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Decentralized Multi-Robot Line-of-Sight
Connectivity Maintenance under Uncertainty
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Abstract—In this paper, we propose a novel decentralized
control method to maintain Line-of-Sight connectivity for multi-
robot networks in the presence of Guassian-distributed local-
ization uncertainty. In contrast to most existing work that
assumes perfect positional information about robots or enforces
overly restrictive rigid formation against uncertainty, our method
enables robots to preserve Line-of-Sight connectivity with high
probability under unbounded Gaussian-like positional noises
while remaining minimally intrusive to the original robots’ tasks.
This is achieved by a motion coordination framework that jointly
optimizes the set of existing Line-of-Sight edges to preserve and
control revisions to the nominal task-related controllers, subject
to the safety constraints and the corresponding composition
of uncertainty-aware Line-of-Sight control constraints. Such
compositional control constraints, expressed by our novel notion
of probabilistic Line-of-Sight connectivity barrier certificates
(PrLOS-CBC) for pairwise robots using control barrier functions,
explicitly characterize the deterministic admissible control space
for the two robots. The resulting motion ensures Line-of-Sight
connectedness for the robot team with high probability. Further-
more, we propose a fully decentralized algorithm that decomposes
the motion coordination framework by interleaving the composite
constraint specification and solving for the resulting optimization-
based controllers. The optimality of our approach is justified by
the theoretical proofs. Simulation and real-world experiments
results are given to demonstrate the effectiveness of our method.

I. INTRODUCTION

To facilitate efficient information sharing among teams of
robots, connectivity maintenance often considers maintaining
the distance-based multi-robot communication graph as one
connected component by constraining the coordinated robots’
motions, commonly referred to as maintaining global connec-
tivity [1, 2, 3]. Local methods seek to maintain connectivity
among multiple robots by preserving the initial communication
graph topology over time [4, 5], while in global methods
the algebraic connectivity of the communication graph is
maintained by a secondary connectivity controller that keeps
the second-smallest eigenvalue of the graph Laplacian positive
at all times [1, 3]. In realistic environments, however, the
established multi-robot networks dependent on conventional
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distance-based communication models may suffer from po-
tential interruptions, e.g., wireless signals between two robots
within communication range could still be obstructed by thick
metal walls [6] and thus disconnect the whole network.

Hence, Line-of-Sight (LOS) connectivity maintenance is
gaining attention for ensuring reliable data exchange among
robots [6, 7, 8]. However, these methods assume perfect
positional information, and uncertainties like noisy locational
data from real-world sensing can significantly affect its perfor-
mance. Although connectivity-focused controllers can mitigate
uncertainty with conservative motion [9], they may hinder
other primary robot objectives. Therefore, addressing uncer-
tainties while enabling flexible robot motion and ensuring LOS
communication is vital for multi-robot coordination.

To solve the probabilistic constraint satisfaction problems
due to uncertainties such as noisy observations, recent works
[10, 11] have focused on enforcing the probability through
state-related chance constraints in applications such as col-
lision avoidance. However, constraints based on robot states
may necessitate enlarged bounding volumes to account for
braking distances, potentially overestimating the probability
and leading to conservative behaviors. By leveraging Control
Barrier Functions (CBFs) the researches in [12, 13] introduce
deterministic control constraints to ensure chance-constrained
properties such as safety. These deterministic constraints, in
quadratic form, can raise computational costs when integrated
into optimization problems. Authors in [14] proposed Prob-
abilistic Safety Control Barrier Certificates (PrSBC), which
develop linear control constraints for pairwise robots to guar-
antee chance-constrained state-related safety under positional
and motion noises. The resulting robot motions are less restric-
tive and the developed control constraints are easy to compose
for achieving team-level specifications. This inspires further
research on composition of pairwise connectivity constraints
for ensuring team-level properties such as communication
graph connectivity among robots.

On the other hand, existing connectivity maintenance meth-
ods often rely on centralized computation and synchronized
communication [8, 15], raising scalability issues for multi-
robot systems. Instead, decentralized frameworks such as C-
ADMM [16] can effectively distribute the computational load
across all robots by solving one centralized optimization
problem in a decentralized manner. However, such methods
may be limited to predefined constraints [17, 18]. In flexible
multi-robot connectivity maintenance with switching topology,
it is often difficult to pre-determine the particular set of edges
needed for establishing the corresponding constraints. This



added complexity makes it particularly challenging to co-
optimize connectivity constraints and desired robots’ behaviors
in a fully decentralized manner.

In this paper, we seek to minimally modify the nominal
task-related multi-robot controller while ensuring global and
subgroup LOS connectivity for the team of robots under
positional noises. Our contributions are as follows.

« A novel notion of Probabilistic Line-of-Sight Connectiv-
ity Barrier Certificate (PrLOS-CBC) is proposed to define
the admissible control space, from which the existing
pairwise LOS can be preserved with high probability
under noisy positional information;

o A decentralized algorithm, referred to as Uncertainty-
Aware Decentralized Line-of-Sight Least Constraining
Tree (Dec-LOS-LCT), is proposed to interleave the bi-
level optimization process of selective LOS constraint
specification and constrained control optimization;

o The theoretical proofs, simulation and real-world experi-
ments are given to justify the performance of our method.

II. PRELIMINARIES

Consider a robotic team S with N robots moving in a d-
dimensional shared workspace, which consists of free space

K
and occupied space Cobs = |J O by K static polyhedral
k=1

obstacles @), C R? VEk. The positions of the static obstacles
are assumed to be known by the robots. Each robot ¢ € Z =
{1,.., N} is centered at the position x; € X CR?. The system
dynamics x; affine in control and the noisy observation X; €
R? of each robot i are described as follows.

x; = Fi(x;) + Gi(x)w;, X =% + €, ¢ ~N(0,%;) (1)

where u; €4/ C R? denotes the control input. F; : R — R?
and G; : R? s R¥4 are locally Lipschitz continuous. ¢; €
R? is the measurement noise and considered as a continuous
independent random variable with a Gaussian distribution that
can vary at each time step.

A. Safety and Range Limited Line-of-Sight Connectivity

We assume the K static polyhedral obstacles can be com-
monly represented by L discretized obstacles modeled as rigid
spheres along the boundary of the static obstacles [19]. Each
discretized obstacle can be denoted as o € {1, ..., L}. Consider
the joint robot states X = {xi,...,xy} € & C R, the
discretized joint obstacle states x°P% = {x$P% ... x9"} €
Xobs < R the minimum inter-robot safe distance as
R, € R, and the minimum obstacle-robot safe distance as
Ropns € R, the desired sets for any pairwise robots ¢, j and
obstacle o satisfying inter-robot or robot-obstacle collision
avoidance can be defined as:

h3 (%) = |Jx; — x> — RZ, Vi > j,

s _ dN |18
H: ;= {x € R™"|hj ;(x) > 0} 2)
s (x,x°%) = [|x; — x9"°||* — R2q, Vi, o,
Hy = {x e R™ x* € RUIAIS(x,x57) 20} (3)

Pairwise robots ¢ and j are said to be Line-of-Sight (LOS)
connected when they are not only within the limited commu-
nication range (communication distance condition), but also
have an unobstructed LOS between the two for all obstacles
(occlusion-free condition). The undirected LOS edge between
such two robots can be denoted by (v;,v;) € & (ie.,
(vi,v;) € E1°% & (v;,v;) € £1°%), where each node v;,v; € V
represents a robot, and we denote LOS communication graph
las G5 = (V, £'°%) for the entire team.

Considering the communication range R. € R, the desired
set of x for pairwise robots ¢ and j satisfying the communi-
cation distance condition can be defined as:

h (%) = R — |[xi — x|, V(vi,v) € E C €',

HS ;= {x € R™|h{ ;(x) > 0} 4)

Accordingly, the desired set satisfying occlusion-free con-
dition for pairwise LOS connectivity of robots 7,7 can be
described as follows.

HI ={x € R™N| h%(x, Cops) > 0} =
{x € RN | x;(1 — Q) + x;Q ¢ Cops, VQ € [0,1]}
%)

Therefore, for the entire team with any given LOS connec-
tivity communication graph G518 = (V,£%1°%) C Gl°® with
gslos C £10 1o enforce, the desired set implying the satisfying
LOS connectivity condition can be defined by the intersection
of the connectivity set H; ; and occlusion-free set Hiojs as
follows.

{108 (Gslos) :< m
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) N
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B. Probabilistic Safety and Line-of-Sight Connectivity using
Control Barrier Function

To guarantee the system’s safety in a deterministic dynami-
cal system, control barrier functions could be used to enforce
the safety set forward invariant by defining an admissible
control space. The results can be summarized as follows.

Lemma 1. [Summarized from [20]] Given a deterministic
dynamical system dffine in control (i.e., X = F(x) + G(x)u)
and a desired set H as the O-super level set of a continuously
differentiable function h : X — R, the function h is called
a control barrier function, if there exists an extended class-KC
function® r(-) such that sup ey {h(x, 1)} > —r(h(x)) for all
x e X.

