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Ian Cloët,1 Xiang Gao,1 Swagato Mukherjee,2 Sergey Syritsyn,2

Nikhil Karthik,3, 4 Peter Petreczky,2 Rui Zhang,1 and Yong Zhao1

1Physics Division, Argonne National Laboratory, Lemont, IL 60439, USA
2Physics Department, Brookhaven National Laboratory, Upton, New York 11973, USA

3American Physical Society, Hauppauge, New York 11788, USA
4Department of Physics, Florida International University, Miami, FL 33199, USA

We present a lattice quantum chromodynamics (QCD) calculation of the x-dependent pion and
kaon distribution amplitudes (DA) in the framework of large momentum effective theory. This
calculation is performed on a fine lattice of a = 0.076 fm at physical pion mass, with the pion
boosted to 1.8 GeV and kaon boosted to 2.3 GeV. We renormalize the matrix elements in the
hybrid scheme and match to MS with a subtraction of the leading renormalon in the Wilson-line
mass. The perturbative matching is improved by resumming the large logarithms related to the
small quark and gluon momenta in the soft-gluon limit. After resummation, we demonstrate that
we are able to calculate a range of x ∈ [x0, 1 − x0] with x0 = 0.25 for pion and x0 = 0.2 for kaon
with theoretical systematic errors under control. The kaon DA is shown to be slighted skewed,
and narrower than pion DA. Although the x-dependence cannot be direct calculated beyond these
ranges, we estimate higher moments of the pion and kaon DAs by complementing our calculation
with short-distance factorization.

I. INTRODUCTION

Pseudoscalar meson distribution amplitudes (DAs)
ϕM (x) of a meson M with valence quark qq̄′ describe
the probability amplitude of finding the meson moving
on the light-cone in its minimal Fock state, a quark-
antiquark pair |qq̄′⟩ each carrying a momentum fraction
of x and 1 − x, respectively. They are important uni-
versal inputs to hard exclusive processes and form fac-
tors [1–4] at large momentum transfer Q2 ≫ Λ2

QCD. Es-
pecially, the kaon DA gains particular interest because
of its relevance to CP violating processes in heavy me-
son decays, such as B → πK and D → KK̄ [5–7],
which are important probes to new physics beyond Stan-
dard Model. So far, the x-dependence of meson DAs are
only weakly constrained by experimental measurements
of form factors [4, 8–10], thus many model-dependent
theoretical calculations are suggested, providing very dif-
ferent shapes with different model assumptions [11–13].
A direct x-dependence calculation from first principle
methods, such as lattice QCD, could improve our un-
derstanding of the meson structures.
The meson DAs can be defined as lightlike correlations,

ifMϕM (x, µ) =

∫

dη−

2π
eixP

+η−×

⟨0|q′(0)γ5γ+W (0, η−)q(η−)|M(P )⟩,

where fM is the meson’s decay constant, W (0, η−) =

P̂ exp
[

−ig
∫ η−

0
ds nµA

µ(ns)
]

is the Wilson line between

the two light-cone coordinates 0 and η− = (η0 + η3)/
√
2

with P̂ denoting the path-ordering operator. The real-
time dependence in the light-cone DA definition makes
it difficult to simulate directly on a Euclidean lattice.
Thus different approaches have been proposed to extract

partial information of meson DAs with lattice calcula-
tions, including the calculation of their lowest moments
⟨(2x− 1)n⟩ from local twist-2 operators [14–19] through
the operator product expansion (OPE) of the pion corre-
lators, the calculation of non-local correlations that can
be related to the meson DAs through OPE or short dis-
tance factorization (SDF) [20–26], and the large momen-
tum effective theory (LaMET) [27–36] that directly cal-
culates the x-dependence from a momentum-space fac-
torization. The local twist-2 operator calculation and
the SDF approach in principle allows us to obtain a few
lowest-order meson DA moments, but the x-dependence
could only be obtained by fitting with some model as-
sumptions of the shape. On the other hand, LaMET re-
lates a class of observables at finite hadron momentum,
named quasi-distributions, to the light-cone distribution
through a factorization in momentum space, with power
corrections suppressed by the power of parton momen-
tum xPz or (1− x)Pz, thus provides an approach to cal-
culate the x-dependence in a moderate range of x with
well-controlled theoretical systematic errors.

