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We construct a novel flux tube entanglement entropy (FTE2), defined as the excess entanglement
entropy relative to the vacuum of a region of color flux stretching between a heavy quark-anti-quark
pair in pure gauge Yang-Mills theory. We show that FTE2 can be expressed in terms of correlators of
Polyakov loops, is manifestly gauge-invariant, and therefore free of the ambiguities in computations
of the entanglement entropy in gauge theories related to the choice of the center algebra. Employing
the replica trick, we compute FTE2 for SU(2) Yang-Mills theory in (2+1)D and demonstrate that it
is finite in the continuum limit. We explore the properties of FTE2 for a half-slab geometry, which
allows us to vary the width and location of the slab, and the extent to which the slab cross-cuts
the color flux tube. Following the intuition provided by computations of FTE2 in (1+1)D, and in a
thin string model, we examine the extent to which our FTE2 results can be interpreted as the sum
of an internal color entropy and a vibrational entropy corresponding to the transverse excitations
of the string.
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I. INTRODUCTION

In quantum field theories, fields in a given spacetime region are strongly entangled with fields outside it. The
entanglement entropy of a region V in a quantum system is determined from the reduced density matrix

ρ̂V = TrV̄ ρ̂ , (1)

where ρ̂ is the full density matrix of the system and TrV̄ represents the partial trace over quantum fields in the region
V̄ outside V . The (von Neumann) entanglement entropy is then

SE = −Tr (ρ̂V log ρ̂V ) . (2)

The entanglement entropy thus defined diverges logarithmically in D = 2 dimensions with the smallest resolvable
ultraviolet scale of the theory and is proportional to the area of the region for D > 2 [1, 2]. This scaling of the
entanglement entropy has been argued to have a geometric origin corresponding to the “deficit angle” of the region
of interest relative to the excised region outside [3]; in the context of black holes, it can be understood as a quantum
correction to the classical Bekenstein-Hawking entropy. Powerful renormalization group approaches (such as the C-
theorem, originally proposed for 2D conformal field theories [4]) provide insight into the nature of the microstates
that constitute the entanglement entropy. A comprehensive review of entanglement entropy in numerous contexts can
be found in [5].
Given the spacetime structure of entanglement entropy, it is natural to ask whether aspects of the dynamics of

confinement in gauge theories can be understood in the language of quantum information. In 2D QED and Yang-Mills
theories, confinement is clearly observed to have a stringy structure [6, 7] and its relation to entanglement entropy and
quantum information has been widely explored, with much of the recent interest driven by the promise of quantum
computing. For gauge theories in higher dimensions, the relation of confinement to quantum information is far more
subtle. This is in part because, due to the dynamical nature of the gauge field, constructing entanglement measures
while respecting gauge invariance is not straightforward. We will discuss this point at length in this paper. The other
reason the relation of confinement to entanglement is nontrivial is because it is not clear one can assign in general
geometrical structure to confinement [8].
Considering the latter aspect first, it widely believed that large Nc Yang-Mills theory in D > 2 dimensions has also

a stringy structure [9] allowing one to interpret confinement similarly to the D = 2 case [10]. A further significant
development was the development of holographic techniques (via the AdS/CFT conjecture) to directly compute the
entanglement entropy for a class of nontrivial gauge theories [11, 12]. The connection of this holographic entropy
to the confinement-deconfinement transition was noted in [13] and developed further in [14] to explore its geometric
structure at both zero and finite temperature.
With regard to pure glue Yang-Mills theory for D > 2, and in QCD, the best tool to explore this connection is

lattice gauge theory. There is ample numerical evidence from the lattice1 for the existence of stringy structures [15].
In particular, the potential between a pair of heavy quarks in the fundamental representation can be described by
a confining chromoelectric color flux tube with a string tension

√
σ ∼ 440 MeV [20]. In particular, the energy

levels between the heavy quarks can be described by a relativistic string and its transverse excitations [21–23]. For
detailed lattice studies of string dynamics in SU(Nc) Yang-Mills, we refer readers to [24–27]; many of its features are
reproduced in an effective field theory (EFT) of long strings derived from the Nambu-Goto action [28–31].
The entanglement entropy for SU(2) Yang-Mills theory in (3+1)D was first computed in [32, 33] resulting in the

extraction of the entropic C-function. Several lattice studies have been performed subsequently [34–41]. Computing
the von Neumann entanglement entropy in Eq. (2) is not feasible, so one computes instead the Rényi entropy defined
as

S(q) =
1

1− q
log (Tr ρ̂V

q) , (3)

employing the replica trick, with q denoting the number of replicas. The von Neumann entropy is defined as SE =
lim
q→1

S(q), but the exact analytic continuation in q is not feasible in general since only integer q are possible on a lattice.

1 Experiments can also be interpreted as providing support for stringy underpinnings of phenomena, despite string breaking in QCD. One
example is the nearly linear behavior seen in hadron Regge trajectories [15]. Further, a semi-classical LUND string model first developed
to describe the spacetime structure of meson production in e+e− collisions [16], captures many features of multi-particle production at
high energy colliders [17]. Interestingly, quantum entanglement in the Schwinger model description of the expanding quark-antiquark
string provides an explanation for the apparently puzzling thermal character of the particle spectrum [18, 19].
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The entanglement entropy in field theories typically takes form [11, 12, 14, 32, 42]

S = SUV + Sf , (4)

where S here denotes either the Rényi or von Neumann entropy, Sf represents the finite part of this entropy, and
SUV its ultraviolet divergent piece. In this work, we will demonstrate numerically for (2+1)D Yang-Mills theory that
an entanglement entropy measure we define on the lattice (and henceforth call “flux tube entanglement entropy” or
FTE2 in short),

S̃
(q)

|QQ̄
≡ S

(q)

|QQ̄
− S(q), (5)

is finite in the continuum limit, with the UV divergent contribution canceling between the two terms on the r.h.s.

The first term S
(q)

|QQ̄
is the Yang-Mills Rényi entropy in presence of static quark sources defined as the gauge-invariant

correlator of Polyakov lines and S(q) is the corresponding Rényi entropy of the vacuum2. This FTE2 can be understood
as the entanglement of a region of color flux V in the chromoelectric flux tube formed between the heavy quark pair
with the region V̄ outside it after subtracting the corresponding quantity in the Yang-Mills vacuum.

Before we discuss the properties of FTE2, it is important to address a fundamental conceptual concern regarding the
gauge invariance of entanglement entropy measures. This arises from the fact that the Hilbert space of gauge-invariant
states cannot be expressed as the tensor product of two gauge-invariant subspaces: H ≠ HA ⊗ HA. Therefore the
naive procedure of taking the partial trace over the complement region V̄ to arrive at the gauge-invariant reduced
density matrix in Eq. (1) is not suitable. Fortunately, there are ways to define a gauge-invariant reduced density
matrix on the lattice [33, 43–48]. A fundamental observation in this regard is that due to the strongly ultraviolet
divergence of entanglement entropy, it is not a property of states in Hilbert space alone but also of the algebra of
observables [49]. We will offer our detailed perspective on this discussion (especially with regard to FTE2) in Section
II. In brief, one approach is to extend the Hilbert space to include non-gauge invariant states (the extended Hilbert
space approach) [32, 44] and the other is to analyze the algebra generated by gauge-invariant operators in regions V
and V̄ , which will contain the reduced density matrix ρ̂V [44, 45].
In the extended Hilbert space approach, one considers a larger Hilbert space equal to the tensor product of partial

