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A non-isothermal breakage-damage model for plastic-bonded granular materials incorporating
temperature, pressure, and rate dependencies

Yazeed Kokash!, Richard Regueiro?, Nathan Miller?, Yida Zhang?*
Abstract

Plastic-bonded granular materials (PBM) are widely used in industrial sectors, including building
construction, abrasive applications, and defense applications such as plastic-bonded explosives. The
mechanical behavior of PBM is highly nonlinear, irreversible, rate dependent, and temperature sensitive
governed by various micromechanical attributions such as grain crushing and binder damage. This paper
presents a thermodynamically consistent, microstructure-informed constitutive model to capture these
characteristic behaviors of PBM. Key features of the model include a breakage internal variable to upscale
the grain-scale information to the continuum level and to predict grain size evolution under mechanical
loading. In addition, a damage internal state variable is introduced to account for the damage,
deterioration, and debonding of the binder matrix upon loading. Temperature 1s taken as a fundamental
external state variable to handle non-isothermal loading paths. The proposed model is able to capture with
good accuracy several important aspects of the mechanical properties of PBM, such as pressure-dependent
elasticity, pressure-dependent yield strength, brittle-to-ductile transition, temperature dependency, and
rate dependency in the post-yielding regime. The model is validated against multiple published datasets
obtained from confined and unconfined compression tests, covering various PBM compositions, confining
pressures, temperatures, and strain rates.

Keywords: Plastic-bonded explosives, Breakage, Damage, thermal effects, viscoplasticity

1. Introduction

Plastic-bonded granular materials (PBM) are composite materials that combine granular particles
with a plastic binder and have numerous medical and industrial applications (Gonzalez-Gutierrez et al.,
2018; Plassart et al., 2020; Rueda et al., 2017; Trzaskowska et al., 2023). A particular example of PBM
are plastic-bonded explosives (PBX). They consist of crystals of energetic materials such as HMX
(octahydro-1,3,5,7-tetranitro-1,3,5,5,7-tetrazocine) or TATB (1,3,5-triamino-2.4,6-trinitrobenzene)
(Plassart et al., 2020), and a matrix of polymeric binder which can be either a thermoplastic or thermoset
(Cady et al., 2006). To ensure safe handling, transportation, and storage of explosive materials,
experimental examination of PBX must be accompanied by a solid theoretical understanding and reliable
modeling and simulation techniques. Fundamental understanding of the thermomechanical response of
PBX is also crucial in establishing their detonation characteristics, since the chemical kinetics of energetic
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materials depends on both the temperature and the mechanical states of the material (Clements and Mas,
2004; Idar et al., 1998).

Extensive experimental studies have been conducted to assess the mechanical, thermal, and
chemical responses of PBM or PBX. These investigations encompassed various loading conditions and
tests, such as quasi static uniaxial unconfined compression and tension tests (Funk et al., 1996; Gratton et
al., 2009; Le et al., 2010; Manner et al., 2017; Plassart et al., 2020; Rae et al., 2002), triaxial compression
tests (Gratton et al., 2009; Gruau et al., 2009; Le et al., 2010; Plassart et al., 2020; Wiegand and
Reddingius, 2004; Wiegand and Reddingius, 2005; Wiegand et al., 2011), torsion tests (Gagliardi and
Cunningham, 2009), dynamic tests (Cady et al., 2009; Jr et al., 2011; Xu et al., 2021) and fracture tests
(Ferranti Jr et al., 2010; Liu et al., 2010; Liu et al., 2011; Plassart et al., 2020) for measuring stress-strain
responses and fracture properties. Some Experiments have also included cyclic loading paths to explore
the hysteretic, ratcheting, and fatigue mechanical behaviors of PBX (Buechler, 2013b; Le et al., 2010;
Plassart et al., 2020). Data from triaxial tests (Gruau et al., 2009; Wiegand and Reddingius, 2004) indicate
that the mechanical behavior of PBM is pressure dependent. Specifically, with increasing confining
pressure, its strength and stiffness increases, and the post-yielding response transforms from strain
softening (i.e., brittle) to hardening (i.e., ductile). These properties resemble those of granular materials
like sands and granular rocks. Some tests were performed at various temperatures from -55 °C to +80 °C
(Blumenthal et al., 2000; Clements, 2011; Gray III et al., 1998; Plassart et al., 2020). In general,
experiments carried out on PBX at higher temperatures demonstrated a generally weaker and more ductile
mechanical response. This was notable in the diminished stiffness of the stress-strain curves, reduced
strength, and an increase in the strain at which the sample reached maximum stress. This is not surprising
as polymeric binders are known to be temperature sensitive, i.e., their modulus and strength drops
significantly above the glass-transition temperature. On the other hand, several studies (Cui et al., 2010;
Gallagher et al., 2015; Li et al., 2020; Pereverzev and Sewell, 2020; Quansah et al., 2022) reported that
the stiffness of pure explosive crystals like HMX also decreases with increasing temperature. It is therefore
necessary to account for the temperature dependence of both the binder matrix and the energetic crystals
in physics-based constitutive modeling of PBX. Finally, a number of experimental studies were conducted
at a wide range of strain rates from 0.0001/s to 3000/s (Cady et al., 2009; Xu et al., 2021). The stress-
strain curves of the overall PBX as well as the grains and the binders are found to be rate-dependent in
both the elastic and the inelastic regimes (Cady et al., 2006; Wang et al., 2022; Zhang and Oskay, 2019),
thus exhibiting combined viscoelasticity and viscoplasticity behaviors. Many constitutive models have
been developed to describe the multi-faceted mechanical response of PBX (Bryant et al., 2023; Buechler,
2012, 2013a; Caliez et al., 2014; Gratton et al., 2009; Le, 2007; Le et al., 2010; Plassart et al., 2022;
Zubelewicz et al., 2013). For example, Le et al. (2010) presented a model combining a damage-dependent
isotropic hardening yield surface with Maxwell’s viscoelastic model to account for rate effect. A
viscoplastic model is proposed by Buechler (2012) for PBX 9501 and PBX 9502 that incorporates linear
viscoelasticity, isotropic and kinematic rate-dependent hardening plasticity with a Drucker-Prager yield
criterion. In Zubelewicz et al. (2013), a fracture-based viscoplastic model was proposed for PBX
composites, which was calibrated for PBX-9502 and the model also included temperature effects. One of
the most widely used constitutive model for the thermomechanical behavior of PBX 1is the Statistical
CRAcks Mechanics model (SCRAM) (Dienes, 1996; Dienes et al., 2006; Dienes, 1978, 1985). It can
capture the effect of “hot spots” in energetic materials that can originate not necessarily from thermal
effects but from mechanical deformations. It takes into account the opening, growth, shear, and
coalescence of cracks, plastic flow, and the nonlinear equation of state of the solid matrix. In addition, it
considers the interfacial friction in closed cracks as a localization process that can lead to hot spots. Two
simplified versions of SCRAM model have also been proposed later on which are the Iso-SCRAM and



visco-SCRAM models (Addessio and Johnson, 1990; Bennett et al., 1998). These simplified models
assume that the distribution of cracks remains isotropic during deformation, as opposed to the original
SCRAM model that considers the anisotropic nature of damage. A detailed comparison between the
different constitutive models for PBX is summarized in Plassart et al. (2020).

