
helium signal by cross-correlating optical depth measurements withgalaxy survey data. This
cross-correlation takes the following functional form:

C �g
` =

Z � �

0
d�

� T np;0

a2� 2 PH
� eg(�; k )

| {z }
H� only

+
Z � �

0
d�

� T f Henp;0

a2� 2 PHe
� eg(�; k )

| {z }
He� only

: (2.7)

Here,
P �

� eg(�; k ) =
h
�x �

e � (1 � �x �
e) ln

�
1 � �x �

e

�
b� I � (k)

i
bg(z)P(�; k ) ; (2.8)

where �x �
e(z) similarly varying from zero to unity, bg(z) = bg;0(1 + z) is the galaxy bias, and

we use the Limber approximation as in eq.(2.4). We show the cross-correlation signal in
the absence of this approximation in appendixA. Note that, unlike C � �

` , our model for C �g
`

consists only of a 2-bubble-like term. The resulting e�ect is that C �g
` is a (relatively) large-

scale probe. While it can appreciably boost the signal, it may not be ableto carry su�cient
information regarding the small-scale features of He reionization, as we will discuss in section4.

� 10 �
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which is an open-source just-in-time compiler that translates a subset of Python and NumPy
into fast machine code. This shortens the time required to evaluate the power spectra by
up to two orders of magnitude, allowing us to produce high-resolutionbinned spectra of the
modeled signalC � �

` and C �g
` for varying �ducial parameter scenarios.

2.5 E�ects on the CMB

Having modelled the integrated optical-depth signal in terms of reionization parameters,
we turn our attention to calculating the observable e�ects of patchy reionization on the
CMB temperature and polarization �uctuations. Most generally, the patch y reionization
leads to three e�ects on the CMB:

ˆ Screening of the CMB photons, where photon intensity gets multiplied by a factor
e� � (n̂ ) .

ˆ Generation of new polarization due to Thomson scattering of CMB photons o� electrons
in ionized bubbles.

ˆ The kinetic Sunyaev Zel'dovich (kSZ) e�ect generated from the radial motion of
reionization bubbles relative to the observer.

In this work, we focus on the �rst two e�ects. The kSZ e�ect, whic h requires careful modeling
of small-scale electron �uctuations, also contains valuable cosmological information [see, e.g.,
102, 103], which we study in an upcoming work.

The next step, therefore, is to propagate the e�ect of Thomson scattering from reionization
on to the CMB polarization and temperature maps. We start by expressingthe observed
polarization signal along the line-of-sight as follows:

(Q � iU )( n̂) =
Z 1

0
d�

d�
d�

e� � (� n̂ )S�
pol (� n̂) ; (2.9)

where Q and U are the standard Stokes parameters,� � � (z) is the comoving distance to
redshift z, S�

pol (� n̂) = �
p

6=10
P

m � 2Y2m (n̂)aT
2m (� n̂) is the local temperature quadrupole

that the electron sees,aT
2m (� n̂) are the temperature quadrupole moments, and� 2Y2m (n̂) are

the spin � 2 spherical harmonics. Similar to ref. [45], we parameterize the e�ect of reionization
on CMB polarization anisotropies as

(Q � iU )( n̂) = ( Q � iU )0(n̂) + � T np;0

Z
d�
a2 xe(� n̂)(Q � iU )1(� n̂) ; (2.10)

where (Q � iU )0(n̂) is the polarization signal in the absence of these e�ects,xe(� n̂) is the
spatial �uctuations in the total ionized electron fraction introduced above, and

(Q � iU )1(� n̂) = e� (� )S�
pol (� n̂) �

Z 1

�
d� 0 d�

d� 0e
� � (� )S�

pol (� n̂) ; (2.11)

is the modulation to the polarization sourced by patchy reionization. Here, � (� ) is the
spatially-averaged mean optical depth at comoving distance� . Throughout, we represent
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the CMB signals in redshift-binned form, introducing N redshift bins covering the patchy
epoch of reionization. The polarization signal takes the form

(Q � iU )( n̂) = ( Q � iU )0(n̂) +
NX

�
� � � (n̂)(Q � iU )1(� � n̂) ; (2.12)

where � � � is the redshift-bin-averaged optical-depth �uctuation. The e�ec t of reionization
on the CMB temperature anisotropy can also be written in a form similar to polarization,
satisfying

T(n̂) = T0(n̂) +
NX

�
� � � (n̂)T1(� � n̂) ; (2.13)

with
T(n̂) =

Z 1

0
d�S T (� n̂) ; (2.14)

where ST (� n̂ ; � ) is a function of local quantities, dependent on the optical depth, albeit in
a more complicated way due to multiple contributing e�ects. The modulation T �

1 (� n̂) in
this case can be expressed with a functional integral of the form

T �
1 (� n̂) =

Z 1

� �

�T (� n̂)
�� (� )