Hilbert spaces defined over V and V̄ that are gauge-invariant everywhere but the boundary. To recover the original
space, the extended Hilbert space is then restricted by requiring that the boundary flux of the states in V̄ match
those in V . The original physical Hilbert space can then be written as a direct sum of the product of partial Hilbert
spaces with matching flux. The resulting density matrix is then gauge-invariant, a consequence of the orthogonality
of spaces with different flux at the boundary.
In the algebraic approach, one writes the algebras A corresponding to the set of all gauge-invariant operators living

completely in V , and likewise A, those living in V̄ , and finds the common center of gauge-invariant operators on
the boundary. Diagonalizing the operators of this center, one obtains in the corresponding basis that the density
matrix ρA,A (the unique density matrix belonging to the product algebra AA) becomes block-diagonal, with each
block corresponding to a superselection sector. One then takes the partial trace of each block, recovering a reduced
density matrix which is block diagonal as well. This reduced density matrix ρ̂A is gauge-invariant by construction,
and therefore, its associated entanglement entropy is gauge-invariant as well.
A source of ambiguity in the algebraic approach is that including or excluding states generated by operators on

the boundary of A/A in the domain of the reduced density matrix has a large effect on the resulting entanglement
entropy [44]. The dependence of the entanglement entropy on these boundary operators causes the entanglement
entropy to split into two terms, a “boundary classical” term and a “bulk quantum” term, with the former solely
and explicitly dependent on the treatment of boundary operators. Small changes in the algebra A can dramatically
affect the center elements, changing the number of blocks and the boundary classical term of the entropy. It has been
argued that the relative entropy and mutual information are both monotonic under inclusion of algebras, so different
boundary operator inclusion conventions are required to converge in the continuum limit [44]. These two entropic
measures are however difficult to realize on the lattice. For the entropic C-function computed with the extended
lattice construction in [33], all derivatives are evaluated using the electric center convention with the same area of
the entangling surface; this cancels out the universal divergences allowing one to unambiguously extract information
about the finite part of the entropy.
The requirement that the area of the entangling surface stay constant, however, is fairly restrictive. While suitable

for studying entanglement of the vacuum, the effect of degrees of freedom such as the size of region V cannot be

2 A precise definition and discussion of the computation of this quantity is provided in Section IIIA.
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FIG. 1. The “half-slab” geometry used in this paper to calculate the Flux Tube Entanglement Entropy (FTE2). The blue
shaded region V can be moved to fully cross-cut the flux tube or only partially. The dependence of FTE2 on the width of the
slab and its position relative to the quark-antiquark pair can also be studied systematically.

studied on the lattice with the entropic C-function. For FTE2 instead, the UV contributions to the entanglement
entropy cleanly cancel when subtracting the vacuum entropy, even when the area of the entangling surface is varied.
Thus FTE2 is not only manifestly gauge-invariant but finite as well. Further, with FTE2, we can study the flux
tube’s excess entropy and its dependence on quark-antiquark separation, the dependence on the number of colors, the
geometry of region V , its location, etc.

To study these dependencies, we will employ the geometry outlined in Figure 1. We make region V a slab with
specified width in the y direction that spans half of the lattice in the x direction. We can then move the slab V to
encompass the two extremes of it either completely separating the quark and the antiquark–cutting the flux tube–or
not intercepting the flux tube at all. Therefore, in moving the slab along the x axis, we can explore gradually the
process of cross-cutting the flux tube and its effect on FTE2. Likewise, when we translate the slab in the y-direction,
we can explore the variation of FTE2 along the flux tube, studying whether the gluon fields nearer to quark/antiquark
sources are more or less entangled with the rest of the string/bulk than those residing in the center. We can also in
principle vary the width of the slab and its overall geometry, and for each of these configurations, further vary the

number of colors, and the temperature, to study the dependence of S̃
(q)

|QQ̄
on these physical quantities.

The flexibility of FTE2 allows us to construct models that can be compared to lattice data obtained for differing
control parameters. As noted earlier, an EFT of long strings describes the excitations of a color flux tube on the
lattice. We will employ here the simplest realization of this framework, the relativistic thin string model [21]. In this
model, the flux tube is a long thin string with minimal deflections. There are two sources of contributions to FTE2

that one can address in this framework. One is the “vibrational entropy” due to transverse vibrational modes of the
flux tube. The other is the “internal entropy,” the entropy due to the quantum states residing inside the flux tube that
cannot be explained by vibrational dynamics alone. For the vibrational entropy, we discretize the string as a number
of points determined by the UV cutoff, evenly spaced along the longitudinal axis. These points are free to move in
the transverse direction and the string follows a linear interpolation between adjacent points. This discretization of
the string, combined with the Hamiltonian, allows us to solve for the entanglement entropy of different regions of the
string partitioned along the longitudinal axis, providing a baseline expectation of the entropy when the string is fully
cut.

To model the internal entropy of region V of the color flux tube, we studied QCD in (1+1)D and observed that
FTE2 is only dependent on the number of colors and whether this region intersects the flux tube or not. In particular,
we are able to show that the internal entropy is directly proportional to the number of boundaries crossed by the
string. This work will be published separately [50]. For the (2+1)D SU(2) Yang-Mills numerical study of interest
here, the analytical (1+1)D results suggest that the numerical results will be sensitive to the probability of the string
intersecting with region V , in particular, allowing one to predict the dynamics of the FTE2 when the flux tube is
partially cut.

The structure of the paper is as follows. In Section II, we summarize the discussion in the literature on how one
defines entanglement entropy in gauge theories and offer our perspective on this discussion. We argue that the FTE2

we propose should be finite, and robust to local changes in the inclusion/exclusion of boundary operators. Specifically,
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we argue that FTE2 will give the same result when computed with so-called trivial-center and electric center algebras.
As we will discuss, it is not clear at present how to compute on the lattice algebras corresponding to a magnetic center.
In Section IIIA, we define FTE2 on the lattice as the product of correlators of traces of Polyakov lines on different
replicas. Since this quantity is manifestly gauge-invariant, it should follow that it should be independent of the choice
of center algebra. The thin string model expectations and the analytical results of the (1+1)D Yang-Mills study are
summarized in Section III B. The results of this study are presented in Section IV. We begin by providing the relevant
details of the (2+1)D Yang-Mills Monte Carlo simulations in Section IVA. The results of our study are then presented
in Section IVB. We first demonstrate that FTE2 is finite in the continuum limit and therefore a robust measure of
entanglement in the color flux tube. We then study its properties as a function of the half-slab geometry as the slab
fully or partially cross-cuts the flux tube, or not at all. This includes as well the properties of FTE2 as the width and
location of the slab is varied along the flux tube. We find that our results point qualitatively to the presence both of
the internal (color) and vibrational entropy and are consistent, respectively, with the expectations from our study of
FTE2 in (1+1)D Yang-Mills, and from the thin string model. More definitive quantitative statements will require an
extension of our study to larger number of colors, more non-trivial slab geometries, and implementing refinements to
the string model, in particular incorporating the intrinsic width of the string. We summarize our results in Section V,
discuss the implications of these results, and further directions of research. The computation of the entanglement
entropy due to vibrational modes in the thin-string model is discussed in Appendix A.