Despite their excellent performance in capturing some aspects of the stress-strain characteristics
of PBM, the majority of the existing constitutive models are phenomenological and thus do not track the
microstructural evolution (e.g., grain breakage, binder matrix damage), nor mechanistically explain how
these micro-scale attributions influence the overall macroscale behavior of PBM. In addition, many of
these models lack a robust thermodynamic foundation and may thus not fully comply with the second law
of thermodynamics under complex thermomechanical loading paths. Addressing these limitations is
important for enhancing the accuracy and reliability in modeling PBM. In this context, the objective of
this paper 1s twofold: 1) to develop a thermodynamic-consistent, microstructure-informed constitutive
model for generic PBM under monotonic loading; 2) to comprehensively validate the model with
published datasets encompassing the pressure, temperature, and rate dependent responses of PBX. The
overall idea is to extend the Continuum Breakage-Damage Mechanics (CBDM) theory by Einav and co-
workers (Das et al., 2014; Einav, 2007a, b; Tengattini et al., 2014) to model generic plastic-bonded
granular materials, with specific application to PBX. We start by showing the derivation for a rate-
independent non-isothermal CBDM model in Section 2. The generalization of the proposed model to
include rate dependency is presented in Section 3. In Section 4, we demonstrate the performance of the
proposed model by comparing with experimental data from literature in three different loading conditions:
quasistatic triaxial compression, quasistatic compression at different temperatures and lastly, rate
dependent behavior of the model at different strain rates. Finally, the main conclusions and possible future
extensions of this work are discussed in Section 5.

2. Non-isothermal breakage-damage mechanics theory
2.1. Breakage and damage internal variables

Grain cracking and crushing are dominant during the irreversible deformation of PBM, as
evidenced by in-situ X-ray images (Figure 1). The collective breakage of grains can be quantified by
introducing a scalar internal state variable (ISV), namely the breakage (B) (Einav, 2007a, b). It is defined
as B=B_/ B, where B, is the area enclosed by the initial and current grain size distributions (GSD) and

B, 1s the area between the mitial and the final GSDs, as illustrated m Figure 2. Therefore, B=0 for initial

unstressed specimens and B=1 for fully (ultimate) crushed samples. Assuming further that grain crushing
is fractional independent (Einav, 2007a), the current cumulative GSD can be expressed as a linear
interpolation between the initial and ultimate GSD with respect to B (Einav, 2007a):

FE(d®)=F(d*)1-B)+F£(d*)B (1)

where F is the cumulative GSD by mass; ¢£ is grain diameter; subscripts 7, «, ¢ represent initial, ultimate,
and current, respectively.
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Figure 1: a) X-ray images from Manner et al. (2017) on a deforming HMX based PBX sample in a uniaxial compression test.
Grain breakage is clearly observed through the course of loading: b) Finite element simulation of an energetic material under

compression (Manner et al., 2017). Color contour indicates the accumulation of maximum principal strain within the binder
martrix.
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Figure 2: a) Definition of breakage based on grain size statistics (Einav, 2007a).

In Das et al. (2014) and Tengattini et al. (2014), a damage ISV was defined for brittle cemented
granular geomaterials (e.g., sandstones) to account for the gradual cracking of the cement bridge that
connects the grains due to loading. Specifically, whenever a cement bridge undergoes partial cracking, it
is conceptually replaced with another bridge of undamaged material but with a smaller cross-sectional
area. In PBM, the polymeric binder plays a similar role in maintaining cohesion between the grains,
despite its relatively low quantity (approximately 5% by mass of the total material). We argue that the
binder matrix experiences a similar damage process under stress. When the sample is sheared, the shear
stress 1s transmitted through grain-to-grain friction as well as the grain-to-binder interfaces. As a result,



the binder matrix begins to accumulate damage and debonding from the grains, potentially enhancing the
sliding, rotation, and crushing of the grains. The concept of binder damage finds support in meso-scale
studies on PBM. For example, Manner et al. (2017) conducted finite element simulation of PBM with a
grain-binder structure mapped from X-ray images, as depicted in Figure 1 (b). The results show that when
the Representative Elementary Volume (REV) 1s being compressed and plastic deformation starts to
accumulate in the binder, the grains initiate debonding from the matrix and reorganize and rotate. This
suggests that the matrix binder, as load 1s being applied, starts to lose some of its functionality in terms of
keeping cohesion between the grains and therefore, it is reasonable to introduce a damage ISV, D, to
account for the deterioration and debonding of the binder matrix that can no longer supports the grains.
Here we do not seek for a quantitative statistical measure to quantify D as done in Das et al. (2014) and
Tengattini et al. (2014). Rather, we regard D as an overall measure of the ability of the binder matrix to
provide cohesion to all the grains at the REV level, with D =0 being the intact and healthy binder matrix,
and D =1 representing the complete detachment of the grain and the binder. In summary, the damage of
the binder represents the debonding of the grain/binder interface micromechanism and any other
dissipative micromechanism that ultimately reduces the total binder stiffness and the overall cohesion
provided to the whole material system.

2.2. Non-isothermal CBDM theory

The first and the second laws of thermodynamics for a deforming material REV under non-
isothermal condition is given by (Houlsby and Puzrin, 2007)

Y+0=0,6,-ST, ©=0 @)

where o; and ¢; are respectively the stress and strain tensors for small strain theory, with compression
being defined as positive (i.e., the soil mechanics sign convention) (Houlsby and Puzrin, 2007); S is the
entropy: 7T is the temperature; V¥ is the Helmholtz free energy or elastic strain energy of the solid and

should be a function of elastic strain, temperature, and ISVs, 1.e., ¥ =¥ (&;.7,B,D) ; ® is the dissipation

i
rate function and will depend on the irreversible rates such as the plastic strain, breakage, and damage
rates,1.e., D=0 (S;?,B, D) ; Superscripts e and p denote elastic and plastic, respectively; the dot "+ " above

a variable X indicates the time rate of change of X .