With Lemma 1, the admissible control space for any Lips-
chitz continuous controller u € U rendering H forward invari-
ant (i.e., keeping the system state x staying in 7 overtime)

IFor ease of notation, the dependency of G'°%(t) on time ¢ may be omitted.
%In the rest of this paper, we select the particular choice of x(h(x)) =
~vh(x) with v as a user-defined parameter [20].



thus becomes:
B(x) = #(h(x)) > 0} (7)

Due to the unbounded noisy observations described in
Eq. (1), the desired sets for collision avoidance between
pairwise robots can only be satisfied in a probabilistic man-
ner. Motivated by Lemma 1, the probabilistic safety barrier
certificates (PrSBC) [14] has been presented to specify the
admissible control space S{js (x) that guarantees the proba-
bility of pairwise safety Pr(x;,x; € H; ) above the user-
defined confidence level o € (0,1), ie, u € ST (X)) =
Pr(x;,x; € Hj ;) > 0°,Vi > j.

{u e U]h(x,u) +

Si (%) = {u € R¥V|ATju < g7, ¥i > j

®)
A‘Zj € RquN,gi’j € R}

where A7 ; and g;’j are determined by observed robot states,
distribution of system noise, and confidence level o°. Like-
wise, the admissible control space SﬁObs (%,x°P%) for robot-
obstacle collision avoidance could be derived in a similar
form as Eq. (8) to guarantee the chance-constrained robot-
obstacle safety (i.e., u € S e (%,x°P%) = Pr(x;,x%” €
7—[;-’}3)3) > 0°P% Vi, 0). Readers are referred to [14] for detailed
derivations of Eq. (8).

Given the similar structure of pairwise inter-robot safety and
communication distance constraints in Eq. (2) and Eq. (4),
one can also obtain the set of pairwise connectivity control
constraints in the form of CZ" (%, G°%) as follows to enforce
chance-constrained communication distance condition (i.e.,
u € Cy (%,6%%) = Pr(x;,x; € HS ;) > 0%,V (vi,v5) €
£51°%) for every pairwise robots in a given LOS communication
spanning graph Gs'°%,

Co’ (X gslos) _ {u c ]RQN‘B u< f1j7 ('Ui,vj) c 5slos
Bq_ R2d><qN I RQd} (9)

where B"j and f"- are determined by observed robot states,
distribution of system noise, and confidence level o¢ € (0, 1).
See discussion about Eq. (9) in Section VI-A

Considering the occlusion-free condition in Eq. (5), in
Section III-A we first present a novel analytical form of
occlusion-free condition. Based on that, we further propose
a novel notion of Probabilistic Line-of-Sight Connectivity
Barrier Certificates (PrLOS-CBC) as the control constraint for
the pairwise robots to preserve the occlusion-free condition
with satisfying probability.

C. Problem Statement

We assume that the team of robots S is allocated M simul-
taneous tasks (M < N) by M subgroups S = {S1,...,Sm}-
Each robot is assigned to one of the subgroups S,,,Vm =
1,..., M with the individual task-related nominal controller
u; = u; € RY9. To ensure overall task performance and
efficient inter-robot collaboration within each subgroup, the
LOS connectivity should be preserved both globally and at
the subgroup level [21]. Here we formally define the required
two levels of LOS connectivity as follows.

Definition 2. Global LOS Connectivity: A graph G'* is
LOS connected if there exists at least one occlusion-free path
between every pair of vertices on the graph. Subgroup LOS
Connectivity: A graph G'°° is Subgroup LOS connected if
there exists at least one occlusion-free path between every
pair of vertices in each induced LOS subgroup graph G'%° =
G'5[V,,] € G5 ¥m = 1,..., M, where V,, C V includes all
robots within the same subgroup.

Assumption: Without loss of generality, we assume that the
communication range R. is much larger than the inter-robot
safety distance Rs and obstacle-robot safety distance Rops,
i.e.,, R. > R, Rops-

Given the real-time LOS communication graph Gos | the
objective is to optimize the joint multi-robot controller u €
RV such that (i) the global and subgroup LOS connectivity
of the resulting LOS communication graph will be preserved,
and (ii) the deviation of the LOS constrained joint controller
u for all robots will be minimized from their nominal task-
related joint controller 1. We assume G'°° satisfies the global
and subgroup LOS connectivity initially. Then, the problem
can be formally defined as follows.

N
u” —argmanHul—uZH2 (10)
golosu iy
s.t. gslos _ ( ’55105) g glos (1])
Golos — gslosy, ), Ym =1, ..., M (12)

where G°°% and all g;ios are LOS connected and

edges in G*!°° stay LOS connected with high probability.
uc SG‘ ﬂsg %
|| < v, Vi =1, ...,N

obs

13)

In Section III-B, we will reformulate problem Eq. (10) as a
standard bilevel optimization form. The optimization problem
Eq. (10) involves the lower-level task in Eq. (11) and Eq. (12)
of finding an optimal subset of edges from G'°° forming
globally and subgroup LOS connected G5'° to preserve, and
the upper-level task in Eq. (10) of minimizing the accumulative
deviations from the predefined task-related nominal controllers
u;,% = 1,...,N. This allows for co-optimization between
connectivity constraints to enforce and the overall control
modification for staying as close to nominal robots’ behaviors.
Due to the noisy observation of robots’ positional information,
we will discuss in Section III how to derive deterministic
robot controllers so that the selected G*'°° will remain LOS
connected with satisfying probability.

III. METHOD

A. Probabilistic Line-of-Sight Connectivity Barrier Certifi-
cates (PrLOS-CBC)

Considering the occlusion-free condition defined in Eq. (5)
alongside the noisy observations of robots’ positions, deriving
an analytical expression for thS(x Cobs) that quantifies the
satisfaction of the condition hl‘)b(x Cobs) > 0 is a non-trivial



task. Hence, we propose to use approximation methods such
as the ellipsoidal representation to characterize the satisfy-
ing occlusion-free condition for LOS communication edge
(vi,vj) € £ and to analytically determine with satisfying
probability o' € (0,1) whether any obstacle is intersecting
with this edge. To prevent overly conservative approximation,
we formulate the ellipsoidal approximation as a Minimum Vol-
ume Covering Ellipsoid (MVCE) [22] circumscribing the edge
(vi,v;) € E'°° as well as the V/olos-confidence error ellipsoids
Q;/"T , Q;/"T defined by the Gaussian distributions of the
noisy positions of the robots i, j.

Given the observed positions and uncertainty covariance of
pairwise robots x; ~ N'(%;,%;),x; ~ N (%;,%;) that are ini-
tially LOS connected and the corresponding Volos_confidence

error ellipsoids QY. Q M 7' then the probability of the two

robots’ states both lie in those two /ol°s-confidence error
ellipsoids is ¢'°. With this, one can compute the instantaneous
MVCE centered at p? ; = x“"xj € R as Q" ( flj Py ;) =
(b € Rip - 0707 (b — BY,) < 1) over the
set of oV1°S_confidence error ellipsoids {Qm Qm}
[22], where le; - argmin{Q;lfs}det(Q

o QYT Q5 ol Q;’ljo and szj >~ 0. Note that the
approximated ellipsoid characterized by Q?I;S
robots ¢, 7 move over time.

Then the function of hiojs for occlusion-free condition under

uncertainty and its O-superlevel set 7—[1"; in Eq. (5) could be
analytically re-defined as follows.

")~ subjects

will update as

. los

RIS (%, x°P%) = (xg* — p9 NTQ7,; " (x9P — pY ;) — 1,V(vi,v;) € '

HIS = {x € RIVIRS [ (%,x°7%) > 0, V(v;,v;) € £'°%,Vo}

M = Hi%50 (14)
Yo

Following Lemma 1 and its probabilistic extension in [14],
we now formally define Probabilistic Line-of-Sight Connec-
tivity Barrier Certificates (PrLOS-CBC) as follows.

Lemma 3. Probabilistic Line-of-Sight Connectivity Bar-
rier Certificates (PrLOS-CBC): Given a LOS communication
spanning graph G815 = (V,£%1°%), a desired set H'%(G®!°%)
in Eq. (6) with h'°  from Eq. (14), and a user-defined

i,5,0
high probability ol e SO, 1), for any Lipschitz continuous
controller u, the Probabilistic Line-of-Sight connectivity bar-
rier certificates (PrLOS-CBC) as admissible control space

los , .

CI " (%,Cobs, G%1°) defined below enforces system state to
stay in { gstos) Hi°5} with high probability

{vi,v; EV:(vi,v;)€
105).

(by enforcing pairwise LOS separately with satisfying o
los
CO'

(%, Cobs; gsl‘“) ={ueRN: (15)

h%5 o (%, %°7%,019%, ) + 4hi%% (%, %7, 019%) 2 0,¥(vi, v;) € £, Yo}
1 bs _ bs _ Xi+%X;\T o'o®
where hlo;o(x7 X ll) - _(XO - 2 : ) (27] (Fi,j (X) +

Gij(x)u;), Fij(x) = Fi(x;) + Fj(x;) and Gy j(x)u;; =
Gi(xi)u; + G;(x;)u;.

See detailed proofs and computation of Cﬁlos (X, Cobs, G¥1°%)

in Section VI-B.

