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Abstract

We explore the approximation power of deterministic obviously strategy-proof mechanisms in
auctions, where the objective is welfare maximization. A trivial ascending auction on the grand bundle
guarantees an approximation of min{m,n} for all valuation classes, where m is the number of items and n
is the number of bidders. We focus on two classes of valuations considered “simple”: additive valuations
and unit-demand valuations. For additive valuations, Bade and Gonczarowski [EC’17] have shown that
exact welfare maximization is impossible. No impossibilities are known for unit-demand valuations.

We show that if bidders’ valuations are additive or unit-demand, then no obviously strategy-proof
mechanism gives an approximation better than min{m,n}. Thus, the aforementioned trivial ascending
auction on the grand bundle is the optimal obviously strategy-proof mechanism. These results illustrate
a stark separation between the power of dominant-strategy and obviously strategy-proof mechanisms.
The reason for it is that for both of these classes the dominant-strategy VCG mechanism does not only
optimize the welfare exactly, but is also “easy” both from a computation and communication perspective.

In addition, we prove tight impossibilities for unknown single-minded bidders in a multi-unit auction
and in a combinatorial auction. We show that in these environments as well, a trivial ascending auction
on the grand bundle is optimal.

1 Introduction

Consider a second-price auction of a single good: there is one item, and each bidder ¢ has a value of z; for the
item. Our goal is to give the item to the bidder with the highest value. We assume that bidders are strategic,
meaning that they aim to maximize their utility, which is the value they derive from the item minus their
payment. In a second-price auction, the highest bidder wins the item and pays the value reported by the
second highest bidder [Vic61]. By allocating the item to the highest bidder, we maximize the social welfare.
The implementation where all bidders send their bids simultaneously, known as the sealed-bid auction, is
dominant-strategy incentive compatible.

Dominant strategy mechanisms are desirable for multiple reasons: they are considered straightforward
for participants to understand and follow. Thus, the cognitive burden of participating in them is reduced.
Another advantage of dominant-strategy mechanisms is their predictability. If each participant chooses their
dominant strategy, the mechanism’s behavior becomes easier to anticipate, which is beneficial for decision-
making and planning purposes. Despite being a dominant-strategy mechanism, the sealed-bid second price
auction is rarely used in practice (see, e.g., [MM87, Aus04, AMO5]).

However, the sealed-bid implementation is not the only way to realize a second-price auction. Another
realization, which is far more prevalent in real-life scenarios [Aus04, Lil7] is an ascending auction: the price
gradually increases and players report at each round r whether they are interested in the item given the
current price p,.. The ascending auction ends when there is one bidder left. This bidder wins the item
and pays the price presented in the last round. This implementation is also dominant strategy incentive
compatible, similarly to the sealed-bid implementation.

Even though both auctions satisfy the guarantee of dominant strategy incentive compatibility, it is
generally believed that players strategize less in an ascending auction compared to a sealed-bid auction
(see, e.g., [Lil7, KHL87, Aus04]). [Lil7] explains it as follows: although the sealed-bid implementation of a
second-price auction satisfies that reporting the true value of the item is a dominant strategy for all players,
this fact is neither obvious nor easy to explain. If the participants fail to comprehend that they should follow
their dominant strategies, the mechanism loses its desirable qualities. In contrast, the ascending auction is
self-explanatory: bidders readily see that strategizing in it is not beneficial for them.
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To shed light on this phenomenon, [Lil7] has introduced the concept of obviously strategy-proof
mechanisms, which distinguishes sealed-bid and ascending auctions. Roughly speaking, obviously strategy-
proof mechanisms have dominant strategies that satisfy a special property: it is evident, even for cognitively
limited agents, that these strategies are dominant. What makes the effectiveness of the dominant strategy in
these mechanisms so readily apparent is that the worst-case scenario when following this strategy is always
at least as beneficial as the best-case scenario when using any other strategy.

Due to the appealing nature of of obviously strategy-proof mechanisms, they have been studied in various
contexts, e.g. matching [AG18, Trol9, MR22, Tho21], scheduling [KV19, FMPV19, FV21, FMPV23] and
allocation problems [BG17, PT19, KV19, FMPV19, dKKV20, FV21, FPV22, MR22, FMPV23, FV23]. The
goal of this paper is to understand the approximation power of obviously strategy-proof mechanisms in
auctions.

The case of an auction with a single item is fully understood: an ascending implementation of the
second-price auction achieves the optimal welfare and is obviously strategy-proof. But what happens if there
is more than one item in the auction? Is there an obviously strategy-proof mechanism that maximizes or
approximates the optimal social welfare? In other words, what is the power of obviously strategy-proof
mechanisms in combinatorial auctions? This is the main question that we explore in this work.

A combinatorial auction consists of a set of players that we denote with N, where |N| = n, and a set of
items that we denote with M (|M| = m). Each player i has a valuation function v; : 2 — R¥ that specifies
her value for every subset of items. We assume that all valuation functions are normalized (v;() = 0) and
monotone (meaning that for every two bundles of items Ty, Ty C M, if Ty contains T, then v;(T2) > v;(T1)).
The valuation function of each bidder is private and belongs to a domain of valuations V;. We sometimes
impose additional restrictions on V;. Our goal is to allocate the items to the bidders in a way that maximizes
the social welfare, which is the sum of the values of the bidders given their bundles. We assume that the
bidders aim to maximize their wtility, which is the value from the bundle that they get minus their payment.

Existing literature about obviously strategy-proof mechanisms in combinatorial auctions focused on the
case of single-minded bidders. A valuation is single-minded if there is a single bundle S* C M and a scalar
a > 0 such that:

a, S*CX,

VX C M, X) =
- v(X) {O, otherwise.

A bidder is single-minded if all the valuations in her domains are single-minded. If all the valuations in the
domain of bidder ¢ are parameterized with the same bundle, then we say that she is known single-minded.
If this is not the case, she is unknown single-minded.

[dKKV20] present a deterministic obviously strategy-proof mechanism that gives an approximation of
O(y/m) for known single-minded bidders, and another mechanism with an approximation of & for unknown
single-minded bidders, if the largest set desired is of size k.

For the simple classes of additive bidders and unit-demand bidders, not much is known. [BG17] have
shown that even for two items and two additive bidders, there is no obviously strategy-proof mechanism
that maximizes the social welfare.! No impossibilities are known for unit-demand bidders. For both of these
classes, achieving a min{m,n} approximation is trivial, using an ascending auction on the grand bundle:
taking all the items in M and running an ascending auction on all of them together.

Our Results I: Impossibilities for Combinatorial Auctions We show that for several classes of
valuations, including simple valuation classes such as additive and unit demand valuations, no deterministic
obviously strategy-proof mechanism has an approximation guarantee that is strictly better than min{m,n}.
Since this is the approximation ratio obtained by the ascending auction on the grand bundle, all of our
impossibility results are tight. In addition, all the impossibilities hold for mechanisms with unbounded
computation and communication.

Our impossibilities hold for mechanisms that satisfy individual rationality and no-negative-transfers,
meaning that the bidders’ utility is non-negative and that bidders do not get paid by the mechanism. We
begin our explorations by considering unit-demand bidders:

TThis impossibility holds only for mechanisms that satisfy the standard assumption that bidders that gain no items pay

nothing.
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THEOREM 1.1. An auction with m > 2 items and n > 2 unit-demand bidders has no obviously strategy-proof
mechanism that satisfies individual rationality and no-negative-transfers and gives an approximation strictly
better than min{m,n} to the social welfare.

This is the first impossibility for obviously strategy-proof mechanisms for unit-demand bidders. An
immediate corollary of Theorem 1.1 is that the impossibility extends to every class of valuations that contains
unit-demand valuations. In particular, the impossibility holds for all the classes presented in the hierarchy
of complement-free valuations of [LLNO06] and for arbitrary monotone valuations.

COROLLARY 1.1. An auction with m > 2 items and n > 2 bidders with gross substitute valuations
or submodular valuations or fractionally subadditive valuations or subadditive valuations or arbitrary
monotone valuations has no obviously strateqy-proof mechanism that satisfies individual rationality and no-
negative-transfers and gives an approximation strictly better than min{m,n} to the social welfare.

Our second main result concerns the case of additive bidders. For this class, [BG17] prove that exact
welfare maximization is impossible (under the assumption that losers pay zero). We show that:

THEOREM 1.2. An auction with m > 2 items and n > 2 additive bidders has no obviously strategy-proof
mechanism that satisfies individual rationality and no-negative-transfers and gives an approzrimation strictly
better than min{m,n} to the social welfare.

We proceed by showing that we can circumvent the impossibility in Theorem 1.2 for a restricted class
of additive valuations:

THEOREM 1.3. Let xp, > x; be two positive scalars. Then, for every auction with additive bidders whose
values for each item belong in the set {0,x;,xp}, there exists an obviously strategy-proof mechanism that
mazimizes the social welfare.

The obviously strategy-proof mechanism of Theorem 1.3 is a posted-price mechanism, where the price of
every item is set to be x;. The mechanism has two rounds: in the first round, each player takes only items
for which she has a value of x5, and in the second one she takes the remaining items for which she has a
value of ;. Informally, what makes this mechanism obviously strategy-proof is the fact that bidders increase
their profit only by taking items for which their value is xp,.

We now switch gears by proving impossibilities for unknown single-minded bidders:

THEOREM 1.4. A combinatorial auction with m > 2 items and n > 2 unknown single-minded bidders has no
obuviously strategy-proof mechanism that satisfies individual rationality and no-negative-transfers and gives
an approximation strictly better than min{m,n} to the social welfare.

We remind that [dKKV20] provide an obviously strategy-proof mechanism that k-approximates the welfare
with unknown single-minded bidders, where k is the size of the largest desirable set. Indeed, in the proof of
Theorem 1.4, we use valuations whose demanded set is of size m, so our proof shows that the dependence of
the approximation ratio on the size of the largest desired set is necessary.