Assuming that D is a homogenous first-order function in the rates e?;;,B , and D_, which i1s
necessary to describe the quasi-static rate-independent behavior for hyperplastic materials (Houlsby and

Puzrin, 2007), we can write the following

¥ = o,60—ST—E,B—E,D 3)
Q=56 +E;B+E,D 4)

where
o .o p W W N 5

AP B ® ap’" T or



are the true stress, breakage energy, damage energy, and entropy, respectively; and

7g-X 5 X0p 20
Ty oB

»=25 (6)

2

are defined as the dissipative stress, dissipative breakage energy, and dissipative damage energy,
respectively. The bar symbol is used to distinguish between the true and the dissipative quantities. The
dissipative stresses are introduced to serve as the thermodynamic force that 1s conjugate to the ISV rates
in the dissipation rate function, similar to true stresses being the thermodynamic force of the state variables
for the free energy potential (Houlsby and Puzrin, 2007). This concept may be circumvented if one accepts
a priori that the thermodynamic forces for energy dissipation and energy storage are identical. However,
we found that dissipative stresses are necessary to simplify the generalization of a quasi-static hyperplastic
model to a rate-dependent one through the so-called flow and force potentials (Zhang and Buscarnera,
2017), as shall be seen in Section 3. Combining Egs. (2), (3) and (4), and accepting Ziegler’s orthogonality
rule, one obtains:

o, = .E, =E,.E, =E, (7

q-l

Eq. (7) 1s useful in expressing the final constitutive equations in the true stress space after the model is
deduced from the proposed scalar functions ¥ and @, following the hyperplasticity procedure.

The explicit expressions of ¥ and ® should be highly material specific and proposed closely
pertaining to the underlying physical reality. For PBM, the Helmholtz free energy will be a contribution
of both the grains and binder. Inspired by the previous works of Einav and co-workers (Einav, 2007a, b;
Tengattini et al., 2014), the total free energy considering both contributions and non-isothermal condition
1s proposed as

¥ (e;.B.D.T)=Y*(s;,B.T)+ ¥’ (&;.D.T)

g2 ij?

@®)
=(1-9B)¢* v,* (¢;.T)+(1-D)¢"v," (&,.T)

where 9 i1s the grading index which is determined by the knowledge of the initial and ultimate grain size
distributions; y, is the reference free energy; ¢ is the volume fraction; superscripts g and b denote grain

and binder, respectively.

Most of the existing PBM experimental datasets are obtained from axisymmetric specimens (1.e.,
cylinders). It is therefore convenient to limit the remainder of the model development to the triaxial space.
Substituting Eq. (8) into Eq. (5), we have

o oy £ ol
p=—r=(1-9B)¢ L +(1-D)¢ L ©)

oe, O€, 0€,

oY oyt , 0w’

=—=(1-9B)¢) ——+(1-D)¢p" —— 10
q=or=(1-98)¢* —-+(1-D)¢ — (10)

5 5 5
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where p and ¢ are respectively the mean and deviatoric stresses; &, and & are respectively the volumetric
and deviatoric strains.

Under mechanical loading, there are three primary energy dissipation mechanisms for PBM, as
illustrated in Figure 3. These mechanisms include grain breakage, binder damage, and plastic dissipation.
Plastic dissipation consists of both volumetric and shear components. The volumetric dissipation accounts
for grain reorganization (to form a denser packing), while the shear component captures the frictional
interactions among compressed grains. These mechanisms are highly coupled and occur simultaneously
throughout the deformation process. Therefore, a coupled dissipation rate function is used:

& (0.7 B.D) =|(® (&7 )) +(®,0 (7)) +(®s (8)) (@5 (D)) (14)

where @ v @ o &)B, and @ pare the volumetric, shear, breakage, and damage dissipation rates,

respectively.
0 T
O —>
o Ccq g
Grain reorganization and friction Grain Breakage Binder Damage

Figure 3: Dissipation mechanisms in the model, including volumetric and shear plastic strains, representing grains
reorganization and friction between the grains, as well as breakage of the grains and damage to the binder matrix.

Performing Legendre transformation of Eq. (14), one can obtain a function expressed in terms of
the thermodynamics forces f( 7.7.E5 . E, ) <0, which defines the yield surface of the resultant

elastoplastic model:
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The inelastic flow rules immediately follow:
2-iL P ;P p ;P (16)
p oq oE, ok,

where 4> 0 is the plastic multiplier which can be determined by enforcing the consistency condition.

It is possible to combine the incremental form of the elastic relation Eq. (5), the yield surface (15),
the flow rule (16), and the strain decomposition &; =¢; +¢&; to eliminate A and arrive at the following

incremental constitutive relation (see Appendix A):

p £,
¢ |=[D°-D?-D*-D"] | ¢, (17)
s T

where D°,D? , D? and D" are the elastic, plastic, breakage, and damage contributions to the constitutive
response, respectively. Eq. (17) is the general form of a non-isothermal breakage-damage mechanics
model for plastic bonded materials. Considering most experimental data on PBM are obtained at
isothermal condition (although at different temperatures), we exercise a simplified version of Eq. (17)

under 7 =0. For the same reason, we will not discuss the entropy evolution, and instead focus on the
response of the model in terms of stress-strain-breakage-damage evolutions at different constant
temperatures.

2.3. A specific CBDM model

Recent confined triaxial compression tests conducted on PBM have revealed a compression
response that depends on the applied pressure (Gruau et al., 2009; Wiegand and Reddingius, 2004;
Wiegand and Reddingius, 2005). Similar pressure-dependent behaviors have been observed in other
granular materials as well. Therefore, it is necessary to consider a pressure-dependent bulk modulus for
the grains, while assuming a linear elastic model for shear deformation. In contrast, the binder in this
formulation is assumed to have linear elastic moduli for both the bulk and shear responses. This
assumption 1s supported by experimental data demonstrating a linear stress-strain response within the
binder elastic range (Cady et al., 2006). According to the above, the reference Helmholtz free energy for
the grain and the binder are proposed as



i (enenT) =2

J— 3
r Kg e £ 3 g .2 C® (‘T—I;I)Z
g{T[S"M (T};)]H} +5G% T2 (18)

Cb (T_Z;])Z

1 3

b e e b _e2 b _e2 b r-b e
& & ,T ==K +—=-G 6' —3a’K (T-T))& —
Wr( TR ) 2 2 ( 0) v 2

(19)

0

where K°and G are the elastic parameters of the grains and K® and G”are the elastic constants of the
binder matrix; p, is a reference pressure usually taken as 1 kPa; 7} is the initial temperature; o is the

linear thermal expansion coefficient; C is the heat capacity. Eq. (18) embodies a pressure-dependent
elasticity model and (19) corresponds to a linear elasticity model. Note that the material parameters such
as K and G should also be functions of the temperature. Their expressions shall be decided based on

experimental data, as discussed later. Substituting Eqs. (18) and (19) in Eq. (8), the total Helmholtz free
energy becomes