II. DEFINING ENTANGLEMENT ENTROPY IN LATTICE GAUGE THEORY

In this section, we will provide an overview of definitions of the entanglement entropy in lattice gauge theory
and present our perspective on their implications for the entanglement entropy of infrared (finite-size) objects. Our
discussion follows closely the discussion in the papers cited in this section, in particular Refs. [44, 46], which should
be consulted for a more in-depth perspective on the topic. As noted earlier, the standard definition of entanglement
entropy would not apply in a gauge theory because its gauge-invariant Hilbert space H is not factorizable in terms
of physical gauge-invariant Hilbert spaces HV and HV̄ describing fields in regions V and V̄ , respectively. As a
consequence, we cannot take the partial trace as in Eq. (1) required to compute the entropy as in Eq. (2). This issue
has been discussed at length in the literature [33, 43–47, 51, 52], and one can resolve it through alternative definitions
of the reduced density matrix. We will first discuss the algebraic approach to this problem and the associated
ambiguities, and then discuss the “extended Hilbert space” approach (currently implemented in lattice simulations)
and its ambiguities due to gauge fixing.

A. Center algebras and ambiguity in the entanglement entropy

The most general approach to entanglement entropy in a gauge theory is to compute it from a reduced density matrix
ρV defined as a gauge-invariant operator that a), commutes with all fields in V̄ and b), gives the same expectation
values Tr(ρV OV ) = Tr(ρOV ) as the full density matrix ρ for all gauge-invariant observables OV defined only on fields
in V . In more formal language, ρV is an element of a gauge-invariant algebra of operators acting on HV and is unique
for any specific choice of algebra [44]. However, unlike in scalar field theories, there is no unique “natural” choice of
algebra itself because of the local (gauge) symmetry. Our discussion here will be based on (finite) Abelian groups,
but is also applicable to to continuous non-Abelian groups with some modifications.

Let Ψ[{U}] be a complex wave functional on gauge link matrices, and let G be the vector space of all Ψ[{U}].
The subspace H ⊂ G contains all gauge-invariant functionals satisfying Ψ[{U}] = Ψ[{U}g], with the links {U}g
being the result of the gauge transformation g of {U}. The full algebra A(G) of operators acting on G are generated
by analogs of quantum operators of coordinate and momentum, which we will call magnetic and electric operators,
respectively, acting on each link l independently [44]. A magnetic generator ÛR

l “measures” the link potential UR
l in

the one-dimensional representation R,

ÛR
l |Ψ[{U1 . . . Ul . . . UN}]⟩ = UR

l |Ψ[{U1 . . . Ul . . . UN}]⟩ , (6)

while an electric generator L̂g
l translates the wave functional by shifting the link potential Ul by group element g,

L̂g
l |Ψ[{U1 . . . Ul . . . UN}]⟩ = |Ψ[{U1 . . . gUl . . . UN}]⟩ . (7)

Together, these operators generate the subalgebra of A(G) associated with link l, with the electric and magnetic
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operators generating separate commuting subalgebras in the case of Abelian groups3. For any (sub)set of links X,
the algebra A(GX) ⊂ A(G) is given by the tensor product over l ∈ X.

The algebra A(G) is not gauge-invariant. Gauge-transformation operators T̂ g
a ≡ ∏

b L̂
(g)
(ab), where (ab) is a link

between connected sites a and b, commute with electric operators but not magnetic operators on the relevant links.
However the product of magnetic operators ÛR

(ab)Û
R
(bc) commutes with T̂ g

b and, as a result, the product of links along

any closed (Wilson) loop WR
Γ ≡ ∏

l∈Γ U
R
l is invariant under T̂ g

a for any site a. (In the non-Abelian case, a trace must
also be taken.) This operator modifies the state by adding a closed loop of electric flux [45, 47].
To generate a gauge-invariant algebra AV associated with spatial region V , only Wilson loops and electric operators

on links in V must be selected, up to the ambiguity of including or excluding operators on boundary links from the
algebra. Including all electric operators on the boundary yields the electric center algebra AE , while excluding all of
them yields the magnetic-center algebra AM. These two algebras are depicted in Fig. 2 and their resulting centers in
Fig. 3. Another choice is to exclude specific boundary electric operators from the algebra to result in a trivial center.

FIG. 2. A set of links V (left) and its corresponding algebras AE (center), and AM (right). Dashed lines represent electric
operators and solid loops represent Wilson loops. Note that the electric algebra contains boundary electric operators, while
the magnetic algebra does not.

FIG. 3. Electric center (left, dashed lines) and magnetic center (right, dashed loop), shown for the set of links V depicted
with solid lines.

The algebra for the complementary set of links V̄ is given by the commutant A′ of the algebra A (the linear space
of operators that commute with all elements of A). This region V̄ may be separated from region V by a “buffer
zone” depending on the choice of algebra [45]. Specifically, the gauge-invariant algebras for V and V̄ are the double
commutants (the set of operators that commute with the commutant) of their gauge-invariant generators. Thus the
electric- and magnetic-center algebras are

AE = {L̂g
l , Ŵ

R
Γ }′′l,Γ∈V , (8)

AM = {L̂g
l , Ŵ

R
Γ }′′l∈V \∂V,Γ∈V, , (9)

respectively, where ′′ denotes the double commutant and ∂V is the set of links with both ends on the boundary of V .
The choice of algebra, E or M, will not matter for the general discussion below but we will return to their specific
features later in the section.
For a general algebra choice A, the combined algebra AA′ generated by A ∪ A′ is not the full algebra of gauge-

invariant operators: it excludes Wilson loops that intersect the boundary. Further, it is not factorizable; it cannot

3 In the non-Abelian case, electric operators do not commute only on the same link, generating a gauge group algebra instead.
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FIG. 4. A gauge transformation at site A affects four adjacent links and leaves the space H invariant. The product of electric

operators in region V (the solid square) L
(AB)
g L

(AC)
g L

(AD)
g is equivalent on H to (L

(AE)
g )−1, an operator outside region V . This

operator commutes with all elements of the gauge-invariant algebra AV and its commutant A′; it is therefore an element of the
center of A, A′, and combined algebra AA′.

be represented as a tensor product because A, A′, and AA′ share a center subalgebra Z, which is a consequence of

gauge invariance. Indeed, the gauge-transformation operator T̂ a
g =

∏

b L̂
(ab)
g maps a gauge-invariant state to itself,

T̂ a
g |Ψ⟩ = |Ψ⟩ , (10)

with
(
∏

b L̂
(ab)
g

)

H
= 1 when restricted to the gauge-invariant subspace H. Thus for site a on the boundary, the

product of adjacent electric operators in V can be expressed through electric operators in V̄ , as depicted in Fig. 4.
Such operators belong to both algebras4 A and A′ and therefore comprise the center Z = A ∩A′ ∈ AA′.

Once the center subalgebra is chosen, the partially-traced density matrix can be defined by first observing that all
the center operators can be simultaneously diagonalized [44]

Λ =











[λ1Λ] 0 . . . 0
0 [λ2Λ] . . . 0
...

...
...

0 0 . . . [λmΛ ]











, ∀Λ ∈ ZAA′ (11)

where each block is proportional to an identity matrix. Thus the center dictates how the gauge-invariant Hilbert space
is divided into mutually orthogonal “superselection sectors,” invariant subspaces for operators in AA′. Further, each
superselection sector is now factorizable. In the same basis, all operators in AA′ must be block-diagonal in order to
commute with the center operators in Eq. (11). Therefore, the global density matrix ρ can also be restricted to its
block-diagonal part [44]

ρAA′ =











p1ρA1A′
1

0 . . . 0
0 p2ρA2A′

2
. . . 0

...
...