Remark 4. The computation of Probabilistic Line-of-Sight
Connectivity Barrier Certificates (PrLOS-CBC) proposed in
Lemma 3 is mainly valid for systems with relative degree 1
when CBFs can be directly applied. To extend PrLOS-CBC
on higher-order dynamics, one can employ variants of CBF
such as Exponential Control Barrier Function (ECBF) [23]
or High Order Control Barrier Functions (HOCBFs) [24] to
ensure the forward invariance of ”Hioj

B. Uncertainty-Aware Line-of-Sight Least Constraining Tree
(ULOS-LCT)

We first characterize the desired graph Ggslos — @gslos*
Eq. (11) and Eq. (12) to maintain at each time step. This
selected optimal graph G®l°* = (V) £81°5%) C G'° should
(a) have the least number of edges for G*'°* to be globally
and subgroup LOS connected (i.e., spanning trees of G'°%),
and (b) introduce minimum motion constraints around u for
robots to keep edges in £51°* LOS connected, implying that
nominal multi-robot controllers u are least likely violating
constraints C3° (X, G595 )NCT " (X, Cobs, G¥1°°*) prescribed by
Gs1°%* compared to other spanning graph G*'° at each time
step. Thus, we formally define the class of candidate G5'°%
(trees) below with redefined edge weights to quantify the levels
of violation if following u in order to find gslos*,

Definition 5. Given the current LOS communication graph
Glos = (V, &%), we can define the weights W' =
{wi ;} for all edges in & as follows, where wdjlos =
105 + w?j with occlusion condition weights w5 =

1 b
T Zo 1(h’zojso(xa XO s
ity condition weight w»’j =

/o
wi,j—{

where BZ"; and f{’7 are from Eq. (9). B € {8 > 1| —
Brwi; < —wi g, Yo, vp, 5,05 € V}ois a unique user-
defined constant for the entire graph G'°. Then given the
weight-modified graph denoted as G’', its spanning trees
{Tlos" = (V,ET, WT')} are defined as Uncertainty-Aware
Line-of-Sight Spanning Trees (ULOS-ST).

,a) + *yhiojso(x XObS)) and connectiv-
BU

B - wdHos ,if v; and v; are in the same sub-group

—w?jlos, ifv; and v; are in different sub-groups
(16)

The communication distance condition weight w¢

i3
occlusion-free condition weight wi";, and the edge Weigljlt
wdjlos as the sum of the two are heuristically used to
quantify how likely the pairwise LOS constraints are to be
violated under the task-related controller u;,u;. With the
higher value of wd'Hm (i.e., the smaller value of wd+los)
there is less total V1olat10n of the LOS communication” con-
straints in Eq. (9) and Eq. (15) for pairwise robots ¢ and
J under the task-related controllers u; and u;, heuristically
implying less disruption to the nominal controller if enforcing
the LOS edge between v;,v;. To satisfy the subgroup LOS
connectivity requirement in Eq. (12), the parameter 3 is
used to regulate intra-group edge weights as significantly
smaller than inter-group edge weights. Hence, the optimal



Gs1°* satisfying global and subgroup LOS connectivity is
equivalent to the particular ULOS-ST with minimum total
weight (proved below) and we define such a minimum weight
ULOS-ST Tlos" = = argmin gy Y, yeer 1w} as the
Uncertainty-Aware Line-of-Sight Least Constraining Tree
(ULOS-LCT).

Theorem 6. The Uncertainty-Aware Line-of-Sight Least Con-
straining Tree (ULOS-LCT) 7_105/ is (i) globally and subgroup
LOS connected, and (ii) least violated if following nominal
Jjoint controller u compared to all other candidate spanning

trees in {T25 = (V, €T, WT)}.
See detailed proof in Section VI-D.

Remark 7. The result of Theorem 6 answers an important
question: which existing edges in £'°° from current multi-robot
LOS graph G'° should be maintained from now to the future
(by constraining corresponding robots’ motion), so that the
resulting multi-robot LOS graph at future timesteps remains
globally and subgroup LOS connected through at least these
enforced edges that also introduce the least interruption on
the original multi-robot tasks? In other words, the computed
ULOS-LCT 7_;1,“/ C G at each time step specifies such
desired G3'°% C G thatr translates the high-level LOS
graph connectivity constraints Eq. (11) and Eq. (12) into
edge-preserving for ’7205/ in favor of original task-related
controllers.

With that, we can reformulate the original problem in
Eq. (10) into the following standard bilevel optimization:

N

u* = argmlnz lu; — |2 (17)
golosu S5

st GO« Tl — argmin Z {w; ;} (18)

{TuluOS’ } (’Ui o, ) ceT

obs c o, los

uc 835 ﬂSg ﬂcg (Xv gSIOS) ﬂcﬂ (5{7 Cobs’ gSlOS)’
lwll < ap,Vi=1,...,N (19)

Note that the resulting ULOS-LCT 7_;1,05/ may vary over
time due to the dynamically changing real-time graph G'°%.
Hence, the optimal controller can be obtained by solving the
QP problem in Eq. (17) following the construction of the 71}}05/
using a standard Minimum Spanning Tree (MST) algorithm
at each time step in a centralized manner. Next, we introduce
our Dec-LOS-LCT algorithm that solves bi-level optimization
Eq. (17) with optimal G*1°%* computed in a fully decentralized
and interleaved manner.

C. Decentralized Algorithm Design

Define neighborhood set P;,Vi € [1, N] that contains all
robots that can communicate with each robot i. We assume
that robots can communicate and share noisy state and deter-
ministic control information with all neighbors only if they
are LOS connected. Denote n; as the number of neighbors
for robot i, we thus define the local control variable u® =
[u;, (u})jep,] € RY™FD noisy observation state information

X' = [%, (X))jep] € R +1) and pre-assigned nominal
task-related controller information & = [, (u)jep,] €
R4(mi+1) for each robot i, where uj, xj and ﬁ; are the local
copy of the u;, X; and u; for robot . For each robot 7, denote
the reformulated inequality constraints in Eq. (19) based on its
own local information as SC; = 87, (X%) N S"Obb(”, x°P%) N

7 (%1, G NCT” (K, Copss Qflog), where G$1°% is the partial
of QSIOS from robot i’s view. With this, the centralized QP
problem in Eq. (17) with given G®'° can be written as a
compact decentralized form as follows.

u* —argmlnz Z Hu;—

i=1je{i,P:}
vj € {i, P},
where Z,, : R9Y + R is the indicator function that Z,(u) =

0 if u € ©, otherwise Z,(u) = oo. Thus, the decomposed
problem from Eq. (20) to each robot ¢ becomes:

—argmln Z ‘u;
J€{i,Pi}
st. u'eSe,

~1 (|2
u;||* +Zsc,
il ) 20)

st lul] < ay, Vi=1,..,N

- @D

vj €{i,P}

[ud]] < as,

To enforce the consensus within the robot sy_stem, the
augmented Lagrangian is defined as L) (u’,@',n') =
OF; + ()T (0" — @) + £ ||u’ — @ ||2 [16], where OF; =
Z]E{z 7,1} ||u uz-H2 and p is the penalty parameter. nt =
p(u® — ") is the Lagrangian multiplier with @* as the global
average variable which can be defined as:

ﬁi = [ﬁi7 (ﬁj)jGP } € Rq(nﬁ_l)v

*7211 c R

JEP;

(22)

The augmented Lagrangian incorporates a penalty term to
ensure robot consensus. Finally, the decomposed problem in
Eq. (21) for each robot 7 could be reformulated as:

u't

= arg min ,C;')(ui7 a’,n") (23)

s.t. u' € 8C;, vj e {i,P}

In the standard iteration of C-ADMM [16], each robot ¢
sends its local update u§+ from u** in Eq. (23) to all neighbors
J € P;, and calculates the average variable ﬁj’ according to
Eq. (22). Then it collects the @ _j and constructs the global
average variable it Eq. (22) from its neighbors j € P;. At
the end of each C-ADMM iteration, each robot will update
the Lagrangian multiplier by n** = u**t —@’*. The agreement
feasibility ||uz —a’ H2 is applied to determine the convergence
during the C-ADMM iteration [16].

Next, we propose a novel decentralized approach in Algo-
rithm 1 to solve the bi-level optimization problem Eq. (17)
without specifying G*'°° beforehand. Note that our Algo-
rithm 1 interleaves the two processes of finding ULOS-LCT
ﬁlf’sl and solving the resultant C-ADMM based optimization
Eq. (23) at each time step.

[Juj]] < e,



In general, our algorithm starts with a graph where each
node (robot) is isolated from each other. By following the
Algorithm 1, robots keep updating their LOS connectivity
information (Line 7-13). Once new control constraints are
established, the robots are collaboratively solving the resultant
optimization problem (Line 15-20). Iteratively, the robots
will join and form the optimal tree ’7103/ and reach the
consensus on the local control variable u’. Then the converged
uf,Vi = 1,---,N extracted from u’ is the solution of
Eq. (17) that guarantees the safety and global and subgroup
LOS connectivity with satisfying probability.