3
_, AU
W(ef,6°.T,B,D)=(1-9B) ¢ EP_{*’Z [553053(1*:{;])}1} +%Gggjz—c—u

3%E L. 2
grains (20)
— , - ,
+(1—D)¢b %Kbg:?,+%Gb8:2_3abe(T_I;)8:_§:_(T 2211) :|
L 0

binder

Substituting (20) into (5), one obtains the elastic relations as
—z 2
p=(1-9B)#p { & —3a5 (T - T)]+1} (1-D)°K’| & -3’ (T-T))| (D)

=3(1-9B)¢#*Ge+3(1-D)¢°G’¢? (22)

3
= AU
E,=9¢° = p’{ (& —3a*(T - T)}+1} +ZG"” - ?—(T 275) (23)

0

b 2
E,=¢° Kbg‘*2+3Gb 2 _3a’K*(T -T,)s! _CT-L) (24)
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The dissipation rate functions are proposed as follows, based on the previous works of Einav
(2007b), Shen and Buscarnera (2022), and Tengattini et al. (2014):

o, = P .
o 5 ) E . 2 gv
JEB(I—B) 2 sin” (@) . E,(1-D)*sin"(@,)
EBC EDC

'(illpj = [M.p”pr(l_") +c(l- D)] &’
(i) . \ EBEBC
B 5p
(1-B)* cos(wy)

('I") A/ EDEDC

I (1-D) cos(w,)

25)

Eq. (25) obviously guarantees Eq. (14) to be a first-order homogenous function that satisfies Eq. (4). E,,.

and E,. are the breakage and damage critical energies that control the size of the yield surface of the

material. The critical breakage energy marks the limit at which the grains start to crush and break while
the critical damage energy indicates when the binder-grain interfaces start to accumulate damage and the
grains then start to slide and detach. Compared to Tengattini et al. (2014), two new parameters szand s,

are introduced to control the growth rate of breakage and damage after yielding. The added flexibility of
sz 1s demonstrated in our previous work (Singh et al., 2021). M* characterizes the critical stress ratio
g/ p after the material is sheared to steady state. Since the grains are bonded together using a matrix of

binder, it is expected that cohesion exists but will diminish as damage accumulates. Parameter ¢
characterizes the initial cohesion of the pristine material. Fmally, @;and @, are the coupling angles

controlling the relative contribution of breakage and damage dissipations during the inelastic deformation.
The pressure-dependent frictional dissipation is controlled by parameter » in the ® s €xpression which

embodies the Hoek-Brown failure envelope (Das et al., 2011). Substituting Eq. (25) into Eq. (15) and
enforcing Eq. (7) gives the yield surface in true stress space

y(p,q,B,D,EB,ED) =

2
EB (I_B)SB + E_D (I_D)SD + S (1_3 J —1 S 0 (26)
Eye Epe M pp, +c(1-D)

2.4. Model behavior

Figure 4 (a) shows the typical stress strain curves predicted by the model under triaxial compression at
confining pressures from low to high. Table 1 lists the parameters selected in this set of simulations. They
are arbitrarily selected bounded by their typical ranges for brittle granular materials based on the authors’
past experience. The figure shows a softening effect at lower confining pressures (5 and 30 MPa) followed
by a transition to strain hardening as the confining pressure increases (80 and 150 MPa), for the selected
set of parameters. The model also demonstrates its ability to capture pressure-dependent elasticity and
failure. These behaviors are characteristic of granular soils and cemented granular rocks (Donaghe et al.,
1988; Wong and Baud, 2012), as well as real and mock PBX (Le et al., 2010; Wiegand and Reddingius,
2004). Figure 4 (b) depicts the evolution of breakage and damage variables for confining pressures of 5



and 150 MPa. Notably, the breakage and damage values for the 5 MPa confining pressure are lower
compared to the 150 MPa confining pressure. This aligns with expectations since higher confining
pressures result in elevated stress levels, consequently leading to increased breakage and damage. Finally,
it 1s noteworthy that the predicted evolution of damage progresses more rapidly than the growth of
breakage under both confining pressures. This can be attributed to the specific parameter settings
employed in this case, where the critical damage energy is lower than the critical breakage energy
(specifically, half the value of the critical breakage energy).



Table 1: Parameters used for different model predictions.

Ke G* K G’ Epe Epe M ¢ Wy ) Sg &
Figure
MPa MPa MPa MPa MPa - MPa o o - -

Figure 4 25000 4000 16000 3500 3 1.5 1.5 40 45 45 2 0.95
Figure 7 7934.35 324481 3571.05 4932 6.03 0.07 15.67 0.75 4 2287 1.10 2 0.92
Figure 11  36163.12 3162.64 2609.84 7480 0.07 0.0166 88.46 0.58 5 83.97 0 3.24 0.1
Figure 12

T=-40°C 1440.19 404511 36549 168.69 9.63 0.0315 0.96 585 6026 5218 2 0.34
T=-15°C 120020 143529 308.74 14250 4.04 0.0122 096 287 6026 5218 2 0.34
T=23°C 113059 93594 240.66 111.07 3.60 0.0057 0.96 1.79 6026 52.18 2 0.34
T=55°C 1020.11 615.11 68.78  31.75 1.14 0.0027 0.96 143 6026 52.18 2 0.34
Figure 14

T=-10°C 858231 3968.88 2097.39 879.57 1427 0.0418 0.71 38.56 53.82 7828 2 0.73



T=25°C 660798 1681.60 61437 257.70 7.81 0.0156 0.71 1 1486 53.82 7828 2 2 073

T=74°C  4063.16 89691 14296 5996 1.75 0.0063 0.71 1 977 5382 7828 2 2 073

Figure 15 1330 2000 460 13095 2.084 0.0018 0.62 1 1.98 7987 5756 433 333 026 20 138
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Figure 4: a) Deviatoric stress (g) vs axial strain (g,) for four confining pressures (5. 30, 80, and 150 MPa). There is softening
at lower confining pressures, specifically 5 and 30 MPa, followed by a transition to strain hardening as the confining pressure
increases: b) evolution of breakage and damage internal variables for the 5 and 150 MPa. The evolution of breakage and damage
exhibits faster rates of change during the early stages of loading for both the 5 and 150 MPa cases. However, as loading
progresses, the rates of evolution gradually decrease.