; (2.15)

and can be found in ref. [45], for example.
SinceQ and U are not coordinate invariant, it is more convenient to re-cast these maps in

terms of the scalarE and B �elds using spin-raising and -lowering operators. The harmonic
coe�cients of the CMB E- and B -mode maps satisfy

aE
`m �

1
2

( +2 a`m + � 2a`m ) ;

aB
`m �

1
2i

( +2 a`m � � 2a`m ) ;
(2.16)

where

� 2a`m =
Z

d2n̂(Q � iU )( n̂) � 2Y`m (n̂): (2.17)

The harmonic coe�cients for the E-mode polarization, aE0
`m and a

E �
1

`m , then satisfy

aE0
`m =

1
2

( +2 aE0
`m + � 2aE0

`m ) ;

a
E �

1
`m =

1
2

( +2 a
E �

1
`m + � 2a

E �
1

`m ) ;
(2.18)

where aE0
`m =

R
d2n̂(Q � iU )0(n̂) � 2Y`m (n̂) for the homogeneous contribution anda

E �
1

`m =
R

d2n̂(Q � iU )1(� � n̂) � 2Y`m (n̂) for the contribution from patchy reionization. Similarly, the
temperature harmonic coe�cients from patchy reionization satisfy

T1(� � n̂) =
X

`m

aT1 (� � )
`m Y`m (n̂) ; (2.19)

and
T0(n̂) =

X

`m

aT0
`m Y`m (n̂) : (2.20)
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In order to calculate the e�ect of patchy reionization on the observed CMB spectra, which
we use to de�ne optical-depth estimators in the next section, it issu�cient to calculate the
angular cross-correlation functions from these coe�cients, which aregiven by

C
E0E �

1
` � `` 0� mm 0 = haE0

`m a
E �

1
`0m0i ; (2.21)

C
T0E �

1
` � `` 0� mm 0 = haT0

`m a
E �

1
`0m0i ; (2.22)

C
T0T �

1
` � `` 0� mm 0 = haT0

`m a
T �

1
`0m0i ; (2.23)

where � ij is the Dirac delta function. The speci�c form of the coe�cients E �
1 , T �

1 are
given in ref. [45].

3 Patchy optical depth estimator

The three e�ects described in section2.5 introduce a statistical anisotropy in the small-
scale CMB temperature and polarization, which can be used to reconstruct the underlying
�uctuations of the optical depth � � . At leading order in � � , the cross-correlation of two
CMB �elds can be written as

haX
`m aY

`0m0i = ( � 1)m CX 0Y0
` � `` 0� mm 0 +

NX

�

X

LML 0M 0

� � �
L 0M 0haX 0

LM a
Y �

1
L 0M 0i

�
Z

d2n̂Y �
`m (n̂)YLM (n̂)YL 0M 0(n̂)

= ( � 1)m CX 0Y0
` � `` 0� mm 0 +

NX

�

X

LM

� � �
LM �

X 0Y �
1

`` 0L

 
` ` 0 L
m m0 M

!

;

(3.1)

where � � � is the redshift-bin averaged optical-depth �uctuations, for which a biasedminimum
variance estimator can be written as

[� � �
`m (biased) = AXY

`;�� (� 1)m
X

LL 0MM 0

 
L L 0 `

M M 0 m

!

�
X 0Y �

1
LL 0̀

aX
LM aY

L 0M 0

CXX; obs
L CY Y;obs

L 0

; (3.2)

where

AXY
`;�� =

2

4 1
2` + 1

X

`0L

� X 0Y �

LL 0̀ (�
X 0Y �

1
LL 0̀ ) �

CXX; obs
L CY Y;obs

L 0

3

5

� 1

: (3.3)

The above estimator has a biased optical-depth reconstruction noise given by

N � � ;XY
`;�� (biased) =

AXY
`;�� AXY

`;��

AXY
`;��

: (3.4)

We can also de�ne anunbiasedquadratic estimator for the optical depth as

[� � �
`m = ( R � 1) �


[� � 

`m (biased); (3.5)

which satis�es h[� � �
`m i = � � �

`m , where R is a rotation matrix that de-biases the reconstructed
optical depth, whose elements can be found to satisfy

RXY
�� =

AXY
`;��

AXY
`;��

: (3.6)
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The reconstruction noise for the unbiased estimator can then be calculated as

N � � ;XY
`;�� = ( R � 1)XY

�
 (R � 1)XY
��

~N � � ;XY
`;
� � `` 0� mm 0 ; (3.7)

and we de�ne a minimum-variance reconstruction noise by combining these estimators as

N � � ;MV
`;�� =

 
X

XY

(N � � ;XY
` ) � 1

! � 1

��

; (3.8)

whereX; Y 2 f T; E; B g and �; � span the redshift-bin indices. Note that we omit correlations
between di�erent redshift bins when calculating the signal from eq. (3.1), as we �nd these
terms to be small and inconsequential to our minimum-variance reconstruction noise. In close
analogy with CMB lensing reconstruction, the covariance of the reconstruction noise spectra
also includes o�-diagonal cross-correlation terms between di�erent estimators. We surmise
that taking into account these o�-diagonal covariance terms may increasethe minimum-
variance reconstruction noise up to around a factor ofO(0:1), similar to the case of lensing
reconstruction. We leave studying the impact of o�-diagonal contribut ions to the optical-depth
reconstruction noise covariance to future work [see, e.g.,85, 104, for calculations corresponding
to lensing quadratic estimator]. We show our calculations of di�erent optical-depth estimators
in appendix B.

