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I. Introduction

W ITH requirements for increased autonomy, unmanned aerial
vehicles (UAVs) have become prominent in applications such

as area coverage and observation, surveillance, environmental mon-
itoring, aerial defense, reconnaissance, and search and rescue. A
majority of these applications require that a pursuing unmanned
vehicle, referred to as the pursuer, maintains a certain geometrical
shape/pattern/trajectory around another vehicle or a beacon or any
point of interest, called the target. Maintaining the desired pattern
around a target is referred to as target enclosing, and has many
promising civilian and military applications.
One of the pioneering works in target enclosing using mobile

robotic troops was studied in the work of Yamaguchi [1], where the
vehicles were assumed to satisfy holonomic dynamics. Similar stud-
ies on holonomic vehicle dynamics for target enclosing were also
reported in Refs. [2,3]. While considering vehicles with holonomic
dynamics may simplify the control design, the consideration of
nonholonomic vehicle dynamics is much more challenging and
practical, and has been studied in, e.g., [4–6], for target enclosing
as a formation control problem. Among many different formation
tasks, orbiting a target in a circle (also known as target encirclement
or standoff tracking or circumnavigation) has received significant
attention [7–25].
One of the approaches in this direction utilizes the concept of

vector fields surrounding the desired path or a geometrical pattern to
manipulate the vehicle’s heading onto it. In Ref. [9], the authors
constructed a Lyapunov vector field to circumnavigate a stationary
target on different altitudes usingmultipleUAVs,while a coordinated
standoff tracking in the presence of wind was presented in Ref. [10].
Lim et al. [11] designed vector fields producing stable convergence to
a limit cycle of the desired radius around the target, thereby enabling
the vehicles to circumnavigate the target with a fixed radius. A
guidance law for curvature-constrained standoff tracking using Lya-
punov vector fields was presented in Ref. [12]. To improve the
convergence time to the standoff circle as compared to that using
vector fields, Quigley et al. [13] usedHopf bifurcation. In Ref. [14], a
tangent-plus-Lyapunov vector field was used by including a switch-
ing logic between tangent and Lyapunov vector fields to improve
the convergence to the standoff circle further. A nonlinear model

predictive control was presented in Ref. [15] for coordinated standoff
tracking by a pair of vehicles to achieve optimal performance. Yoon
et al. [16] relied on spherical pendulum motion to design a standoff
tracking guidance law by regulating the position and velocity errors
using backstepping and Lyapunov stability.
In the existing literature, several other strategies devised their

guidance laws using only relative range [17–20], only the pursuer’s
look angle [21,22], or both relative range and the pursuer’s look angle
[23]. In Ref. [17], an adaptive localization algorithm was presented
for slow drifting targets. A sliding mode controller was designed in
Ref. [18] for wheeled mobile robots to circumnavigate a target. In
Ref. [19], a geometric approach was put forth to drive the pursuer
toward a tangent point of an auxiliary circle. Recently, Dong et al.
[20] presented a backstepping-based target enclosing guidance law
with any desired smooth pattern. However, the guidance law in
Ref. [20] was limited to enclosing stationary targets. Using the
pursuer’s look angle only, localization and circumnavigation of a
slowly moving target with unknown speed were addressed in
Ref. [21], while enclosing both point and disk targets was considered
in Ref. [22]. Using noise in both relative range and look angle
measurements, the strategy in Ref. [23] proposed a circumnavigating
controller that can also control the direction of encirclement. By
controlling the vehicle’s side-bearing angle, thework in Refs. [24,25]
presented an asymptotic guidance law for target enclosing.
It is worth noting that most of the existing strategies are concerned

with target encirclement only. However, such an enclosing may not
suffice in complicated environments or scenarios involving boundary
tracking, perimeter surveillance, herding/shepherding, enclosing
multiple targets, covert missions, etc., because the pursuer may have
to deviate from a circular orbit occasionally. Moreover, most existing
designs focused on circumnavigating a stationary target, resulting in
limited use cases. Some have extended their techniques to enclose a
constant-speed target. However, most of the existing designs cannot
be directly extended for enclosing a general maneuvering target.
Hence, it is more pragmatic to design a guidance law that is capable
of enclosing a mobile target with more geometrical patterns instead
of a circle. It is often expected in practice that the target enclosing
requirements be satisfied as early as possible. Specifically, making
the pursuer converge to the desired geometrical shape within finite
time may have advantages in terms of better guidance precision and
disturbance attenuation. This requirement serves as another motiva-
tion for the proposed work where we can exercise control over the
transient phase directly through the guidance command. Thus, in
light of the aforementioned works, we now summarize the main
contributions of our paper below:
1) We propose a novel guidance strategy that allows a pursuer to

enclose a target within any desired reference (smooth and bounded)
geometrical shape/pattern. Enclosing a target within a geometrical
shape/pattern other than a circle allows for more area coverage, and
may provide potential benefits in complicated environments.
2) The proposed strategy does not require the target’s guidance law

or the information about its maneuver sequence, given that such
information is usually difficult to obtain. This makes the proposed
design fairly simple and independent of the target’s maneuver.