Figure 5 shows the progressive evolution of the yield surfaces for confining pressures of 5 and 150
MPa. Below certain mean stress (for the selected set of parameters, around 55 MPa), the yield surfaces
exhibit rapid contraction after the initial yielding, resulting in strain softening. At higher mean stresses,
the yield surface expands, producing a strain-hardening response. This is known as brittle-ductile
transition in rock mechanics literature, with localized failure (e.g., splitting, fracturing) being expected in
the low-stress brittle regime and diffused failure pattern expected in the high-stress ductile regime
(Paterson and Wong, 2005). Note that the cohesion (the intersection between the yield locus and the g-
axis) reduces for both cases as loading progresses. This is caused by the accumulation of D and thus the
reduction of apparent cohesion ¢(1-D) in Eq. (26). In addition, it is understood that the full prediction

of the softening, localized failure of PBM at low confining pressures in an initial-boundary-value-problem
setting (e.g., in finite element simulations) may require additional model enrichments to remove the mesh
dependency and to account for additional microstructural couplings. Methods such as non-local or strain
gradient (Bazant et al., 1984), micropolar (Collins-Craft et al., 2020), micromorphic (Miller et al., 2022;
Regueiro, 2010), and viscoplastic regularizations (Das et al., 2013) may be integrated into the model in
future extensions.
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Figure 5: The evolution of yield surfaces for the 5 and 150 MPa cases. At low confining pressures, the yield surfaces contract,
whereas at high confining pressures, they expand. For low confining pressure, the expected failure mode is brittle fracture as
depicted by the sketch on the left. Meanwhile, for high confining pressure, the sample usually fails in a bulging form as depicted
in the sketch on the right. The stress path is depicted by the black lines.

3. Rate-dependent generalization

Before applying CBDM for real PBM which are characterized by salient rate-dependent behaviors
(Cady et al., 2009; Xu et al., 2021), it 1s necessary to generalize the basic quasi-static model in Section 2
with rate-dependency. This can be achieved by considering a higher-order homogeneous or non-
homogeneous dissipation rate function @, or equivalently, by introducing a flow potential w or a force
potential z, as systematically discussed in Houlsby and Puzrin (2007) and Zhang and Buscarnera (2017).
According to these works, the relations between the force potential, flow potential, and the dissipation rate
functions are given as:

. ¢ O(A, 7d) - oz
WA =7:0-z=D—z, :(A,a):jT’dr,and (I)(A,a):ézd (27)
)

where A is the set of external variables (the elastic strains for example); @ 1s the set of internal variables

rate (B for example); 7 is the corresponding thermodynamic forces; 7 is a dummy variable. Given a flow
potential w, the evolution laws of the plastic strain, breakage, and damage can be obtained by
ow ow . ow . ow
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Here, we propose the following form of the flow potential inspired by the rate-dependent breakage
mechanics formulation of Zhang and Buscarnera (2017),



&

(5.3 Ep. Bp) = Y22 (29)

where & = ( ) 1s the overstress function that measures the extent that the stress state surpasses the current

yield surface; V is identical to Eq. (15); (-) 1s the Macauley bracket; » is a viscosity parameter with a

unit of [time]; and m is an exponent that controls the nonlinear effect in the rate dependency. In Zhang
and Buscarnera (2017), this parameter is motivated from the physics of subcritical crack growth and is

termed as the corrosion index. The introduction of the pre-factor /E;.E,. / n 1 this structure ensures

that the unit of the inelastic rates is correct, 1.e., [1/time]. Combining Eqs. (28) and (29), the flow rules
can be expressed in true stress space (after enforcing Eq. (7)) as
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where &= (v) 1s the overstress function in the true stress space. Observing Eq. (30), one can see that the

role of flow potential Eq. (29) 1s to realize a Perzyna-type viscoplastic generalization of rate-independent
models, with the rate of inelastic evolution decided by the overstress (Perzyna, 1966).

To examine the performance of the rate-dependent model, we simulate again the triaxial
compression test under the 5 MPa confining pressure at various strain rates (1x107°, 0.1, 0.5, and 1 /s, )
with rate parameters 7 =0.1 and m = 0.2, and keeping the same mechanical parameters as those used for

Figure 4. The results are plotted in Figure 6. It is observed that the stress-strain curve produced by the
rate-dependent model converges to that of the rate-independent version (Section 2) at extremely low strain
rate (1x107°/s). With an increase in strain rate, both shear strength and post-yielding stresses increases,
mirroring the behavior commonly observed in PBM (Clements, 2011; Funk et al., 1996; Plassart et al.,
2020). The effect of the two rate parameters (77 and m ) on the predicted stress-strain, creep, and relaxation
responses at different strain rates 1s demonstrated in our previous works (Zhang and Buscarnera, 2017).
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Figure 6: Rate-dependent model for drained triaxial compression under 5 MPa confining pressure at different strain rates. At

g, =1x 10°° , the rate-dependent model curve is identical to the rate-independent model.

4. Model Performance
4.1. Quasi-static triaxial compression tests on PBX-9501

First, we test the performance of the model against the quasi-static triaxial compression dataset on
a mock explosive PBS-9501 (Wiegand and Reddingius, 2005). This material comprises granular sugar
and a BDNPA/estane binder (Funk et al., 1996). PBS-9501 was specifically developed as a mock for the
well-known PBX-9501 which is an HMX-based PBX. The experiments were carried out under varying
confining pressures, ranging from 3.4 MPa to 138 MPa. Their dataset also includes an unconfined
compression curve for this material.

The strategy for performance assessment is the following: First, we pick three curves, namely the
unconfined compression (0 MPa), the 34 MPa, and the 138 MPa confining pressure stress-strain curves
for model calibration. The calibrated parameters will then be used to predict the material responses under
other confining pressures (3.4, 6.9, 17, 69 MPa) and compared with the experimental results to evaluate
the model predictive capability. All simulations, except section 4.4, are performed using the rate-
independent model. Temperature is fixed at room temperature in this series of tests, therefore we set 7=T,
and d7 =0 in the simulation. In the triaxial compression simulations, the process consists of two stages.
The mitial stage involves isotropic compression, wherein the sample undergoes pressurization from all
sides until reaching a predetermined confining pressure. Subsequently, axial strain is applied in the second
stage of the test to introduce shearing while holding the confining pressure constant.