4 Forecasts

Building on the target optical depth signal outlined in section 2 and the measurement
methodology and noise considerations for reconstructing this �eld presented in section3, we
now advance to forecasting measurement accuracy for forthcoming CMB andLSS surveys.
These forecasts are based on the standardPlanck 2018 [93] � CDM cosmology, employing the
six parameters speci�ed in table2. Section 4.1 provides an overview of experimental setups,
including beam characteristics and noise assessments. In section4.2, we analyze the auto-
correlation SNR of the reconstructed patchy optical depth and the optical-depth-galaxy cross-
correlation SNR (eqs.(4.2) and (4.3)), presenting results for various experimental scenarios
and exploring the impact of He reionization parameter variations. Finally, section 4.3 delves
into the measurability of H and He reionization parameters, assessing potential parameter
degeneracies and the in�uence of varying He reionization parameters.

4.1 Experiments

We model atmospheric and instrumental noise contributions to the CMB temperature and
polarization at a given frequency as

N TT
` = � 2

T exp

 
`(` + 1) � 2

FWHM

8 ln 2

!

[1 + ( `knee=`) � knee ] ; (4.1)

assumingN EE
` = N BB

` = 2N TT
` , where � T is the detector RMS noise, and� FWHM is the

Gaussian beam full width at half maximum. The term inside the square-brackets in eq. (4.1)
corresponds to the `red' noise due to Earth's atmosphere, parameterised by the parameters
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Parameter Fiducial Value

Cold dark matter density (
 ch2) 0.120

Baryon density (
 bh2) 0.022

Angle subtended by acoustic scale (� s) 0.010410

Optical depth to recombination ( � ) 0.060

Primordial scalar �uctuation amplitude ( As) 2:196� 10� 9

Primordial scalar �uctuation slope ( ns) 0.965

Table 2. Fiducial cosmological parameters for the 6-parameter �CDM model considered in our
calculations throughout this paper matching Planck 2018 [93].

Beam FWHM Noise RMS

(� K-arcmin)

S4 HD S4 HD

39 GHz 5:10 36:300 12.4 3.4

93 GHz 2:20 15:300 2.0 0.6

145 GHz 1:40 10:000 2.0 0.6

225 GHz 1:00 6:600 6.9 1.9

280 GHz 0:90 5:400 16.7 4.6

Table 3. Inputs to ILC noise for the baseline CMB con�gurations. The beam and temperature noise
RMS parameters are chosen to roughly match CMB-S4 [48] and CMB-HD [52]. We model the CMB
noise as shown in eq.(4.1). In both cases, we account for the degradation due to Earth's atmosphere
by including the CMB red-noise with `knee = 100 and � knee = 3. The polarization noise satis�es
� E = � B =

p
2� T .

`knee = 100 and � knee = 3. We de�ne our choices for these parameters in table3, which we set
to match the ongoing and upcoming CMB surveys� CMB-S4 [ 48, 105] and CMB-HD [51, 52].
Note also that in our analysis we take`max , the smallest scales probed by CMB, equal to
104 both for CMB-S4 and CMB-HD. A CMB-HD-like survey in principle can acc ess smaller
scales which could improve our results.

To account for residual contamination from foregrounds to the CMB, we consider Poisson
and clustered cosmic infrared background (CIB), as well as the thermalSunyaev-Zel'dovich
(tSZ) foreground, which we calculate following refs. [106, 107]. We omit the cross-correlation
between tSZ and CIB. We include radio point sources following ref.[108]. In addition to
frequency-dependent contributions, we also consider black-body, late-time, and reionization
kSZ and calculate the lensed CMB black-body usingCAMB[109]. For the forecasts that
follow, we assume that the galactic foreground is removed from the CMB temperature
and polarization maps. To remain consistent with these assumptions, weprovide forecasts
assuming a sky coverage off sky = 0 :4. In what follows, we perform forecasts for both
ILC-cleaned CMB and `black-body' CMB, where for the latter, we omit contributions from
frequency-dependent foregrounds but include residual white noise after ILC cleaning.
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For the galaxy density, we consider a galaxy catalogue with speci�cations anticipated to
match the photometric LSST survey [110]. We approximate the galaxy density of the �gold�
sample with ngal(z) = n0[(z=z0]2 exp(� z=z0)=2z0, where n0 = 40 arcmin� 2, z0 = 0 :3, and we
take the galaxy bias asbg(z) = 0 :95(1 + z). While accounting for the standard anticipated
photometric redshift (photo- z) error � z = 0 :03(1 + z), it is noteworthy that the galaxy
redshift bin sizes chosen in this analysis� eight equal-width redshift bins within the range
z 2 [0:2; 5:0] � are considerably larger than the photometric redshift errors at all red shifts.
As a result, we anticipate that photo-z errors will not signi�cantly impact our results. While
this study does not include it, a future spectroscopic survey such as MegaMapper could, in
principle, enable much �ner redshift binning. This would enhance the statistical signi�cance of
the joint analysis with the CMB data. We leave forecasting for MegaMapperto future work.