Specifically, at the beginning of Algorithm 1, each robot
initializes two adjacency matrices — the local adjacency ma-
trix Ad; € RM+Dx(i+1) and a local copy of the global
adjacency matrix Ad € RV*N_ Ad; records the connectivity
within neighbors j € P;, while Ad records connectivity among
the team. Each robot collects information from all neighbors
to construct (a) local variables (i.e., X* and ‘), and (b)
safety constraints S7; (%) and SJ; " (%%, x°"%). Each robot
is assigned a unique ID, and the leader ID is initialized to
be itself. Each robot evaluates the matrix Ad to determine
the LOS connectivity of the team. If the team is not LOS
connected, each robot selects the leader among its fragment,
which is a subtree of the MST. It then reports the Minimum-
Weight Outgoing Edge (MWOE) information to the leader,
which is the least-weighted edge among all outgoing edges
of a fragment linking a fragment’s node to an external node.
The leader selects a robot for connection and updates the
fragment’s global connectivity information. Upon establishing
a new connection, each robot updates its leader ID, local
adjacency matrix (Ad;), and LOS connectivity constraints.
In summary, the leader is required to guarantee consistency
within each fragment and utilized to avoid unnecessary compu-
tation. The robot then achieves a consensus within its fragment
and iteratively between different fragments, while selecting
a new leader for the merged fragments. In this way, each
robot is able to collectively construct the optimal tree ’77},05/
(Line 10-12) and establish the corresponding control con-
straints CJ' (X, QSIOS)ﬂCUbS (X, Cobs, G$1°°) (Line 13) using
local adjacency matrix (Ad;), where G3'°5 = (T1°5'), is the
optimal tree 7'10b from each robot’s view. With this, the robots
can accordingly update their local control variable u' based
on the updated control constraints (Line 15-20). The final goal
is to form a single leader and achieve team-wide consensus
on the global adjacency matrix (Ad), representing the optimal
tree 7;1}05’_ The algorithm terminates when global consensus
is reached respecting safety and LOS connectivity constraints
by the optimal tree 7_;},"5/. The optimal controller u; is then
derived from the converged u’.

D. Theoretic Analysis

Proposition 8. By Algorithm 1, each robot agrees with the
same LOS communication graph GS1°%, which is the real-time
ULOS-LCT T

See detailed proof in Section VI-E.

Algorithm 1 Uncertainty-Aware Dec-LOS-LCT

Input: a;: adjacency edge weight list, 0i;: pre-assigned nomi-
nal task-related controller, and X;: noisy state information.
Output: u; optimal controller for robot :

1: function DEC-LOS-LCT (a;, X; and u;)

2: Ad;, Ad < empty adjacency matrix

3: initialize u* =0, n* = 0

4 X" and 0" < from all nel%hbors JjEP;

5 construct S7; (%) and S, (X*, x°"*) from neighbour
message

6 while Ad is not connected do

7: leader_id < min(sel f_id, neighbor_id)

8 report the MWOE to leader

9: if leader_id is self_id then

10: connect with MWOE and update MWOE

11: update Ad and broadcast Ad within the frag-
ment

12: update the Ad; according to Ad

13: compute Cflc (x4, Qflos)ﬁcg:f}s (X%, Cobs, G51°%) from
Ad;

14: while not converged do

15: solve Eq. (23) and send u§+ to all neighbors
JEP; ,

16: collect ul™ (j € ), G « Eq. (22)

17: send @} to neighbors j € P;

18: construct @'t «+ Eq. (22)

19: update 0t = n' + p(u't —a't)

20: check convergence with agreement feasibility

21: update u’

return u; from u’

Proposition 9. By following Algorithm 1 at each time step,
robots reach consensus regarding the admissible control
space prescribed by Cg (%X, G%°%) N Cﬁms (X, Cobs, G*1°%) where
Gslos = 7_;1}’5/, and the derived u;,Vi =1,--- N is the solu-
tion of Eq. (17), rendering the resulting G'° D 7_:,1}’5/ globally
and subgroup LOS connected with satisfying probability at all
times.

See detailed proof in Section VI-F.

Proposition 10. By choosing ¢ = 1 — 1 A‘friph as the

pair-wise robots occlusion-free conﬁdence level to guarantee
the occlusion-free condition for ULOS-LCT 7;}}05/, the resul-
tant LOS communication graph G5 D ’711,051 satisfies the
occlusion-free condition, ensuring at least one occlusion-free
path between every pair of vertices with a probability greater
than o&aPh,

See detailed proof in Section VI-G.

Proposition 8 guarantees that robots converge to a uniform
LOS graph 7} via edge updates in Line 10 of Algorithm 1.
Proposition 9 ensures that updating control constraints in
Line 13 of Algorithm 1 confines the robot team’s control space
to C5° (%, T1o5") ﬂCﬁlOS (X, Cobs, T°5") based on the optimal
graph Gslos* Hence, with Lemma 3 all the robots remain



globally and subgroup LOS connected (with satisfying prob-
ability) through preserving edges in '77:})05/ overtime. Finally,
if each pair-wise robot in 7_:,1J°S/ satisfies the occlusion-free
condition with ¢ =1 — % probability, Proposition 10
guarantees that the resultant LOS communication graph has at
least o8P € (0,1) to satisfy the occlusion-free condition.

Remark 11. [summarized from [14]] The probability of
collision avoidance between two robots throughout an entire
trajectory, denoted by ny time steps, is the product of inde-
pendent probabilities at each step, with a lower bound of
(o%)™. For longer trajectories, a discount factor ( < 1 could
be introduced to moderate the step-wise threshold, ensuring
the overall probability of collision avoidance remains within
acceptable limits.

IV. RESULTS
A. Simulation Example

Fig. 1 shows the first set of simulations performed on a
team of N = 24 mobile robots with unicycle dynamics,
where controllers are applied using kinematics mapping from
[25]. Fig. la to lc demonstrate that our proposed method
consistently maintains Line-of-Sight (LOS) connectivity over
time. Besides, we implemented four baseline methods as
shown in Fig. 1d-1g. In Fig. 1d (MCCST [21]), robots fail to
maintain a safe distance due to the lack of consideration for
observation uncertainty. In Fig. le (our method without occlu-
sion avoidance), robots lose inter-robot LOS communication
due to obstacles. In Fig. 1f and 1g where the enforced LOS
communication graph remains unchanged from the beginning,
LOS communication is preserved but overly constrains robots’
motion with poor task performance as a result. In summary,
our proposed method effectively maintains safety and LOS
connectivity despite observation uncertainty, while achieving
the best task performance.

In Fig. 2a, all methods, except MCCST which doesn’t
account for observation uncertainty, meet the required safety
criteria. Fig. 2b shows that both MCCST and our method
without occlusion avoidance can lead to a disconnected Line-
of-Sight configuration (A2 = 0). In Fig. 2c¢ and Fig. 2d,
task performance and control perturbation for MCCST are
not included, as it fails to ensure both safety and LOS
connectivity under positional uncertainty. These results illus-
trate that our method achieves the highest task efficiency
through minimal control perturbation while maintaining safety
and LOS connectivity under observation uncertainty. Finally,
Fig. 2d demonstrates that our method performs similarly to
the centralized solution in terms of task performance.

B. Quantitative Results

In this section, we provide three case studies to verify the
effectiveness of our algorithm in different environments, eval-
uate our algorithm under different noisy observation settings,
and analyze the scalability of our algorithm.

Case study 1: To assess the robustness of our algorithm, we
conducted experiments under not only different environments

which are provided in Fig. la and Fig. 3, bur with different
initial positions up to 66 robots. Specifically, for each batch
of robots with different sizes, we conduct experiments
in these five different environments, testing five different
initial positions within each environment, and repeating each
position five times, totaling 125 experiments per number of
robots. Finally, 5 X 5 x 5 x 15 = 1875 number of experiments
are conducted to verify the robustness of our algorithm
(15 is the number of batches from 24 robots to 66 robots).
The results are summarized in Fig. 4. Fig. 4a demonstrates
that safety is guaranteed except for MCCST. Fig. 4b shows
that our method, fixed initial ULOS-LCT, and fixed LOS
communication graph algorithm guarantee the required LOS
connectivity, while the MCCST and our method without
considering occlusion avoidance fail (A = 0) as it does
not consider the LOS connectivity. Fig. 4c demonstrates our
algorithm’s superior task performance in reducing distance
to the target. Fig. 4d indicates that our method achieves
less average control perturbance than fixed-graph algorithms,
highlighting the importance of dynamic LOS graph updates.

Case study 2: To evaluate the performance of our algorithm
under varying levels of observation noise, represented
o, O
0 v
same configuration depicted in Fig. la, but with different
observation noise parameters. The results are illustrated in
Fig. 5. In Fig. 5a, the results clearly show that our algorithm
reliably guarantees the desired safety, even as observation
noise grows. It is worth noting that as the observation
noise increases, the algorithm enforces the robots to stay
further away from the other robots and obstacles, effectively
compensating for the increase in localization error. Fig. 5b
verifies that our algorithm preserves LOS connectivity under
varying noisy observation parameters. Fig. 5d reveals that
handling larger observation noise necessitates greater control
deviations, which can complicate the execution of original
tasks, as indicated by the increased average distances to
targets in Fig. Sc.

by the matrix , we conducted tests using the

Case study 3: To evaluate the efficiency and scalability of
our algorithm, we conduct another case study. Our algorithm’s
running time is dominated by the topology of the graph. The
more complex topology costs more iteration to ensure the
robots to agree with the same optimal graph 7*:11}05’_ Hence,
to evaluate the efficiency and scalability of our method?, we
conducted 20 trials for each number of robots, each trial using
a different graph topology. The experiment environment is the
same as described in Fig. 1a. The results are shown in Fig. 8.
The worst computation time is evaluated based on complete
graph4 G while the best computation time is evaluated

3The experiments were conducted on a 2.9 GHz Intel Core i7 processor
with 16 GB RAM.

“In this paper, a complete graph is a graph in which each pair of graph
vertices is LOS connected with an edge.