...
0 0 . . . pmρAmA′

m











, (12)

where each ρAkA′
k
has unit trace and the probabilities pi reflect the probability distribution over states with definite

values of all the center operators,
∑

m pk = 1. Note that the expectation values are the same, Tr
[

ρAA′ OAA′

]

=

Tr
[

ρOAA′

]

, for any operator OAA′ ∈ AA′.
In other words, the off-block-diagonal elements of ρ do not contribute to ⟨OAA′⟩ and can be dropped to get ρAA′ ,

which is uniquely defined for the choice of A and preserves all physical expectation values, as required by definition.

4 The magnetic algebra does not include electric operators on the boundary; its center elements are instead Wilson loops lying completely
on the boundary. One can also in principle choose an algebra containing a set of boundary electric operators such that the algebra has
no center elements aside from the identity. This is referred to as the trivial algebra/trivial center.
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Taking the partial trace of each block, one obtains the unique reduced density matrix ρ̂A [44],

ρ̂A =











p1ρA1
0 . . . 0

0 p2ρA2
. . . 0

...
...

...
0 0 . . . pmρAm











, (13)

where each ρAk
has unit trace. Its von Neumann entropy

SE = −
∑

k

pklogpk +
∑

k

pkS(ρAk
), (14)

has two terms, a “boundary classical” term −∑

k pklogpk, and a “bulk quantum” term
∑

k pkS(ρAk
), with S(ρAk

) the
von Neumann entropy associated with density matrix ρAk

[44]. The boundary classical term is the Shannon entropy
of the distribution pi while the bulk quantum term is the average of the entanglement entropies corresponding to each
block. The Rényi entropy can be similarly expressed as

S(q) =
1

q − 1

(

− log
∑

k

pqk − log
∑

k

a
(q)
k Tr(ρqAk

)
)

, (15)

where a
(q)
k = pqk/(

∑

i p
q
i ). The first term for both entropies is dependent on the center of the algebra; the second term

in the Rényi entropy has a form similar to its bulk counterpart in Eq. (14).

The boundary classical term alone makes the entanglement entropy center-dependent. The generators of the
electric center and the magnetic-center algebras in Eqs. (8) and (9), respectively, differ only by electric operators on
the boundary. Both AE and AM contain the same gauge-invariant operators in the bulk of region V and, intuitively,
all the corresponding physical observables should be independent of the boundary conventions in the continuum limit.
However, as shown in Fig. 3 (left), the electric center has a number of generators proportional to the size of the
boundary, while the magnetic center shown in Fig. 3 (right) has only one generator: the Wilson loop surrounding the
boundary. This difference can lead to a large center-dependent discrepancy in the boundary classical term [44, 53]
due to ultraviolet degrees of freedom. In particular, this has been shown to be the case for the wave function of a
topological Z2 model [33, 44].

On the other hand, for a state describing only an infrared-scale object, the choice of algebra should not matter
in the continuum limit (a → 0). Consider a wave functional with support only over long-wavelength (λ ≫ a)
field configurations and their gauge transformations. Removing boundary electric operators must be equivalent to
contracting region V by a distance of at most O(a), and doing so cannot change the number of effective degrees of
freedom in the continuum limit. Therefore, if there is a measure of entanglement with finite continuum-limit value
for such a state, it should not depend on the choice of details of the algebra on the boundary.

We expect this to be the case for FTE2 defined in Eq. (5) if the UV and IR contributions to it decouple as in
Eq. (4). This is the conjecture we will explore in this paper by computing FTE2 with the electric center algebra
construction. In this context, adding the color flux between Q and Q̄ to the vacuum state changes the distribution
pk over superselection sectors and, likely, the entropies S(ρAk

) within each of the sectors. The cancelation of the
UV-divergent parts of Eq. (15) in Eq. (5), with and without the extra color flux, is therefore a non-trivial result and
we will demonstrate it later in Section IV.

For non-Abelian continuous gauge groups, the procedure to obtain the entanglement entropy is similar. The
magnetic center can still be formed from Wilson loops on the boundary. The electric center elements become quadratic
Casimir operators at boundary vertices, but this change does not affect the form the entanglement entropy takes in
Eq. (14) [51, 54]. In the electric center case, the superselection sectors of Eq. (11) correspond to different irreducible
representations of non-Abelian electric flux on the boundary transforming under the gauge group [43]. In the non-
Abelian case, the irreducible representations are not one-dimensional. As a result, if one takes the trace over states
in G instead of H to arrive at Eq. (13), the entanglement entropy receives a contribution

∑

l⟨log(dR,l)⟩, where dR,l is
the dimension of the representation R of flux on boundary link l [54]. This additional term can be seen when the
extended Hilbert space approach is applied to non-Abelian gauge theories.
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B. Extended Hilbert space and the electric center algebra

In this subsection, we will discuss the extended Hilbert space approach to defining the entanglement entropy. This
construction matches the electric center algebra choice, and it has been implemented on a Euclidean lattice using
the replica trick [32, 46, 47]. Let us examine the issue with factorizing a global wave functional Ψ[{U}V , {U}V̄ ] =
Ψ[{U}gV , {U}g

V̄
], which is invariant with respect to gauge transformation g. The product of gauge-invariant spaces

HV ⊗HV̄ does not cover the entire Hilbert space H. To cover H, one has to construct the “extended” Hilbert space
Hext = H′

V ⊗ H′
V̄

[33, 44, 45], where the partial Hilbert spaces H′
V , H′

V̄
are gauge-invariant everywhere except5 on

the boundary ∂V . Such an extension is necessary because the global Hilbert state H contains states with electric flux
through the boundary [33]. Any state from Hext can then be projected onto its gauge-invariant subspace H ⊂ Hext.
To demonstrate this6, consider a contribution to the wavefunctional Ψ

Ψ[{U . . .}V , {U}V̄ ] =
∫

∏

s∈∂V

dgs ΨV [{U}gsV ] ΨV̄ [{U}gs
V̄
] , (16)

where the partial wave functionals ΨV and ΨV̄ belong to H′
V and H′

V̄
, respectively, but the integral (Haar group-

average) over transformations on the boundary ensures that Ψ is gauge-invariant on the boundary as well. This
convolution over the gauge degrees of freedom enforces Gauss’ law (conservation of electric flux) on the boundary. To
demonstrate this at a single point of the boundary, consider a transformation at site A (see Fig. 4) affecting four links

Ψ[UAB , UAC , UAD, UAE , . . .] =

∫

dgAΨV [gAUAB , gAUAC , gAUAD, . . .] ΨV̄ [gAUAE , . . .] , (17)

where , . . . in the arguments denote the rest of the links in V or V̄ . The convolution over gA can be rewritten as a
sum over definite integer values of electric flux λA going from V̄ to V through site A, and it is an eigenvalue of the
electric center element (discussed in Sec. IIA) associated with site A.