4.2 Detection SNR of the patchy optical depth

To evaluate the statistical power of upcoming CMB and galaxy surveys in detecting optical-
depth �uctuations caused by the ionized second electron of helium, we initially investigate
the SNR of the reconstructed patchy optical depth. We de�ne the auto-correlation SNR as

SNR2 (auto) =
X

`` 0

X

��
�

C
� � � �
` cov � 1

�
~C

� � � �
` ; ~C � 
 � �

`0

�
C � 
 � �

`0 ; (4.2)

where the index � labels a redshift bin, such that C
� � � �
` represents the correlation of�

across two redshift bins centered atz� and z� . Note that spectra with tilde represent the
observedspectra ~C

� � � �
` � C

� � � �
` + N � � ;MV

`;�� , including the optical-depth reconstruction noise

N � � ;MV
`;�� de�ned in eq. (3.8), and the optical-depth signal C

� � � �
` , which we will assume to

be diagonal in redshift bins.
Using the same notational conventions, we de�ne the reconstructed optical-depth-galaxy

cross-correlation SNR as

SNR2 (cross) =
X

`` 0

X

��
�

C
� � g�
` cov � 1

�
~C

� � g�
` ; ~C� 
 g�

`0

�
C� 
 g�

`0 : (4.3)

In both the SNR equations, the covariance satis�es

cov
�

~CXY
` ; ~CW Z

`0

�
=

� `` 0

2` + 1
f � 1

sky

�
~CXW

`
~CY Z

` + ~CXZ
`

~CY W
`

�
; (4.4)

where f sky is the survey coverage sky fraction.
We show the SNR forecasts for a range of experimental speci�cations in �gures 7 and 8.

Figure 7 shows the detection SNR as a function ofL max for experiment speci�cations
corresponding to CMB-S4 (green colored lines labelled S4) and CMB-HD (blue colored
lines labelled S5). The dashed, dot-dashed, and solid lines correspond to SNR obtained
from the auto-correlation of the reconstructed optical-depth �eld h� � i [cf. eq. (4.2)], cross
correlation of reconstructed optical-depth �eld with LSST h�g i [cf. eq. (4.3)], and the total
of the two, respectively. The left panel displays the resultingSNR from considering only the
black-body contributions to the CMB (in addition to white noise). I n contrast, the right
panel corresponds to using ILC-cleaned CMB spectra including all foregrounds as described
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prospects of helium reionization parameters, which we investigate inthe next section with
information-matrix forecasts.

4.3 Probing helium reionization with the patchy optical depth and LSS

To assess future prospects of characterizing helium reionization via the detection of reionization
model parameters from CMB and LSS (galaxies), we de�ne an ensemble-information matrix as

F ik =
X

XY W Z

L maxX

`= L min

@CXY
`

@�i
cov � 1

�
~CXW

` ; ~CY Z
`0

� @CW Z
`0

@�k
; (4.5)

where XY; ZW 2 f � � � � ; � � g� ; g� g� g for every unique pair of redshift bins centered atz� and
z� . Here, @CX` =@�i represents the derivative of the signal with respect to the parameter � i .
Our parameter array includes �ve helium reionization parameters f yHe

re ; � He
re ; bHe; � He

ln R ; �RHeg,
as well as another �ve parameters characterising hydrogen reionizationf yH

re; � H
re; bH ; � H

ln R ; �RHg
and the galaxy bias bg, as de�ned in section 2.

Our data array consists of reconstructed optical-depth �uctuations in 16 redshift bins
within the range z 2 [0:2; 20] � 8 bins distributed within z 2 [0:2; 5:0] and another 8 bins
within z 2 [5:0; 20], with equal spacing in redshift. We include the galaxy �eld only for
the 8 lower-redshift bins with otherwise identical redshift spacing. It is important to note
that although our information matrix construction appropriately assumes th at the signals at
di�erent `-modes are independent, it does not assume that the observed �eld is uncorrelated
across di�erent redshift bins. As stated earlier, we do assume that the optical depth �eld
and the galaxy over-density �eld show minimal correlation across redshift bins, the non-zero
correlation is purely sourced by theunbiased� -reconstruction noiseN � �

`;�� derived in section3.
With the previously de�ned experiment con�gurations, and the above assumptions on

redshift-binning and signal correlations, we �nally construct an 11-dimensional information
matrix via eq. (4.5) to estimate our constraining power on the �ducial reionization parameters
(see table1). Note that the inclusion of both H and He reionization signals in this single
information matrix allows for forecasts that account for possible parameter degeneracies
between the two epochs. Furthermore, as we will show below, an exploration of the helium
reionization parameter space under this information-matrix formalism will allow for predictions
on the impact of the helium signal on our ability to constrain standard hydrogen reionization
parameters. Note that we only perform the following analysis with the inclusion of the
galaxy cross-correlation i.e., we do not provide parameter constraints using the optical depth
�eld alone because the unbiased reconstruction noiseN � �

`;�� is too large to constrain all 10
reionization parameters using theC � �

` signal alone.
The fractional errors on the �ducial helium and hydrogen reionization parameters can

be found in �gures 12 and 13. Figure 12 shows the fractional errors from combination
of CMB-S4 and LSST, whereas �gure13 displays the same results, this time assuming
an experimental con�guration corresponding to CMB-HD and LSST. Both sets of results
assume that the optical-depth signal is obtained from the CMB using ILC cleaning and
the constraints are displayed as a function of the maximum reconstructed multipole L max

in eq. (4.5). In each case, the right (left) panel corresponds to fractional errors onhelium
(hydrogen) reionization parameters.
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In agreement with forecasts in the literature [see, e.g.,47, 99, 114� 120], we �nd that optical
depth reconstruction, via both the assumed CMB experiment speci�cations, will allow for
high-precision measurements of all hydrogen reionization parameters, further demonstrating
the potential value of this program in the near future. In contrast, the i nformation-matrix
results indicate that characterizing the helium epoch will be more cumbersome. For the
combination of CMB-S4 and LSST, we �nd that fractional errors reach values below unity
only for yHe

re , indicating that only the redshift of the patchy epoch (midpoint) of helium
reionization may be constrained.

Nonetheless, for the combination of CMB-HD and LSST, we see an improvement, with
below-unity fractional errors achieved for both yHe

re and � He
re at su�ciently high L max . This

is followed with an additional improvement to the measurement of hydrogen reionization
parameters compared to the previous case. This implies that upcomingCMB and galaxy
surveys will have the statistical power to constrain the midpoint of helium reionization in
redshift and the duration of the patchy epoch (parametrized by parametrized by yHe

re and
� He

re , respectively) to a su�cient precision via optical-depth reconstruction cross-correlated
with the statistically powerful galaxy survey data sets.

Advances in ILC-cleaning methods can, in principle, further improve these constraints,
as shown in �gures 17 and 18, resulting in, for example, multiple helium reionization
parameters being detected for su�ciently large L max values even with CMB-S4. In all the
experiment con�gurations considered, under the �ducial parameter values (table1), the helium
bubble-size-distribution parameters f �RHe; � He

ln Rg and bubble biasbHe remain unmeasurable
(� � i =� i > 1:0). This is because the constraining power during the epoch of He reionization is
primarily sourced by the cross-correlationh�g i . Our current model for this correlation only
accounts for galaxies as alarge-scaletracer of bubbles i.e.; it only accounts for correlations of
the 2-bubble term of galaxy distributions and optical depth �uctuations , where the bubble
bias is degenerate with �uctuations in the bubble size distribution [see eq. (2.8)]. Therefore,
relying solely on P1b;He

� e � e
for constraints on the bubble parameters does not result in enough

power to characterize the morphology of ionized regions during this epoch.

Similarly to our SNR analysis, we once again vary the assumed set of �ducial Hereion-
ization parameters to assess the impact of the morphology of this epoch on the measurement
prospects of not only the helium parameters but also their hydrogen counterparts. We
�rst consider the resulting parameter constraints under variations of the redshift depen-
dence/evolution of the helium reionization epoch. We run the information-matrix formalism,
varying the assumed shape of�xHe

e (z) with 3 :0 � yHe
re � 10:0 and 1:0 � � He

y � 6:0 (as sum-
marized in table 1), holding all other parameters �xed at their �ducial values. 5 The results
of these parameter variations, assuming ILC-cleaned CMB observations, are summarized in
�gures 14 and 15, with the former (latter) displaying the relevant results for th e experiment
con�guration corresponding to CMB-S4 (CMB-HD) and LSST. In each of the �gu res, the top
row presents the e�ects of varyingyHe

re and � He
y on the fractional error of the hydrogen bubble

parameters �RH and � H
ln R . Similarly, the middle (bottom) panel displays the e�ects of this

variation on the duration (mean-reionization redshift) of each of the epochs, characterized

5Note that the model-extremes of �xHe
e [P (R)He ] considered in this analysis correspond to the two variations

plotted in the top [bottom] panel of �gure 2, over the assumed �ducial model in red.
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by � H
y and � He

y (yH
re and yHe

re ). We do not display the fractional error contour plots for
helium bubble parameters �RHe, � He

ln R , and the bubble biasbHe, since these parameters are
not measurable (� � i =� i > 1:0) at any point in the grid.