Task3

! [Blue Robots Rendezvous to Task Region 1

Red Robots Move to and Form a Circle around Task Region 2
0.5 Green Robots Move to and Form a Circle around Task Region 3
Black Rectangles Are the Obstacles

0

0 ] o °

05 C
0.5 05 &
1 " @ ®

* 1 D@ @@

3 e 15 [Chate @@
Taskl ®®
Task2 Taskl Task2 Toskt

-2 2 2

2.5 25 L I L I 2.5
25 =2 15 1 05 0 05 1 15 2 25 2 1 0 1 2 25 2 15 1 05 0 05 1 15 2 25

®,

Task3

Task3
Task3 1

Collision happens !

Cask2 Task2

Taskl Task1

Taskl

(d (e) () ®

Figure 1: Simulation example of 24 robots divided into M = 3 subgroups with different colors and tasked to three different
places. Robots in blue subgroup 1 execute biased rendezvous behaviors towards the blue task site 1, while robots in red subgroup
2 and green subgroup 3 perform circle formation behaviors around the red task site 2 and green task site 3, respectively. The
Ry, Rops and R, are 0.2 m, 0.2 m and 0.8 m in this experiment. The red lines in this figure denote the currently optimal LOS
communication graph G®/°* and the gray dash lines are the current LOS communication graph G'°. The black boxes represent
the obstacles. The confidence level in this experiment is set as 0% = 0°” = ¢¢ = 0.90, ¢! = 0.99 (i.e., o&"Ph = (.9). The
robot diameter is 0.16 m. The Multivariate Gaussian covariance matrix for measurement noise is diag[0.03,0.04]. Compared
baseline methods include (d) MCCST [21], (e) Our method without considering occlusion avoidance, (f) Enforcing edges from
fixed initial ULOS-LCT (red edges in Figure la), and (g) Enforcing edges from fixed initial LOS connectivity graph (gray
edges in Figure 1a).
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Figure 2: Performance comparison of the simulation example in Fig. 1 w.rt. different metrics: a) Minimum distance to

robots/obstacles to verify the safety constraints’ satisfaction, b) Average algebraic LOS connectivity to indicate whether the

LOS graph is LOS connected (A2 > 0) or not Ao = 0, where Ay is the second-smallest eigenvalue of the LOS Laplacian

matrix calculated from the LOS adjacency matrix. The elements in the LOS adjacency matrix indicate whether the pairwise

robots are LOS connected), ¢) Average distance to target region to indicate the overall task efficiency, and (d) Average control
. 1 N ~ 2 . . . .

perturbation (computed by + > ;" [[u; — 0;||* measuring the accumulated deviation from nominal controllers).

based on the “minimally connected graph™ G'°°. The results demonstrate that our algorithm can support up to 48 robots
SIn this paper, a minimally connected graph is a graph that is LOS

connected and there is no edge that can be removed while still leaving the

graph LOS connected.
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Figure 6: Simulation examples using CoppeliaSim. The confidence level in this experiment is set as 0° = 0°” = ¢¢ =
0.90, o'° = 0.99. The Multivariate Gaussian covariance matrix for measurement noise is diag[0.03, 0.04]. The robot’s diameter
is 0.14 m. The Rs, Ropns and R are 0.28 m, 0.34 m and 0.9 m, respectively. Red edges denote the current active LOS
communication graph G®°%* to preserve.

updating control commands at 100 Hz. This indicates that our C. CoppeliaSim Simulation
algorithm is capable of real-time implementation with a large

number of robots. To further validate our algorithm in realistic scenarios,

we conducted simulations using CoppeliaSim platform [26]
with 10 Khepera IV robots under differential drive dynamics,
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where controllers from our Dec-LOS-LCT method are applied
using kinematics mapping from [27]. As depicted in Fig. 6,
robots with observation noise were divided into two subgroups,
forming a circle with a radius of 0.5 m around two task
locations. Our algorithm ensures flexible behaviors while
remaining collision-free with the required LOS connectivity
for the robots.

D. Real-world Experiment

We also validated our algorithm through hardware experi-
ments using 4 Husarion ROSbot 2 PRO robots and 4 Khepera
IV robots. The robots with observation noise are grouped
based on different types of robots and tasked to two different
task regions. Positions of the robots and obstacles are acquired
from OptiTrack system with manually added Multivariate
Gaussian distributed noise. The initial configuration of the
robots is shown in Fig.7a. We conducted 10 experiments using
our method with this setup. The numerical results, presented
in Fig.7c and Fig. 7d, confirm that our algorithm consistently
ensures the required safety and maintains Line-of-Sight (LOS)
connectivity. The red lines in the figures represent the average
results from the 10 experiments, while the shaded areas
depict the standard deviation, with ground truth position data
provided by the OptiTrack system. Finally, the average running
time per robot is 1.25 ms at each time step, which also verifies
the efficiency of our proposed method. We provide video

demonstrations for all simulation and real-world experiments
at https://youtu.be/LxTxjxLWjx4?si=_wEqlAHUSgyT_IzI.

V. CONCLUSION

In this paper, we introduced a novel decentralized algo-
rithm to address global and subgroup Line-of-Sight (LOS)
connectivity maintenance with collision avoidance for robotic
teams under positional uncertainty. Probabilistic Line-of-Sight
Connectivity Barrier Certificates (PrLOS-CBC) are proposed
to ensure a lower bounded probability of inter-robot LOS
occlusion avoidance with closed-from expression. By formu-
lating the problem as a bi-level optimization process, it enables
robots to first compute the least constraining set of LOS
edges as the lower-level task, and the resulting composition of
PrLOS-CBC is integrated into the upper-level task to derive
the minimally modified task-related controllers satisfying the
global and subgroup LOS constraints. With our proposed
Dec-LOS-LCT algorithm, the optimization formulation can be
solved in a fully decentralized manner, with superior perfor-
mance demonstrated in simulation and real-world experiments.
Future work includes extending the method and algorithm to
more general nonlinear systems with higher relative degrees,
by leveraging variants of CBFs such as Exponential Control
Barrier Function (ECBF) [23] and High Order Control Barrier
Functions (HOCBFs) [24].

REFERENCES

[1] Beatrice Capelli and Lorenzo Sabattini. Connectivity
maintenance: Global and optimized approach through
control barrier functions. In IEEE International Confer-
ence on Robotics and Automation (ICRA), pages 5590-
5596. 1IEEE, 2020.

Pio Ong, Beatrice Capelli, Lorenzo Sabattini, and Jorge
Cortés. Network connectivity maintenance via nons-
mooth control barrier functions. In 60th IEEE Confer-
ence on Decision and Control (CDC), pages 4786-4791.
IEEE, 2021.

Lorenzo Sabattini, Nikhil Chopra, and Cristian Secchi.
Decentralized connectivity maintenance for cooperative

(2]

(3]


https://youtu.be/LxTxjxLWjx4?si=_wEq1AHUSgyT_IzI

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

control of mobile robotic systems. The International
Journal of Robotics Research, 32(12):1411-1423, 2013.
Meng Ji and Magnus Egerstedt. Distributed coordination
control of multiagent systems while preserving connect-
edness. IEEE Transactions on Robotics, 2007.

Michael M Zavlanos, Ali Jadbabaie, and George J Pap-
pas. Flocking while preserving network connectivity. In
46th IEEE Conference on Decision and Control, 2007.
Victoria Tuck, Yash Vardhan Pant, Sanjit A Seshia,
and S Shankar Sastry. Dec-los-rrt: Decentralized path
planning for multi-robot systems with line-of-sight con-
strained communication. In IEEE Conference on Control
Technology and Applications (CCTA), 2021.

Xinmiao Sun, Dawei Ding, et al. Optimal coverage con-
trol of multi-agent systems in constrained environments
with line-of-sight connectivity preservation. In 2020 39th
Chinese Control Conference (CCC), pages 4616-4621.
IEEE, 2020.

Yupeng Yang, Yiwei Lyu, and Wenhao Luo. Minimally
constrained multi-robot coordination with line-of-sight
connectivity maintenance. In IEEE International Confer-
ence on Robotics and Automation (ICRA), pages 7684—
7690. IEEE, 2023.

Akshay Shetty, Timmy Hussain, and Grace Gao. Decen-
tralized connectivity maintenance for multi-robot systems
under motion and sensing uncertainties. NAVIGATION:
Journal of the Institute of Navigation, 70(1), 2023.

Hai Zhu and Javier Alonso-Mora. Chance-constrained
collision avoidance for mavs in dynamic environments.
IEEE Robotics and Automation Letters, 4(2):776-783,
2019.

Manuel Castillo-Lopez, Philippe Ludivig, Seyed Amin
Sajadi-Alamdari, Jose Luis Sanchez-Lopez, Miguel A
Olivares-Mendez, and Holger Voos. A real-time ap-
proach for chance-constrained motion planning with dy-
namic obstacles. IEEE Robotics and Automation Letters,
5(2):3620-3625, 2020.

Hai Zhu, Xiaozhou Zhu, and Wen Yao. Probabilistic
multi-robot collision avoidance using chance-constrained
safety barrier certificates. In 2023 42nd Chinese Control
Conference (CCC), pages 5817-5822. IEEE, 2023.
Yanze Zhang, Yupeng Yang, and Wenhao Luo.
Occlusion-free image-based visual servoing using prob-
abilistic control barrier certificates. IFAC-PapersOnlLine,
56(2):4381-4387, 2023.

Wenhao Luo, Wen Sun, and Ashish Kapoor. Multi-robot
collision avoidance under uncertainty with probabilistic
safety barrier certificates. Advances in Neural Informa-
tion Processing Systems, 33:372-383, 2020.