So far, various lattice artifacts and theoretical system-
atics have been studied in the LaMET calculation of the
meson DAs since the first attempts [30, 31]. The the-
oretical efforts include the lattice renormalization, im-
provement of the power accuracy, and the inclusion of
higher-order effects in perturbation theory. The renor-
malization of the linear divergence in the quasi-DA cor-
relators [37–40] uses regularization-independent momen-
tum subtraction (RI/MOM) [41–44] scheme or the ra-
tio [45, 46] scheme in the early stage, which was later
improved with the hybrid renormalization scheme [47–
49]. The power corrections resulting from the linear
renormalon ambiguity of order ΛQCD in renormalization
and perturbative matching is resolved with the leading-
renormalon resummation (LRR) method [35, 50], thus
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the power accuracy is improved to sub-leading order. The
high-order effects are examined by including the calcu-
lation of next-to-leading order (NLO) matching kernel
for quasi-DA [30, 31, 51–53], and the renormalization
group resummation (RGR) [54, 55] and threshold resum-
mation [36, 54, 56, 57] that resum the logarithm to fur-
ther include higher-order logarithm contributions. Since
the power expansion parameter is related to the physi-
cal scale xPz or (1 − x)Pz, the LaMET expansion can-
not be applied to endpoint regions x → {0, 1}. Beyond
the range that LaMET calculates, it has also been pro-
posed to constrain the endpoint regions with the global
information of DA, such as the lower moments or short
distance correlations, extracted from SDF [35, 58]. Nu-
merically, the first continuum extrapolation of the DA
was carried out in Ref. [32] with the RI/MOM scheme at
heavier-than-physical pion masses, succeeded by a con-
tinuum extrapolation at physical pion mass with NLO
hybrid-scheme renormalization and matching, but with-
out LRR [34]. The LRR method was first implemented in
Ref. [35] with NLO matching and RGR. Meanwhile, the
meson DA moments have also been calculated using the
SDF approach at NLO accuracy [22, 25]. Recently, there
is new progress to develop the threshold resummation
for the LaMET calculation of pion-DA on a domain-wall
ensemble that preserves chiral symmetry [36].

In this work, we present the x-dependence calculation
of pion and kaon DAs on a lattice ensemble with physical
pion mass and lattice spacing a = 0.076 fm, by boosting
the pion momentum up to 1.8 GeV and the kaon momen-
tum up to 2.3 GeV. We renormalize the bare meson quasi-
DA matrix elements with the hybrid scheme, and then
match them to the continuum MS scheme with LRR. Af-
ter Fourier transforming to the x-space, we match the
quasi-DA to the light-cone with next-to-next-to-leading
logarithmic (NNLL) threshold resummation and NLO
matching, which provides a reliable calculation in the
range x ∈ [0.25, 0.75] for pion and x ∈ [0.2, 0.8] for kaon.
Finally, we utilize the short distance correlations along
with the already determined mid-x distribution, to bet-
ter constrain the distribution in the endpoint region, thus
provide us a rough estimate for higher moments of DA.

This work is organized as follows. In Sec. II, we present
our lattice setup of the calculation, and show the extrac-
tion of the bare matrix elements. In Sec. III, we renormal-
ize the bare matrix elements in the hybrid scheme with
LRR and obtain x-dependent quasi-DAs. In Sec. IV,
we apply the threshold-resummed perturbative inverse
matching to extract the light-cone DA in a range of
x ∈ [x0, 1 − x0], and provide a rough estimate for the
higher moments of pion and kaon DAs by modeling the
endpoint regions using complementarity with SDF. Fi-
nally, we conclude in Sec. V.

II. NUMERICAL SETUP

We use a 2+1 flavor Highly Improved Staggered Quark
(HISQ) [59] gauge ensemble generated by the HotQCD
collaboration [60] with lattice size Ls×Lt = 643×64 and
lattice spacing of a = 0.076 fm. The quark masses in the
sea are both at the physical point. We use the Wilson-
Clover action for the valence sector, and the clover coef-
ficients are set to be csw = 1.0372 [61] using the averaged
plaquette after 1-step HYP smearing [62]. The Wilson-
Clover quark mass are tuned so that the pion and kaon
mass are 140(1) MeV and 498(1) MeV, respectively. The
calculations used QUDA multigrid algorithm [63–66] for
the Wilson-Dirac operator inversions to get the quark
propagators. 350 configurations are used for the calcu-
lation of kaon DA, combined with All Mode Averaging
(AMA) technique [67] applied to increase the statistics.
On each configuration, we measured 8 exact and 256
sloppy sources for large momenta nz ≥ 4 and 4 exact
and 128 sloppy sources for smaller momenta, respectively.
The pion correlators on this ensemble have already been
generated and analyzed in a previous work [25], so we
only present the analysis of kaon raw data in this sec-
tion.
In order to derive the bare matrix elements of ground

state, we need to compute the two-point functions to
extract the energy spectrum and get the overlap ampli-
tudes,