Across both the considered experiment con�gurations, the results indicate that if helium
reionization occurs at lower redshifts (loweryHe

re values), or lasts a longer time (larger � He
y

values) fractional errors onyHe
re improve signi�cantly, reducing by around an order of magnitude

within the span of the parameter space we consider. The behaviour of fractional errors in
� He

y is more complicated, with information-matrix results indicating im proved constraints
for mid-range yre � 5:0 with shorter duration of transition (lower � He

y ).

Furthermore, it is clear that the measurability of some hydrogen reionization parameters
is also visibly impacted, up to a factor ofO(5), by variations in yHe

re and � He
y . The parameters

characterizing �xH
e see decreasing fractional errors with increasing duration of the helium epoch

and decreasing mean redshift, whereas the hydrogen bubble parameters see minimal change
across the grid. This behaviour can be attributed to an enhanced degeneracy between the
helium and hydrogen reionization parameters if helium reionization occurs at higher redshifts,
where the cross-correlationh�g i ! 0 , before hydrogen reionization comes to a complete end.
Therefore, �gures 14 and 15 suggest that characterization of hydrogen reionization from the
reconstructed optical depth can, in principle, be biased by helium reionization.

Our analysis indicates that varying the He bubble size distribution parameters �RHe and
� He

ln R have minimal (. 10%) impact on the measurability of hydrogen reionization parameters.
Similarly, the measurability of the helium ionization fraction paramet ers yHe

re and � He
y also

do not depend heavily on varying He bubble parameters. Nonetheless, we �nd that varying
the He bubble size distribution have signi�cant impact on the measurability of He bubble
parameters �RHe and � He

ln R as well as the He bubble biasbHe.

To quantify the extent of this impact, we vary helium bubble distr ibution P(R)He, with
5:0 Mpc � �RHe � 20:0 Mpc and ln 1:5 � � He

ln R � ln 4:0 (as summarized in table1), holding
all other parameters �xed at their �ducial values 5. Figure 16 shows the fractional errors for
�RHe (left), � H

ln R (middle) and helium bubble bias bHe (right). Here, we show the results for
L max = 6000 and assume that the CMB spectra are ILC cleaned.

Despite the concentrated e�ects of bubble-parameter variations, allthree contour plots
agree on an important take-away � although initial information matrix results on the
physically motivated, �ducial parameter space may indicate that some helium parameters
may never be measurable, results can change starkly with changes in the assumed bubble
distribution. Speci�cally, the three previously unmeasurable (� � i =� i > 1:0) parameters
�RHe, � He

ln R , and bHe can be measured (� � i =� i < 1:0) if the regions of ionized helium are
smaller ( �RHe . 6 Mpc). The conditions are slightly looser for � He

ln R in speci�c, which remains
measurable up to �RHe . 9 Mpc, as long as the distribution of bubbles is sharply peaked
at the mean value. This behaviour can be attributed to the fact that the ionized bubble
distribution strongly e�ects the small-scale 1-bubble term of PHe

� e � e
appearing in our model

for C � �
` . Smaller bubble size boosts the power in theP1b;He

� e � e
making the model more sensitive

to changes in theP(R)He. The e�ect of smaller characteristic bubble sizes can be seen, for
example, in the middle panel (orange line) of �gure4. This manifests in our information-matrix
analysis in the form of increasingly tight constraints on �RHe, � He

ln R , and bHe.
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optical-depth-�uctuation power spectrum C � �
` , critically accounting for both helium and

hydrogen reionization (as an extension of the model presented in ref. [45]). For the �rst time,
we also present a model for the cross-correlation of the� -�eld with the galaxy density �eld
that accounts for both of these separate epochs. Additionally, we present a derivation for the
expected noise in the reconstruction of the optical-depth �eld, assuming that optical-depth
measurements are derived from their e�ects on the CMB temperatureand polarization maps.

With the noise and signal de�ned, we present forecasts on our ability tomeasure the
e�ects of optical-depth �uctuations sourced by helium reionization i n the form of measurement
SNR. To estimate how well the conjunction of future CMB experiments and galaxy surveys
may be able to characterize the reionization morphology� including the time, duration, and
patchiness of the epoch � we perform a comprehensive information-matrix analysis that
incorporates the parameter space characterizing both the helium and hydrogen reionization.
Thus, we also account for any possible modeling degeneracies that may arise due to the
similarities in the signal from the two separate epochs.

In our forecasts, we primarily consider two sets of experimental con�gurations, both
of which approximate the speci�cations of either CMB-S4 [48] or CMB-HD [ 52]. In each
case, we assume that the CMB-reconstructed optical depth is cross-correlated with the
tomographic galaxy survey data obtained from the LSST [55]. We perform forecasts for
varying choices ofL max (maximum multipole of � -reconstruction) and di�erent assumptions
on the CMB foreground. The conservative forecasts assume that the optical-depth �eld is
obtained from the CMB using ILC cleaning, while the more optimistic ones assume that the
CMB dataset is reduced only to its black-body contributions. Note also that we omitted
the forecasting for MegaMapper [56], which is planned to be the spectroscopic follow-up to
LSST. Such a survey will measure galaxy redshifts to high precision,allowing the use of the
full three-dimensional galaxy distribution much more thoroughly. We leave the inclusion
of this survey in forecasting to future work.