3) In practice, a vehicle cannot instantaneously turn on a dime.
Instead of directly manipulating the vehicle’s heading or turn rate
(as done in most existing studies), our consideration of the pursuer’s
lateral acceleration as its steering control makes the design more
accurate and well-suited for aerial vehicles.
4) The proposed control design approach uses predefined-time

convergent slidingmode control [26] to shorten the transient phase by
directly specifying the upper bound of the settling time in the guid-
ance command, thus enabling the pursuer to converge to the desired
geometrical shape quickly.

Received 12 May 2022; revision received 6 July 2022; accepted for
publication 6 July 2022; published online 22 July 2022. Copyright © 2022
by Abhinav Sinha and Yongcan Cao. Published by the American Institute of
Aeronautics and Astronautics, Inc., with permission. All requests for copying
and permission to reprint should be submitted to CCC at www.copyright.
com; employ the eISSN 1533-3884 to initiate your request. See also AIAA
Rights and Permissions www.aiaa.org/randp.

*Postdoctoral Fellow, Unmanned Systems Laboratory, Department of
Electrical and Computer Engineering; abhinav.sinha@utsa,edu.

†Associate Professor, Unmanned Systems Laboratory; yongcan.cao@
utsa.edu.

2182

JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS

Vol. 45, No. 11, November 2022

D
ow

nl
oa

de
d 

by
 "

U
ni

ve
rs

ity
 o

f T
ex

as
, S

an
 A

nt
on

io
" 

on
 Ju

ne
 1

5,
 2

02
5 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I: 
10

.2
51

4/
1.

G
00

69
57

 

https://orcid.org/0000-0001-6419-2353
https://doi.org/10.2514/1.G006957
www.copyright.com
www.copyright.com
www.copyright.com
www.copyright.com
www.aiaa.org/randp
http://crossmark.crossref.org/dialog/?doi=10.2514%2F1.G006957&domain=pdf&date_stamp=2022-07-25


The remainder of this paper is organized as follows. In Sec. II, we
present the kinematics of pursuer–target engagement, followed by
the problem statement. We formally derive the proposed guidance
strategy for the pursuer in Sec. III, followed by Sec. IV, wherein we
demonstrate various scenarios attesting the efficacy and applicability
of the proposedmethod. In Sec.V,we conclude our paper and provide
outlines toward future investigations.

II. Problem Formulation

Consider a scenariowhere a pursuer aims to enclose a target within
a given geometrical shape, as shown in Fig. 1a. In this scenario, the
target may be a ground station, a beacon, or an area of interest to be
monitored, or it can be another vehicle. Figure 1b depicts the engage-
ment geometry for such a scenario. The pursuer, whose speed and
flight path angle are denoted by vM and γM, respectively, is steered by
the lateral acceleration aM applied perpendicular to its velocity. The
relative line-of-sight (LOS) separation, or the relative range, between
the pursuer and the target, is denoted by r, while θ represents the LOS
angle. The pursuer’s look angle, which is the angle between its
heading and the LOS, is σ. Without loss of generality, we assume
that the target is mobile and exhibits similar characteristics as that of
the pursuer; i.e., for the target whose speed is vT, the steering control
aT is its lateral acceleration applied normal to its velocity. The target’s
flight path angle is denoted by γT.
We assume the vehicles to be point mass objects, whose speeds

remain invariant throughout the engagement. However, the pursuer
has a speed advantage over the target; i.e., vM > vT. It is also
reasonable to assume that the inner control loop is quite faster than
the outer guidance loop; thuswe neglect the dynamics of the autopilot
while deriving the guidance command for target enclosing. The
following set of equations describes the relative motion for the
pursuer–target engagement, in polar coordinates:

vr � _r � vT cos�γT − θ� − vM cos σ (1a)

vθ � r_θ � vT sin�γT − θ� − vM sin σ (1b)

σ � γM − θ (1c)

where vr and vθ are the relative velocity components along and across
the LOS. We further assume that the lateral acceleration of the ith
vehicle is bounded such that

_γi �
ai
vi
; jaij ≤ amax

i ; ∀i ∈ fM;Tg (2)