Another implication of Theorem 1.4 is that obviously strategy-proof mechanisms are more powerful for
known single-minded bidders compared to unknown single-minded bidders: for known single-minded bidders,
there is an O(y/m) approximation to the welfare [dKKV20], whilst we show that for unknown single-minded
bidders, obviously strategy-proof mechanisms cannot get an approximation better than min{m,n}.

Our Results II: Impossibilities for Multi-Unit Auctions We wrap up by providing an equivalent
impossibility for unknown single-minded bidders in the multi-unit auction. In the multi-unit auction setting,
often called the knapsack auction, items are identical and the valuation function of each player v; : [m] — R*
maps quantities of items to values.

For multi-unit auctions, i.e., auctions where all the items are identical, two special cases were previously
considered. The first one is the “single-parameter” case, with known single-minded bidders. For this class of
valuations, there exist obviously strategy-proof mechanisms that give O(min{logm,logn}) approximation
to the welfare [DGR14, CGS22], and no mechanism gives an approximation better than Q(y/logn) of the
welfare [FPV22]. For valuations that exhibit deceasing marginal values,? [GMR17] have shown an obviously

ZA valuation v satisfies decreasing marginal values if for every quantity j € {0,...,m —1}, v(j +1) —v(j) < v(j) —v(j —1).
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strategy-proof clock auction that gives an approximation of O(logn) to the welfare and have claimed that
no obviously strategy-proof mechanism gives an approximation better than /2 to the welfare.
We now prove an impossibility for unknown-single-minded bidders:

THEOREM 1.5. A multi-unit auction with m > 2 items and n > 2 unknown single-minded bidders has no
obuviously strategy-proof mechanism that satisfies individual rationality and no-negative-transfers and gives
an approximation strictly better than min{m,n} to the social welfare.

Similarly to combinatorial auctions, Theorem 1.5 implies that obviously strategy-proof mechanisms are more
powerful for known single-minded than for unknown single-minded (because of the obviously strategy-proof
mechanism of [DGR14] for known single-minded bidders that gives ©(logm) approximation to the welfare).
Moreover, Theorem 1.5 implies an impossibility for the class of arbitrary monotone valuations:

COROLLARY 1.2. A multi-unit auction with m > 2 items and n > 2 bidders with arbitrary monotone
valuations has no obviously strategy-proof mechanism that satisfies individual rationality and no-negative-
transfers and gives an approzimation strictly better than min{m,n} to the social welfare.

The impossibilities in Theorem 1.5 and Corollary 1.2 are tight since the ascending auction on the grand
bundle gives min{m, n} approximation to the welfare.

Open Questions First, we have yet to understand the power of obviously strategy-proof mechanisms in
“single-parameter” domains.? In particular, we do not know yet whether it is possible to improve the
approximation guarantee of O(y/m) of the mechanism of [dKKV20] for known single-minded bidders. In
addition, for multi-unit auctions with decreasing marginal values, it is still uncertain whether obviously
strategy-proof mechanisms can give a constant approximation of the welfare or not.

Structure of the Paper In Section 2, we give some necessary preliminaries. Subsequently, we prove
impossibilities for unknown single-minded bidders both in a combinatorial auction and in a multi-unit auction
(Section 3). In Section 4, we explore obviously strategy-proof mechanisms for additive valuations: we provide
an impossibility and point out that for a sufficiently small set of valuations, there exists an obviously strategy-
proof mechanism. The proof of the impossibility for unit-demand valuations, which is very similar to the
proof for additive valuations, is in Appendix A.

2 Preliminaries and Basic Observations

We use communication protocols to represent mechanisms. A protocol is visualized as a tree, specifying
which player speaks at each node and determining the subsequent node based on the message. Each leaf in
the protocol is associated with an allocation of the items to the bidders and with a payment for each player.
Throughout this paper, we discuss only deterministic protocols. Throughout the paper, we assume that all
mechanisms satisfy perfect information, i.e., that all messages sent are observed by all the agents,* and also
that they are sequential, meaning that exactly one bidder sends a message at each node. We denote with N
all the nodes in which player i sends a message.® For ease of presentation, we define obviously strategy-proof
and dominant strategy mechanisms only for perfect information and sequential mechanisms.

We now delve deeper into the intricate details of mechanisms by defining strategies and behaviors. Given
a mechanism, a behavior B; of player i specifies a message for each node in N;. Denote with B; the set of
all possible behaviors of player i. Note that each behavior profile B = (Bj, ..., B,) corresponds to a path
of all the visited nodes given this behavior profile. We denote with Path(B) all the nodes in this path and
with Leaf(B) the leaf at the end of this path. In addition, let us denote by f;(B) and p;(B) the bundle and
the payment of player ¢ that are associated with Leaf(B). See Figure 1 for an illustration.

3For a discussion of the definition of single-parameter domains, see [BDR23)].

4In the communication complexity literature, this assumption is called the blackboard model.

5All the results in this paper hold regardless of these assumptions. We can assume perfect information without loss of
generality because of the revelation principle of [BG17] for obviously strategy-proof mechanisms. As for the assumption
of sequential mechanisms, it is easy to verify that every social choice function implemented by an obviously strategy-proof
mechanism that allows players to speak simultaneously can also be implemented by a sequential obviously strategy-proof
mechanism.
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Figure 1: An illustration of a tree protocol that realizes a second-price auction of a single item with two bidders: a duck with
sunglasses and a duck in a jacket. The values for the item of both of them belong in the set {1,2}, and we assume that the
jacket duck wins the item in case of a tie. The payments are omitted for simplicity.

The behavior set Bs of the sunglasses-wearing duck specifies the possible messages she can send at node Ny, i.e., Bs = {(N :
”17), (N1 :72”)}. Analogously, the set of behaviors B, of the jacket-wearing duck describes the message combinations at nodes
Nz and N3, so Bj = {(N2 : "17,N3 : ”17),(N2 : 1”7, N3 : 72”7),(N2 : 72", N3 : ”1”),(N2 : ”2”,N3 : ”2”)}. For illustration,
consider the behavior profile B = {Bs = (N1 : 72”),B; = (N2 : 72”,N3 : ”1”)}. Note that Path(B) = {N1, N3, L3} and
Leaf(B) = Ls.

Ny

Given a mechanism, a strategy of player i is a function S; : V; — B; that takes as input a valuation of
player i and outputs a message for each node in N;. For example, the truthful strategy of the jacket-wearing
duck in Figure 1 maps the valuation that has a value 1 for the item to the behavior (Ny : 717, N3 : 717) and
the valuation that has a value of 2 for the item to the behavior (Ng : 727, N3 : 727).

We denote with T the set of all possible allocations of the items to the bidders. A mechanism M together
with strategies (S1,...,Sy) realize a social choice function f : V4 x --- x V,, — T together with payments
Pi,...,P,: Vi x---xV, = R" if for every (v1,...,v,) € Vi X -+ X Vy, Leaf(S1(v1),...,8n(v,)) is labeled
with the allocation that f(vy,...,v,) outputs and with the payment that P;(vy,...,v,) specifies for every
player 1.

Given a valuation profile (v1,...,v,), the social welfare of an allocation T' = (T4, ...,T,) is Y i vi(T}).
We often abuse notation by writing v;(T) instead of v;(T;). A mechanism M together with strategies
(81, ... ,8n) a-approximate the welfare if they realize a social choice function f : V3 x ---xV,, — T such that
for every valuation profile (vy,...,v,) € Vi X --- x V,, the social choice function f(v1,...,v,) outputs an
allocation (T, ..., T,) with social welfare which is at least L fraction of the welfare of the optimal allocation.

In the context of auctions, the following properties of mechanisms are desirable: individual rationality
and no-negative-transfers. A mechanism M together with strategies (Si,...,S,) are individually rational if
they realizes a allocation rule f together with payment schemes Py, ..., P, such that for every player 7 and
for every valuation profile (vy,...,v,) € Vi X -+ X V:

vi (f(vi,v—i)) — Pi(vi,v—i) >0

In other words, a player never “loses” by participating in the auction. A mechanism M together with the
strategy profile (S1,...,S,) satisfy no-negative-transfers if they realize payment schemes such that for every
player ¢ and for every valuation profile (vq,...,v,) € Vi x--- x V,, P;(v;,v_;) > 0, indicating that no player
is ever given money.

Dominant-Strategy Mechanisms We now define dominant-strategy mechanisms. A strategy S} is
dominant for player i if for every strategy profile of the other players S_;, for every valuation profile
(v1,...,0,) € Vi x -+ xV,, and for every alternative strategy S;:

0i( (S} (03), S=i(v-4))) — Pi(SF(v:), S—i(v_s)) = vi(fi(Si(v:), S=i(v_2))) — pi(Si(vi), S—i(v_7))
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where we remind that f;(S;(v;),S—i(v—;)) and p;(S;(v;), S—i(v_;)) specify the allocation and payment of
player 4, respectively, when player ¢ follows the actions specified by S} (v;) and the other players follow the
actions specified in the vector S_;(v_;) = (S1(v1), .., Si—1(vi—1), Sit1(Vit1), ..., Sn(vyn)). The same holds
for fi<8i<vi)787i(vfi)) and pi(Si(vi),S,i(v,i)).

Consider a mechanism M in which each player ¢ has a dominant strategy S*. Let (f, P1,...,P,) be
the social choice function and the payment scheme they realize. In this case, the mechanism implements
(f, P1,...,P,) in dominant strategies. In particular, the fact that a mechanism implements (f, P1,..., P,)
in dominant strategies implies that for every player 4, for every v;,v; € V; and for every v_; € V_;:

0i(f(vi,v_s)) = Pi(vi, v—;) > v;(f(v},v_5)) — P; (v}, v_;)

Obviously Strategy-Proof Mechanisms We now define obviously dominant strategies. For that, we need
to delve even further into the nuances of mechanisms and behaviors. We begin by defining two properties of
behaviors.