Li Wang, Aaron D Ames, and Magnus Egerstedt. Multi-
objective compositions for collision-free connectivity
maintenance in teams of mobile robots. In 2016 IEEE
55th Conference on Decision and Control (CDC), pages
2659-2664. IEEE, 2016.

Stephen Boyd, Neal Parikh, Eric Chu, Borja Peleato,
Jonathan Eckstein, et al. Distributed optimization and

(17]

(18]

(19]

[20]

(21]

(22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

statistical learning via the alternating direction method
of multipliers. Foundations and Trends® in Machine
learning, 3(1):1-122, 2011.

Marcus A Pereira, Augustinos D Saravanos, Oswin So,
and Evangelos A Theodorou. Decentralized safe multi-
agent stochastic optimal control using deep fbsdes and
admm. arXiv preprint arXiv:2202.10658, 2022.

Ola Shorinwa, Ravi N Haksar, Patrick Washington, and
Mac Schwager. Distributed multirobot task assignment
via consensus admm. IEEE Transactions on Robotics,
2023.

Akshay Thirugnanam, Jun Zeng, and Koushil Sreenath.
A duality-based approach for real-time obstacle avoid-
ance between polytopes with control barrier functions.
arXiv preprint arXiv:2107.08360, 2021.

Aaron D Ames, Samuel Coogan, Magnus Egerstedt, Gen-
naro Notomista, Koushil Sreenath, and Paulo Tabuada.
Control barrier functions: Theory and applications. In
18th European Control Conference (ECC), pages 3420—
3431. IEEE, 2019.

Wenhao Luo, Sha Yi, and Katia Sycara. Behavior
mixing with minimum global and subgroup connectivity
maintenance for large-scale multi-robot systems. In IEEE
International Conference on Robotics and Automation
(ICRA), pages 9845-9851, 2020.

Areesh Mittal and Grani A Hanasusanto. Finding mini-
mum volume circumscribing ellipsoids using generalized
copositive programming. Operations Research, 2021.
Quan Nguyen and Koushil Sreenath. Exponential con-
trol barrier functions for enforcing high relative-degree
safety-critical constraints. In 2016 American Control
Conference (ACC), pages 322-328. IEEE, 2016.

Wei Xiao and Calin Belta. High-order control barrier
functions. [IEEE Transactions on Automatic Control,
67(7):3655-3662, 2021.

Li Wang, Aaron D Ames, and Magnus Egerstedt. Safety
barrier certificates for collisions-free multirobot systems.
IEEE Transactions on Robotics, 33, 2017.

E. Rohmer, S. P. N. Singh, and M. Freese. V-rep: A
versatile and scalable robot simulation framework. In
2013 IEEE/RSJ International Conference on Intelligent
Robots and Systems, pages 1321-1326, 2013.

G Farias, E Fabregas, E Peralta, E Torres, and S Dormido.
A khepera iv library for robotic control education using
v-rep. IFAC-PapersOnLine, 50(1):9150-9155, 2017.
Wei Xiao, Calin A Belta, and Christos G Cassandras.
Sufficient conditions for feasibility of optimal control
problems using control barrier functions. Automatica,
135:109960, 2022.

Robert G. Gallager, Pierre A. Humblet, and Philip M.
Spira. A distributed algorithm for minimum-weight
spanning trees. ACM Transactions on Programming
Languages and systems (TOPLAS), 5(1):66-77, 1983.
David Peleg. Distributed computing. SIAM Monographs
on discrete mathematics and applications, 5, 2000.



V1. APPENDIX
A. Discussion on Eq. (9)

Here, we provide the brief discussion on the proof of
existence of CJ (%, G%°%) and how to construct B"- and
in C7" (% QSIOS) in Eq. (9). The desired set of x for pa1rw1se
robots ¢ and j satisfying the communication distance condition
is defined in Eq. (4):

h$ j(x) = RZ — |[xi — x;1%, ¥(v;,v;) € E°
_ dN
Hi = {xeR |h§,j(x) >0}

C (c/'los’
“4)

Following [14], to ensure the probability of pairwise robot
satisfying the communication distance condition above the
user-defined confidence level o€, we can derive the following
sufficient condition:

Pr(u;,u; € Bf ;(x)) > 0° = Pr(x;,x; € H; ;(x)) > 0°
(24)
{u € RIV[QS (x,u) + vhS,;(x) > 0}

Wit (x)(AFi5(x) + Gy (x)u )
= F(Xj) — Fj(X) and Gi,j(x)ui,j =

where Bf ;(x) =

Considering hC j(x,u) =
with AF; ;(x )

Gi(x;)u; — Gj(x;)u;, we can re-write the sufficiency con-
dition Pr(u;,u; € B ; (x)) > o° in Eq. (24) using Eq. (4) as
follows:

Pr(u;,u; € Bf ;(x)) > 0¢ <+ (25)

Ohi; Ohs; .
Pr(5 ()G ()i 2 =78 5 ) = 2L (AP 5()) 2

Hence, following [14], we can reorganize Eq. (25) as:

X;—%; X —%;
———, ———,
Pr(|:Axi,j n Gi,jui,]' + AFZ'J‘ :| < Rg i |: Gi,juiyj + AFZ',J‘ i| ) >0
ol ol

(26)

where AXZ‘J‘ =X; — X5 N()A(Z — )A(j, Zz + E])

Eq. (26) follows the same format as Eq. (19) in [14] when
without motion uncertainty. With this, the rest of proof for
existence of CJ (%, G"'°%) could directly follow the proof of
Existence of PrSBC in Appendix A.1 in [14], which guarantees
that the CJ" (%, G*'°%) defined in Eq. (9) is always non-empty.

Then, one can also follow [14] to derive the sufficient
condition, so that ensuring u € CJ (%,G%°%) = Egq. (26).
Specifically, we need to modify the Eq. (24) in [14] by
changing the sign > in Pr(-) to the sign <. Note that in [14],
they consider the motion uncertainty, hence they have the extra
term B! ;.;- The rest of the computatlon follows the calculation
of PrSBC. The only difference is that, rather than enforemg
the condition Pr(Ax!; < A) > ¢ or Pr(Ax > B) >
we aim to enforce the condition Pr(A < Ax! ; < B) <
which is equivalent to enforcing Pr(Ax} ; > A) 1+" and
Pr(Ax!; < B) > 2. By denoting e = @(1"'2" ) with
®(-) as the inverse cumulative distributior: function (CDF) of
random variable Ax! . along each /th dimension of Ax;; ,
one can develop the tzollowing condition to ensure Eq. (26)

holds true on each dimension:
w1/ < —l(el ;)? — RZ +2¢} jAF} /4]

wi;)i/v < (eh ;)% + R2 + 2€! AFl]/»y

l
Vi=1,.d: 2e ;(Gi;
*2€i,j(GiJ

27

where (G u; ;) = (Giw; — Gjuy); € R and AF}; =
F} — F} € R denote the ith element of G u;; € R?and
AF;; € - Rd respectively.

Finally, one can combine the condition in all dimensions
to get BY; € RN and f7° € R* for BZ,u < f7 in
Co (X gbloe) as:

[ 2e; ; 0
72672,]‘ 0 cRrIxaN
B = ¢ 0 oG =Gy 0]
0 2¢ef
. O 7261.‘]-
cR2dxd

[—v(el ) +yR2 — 261 AFIJ
v(e} J) +yR2 + 261 AFl
£i5= :
—v(ed )2 +7R2 - Zed AF‘i
| v(ed J) +yR2 + Qed AFd

ER2d
B. Proof of Lemma 3

Lemma 12. (Summarized from [1]) A function h is a valid
control barrier function, if the following properties are satis-
fied:
1) The function h is continuously differentiable.
2) The first-order time derivative of h depends explicitly on
the control input u (i.e., h is of relative degree one).
3) It is possible to find an extended class-K function k(-)
such that supyey {h(x,u) + k(h(x))} > 0 for all x.

< Lemma 3. Probabilistic Line-of-Sight Connectivity Bar-

rier Certificates (PrLOS-CBC:) Given a LOS communication
spanning graph G*1°° = (V,£%1°%), a desired set H'%(G®!°%)
in Eq. (6) with h'°  from Eq. (14), and a user-defined

i,,0
high probability o8 e € (0,1), for any Lipschitz continuous

corlzt_roller u, the PrLOS-CBC as admissible control space
Ccg ” (X, Cobs, G¥'°%) defined below enforces system state to
stay in {m{vi,vjevz(vi,,uj)Egslos} Hiojs} with high probability
(by enforcing pairwise LOS separately with satisfying o'°%):

€7 (%, Cobs, g51°S) ={ueRd (15)

h}Lojso(A obi ll) _"_,yhio;o(A obs’o,los) Z O,V(’Ui,’U]’) c gSIOS7VO}
1 b . b Ri+R\T los
where hz?;o(x X0 u) = —(xg™ = =52)" Q7 (Fij(x)+

Gij(x)wi;), Fij(x) = Fi(x;) + Fj(x;) and G; j(x)u;; =
Gi(xi)u; + G;(x;)u;.

Proof: To prove the control constraints in
C,‘jlos (X, Cobs, G*1°%) for every pair of robots ,j where
(vi,v;) € E9°, ensuring they stay in H;% with the
prescribed probability ¢'° € (0,1), we first demonstrate that
the function hlojso, as defined in Eq. (14), is a valid control
barrier function (CBF).