A global optimization technique was employed for the calibration step. The renowned robust
“Genetic algorithm” was used to obtain the model parameters (Gen and Cheng, 1999; Goldberg and
Holland, 1988). The built-in function in MATLAB “ga” was used. Briefly, the optimization process is to



minimize F(;) subjected to /b<p <ub, where F(;) = Znorm,. = Z\/(qfl“del — g )2 is the

objective function; g™ode! and g@reiment are the deviatoric stress obtained from the simulation and the
experiments, respectively; p is the parameters vector which are the parameters listed in Table 1; Ib and

ub are the lower and upper bound vectors for the parameters used in the optimization. Since we used three
curves for the objective function, the objective function was the sum of the norm error of the three curves.
The best values for the parameters were obtained and are listed in Table 1. The lower and upper bounds
for the optimization process were chosen based on values reported in the literature and through manual
calibration. After having a rough idea of the values of these parameters, we set the lower and upper bounds
with reasonable range to give the optimizer sufficient flexibility.

All curves and experimental data are plotted in Figure 7. The proposed model demonstrates
remarkable accuracy in predicting the mechanical behavior of the material at confining pressures from
low to high. Specifically, the model effectively captures the softening response in the low-pressure region,
represented by the 0 MPa and 3.4 MPa curves. The transition from brittle to ductile, strain hardening
behavior at higher confining pressures is also satisfactorily captured. Fig. 7 (b) highlights the model’s
ability to reproduce the pressure-dependent stiffness exhibited by the material pre-yielding.
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Figure 7: Model performance for confined compression behavior vs experimental data from Wiegand and Reddingius (2005)
for PBS-9501 at the seven confining pressures ranging from 0 MPa to 138 MPa: (a) comparison for the whole axial strain range
and (b) is a close up to 0.045 axial strain. Experimental data are depicted by scattered points, while the model is represented
by a solid line.

As all granular materials experience significant volume change during shearing, it is worth to
examine the predicted evolution of volumetric strain (Figure 8 (a)). Unfortunately, no corresponding
volumetric experimental measurements were available for this dataset. One can see that the model predicts
slight dilation under unconfined compression, while significant volumetric contraction under confinement
with the magnitude increasing as the confining pressure rises. For crushable granular materials, volume



contraction at elevated confining pressures is commonly observed, as finer particles generated by grain
crushing can fill the larger pore space to form more efficient packing.
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Figure 8: a) Model prediction for volumetric strain evolution for the different confining pressures; b) evolution for the
breakage and damage internal variables for the 0, 34, and 138 MPa confining pressures obtained from model. Some of the
curves do not start from zero which indicates that some breakage and damage has already occurred during the iso-
compression stage.

Figure 8 (b) shows the evolution of the breakage and damage internal variables for the 0 MPa, 34
MPa, and 138 MPa curves. Both the breakage and damage values increase as the confining pressure rises.
For the unconfined compression test, the breakage values remain relatively low (< 0.1) throughout the
test, while damage accumulates rapidly at the beginning of loading and reaches a high value (0.9) at the
end. This implies that the dominant micromechanism governing yielding and softening under unconfined
compression is the debonding of the binder matrix, with minimal accompanying grain breakage events.
For the 34 MPa and 138 MPa curves, significantly higher breakage values are predicted as increased
confinement causes more pronounced grain crushing. The damage values for both tests exhibit a rapid
increase during initial shearing, approaching 1, which signifies that cohesion is nearly depleted as the
sample undergoes shearing until failure. In addition, it is worth noting that the damage and breakage values
do not start from zero for the 34 MPa and 138 MPa cases. This 1s because the triaxial test includes an
isotropic compression stage prior to shearing, inducing non-zero initial B and D values predicted by the
model. This may not be physically correct as we expect that the plastic binder would not be significantly
degraded under isotropic compression of the material (unless a large amount of gas voids is present in the
matrix). X-ray images of isotropically compressed PBX samples may be helpful to validate this
hypothesis. If necessary, the proposed model shall be refined to reduce (or even eliminate) damage growth
under hydrostatic stresses.

The introduction of breakage internal variable allows us to track grain size distribution during
loading. According to Eq. (1), determining the current cumulative GSD necessitates knowledge of two
functions besides the current B value: the initial and the final cumulative GSDs. Given the unavailability
of GSD data for PBS-9501, we opt to adopt the GSD data for PBX-9501 considering that PBS-9501 is



intended as a mock of PBX-9501. Previous studies have also shown similarities between sugar grains in
PBS-9501 and HMX grains in PBX-9501 (Funk et al., 1996). The probability GSD by volume of PBX-
9501 prior to shearing is given by Skidmore et al. (1998) and 1s presented in Figure 9 (a). The minimum
and maximum grain diameters are approximately 1 m and 1840 um, respectively. To have a smooth

representation of this GSD, three log-normal basis functions are used to fit the data
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1 (R

P(d):me " (1)

where p(d)is the volume percentage distribution, d is the grain diameter, x is the mean, and w

represents the width of the base function. To obtain a good fit for the initial experimental GSD, the
following steps are taken: Firstly, the experimental probability GSD by Skidmore et al. (1998) was
normalized such that the enclosing area equals to 1 (the original data yields an area much higher than 1,
which we believe was a reporting error). Secondly, the mean ( &) and width (w) parameters of the three

basis functions, together with their weighting factors were chosen in such a way to ensure the total area

underneath equals to 1 and also best matches the experimental GSD. The final values of #, w, and

weighting factors are provided in Table 2. The resulting weighted basis function and the GSD curve are
e

shown in Figure 9 (a). The cumulative GSD can be obtained through integration F? = I pE(d®)dd®
dz,

and is shown in Figure 9 (b). Since the ultimate cumulative GSD for PBS-9501 or PBX-9501 is not

explicitly provided, we assume that it follows a fractal distribution (Einav, 2007a)

gl3a,)  gg (3-a,)
F (d) =9 (32)

g (3~a,) g (3-a,)
dmax _dmfn

with fractal dimension ¢, = 2.6, minimum diameter (d£_ ) of 1 xm, and maximum diameter (dZ_) of

250 pym. The hypothesized ultimate cumulative GSD i1s shown in Figure 9 (b). The predicted GSD
evolution of PBS-9501 under 0 and 138 MPa confining pressures are shown in Figure 10 (a) and (b),
respectively. One can see that progressive breakage leads to a redistribution of grain sizes, resulting in a
more even distribution across the range of grain diameters. The GSD for unconfined compression almost
stays the same because of the relatively low B values throughout loading. The prediction is intuitively
sensible as reduced confining pressure reduces the average contact forces on individual grains and thus
reduces crushing probability. Although no GSD data are available from Wiegand and Reddingius (2005)
for comparison, we have planned new experimental campaigns on mock PBX involving thermal triaxial
testing and X-ray imaging for a comprehensive validation and assessment of the model’s predictive
capability.

Table 2: Parameters for the basis functions for matching the initial GSD from Skidmore et al. (1998).