A vertex u of a protocol is attainable given a behavior B; if there exists a behavior profile of the other
players, B_; € B_;, such that u € Path(B;, B_;). For example, in the mechanism depicted in Figure 1,
vertex N is attainable given the behavior (N7 : 717) of the sunglasses-wearing duck, whereas vertex Nj is
not attainable given this behavior.

In addition, given the paths of two behavior profiles B and B’, we denote with Path(B) N Path(B')
all the nodes that belong to both Path(B) and to Path(B’). For example, given the mechanism
described in Figure 1, the behavior profiles B = {B, = (N7 : "2"),B; = (N3 : ”2”,N3 : 72”)} and
B'={B; = (N1 :72"),Bj = (N2 : 17, N3 : "17)} satisfy that Path(B) N Path(B') = {N1, N3}. We can
now define the notion of an obviously dominant behavior:

DEFINITION 2.1. Consider a mechanism M, together with a behavior B; and a valuation v; of some player
1. Fiz a vertexr w € N; that is attainable given the behavior B;. Behavior B; is an obviously dominant
behavior for player ¢ at vertex u given the valuation v; if for every behavior profiles B_; € B_; and
(Bi,...,Bl) € By x---x B, such that:

1. u € Path(By,...,B,)N Path(BY,...,B)) and
2. B; and B, dictate sending different messages at vertex u.

The following inequality holds:
vi(fi(Bi, B—i)) — pi(Bi, B—;) > vi(fi( B}, BL;)) — pi(B;, BL;)

If B; is obviously dominant given that the valuation is v; for all (relevant) vertices simultaneously, then B;
is an obviously dominant behavior. Formally:

DEFINITION 2.2. Fiz a behavior B; together with the subset of vertices in N; that are attainable for it, which
we denote with Up,. Fiz a valuation v; of player i. The behavior B; is an obviously dominant behavior for
player ¢ given the valuation v; if it is an obviously dominant behavior for player i given the valuation v; for
every vertex u € Up,.

DEFINITION 2.3. A strategy S; of player i is an obviously dominant strategy if for every v;, the behavior
Si(v;) is an obviously dominant behavior for player i given the valuation v;.

Consider a mechanism M together with the obviously dominant strategies (Si,...,S,) and let
(f,P1,...,P,) be the social choice function and the payment schemes they realize. In this case, the
mechanism implements (f, Py,..., P,) in obviously dominant strategies, or put differently: the mechanism
is obviously strategy-proof. An allocation rule f that has payment schemes P, ..., P, such that there exists
an obviously strategy-proof mechanism that implements them is OSP-implementable. In our proofs, we will
extensively use the following observation:

LEMMA 2.1. Fiz an obviously strategy-proof mechanism M with strategies (Si,...,Sn) that realize an
allocation rule and payment schemes (f,P1,...,P,) : Vi x --- xV, = T x R*. Fiz a player i, a vertex
u € N; and two valuation profiles (vi,v_;), (vi,v";) such that the following conditions hold simultaneously:
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1. w € Path(S;(vi),S—i(v_i)) N Path(S;(v}),S_;(v"})).

2. vi(f(vi,v-i)) = Pi(vi, v-) <wvi(f(vj,v",)) — Pilvi, vl5).
Then, the strategy S; dictates the same message for the valuations v; and v) at vertex u.

The proof of Lemma 2.1 can be directly derived from the definition of obviously strategy-proof mechanisms.
See Figure 2 for an illustration.

Figure 2: Below is an illustration of a vertex in a mechanism for which the conditions specified in Lemma 2.1 hold, but S;(v;)
and S/ (v;) dictate different messages, which we denote with m and with m’ respectively. Denote Leaf(S;(v}),S—i(v";)) with
2S¢ and Leaf(S;(v;),S_i(v_;)) with £B. By assumption, leaf £C is more profitable than leaf £B for bidder i with valuation v;.
As the figure illustrates, there is a contradiction, as the strategy S; is not obviously dominant. Roughly speaking, it is because
it is not obvious for bidder ¢ given the valuation v; that she should send the message m as the strategy S; dictates, rather than
send message m/’.

® O O ®

S 7,)78 ( 7, S (Ul) S- Z(7*) 1)
utility(v;, £¢) = HIGH utility(vi, £%) = LOW

The Connection of Dominant-Strategy and Obviously Strategy-Proof Mechanisms It is easy
to see that every strategy that is obviously dominant is also dominant, so every obviously strategy-proof
mechanism is a dominant-strategy mechanism. Interestingly, for mechanisms that are both sequential and
satisfy perfect information, the converse is also true:

PROPOSITION 2.1. Consider a mechanism M together with the strategy profile (Si,...,Sy) that implement
an allocation rule and payments (f, P1,...,P,) : Vi x---xV, = T xR™. Then, the mechanism M together
with the strategies (S1,...,Sy) implement (f, Py, ..., P,) in dominant strategies if and only if they implement
(f,P1,...,P,) in obviously dominant strategies.

We defer the proof of Proposition 2.1 to Appendix B.2. Proposition 2.1 depends crucially on the assumption
that every node is associated with exactly one player that sends messages in it. Without this assumption,
Proposition 2.1 could have led to the erroneous conclusion that a sealed-bid implementation of a second-price
auction, where all players simultaneously submit their values, is obviously strategy-proof.

3 Impossibilities for Unknown Single-Minded Bidders

In this section, we consider unknown single-minded bidders in multi-unit auctions (Subsection 3.1) and
combinatorial auctions (Subsection 3.2). We show tight impossibilities for both settings under the standard
assumptions of no-negative-transfers and individual rationality. The proofs are almost identical: The only
difference between the proofs is the valuations we use.

3.1 The Multi-Unit Auction Setting The definition of unknown single-minded bidders in a multi-unit
auction is as follows. First, a valuation v; is single-minded if it is parameterized with a quantity ¢ and a

value « such that:
a s2gq,
vi(s) = {

0 otherwise.
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If the domain of valuations of a bidder contains solely single-minded valuations, we say that the bidder is
single-minded. If all the valuations are parameterized with the same quantity, then the bidder is known
single-minded, and otherwise she is unknown single-minded.

We remind that our impossibility result immediately implies that no obviously strategy-proof mechanism
gives an approximation better than min{m,n} for a multi-unit auction with arbitrary monotone valuations
(Corollary 1.2).

3.1.1 Proof of Theorem 1.5 Fix an auction with m items and n bidders. We assume that the domain
V; of each bidder consists of single-minded valuations with values in {0,1, ..., poly(m,n)}.

Assume towards a contradiction that there exists an obviously strategy-proof, individually rational, no-
negative-transfers mechanism M together with strategy profile S = (Sy, ..., S,,) that implement an allocation
rule and payment schemes (f, P1,...,P,) : Vi x---xV, = T x R", where f gives an approximation strictly
better than min{m, n} to the optimal social welfare.

For every player i, we define three valuations that will be of particular interest:

Et s= 1 s>1 E24+1 s>1
O R RO E SR A LIO S S
0 otherwise. 0 otherwise. 0 otherwise.

where k = max{m, n}. Observe that given the valuation profile (v{"¢,...,v"¢), there are at least two bidders

such that f assigns to them at least one item because of its approximation guarantee. For convenience, assume
those bidders are bidder 1 and bidder 2.6

For the analysis of the mechanism, we define the following subsets of the domains of the valuations:
V) = {vgne vPNE el V), = {ugne v@NE gt and for every player i > 3, we set V; = {v?"°}. We denote
V1 X -+ XV, with V.

We will use the following lemma to show that at least one player ¢ at some vertex in the mechanism has
to send different messages for different valuations in V;. Formally:

LEMMA 3.1. There exist (vi,...,vp), (V],...,v,) € Vi X .-+ X V, such that the behaviors (S1(v1),
.y Sn(vy)) and (S1(v)), ..., Sn(v))) do not reach the same leaf in the mechanism.

Proof. Consider the valuation profiles v = (v#! v§me ... vo"¢) and v’ = (v{"¢, v§! v§me ... vo"¢). Given v,

the only allocation that gives an approximation of min{m,n} to the welfare is allocating all items to player
1, so f(v) = (m,0,...,0). Similarly, given the valuation profile v', the only allocation rule that gives a

min{m,n} approximation is allocating all the items to player 2. Thus, the behavior profiles S(v) and S(v')
reach different leaves. d

We now use Lemma 3.1: Let uw be the first vertex in the protocol such that there exist
(v1y...,0n), (V],...,v),) € V where the behavior profiles (Si(v1),...,Sn(vyn)) and (S1(v)),..., Sy (v),)) di-
verge. Note that u € Path(Si(v1),...,Sn(vn)) N Path(S1(v]),...,Sn(v))). We remind that each vertex is
associated with only one player that sends messages in it. The player that is associated with vertex u is
necessarily either player 1 or player 2 because every player ¢ > 3 has only one valuation in V;, so the set
{S:i(v;) }v;ev, is a singleton.

We assume without loss of generality that vertex u is associated with player 1, meaning that there
exist vy,v] € Vi such that Si(vy) and S;(v]) dictate different messages at vertex u. We remind that
V1 = {vne vPNE 43 5o the following claims jointly imply a contradiction, completing the proof:

one

CLAIM 3.1. The strategy S; dictates the same message at vertex u for the valuations v§™® and vPNE.

ONE
1

CLAM 3.2. The strategy S1 dictates the same message at vertex u for the valuations v and v§l.