CKK(P, ts) =
〈

[KS(P, ts)][KS(P, 0)]†
〉

, (1)

where KS are the kaon interpolators, namely,

KS(P, t) =
∑

x

s̄S(x, t)γ5uS(x, t)e
−iP·x, (2)

in which boosted smearing [68, 69] (denoted by S) is
applied to have better overlap with ground states and
improve the signal of high-momenta states. The Gaus-
sian radius of the light and strange quarks used in this
work are rGl = 0.59 fm and rGs = 0.83 fm. With periodic
boundary condition, the hadron momentum in physical
unit are Pz = 2πnz/(Lsa) with nz being an integer.
Similar to Ref. [25], the quasi-DA matrix elements of

kaon can be extracted from the equal-time correlators,

CΓ
DA(z;P, ts) =

〈

[OΓ(z;P, ts)][KS(P, 0)]†
〉

, (3)

with,

OΓ(z;P, ts) =
∑

x

ū(x, ts)ΓW (x, ts;x+ z, ts)s(x+ z, ts)e
−iP·x,

where the quark fields are separated by z = (0, 0, z) and
connected by the Wilson line W (x, ts;x + z, ts) to keep
the gauge invariance. The direction of momentum is cho-
sen to be along with the Wilson line P = (0, 0, Pz). The
quasi-DA operator with both Γ = γ5γ3 and γ5γ0 can ap-
proach the light-cone DAs under large momentum boost.
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A. Schäfer, R. W. Schiel, and A. Sternbeck, Phys. Rev.
D 92, 014504 (2015), 1503.03656.

[22] G. S. Bali, V. M. Braun, B. Gläßle, M. Göckeler, M. Gru-
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Rev. D 93, 094515 (2016), 1602.05525.

[69] T. Izubuchi, L. Jin, C. Kallidonis, N. Karthik, S. Mukher-
jee, P. Petreczky, C. Shugert, and S. Syritsyn, Phys. Rev.
D 100, 034516 (2019), 1905.06349.

[70] J.-W. Chen, T. Ishikawa, L. Jin, H.-W. Lin, J.-H. Zhang,
and Y. Zhao (LP3), Chin. Phys. C 43, 103101 (2019),

1710.01089.
[71] H.-T. Ding, X. Gao, A. D. Hanlon, S. Mukherjee, P. Pe-

treczky, Q. Shi, S. Syritsyn, R. Zhang, and Y. Zhao
(2024), 2404.04412.

[72] S. Bhattacharya, K. Cichy, M. Constantinou, J. Dodson,
X. Gao, A. Metz, S. Mukherjee, A. Scapellato, F. Stef-
fens, and Y. Zhao, Phys. Rev. D 106, 114512 (2022),
2209.05373.

[73] Y. Aoki et al. (Flavour Lattice Averaging Group
(FLAG)), Eur. Phys. J. C 82, 869 (2022), 2111.09849.

[74] A. V. Radyushkin, Phys. Rev. D 100, 116011 (2019),
1909.08474.

[75] G. P. Lepage and S. J. Brodsky, Phys. Rev. D 22, 2157
(1980).

[76] V. M. Braun, A. N. Manashov, S. Moch, and
M. Strohmaier, JHEP 06, 037 (2017), 1703.09532.

[77] M. A. Donnellan, J. Flynn, A. Juttner, C. T. Sachra-
jda, D. Antonio, P. A. Boyle, C. Maynard, B. Pendle-
ton, and R. Tweedie, PoS LATTICE2007, 369 (2007),
0710.0869.

[78] A. Pineda, JHEP 06, 022 (2001), hep-ph/0105008.
[79] G. S. Bali, C. Bauer, A. Pineda, and C. Torrero, Phys.

Rev. D 87, 094517 (2013), 1303.3279.
[80] T. Regge, Nuovo Cim. 14, 951 (1959).
[81] A. Avkhadiev, P. E. Shanahan, M. L. Wagman, and

Y. Zhao, Phys. Rev. D 108, 114505 (2023), 2307.12359.
[82] H.-W. Lin and R. Zhang, Phys. Rev. D 100, 074502

(2019).
[83] V. M. Braun, A. N. Manashov, S. Moch, and J. Schoen-

leber, Phys. Rev. D 104, 094007 (2021), 2106.01437.


	Introduction
	Numerical setup
	Energy spectrum from analysis of CKK correlators
	Bare matrix elements

	Extraction of pion and kaon quasi-DAs
	Moments from SDF
	Renormalization
	x-dependent quasi-DA

	Matching to the light-cone DA
	Matching with small-momentum logarithm resummation
	Higher moments from complementarity

	Conclusion
	Acknowledgment
	References