Note that we choose the vehicle’s lateral acceleration as its steering
control because most aerial vehicles require the necessary lift to fly,
which manipulates the vehicle’s lateral acceleration to steer it on the
requisite course [27–32]. Considering acceleration as the steering
control also means that the vehicles are turn-constrained; i.e., they
cannot turn on a dime but have a turning radius. This consideration
also brings the design closer to practice.
The goal of this paper is to design a nonlinear guidance strategy for

the pursuer to enclose the target within a given geometrical shape.
While encirclement, or maintaining a standoff distance from the
target, is the most common enclosing encountered in the literature,

the proposed guidance strategy subsumes encirclement guidance as a
special case, as will be shown in the sequel.
It is also desirable that the strategy so designed allows global

convergence to the desired enclosing geometry; i.e., the pursuer
should be able to enclose the target even if it is initially far away
from the desired enclosing geometry. Our consideration of this
problem in a nonlinear framework also circumvents the errors asso-
ciated with linear approximations.

III. Main Results

In this section, we derive the guidance command for the pursuer to
enclose a mobile target within an arbitrary smooth and bounded
geometrical shape using relative measurements. Note that target
enclosing essentially means that the pursuer remains at a certain
nonzero distance from the target; however, this distance may not be
a constant value. This observation leads to speculation that any given
geometrical shape around the target can be instantaneously specified
using the desired relative distance between the pursuer and the target.
Let us denote the desired time-varying relative range between the

pursuer and the target by rd�t�, which serves as a parameter for target
enclosing. It is also worth noting that rd�t� should be smooth and
bounded for any enclosing to be meaningful. The reasons for this
requirement will become obvious in the sequel. Thus, the problem of
enclosing a target within a given geometrical shape translates to that
of controlling the relative range between the vehicles.
Consider the error variable

ϵ � r − rd (3)

where we have dropped the argument denoting the time dependency
of rd for brevity. However, vr as in Eq. (1a) is also important to
consider from the pursuer’s viewpoint because it dictates whether the
pursuer is heading toward the enclosing geometry or away from it.
Lemma 1: The dynamics of the error, Eq. (3), has a relative degree

two with respect to the pursuer’s lateral acceleration.
Proof: Subsequent differentiation of Eq. (3) with respect to time,

and using Eq. (1), results in

_ϵ � _r − _rd � vT cos�γT − θ� − vM cos σ − _rd

⇒ �ϵ � �r − �rd � −vT sin�γT − θ��_γT − _θ
�� vM sin σ

�
_γM − _θ

�
− �rd

(4)

since _σ � _γM − _θ. The expression in Eq. (4) can be further simplified
using Eq. (2) as

�ϵ � −vT sin�γT − θ�
�
aT
vT

− _θ

�
� vM sin σ

�
aM
vM

− _θ

�
− �rd

� �vT sin�γT − θ� − vM sin σ�_θ� aM sin σ − aT sin�γT − θ� − �rd

(5)

which can be expressed, using Eq. (1b), as

�ϵ � r_θ2 � aM sin σ − aT sin�γT − θ� − �rd (6)

a) Target enclosing within a circle b) Planar engagement geometry

Fig. 1 Pursuer–target engagement geometry for target enclosing.
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From Eq. (6), we observe that the lateral accelerations of both the

vehicles appear in the second derivative of ϵ. This concludes the

proof. □

We also observe from Lemma 1 that the expression in Eq. (6) also

contains �rd. Thus, it is apparent that a valid rd should be smooth,

bounded, and at least C2. For all intents and purposes, this is a

reasonable assumption because an unbounded desired relative range

does not actually correspond to enclosing in practice. Thus, it is

assumed that

rmin
d ≤ rd ≤ rmax

d ; j_rdj ≤ _rmax
d < ∞; j�rdj ≤ �rmax

d < ∞ (7)

Further, we also note the presence of the target’s maneuver in Eq. (6),

and that accounting for the target’s motion while enclosing it is

challenging. Although the necessary engagement variables can be

measured or estimated with certain accuracy, having knowledge of

the target’s strategy is usually difficult. However, the target’s maneu-

ver sequence may be either estimated or can be treated as a bounded

uncertainty in the design. In this paper, we consider it as a bounded

uncertainty because its upper bound may be known. Consequently,

the need for an additional estimator is eliminated, and the proposed

design becomes simpler.
From Eq. (3) and the results in Lemma 1, we infer that we seek a

guidance strategy that can drive ϵ and _ϵ to zero, preferably within a

time whose upper bound can be specified through the guidance

command. This essentially means that the proposed strategy should

be capable of shortening the transient phase at will, leading to

advantages such as disturbance attenuation and better precision of

the guidance command. To this aim, we design the proposed strategy

using a predefined-time convergent sliding mode control [26], which

is known to provide insensitivity to such anomalies, and has been

applied to other guidance problems where time of convergence is

crucial [27]. Hence, we consider a sliding manifold of the form

S � ϵ� β_ϵ
p
q ; β > 0 (8)