Through this analysis, we �nd that the characterization of the epoch of helium reionization
is primarily driven by the power in the cross-correlation h�g i , irrespective of the assumed
experiment con�guration. In speci�c, while combination of CMB-S4 and LSST will have
su�cient statistical power to detect optical-depth �uctuations s ourced by the epoch of
helium reionization, connecting these detections to an unambiguous measurement of helium
reionization parameters may be more di�cult. Nevertheless, our information-matrix forecasts
(on �ducial parameters) indicate that this experiment con�guration wi ll likely be able to
constrain the mid-point/mean-redshift of reionization, with constrai nts on the duration being
achievable only for more optimistic assumptions on the cleaning of the CMB maps and
higher L max of � -reconstruction.

On the other hand, forecasts on the experiment con�guration corresponding to CMB-HD
and LSST indicate signi�cant improvements, with the detection SNR for � -�uctuations
sourced by helium increasing aboveO(10) for reasonable choices of foreground cleaning and
L max . This improvement is also manifested in the parameter measurements forecasted via
the information-matrix formalism. Our analysis suggests that the combination of CMB-
HD and LSST will be able to probe the redshift evolution of helium reionization to high
�delity, pinning down the time and duration of the epoch. In both th e considered experiment
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con�gurations, unfortunately, the patchy bubble parameters and bubble bias remain elusive
under the �ducial assumptions on bubble size distributions.

Considering the limited constraints on the epoch of helium reionization and the subsequent
�exibility in modeling, we strive to accommodate the e�ects of our chosen �ducial parameters.
This is achieved by conducting (SNR and information-matrix) forecastsover a broad parameter
space, thereby encompassing a diverse range of morphologies characterizing this epoch. We
vary the redshift evolution (both time and duration) of reionization and b ubble size distribution
to explore the parameter space where higher measurement SNRs and improved parameter
constraints are likely. Our analysis indicates that, for both experimental con�gurations, the
measurement SNR of� -�uctuations sourced by helium reionization improves signi�cantly
when the reionization happens later, lasts longer, and the ionized regions are smaller. In
fact, for both experiment con�gurations, fractional errors on the mean redshift of reionization
see an improvement by up to an order of magnitude as the epoch of reionization is pushed
to lower redshifts and longer durations. Furthermore, we �nd that th e probing the bubble
size distribution becomes accessible for CMB-HD and LSST when the average size of ionized
regions is small (radius of. 7 Mpc).

Moreover, since the modeling of the signal and the resulting information-matrix formalism
accounts for both the hydrogen- and helium-reionization parameter space,we explore the
e�ects of di�erent helium reionization morphologies on our ability to ch aracterize its hydrogen
counterpart. Across both the experiment con�gurations, the fractional errors in the hydrogen
reionization parameter space are a�ected the most by the changes in the redshift evolution of
the helium reionization epoch. In fact, fractional errors from our information-matrix analyses
indicate that the characterization of the hydrogen epoch is easiest (andlikely least biased)
when the helium reionization epoch occurs at later times for longer durations. This behavior
can be attributed to the alleviation of degeneracies across the two similarly modelled epochs,
in models where helium reionization begins after hydrogen reionization is over. Furthermore,
the galaxy dataset can play a stronger role in alleviating this degeneracy if the patchiness of
helium reionization occurs at lower redshifts (where the galaxies are more abundant) and lasts
for a longer time (longer duration of h�g i correlation sourced by helium reionization). As a
result, this work suggests that the inclusion of helium reionization in future measurements of
the hydrogen reionization epoch, especially when using line-of-sight integrated signals, will
be integral to ensure unbiased results on the hydrogen parameter space.

Furthermore, note that on large scales, where electron �uctuations are linear and follow
dark matter (up to a bias), we model the 2-halo contribution from galaxy-hydrogen correlation
to the optical-depth signal with a hydrogen bias and marginalize over this parameter. This
approach circumvents the need to template and/or remove this contribution from our maps
in practice. On small scales, however, the cross-correlation of freeelectrons (speci�cally those
from hydrogen reionization) and galaxies remains uncertain especially at early redshifts. As
we discussed, our analysis leaves the maximum scales probed as a freeparameter and shows
results for a range of scales, acknowledging the importance of this uncertainty. Nevertheless,
we note that an L max of 5000 corresponds tokmax � L max=� . 1Mpc� 1 at a redshift of
2 [with kmax (z) only decreasing at higherz]. This means that the forecasted parameter
errors in the one-dimensional information-matrix plots (see, for example, �gure 12), for
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L max . 5000, are reliant on scales (k . 1Mpc� 1 for 2 � z � 5) that are only mildly in
the non-linear regime. In other words, for the lower values ofL max displayed, the errors
will not be signi�cantly impacted by uncertainties in the non-line ar modelling of the late
time small-scale electron distribution. In contrast, it is importan t to note that e�ects such
as baryonic feedback introduce uncertainty in the electron distributions even on relatively
larger scales (3000< ` < 5000). With the current state-of-the-art simulations predicting
distributions that vary up to a factor of a two at cosmic noon ( z & 2), these modelling
uncertainties may impact the forecasted errors. However, additionalmeasurements from
other probes (such as the Sunyaev-Zel'dovich e�ects) at high redshifts will alleviate these
issues. We will address these points in an upcoming work, incorporating realistic priors and
prospects of external measurements of the 1-halo (ionized) electron-galaxy cross-correlation.