In the proofs of Claims 3.1 and Claim 3.2, we use the following lemma, which is a collection of observations
about the allocation and the payment scheme of player 1:

LEMMA 3.2. The allocation rule f and the payment scheme Py of bidder 1 satisfy that:

6Tf those bidders would have been any other bidders, say bidders 3 and 5, the proof would be identical, except for the
renaming of bidders.
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one one one

1. Given (v§™¢,v§" ..., v"¢), bidder 1 wins at least one item and pays at most 1.
2. Given (vVPNE gl ygne . vone) bidder 1 gets the empty bundle and pays zero.
3. Given (v vgme ... vo"®), bidder 1 wins m items and pays at most k.

The lemma is a direct consequence of the properties of the mechanism. We use it now and defer the proof
to Appendix B.1.1.

Proof. [of Claim 3.1] Note that by Lemma 3.2 part 1, f(v{"¢,...,v2"¢) allocates at least one item to player
1 and Py (v§"c,...,v2") < 1. Therefore:

(31) v?NE(f(vfnew“’,Uzne)) Pl( one’.”’vzne) > kz
In contrast, by part 2 of Lemma 3.2, f(vONF vglt) vg"e, ..., v2"¢) allocates no items to player 1 and
Py (vPNE v%“, vgme, ..., vo"¢) =0, so:
(3.2) VONE(fPNE gt pgne o 0ene)) — P (vPNE wgt wgne L 0lme) = 0
Combining inequalities (3.1) and (3.2) gives:
vloNE(f(v‘f"e,...,va”e)) Py(vg™, .. o)

We remind that vertex u belongs in Path(S;(v9™?), S2(v3™¢), ...
Sa(v§lh), S3(vgne), ...

for v{"e and vPNFE

,Sn(v8m€)) and also in Path(S; (vPNF),

n

, Sn(v2"¢)). Therefore, Lemma 2.1 gives that the strategy S; dictates the same message

at vertex u. See Figure 3a for an illustration. 0

Figure 3: Tllustrations of the tree rooted at vertex u of the mechanism M. Figure 3a depicts the case where strategy Si
dictates different messages for v{"¢ and v ONE  Figure 3b describes the case where Sy dictates different messages for va” and
ONE. Both of them demonstrate that if bidder 1 sends different messages for either v{"° and ’U?NE or for vloNE and v“”

then the strategy Si is not obviously dominant.

® O O

81>1p1<1

51*0171*0

(s1 = m,p1 <k?) (s1 =0,p1 =0)

denote the leaves that
(51(’01 D, 82(v8™¢), ..., Sn(vg™€))  and  (S1(vPNE),
So(vglh), S3(vgme). ..,Sn( one)) reach with ¢ and ¢

(b) We
(a) Let us denote the leaves that (S1(v§"¢), ..., Sn(v3™))
and (S1(vPNE), So(vgh), Ss(vgne).. .,Sn(vgne)) reach

with £ and ¢ respectively. The outcome of leaf £ is more
profitable than the outcome of leaf ¢/ for bidder i with
valuation ’UONE, which is why &1 is not obviously domi-
nant in this case.

respectively. The outcome of leaf £ is more profitable
than the outcome of leaf ¢/ for bidder ¢ with valuation
’UiON E | which is why S is not obviously dominant in this
case.

Proof. [of Claim 3.2] Following the same approach as in the proof of Claim 3.1:

vONE(fuot pgre L weme)) — Pr(o® vgne L weme) > k2 +1— k% (Lemma 3.2.3)
>0
- vloNE(f(UONE ,Ugll’ Ugnev ce 7U$Lne))
— Py(vPNE gl pgne . 4m¢)  (Lemma 3.2.2)
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Since by assumption vertex u belongs in Path(S;(v{!), S2(v3"¢),...,Sn(v3")) and in Path((S;(v¢NE),
So(v§h), S3(vgme), ..., Sn(v97€))). By Lemma 2.1, the strategy S; dictates the same message for the
valuations vPVF and v{! at vertex u. See Figure 3b for an illustration. O
3.2 The Combinatorial Auction Setting In this section, we consider unknown single-minded bidders
in a combinatorial auction. The definition of unknown single-minded bidders is as follows: a valuation v; is
single-minded if it is parameterized with a bundle S* and a value « such that:

*C
v;(S) = {a 55

0 otherwise.

Similarly to the definition of unknown single-minded bidders in a multi-unit auctions, bidder is single-minded
if all the valuations in her domain are single-minded. If all the valuations are parameterized with the same
quantity, then the bidder is known single-minded and otherwise, she is unknown single-minded. We now
prove a tight impossibility for unknown single-minded bidders:

Proof. [of Theorem 1.4] Fix an auction with a set of items M and n bidders. Denote the elements in the set
of items with {ey, ..., e, }. We assume that the domain V; of each bidder consists of single-minded valuations
with values in {0,1,...,poly(m,n)}.

Assume towards a contradiction that there exists an obviously strategy-proof, individually rational, no-
negative-transfers mechanism M together with strategy profile S = (Sy, ..., S,) that implement an allocation
rule and payment schemes (f, Py,...,P,) : Vi x---xV, = T xR", where f gives an approximation strictly
better than min{m,n} to the optimal social welfare.

We define several valuations. For each player i < m, we define:

1 i )
09"6(5):{ e; €8

0 otherwise.

For each player i > m, we set:

0 otherwise.

1 m )
Uf”e(S):{ em €95

Observe that given the valuation profile (v§™¢, ... v2"¢), there are at least two bidders that win a valuable
item because of the approximation guarantee of f. For convenience, assume those bidders are bidder 1 and

bidder 2 who win items e; and es respectively. We now define two additional valuations for bidders 1 and 2:

v””(S): Et S=M, UONE(S): E2+1 e €8,
! 0 otherwise. ! 0 otherwise.

all (g _ Kt S =M, ONE (g _ k2 +1 ex€ S,
3 (5) . vy () :

0 otherwise. 0 otherwise.
where k = max{m,n}. For the analysis of the mechanism, we define the following subsets of the domains
of the valuations: Vi = {09, vPNE v} Vy = {vgme, 0@ NE 3!} and for every player i > 3, we set
V; = {v¢"¢}. The rest of the proof is identical to the proof of Theorem 1.5. O

4 Obviously Strategy-Proof Mechanisms for Additive Valuations

In this section, we analyze mechanisms for additive valuations. We remind that a valuation v; : 2 — R is
additive if v;(S) =3, g vi({j}). We begin by showing that for a restricted class of additive valuations, there
is an obviously strategy-proof mechanism (Subsection 4.1). In Subsection 4.2, we show that under standard
assumptions, no obviously strategy-proof mechanism gives an approximation better than min{m,n}. The
proof of impossibility for unit-demand valuations (Theorem 1.1) is very similar to the proof of Theorem 1.2.
It can be found in Appendix A.
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4.1 Proof of Theorem 1.3: A Welfare-Maximizing Mechanism for a (Restricted) Class of
Additive Valuations Consider the following serial mechanism. Player 1 reports the items for which his
value is x; and gets them at a price of x; per item. Next, player 2 reports the remaining items for which his
value is xj,, gets them at a price of x;, and the round procedure continues until no items or bidders are left.
If there are items left at the end of this round, we run a second serial round: this time, each bidder takes
the remaining items for which his value is z;.

This mechanism maximizes the welfare because every item is allocated to a bidder that has maximum
value for it: if an item has a bidder with value xj, for it, by construction such a bidder wins it. If the highest
value for the item is x;, then it is allocated to a bidder at price x;.

The mechanism is obviously strategy-proof because the utility of each bidder that takes j high-valued
items in the first round is fixed to be j - (z, — x;), no matter what the other bidders do or how many items
with value x; he wins at the second round. Therefore, answering the queries of the mechanism truthfully is
an obviously dominant strategy for all bidders.

4.2 Impossibility Result: Proof of Theorem 1.2 Fix an auction with a set of items M and n bidders,
where the domain V; of each bidder consists of additive valuations with values in {0, 1,...,poly(m,n)}. We
denote the elements of M with {e1,...,en}.

Assume towards a contradiction that there exists an obviously strategy-proof, individually rational, no-
negative-transfers mechanism M together with strategies S = (Si,...,S,) that implement an allocation
rule and payment schemes (f, P,...,P,) : Vi X ---xV, = T x R", where f gives an approximation strictly
better than min{m,n} to the optimal social welfare.

We start by defining several valuations. Since these valuations are additive, we can fully describe them
by specifying their value for each item. For every player i < m, we define:

vfi,one(x) _ {1 T = €4,

0 otherwise.

Whereas for every player i > m:

0 otherwise.

sziq‘,,one(x) _ {1 T = €m,

Observe that given the valuation profile (v ... v&°"¢) the approximation ratio of f guarantees that

there are at least two bidders such that f assigns to them a bundle that is valuable for them. For convenience,
we assume that bidders 1 and 2 are allocated e; and e.” For the analysis, We define additional valuations
of players 1 and 2:

262 4+2 x=ey,

| 3kt g = » 3kt x—
’Uil’blg(.ﬁ) _ { x €1, Uf27blg(l‘) _ { T €2, v?oth(l,) _ 2k2 T = e,

0 otherwise. 0, otherwise. .
0, otherwise.

2k24+2 x=es,

) 3k = ey, ) 3k4 = e,
USQ,bzg(x) _ { €T = €2 vgl,bzg(x) _ { r=e€ 'USOth(LC) =092 = e1,

0 otherwise. 0, otherwise. .
0, otherwise.

where k = max{m,n}. We define the following subsets of the domains of the valuations:
_ ey, one _e1,big e2,big both _ ez, one _e2,big e1,big both
Vi = {Ul » U1 » U1 » U1 }a Vo = {UQ » Ug » U2 ) Ug }

e;,one

and for every player ¢ > 3, we set V; = {v; 1.8 We will use the following lemma to show that at least
one player i at some point has to send different messages for different valuations in V;. Formally:
Similarly to the proof of Theorem 1.5, this is without loss of generality because if it would have been any other pair of
bidders, the proof would have remained the same up to renaming of the bidders.
8Note that for every player i, all valuations in V; except for v?"m and vgom have only one valuable item. It is for this reason
that the proofs of Theorems 1.2 and 1.1 are so similar.