In the case of the U(1) gauge group with U = eiθ, g = eiα, and
∫

dg =
∫

(dα/2π),

Ψ[UAB , UAC , UAD, UAE , . . .] =

∞
∑

λA=−∞

ΨV,λA
[UAB , UAC , UAD, . . .]ΨV̄ ,−λA

[UAE , . . .] , (18)

where ΨV,λA
is defined to be

ΨV,λA
= P̂V,λA

ΨV =

∫ 2π

0

dα

2π
eiλAαΨV [e

iαUAB , e
iαUAC , e

iαUAD, . . .] , (19)

with λA an eigenvalue of the total electric field El = −θ̇l on the links from site A into V :

(ÊA)V ΨV,λA
= i

[ ∂

∂θAB
+

∂

∂θAC
+

∂

∂θAD

]

ΨV,λA
= λAΨV,λA

, (20)

and similarly for ΨV̄ ,−λA
[UAE , . . .] = PV̄ ,−λA

ΨV̄ . Note that these eigenvectors are gauge-covariant7 with respect to

the transformation gA = eiαA on site A,

ΨV,λA
[{U}gAV ] = e−iλAαAΨV,λA

[{U}V ] , ΨV̄ ,−λA
[{U}gA

V̄
] = e+iλAαAΨV̄ ,−λA

[{U}V̄ ] , (21)

but their transformations mutually cancel in Eq. (18) making the full wavefunctional gauge-invariant. The gauge
covariance of the wave functionals indicates that the fields in state ΨV,λA

are compatible with having charge +λA and
in state ΨV̄ ,−λA

with charge −λA at site A on the boundary, which is in transparent agreement with total electric

flux λA going from V̄ to V through site A. These charges are not new degrees of freedom: they simply label different
mutually orthogonal eigenspaces of (EA)V (V̄ ) in H′

V (V̄ )
[46, 47].

5 The boundary ∂V between sets of links V and V̄ is a set of sites adjacent to at least one link from each V and V̄ .
6 In this formal discussion, we do not consider splitting boundary links in half as in [33, 44]. Instead, we “draw” the boundary through
sites in ∂V by assigning some of the adjacent links to V and some to V̄ as in [45]; this does not impact any of our conclusions.

7 It should be noted that ΨV,λA
cannot be in superposition with ΨV,λ′

A
from a different sector. This would violate gauge invariance, just

as would a superposition of states with different total electric charge. Such a constraint can only be imposed in the language of algebras
but not the Hilbert space HV itself [54]. The projection in Eq. (19) should be thought of as a transformation to the electric-flux bases

in H′
V and H′

V̄
that can be factors of the factorizable component ΨλA

= P̂V,λA
P̂V̄ ,−λA

Ψ of the global wave function in a specific
superselection sector λV .
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Applying this transformation at all points of the boundary ∂V , one arrives at the decomposition of the global
gauge-invariant space H over superselection sectors [44, 46],

H =
⊕

{λ}∂V

H′
V,{λ} ⊗H′

V̄ ,{−λ} (22)

each of which is factorizable and allows one now to define a reduced density matrix

ρV =
∑

{λ}∂V

TrH′
V̄ ,{λ}

[

P̂ {λ}|Ψ⟩⟨Ψ|
]

, (23)

where P̂{λ} = P̂V,{λ}P̂V̄ ,{−λ} The key to the definition in Eq. (23) being gauge-invariant is that the extended Hilbert
spaces with different surface charge configurations are orthogonal. Hence ρV does not contain matrix elements
between different superselection sectors and therefore satisfies the general argument for gauge invariance we discussed
previously - see the discussion leading to Eq. (13) in Sec. IIA. The construction can be applied to non-Abelian gauge
theory where one must sum now over all possible irreducible representations R of the color group at each point of the
boundary [43, 55]. The transformed wave functions in Eq. (21) become dimR-multiplets dR from invariant subspaces
of the color-electric operator, resulting in contributions log(dR) to the entanglement entropy [56].

The extended Hilbert space definition of the entanglement entropy can be implemented with the replica trick as
a path integral on the lattice. If all the boundary links are free integration variables, the entanglement entropy for
the electric center algebra is recovered [47]. On the other hand, if the gauge is fixed on a maximal tree of boundary
links, the entanglement entropy of the trivial-center algebra is obtained [44]. Therefore if an entanglement measure
depends only on gauge-invariant observables away from the boundary, as the FTE2 we will define explicitly below in
Eq. (32), it will be unaffected by gauge fixing of boundary links8.

III. COMPUTATION OF THE FLUX TUBE ENTANGLEMENT ENTROPY (FTE2)

In this section, we will construct FTE2 explicitly and discuss its implementation on the lattice. Unlike the formal
discussion in Section II, the Monte Carlo evaluation of the partition function does not provide a way to explore
superselection sectors and split the entropy into bulk quantum + boundary classical terms since the density matrix
is only implicit in this framework. While there is ambiguity in selecting the algebra for region V in order to define its
enganglement entropy, only the electric algebra has been implemented on the lattice [32, 33, 35, 36]. We will use the
same lattice construction to study FTE2, specifically to compute correlators of Polyakov lines that play the role of
static quark sources Q and Q̄. We will then study its dependence on the shape of region V by “carving out” different
fragments of the flux tube for the “half-slab” geometry shown in Fig. 1.

A. FTE2 from Polyakov line correlators

The formal expression for the Euclidean density matrix for gauge fields at temperature 1/Lt is

⟨Uout|ρ|U in⟩ = 1

Z

∫ U(t=Lt)=Uout

U(t=0)=U in

DUe−Sg [U ] , (24)

and it naturally yields the reduced density matrix by tracing over (making periodic) the fields in the complement
region V̄ [32]:

⟨Uout
V |ρV |U in

V ⟩ = 1

Z

∫ UV (t=Lt)=Uout

V

UV (t=0)=U in

V

DUV

∫

UV̄ (t=0)=UV̄ (t=Lt)

DUV̄ e−Sg [UV ,UV̄ ] , (25)

8 Other examples of center independent observables suggested in the literature include relative entropy and mutual information [44, 57].
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where Z =
∫

V⊕V̄
DUe−S is the partition function to normalize the trace of the density matrix to one,

∫

DUV ⟨UV |ρV |UV ⟩ = 1 . (26)

This density matrix corresponds to the electric-center algebra [47].

In order to create a color flux tube, we insert static quark and antiquark sources at sites in region V̄ . This is
equivalent to adding Polyakov loops to the partition function and the density matrix. Indeed, the static heavy quark

Hamiltonian contains only the temporal hopping term, HQ = (
∑

x⃗Q
†
x⃗U

†

x⃗,t̂
Qx⃗ + h.c.). (Our discussion also applies

equivalently to antiquarks.) For a single quark at point y⃗Q with initial and final color states iQ, i
′
Q, the density matrix

is the product of temporal links

⟨U, y⃗′Q, i′Q|ρV |U, y⃗Q, iQ⟩ ∝ δy′
Q
,yQ

[〈

Lt−1
∏

τ=0

Ut̂(y⃗Q, τ)
〉]i′QiQ

, (27)

averaged with the same distribution as the pure Yang-Mills density matrix defined in Eq. (25). In this work, we
restrict ourselves to placing the quarks and antiquarks in the complement region V̄ . Their color degrees of freedom

are therefore traced over resulting in a temporal (Polyakov) loop Px⃗ = Tr
∏Lt−1

τ=0 Ut̂(x⃗, τ) for each quark (and a
complex conjugate loop for each antiquark). The normalized reduced density matrix is obtained by dividing this
quantity by a complete trace of the density matrix, which yields a regular correlator of Polyakov loops at the same
spatial points:

⟨Uout
V |ρV |Qx⃗,Q̄y⃗,...

|U in
V ⟩ =

〈

Px⃗ P
†
y⃗ · · ·

〉

Uout

V
;U in

V
〈

Px⃗ P
†
y⃗ · · ·

〉 . (28)