Basis# u(um) w(um) Weight
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Figure 9: a) Fitting of GSD for PBX-9501 from Skidmore et al. (1998) using three weighted basis functions and their
summation; b) initial cumulative GSD using the fitting equation and the hypothesized ultimate cumulative GSD.
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Figure 10: Predicted grain size distribution for a) unconfined compression curve and b) the 138 MPa confining pressure case.
Corresponding axial strain values are indicated for each breakage value.

4.2. Quasi-static triaxial compression tests on CEA-M1 at high confining pressures

The second dataset is obtained from a series of triaxial compression tests conducted on CEA-M1,
an HMX-based energetic material (Gruau et al., 2009), again at room temperature. The dataset consists of
stress-strain responses obtained at much higher confining pressures compared to the PBX-9501 dataset:
100 MPa, 200 MPa, 400 MPa, and 800 MPa. Differing from the previous dataset, both axial and radial
strains were measured during these experiments, providing a more comprehensive representation of the
stress-strain response of PBXs. Figure 11 presents the modeled and the experimentally measured
deviatoric stress (¢ ) and the axial and radial strains for the four confining pressure values (model

parameters used are listed in Table 1). The overall agreement between the two 1s satisfactory.
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Figure 11: Comparison between experiments data (Gruau et al., 2009) and modeling results for triaxial compression tests on
CEA-M1 samples.

4.3. Temperature-dependent behavior of PBXN-9 and PBX-9501

Most thermal-mechanical tests on PBX are conducted at different initial temperatures 7,, but with the
temperature held constant throughout the test (i.e., @7=0), which is still classified as 1sothermal condition.
Under this special condition, all the (7-7)) terms in the constitutive relations (21)-(24) reduce to zero as
in Sections 4.1 and 4.2, but one cannot assume the model parameters are still the same for each T values.



We shall constrain the temperature-dependency of the material properties by physical arguments and past
experimental observations.

1) Experimental studies conducted on pure energetic material grains and polymeric binders have
revealed that the elastic modulus of both materials varies with temperature (Cady et al., 2006; Cui
et al., 2010; Gallagher et al., 2015; Li et al., 2020; Pereverzev and Sewell, 2020; Quansah et al.,
2022). Consequently, we will incorporate temperature dependency into the elastic parameters of

both the grains and binder in the model, i.e., Ke , G2 K b .and G°. For simplification, we constrain

the relationship between the binder bulk modulus (Kb) and binder shear modulus (G”) by the

3(1-2v)

2(1+v)
independent and can take typical values from 0.3 to 0.49.

2) As temperature increases, the peak strength of PBX observed in the stress-strain curve decreases
(Clements, 2011; Funk et al., 1996; Yeager et al., 2018). It is also well known that the cohesive
properties of pure polymeric materials becomes weaker as the temperature increases (Cady et al.,

2006). In the current model, the strength of both the grains and binder is controlled by three
parameters: the critical breakage energy ( £, ), the critical damage energy ( £, ), and cohesion

: : : b b . 2 c
linear elastic relation G° = K’ , where the Poisson's ratio is assumed to be temperature

(¢). Therefore, these parameters shall be formulated as functions of temperature.

In total, we consider six parameters (three elastic parameters IZ""’, G%, and Kb, and three

dissipation parameters E,., E,., and c) to be temperature-dependent. Other parameters such as M "o,

DC >
and s could also be affected by temperature, but we regard these effects as of second-order importance
to the stiffness and strength of PBX.

The relation between elastic properties and temperature, in principle, could be theoretically derived
based on molecular-level arguments such (Anderson, 1966; Mahieux and Reifsnider, 2001). The
dependency of critical energies E;. and E,. on I may be fundamentally rooted in the temperature-

dependent fracture toughness (or surface energy) of the composing materials. Zhang and Buscarnera
(2018) has outlined an upscaling strategy to explain how the environment (humidity and temperature) can
affect the surface energy of the mineral and thus alter the global crushing resistance of the granular
assembly. Finally, the thermal effect on apparent cohesion of the binder can be theorized based on energy
arguments. One of the early models for predicting yield stress is the Eyring model, where it is assumed
that polymer chain segments need to overcome an energy barrier at the yield point (Eyring, 1936; Gueguen
etal., 2008). Another one is the cooperative model introduced by Fotheringham and Cherry (Fotheringham
and Cherry, 1978; Fotheringham et al., 1976), which enhanced the Eyring equation by introducing an
internal stress factor reflecting the material's thermal history, and it also included the effect of activation
volume in the yield process (Richeton et al., 2005). Despite these exciting opportunities to bring
fundamental thermal physics into the current constitutive framework, we opt to phenomenologically
capture the temperature dependency limited by the scope of the current paper. The following procedure is
adopted: we begin by calibrating the model using a response curve obtained at the lowest temperature.
Typically, this temperature is below the glass transition temperature of the binder, where the binder
behaves in a brittle manner. Once the curve at the lowest temperature is matched, the six identified
temperature-dependent parameters are perturbed to best match other curves at higher temperatures. The



temperature dependency of these parameters is then established by plotting the obtained parameter values
with respect to temperature (in Kelvin).

We choose two experimental datasets to examine the model performance at elevated temperatures.
The first dataset (Clements, 2011) pertains to a PBX material called "PBXN-9" which is an actual
explosive composed of 92 wt % HMX and 8 wt % binder (Glascoe et al., 2008). This dataset comprises
unconfined compression tests conducted at four different temperatures: -40 °C, -15 °C, 23 °C, and 55 °C.
The tests were carried out at a constant strain rate of 0.001/s. The model was initially calibrated at the
lowest temperature of -40°C, and the corresponding parameter values were determined. Subsequently, the

model was calibrated for the remaining temperatures while maintaining fixed values for parameters M "
n, @, Op, Sy, Sp,and & across all curves. The performance of the model is shown in Figure 12 (a),

and the calibrated parameters are summarized in Table 1. We see that the model matches the experimental
stress-strain responses at different temperatures with great accuracy. The variation of the six temperature

dependent parameters, i.e., Ke , G ,Kb, Ez., E,-, and ¢ against temperature is shown in Figure 13.