Considering our proposed candidate CBF hi";o in

Eq. (14) for V(v;,v;) € &E%°, Vo, we can derive: (a)

8hlo< (X xobs los

X X i los
£.3.0 0% = 2(ngs _ xi;:i)T ;_7’;105 , and (b)
hl(,)i (5{ Xobs7 u) — _(ngs X 2xy )T Zj (Fi,j (X) T



Gi j(x)u;;), where Q" € R4 is the positive-definite
symmetric computed from the ellipsoid approximation for
the occlusion-free condition between pairwise robots i and
j. Thus, we can conclude that hi";o (a) is continuously
differentiable, and (b) is of relative degree one, which sat-
isfies the first two conditions in Lemma 12. Then, by

los obs glos _  dplos obs _los

substituting Al (XX su) = Zh% (%, x07%,00%)
los obs los los (& -0bs los

in h”O(XX )+7h”0(xx ,0°%) > 0 from

Eq. (15), we can obtam.

obs  Xi+X; olos
(x0™ — TJ)T 75 (Fij(x) + G j(x)uis) o8
obs )A(Z—‘r)/\( alos obs )A(z—‘r)/\(
< x> - TJ)T 75 (x9™ — TJ) —1]

Given the assumption that each pair-wise robot satisfies the
occlusion-free condition initially, we can derive that [(x obs _
X +xJ )T Qs (xPs — X +x’ )—1] > 0 on the right-hand side of
Eq (28) holds, i.e., there are no obstacles blocking the LOS
between pair-wise robot ¢ and j. Besides, it is also straight to
prove that (x9b% — MTX’) e £ 0 (matrix Q = 0 and
vector XObS — % # 0). Furthermore, it is poss1b1e to find
a pair-wise control input u; = u?, u; = u? such that 5(1 =0,
x; = 0. In this case, X; + %; = Fj j(x) + G j(x)uf; = 0,
then Eq. (28) holds. Hence, we can conclude that, the proposed
control barrier function hlc’; is a valid control barrier function.
It is then straightforward to extend to all pairwise inter-robot in
a LOS communication spanning graph G*'°° (i.e., V(v;, vj) €
£319%) occlusion-free constraints in Eq. (15). To that end, we
can prove that the admissible control space constrained by
Eq. (15) is always non-empty.

Next, we will demonstrate that the control space defined

& X los

by (xg™ — =) TQ7 " (Fy (%) + G j(x)uy) < A[(x> —
los

%)T 7 (xgbs — m) — 1], Vo enforces the pairwise

inter-robot stay occlusion-free with satisfying probability o'

over time. Recall that each robot state is considered as a
Gaussian distributed variable with x; ~ N'(x;,).),Vi € Z.
Hence, given the observed positions and uncertainty covari-
ance of pairwise robots x; ~ N(%;,>2,), x; ~ N(%;,3_)
that are initially LOS connected and the corresponding Volos.
confidence error ellipsoids Qi‘/"ﬁ , Q]\/m, we adopt MVCE

los los N los
Q7. (Q7;,pY;) = {p € RY : (p—p?)TQ7; (p -

pw) < 1} over the set of Volos-confidence error ellipsoids
{Qi ,Q ) } to approximate the occlusion-free condition
for pairwise robots. Given that each robot has Vo1 probabil-
ity to located within each confidence error ellipsoids and the
two robot states are independent, then it is straight to prove that
the probability of two robots are both located in the confidence
error ellipsoids {Q;/‘m , Qj‘/”T’} is olos = \/glos x /glos,
Hence, the MVCE approximation Qf’l?s
two robots state are both within Q;{;S with ¢'°% probability.
With this, we adopt this approximation to define the occlusion-
free set Hiojs in Eq. (14) which is the sufficient condition
to ensure pairwise robots stay occlusion-free with probability
ol e x;,x; € ”HILO; = Pr(x;,x; € {x;,x;

can guarantee that the

xi(1 — Q) + x;Q ¢ Cos, VQ € [0,1]}) > o' Since
we assume that the pairwise robots are initially occlusion-
free, considering the property of the Lemma 1 and its proba-
bilistic e)gten§ion in [14], we can derive u;,u; € {u;,u; :
(e — BRI (F () + Gy (uy) < A0
%)T 74 (x9Ps — %) - 1],Yo} = x;,x; €
HS = Pr(x;,x; € {xix; @ x(1 — Q) + x;Q ¢
Cobs, VQ € [0,1]}) > o'°5. With this, we can guarantee

Xi+X; o_lus
that (x = EX)T Q7 (F () + Gy (0)ui5) < 7[(x3>
%)T 7 (xobs — er7"3) — 1], Vo defines the admissible

control space for pairwise robots ¢, that enforces the two
robots to stay occlusion-free with satisfying probability o'
over time.

Finally, consider the desired occlusion-free set for the robot
team as {(Nf,, . ev:(os,0;)cemom) H,%}, we seek to enforce all
pairwise robots (i.e., v;,v; € V : (v;,v;) € E51°) to stay in
this desired set so that the occlusion-free condition is satisfied
with required probability. Since we proved that (a) the control
space defined in Eq. (28) enforces the pairwise robots to stay
occlusion-free with satisfying probability ¢'°%, and (b) the
control space for the set of pairwise robots determined by £5'°%
in Eq. (15) is always non-empty, we can guarantee that by
enforcing the joint control input to stay in the admissible con-
trol space defined by our PrLOS-CBC, the joint system state
x stays in the intersection set {(\(,. , cy.(v;v;)cgm0m} Ho}
with satisfying probability. Thus, we conclude the proof. H

C. Feasibility Discussion of the Quadratic Programming
Problem in Eq. (10)
In this paper, the detailed control constraints are defined as:

obs

SSS (5() n So ( obs) m Co (X gslos) m Co (x7 Cobss gslos) (29)

which consist of (a) the PrSBC SJ (%) and Sg”‘” (%),x

in Eq. (8)- a set of safety prescribed control constraints, (b)
C3 (%,G%°%) in Eq. (9)- a set of inter-robot communication
distance prescribed control constraints, and (c) the Probabilis-
tic Line-of-Sight Connectivity Barrier Certificates (PrLOS-
CBC) in Eq. (15)- a set of inter-robot occlusion-free condition
constraints.

In [14], the author has proven that the joint control u = u
leading the X = [X1,..,xy] = 0 € R™ is always the
feasible solution satisfying the constraints in S" (%) and
Sg”‘“ (%,x°"). Due to the similar structure of pairwise inter-
robot safety and communication distance constraints in Eq. (2)
and Eq. (4), one can adopt the same idea to prove that u = u®
is also always the feasible solution satisfying the constraints
in C3"(%,G%'°%). Readers are referred to [14] for detailed
discussion.

Besides, in Eq. (28) we have shown the detailed formulation
for each single constraint on the pairwise robots in our PrLOS-
CBC. Then it is straightforward to prove that one particular
solution u = u® leading the x = [Xy,...,xy]| = 0, located
at the intersection of the admissible control space constrained
by PrLOS-CBC Cﬁlos (X, Cobs, G°I°%), is one particular solution
for the robot team to stay occlusion-free with satisfying

obs)

0



probability. Hence, considering the unbounded control input,
we can always guarantee that u = u® is always the feasible
solution satisfying the constraints in Eq. (29). In presence of
bounded input constraints, i.e., U; = {u; € R? : upy <
[|ui]| < tmax}, the feasible set constrained by Eq. (13) could
be empty. For example, due to the physical limitations of
the robot’s braking system, it is not possible for the robot
to instantaneously decelerate to a complete stop. The authors
in [28] provided a novel method to find sufficient conditions,
which are captured by a single constraint and formulated from
an additional CBF, to guarantee the feasibility of original
CBF-based QPs. Note that the additional CBF will always
be compatible with the existing constraints, implying that it
cannot make the previous feasible set of constraints infeasible.
Readers are referred to [28] for further details.

D. Proof of Theorem 6

Theorem 5. The Uncertainty-Aware Line-of-Sight Least Con-
straining Tree (ULOS-LCT) 7_105/ is (i) globally and subgroup
LOS connected, and (ii) least violated if following nominal
Jjoint controller u compared to all other candidate spanning

trees in {T)* = (V,ET,WT)}.