29
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LEMMA 4.1. There exist (vi,...,v), (v1,...,v,) € Vi x --- XV, such that the behaviors (Si(v1),

rTn

o Sn(vn)) and (S1(vh), ..., Sn(v))) do not reach the same leaf in the mechanism.
Proof. Consider the valuation profiles v = (079, 052" | wemome) and o' = (V50" p§hbW ygsone
.., vém0m€)  Given the valuation profile v, player 1 wins item e; because of the approximation guarantee of
the mechanism. Similarly, given the valuation profile v/, player 2 wins item e;. Thus, the behavior profiles
S(v) and S§(v') reach different leaves. 0

)

We now use Lemma 4.1. Let u be the first vertex in the protocol such that there exist
(V1y...,0), (V],...,v),) € V where the behavior profiles (S1(v1),...,Sn(vy)) and (S1(v}),...,Sy(v},)) di-
verge. Note that u € Path(S1(v1),...,Sn(vn)) N Path(S1(v]),...,Sn(v),)). We remind that each vertex is
associated with only one player that sends messages in it. The player that is associated with vertex u is
necessarily either player 1 or player 2 because every player ¢ > 3 has only one valuation in V;, so the set
{Si(v;) }v,ev; is a singleton. We assume without loss of generality that vertex u is associated with player 1,
meaning that there exist v, v} € V; such that S;(v;) and S;(v]) dictate different messages at vertex u.

Lemmas 4.2 and 4.3 examine two complementary cases, demonstrating that in each scenario, the strategy
S dictates the same message at vertex u for all the valuations in V. This leads to a contradiction, completing
the proof.

LEMMA 4.2. If f(vll’Oth,vgl’big,vgs’one, o, WEROEY outputs an allocation where bidder 1 wins a bundle that
contains eq, then the strategy S1 dictates the same message at vertex u for all the valuations in V.

LEMMA 4.3. If f(vi"’th,vgl’big,vgs’one, o, Ve outputs an allocation where bidder 1 wins a bundle not
containing ea, then the strategy S1 dictates the same message at vertex u for all the valuations in Vi.

It remains to prove Lemma 4.2 and Lemma 4.3. The rest of the proof follows this outline. In Subsection
4.2.1, we state Lemma 4.4, which consists of observations about the allocation function and the payment
scheme of the mechanism. In Subsection 4.2.2, we prove Claim 4.1 which shows that the obviously dominant
strategy Sy always dictates the same message for the valuations v¢°" and v¢""9. Both of these facts will
be used in the proofs of Lemma 4.2 and Lemma 4.3, which are in Subsections 4.2.3 and 4.2.4 respectively.

4.2.1 Observations about the Allocation and Payments of the Mechanism We begin by deriving
straightforward observations about the bundle that bidder 1 wins and his payment:

LEMMA 4.4. The allocation rule f and the payment scheme Py of bidder 1 satisfy that:

1. Given (vi"" v "¢ L vém ) bidder 1 wins a bundle that contains ey and pays at most 1.
. bi bi . . L.
2. Given (vi"""9 vg" 7 wg® " L ugnone) bidder 1 either: (a) gets a bundle not containing e1 and pays

0 or (b) gets a bundle that contains e; and pays at least 2k3 + k2.

3. Given (vfz’big, vg"”big, vs® " L ugmone) bidder 1 either: (a) gets a bundle not containing e and pays
0 or (b) gets a bundle that contains es and pays at least 2k3 + k2.

4. Given (vboth v$2°m¢ . yenone) bidder 1 wins a bundle that contains ey and pays at most 4k? + 2.
. bi . .
5. Given (vi™"9, vg? " L vEnome) bidder 1 wins ey and pays at most k?.
. bi . .
6. Given (v8oth p5h 79 pg® o™ L wEnone) bidder 1 does mot win e.
bi . . ‘
7. If f(uhoth w5t 7t g ome L wenome) outputs an allocation where bidder 1 wins ea, then he pays at
most 2k?.
bi . . . L.
8. If f(vboth w5t 79 pg® e L wEnone) outputs an allocation where bidder 1 wins a bundle not containing

eo, then he pays zero.
The lemma is a direct consequence of the properties of the mechanism. We prove it in Appendix B.1.2.
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4.2.2 The Valuations v{"”" and v{"""" Send the Same Message We now use the observations about

the mechanism (Lemma 4.4) to show that S; dictates the same message for v¢°" and vS""*™ at vertex w.

We use Claim 4.1 to prove Lemma 4.2 and Lemma 4.3.

ey,one e1,big

CrLAaM 4.1. The strategy S1 dictates the same message at verter u for both vy and v;

Proof. Note that by Lemma 4.4 part 1, given (vf""¢ 05" ... vi°"¢)  bidder 1 wins a bundle that
contains e; and pays at most 1. Therefore:

(4.3) POV (F(C1ON SO | enione)) P (10N peaone | enoney > gpd |

r n

In contrast, by Lemma 4.4 part 2:

e1,big e1,big | e1,big | ez,one en,one e1,big e1,big  es,one en,one 4 3 2
(44) Uy (f(vl y Ug » Vs yoeesUn ))_Pl(vl ) Ug » Us )y Up )S?)k —2k° -k

Combining (4.3) and (4.4) gives:

el,big el,one €ez,0ne €n,0ne €1,0ne €2,0ne €n,0ne
vy (f(vy L0520 L v o)) — Py (v v G I
e1,big e1,big e1,big  es,one en,one e1,big e1,big e3,one en,one
vy (f(v] , Vg , Vg see s U )) — Py (v] , Vs , Vg R DR

We remind that vertex u belongs in Path(S; (v5°"¢), Sy(v$2°"¢), . .., S, (v&°"€)) and in Path(S; (v<"9),

Sy (051°P19), S5 (V5™ .., S (v °m€)), so by Lemma 2.1 the strategy S; dictates the same message for
e1,one ey,big
vy and v at vertex w. O

4.2.3 Proof of Lemma 4.2 The proof is as follows. We first show that the strategy S; always dictates

the same message for v2°*" and vfl’big (Claim 4.2). We proceed by demonstrating that in the case under

consideration in Lemma 4.2, the strategy S; dictates the same message for the valuations v2°" and v¢2"*"
(Claim 4.3). We remind that V; = {077, vfl’bzg, v?’blg, ¥4t} 50 combining Claims 4.1, 4.2 and 4.3 gives

that the strategy S; dictates the same message for all the valuations in V;, as needed.

CLAIM 4.2. The strategy Sy dictates the same message at vertez u for both v2°™ and v<*" .
Proof. Note that by Lemma 4.4 part 4, given (020" 052" . venome) hidder 1 wins a bundle that contains
e, and pays at most 4k? + 2. Therefore:
(U5) WS (f(ooth, pgaene one | penone))  py(yhoth e yenone) > 3 _ 42
Whereas by Lemma 4.4 part 2:
(4.6) vEPI(f(vEb ygrbia gesione | enoney)y _ py (y€0big qenbig gesone o enoney < gpd _ op3 g2
Combining (4.5) and (4.6) gives:

,Uihbig(f(,ullmth, ’U;hbig, Uga,one, o ,U;”’One» .y ) (,Ull)oth, ’U;l’big, Ugg,one, o ’UZn,one>
We remind that by assumption vertex u belongs in Path(S; (vS"""9), Sy(v579), S5(v53°™), ..., S, (vEmom€))
and also in Path(S; (U?Oth),Sg(vgz’one),83(v§3’°"e), ooy Sp(vEnome)) so Lemma 2.1 gives that the strategy
S1 dictates the same message for v{"""* and v} at vertex u. 0
CLAIM 4.3. If f(vboth p§0V9 y&3ome  yenone) outputs an allocation where bidder 1 wins a bundle that
contains ez, then the strategy Sy dictates the same message at vertex u for both v?°t" and v?’blg.
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Proof. By Lemma 4.4 part 7 and by assumption, given (vll”)th,vgl’big,v?’one, .., vémone) hidder 1 wins a
bundle that contains e, and pays at most 2k2, so

(47) vf2’big(f(vll’0th, ,U;hblg v§3;0ne7 o ’,Uzn,one» P, (,Ull)oth ’U;l’blg v§3,0n€7 o ’,Uzmone) > 3kt — k2

Whereas by Lemma 4.4 part 3:

(4 8) 62,b19(f(U§2,bi9’ v;z’big, 1)53’0”8, o 71),,5;7:.)07’7/6)) P, (Ufz,blg v;mbig’ ’U§3’one, o ,UZ,“OTLS) < 3k4 —9k3 _ k2

Combining (4.7) and (4.8) gives:

,Ufmbig(f(vfmbw v;zablq /U?C;?,,OTL('Z’ o Uin,one)) P, (vlez,bu] U;z,blg ,U§3707l€’ o 7,Uen,one) <
va’big(f(vll"’th vgl’bzg v e one)) — Py (vll"’th vgl’bzg v o)
Similarly to before, vertex w is in Path(S;(v{*"™), Sy (v5"9), S3(v5* "), . .., Sp(ver2"¢)) and also in
Path(S; (18, Sy (v57), S5 (053", . . ., S (V5 °€)), so applying Lemma 2.1 completes the proof. O

4.2.4 Proof of Lemma 4.3 The proof of Lemma 4.3 has the same structure as the proof of
Lemma 4.2, except that we now analyze the case where bidder 1 does not win e; in the instance
(vheth Ugl’bw v L ugmone). We first show that for this case, the strategy S; dictates the same message
for vb"th and v7"?"® (Claim 4.4). We then show that it also implies that S; dictates the same message for
both v}°t" and vfz’blg (Claim 4.5). Combining Claims 4.4 and 4.5 with Claim 4.1 gives that S; sends the

same message for all the valuations in Vi, that completes the proof.