Exponential or power laws are chosen to fit for these parameters versus temperature data, as they always
maintain positive when extrapolated to very high temperatures. On the other hand, using a linear equation,
for example, could lead to unrealistic negative values at high temperatures. It 1s worth noting that the

reduction of binder properties such as K®, Epc, and c at elevated temperatures reflects the intrinsic
thermal-dependent properties of the polymeric binder. This should not be interpreted as the damage of the
binder matrix which is captured separately by the damage ISV in the model formulation. Figure 12 (b)
shows the model prediction of the temperature-dependent response using the fitting equations. Note that
a certain degree of deviation is expected, as the fitting equations for the six parameters inherently introduce
some variance from the actual parameters employed in Figure 12 (a).
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Figure 12: Model performance for temperature dependent behavior: a) model vs experimental data from Clements (2011) for
PBXN-9 using the parameters listed in Table 1:; b) model vs experimental data using the fitting equations for the temperature-
dependent parameters. Experimental data are represented by scattered points, while the model predictions are depicted by a
solid line.
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Figure 13: Fitting Equations for the temperature dependent parameters for the first data set in section 4.3. The parameters at
the four different temperatures are represented in lined points in black while the corresponding fitting equation are in dashed

red line. The fitting equation used for this data set are: K&(7)=22x10°T%%: GE(I)=5.77x10°T>":
K*(T)=2x10"e™"; E,.(T)=9.31x10°T; Ep.(T)=8.41x10“T7"* ;and c(T)=1.7x10"°T7*%.

The second dataset corresponds to PBX-9501 (Clements, 2011) under unconfined compression at
three different temperatures: -10 °C, 25 °C, and 74 °C, with a strain rate of 0.1 /s. The parameters are
calibrated through the same calibration procedure employed for PBXN-9 and are summarized in Table 1.
Figure 14 (a) and (b) shows the model performance against the three curves at various temperatures during
calibration and using the fitted equations, respectively. In summary, the model demonstrates its capability
to accurately capture the stress-strain behavior at various temperature values. This is achieved by
incorporating the temperature dependence of six model parameters, each possessing distinct and clear
physical meanings.



Figure 14: Model prediction for temperature dependent behavior: a) model vs experimental data for PBX-9501 (Clements,
2011) using the parameters listed in Table 1: b) model vs experimental data using the fitting equations for the temperature-
dependent parameters. Experimental data are depicted as scattered points, while the model results are represented by a solid

line. The fitting equations used for this data set are: K5(T)=9.25x10%"". G&(T)=2.80x10"T"".
K2(1)=5.75x10%T°® . E,.(T) =1.25x10%*®" . E_ (T) =8.85x10"T%" . and o(T)=2.13x10°T*¥
BC DC

4.4. Rate-dependent behavior of PBXN-9

Finally, we explore the capability of the model in capturing the rate-dependent behavior of PBX.
The dataset used to assess the model is from unconfined compression tests on PBXN-9 conducted at three
different strain rates which are: 0.0001 /s, 0.001 /s, and 0.01 /s under room temperature (23 °C) (Clements,
2011). The calibration process for this dataset follows a similar procedure as described in Section 3. The
lowest strain rate (0.0001 /s) is selected as the "rate-independent"” curve and is used to calibrate the rate-
independent parameters (see Table 1). The two viscous parameters, namely  and mare then calibrated

using the rate-dependent model to best match the stress-strain curves at higher strain rates (see Table 1).
In Figure 15, it is observed that the rate-dependent model effectively captures the experimental data for
all strain rates, although some deviations exist prior to yielding and in the softening regime. Specifically,
the model predicts fixed stiffness in the elastic regime, while the experimental data exhibits a loading rate-
dependent elasticity (i.e., viscoelasticity). This is because the current model primarily captures the
viscoplastic behavior of the material, and no dissipation mechanism is active while the material 1s still
within the elastic regime. The post-yielding softening response in the data exhibits a steeper decline
compared to the model. This indicates that the actual sample experiences binder damage more rapidly
under unconfined conditions than the current damage evolution law predicts. We believe that these
mismatches are signals of overly stretching viscoplasticity to capture the rate sensitivity of the material
which 1s likely a result of combined viscoelastic-viscoplastic properties. Once equipped with
viscoelasticity features, the model should be able to handle the rate-dependent pre-peak behaviors at ease,
giving plenty of flexibility for the viscoplasticity parameters to capture the peak and the post-peak
responses. We plan to address these aspects in the future enhancements of the model.
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Figure 15: Comparison between the rate-dependent model and experimental data for PBXN-9 (Clements, 2011) at various
strain rates. Experimental data are represented by scattered points, while the model results are depicted by a solid line.

5. Conclusions

We presented a non-isothermal breakage-damage mechanics theory for modeling the
thermomechanical behavior of generic plastic-bonded granular materials. Given that PBMs are primarily
composed of a polydisperse grain assembly bonded by a plastic binder matrix, breakage and damage
internal state variables are introduced in the formulation to track the microstructural evolution of the
material. The formulation takes temperature as a fundamental external variable and thus 1s sufficiently
general to handle non-isothermal loading paths. Rate effects are realized through a Perzyna-type
viscoplasticity formulation by adopting a non-homogeneous dissipation potential.

The performance of the model is assessed against multiple datasets obtained from various PBM or
PBX samples subjected to confined and unconfined compression tests at different temperatures and strain
rates. The proposed model can capture several key characteristics of PBM, including pressure-dependent
elasticity, pressure-dependent failure, brittle-to-ductile transition, temperature dependency, and rate
dependency in the post-yielding regime. In addition to stress-strain responses, the model tracks the
evolution of breakage and damage variables throughout deformation, offering new avenues to validate
and constrain the theory with experimental measurements. It is also observed that the model may
overestimate the damage accumulation during isotropic compression, and is unable to capture the rate-
dependent stiffness in the pre-yielding regime. Future extensions of the model may focus on refining the
dissipation functions to reduce the damage under isotropic compression, implementing viscoelasticity,
and accounting for localized deformation for treating the experiments as initial-boundary-value problems
(IBVPs). In addition, a more comprehensive experimental datasets that contains volumetric strain and
microstructural measurements (e.g., grain size distribution) at various pressures, temperatures, and strain
rates for a consistent batch of PBM are desired to systematically validate the proposed theory and to inspire
future improvements of the model.
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Appendix A. Derivation of the incremental constitutive relation

The incremental formulations of the mean and deviatoric stresses, breakage energy, damage energy and
entropy are
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The elastic strain increment can be represented by total strain increment and plastic multiplier by
consulting additive decomposition and flow rule:
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Using Eq. (A.6), and enforcing the consistency condition, the plastic multiplier can be found as
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Substituting Eqs. (A.6) and (A.7) in Eqgs. (A.1), (A.2), and (A.5), we get the following for the stresses and
entropy increments and arranged in matrix from
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Highlights

1- A micromechanics-based, thermodynamically consistent constitutive
model 1s developed for plastic bonded granular materials (PBM).

2- The model can account for the breakage of the grains and the damage of the
plastic binder matrix for PBMs under thermomechanical loadings.

3- The model successfully reproduces the temperature, pressure, and rate
dependent behaviors of PBMs.