Proof: Recall that in this paper, the optimal graph
Gslosx C Glos for robots to maintain at each time step should
(a) be a spanning tree of current G'° which has the least
number (N — 1) of edges to satisfy global and subgroup LOS
connectivity, and (b) introduce the least violated constraints
CI° (%, G515*)NCT ™ (X, Cobs, G*°°*) under nominal joint task-
related controller @ = [1i, ..., iiy] prescribed by G55,

Given the requirement of the G*°°* as described above, in
Deﬁmtron 5, we introduce the connectivity condition welght

w ; and the occlusion-free condition weight wIOb for all edges
in the entire LOS communication graph Qlos = (V&)
between robots 7 and j under nominal controller u; and u; as
follows.
1 L
Wl = D2 o x
o=1
wi; = f7; — BYju

obs7 o_los7 ﬁ) 4 ,thos (A xobs’ Ulos))

©,7,0

where B;’; and f"c, are from Eq. (9). Recall that the higher
value of wid, and wlob indicates the less violation under
nominal controller u; and u; . And then in Deﬁnition 5, we
define the sum of two weights as: w{ ' = wd + wlos

This weight is used to heurlstrcally quantlfy the total vi-
olation of LOS connectivity on each (v;,v;) € £° under
nominal controller u; and ;. With that, each spanning tree
Tlos C Glos a5 candidate solution of G1°5* can be redefined
as a weighted spanning tree 7. = (V,£T WT) where
ET C &£ with weight WT = {— wd+1°S} Hence, the optimal
LOS communication graph G*1°* satisfying constraints in
Eq. (11) and Eq. (12) can be defined as follows.

d+los

slosx __
g =arg max w;

{Taes}
st T

=argmin g —w;

0,J
los
{7} (viv;)€ET

(Ui,’Uj)EST
= TX5[V,,] is LOS connected,Vm =1,..., M
(30)

d+los

The optimal solution of problem in Eq. (30) is a Con-
strained Minimum Spanning Tree (CMST) weighted by WT =
{ wd+los}‘

Then we introduce the subgroup parameter 3 >> 1 in
Definition 5 to transform this CMST to an unconstrained
Minimum Spanning Tree (MST) problem with the same
optimality guarantee, so that it can be solved efficiently by
standard MST algorithm. To be more specific, the subgroup
parameter B ensures that for any pairwise robots, we have
w ;< w; 7 if robot 7 and j are in the same subgroup while

the robot 7 and j' are in the different subgroup. Then we
denote the weight-modified graph as G’ with its spanning trees

{Tlos = (V,ET,WT")} (ULOS-ST in Definition 5), where
wT' = {w; ;} in Eq. (16). Next, we will prove that ULOS-
LCT TIOS e arg min{Tloq }Z ’U”’UJ)GST{w; ]} Wthh IS the

particular spanning tree TIOS with the minimum total weight
(i.e., MST), is the solution of the problem defined in Eq. (30).
Due to the property of MST, it is straightforward to prove that
the edges across different subgroups are LOS connected after
edges within each subgroup are LOS connected. With this,
the MST of induced sub-graph G'[V,,,] within subgroup S,,
is LOS connected and optimal with minimum total weight, as
shown below.

'7;},05’ (m) = argmin Z wj
(T8 (M)} (o, 0y €T (m)

. d l
- o o
{Taes" (m)} (vi,vj)ggT(m)
= argmin _qdtlos

]
{Tlos" (m)} (vi,0;)€ET(m)

The equality holds since 3 > 0. Then we consider v; and
v; in different subgroups, i.e. S(v;) # S(vj) while (v;,v;) is
the edge in spanning tree edges ET(M) that is LOS connected.
Connecting the minimum-weighted outgoing edge (MWOE)
between different sub-groups yields:

Tlos" = arg min Z w}
(T} (vs,0,)€€T(m)

= arg min E fjlos
’
{745} (v;,v;)€ET

S(vi) # S(vj)
(32)

In this way, we prove that ULOS-LCT ’7:11,05, is globally and
subgroup LOS connected and has the same optimal guarantee
in Eq. (30). Thus, we conclude the proof. [ ]

E. Proof of Proposition 8

Proposition 6. By Algorithm 1, each robot agrees with the
same LOS communication graph G198, which is the real-time
ULOS-LCT T

Proof: The repeated connection of a fragment’s MWOE
to an adjacent node in another fragment is proven to contribute
to a unique MST for graphs with unique edge weights [29, 30].
At the beginning of our Algorithm 1, each robot starts to
create the fragment which contains only itself. With this,
the iterations of Algorithm 1 starts with selecting the leader
within the current fragment in Line 7. Then the leader decides
which adjacent node to connect based on the updated MWOE
information in Line 10, yielding another fragment which is
also part of the MST. In summary, during the construction of
the MST in Line 7-11 of Algorithm 1, the leader repeatedly



guides the current fragment to connect the adjacent node
in a different fragment with MWOE. When the algorithm
converges, there is only one leader among the entire robot
team. Since only the leader of each fragment updates the
global adjacency matrix Ad in Line 11 of Algorithm 1 within
the fragment, the algorithm eventually terminates with only
one fragment, i.e., the MST, with a single leader. This implies
the convergence of the decentralized algorithm and guarantees
consistency among all robots. Hence, the resulting graph 7_;1)05/
generated by the decentralized construction is the same as the
tree generated by the centralized construction. [ |

F. Proof of Proposition 9

Lemma 13. [summarized from [16]] The centralized QP
problem in the format of Eq. (17) can be decomposed for each
robot in the format of Eq. (21). Adopting the C-ADMM based
algorithm by updating Eq. (23) for each robot iteratively until
convergence, it has been proven that the derived solution is
the solution of centralized QP problem, if the object function
and the constraints in Eq. (23) are convex and the original
centralized QP problem has the feasible solution.

Proposition 7. By following Algorithm 1 at each time step,
robots reach consensus regarding the admissible control
space prescribed by CS (%, G%°%) N Cﬁlos (X, Cobs, G¥'°%) where
G3los = T15' and the derived u,¥i = [1,N] is the solution
of Eq. (17), rendering the resulting G'°° D 7305/ globally
and subgroup LOS connected with satisfying probability at
all times.

Proof: Since the process of the Algorithm 1 is updated
over time, to prove Proposition 9, we give the explicit form
of the LOS communication graph with respect to time ¢ (e.g.,
G = G'°5(t)). Recall that in the manuscript, for ease of
the notation, we omit the notion of dependence on time. At
each time step, by following the Algorithm 1, it is guaran-
teed that by updating the safety constraints SZ; (X*(¢)) and

Sﬁo e (X%(t),x°P") on Line 5 (through the message acquired

from neighbors containing x° and 0’) and LOS connectivity
constraints CZ; (X (t), G51°% (1)) NCS,” (X (t), Cobs, G5°%(£)) on
Line 13, the admissible control space for the team of robots is
the equivalent transformation as the admissible control space
in Eq. (19). Since our objective function and constraints are
convex in Eq. (23) and the QP problem in Eq. (17) has
the feasible solution (discussed in Section VI-C), following
Lemma 13, the derived u}(%;(¢)),Vi = [1, N] is guaranteed
to be the solution of Eq. (17).

Since we assume the team of robots is globally and
subgroup LOS connected initially, then with Proposition 8,
it is guaranteed that each robot will agree with the same
ULOS-LCT T)5'(t = t3) C G'(t = to) that is both
globally and subgroup LOS connected. Then, considering the
state-dependent Lipschitz continuous controller u(x(t)) €
C3 (1), T (t0)) N CZ ™ (R(E), Cobs, Te (ko)) for all t €
[to, to -+ 7], it guarantees that each pairwise robots in the LOS
communication graph ﬂos, (t = to) remains LOS connected
with satisfying probability. With that, we can guarantee that

Glos(t) D T1o'(t = t) remains globally and subgroup LOS
connected with satisfying probability within ¢ € [tg,tg + 7).
Hence, at the next time step ¢{; = to + 7, it guarantees that
Tlos'(t = t5) C G5(t = t;) as well. In other words, it
guarantees that G'°5(t = ¢;) is globally and subgroup LOS
connected with satisfying probability. In summary, the Dec-
LOS-LCT algorithm can guarantee that the preserved optimal
spanning tree 7.°%'(t) = G%1°%*(t) is always the subgraph
of the resulting LOS communication graph G'°(t) that are
thereby globally and subgroup LOS connected with satisfying
probability. [ ]

G. Proof of Proposition 10
l_o_graph

Proposition 8. By choosing o' = 1 — 1=Z—— as the
pair-wise robots occlusion-free confidence level to guarantee
the occlusion-free condition for ULOS-LCT T8 the resul-
tant LOS communication graph G'° 2O TI% | satisfies the
occlusion-free condition, ensuring at least one occlusion-free
path between every pair of vertices with a probability greater
than o&2Ph,

Proof: Given the occlusion-free condition for each pair-
wise robots in Eq. (14), the set of pair-wise robots that doesn’t
satisfy the occlusion condition is the complement of set Hiojs,
denoted as (’Hios)c Then given the ULOS-LCT T}°¥ =
gslosx — (V, &%), the set for the multi-robot team that
doesn’t satisfy the occlusion-free condition through a specific
LOS communication graph G*1°* can be defined as the com-

plement of set D = {x € R4¥| m{uwjev:(%vj)egslos*} Hiojs}

which can be denoted as DC. Because the optimal LOS
communication graph G®°°* is the subgraph of the LOS
communication graph Glos (Gslos* C Glos), the set for the
robot team doesn’t satisfy the occlusion-free condition (i.e.,
there is no occlusion-free path in current glos), denoted as
Z, is the subset of DC, ie, Z C DC. Recall that the LOS
communication graph Gslos* which we aim to maintain, is the
particular MST of the graph G'° with exactly N — 1 numbers
of edges to be LOS connected. With this, the probability of
set Z is bounded by:

Pr(x € Z) < Pr(x € DY)
=Pr(|Jxi; € (%)), V(vi, v)) € £l
< Y Pxe b=

(v4 ,vj)655105*

(N —1)(1—0'%) (33)

Given that, with our Lemma 3, if one desires to ensure
the optimal graph G®'°%* satisfies the occlusion-free condition
with at least 08™Ph € (0, 1) probability, then one can choose
ol =1— 1_&7?;‘)1‘ to ensure the pair-wise robot satisfies the
occlusion-free condition. This also indicates that, by main-
taining a specific graph G*1°*, the probability of resultant
LOS communication graph G'°° that satisfies the occlusion-
free condition through at least one occlusion-free path between
every pair of vertices on this graph is greater than o8™P"
Thus, we conclude the proof. [ ]
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