where p and q are odd integers such that p > q and 1 < p∕q < 2.
Before presenting themain result of this paper, we recall an important

result regarding the predefined-time stability of a nonlinear system.
Lemma 2 ([26]): For a nonlinear system _z � f�z� with f�0� � 0,

if there exists a continuous and radially unbounded positive definite

function V�z� for some M, N , m, n, k > 0 that satisfy mk < 1,
nk > 1, such that

_V�z� ≤ −
Γ
�
1−mk
n−m

�
Γ
�
nk−1
n−m

�
MkΓ�k��n −m�Ts

�
M
N

�1−mk
n−m �

MVm�z� �NVn�z��k
(9)

where Ts > 0 is the least upper bound on the settling time, and

Γ�⋅�∶Γ�w� � ∫ ∞
0 e

−yyw−1 dy for all w ∈ C is the gamma function

with the real part of w being positive, namely, Rfwg > 0, then the

origin of the nonlinear system is stable in a predefined time Ts.
We are now equipped to present the main result of this paper,

whose essence is given by the following theorem.
Theorem 1: Consider the planar engagement between a pursuer

and a target whose kinematics is governed by Eq. (1), and the error

variable, Eq. (3). The pursuer’s lateral acceleration

aM � −

�
Γ
�
1−mk
n−m

�
Γ
�
nk−1
n−m

�
MkΓ�k��n −m�Ts

�
M
N

�1−mk
n−m �MjSjm �N jSjn�k � η

�
sign�S� � �vT cos�γT − θ� − vM cos σ − _rd�

β
p

q

�
vT cos�γT − θ� − vM cos σ − _rd

�p
q−1 sin σ

� r�rd − �vT sin�γT − θ� − vM sin σ�2
r sin σ

(10)

where

η >
βp

q

�
vT � vM � _rmax

d

�p
q−1amax

T (11)

and M, N , m, n, k satisfy the conditions in Lemma 2, allows the
pursuer to converge to the desired target enclosing geometry within

finite time Ts � tc, where Ts is the upper bound on the time of
occurrence of sliding mode on the chosen sliding manifold,
Eq. (8), which can be directly specified through Eq. (10), and

tc �
p

p − q
jϵ�Ts�j1−

q
p (12)

Proof: By considering a Lyapunov function candidate V � jSj,
and differentiating it and Eq. (8) with respect to time, we obtain

_V � _Ssign�S� �
�
_ϵ� βp

q
_ϵ
p
q−1 �ϵ

�
sign�S� (13)

which can be simplified using the results in Lemma 1 as

_V �
�
_ϵ� βp

q
_ϵ
p
q−1 �ϵ

�
sign�S�

�
�
_r − _rd �

βp

q
�_r − _rd�

p
q−1�r_θ2 � aM sin σ

− aT sin�γT − θ� − �rd�
�
sign�S�

Substituting Eq. (1a) in the above expression yields

_V �
�
vT cos�γT − θ� − vM cos σ − _rd

� βp

q

�
vT cos�γT − θ� − vM cos σ − _rd

�p
q−1

×
�
r_θ2 � aM sin σ − aT sin�γT − θ� − �rd

	�
sign�S�:

If we choose the pursuer’s lateral acceleration as the one given in

Eq. (10), then _V, given above, reduces to

_V �
�
−
�
ϒ�MjSjm �N jSjn�k � η

	
sign�S�

−
βp

q

�
vT cos�γT − θ�− vM cosσ − _rd

�p
q−1aT sin�γT − θ�

�
sign�S�

≤ −
�
ϒ�MjSjm �N jSjn�k � η

	

−
βp

q

�
vT cos�γT − θ�− vM cosσ − _rd

�p
q−1aT sin�γT − θ�sign�S�

≤ −ϒ
�
MjSjm �N jSjn�k

−
�
η−

βp

q

�
vT cos�γT − θ�− vM cosσ − _rd

�p
q−1amax

T

�

≤ −ϒ
�
MjSjm �N jSjn�k −

�
η−

βp

q

�
vT � vM � _rmax

d

�p
q−1amax

T

�

(14)
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where

ϒ � Γ
�
1−mk
n−m

�
Γ
�
nk−1
n−m

�
MkΓ�k��n −m�Ts

�
M
N

�1−mk
n−m

(15)