The denominator is the usual correlator of Polyakov loops on a periodic lattice. The numerator is a correlator of
identical Polyakov loops, with the only difference that the gauge fields in region V are fixed to their initial and final
values as in Eq. (25):

⟨Uout
V |ρV |U in

V ⟩ = 1

Z

∫ UV (t=Lt)=Uout

V

UV (t=0)=U in

V

DUV

∫

UV̄ (t=0)=UV̄ (t=Lt)

DUV̄ e−Sg [UV ,UV̄ ]
[

Px⃗P
†
y⃗ · · ·

]

, (29)

As described in [3, 58], the power q of the reduced density matrix, [ρ̂V ]
q, is obtained by stacking q independent

replicas of the path integral in Eq. (25) in the temporal direction. For the links in region V̄ , the temporal boundary

conditions are U
(r)
µ (Lt) = U

(r)
µ (0) for each replica r = 1 . . . q, implementing the trace in the functional space over the

fields. The link variables in region V are identified for consecutive replicas r and r + 1 as U
(r)
µ (Lt) = U

(r+1)
µ (0), thus

implementing the product in the functional space. Also, the qLt-periodic boundary conditions U
(q)
µ (Lt) = U

(1)
µ (0)

then implement the overall trace of (ρ̂V )
q, for a QQ̄ pair in V̄ resulting in

Tr[(ρ̂V )
q] =

Z
(q)

|QQ̄

[Z|QQ̄]
q
=

〈
∏q

r P
(r)
x⃗ P

(r)†
y⃗

〉

[〈

Px⃗ P
†
y⃗

〉]q · Z
(q)

Zq
, (30)

where Z
(q)

|QQ̄
and Z|QQ̄ are partition functions in presence of a quark-antiquark pair on q-replica and ordinary lattices.

Note that the factor (Z(q)/Zq) appears in the r.h.s. because the q-replica correlator of Polyakov loops is normalized
by Z(q), the partition function of Yang-Mills fields on the q-replica lattice, while the partial correlator in Eq. (29)
is normalized by Z, the partition function on the ordinary lattice. The geometry of a lattice with q = 2 replicas is
shown in Fig. 5.

We can now formally define the FTE2 that we introduced previously in Eq. (5), and express it directly from the
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fundamental-representation SU(Nc) electric flux, it is natural to expect that its Sinternal receives contribution ∝ logNc

every time the flux tube crosses the boundary between V and V̄ . This is indeed the case in (1+1)-dimensional Yang-
Mills theory, where a flux tube does not have transverse degrees of freedom and which is straightforward to compute.
In a paper in preparation [50], we show that FTE2 in (1+1)-dimensional Yang-Mills theory depends only on the
number of colors, the dimension of the color source representation, and the number of boundaries F between V and
V̄ crossed by the flux tube:

(

S̃
(q)

|QQ̄

)

(1+1)YM
= F · log(Nc) . (34)

For example9, S̃
(q)

|QQ̄
= 2 logNc for two fundamental-representation static quarks in the region V̄ separated by a

single “slab” of region V . We have also shown in [50] that the result in Eq. (34)) is largely independent of lattice
details, specifically of whether the replica and V/V̄ boundaries are drawn through the corners or the centers of
lattice plaquettes. These (1+1)-dimensional analytic results further motivate employing FTE2 as a useful measure of
quantum entanglement in higher dimensions.

The internal entanglement entropy of the flux tube should be independent of the distance between the quark and
the antiquark as long as the flux tube cannot “avoid” crossing the spatial V/V̄ boundaries. However if there are
additional (transverse) dimensions, the flux tube can fluctuate and avoid region V (which is possible only if the quark
and antiquark are in a spatially connected part of V̄ ), or perhaps cross the boundary multiple times. In this case, the
internal entanglement entropy Sinternal should be

Sinternal = ⟨F ⟩ · log(Nc) , (35)

where ⟨F ⟩ is the average number of times the flux tube crosses the V/V̄ spatial boundary. Therefore, Sinternal in more
than one spatial dimensions will also, in principle, depend on quark and antiquark locations, as well as the geometry
of the V/V̄ boundary and the dynamical shape of the flux tube. Since the probability distribution of small deflections
of the flux tube is Gaussian, we anticipate ⟨F ⟩ to be described approximately by the error function of x, where x is
the spatial dimension on the (2+1)D lattice, as shown in Fig. 1. This interpretation will be explored in Section IV.

To study the vibrational entanglement entropy in Eq. (33), one may describe the color flux tube as a quantum
vibrating string. The effective theory of long strings has been extensively studied [21, 25, 28, 29, 61, 62]. In this initial
work, we compare our lattice results only to the predictions of the simplest model, and leave comparisons with state-
of-the-art models for the future. We briefly summarize this effective string model for the vibrational entanglement
entropy below and for more details we refer readers to Appendix A. Since this model takes into account only transverse
motion of the string, it depends only on the length of the string and the number of effectively independent oscillators,
but not on Nc or the representation of the color sources. Discrepancies between this model and actual lattice results
should be attributable to the internal (color) dynamics of the flux tube and can be studied by changing Nc and the
representation of the QQ̄ pair, which is also left for future work.
In the simplest model considered here, small transverse fluctuations of the “thin string” Gaussian are described by

the approximate Hamiltonian [21]:

H =M2L+
π

2M2L

π
∫

0

ds (p2 +M4x′(s)2) , (36)

where x(s) is the displacement parameterized by the coordinate along the string 0 < s < π, M2 is the string tension,
and L is its length. The endpoints of the string are fixed, x(0) = x(π) = 0. The potential depends on the string
“slope” x′ = dx

ds , and the kinetic energy on the momentum p(s) ≡ −i δ
δx(s) . There is only only one transverse direction

in (2+1) dimensions, but in (d+1)-dimensional space-time each of the (d-1) transverse directions is governed by an
independent copy of the Hamiltonian (36), which would give the same contribution to the vibrational entanglement
entropy.
In its pure ground state, the string is described by a Gaussian density matrix of coupled harmonic oscillators [1, 3].

Traced over the transverse fluctuations in the complement region V̄ , it yields a reduced Gaussian density matrix, from
which the von Neumann and Rényi entanglement entropies can be computed. Since the string has internal thickness
(albeit neglected in this model), it cannot vibrate with wavelength shorter than some λ [21]. It is important to note
that λ has physical meaning as the size of the string segment representing an independent effective degree of freedom,

9 As noted in [43], the Yang-Mills vacuum entanglement entropy gets an additional contribution
∑

R p(R) log(dimR) compared to Abelian
theories, where p(R) is the probability distribution over representations R of the electric fluxes at each point of the boundary. This is
compatible with the explicit result (34), since the flux tube between Q and Q̄ “biases” the color-electric flux though the boundary.
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both of which agree within uncertainty with the value given by Eq. (37) in [69].
To compute the Polyakov loop correlators, we use the standard Wilson plaquette SU(2) Yang-Mills action,

S = −β
2

∑

x,µ<ν

ReTrUx,µν , (38)

performing sweeps with alternating Kennedy-Pendleton heatbath updates [70] and over-relaxation updates [71], and
also incorporating the multilevel algorithm [72]. Each sweep consists of one heatbath update and five overrelaxation
updates of the entire lattice alternating between even- and odd-checkerboard sublattices. The initial gauge config-
uration is thermalized with 15,000 global sweeps. In the multilevel calculation of the Polyakov loop correlators, we
use a 2-level algorithm. The first sublevel updates are performed on a single replica, while the lowest-level updates
are performed on temporal slabs of size 1