CLAIM 4.4, If f(uboth vstbi9 pesone  pemone) outputs an allocation where bidder 1 wins a bundle not
containing ea, then the strategy S1 dictates the same message at vertex u for both v4°" and v{*°"°.

Proof. Note that by Lemma 4.4 part 1, given (vi" " v3> " ... v¢»°"¢) bidder 1 wins a bundle that
contains e; and pays at most 1. Therefore:

(4.9) VRO (F (0§10 g2 O L wemene)) — Py (v us O L wgmone) > 2k 4 1

We now analyze the output of the mechanism for the valuation profile (v2°", vgl’bi97 v L e o). By
assumption and by Lemma 4.4 part 6, the function f outputs for this instance an allocation where bidder 1
wins neither item e; nor item ey. Therefore, vt (f(vboth p§Hb® yesone  yenone)y — () Combining with
Lemma 4.4 part 8, we get that:

(4.10) Vot (f (vboth vgl’bzg V58O L wemene)) — Py (vheth, vgl’bzg v o) =0

r n

Combining (4.9) and (4.10) gives:

both both _.e1,big _es,one en,one both _.e1,big _es,one en,one

V% (f (017 wg T ug® O e o)) — Py (01, vg T us® O L oot <
both ei,one eg,one en,one ei,one eg,one €n,0ne
U1 (f(vl7 yUg™’ yeees U ) 1:)1(1}17 yUg™ yee ey U )

We remind that vertex w belongs in Path(S;(vi""), Sa(vs?°"), ..., Sp(vs°"¢)) and also belongs in
Path(Sy (v8oh), Sy (v5 "), S5 (052", . .., Sn (e °™€)), so the proof is finished by applying Lemma 2.1.
0

CLAIM 4.5. If f(vboth pSoP9 ps0ne  yenone) outputs an allocation where bidder 1 wins a bundle not

both €2 ,bzg

containing ez, then the strategy Si dictates the same message at vertex w for both vi°" and vy

Proof. Due to the same reasons specified in the proof of Claim 4.4:

(411) ,Ullwth(Jc(vllmth7 U;l’big, ,ng,one’ o vemone)) o Pl (vll)oth7 vgl,big’ v§3’0ne

en,one\ __
»¥n (S )_O

yor Un
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Whereas by Lemma 4.4 part 5:

3 3

(4.12) VPO (f (0201 g2 0me L pEneone)) Py (pf2 P9 pf2one | genone) > of2 g2 — |2

Combining (4.11) and (4.12) gives:

both both ,.e1,big _ es,one en,one both ,.e1,big , e3,one en,one
v (f (01", v vy see s U )) — Py (077 vt v N M I
both es,big eg,one en,one ea,big eg,one en,one
it (f(vl y Ug yee e Un" ))_Pl(vl y Ug yeoe s Un )
L. .. bi .
Similarly to before, vertex u is in Path(S;(v?°™h), Sa(vs' "), S3(vs* "), ..., Sn(vE°™)) and also in
o5, bi 5 ,0ne .

Path(S;(vi?""7), Sa(vs?™¢), ..., Sp(vim°™¢)), so applying Lemma 2.1 completes the proof. 0
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A An Impossibility Result for Unit-Demand Bidders: Proof of Theorem 1.1

In this section, we prove an impossibility result for unit-demand bidders. We remind that a valuation v; is
unit-demand if v;(S) = max;cgv;({j}). This proof is extremely similar to the proof of the Theorem 1.2 in
Section 4. We write it for the sake of completeness. We note that the proofs are similar because most of the
valuations in the analysis of Theorems 1.1 and Theorem 1.2 are both unit-demand and additive.

Fix an auction with a set of items M and n bidders, where the domain V; of each bidder has unit demand
valuations with values in {0,1,...,poly(m,n)}. We denote the elements of M with {e1,...,en}.

Assume towards a contradiction that there exists an obviously strategy-proof, individually rational, no-
negative-transfers mechanism M together with strategies S = (Si,...,S,) that implement an allocation
rule and payment schemes (f, P,...,P,) : Vi X---xV, = T x R", where f gives an approximation strictly
better than min{m,n} to the optimal social welfare.

We begin by defining several valuations that will be useful when analyzing the mechanism. We take
advantage of the fact that they are unit-demand, so they can be fully described by specifying the value for
each item separately. For every player i < m and for every item z, we define:

Uiei,o’ne(x) — {1 T = €4,

0 otherwise.

Whereas for every player i > m:

,Ul_eruone(x) _ {1 T = €m,

0 otherwise.

Observe that given the valuation profile (v ... v&°"¢) the approximation ratio of f guarantees that

there are at least two bidders such that f assigns to them a bundle that is valuable for them. Similarly to
the proof of Theorem 1.2, we assume for convenience and without loss of generality that bidders 1 and 2 are
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allocated e; and es. We now define additional valuations of players 1 and 2:

262 4+2 z=ey,

) 3k =e, ) 3k4 = e,
Ufl’blg(x) _ { T =€ viz,bzg(x) _ { T = €2 'Ullwth(x) =092 4= e,

0 otherwise. 0, otherwise. ;
0, otherwise.

262 +2 x=ey,

. 3kt 2= ey, o bi 3kt =e,
v;g,bzg($) _ { €T = €2 ’1}21’17 g(x) _ { =€ Ugoth(x) ={9k2 = e1,

0 otherwise. 0, otherwise. .
0, otherwise.

where k = max{m,n}. We define the following subsets of the domains of the valuations:
_ f[,e1,one ei,big e2,big  both _ [,e2;0ne e2big  e1,big | both
V1= {vl » U1 » U1 » U1 }a Vo = {’02 » Ug » U » Ug }

and for every player i > 3, we set V; = {v;"”"“}. We will use the following lemma to show that at least
one player ¢ at some point in the mechanism has to send different messages for different valuations in V;.
Formally:

LEMMA A.1. There exist (vi,...,vp), (V],...,v,) € Vi X --- x V, such that the behaviors (S1(v1),

r n

.y Sn(vy)) and (S1(v)), ..., Sn(v])) do not reach the same leaf in the mechanism.

The proof of Lemma A.1 is identical to the proof of Lemma 4.1. We now use it. Let u be the first vertex in the
protocol such that there exist (vy,...,v,), (v],...,v),) € V where the behavior profiles (S1(v1),...,Sn(vn))
and (S1(v)),...,Sn(v),)) diverge. Note that u € Path(S1(v1),...,Sn(vn)) N Path(S1(v]),...,Sn(v),)). We
remind that each vertex is associated with only one player that sends messages in it. The player that is
associated with vertex u is necessarily either player 1 or player 2 because every player ¢ > 3 has only one
valuation in V;, so the set {S;(v;)}v,cv, i a singleton. We assume without loss of generality that vertex u is
associated with player 1, meaning that there exist vy, v} € V; such that S;(v1) and S;(v]) dictate different
messages at vertex u.

Lemmas A.2 and A.3 examine two complementary cases, demonstrating that in each scenario, the
strategy S; dictates the same message at vertex u for all the valuations in V;. This leads to a contradiction,

completing the proof.

LEMMA A.2. If f(vboth o509 pesome  penone) outputs an allocation where bidder 1 wins a bundle that
contains ea, then the strategy S1 dictates the same message at vertex u for all the valuations in Vy.

LEMMA A.3. If f(uboth oS00 S30me  yenone) outputs an allocation where bidder 1 wins a bundle not
containing eq, then the strategy Sy dictates the same message at vertex u for all the valuations in Vy.

It remains to prove Lemma A.2 and Lemma A.3. Before we do so, we need two components. The first
one is the following claim:

ej,one

CrLaM A.1. The strategy S1 dictates the same message at vertex u for both v] and U‘fl’big.

The proof of Claim A.1 is identical to the proof of Claim 4.1. The second component comprises the following
straightforward observations regarding the bundle that bidder 1 wins and his payment:

LEMMA A.4. The allocation rule f and the payment scheme Py of bidder 1 satisfy that:

1. Given (vi"" v "¢ .. vém0ome) bidder 1 wins a bundle that contains ey and pays at most 1.

2. Given (vfl’big, vgl’big, vs " L ugmome) bidder 1 either: (a) gets a bundle not containing e; and pays
0 or (b) gets a bundle that contains e; and pays at least 2k3 + k2.

3. Given (0879 19 yexone | penone) pidder 1 either: (a) gets a bundle not containing ey and pays
0 or (b) gets a bundle that contains ez and pays at least 2k3 + k2.

4. Given (v0oh w52 . wEmome) bidder 1 wins a bundle that contains e; and pays at most 1.
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. bi . .
5. Given (vi?7"9, vs? " L w0 bidder 1 wins ex and pays at most k2.

; b1 ) . .
6. Given (v8oh vgh” g0 L wenone) bidder 1 does not win e .

7. If f(vboth pSbio v L e o) outputs an allocation where bidder 1 wins item es, then he pays
at most 2k2.

8. If f(vhoth, el’bzg L 05O L uEnome) outputs an allocation where bidder 1 wins a bundle not containing
e, then he pays zero.

Lemma A.4 is a direct consequence of the properties of the mechanism. We defer the proof to Subsection
B.1.3. We can now prove Lemma A.2 and Lemma A.3.