If η satisfies Eq. (11), then Eq. (14) becomes

_V ≤ −
Γ
�
1−mk
n−m

�
Γ
�
nk−1
n−m

�
MkΓ�k��n −m�Ts

�
M
N

�1−mk
n−m �MjSjm �N jSjn�k

� −
Γ
�
1−mk
n−m

�
Γ
�
nk−1
n−m

�
MkΓ�k��n −m�Ts

�
M
N

�1−mk
n−m �MVm �NVn�k < 0; ∀V ≠ 0

(16)

which, according to the results in Lemma 2, implies that V goes to 0

within a predefined time Ts independent of its initial value. Con-

sequently, S becomes 0 within a predefined time Ts.
Because the reaching phase can be shortened by specifying an

arbitrarily small Ts, it follows that after sliding mode is enforced, the

errors ϵ and _ϵ vanish within tc, as given in Eq. (12). This essentially
implies that the pursuer converges to the desired enclosing geometry

around the target within finite time Ts � tc. This concludes the

proof. □

Note that Eq. (11) only gives a sufficient condition on η. If we
express Eq. (10) in an alternate form as

aM � −
q�vr − _rd�1−

p
q

��
Γ
�
1−mk
n−m

�
Γ
�
nk−1
n−m

�
MkΓ�k��n −m�Ts

�
M
N

�1−mk
n−m �MjSjm �N jSjn�k � η

�
sign�S� � �vr − _rd�

�

βp sin σ
� r�rd − v2θ

r sin σ
(17)

then it follows that the proposed guidance command contains infor-

mation about relative measurements only. It is also worth noting that

the target’s strategy or even its maneuver sequence is not required for

the pursuer to enclose it. In this paper, we assume that the target’s

speed is known. However, it can be computed using relative mea-

surements as

vT �











































































�vr � vM cos σ�2 � �vθ � vM sin σ�2

q
(18)

Once vT is known, one can simply compute the target’s heading

angle as

γT � θ� cos−1
�
vr � vM cos σ

vT

�

� θ� sin−1
�
vθ � vM sin σ

vT

�

In our work, however, we do not require information about the

target’s mobility to design the pursuer’s guidance law. The proposed

guidance law is effective even without the information about the

target’s maneuver/strategy, which also avoids heavy computations

and prevents the design from being complicated.
From the expression of aM in Theorem 1, one may observe that

the look angle σ appears in the denominator. Despite that, the

guidance command is nonsingular. An analysis of the behavior of

the pursuer’s look angle confirms the above claim. From Lemma 2,

it follows that Ts can be chosen sufficiently small to reduce the

transient phase. In fact, one of the motivations to use a predefined-

time convergent sliding mode control is to shorten the transient

phase at will by specifying the upper bound of the settling time (as a

design parameter) directly in the guidance command. If the settling

time is chosen sufficiently small, then the look angle may not have a

chance to become zero in most cases. If at the beginning of the

engagement, σ�0� � 0, then even with a minuscule perturbation in

the pursuer’s heading angle, γM can make σ ≠ 0, thus reducing the

chance of a singularity in the initial or transient engagement phase.

Therefore, it is more meaningful to analyze the behavior of σ once

the sliding mode is enforced on S, which is the essence of the next
theorem.
Theorem 2: The pursuer’s look angle σ is nonzero almost every-

where during target enclosing, which implies that the proposed

guidance command, Eq. (10), is nonsingular almost everywhere.
Proof: To prove that the pursuer’s look angle does not become

zero, it is equivalent to prove that σ � 0 is not an equilibrium point of

the system _σ � f�σ� in the interval �−π; π�. Hence, we proceed as

follows:
Differentiating Eq. (1c) with respect to time and using Eqs. (1) and

(2) yield

_σ � _γM − _θ

� aM
vM

−
vT sin�γT − θ� − vM sin σ

r
(19)

which can be further simplified, by substituting the steady-state value

of Eq. (10), as

_σ � −
�vT cos�γT − θ�− vM cos σ − _rd�

β p
q �vT cos�γT − θ�− vM cosσ − _rd�

p
q−1vM sinσ

� r�rd − �vT sin�γT − θ�− vM sinσ�2
rvM sinσ

−
vT sin�γT − θ�− vM sinσ

r

� −
�vT cos�γT − θ�− vM cos σ − _rd�

β p
q �vT cos�γT − θ�− vM cosσ − _rd�

p
q−1vM sinσ

� �rd
vM sinσ

−
�vT sin�γT − θ�− vM sinσ�2

rvM sinσ
−
�vT sin�γT − θ�− vM sinσ�

r

� −
�vT cos�γT − θ�− vM cosσ − _rd�2−

p
q

β p
q vM sinσ

� �rd
vM sinσ

−
�vT sin�γT − θ�− vM sinσ�2

rvM sinσ
−
�vT sin�γT − θ�− vM sinσ�

r

� 1

vM sinσ

�
−
q�vT cos�γT − θ�− vM cosσ − _rd�2−

p
q

βp
� �rd

−
�vT sin�γT − θ�− vM sinσ�2

r

�
−
�vT sin�γT − θ�− vM sinσ�

r

(20)