2T
−1
c , which corresponds to 4 slabs per replica at T = Tc/2. At the lowest

level, we accumulate 1000 samples separated by one local sweep and augmented with the multi-hit procedure. The
top-level samples are separated by 100 global sweeps. We analyzed our data with jackknife resampling and binned
the data to monitor for autocorrelation effects. We found that the flux tube has a wide profile, so the x dimensions of
our lattices are extended by a factor of 4 to minimize wrap-around effects and ensure that the x→ ∓∞ limits can be
effectively reached on our lattices to realize the case where the half-slab does not completely cross-cut the flux tube.
As mentioned before, the region V of the half-slab geometry is a rectangle of size (Lx/2)× w, where the long side

of the lattice Lx
√
σ0 ≈ 14.3. We compute the Polyakov-line correlators at all values along the x direction of the

lattice. The Polyakov loop correlator in the numerator of Eq. (32) for the fully cross-cut FTE2 is averaged over points
in the (Lx/4) segment centered on the half-slab, which are at least |∆x|√σ0 ≥ 1.8 from the edge of the slab. The
denominator in Eq. (32) requires computing Polyakov loop correlators on a single-replica lattice. Instead, we compute
these correlators on the same lattices by similarly averaging over points at |∆x| ≥ (Lx/8) away the half-slab, to save
on simulation cost and to eliminate correlated stochastic fluctuations.

?(x, y)
x

y

w

FIG. 10. The Flux Tube Entanglement Entropy (FTE2) is studied using the “half-slab” region V (shaded blue) that has
width w in the y direction and extends indefinitely to x → ∞ (on a finite periodic lattice, the slab spans Lx/2 of the lattice).
We explore the dependence of FTE2 on the width of the slab and its position relative to the quark-antiquark pair at (0,±L/2).
Depending on the position of its left-most edge center (x, y), the flux tube centered at (0, 0) can be completely (x → −∞) or
partially (x ∼ 0) cross-cut by region V . The x → +∞ limit determines the “baseline” entanglement entropy of the vacuum
itself partitioned into V and V̄ .

B. Results for FTE2

We performed a scaling study to confirm that FTE2 converges to a finite value in the continuum limit. We examined
FTE2 at varying values of the lattice spacing a while keeping the quark-antiquark separation and the size of region
V fixed in physical (1/

√
σ) units. The results of this study are displayed in Fig. 11 (left) for a region V of width
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vibrational entropy estimated from the thin string model, a quantitative comparison will require refinements to our
models of both. These can be constrained by extending our results to Nc > 2, to (3+1)D, and perhaps by simulations
at T > Tc.

V. SUMMARY AND OUTLOOK

In this paper we introduced a novel Flux Tube Entanglement Entropy (FTE2), a gauge-invariant and UV finite
physical measure of the entanglement entropy of regions within and surrounding the color flux tube formed by a
static quark-antiquark pair in pure Yang-Mills theory. In the first part of this work, we discussed at length the
desired properties of FTE2 within the larger context of the gauge invariance of the entanglement entropy, focusing
in particular on the dependence of the entanglement entropy on the choice of the center of the algebra employed in
such a computation. We outlined the arguments in the literature discussing both the general algebraic construction of
the entanglement entropy and the extended lattice construction that is equivalent to the choice of the electric-center
choice. We concluded that since FTE2 is manifestly gauge-invariant, it should also be center-independent.
We then laid out our procedure for extracting FTE2 on the lattice using correlators of Polyakov loops and the

replica method. Our framework allows us to study FTE2 for a slab of arbitrary width for the cases where the slab
fully or partially cross-cuts the flux tube, or does not cross it at all. We postulated a bifurcation of the entanglement
entropy into the sum of the entanglement due to colorful degrees of freedom inside the flux tube and entanglement
due to the transverse vibrations of the color flux tube. We performed explicit computations of FTE2 in (1+1)D Yang
Mills theory to model the internal entropy. The results of this computation are interesting in their own right and will
be reported separately. We also employed the simple thin string model to model the vibrational entropy. In the long
string limit, we showed that the vibrational entropy of the flux tube exhibits the same logarithmic length dependence
expected from 2D conformal field theory.
We then discussed the results of Monte Carlo simulations of FTE2 on the lattice for (2+1)D SU(2) pure gauge

theory. We first confirmed that FTE2 is UV finite in the continuum limit. Examining FTE2 when the string is fully
cut, we found that its value lies above our estimate for the internal entropy, indicating contributions from both the
internal and vibrational entropy. We further found that FTE2, as a function of the overlap of the slab with the flux
tube, is qualitatively well-described by an error function shape expected from the Gaussian profile of small deflections
of the flux tube when the flux tube is near the boundary. In particular, we find that the length dependence term of
the vibrational entropy accurately describes the length dependence we see on the lattice. We expect that the string
portion term of the vibrational entropy does not apply to flux tubes of the length explored in this paper, and and
indeed found that its predictions do not match the Monte Carlo data. Further studying FTE2, we found that it is well
described by the predictions of our internal entropy model when the flux tube is partially cut, with a slight caveat;
FTE2 behaves as if it were a thin string further away from the boundary than it is, by a distance on the order of
around 1/3 the width of the flux tube.
This work leaves us with many further directions to explore. One of the questions not fully resolved by this work is

the accuracy of the postulated bifurcation of the entanglement entropy and the applicability of the thin string model.
There are many ways to model Flux Tube Entanglement Entropy more rigorously. One could also, as we plan to
do, vary the number of colors, testing Eq. (35). Another way to test Eq. (35) is to vary the number of flux tube
boundary crossings. In (1+1)D, there are no transverse dimensions and the flux tube has no intrinsic width. It would
be reasonable to suspect non-trivial behavior of FTE2 as the internal structure of the flux tube takes on another
dimension in (2+1)D. One could place multiple slabs in between quark and antiquark sources in (2+1)D to further
test our understanding of the flux tube’s entropic dynamics.
Changing the number of dimensions of space, as well as performing a finite temperature study to explore the

behavior of FTE2 above the deconfinement transition temperature in pure Yang-Mills represent obvious directions
for future work. A further interesting possibility is to explore how FTE2 behaves when one changes the number
of static quark sources. This is especially timely given the interest in empirical understanding the role of baryon
junctions in carrying baryon number [74–76]. Their entropic dynamics might provide useful input into constructing
useful effective models of baryons that can potentially help distinguish between different mechanisms proposed in the
literature [77–81].
While there are many potentially fruitful directions to take with Monte Carlo simulations, there is also more work

needed to be done in applying effective string models that capture the dynamics of FTE2. For this work, we used
a simple thin string model with no corrections and it will be important to develop this study in the context of the
long string EFT. One of the issues that will likely persist regardless of model is the offset of FTE2 from predictions
by a distance on the order of around 2/3 the width of the flux tube. Our results seem to suggest that the flux tube
contributes to the entanglement entropy of a region only when its entire intrinsic width lies in that region, raising
significant questions about the internal entropic structure of color flux tubes and where their degrees of freedom lie.
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All of these issues will be addressed in forthcoming work.
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Appendix A: Vibrational entanglement entropy of a color flux tube