Finally, it is vital for us to address the fact that the results presented in this paper are
dependent on our simpli�ed model of helium reionization. This choice was made not only
to mirror existing forecasts on probing hydrogen reionization with similar techniques [e.g.,
47, 99, 114� 120], but also to model the epoch of helium reionization without including too
many astrophysical priors. In practice, both the bubble-size distribution and its mean will
have redshift dependence set by the abundance of quasars (or active galactic nuclei) and their
e�ciency in ionizing their environment [e.g., 15]. Given a distribution of sources, the mean
ionization fraction can, in principle, be predicted from the typical expansion speed of ionizing
bubbles. This speed may vary based on the intergalactic environment, suggesting that it
is not strictly a free parameter. Such improvements in helium (and hydrogen) reionization
model building can lead to di�erent SNR values as suggested by our analysis varying the
�ducial model parameters. Furthermore, given the similarity of th e modeling of the two
epochs, the forecasts presented here are heavily impacted by parameter degeneracies across
the two, i.e., forecasts might improve if we model the epoch of helium reionization using
more priors from astrophysics, speci�cally given that this epoch is visibly accessible. We
leave improvements to the modeling of helium reionization to our upcoming works on the
subject. Our choices here provide a general assessment on the statistical power accessible
with CMB and galaxy surveys and will guide these future e�orts.
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A Binned optical-depth spectra

The optical depth from a range of redshifts within z 2 [z�
min ; z�

max ] in the sky satis�es

� �
� (n̂; z) = � T np;0

Z z�
max

z�
min
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H (z0)
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where � indicates the redshift bin, and the cross-power spectra can be de�ned as
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(A.2)

where �xHe� H
e (� ) � �xH

e (� ) �xHe
e (� ) and the k-dependence of the power spectra (P �

� e � e
and P)

has been suppressed for ease of notation. For the diagonal redshift bins, eq. (A.2) simpli�es to
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where k = `=� , and we omitted showing the redshift dependence of mean ionization fractions
for brevity.

The cross power between the galaxy and the ionized electron �uctuations satis�es

C
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(A.4)

where we de�ned

P� xeg(�; � 0; k) = [�xe � (1 � �xe) ln(1 � �xe)b I (k)]bg

q
P(�; k )

q
P(� 0; k) : (A.5)

Similarly for the diagonal redshift bins, the bin-bin auto-spectrum of the cross correlation
reduces to the simpler form as follows:

C � � g�
` =

Z � �
max

� �
min

d�
� T np;0

a2� 2 PH
� eg(�; k ) +

Z � �
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� eg(�; k ) ; (A.6)

with terms PH=He
� xe g(�; k ) de�ned in eq. (2.8).
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B Optical depth reconstruction noise

The modulations of temperature and polarization due to the e�ects described in section 2.5
allows de�ning multiple estimators for the optical depth from a combi nation of temperature T
and polarization E and B �elds. The corresponding � couplings for these combinations are [45]
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The (biased) noise terms can be found as
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and

1
~N � � ;EE

`;��

= 2 �
Z

d�
h
�

E0E1 (� � ;� � )
22 (� )� E

22 + �
E0E1 (� � ;� � )
2� 2 (� )� E

2� 2(� )

+ � E0E1 (� � )
22;1 (� )�

E0E1 (� � )
22;1 (� )+ � E0E1 (� � )

2� 2;1 (� )�
E0E1 (� � )
2� 2;1 (� )

i
d`

00(� ) ;

(B.14)
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Throughout, we assume no tensor �uctuations and set (~N � � ;BB
`;�� ) � 1 ! 0. These noise terms

can be rotated using eq.(3.6) to get the noise terms on theunbiasedoptical-depth and the
minimum-variance noise, which can be calculated using eq.(3.8).

C Improvements beyond ILC-cleaned foregrounds

Our SNR and reionization parameter forecasts in section4 taken into account the residual
foregrounds in the CMB maps after standard ILC cleaning. However, there is growing
evidence that the foreground removal techniques will be improvedin the near future [e.g.,
111, 112, 121� 124] with more advanced methods like constrained-ILC [123] and needlet-based
ILC cleaning [124]. Better removal of frequency-dependent foregrounds improves the prospects
of detecting signatures of helium reionization signi�cantly, as can be seen from �gures 7
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