Our first goal is to prove that the quantity on the right-hand side of

Eq. (20) does not become zero when σ � 0. Let us suppose, for the
sake of contradiction, that it is zero. Then, it follows that

−
q�vT cos�γT − θ� − vM cos σ − _rd�2−

p
q

βp
� �rd

−
�vT sin�γT − θ� − vM sin σ�vT sin�γT − θ�

r
� 0 (21)
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⇒ sin σ � −
�
r �rd
vMvT

−
rq�vT cos�γT − θ� − vM cos σ − _rd�2−

p
q

βpvMvT

−
vM
vT

sin2�γT − θ�
�

1

sin�γT − θ� (22)

It can be readily verified thatwhile the left-hand side of Eq. (22) is zero

under the assumption that σ � 0, its right-hand side does not neces-

sarily equal to zero. Thus, Eq. (22) generally does not hold, which

implies that σ � 0 may not be an equilibrium point of _σ � f�σ�.
To further strengthen the claim that σ � 0 is not an equilibrium,we

analyze the possibilities leading to the validity of Eq. (22). Using

Eq. (1), the expression in Eq. (20) can be compactly written as

_σ � −
�_r − _rd�2−

p
q

β p
q vM sin σ

� �rd
vM sin σ

−
r_θ2

vM sin σ
− _θ (23)

Assuming that Eq. (22) does hold, we have

1

vM sin σ

�
−
q�_r − _rd�2−

p
q

βp
� �rd − r_θ2

�
− _θ � 0

⇒ �rd − vM sin σ _θ −
q�_r − _rd�2−

p
q

βp
� r_θ2 (24)

which, however, is not possible, because the right-hand side of
Eq. (24) is nonnegative, while the left-hand side may change sign

depending on the values of _r, _rd, �rd, σ, and _θ. This leads to the same
conclusion as obtained previously.
Now, let us separately examine whether it is at all possible for

Eq. (24) to be true when σ � 0. In this case, either of the following
two cases may occur:
Case I (when the pursuer is on a collision [or inverse collision]

coursewith the target): In this case, r is decreasing (or increasing) at a

fixed rate, and _θ � 0. Then, no matter what value σ attains, Eq. (24)
becomes

�rd �
q��c − _rd�2−

p
q

βp
(25)

where c is the constant rate at which r is increasing and −c denotes
the rate that r is decreasing. Now, the above quantity is zero if we
intend the pursuer to hit the target (or go away from it for all time).
However, target enclosing requires that r and rd be nonzero, meaning
that the above situation does not arise. Hence, we can safely exclude
this scenario.
Case II [when the pursuer maintains a fixed, nonzero rd from the

target but _θ � 0, namely, both sides of Eq. (24) are 0]: In this case, the
pursuer is moving parallel to the target, which violates the fabric of
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Fig. 2 Enclosing a maneuvering target within an arbitrary desired geometry.
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the target enclosing guidance. Hence, we can also disregard this

scenario.

Based on the above analysis, we can conclude that σ � 0 is not an
equilibrium. Hence, the proposed guidance command, Eq. (10), is

nonsingular almost everywhere. This concludes the proof. □

Remark 1: Even if there exists a scenario where the pursuer’s look

angle becomes zero, it will not stay at that value owing to the fact that

it is not an attractor, as shown in Theorem 2. In such a scenario, the

pursuer will execute the maximum available lateral acceleration

because the pursuer’s maneuverability is always bounded in practice.

As a result, the lateral acceleration demand will not shoot to an

infinite value.
Remark 2: In general, the pursuer’s look angle varies in accordance

with the reference (or desired) target enclosing geometry. For exam-

ple, the work in Refs. [24,25] designed a guidance law to make the

pursuer’s side-bearing angle equal to zero to enclose the target within

a circle, which is equivalent to making themagnitude of the pursuer’s

look angle equal to π∕2. In line with Theorem 2, it was shown in

Refs. [30,33,34] that under certain conditions, σ � 0 implies target

interception. Thus, one may speculate that cleverly shaping the

pursuer’s look angle may also lead to trajectories that result in target

enclosing.
We now present the pursuer’s lateral acceleration for enclosing a

target within a circle, which is a special case of the main result

proposed in this paper.