In this Appendix, we will discuss how to model the vibrational entanglement entropy of a color flux tube contributing
to FTE2. For the vibrational entropy, we employ a Gaussian approximation of the relativistic string valid for small
fluctuations x⊥ of the relativistic string model [21]. Our model does not fully capture the string theory formalism
since our string cannot “turn back”. The string’s transverse displacement is instead a function of the longitudinal
coordinate along the string, and we can parameterize the string in two spatial dimensions as [21],

x⃗(s) =
(

x⊥(s),
L

π
s
)

, 0 ≤ s ≤ π . (A1)

The “thin string” Hamiltonian is

H =M2L+
π

2M2L

π
∫

0

ds(p2 +M4x′(s)2) , (A2)

where p and x′ are understood to be measured in the direction perpendicular to the string, x′ ≡ dx
ds , and p ≡ −i δ

δx(s) ,

and M2 represents the string tension, which is inversely proportional to the width of the string.
To compute the vibrational entanglement entropy, we first express the string as a discrete set of points x(s0)

through x(sN ), each with transverse displacement x⊥(si). We will work with one transverse dimension12. The string
is assumed to interpolate linearly between the basis points. To find p, we expand

x(s) =
∑

i

aixi(s) , (A3)

with

∫

ds [x(s)]2 =
∑

i,j

aiajgij , (A4)

where gij ≡
∫

ds xi(s)xj(s) is the “metric tensor” for the basis {xi}. In principle, this basis can be completely
arbitrary; for our purposes, we will use

xi(s) =







1− N
π

∣

∣s− π( i
N )

∣

∣ if, π( i−1
N ) < s < π( i+1

N )

0, otherwise







(A5)

12 As the longitudinal coordinate x∥ is proportional to s, when we write x(s) throughout this section, we will always be referring to x⊥(s).
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with 1 ≤ i ≤ N − 1 and endpoints x0(s) = xN (s) = 0. For this basis 13,

gij =







2πϵ
3N if i = j
πϵ
6N if i = j ± 1
0 otherwise







. (A6)

The conjugate p(s) = −iδ/δx(s) is a “co-vector” [x(s), p(s′)] = iδ(s, s′), and therefore its expansion in the co-vector
components δ/δai is

∫

ds [p(s)]2 = −
∑

i,j

δ

δai

δ

δaj
g−1
ij . (A7)

We now have the necessary ingredients to diagonalize the Hamiltonian. We first write

H = a⃗TX a⃗+ p⃗TQ p⃗ , (A8)

putting in quadratic form both the “position” coordinates and their conjugate momenta, with a⃗ = (a1 . . . ai . . . aN−1)
and the vector p⃗ = −i( δ

δa1

. . . δ
δai

. . . δ
δaN−1

). The matrix Q has components Qij = π
2M2Lg

−1
ij , as seen from Eqs. (A7)

and (A2). The matrix X can be expressed as

Xij =







πM2

Lϵ if i = j
−πM2

2Lϵ if i = j ± 1
0 otherwise







. (A9)

We then decompose X as

X = Y TY (A10)

and define

b ≡ Y a. (A11)

p is no longer the conjugate momentum to b, and we would like to express the Hamiltonian in terms of coordinates
and their conjugate momenta. Therefore, defining

r ≡ (Y −1)T p, (A12)

the conjugate momentum to b, we arrive at

H = b⃗T b⃗+ r⃗T Y QY T r⃗. (A13)

To diagonalize the non-trivial quadratic term, we define an orthogonal matrix Z such that

D ≡ ZY QY TZT , (A14)

is diagonal. Transforming the momentum and coordinate vectors, respectively, once again as

s ≡ Zr , c ≡ (Z−1)T b , (A15)

we can finally express the Hamiltonian in the quadratic form

H = cT c+ sTD s. (A16)

This Hamiltonian has the ground state

Ψ(c⃗) ∝ exp[−1

2
cTD−1/2c] , (A17)

13 The diagonal gij = ϵδij produces results that agree with this definition in the continuum limit.
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which can now be rexpressed in terms of the original “position” coordinates a as

Ψ(⃗a) ∝ exp[−1

2
aTM a] , (A18)

where

M ≡ Y T (Y QY T )−1/2Y . (A19)

This matrix can be broken up into the components

M =

(

γV V γV V̄

γV̄ V γV̄ V̄ ,

)

(A20)

which equivalent to Eq. 9 in [3]. As this form of the matrix suggests, if modes a⃗ are broken up into modes with

support in V and modes with support in V̄ in the form of

(

aV
aV̄

)

, we can reexpress Eq. (A18) as

Ψ(⃗a) ∝ exp
[

− 1

2
(aV aV̄ )M

(

aV
aV̄

)

]

, (A21)

or equivalently,

Ψ0 ∝ exp
[

− 1

2
(aV aV̄ )

(

γV V γV V̄

γV̄ V γV̄ V̄

)(

aV
aV̄

)

]

. (A22)

Without loss of generality, we can set γV V̄ = γT
V̄ V

. Following [3], we can now perform Gaussian integration over the

complement region Ā. We first write

ρ̂(a1, a2) =

∫

DaV̄ ψ0(a1aV̄ )ψ0(a2aV̄ ), (A23)

with a1 and a2 in V . Completing the square, and performing the Gaussian integral, we obtain

ρ̂(a1, a2) = −
∫

DaV̄ exp
(

CT γV̄ V̄ C − aT1 (A) a1 − aT2 (A) a2 − aT1 (4B) a2
)

(A24)

where

A = 2 (γV V − 1

2
γV V̄ (γV̄ V̄ )

−1γV̄ V ) ,

B = −1

2
γV V̄ (γV̄ V̄ )

−1γV̄ V ,

C = aV̄ +
1√
2
(γ−1

V̄ V̄
)T γV̄ V a1 +

1√
2
(γ−1

V̄ V̄
)T γV̄ V a2 . (A25)

This reduced density matrix can be reexpressed as

ρ̂(a1, a2) ∝ exp
[

− 1

2
(a1a2)

(

A 2B
2B A

)(

a1
a2

)

]

. (A26)

We can then express ρ2 as the functional integral

trρ2 =

∫

Dϕ exp
[

− (a1a2)M2

(

a1

a2

)

]

, (A27)

where M2 is the supermatrix

M2 =

(

A 2B
2B A

)

. (A28)
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Note that M2 differs from the general formula for Mn used in [3]. Following the prescription in [3], we use the
expression

trρn = 1/
√

detMn , (A29)

to then compute the Rényi entropy for various numbers of modes N , normalizing so trρ = 1. One can also compute
the von Neumann entanglement entropy at this point, defining

M ′ ≡ γV V̄ (γV̄ V̄ )
−1γV̄ V (A30)

and

N ′ ≡ γV V + γV V̄ (γV̄ V̄ )
−1γV̄ V . (A31)

Following [1], we can write the Von-Neumann entanglement entropy as

S = −
∑

n

µnlogµn + (1− µn)log(1− µn)

1− µn
(A32)

where µn represent the unique positive solution of λn = 4µn/(1 − µn)
2, and λn represent the eigenvalues of Λ ≡

M ′−1N ′. As discussed in the main text, the thin string model produces the following apparent behavior of the Rényi
and von Neumann entropies for the fully cut string:

S(2) =
1

4
log(N) + finite corrections , (A33)

S =
1

3
log(N) + finite corrections . (A34)

In the main text, N is replaced with L/ϵ, where L is the length of the string and ϵ is the distance between consecutive
basis points. These two formulations are equivalent.
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