A.1 Proof of Lemma A.2 The proof is as follows. We first show that the strategy &1 always dictates
the same message for v2°" and v (Claim A.2). We proceed by demonstrating that in the case under
consideration in Lemma A.2, the strategy S; dictates the same message for the valuations v}°** and Uer“’l"g
(Claim A.3). We remind that V; = {v5°"¢ pf1019 €201 yboth} o combining Claims A.1, A.2 and A.3

gives that the strategy S; dictates the same message for all the valuations in Vi, as needed.

CLAIM A.2. The strategy Sy dictates the same message at vertez u for both v¢°*" and vel’b’q

roof. Note that by Lemma A.4 part 4, given (v{°"", vy , Us yee e, U5 , bidder 1 wins a bundle tha
P Note that by L A.4 part 4 both [pg2:oM¢ pg2one énsone) hidder 1 bundle that
contains e; and pays at most 1. Therefore:
(Al) Ufl71729(f(vl1)oth7 U§2’0n67 ,U§3707l€7 o 7,Ureln,one)) -P (Ull)oth’ 1152707167 v§3,0ﬂ€7 . ’Uzn,one) > 3]64 _
Whereas by Lemma A.4 part 2:

e ,big e1,big e1,big es,one s e1,big e1,big _es,one R 4 3 2
(A.2) vV (f (o770 ug® L o)) — Py (vt ug T o O Lo ote) < BkT — 2k — k
Combining (A.1) and (A.2) gives:

ey,big ey1,big ey,big es,one €n,one e1,big e1,big e3,one en,one
v (f (0 0t g yees UL ) — Pr(viv”, v v N o ) <
e1,big both .e1,big  es,one en,one both ,.e1,big , ez,one €n,one

V] (f (0" vgm™ v yee 0 )) — Py (0% vt vy y e, UEOTE)
We remind that vertex u belongs in Path(S; (vS*"%9), Sy(v5 "), S(v5*°™), ..., Sp(v&r2™¢)) and also in
Path(S; (v2oh), So(v52°"¢), S3(v52°"°), . .., Sp(vEm°)), so Lemma 2.1 gives that the strategy S; dictates
the same message for v5""" and o2 at vertex w. O
Cramm A.3. If f(vll"’th,vgl’bzg,v?’om, o, UEmomeY outputs an allocation where bidder 1 wins a bundle that
contains ea, then the strategy Sy dictates the same message at vertex u for both vt and v
Proof. By Lemma A.4 part 7 and by assumption, given (000t pSP%9 &30m€  yen.one) hidder 1 wins eg

2
and pays at most 2k“, so
(A.3) o2 (f(pboth 1o gesone | enoney) L py (ypboth e1bia esone | ensoney > 3pd _ gp2
Whereas by Lemma A.4 part 3:
(A4) V&2 P9(f(p8219 y52bio gesone | penone)) Py (82010 g e2big g esone | enoney < 3pd _ 9pS k2
Combining (A.3) and (A.4) gives:
ez,big es,big es,big es,one en,one ea,big e2,big _ es,one en,one
v (f (077 0 o0 L o)) — Py(up 7 ugr Y ogt 0Ll upm o) <
ea,big both .e1,big es,one €n,one both .e1,big es,one en,one

U1 (01", vy » U3 yeeesUn )) = Pr(vi”", v ) U3 3o Un )

Similarly to before, vertex w is in Path(S;(v{*""), Sy (v5?"9), S5(v5* "), ..., 8p(ven2€)) and also in

Path(S; (v2o), Sy(vs "), S3(v57°™), ..., Sp (v °™¢)), so applying Lemma 2.1 finishes the proof. 0
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A.2 Proof of Lemma A.3 Similarly to the previous case, the proof for this case also requires two
steps. Both steps rely on the assumption that bidder 1 does not win e; given the valuation profile

(vhoth ysrbid yesone - penone)  We first show that the strategy S; dictates the same message for 0ot
and vel’one (Claim A.4). We proceed by demonstrating that S; dictates the same message for both v}°*" and

ez’blq (Claim A.5). Combining Claims A.4 and A.5 with Claim A.1 gives that S; sends the same message
for all the valuations in V;, that completes the proof.

CLAIM A.4. If f(uboth oSt b9 pesone - penone) outputs an allocation where bidder 1 wins a bundle not
containing es, then the strategy S1 dictates the same message at vertex u for both v4°" and v{*°"°.

Proof. Note that by Lemma A.4 part 1, given (vi" " vs> " ... v&»°"¢) bidder 1 wins a bundle that
contains e; and pays at most 1. Therefore:

(A.5) VPR (F (0§10 g2 O L wemene)) — Py (v us e L wgmone) > 2k 4 1

9

Whereas by assumption and by Lemma A.4 parts 6 and 8:

(A.6) vll"’th(f(vl{‘jth vgl’bzg v Lo o)) — Pl(vll"’th vgl’bzg v o) =0

Combining (A.5) and (A.6) gives:

,Ull)oth (f(,ulljoth’ ,Ughblg U§3,0n67 o ,,Uen,one)) —-p (,Ullyoth ’U;l’blg, U;S’One, o ,UZn,one) <
,Ullyoth(.]c(,ufl,one7 v;g,one’ o ’Uzn,one)) Pl (U?,one’ U;z,one, o ’Uyeln,one)
We remind that by assumption vertex u belongs in Path(S; (vi"7"), Sa(vs?”"¢),, ..., Sp(vE»°"¢)) and also in
Path(S; (v2o), Sy(vs "), S3(v57°™), ..., Sp (v °™¢)), so applying Lemma 2.1 completes the proof. O
CLAIM A.5. If f(uboth wSt b9 pesone - penone) outputs an allocation where bidder 1 wins a bundle not
containing eo, then the strategy Si dictates the same message at vertex u for both v°*" and veQ’ng
Proof. By Lemma A.4 parts 6 and 8 and by assumption, given (U?Oth,vgl’mg v L g, bidder 1
gets nothing and pays nothing, so:
(A.?) ngoth,(f(vllyoth7 vghblg U§370"€7 o ,Uin,one)) P, (vllyoth vghblg U?e’e,,one7 o ,UTeL,I,,(me) -0
Whereas by Lemma A.4 part 5:
(A8) Ullnoth(f(vfz,bzg USQ,OTLE’ o 7,Ureln,one)) P (,Ufz,bzg ,USQ,OTLE’ o 7'027“0716) > 2k2 _ k2 _ k2
Combining (A.7) and (A.8) gives:
,Ull)oth (f(,ull)oth ,Uglablg U;S’One, o ,,U::Ln,one)) P, (Ullyoth Ugl,blg ’U;S’One, o ,U:,Ln,one) <
’Ullmth(f(viz’bzgv ’05210”65 cee avflmone)) - Pl (vf%blg’ ,052107“3, cee ’,UZn,One)
Similarly to before, vertex u is in Path(S (0o, Sy (05 °P9), S5 (V5 ™), ..., S (vEm©™€)) and also in
Path(S; (v5>""9), 85 (v57°™), S5 (v5*°™), . . ., S (vE7°"¢)), so applying Lemma 2.1 completes the proof. O

B Missing Proofs

B.1 Proofs of Basic Observations about Mechanisms (Lemma 3.2, 4.4 and A.4) The deduction
of all components in the statements of all three lemmas is a direct consequence of the fact that the mechanisms
in all of them are obviously strategy-proof (and thus also dominant-strategy incentive compatible), satisfy
individual rationality and no-negative-transfers and provide welfare approximation better than min{m,n}.
We write them for the sake of completeness.

In all the following lemmas, we say for abbreviation that certain inequalities hold because of individual
rationality instead of saying that they hold because the allocation rule together with the payment scheme
are realized by a mechanism and strategies that satisfy individual rationality. We do the same for the
no-negative-transfers property.
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B.1.1 Proof of Lemma 3.2 We slightly abuse notation throughout the proof by writing f(v1,vs) for
f(v1,v2,v3"¢, ..., v2"¢) and P;(v1,vs) for Py(v1,va, 03", ..., v2"¢) for every pair of valuations v; € V4 and
vy € Vo

For part 1, note that because of individual rationality:
(B.9) o7 (f (07", 03")) — Pr(v7™%, v3") =2 0

one one) SO

We remind that by assumption f allocates to bidder 1 at least one item given (v{"™¢, vg

(B.10) o E(f (0", 087)) = 1

Combining (B.9) and (B.10) gives part 1.
For part 2, note that given (vPNE ¢!, player 1 gets the empty bundle because f gives approximation

better than min{m,n} only if player 2 wins all the items. Because of individual rationality:
oMY 0gh) = PLPYE ugt) 2 0

Since vPNE(f(vPNE wglh)) = 0, we get that 0 > Py (vPNVF vg) and because of the no-negative-transfers
property, Py(vPVE v3) =0, as needed.
To prove part 3, we define another valuation:

2 S=m
dis) = {’“ ’

0 otherwise.

Given (v1,v§"¢), player 1 wins m items because of the guaranteed approximation ratio of f. The inequality
01 (f (U1, v97¢)) — Py (v1,v9™¢) > 0 holds because of individual rationality, and therefore P; (v, v§"¢) < k2.
Note that f clearly also allocates all items to player 1 given (v, ,v§"¢) because of its approximation
guarantee. The fact that the mechanisms is dominant-strategy incentive compatible and f outputs the same
allocation for both (v, v§™¢) and (v, v$™¢) implies that P; (v, v§™¢) = Py (vy, v§™¢), so P; (v, vgme) is

also smaller than k2, which completes the proof.

B.1.2 Proof of Lemma 4.4 We slightly abuse notation throughout the proof by writing f(v1,vs) for
f(or, v, 057" Lo jvEmome) and Py (v1,vs) for Py(vy,ve,v5¥ " ... vEn°"€) for every pair of valuations
v1 € V1 and vy € V5.