Corollary 1: Consider the planar engagement between a pur-

suer and a stationary target whose kinematics is governed by
Eq. (1), and the error variable, Eq. (3). The pursuer’s lateral

acceleration

aM � −
�
ϒ�MjSjm �N jSjn�k � η

�
sign�S� � vM cos σ

β p
q �−vM cos σ�pq−1 sin σ

−
v2M sin σ

r

(26)

where Υ is defined in Eq. (15), allows the pursuer to converge to a
circular orbit around the target within finite time Ts � tc.
Proof: For a stationary target, vT � 0 and aT � 0. Hence, upon

substituting for these values in Eq. (10), one may obtain

aM � −
�
ϒ�MjSjm �N jSjn�k � η

�
sign�S� � vM cos σ � _rd

β p
q �−vM cos σ − _rd�

p
q−1 sin σ

� r �rd − v2Msin
2σ

r sin σ
(27)

which is the lateral acceleration for enclosing a stationary target

within an arbitrary given geometry that may not necessarily be a

circle. If the given geometry is a circle, then we have rd�t� � rd
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Fig. 3 Enclosing a constant-speed target within an arbitrary desired geometry.
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as a constant value, and all its subsequent derivatives are zero.

Thus, Eq. (26) readily follows from Eq. (27) by letting _rd �
�rd � 0. □

Remark 3: Once sliding mode is enforced, Eq. (26) degener-

ates to

aM � −
q�−vM cos σ�2−p

q

βp sin σ
−
v2M sin σ

r
(28)

where the first term manipulates the pursuer’s heading toward

the circle until maximum value of look angle is achieved (i.e.,

jσj � �π∕2�), or its side bearing angle (as in Ref. [25]) becomes

zero. Thereafter, the pursuer maintains a constant lateral acceler-

ation; i.e.,

aM � v2M
r

(29)

whose direction of encirclement depends on the initial look angle

of the pursuer. For encirclement of a stationary target, it is easy

to observe that jσj � �π∕2� is indeed an equilibrium point

of _σ � f�σ�, as in Theorem 2, and that jσj � �π∕2� satisfies

Eq. (21).

IV. Simulations

In this section, we demonstrate the efficacy of the proposed

guidance strategy via simulations for a variety of scenarios.

We assume that the pursuer moveswith a speed of 40m/s while the

target may either exhibit various kinds of mobility or remains sta-

tionary. Respecting the physical constraints on actuators, we limit the

maximum lateral acceleration capability of the pursuer within�10g,
where g is the acceleration due to gravity. In the plots that follow, a

blue square marker represents the initial position of the pursuer,

whereas a black square marker is representative of the target’s start

position. A black circle marker appears in a plot when the target is

stationary. In each case, the pursuer is initially 100 m away from the

target, which is initially at the origin.

Figure 2 depicts a scenario where the target accelerates according

to the law aT � 2 − 5 sin
�
π
10
t
�
with a speed of 20 m/s. The target’s

initial heading angle is 40°, whereas the pursuer starts with a heading

angle of 0°. The initial LOS angle between the vehicles is also 0°. The

desired reference enclosing geometry is characterized by a time-

varying relative distance, rd�t� � 60� 5 sin�t� � 20 cos�t�with dis-
tinct upper and lower bounds. The desired reference and its sub-

sequent derivatives are smooth and bounded, such that rmin
d �t� � 35,

rmax
d �t� � 85, and _rmax

d �t� � �rmax
d �t� � 25. The controller gains are

chosen asM � 1,N � 1,m � 0.1, n � 0.5, and k � 3. The upper
bound on settling time, or the upper boundon the time of convergence
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Fig. 4 Enclosing a stationary target within an arbitrary desired geometry.
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of the sliding manifold to zero, is chosen as Ts � 3 s. Figure 2a

depicts the trajectories of the vehicles where we observe that the

pursuer maneuvers in accordance with the target’s motion to enclose

it within the desired geometry. Because the target moves at half the

speed of the pursuer, the latter makes suitable turns to go around the

former as required. The error variables are shown in Fig. 2b, evi-

dencing that they vanish quickly once the sliding mode is enforced.

As observed from Fig. 2c, the lateral acceleration demand is large at

the beginning, but after the occurrence of sliding mode, it decreases.

It is alsoworth observing that, in this particular scenario, the pursuer’s

initial look angle is 0°, which might seem to cause a singularity in the

guidance command. However, as discussed in Theorem 2, σ � 0 is

only momentary as it is not an equilibrium point, leading to only a

momentary increase in the lateral acceleration to its maximum value.