For part 1, note that because of individual rationality:

(B,]_]_) vfl,OTLE(f(’U;il,OTL€7/USQ,OTLC)) _ Pl (’Ufl,ﬂn(i’ng,O’ﬂe) 2 0

We remind that f allocates a bundle that contains item e; to bidder 1 given (v{"", v52"), so:

(B.12) U ) = 1

Combining (B.11) and (B.12) gives part 1.

For part 2, note that the approximation guarantee of f implies that given (Ufl’big , vgl’big ), either bidder
1 or bidder 2 wins e;. If bidder 2 wins e;, then vS""9(f(v"% p5?"9) = 0, so this inequality combined
with the fact that the mechanism is individually rational gives that:

vfl,big(f(vihbig,U;ubig)) _ Pl(vflﬁbig’,v;hbig) >0
— Pl(vil,bigwghbig) <0

. o1 ,big e1,bi
Because of no-negative-transfers, Py (v{*""?, vs"""?) = 0.
el,big)

We now explain the other case in which f( Uy
To this end, we define the following valuation of bidder 1:

vfl’blg , outputs an allocation where bidder 1 wins e;.

() = 23 + k2 z=e,
! )0 otherwise.

Copyright (© 2024 by SIAM
Unauthorized reproduction of this article is prohibited

38



Observe that because of the approximation guarantee, f(1, vgl’big ) outputs an allocation such that bidder

2 gets e, so 1(f(01,05"")) = 0. The fact that the mechanism is individually rational and satisfies no-

negative-transfers implies that P; (ﬁl,vsl’big ) = 0. We remind that the allocation rule f is realized by a

dominant-strategy mechanism, so we also have that:

b1 (f(01,0579)) = Pr(in, v55"9)) > 01 (f (0], 05") — Py(uf", w5 )

— 0> 2k% 4+ k% — Py (v5h19 p5rbio) (by assumption)

SO Pl(vfl’big Ugl’big)

We now prove part 4. We will first show that f(v
item e;. To this end, observe that:

> 2k + k2, which completes the proof of part 2. The proof of part 3 is analogous.

both 152°"¢) allocates bidder 1 a bundle that contains

RO (0 U )) = Pr(0 05 ) 2 RO (0 ) — Py (v )

B.13
( ) >2k% +1

The first inequality holds because the mechanism M is a dominant-strategy mechanism, and the second
one holds because of part 1 that we previously proved. Combining (B.13) with the property of no-negative-
transfers implies that v2°t"(f (v}t v52°"¢)) > 2k2 4 1. Note that v}°'" has a value of at most 2k? to bundles
that do not contain ey, so it has to be the case that f(v2°!" v52°") allocates item e; to bidder 1. For the
upper bound on the payment, observe that because of individual rationality:

4k2 +2-P (,Uil)oth’vgmone) > U?Oth(f(’uzfom,’l};?’one)) - (vllmth7v§2,0ne) >0

so indeed Py (v§oth v5>°"¢) < 4k? + 2.
We turn our attention to part 5. To prove it, we define another valuation:

- k2 oz =ey,
v1<x>={ ;

0 otherwise.
Given (v1,v52°"¢), bidder 1 wins a bundle that contains ey because of the guaranteed approximation ratio
of f. Due to the individual rationality property:

(B.14) (5, 0577)) = Py, 05777) > 0 = K > Py(d7,0577")

Note that f clearly also allocates a bundle that contains item e to bidder 1 given (v2%%9 v52:°"¢) because
of its approximation guarantee. By dominant-strategy incentive compatibility, we have that:

01 0y, 052)) = Pr(0f 70, 0 ) 2 0 (f (B, 052)) Py, 05 )

The allocation rule f outputs an allocation where bidder 1 wins item ey for both (vi,v5*°"“) and
(0162989 052 ") | so vy 2P (f(ve209 p52 o)) = 2 b9(f(Ty,052°"¢)). By that, Py(9p,v52°"¢) >
Py (062 £2:°"€) " Combining this inequality with B.14 gives that P; (v 052°"¢) < k2, as needed.

To prove parts 6,7 and 8, we analyze the valuation profile (vlfommgl’big ). Note that because of the
approximation guarantee of f, it allocates item e; to bidder 2, so we have part 6. For part 7, assume that
Fwboth yetb9) allocates s to bidder 1. Since only items ey and ey are valuable for the valuation 2" we
have that v0o" (f(vboth pSY9)) = 2k2 5o by individual rationality, Py (02", vS*¥) < 2k2, as needed.

Analogously, for part 8: if bidder 1 does not win eg, then he wins no items that are valuable for him,
so in this case v?t( f(vboth vS+)) = 0. By individual rationality and no-negative-transfers, we get that

b
Py(vboth p5179) = 0, as needed.

B.1.3 Proof of Lemma A.4 Similarly to the proof of Lemma A.4, we abuse notation by writing f(v1, ve)
for f(vy,ve, 057", ... vEm0"€) and Py (v1,v2) for Py(v1,ve, 057", ... 05 "¢) for every pair of valuations
vy € V1 and vy € Va.

The proof of parts 1, 2, 3 and 5 are identical to the proofs of these parts in Lemma 4.4, since all the

valuations in all of these cases are both unit demand and additive. We now prove the remaining parts.
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For part 4, we first show that bidder 1 wins a bundle that contains the item e;. Note that since the
allocation rule f and the payment scheme P; are realized by a dominant-strategy mechanism, we have that:
(B.15)

’Ull)Oth(f(Ui)Oth, U;z,one» _ Pl (,Ullmth7 U;z,one) Z Ui;oth(f(vil,one’ U;g,one)) _ Pl (,Ufl,one’ ng,one)

> 2k* +1 (by part 1)

Combining (B.15) with the property of no-negative-transfers implies that v3°t"( f(v4eth v52:°"¢)) > 2k2 + 1.
Note that v2°*" has a value of at most 2k? to bundles that do not contain ey, so f(v5°t" v52°"°) necessarily
outputs an allocation where bidder 1 wins a bundle that contains e;.

For the upper bound on the payment, note that v (f(v8oth v52™¢)) = both(f(v{ "¢ V5> "))
and that by part 1, Pp(viV"¢,v5>°"¢) < 1. Combining these inequalities with (B.15) gives that
Py (vhoth 52°"¢) < 1, that completes the proof of part 4.

To prove parts 6,7 and 8, we analyze the valuation profile (U%Oth,vgl’big ). Note that because of the
approximation guarantee of f, it allocates item e; to bidder 2, so we have part 6. For part 7, assume that
F(wbeth yerb9) allocates ey to bidder 1. Since only items e; and ey are valuable for the valuation v2°" | we
have that v2°t"(f(vboth pSY9)) = 2k2  so by individual rationality, Py (v°th, v51") < 22 as needed.

Analogously, for part 8: if bidder 1 does not win eg, then he wins no items that are valuable for him,
so in this case vt ( f(vboth v5+ ")) = 0. By individual rationality and no-negative-transfers, we get that
Py (vboth pStb9) — 0 as needed.

B.2 Proof of Proposition 2.1 Showing that an obviously strategy-proof implementation is a dominant
strategy implementation is trivial, so we only show the other direction: that a dominant-strategy
implementation is, in fact, an obviously strategy-proof implementation.

Fix a mechanism together with the dominant strategies Si,...,S, that realize an allocation rule f
together with payment schemes P, ..., P,.

Assume towards a contradiction that there exists a player i such that the strategy S; is not obviously
dominant. Thus, by definition, there exists a valuation v; such that the behavior S;(v;) is not obviously
dominant for it. It implies that there is a vertex u € N that is attainable given the behavior S;(v;) and
behavior profiles (Bf,...,B}) € By x --- x B,, and B_; € B_; such that:

(B.16) 0 (fi(Si(vs), B=i)) — pi(Si(vs), B—i) < vi(fi(Bj, B.;)) — pi(B;, BL;)

where u € Path(S;(v;), B—;) N Path(B}, B",) and S;(v;) and B} dictate different messages at vertex u.

To reach a contradiction, we construct a strategy profile for the bidders in N\ {i}, which we denote with
&’ ;. This strategy profile is “constant”, in the sense that for every valuation profile v_; € V_;, it outputs
the same behavior profile, which we denote with B”,.

The behavior profile B”, is as follows. First, for every vertex that is not a descendant of u, B”; outputs
the same messages as the messages specified by B_;. We now describe the behavior of B”, in the subtree
rooted at vertex u. For that, let us denote with n,n’ be the subsequent nodes of u given the message that
the behaviors S;(v;) and B} dictate, respectively. For all the vertices at the subtree rooted at vertex n, the
behavior profile B”; specifies the same message as B_;. Similarly, at the subtree rooted at vertex n’, the
behavior profile B”, outputs at every vertex the same message as B’ ; dictates. For every other vertex, B”,
outputs some arbitrary message.

Fix an arbitrary valuation profile v_; of the players in N \ {i}. The construction of the strategy
profile 8’ ; guarantees that the behavior profile (S;(v;), S’ ;(v—_;)) reaches the same leaf as (S;(v;), B—_;), so
fi(Si(vy), B=y)) = fi(Si(v;),S8";(v—;)) and p;(S;(v;), B—i) = pi(Si(v;),S" ;(v—;)). Denote with S/ be the
strategy of player ¢ that outputs for every v; € V; the behavior B.. Similarly to before, f;(B},B",) =
fi(Si(v;), S ;(v—;)) and p; (B}, B",) = pi(Si(vi), S”;(v_;). Plugging these equalities in (B.16) gives:

0i(fi(Si(vi), SLi(v=4))) — pi(Si(vi), SZ;(v—4)) < vi(fi(Si(vi), SZ;(v—4))) — pi(Si(vi), S (v—i))

So by definition, the strategy S; is not dominant, so we get a contradiction, completing the proof.
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