This behavior can be observed from Fig. 2d as the look angle escapes

from its zero value rapidly. Figure 2d also shows that although Ts is

chosen 3 s, the slidingmanifold converges to zerowithin 1 s, which is

quite fast. This, further, allows the error variables to vanish quickly

and enables the pursuer to stay on the desired geometry for all

future times.

Figure 3 depicts the same scenario as that shown in Fig. 2. How-

ever, in this case, the target does notmaneuver butmoves at a constant

speed. Under the same parameters as those in the previous case, we

see that the pursuer is able to enclose the constant-speed target within

the desired enclosing geometry with reasonable acceleration

demand. In this scenario, the pursuer repeats its enclosing trajectory

at regular intervals. This behavior is also observed in its lateral

acceleration and look angle profiles.

In the scenario depicted in Fig. 4, the target is stationary. The

pursuer, then, goes around the target to enclose it within the desired

enclosing geometry. This particular geometry is not a circle, and it

requires the pursuer to change its relative distance from the target

with respect to time. Consequently, the pursuer is able to cover more

regions, and this property is useful for area monitoring, surveillance,

etc. Other variables of interest exhibit similar behavior as discussed

previously.

Note that, in spite of circular trajectories being fuel efficient

(in most cases), enclosing a target in a circle might also be pro-

hibitive in many scenarios, e.g., when the environment is compli-

cated or the pursuer has to accomplish a covert mission. Moreover,

applications like boundary tracking, perimeter surveillance, herd-

ing/shepherding, and enclosing multiple targets naturally neces-

sitate a guidance law capable of generating smooth enclosing

patterns. Thus, the proposed guidance law is generic and has broad

applicability.

To further assess themerits of the proposed design, we also let the

pursuer move in a circular orbit around the target. This means that

rd�t� is a constant value, set at 40 m. For this case, the pursuer’s
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Fig. 5 Enclosing a maneuvering target within a circle.
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initial heading angle is 60° and that of the target is 140°. The speed

of the target is 15 m/s, while it maneuvers according to aT �
3.5 sin��π∕25�t�, as shown in Fig. 5. The initial LOS angle is 0°.

The controller parameters for this and the next cases are chosen as

M � 3, N � 1, m � 0.15, n � 1.01, and k � 1.01. It is easy to

verify that the gains satisfy the criterion in Lemma 2. As seen in

Fig. 5, the lateral acceleration demand is high in the transient phase.

This is because the pursuer needs more control effort in the begin-

ning to reach the desired enclosing geometry. It is also worth noting

that the lateral acceleration does not hit saturation limits as the look
angle never becomes zero. While Ts � 4 s in this case, the sliding

manifold converges to zero within 0.5 s. This quick convergence

allows the error variables to settle down to zero soon after sliding

mode is enforced.
If the target does not maneuver, then the pursuer follows a spiral/

helical resembling path to enclose the constant-speed target, as seen

from Fig. 6. Because the design parameters are kept the same as that

in the previous case, the error profiles show a similar trend in this case

as well. As discussed earlier, the pursuer now periodically encloses

the constant-speed target. Thus, the profiles of lateral acceleration

and the look angle are also periodic in the steady state.
Finally, we also demonstrate the most celebrated scenario when it

comes to target enclosing—encirclement of a stationary target, or a

circumnavigation. Figure 7 illustrates that the pursuer goes in a circle

of a fixed radius around a stationary target. The pursuer’s guidance

command for this case is given by Eq. (26), as in Corollary 1. Note
that encirclement is a special case of target enclosing where the
pursuer’s lateral acceleration becomes constant, and the magnitude
of its look angle rises to a maximum (jσj � π∕2).

V. Conclusions

In this work, we presented a novel guidance strategy to enclose a
general maneuvering target within any smooth and bounded geomet-
rical shape. Our work generalizes the existing target enclosing guid-
ance strategies originally designed for target encirclement. By
considering the lateral acceleration of the pursuer as its steering
control, our design accounts for the inherent constraints on the
pursuer’s heading and turn rate. Our design was based on prede-
fined-time convergent sliding mode control. Thus, the proposed
design has the flexibility to tailor the duration of the transient phase
by specifying the upper bound on the settling time directly in the
guidance command. In essence, the convergence of the sliding
manifold to zero can be dictated through the guidance command,
which was independent of the initial engagement conditions. The
proposed guidance command relied on relative information only and
did not require the target’s guidance law during design, thereby
making the design simple. Enclosing a mobile target in three dimen-
sions and incorporating multi-agent collective motions may be of
interest in future investigations. Moreover, an optimal enclosing
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Fig. 6 Enclosing a constant-speed target within a circle.
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behavior in the presence of obstacles could also be an interesting
research topic.
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Fig. 7 Enclosing a stationary target within a circle of radius 40 m.
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